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MODULI SPACES OF SL  (r)-BUNDLES
ON SINGULAR IRREDUCIBLE CURVES

XIAOTAO SUN ¥

Introduction.  One of the problems in moduli theory, motivated by physics, is
to study the degeneration of moduli spaces of semistabl&-bundles on curves of genus
g 2. When a smooth curveY specializes to a stable curveX, one expects that the
moduli space of semistableG-bundles onY specializes to a (nice) moduli space of
generalized semistableG-torsors on X . It is well known ([Si]) that for any at family
C ! S of stable curves there is a familyU(r;d)s ! S of moduli spacesUc,(r;d) of
(s-equivalence classes of) semistable torsion free sheaves of ranlkand degreed on
curvesG (s 2 S). If we x a suitable representation G! GL(r), one would like to
de ne a moduli space Ux (G) of sutiable G-sheaves onX with at least a morphism
Ux (G) 'U x (r;d) . Moreover, it should behave well under specialization, i.e. if a
smooth curveY specializes toX , then the moduli space ofG-bundles onY specializes
to Ux (G). By my knowledge, the problem is almost completely open except for special
case likeG = SO(r) or G = Sp(r) ([Fal], [Fa2]), where one has a generalisation of
G-torsors which extends the caseG = GL(r). It is open even for G = SL(r) (See
[Fal], [Fa2] for the introduction).

In this paper, we will consider the caseG = SL(r) and X being irreducible (the
case of a reducible curve with one node was studied in [Su2]). For any projective curve
X, we will use Uy (r;d) to denote the moduli space of semistable torsion free sheaves
of rank r and degreed on X . If X is a smooth curve andL is a line bundle of degree
don X , we useUx (r;L ) to denote the moduli space of semistable vector bundles
of rank r with xed determinant L on X , which is a closed subvariety ofUx (r; d).
It is known that when X specializes toX the moduli spaceUy (r;d) specializes to
Ux (r; d). It is natural to expect that if L specializes to a torsion free shedf on X
then Ux (r;L ) specializes to a closed subschemidy (r;L) U x (r;d) (or a scheme
with a morphism to Uy (r;d)). It is important that we should look for an intrinsic
Ux (r; L) (i.e. independent of X ) which should not be too badand should represent a
moduli problem

Let S = Spec(A) where A is a discrete valuation ring, let C ! S be a proper
at family of curves with closed bre G = X and smooth generic bre C. Then we
have a S- at scheme U(r;d)s ! S with generic bre Uc (r;d) and closed bre being
Ux (r;d). For any line bundle L of degreed on C, there is a unique extensionL
on Csuch that Ljg, := L is torsion free of degreed (since X is irreducible). Then
Uc (;L ) U (r;d)s is an irreducible, reduced, locally closed subscheme. Let

f:uUnLl)si=U (L) U(rds! S

be the Zariski closure ofUc (r; L ) in U(r;d)s. Thenf : U(r;L)s ! Sis atand pro-
jective, but there is no reason that its closed bref 1(0) (even its supportf 1(0)req)
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is indpendent of the family C! S andL . However, there are conjectures ([NS]) that

f 1(0) is intrinsic for irreducible curves X with only one node. To state them, we
introduce the notation for any stable irreducible curves. LetX be an irreducible stable
curve with nodesfxs; :i;; X g, and L a torsion free sheaf of rank one and degreé
on X . A torsion free sheafF of rank r and degreed on X is called with a determinant

L if there exists a morphism *"F) ! L which is an isomorphism outside the nodes
of X. The subsetUx (r;L) U x (r;d) consists ofs-equivalence classes[] 2 Ux (r;d)
such that [F] contains a sheaf with a xed determinant L. Then D.S. Nagaraj and
C.S. Seshadri made the following conjectures (See Conjecture (a) and (b) at page 136
of [NS]):

(1) If L is a line bundle onX and Ux (r;L)° U x (r;L) is the subset of locally
free sheaves, therly (r; L) is the closure ofUyx (r; L) in Uy (r;d).

(2) Let L (resp. L) be a line bundle (resp. torsion free sheaf of rank one)
of degreed on smooth curveY (resp. X). Assume that L specializes toL asY
specializes toX . Then Uy (r;L) is the specialization of Uy (r; L ).

We answer (1) completely. In fact, even ifL is not locally free (thus Ux (r;L)
contains no locally free sheaf), we prove that torsion free sheaves of type($ee Section
1) are dense inUx (r;L).

