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A MODEL OF BRILL-NOETHER THEORY FOR RANK TWO
VECTOR BUNDLES AND ITS PETRI MAP

TAN XIAO-JIANG Y

Abstract. We study here the Brill-Noether theory for rank two vector bun  dles. First we
construct a parameter space Hy for all base point free rank two vector bundles of degree d which
generated by its sections. Then for each E 2 Hy, we dene a 2g d matrix Wg for which we call
it the Brill-Noether matrix of  E, it shares the same properties as the Brill-Noether matrix ~ Wp for
e ective divisor D. By using We , the Brill-Noether variety Cj,, = fE 2 Hq j dimH 0(C;E) r+1g
could be given by CE;d =fE2Hgjrank(Wg) d r+1lg, so Cé;d is a determinant variety, we
get its expected dimensionis 4(g 1)+1 (r+1)2(g 1) d+r+1)+2 r +1. On the other hand,
by using Wg , we de ne the Petri map to be P :HO(C;K( E)) ImfHO?(C;E) 7! HO(C;[D])g 7!
HO(C;K [D]( E)), we show that Cg;d has the expected dimension if and only if the Petri map is
injective.

1. Introduction . Let C be a smooth irreducible complex projective curve of
genusg(C a Compact Riemann surface),L a line bundle on C. We also usd. to denote
the sheaf of holomorphic sections oE. The Brill-Noether theory for line bundles is to
study those bundlesL for which both H%(C; L) and H*(C;L) are non-zero( is then
called special line bundle).

Let C4 be the d-fold symmetric product of C, C4 is a d-dimensional complex
manifold. It is the space of all e ective divisors of degree d. Since each line bundle
with HO(C;L) 6 0 is de ned by an e ective divisor, so Cq4 could be considered as a
parameter space for all line bundled. with deglL) = d and H°(C;L) 6 0.

De ne on Cy the Brill-Noether variety Cj to be

Ci=fD 2CqjdimHOC;[D]) r+1g

Where [D] is the line bundle de ned by divisor D.

C| could be considered as a parameter space for line bundléswith deg(L) = d
and dimH °(C;L) r +1. The key tool to study C| is the Brill-Noether matrix.

Let D = nips + + ngpx be a given e ective divisor with d = degD) =

nig + + ng. Fori =1; ;k;let z be a local coordinate atp; with z(p;) = 0.
Let fwy; ;wgg be a linear basis of the space of all holomorphic forms on C, for
each i assume atp;, wi(z) = f(z)dz fort=1; ;g, let Wp be the matrix of the
restrictions of fwy;  ;wgg on D, that is
2
W1 jp
wo= "
Wy jo
2 (ny 1) (np 1)
f11(p1) it (p) fia(pe) i (p2)
fg1(p1) o 1).f‘”1 Y(p) foa(p2) on 1).f(”2 Y (p2)
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' . P . . )
For a collection of Laurent tails = f ;= * n; Bk zfg, we denote it as a d-dimensional

vector

=(b ;b 20 bk 1 b oa,; )2CT
Then s the Laurent of a global meromorphic function if and only if Wp ' =0. From
this one can get Riemann-Roch theorem easily.
The matrix Wp is called the Brill-Noether matrix of D.
Now let [D]jp be the skyscraper sheaf of the restriction of [D] on D, then what we have
above could be represented as

Ker(Wp)=f j 2C%Wp '=0g=ImfH’(X;[D]) 7! H°(X; [D]jp)g ()
and in particular, we get

dimH °(X; [D]) = deg(D) rank (Wp)+1: ()
so Cy could be de ned by

Ci=fD2C%jRank(Wp) d rg:

It is a subvariety of Cq4 which locally is de ned by the simultaneously vanishing of all ( d
r+1) (d r+1) minors of Wp (Ref [ACGH] p159).

Now let M (m;n) = M be the variety of all m n complex matrices, and for 0 k
min f m; ng, denote by M (m;n) = My the locus of matrices of rank at most k, that is

My = fE 2 M(m;n) jRank(E) kg:

M is an irreducible subvariety of M (m;n), and codim(M) =(n k)(m k)(Ref [ACGH]
p67).

By using the Brill-Noether matrix, locally we have a holomorphic m ap BN : Cp !
M (m;n) with BN (D) = Wp for each D 2 Cq4. Cf is then could be given by C| =
BN (Mg ;). From the Theory of determinant variety, we get that if CJ 6 ;, then
codim(Cj) codim(Mg ()=(g (d r))(d (d r)):SoifCy 86 ;,then

dmC§ d r(g d+r)=g (r+1)(g d+1= (g;d;r)+r

where (g;d;r)=g (r+1)(g d+ r)is the Bril-Noether number for line bundles. (Ref
[ACGH] p215).

It was conjectured by Brill-Noether and Proved by Gri ths-Harri s [GH] that for generic
C, C{ do have the expected dimension (g;d;r)+ r.

On the other hand, by study the tangent map of BN : Cpb ! M(m;n);D 7! Wp;
Petri got that the variety Cf is smooth and has the "expected dimension" (g;d;r)+ r at
D2C§ C.™ ifand only if the cup product homomorphism

tH%(C;[D]) H°(C;K[ D]) 7! H(C;K)

is injective, where, K is the canonical line bundle of C(Ref [ACGH] p163).

The map is called the Petri map. Again, it was proved by Gieseker[G] that for ge neric
C, the cup product homomorphism is indeed injective. This gives another prove of the
result of Gri ths-Harris.

In this paper, we are trying to generalize those ideals to the study of rank two vector
bundles.

First we will de ne a parameter space Hgq for all base point free rank two vector bundles
of degree d which generated by its sections( we called such vector bumlles the e ective vector
bundles). Hq is a d-dimensional holomorphic vector bundle on Cq4, so it is a 2d-dimensional
complex manifold.
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For each E 2 Hq4, we construct a 2g d matrix We for E which we call it the Brill-
Noether matrix of E, it shares the same properties for E as the Brill-Noether matrix Wp
for line bundle [D]. In particular, we have

dimH °(C;E)= d Rank(Wg)+2:
From this, the Brill-Noether variety of rank two vector bundles

Chq = fE 2 HgjdimH°(C;E) r+1g
could be given by

Coqg=fE2HgjRank(Wg) d r+1g:
This de nes Cj;4 as a subvariety of Hg.
Also by using We, locally we get a holomorphic map
BN :Hgq 7! M (2d;9); BN (E) = Wg;

soCj4 = BN Y(Mg4 r+1), and from the theory of determinant variety, we get that if Cq 6 ;
then

codimCsq (2g (d r+1)(d (d r+1))
so if C34 6 ;, then

dmChy 2d (g (d r+1)(d (d r+1)=2d (r+1)@2(g 1) d+r+1)=

2d (r+1)2(g 1) d+r+1)+22(g 1) d+r+1)=

4g 1+1 (r+1)2(g 1) d+r+1)+2r+1= ,(g;d;r)+2r+1

here ,(g;d;r)=4(g 1)+1 (r+1)2(g 1) d+ r+1)is the Bril-Noether number for
rank two vector bundles.

Also, by studying the tangent map of BN : Hgq 7! M (2g;d), we generalize the Petri
map to rank two vector bundles. This is for each E 2 C;4, we dene a cup product
homomorphism

P:HYC:K( E)) ImfH’C;E) 7! H(C;[D])g 7! H°(C;K [D]( E)):

Here [D] = E=Il is the quotient bundle of E with respect to the trivial line bundl el. We
call P the Petri map for rank two vector bundles, and we show that Cj4 has the "expected
dimension" 2(g;d;r)+2r + 1 if and only if the Petri map P is injective.

2. The parameter space Hy.

Definition 1 . A point p 2 C is called a base point of vector bundle E if s(p) =0 for
all s2 H°(C;E). E is said to be base point free if E don't have base point.