Theorem 1. Let L be a torsion free sheaf of rankl and degreed. De ne
Ux (L)%= fF 2Ux (L)j(""F) = Lg

which coincides with the subset of locally free sheaves whenis locally free. Then

(1) Ux (r;L) is the closure of Uy (r;L)°. If L is not locally free, Uy (r;L)° is the
subset of torsion free sheaves of typé.

(2) There is a canonical scheme structure onUy (r;L)°, which is reduced when
L is locally free, such that when smooth curve&C specializes toX and L specializes
to L on X, the specializationf *(0) of Uc (r; L ) contains a dense open subscheme
which is isomorphic to Uy (r;L)°. In particular,

f 1(O)red = Ux (rL):

If the specialization f 1(0) has noembedded point then our theorem also proved
Conjecture (2). Unfortunately, Ux (r;L) seems not represent a nice moduli functor,
we can not say anything about the scheme structure ofJy (r;L ). To remedy this, we
consider the specialization ofUc (r; L ) in the so called generalized Gieseker space
G(r; d) (See [NSe]). LetX be an irreducible stable curve with only one nodepy and L
be a line bundle of degrred on X . Then, whenr =2, we show that there is a Cohen-
Macaulay closed subschem&(r;L) G(r;d) of pure dimension (2 1)(g 1), which
represents a nice moduli functor (See De nition 3.2). Moreover,G(r; L) satis es the
requirements in (2) for specializations. It is known ([NSe] that there is a canaical
birational morphism : G(r;d) ! U x (r;d). We prove in Lemma 3.4 that the set-
theoretic imageof G(r;L ) is Ux (r; L ). Thus we can endowUy (r; L) a scheme structure
by the scheme-theoretic imageof G(r;L ). Then we have

Theorem 2. Let X be an irreducible curve of genugg 2 with only one node
Po. Let L be a line bundle of degreel on X. Then, whenr =2 and (2;d) = 1, we
have

(1) There is a Cohen-Macaulay projective schemes(2;L) of pure dimension
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3(g 1), which represents a moduli functor.

(2) Let C! S be a proper family of curves over a discrete valuation ring, Wich
has smooth generic breC and closed bre G = X. If there is a line bundle L on
C such thatLjc, = L. Then there exists an irreducible, reduced, Cohen-Macaulay
S-projective schemef : G(2;L)s ! S, which represents a moduli functor, such that
f 20)=G@2L); f X )=Uc (2L ):

(3) There exists a proper birational S-morphism :G(2;L)s 'U (2;L)s which
induces a morphism : G(2;L)!'U x (2;L):

Theorem 1 is proved in Section 1. In Section 2, we introduce the objects which
are used to de ne Gieseker moduli space. Then Theorem 2 is proved in Section 3.

Acknowledgements. I would like to thank Prof. C. S. Seshadri very much.
Discussions and email exchanges with him are very helpful, which stimulated the use
of generalized parabolic bundles in Section 1 and Lemma 3.5 in Section 3. Alexander
Schmitt pointed out an inaccuracy in the proof of Lemma 3.3. | thank him very much.

1. Torsion-free sheaves with xed determinant on irreducible c urves.
Let X be a stable irreducible curve of genug with  nodesxs,..., X . Any torsion
free sheafF of rank r on X can be written into (locally at X;)

F dX;Xi = éx;iii mx‘(r &)

We call that F has typer a at x;. Let Uy (r; d) be the moduli space ofs-equivalence
classes of semistable torsion free sheaves of rankand degreed on X . Inspired by
[NS], we make the following de nition.

Definition 1.1. Let L be a torsion free sheaf of rank one and degreg on X.
A torsion free sheaf F of rank r and degreed on X is called with a determinant L
if there exists a non-trivial morphism ~"F ! L which is an isomorphism outside the
nodes.

Lemma 1.2. For any exact sequenc ! F ;! F I'F 1 O of torsion free
sheaves with rankry, r, r, respectively, we have a morphism
NnTr F
torsion ’

which is an isomorphism outside the nodes. In particular, ifa semistable sheaF has
a xed determinant L, then the associated graded torsion free sheajfr(F) will also
have the xed determinantL.

(""F1)  (""F2)!