Definition 2 [A]. A rank two vector bundle E is said to be generated by its sections,
if E has a splitting
ONNLL: 7METN L, 71O

such that both H%(C;L1) and ImfH®(C;E) 7! H%(C;L)g are not zero. Where L1 is a line
sub-bundle of E, and L, = E=L;.
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The Brill-Noether theory for rank two vector bundles is to study t hose bundlesE with
both H%(C;E) and H!(C; E) are non-zero. E is then called special rank two vector bundle.
If E has a base pointp, then E [ p] is also special and we havedimH °(C;E [ p]) =
dimH °(C;E), dimH *(C;E [ p]) = dimH }(C;E)+2 and deg(E [ p]) = deg(E) 2.
We can reduce the degree ofE. If E is not generated by its sections, sinceH°(C;E) 6 0,
let s 2 H°(C;E) with s 6 0, let L; be the line sub-bundle of E which generated by s,
L, = E=L;. Since E is not generated by its sections, soH?°(C;E) = H?(C;L,), the study
of H%(C;E) could be reduced to the study of H°(C;L3), that is reduced to the study of
Brill-Noether for line bundles. So to study the Brill-Noethe r for rank two vector bundles,
we can restrict ourself to the study of base point free vector bundle s which generated by its
sections.

Lemma 1. If E is a base point free rank two vector bundle which generated by its
sections, then the trivial line bundle | is a line sub-bundle of E.

Proof. This is a special case of Lemma 1.1 of [TE].
Let E be a base point free rank two vector bundles which generated by its sections,
assumedeg(E) = d; by our Lemma, | is a line sub-bundle of E, so E has a splitting

o7tIMETLTO

where L = E=l. SinceE is generated by its sections, we havelm fH°(C;E) 7! H°(C;L)g 6
0: Chooses 2 ImfH?(C;E) 7! H°(C;L)g with s 6 0; let D = div(s), then D 0, and
L =[D]. E is then an extension of [D] by 1, it is determined by an element e 2 H(C;[ DJ).
Sinces 2 H%(C;[D]) can be lift to a section of E, we get in particular that s e =0, and
from sequence

07'[ D]I7'S1 7' 1 jp7' O ( )

we get an exact sequence

07! H(C;[ D)) 7! HY(C;1) 7! H%(C;1 jo) 7! HY(C;[ D)) 7!

s e=Oifandonly if e2 ImfH°(C;I jp) 7! HY(C;[ D])g. Let e be the image of some
f 2 HY(C;1 jp), f is then determined uniquely up to a constant. So from E we get a triple
fI;D;f g.

Conversely, if we have a triple fI;D;f g, where D is an e ective divisor of degree d, and
f 2 HYC;!l jp), then let e 2 HY(C;[ D]) be the image of f in the map H°(C;l jp) 7!
H1(C;[ D]) which induced from sequence ( ), let E be the extension of D] by | which
determined by e, then E has a spliting 0 7! | 70 E 7! [D] 7! 0, and s 2 ImfH°(C;E) 7!
HO(C;[D])g; where s is the canonical section of D ( s2 H°(C;[D]); with div(s)= D ). We
get a base point free rank two vector bundle E of degreed which generated by its sections.

So to give a base point free rank two vector bundle of degreed which generated by its
sections will be the same as to give a triplef1;D;f g, hereD 2 Cq and f 2 H°(C;[D] o),
or the same the set of all base point free rank two vector bundle of degreed which generated
by its sections could be represented by the set of all triples fI;D;f g. We will denote this as
E=1fI;D;f g

Now let Hq be the vector bundle on Cq4 which for each D 2 Cq, Hg jo= H%(C;1 jb); by
using local coordinate, it is easy to see that Hq is a holomorphic vector bundle of dimension
d on Cy.

Each point of Hgq could be represented as a tripleE = flI;D;f g, and each triple E =
f1;D;f g could be represented as a point inHgy, so Hy could be considered as a parameter
space for the set of all base point free rank two vector bundles of degreed which generated
by its sections.
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3. Brill-Neother matrix for E = fI;D;f g . Let L be a line bundle, D =
nips + + nxpx 0 be a given e ective divisor of degree d. For i =1; ;Kk, let zi be
a local coordinate at p; with z (p;) = 0. Then each f 2 H°(C;L jp) could be represented
as a set of polynomials f = ffi(z)gk, , where fi(z) = ah + ajz + + a,, .2 'is
a polynomial of z of degree less thann;. Sof could also be denoted as a d-dimensional
vector f =(ag;ai; ;an, 1;85;a%; ;aa, 1 ). This gives H%(C;L jp) = CY, where
d = deg(d):

Definition 3 . Let L1; L, be two line bundles, D = nip; + + nkpk 0 be a given
e ective divisor. For f = ffi(z)g 2 H%(C;L1jo) and g = fgi(z)gs 2 H(C;Lz2 jb),
wedenef g2H%C;L; Lzjp)tobe

f g=ffi(z)g(z)(mod(z")) gk, :

Lemmaz2. f g=g f,and(f g h=f (g h):
Proof. Trivial.

Lemma 3. For E = fI;D;f g, a sections 2 H°(C;[D]) could be lift to be a section of
H9(C:; E)( which means s 2 ImfH?(C;E) 7! H°(C;[D])g), if and only if

sjp f 2ImfH(C;[D]) 7! H(C;[D]jp)g:

Proof. See [T].

Now let (w1; ;Wwg) be a linear basis ofH 9(C; K ) of the space of all holomorphic forms
on C. then for e ective divisor D, the Brill-Noether matrix Wp for D could be de ned by
.3
W1 |p
W2 jp
Wp = . :
Wq jp

An element t 2 H%(C;[D] jb) is in the image of map H°(C;[D]) 7! H°(C;[D]jo), if and
only if

2 .
W1 Jp t
W2 jD t
Wp t= ) =0:
Wg jp t
Thatis ImfH°(C;[D]) 7! H°(C;[D]jp)g= KerfWp g:
Now for E = fI;D;f g; we de ne its Brill-Noether matrix W¢e to be

2 Wi jo 3

W2 jp

Wy jD - Wp
wijp f Wp f
W2 jD f

WE:

ngD f

Theorem 1 . KerfWeg= fv2 CjWeg v=0g= ImfH®C;E) 7! HYC;[D]) 7
H(C;[D]jo)g:
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Proof. By H%(C;[D]jp) = C% eachv 2 CY could be identied to an element v 2
HO(C:[D] jo), let Wp be the Brill-Noether matrix for D, then Wp v = Wp v; and
Wp f) v=Wp (f v). SoWeg v=0ifandonlyif Wp v=0and Wp (f v)=0.
From Wp v =0, we getthat v2 ImfH°(C;[D]) 7! H°(C;[D]jo)g: Let it be the image of
somes 2 H%(C;[D]), thisis v=sjp. Then from (Wp f) v=0,weget(Wp f) sjp=
Wp (f sjp)=0:Thatmeansf sjp2 ImfH?(C;[D]) 7! H°(C;[D]jb)g. By our Lemma
3, s is then can be lift to a section of E.

Conversely, if v2 ImfH?(C;E) 7! H°(C;[D]) 7! H°(C;[D]jp )g; let it be the image of
somes 2 H%(C;[D]), so Wp v =0, and since s can be lift to a section of E, by our Lemma
3,f v2ImfHYC;[D]) 7! H°(C;[D]jp)g, sOWp f v =0, we get We v=0. This
completes the proof.

Now from the exact sequence

o711 7MET7I[D]7'O

we get exact sequence

07! H%(C;1) 7! HY(C;E) 7! HO(C;[D]) 7! HY(C;1) 7!
SincedimH °(C;1)=1, so

dimH °(C;E) = dimim fH°(C;E) 7! H°(C;[D])g+1 =
dimim fH°(C;E) 7! H%(C;[D]) 7! H°(C;[D]jp)g+2=

dimKer (Wg)+2=d rank(Wg)+2:
That is

Theorem 2 . Let E = flI;D;F g and Wg be its Brill-Noether matrix, then we
have Ker (Weg) = ImfHO(C;E) 7! H°(C;[D]) 7! H°C;[D] jo)g, and in particular
dimH °(C;E)=d rank (Wg)+2:

Now we de ne the Brill-Noether variety Cj4 for rank two vector bundles to be

Chg = fE 2 HgjdimH °(C;E) r+1g:
By Theorem 2, Cj.4 could also be given by

Coy=fE2Hgjrank(Wg) d r+1g:

This gives C54 as a subvariety of Hq which Cj,4 is de ned locally by the simultaneously
vanishing ofall (d r+2) (d r +2) minors of Wg.