Proof. There is a morphism”~"2F, I H om(""tF;~"F =torsion); which locally
is de ned as follows: For any! 2" "2F,, choose a preimagde 2 ~ "2F with respect to
ATz Then the image of! is de ned to be the morphism

ATLE, A TF =torsion;

which takes anyf 2 ~"1F; to the section (*"* )(f)~ kB 2 ~"F =torsion, which does
not depend on the choice ofe since the image of*":*! s a torsion sheaf. The
morphism de ned above is isomorphism outside the nodes (See Lemma 1.2 of [KW]).
Thus we have the desired morphism

N F-F ) | NnTr F :
torsion torsion

(MFy)  (ATPFR) L (ATTFp) Hoom(ATRg;
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Definition 1.3.  The subsetUyx (r;L) U x (r;d) and Uy (r;L)° U x(r;L) are
de ned to be

s-equivalence classef] 2 Uy (r;d) such that
[F] contains a sheaf with a xed determinantL

Ux (L) =

Ux (L) =f[F]2Ux (rL)j~"" F = Lg

When L is a line bundle, Ux (r;L)° consists of locally free sheaves with the xed de-
terminant L. When L is not a line bundle, Uy (r;L)° consists of torsion free sheaves
of type 1 at each node ofX .

We rst consider the case that L is a line bundle and X has only one nodepp.
Let : X ! X be the normalization with  (po) = fp1;p2g. The normalization
P 1U x(r;d) was studied in [Sul], whereP is the moduli spaces of semistable
generalized parabolic bundles (GPB) of degree and rank r on X. A GPB of degree
d and rank r on ¥ is a pair (E;Q) consisting of a vector bundleE of degreed and
rank r on X and ar-dimensional quotient E,, Ep, ! Q. There is a at morphism
(See Lemma 5.7 of [Sul])

Det : P ! Jg

sending E:;Q) to det(E). Let B = (L) and P® = Det (). Then P is an
irreducible projective variety (See the proof of Lemma 5.7 in [Sul]). LetD; (i =1;2)
be the divisor consisting of E;Q) such that E,, ! Q is not an isomorphism (See

[Sul] for details). Let DF = D; \P E.
Lemma 1.4. The setUy (r;L) is contained in the image (Pf). Moreover,

Ux (nL)r U (L) (DE\D §):

Proof. Let F 2Ux (L) with F Oy, = 6,2 mp" . LetB= F=torsion.
Then, by local computions (See, for example, Remark 2.1, 2.6 of [NS]), we have

(1.1) ol F1Y B ,@! 0

wheredim (@) = aand the quotient E! , @ induces two surjective maps€, ! @
(i =1;2). Denote their kernel by K;, we have

0! Ki! B, ! Q! O
On the other hand, for F 2 Uy (r;L ), let Q be the cokernel of*"F ! L, then
0! det(E)! E! Q! 0

where Q= Vi p, Vo and ny, ny is respectively the dimension ofVy, V,. Thus
det(B)= E O ¢( nipt nzpp) wheren; Oandni+nx=r a.

Let h:E! E be the Hecke modi cations at p; and p, such that ker(h, ) K;
has dimensionn; for i =1;2. Then we have

(1.2) or " E! ,8 ,8! 0
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with dim(®;) = n;. Thus det(E) = det(E) O ¢ (nipy+ nypz) = Eand (E;Q)=F
if we de ne Q by the exact sequence

h) d

(1.3) or F f E!l ,,Q! O

To describe the GPB (E;Ep, Ep,! a Q! 0), note that (1.3) induces
d hp, h
Foo! ° By B, '™ "2 E, Ep!TQlo

Then dp, (Fp,) \ By = K; by (1.1) and hy, (Ki) = ker(g) by the exactness of (1.3),
whereqg : E, ! Q (i =1;2) are projections induced byE,, Ep,! d Q! 0. Thus
dim(ker(g))=r a n; by the construction of h.

For any F 2 Ux (r;L) r Uy (r;L)°, the cokernelQ of A"F ! L must be non-
trivial. This implies that both Vi andV, in Q= , Vi, V> are non-trivial since
forany i =1;2, we have

Homo (p Vi; p, C) = Homo ( Q;p, C)= Homo, (Q; (pC)) 80:

Thus their dimensions n; and n, must be positive andn; + np = r  a, which means
that ker(g) 6 0 (i =1;2) and the GPB (E; Q) must be in D1 \D ,. Thus

Ux (bL)r Ux (L) (DE\D 5):

Remark 1.5. This is also indicated in the following consideration. There is a
Pl-bundle p : P! Jg and the normalization map ; : P! J¢. The morphism

Det: P! J)‘é can be lift to a rational morphism
Bet : P 99KP ! * J¢;

which is well-dened on Pr D;\D ,. When L is a line bundle, Bet 1(L) is disjoint
with Dir (D]_\D 2).

Lemma 1.6. Let be a discrete valuation ring andT = Spec( ). Then, for any
F 2Uyx (r;L), there is aT-at sheaf F on X T such that

(1) Ft = Fjx 1 g is locally free fort 60 and Fo = F,

(2) " (Fix (trtog) = Px L.
In particular, Ux (r;L)° is dense inUx (r;L).