By using the Brill-Noether matrix WEe, locally, we get a holomorphic map BN : Hqy 7!
M (2g;d) with BN (E) = Wg for each E 2 Hq4, where M (2g;d) is the variety of all 2g d
complex matrices. Let

Mg r+1 =fE2M(2g;d)jrank(E) d r+1g

Then My (41 is a subvariety of M(2g,d), and codm(Mg4 (r+1)=(2g (d r+1)) (d (d
r +1)) : By de nition, we have C;4 = BN (M4 r+1): So from the Theory of determinant
variety, we get that if Cj4 6 ;, then

codimCsq (29 (d r+1) (d (d r+1):
This is

dmChy 2d (g (d r+1) (d (d r+1)=
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49 D+1 (r+1)2(g 1) d+r+1)+2r+1= 5(g;d;r)+2r+1:

Here 2(g;d;r)=4(g 1)+1 (r+1)2(g 1) d+ r +1)is the Bril-Noether number
for rank two vector bundles. Same as the case of line bundles, we get thatthe expected
dimension of C5.4 is 2(g;d;r)+2r +1, this is

Theorem 3 . If Cj4 6 ;, then each component of C54 will have dimension at least
2(g;d;r)+2r + 1.

4. The Petri map.  Since Ciy = BN (Mg (+1); to get the dimension of Cj,
analogous to the case of line bundles, we should consider the tangent map

BN :Te 7! Ten (g)

for each E = fI;f;D g 2 Hq. Here Te and Tgy (g) are the tangent space ofE and BN (E)
in Hy and M (2g; d):
Now let E = fI;D;f g; then

Wp
Wp f

Since for eachD 2 Cg, the tangent space of Cq at D is Tp = H%(C;[D] jo) (Ref [ACGH]
P160), so by de nition we get that the tangent space of Hq at E is Te = H%(C;[D] jo
) H%C;ljp):

Nowlet t=( wv;u)2 Te = H°(C;[D]jo) HO9(C;I jb), then by direct calculation, we
have

BN (E) = We =

Wp ( V)

BN (0= wo (v) f+Wo u

Where Wp means the di erential of Wp with respect to the local coordinates, and f—= 1.

To get the dimension of C54, we need to get the dimension of the spaceV = ft 2 Tg j
BN (t) 2 Ten (g)(Ma r+1)g. But from the theory of determinant variety(Ref [ACGH] p69),
we know that BN (t) 2 Tgn (gy(Ma r+1) if and only if Ker (Weg) BN (t) Im(Wg) =
C? We: HereKer (We) = f(b;©=(hbi; ;byer;  ;e)2CYj(b;eWe =0g:

Now let (b;€ = (bi; ;by;er;  ;eg) 2 Ker (W), thisis (b;e Weg = b Wp + e
Wp f = 0. Choose an open coverfU g“-; of C, let s = fs g*_; 2 H%(C;[D]) be
the canonical section of [D], this is s 2 H°(C;[D]) and div(s) = D. for the linear basis
fwi;  ;wgg of the holomorphic forms, let w; be given with respect to the open cover by
w; = fw; g, let bw= bw; + + bywg = fyw 1+ + bywg g= fbw g2 H%(C;K); and
ew = ewp + + ewWg = feaw 1+ + egwg g= few g2 HO(C:K); let f = ff gbe a
given representation for f 2 H%(C; 1 jp), where f is a holomorphic function on U .

Lemma 4. (b; e 2 Ker (W) if and only if

e w

F=1F (bw +ew f)=s

g 2HC;K( E)):

Here ( E) is the dual vector bundle of E.

Proof. For later using and also for making our notations easy to understand, we wil |
give a proof of this Lemma in detail, and we will also use the proof to give a proof of
Riemann-Roch Theorem for rank two vector bundles.