Proof. Let (E;Q) 2 P® be the GPB such that (E;Q)= F (Lemma 1.4). Then

there exists aT- at family of vector bundles Eon X T with det(E) = pij, and a
T- at quotient

E, Ep!@! 0

such that (Ep; Qo) = (EQ)jge ¢ 0g = (E; Q). The quotient E,, E p,! b ! 0is
determined by the two projections g : E, ! Q (i = 1;2), which can be choosen to
be isomorphisms fort 6 0 since P¥ is irreduceble. The two mapsg are given by two

matrices 0 s 1 0 T 1
% 0O t o 0 §
0 st

0 tb
T 0§_ %0 t
R A 0

0 0

ap b
0 0
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where 0 a5 a aand0 b b b. Whent = 0, they give
the GPB (E; Q). We recall that when F is not locally free, the numbersn; and n;
in the proof of Lemma 1.4 are positive. Thus the two projectionsEp, ! Q are not
isomorphism. Namely, there areky, ko such that a,, > 0,la, > Obuta =0 (j <k 1)
and b =0 (j <k). Itis clear now that we can change the positive numbersay,,
.y &, be,, ..., b freely such that the resulted family (E; Q) has the property that
(E0; Qo) = (E; Q). We modify the T-at quotient E,, E p,! b ! 0 by choosing
Ay - &, b, ..., b such that

Thus we get aT-at sheaf F on X T such that Fg = F. Moreover, onT r f0g, F
is obtained from Eje (Tr f0g) by identifying E,, and E,, through the isomorphism

Si1 OQl:EpllEpz:

MFix (Tr tog) is obtained from det(E)je (1, qq) = p)eE by identifying B, K (T)
and B,, K (T) through the isomorphism A" (qz @, ), where K (T) denote the eld

of rational functions on T. By the choice of a,, ..., a, b,, ..., b, we know that
AT(qn @ Y) is the identity map. Thus

FEix (triog) = (Px L)ix (Tr fog):

Lemma 1.7. For any stable irreducible curveX, Uy (r;L)° is dense inUx (r;L).

Proof. Let be the number of nodes ofX , we will prove the lemma by induction
to . When =1, itis Lemma 1.6. Assume that the lemma is true for curves with

1 nodes. Then we show that for anyF 2 Uy (r;L) there is a T- at sheaf F on
X T,whereT =Spec() and is a discrete valuation ring, such that

(1) Ft = Fjx ¢ tg is locally free fort 80 and Fo = F,

(2) “""(Fix (trtog)) = PxL.

For F 2 Ux (r; L), we can assume thatF is not locally free. Let pg 2 X be a node
at where F is not locally free. Let : X! X be the partial normalization at py and

Y(po) = fp1;p20. Let E= L andE =  F=torsion, then by the same arguments

of Lemma 1.4

or 1Y B ,@! O

Note that ""E =  (""F)=(torsion at fp;;p.g) and the cokernel of ""EE | E at
fp;p2gisp, C"t ,,C"2, we have the morphism

NMELD B O o( nipr n2pp)

which is an isomorphism outside the nodes o¥. As the same with proof of Lemma
1.4, we have the Hecke modi cationE of E at p; and p, such that

or " El ,8 ,8! 0



moduli spaces of sl (r)-bundles on singular curves 615

with dim(®;) = n;. Thus ""E = (""E) O (n1p1+ nzpz) ! E and the generalized
parabolic sheaf (GPS) E; Q) de nes F by the exact sequence

h) d

or Ff E! Q! O

where Q is de ned by requiring above sequence exact. The two projection&p, ! Q
(i = 1;2) are not isomorphism, thus, by choosing suitable bases d,, and Q, they
are given by matrices

1 0 1
1 20 22 O 1 ::: 0 22 0
PL=BO 1 0CG; P,=A 0 1 0 B
0O ::: 0 ::: O 0O ::: 0 ::: O

where A, B are invertable r r matrices and rank(P;) = ry <r (i = 1;2). Since

E 2 Ug(r; E), by the assumption, there is aT-at sheaf E on ¥ T such that

Eo := Eje¢ g~ E and Eje (Tr f0g) locally free with determinant p)e(E). De ne the

morphisms g : E, := Efpq 7! Q O 1 (i =1,2) by using matrices
0

1 0 1
1 ::: 0 T 0 1 ::: 0 e 0
_BO =i 1 0::: 0 . _ 0 1 0 0
Qu=RBo .. 0 s okt Q@TA By 0 thon of B
O ::: 0 ::: c t& 0 ::: 0 ::: to
where t is the local parameter of , ar,+1, ..., &, br,+1, ..., b are positive integers
satisfying a,,+1 + ta = b, t + b, and c is any constant. Then these