Let fU g“-; be the open cover of C. Then onU \ U , the transition matrix of E =
fl;f;D g can be given by

1 (F f)=s
E_O s =s
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wheree= fe =(f f )=s gis a representation of e2 H(C;[ D]):
From E , and by the de nition of dual vector bundle, the transition matrix of K ( E)
can be givenonU \ U by

_ k 0
KCE) = ¢ f)=s k s-=s

where fk g is the transition function of the canonical line bundle K.

By de nition, K ( E) is an extension of K by K[-D], which determined also by f 2
HO(C;1 jp).

Now let (b; € 2 Ker (W), thatis b Wp +e Wp f =0, let ew= ew; + + egWg 2
HO(C:K); bw = bywy + + bywg 2 HY(C;K); then b Wp + e Wp f = 0 means
ewjp f = bwjp, by our Lemma 3(also Ref [T]), that means, ew can be lift to a section
of K( E) and

— — e w 0/. .
F=fF = bw+ew f)=s g 2H7(C;K( E)):
is one of the lift. This can also be proved by direct computation that F = K( E) F:
Conversely, let

F=fF = % g2HCK( E):
then ew = e;w; + + ggwg = few = eqwy ju + + egWg ju O; is a section of K,
here e = (ey; ;€g), and F is a lift of ew. ew 2 HO(C;K) can be lift to a section of
H°(C;K ( E)); by our Lemma 3, there exists an bw= byw; +  + bywg 2 H°(C;K); such
that ewjp f = bwjp; or the same,ew jp f + bwjp=0; thatis (b;e We =0; so
(b;© 2 Ker (Wg):
Now if ew =0, thatis e=0, then F = fF = VO g 2 H(C;K( E)) meansv =

fv g2 H°(C;K [ DJ), but we know that H°(C;K [ D])= fw2 H°(C;K)jwijp=0g.
Assumev = bjw; + + bywg = bw; hereb=(by; ;lby); then bwjp =0 means bWy =0,
so (b;0)We =0, this is ( b;0) 2 Ker (Wg): That completes the proof.

From the proof, we get

Corollary 1. HO(C;K ( E)) = Ker (Wg), and in particular

dimH °(C;K( E))=2g rank (Wg):

But from the de nition of WEg, we know that

dimH °(C;E)=d rank (Wg)+2:

We get the Riemann-Roch Theorem for base point free rank two vector bun dle which gen-
erated by its sections:

Riemann-Roch Theorem. If E is a base point free rank two vector bundle which
generated by its sections, then

dimH °(C;E) dimH %(C;K ( E))= deg(E) 2(g 1):

Same as the case of line bundles, Riemann-Roch Theorem for all rank two \ector bundles
could be derived easily from this, we will not give it here.

Now, let t 2 Tg, to get the dimension of Cj.4, we need to get the dimension of space
V =ft2 Te j BN (t) 2 Ten (e)(Ma r+1)9. So we need to know under what condition
BN (t) 2 Tegn ()(Md r+1). From the theory of determinant variety, we know this same
that
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We (V)

(Bi9BN (M =(big "0 ¢y, g 2Im(We):

for all (b; e 2 Ker (We). For this, we will rst de ne a short exact sequence of sheaves.

Let V be a vector bundle on C, we will use V itself to denote the sheaf of holomorphic
sections of V. For E = fI;f;D g, let fU gk=1 be the given open cover of C, and s =
fs g“-; 2 H°(C;[D]) be the canonical section of D], thisis s 2 H°(C;[D]) and div(s) = D.
Let f = ff g be a given representation for f 2 H°(C;l jp), where f is a holomorphic
function on U . Then by by using the transition matrix E  given in the proof of Lemma
4, one can check directly that

F=fF = fs g 2 H°(C;E):
is the lift of the canonical section s. Now let P; : K( E) 7! K be the projective map which
induced from sequence 07! K[ D]7! K [ E]7! K 7! 0, then from F and P1, we de ne

a map of sheavesK ( E) 7! K K by

x 7 (Pu(x); (X F))
herex 2 K( E);and (,): K( E) E 7! K is the duality map. We also de ne a map of
sheavesk K 7! K jp tobe (s;t) 7! (sjop f +tjp)for(s;t)2 K K:

& 2K( E)ju ,thenK( E) 7' K

Locally, let fU g be the given open cover ofC, if b

is de ned by Z 7! (a; af bs ), and the map K K 7! Kp could be given by (c;d) 7!

(cjp f+djp):

Lemma 5. The sequence 07! K( E) 7! K K 7! K jp 7! 0 is a short exact sequence
of sheaves on C.
Proof. We will use the local representation to give the proof.
If g 2K ( E);and Z 7' (a;( af bg)=0,then a=0, and since s6 0 so bs=0
meansb=0, the map K( E) 7! K K is injective.
If (c;d)2 K K; and (c;d) 7! (cjp f+djp)=0,wethenget cjp f = djp,
by our Lemma 3, ¢ can be lift locally to section of K( E) and same as Lemma 4,
C . . C
| . = . .
(cf + d)=s 2 K( E)isone of the lift. But (cf + d)=s 7! (c; cf+(cf+d))=(c;d):
This shows that the sequence is exact atK K.
Also it is easy to see thatthe map K K 7! K jp is an onto map. This completes the
proof.
From this short exact sequence, we get a long exact sequence

07! HY(C;K( E)) 7' H(C;K  K) 7' H%(C;K jpb) " HY(C;K ( E)) 7!

a 2 HYC;K jp) is in the image of map H°(C;:K K) = H%C;K) HOC;K) 7!
HO(C:K jp) if and only if (a) = 0, here : H°(C;K jp) 7! HY(C;K( E)) is the
co-boundary map. But from Serra duality, we know that for (a) 2 H(C;K( E));
(a) = 0 if and only if for any f 2 H°C;E), we have ((a);f) = 0. Here (;):
HY(C:K( E)) HYC;E) 7' HY(C;K) is the duality map.

Now assume, for open coverfU g, a is given by a= fa g, wherea 2 H°(U ;K ju )
anda jp\u = ajovu : Then by direct calculation, we get (a) 2 HX(C;K ( E)); could
be represented as

0 0

(@=f k (a +a)=s 9= ()



548 X.-J. TAN

where ~: H%(C;K jp) 7! HY(C;K [ D])is the co-boundary map from the following sequence

07! HY(C;K[ D]) 7! *H°(C;K) 7! H°(C;K jpo) 7! H'(C;K[ D]) 7!
Soforanyf = f 3(/ g 2 H°(C;E), the dual map could be given by

0
(@=L oy 94 O
=f( a +a)=s) x g=(7a)fx g

but (a) = 0 if and only if ( (a);f) = 0 for all f 2 H°(C;E), from what we get above,
this is same that (a) = 0 if and only if forany x = fx g2 ImfH°(C;E) 7! H°(C;[D])g;
(T(a);x) = 0: We get the following Lemma.

Lemma 6. For a2 H°(C;K jp), (a) 2 HY(C;K( E)); with (a)=0 if and only if for
any x = fx g2 ImfH(C;E) 7! H%(C;[D])g; ((a);x)=0:

Now go back to the tangent map of BN : Hy 7! M (2g; d).

For E = fI;f;D g2 Cj4, we know

Wp
Wp f

ift=(u; v)2Te = HC;[D]jo) H(C;I jp), then

BN (E)= W =

Wp (V)
We (Vv) f+Wp u
But we know that BN (t) 2 Tgn (g)(Ma r+1) if and only if Ker(We) BN (t) 2

Im(We). Since Im(Wg) = C% We = f(c;d) WWDf j(c;d) 2 C¥g: If we identify
D

C®=C9 CY9=HY%C;K) HYC;K), then we get

BN ()=

Im(We)= ImfH?(C;K) H®(C;K) 7! H%(C;K jp)g:
Where the map H°(C;K) H°(C;K) 7! H%(C;K jp) is induced from above exact sequence.

From this we get BN (t) 2 Tgn (g)(Ma r+1) if and only if for any ( b;€) 2 Ker (Wg),
(b;BN (t) 2 Im(We). Thisis ((b;eBN (t)) =0. By Lemma 6, we get

Lemma 7. let t 2 Te, then BN (t) 2 Tgn (g)(M4a r+1) if and only if for any ( b; e 2
Ker (We), we have (T((b; BN (t));x)=0forall x 2 ImfH°(C;E) 7! H°(C;[D])g.
But by direct calculation, we get

: — We ( u) -
(b;BN (t)=(b;e Wo (u) f+Wp v =bWp u+eWp u f+eW vV
_ eWp u
T (bWp + eWp f) v
Notice that by using local coordinate, it is easy to see that
eWp _ eWp
(bWp )+ eWp f (bWp + eWp f)=s

Since (b; € 2 Ker (We), by Lemma 4, we get

eWp

(bWp + eWp  f)=s 2ImfHY(C:K( E)) 7' HY(C;K ( E)jpo)g:
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let it be the image of some F 2 H°(C;K ( E)). Now notice that E jo=1jp [D]jo= Te
and K( E)jp= K jo K[D]jo=(ljo [D]jo) = Te then follow the proof of Lemma
1.5 p162 [ACGH] step by step, for x 2 ImfH°(C;E) 7! H°(C;[D])g, we have

(((b;gBN (1));x)=((F t);x)=( 1(t);(F x)=(t(F x)jo)
Where 1:(l jo [D]jo) 7! HY(C;E[ D]) is the co-boundary map follow from sequence
O7VE[ D]7'SE 7' E jp7! 0: Sot2 V = ft 2 Te j BN (t) 2 Tan (£)(Mg r+1)g if
and only if for any F 2 H%(C;K( E)) and x 2 ImfH°(C;E) 7! H®(C;[D])g, we have
(tt (F x)jo)=0:We get

Lemma 8. t2V =ft2 Te | BN (t) 2 Tgn (e)(Mda r+1)g, if and only if

t2fImfH%(C:K( E)) ImfH°(C;E) 7! H°(C;[D])g

7' H%(C;K ( E)[D]) 7! H®(C;K ( E)[D]jp)g’:

Now assumeE 2 Cj 4 c;;l ,From what we get above, the expected dimension of C5.q
at E could be given by

dim (Ch4) = dim(V) =
2d dimfimfH%(C;K( E)) ImfH’(C;E) 7! H(C;[D])g
7V H(C;K ( E)[D]) 7! H°(C;K ( E)[D]jo)gg=

2d 2(g 1) d+r+lr+2(g 1) d+r+1+ dimw:
where (2(g 1) d+ r+1)r = dm[H°(C;K( E)) ImfH°(C;E) 7! H°(C;[D])g] =
dimH °(C;K ( E)) dimim fH°(C;E) 7! H°(C;[Dl)g; and 2(g 1) d+r +1 =
dimKer fH°(C;K ( E)[D]) 7! H%C;K( E)[D] jp)gs W = KerfH?(C;K( E))
ImfHC(C;E) 7! H%(C;[D])g 7! H°(C;K (  E)[D])g:
We then get

dim(Chq)=4(g 1)+1 (r+1)2(g 1) d+r+1)+2r+1+ dimw

= (2;d;r)+2r+1+ dimW:

Theorem 3. Cjy has the expected dimension (2;d;r)+2r+1at E 2 Cyy CLi,if
and only if for all E 2 C34, W = fO0g:

This is the same that Cj4 has the expected dimension (2;d;r)+2r +1, if and only if
for all E 2 Cj4, the map

HY(C;K( E)) ImfH°(C;E) 7' H°(C;[D])g 7! H°(C;K ( E)[D])
is injective.
Compare with the case of line bundles, we then called the map
HO(C;K( E)) ImfH®(C;E) 7! HY(C;[D])g 7! H%(C;K ( E)[D))
the Petri map for rank two vector bundles. We have

Theorem 4. Cj;4 has the expected dimension (2;d;r)+2r +1, if and only if for all
E 2 Cj4, the Petri map is injective.
This is a generalization of Lemma 1.6 of [ACGH] P163.
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