morphisms g (i = 1;2) de ne a family (E;Q O 1) of GPS, which induces aT- at
sheafF on X T suchthat Fo = F and F; (t 6 0) are locally free. The determinant
det(Fjx o), where T® = T r f0g, is de ned by the sheaf det(Eje o) = pﬁ(E)
through the isomorphism

det(q, * ) : (det(Eje 1o)p, = (""Epy)ito ! (“"By,)ire = (det(Eje 1o)p,;

which is a scale product bydet(Q, 1 Q,) = det(AB) ! c. Thus we can choose suitable
constant ¢ such that det(Fjx to0) = py (L). We are done.

Lemma 1.8. When L is not locally free, Uy (r; L )° consists of torsion free sheaves
of type 1 at each node ofX, which is dense inUy (r;L).

Proof. The proof follows the same idea. For simiplicity, we assume thatX has
only one nodepgy. Let F be a torsion free sheaf of rank and degreed on X with type
t(F) 1atpg. Then

deg”"F=torsion)=d t(F)+1:
Thus F 2 Uy (r;L)° if and only if t(F) = 1.
Forany F 2 Uy (r;L) of type t(F) > 1, let B =  F=tosion, then

or F1Y Er ,@! 0
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wheredim(®)=r t(F). Let E= L=torsion, then degE)=d landL= E.
The condition F 2 Uy (r;L) implies det(E€) = E( nyp; nypz) wheren; 0 and
ny + ny = t(F) 1 As in the proof of Lemma 1.4, leth : B! E be the Hecke
modi cations at p; and p, such that dim(ker(hp,)) = ny+1 and dim(ker(hp,)) = ny.
Then we havedet(E) = det(E) O ((n1+1)ps+ n2p2) = E(p1), and there is an GPB
(E;Ep,  Ep,! d Q! O)suchthat (E;Q)= F,whereqg :E, ! Q (i =1;2) satisfy
dim(ker(qp)) = t(F) n; 1 anddim(ker()) = t(F) n,.The two projections
G :Ep ! Q(i=1;2) are given by matrices

0 1 0 1
1 ::: 0 22 O 1 ::: 0 ::: O
P,=BO 1 0CG; P,=A 0 1 0 B
0O ::: 0 ::: O 0O ::: 0 ::: O

where rank(Py)=r t(F)+ ny+1, rank(Py)=r t(F)+ ny: Let T = Spec(C[t])
and E = P E. Choose deformationsP;(t) of P; (i = 1;2) as following

01 o0 0 i 0 O1 O1 o0 0 2 0 0:L
0 10 00 0 1 0 ::: 0O
0 0t 0 0C; A 0 Ot ::: 0O B
0O ::: 00 ::xt O O ::: 0 0 :::x t O
0O ::: 00 ::: Ot O ::: 00 ::: 00

where the number oft in P,(t) is t(F) ny, 1. Then we get a family E;Q O 1)
of GPB on ¥ T, which induces aT-at sheaf F on X T such that Fo = F and
F (t 6 0) are torsion free of type 1. To see that*"F; = L (t 6 0), we note that
det(E) = Pe E(p:) and L is determined by the GPB

(det(E) = E(py);G  de(E)p, det(E)p,)

where G is the graph of zero mapdet(E),, ! det(E),,. Thus we have a non-trivial
morphism ~"F; ! L, which must be an isomorphism whent 6 0.

Next we will prove that Uy (r; L) is the underlying scheme of specialization of the
moduli spaces of semistable bundles with xed determiant. This in particular implies
that Ux (r;L) U x (r;d) is a closed subset. LetS = SpedR) and R be a discrete
valuation ring. Let X | S be a at proper family of curves with smooth generic
bre and closed bre Xg = X. Let L be a relative torsion free sheaf onX of rank
one and (relative) degreed such that Ljx = L. It is well known that there exists a
moduli schemef : U(r;d)s ! S such that forany s2 Sthe bre f 2(s)is the moduli
space of semistable torsion free sheaves of rankand degreed on Xg (where X5 denote
the bre of X I S ats). Since X is smooth overS® = Sr f0g, there is a family
U(r; Ljso)so ! S° of moduli spaces of semistable bundles with xed determinant_j x
on Xs (s 2 S°. We have

U(r; Ljso)so U (rid)s:
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Let Z be the Zariski closure ofU(r; Ljso)so inside U(r;d)s. We get a at family
f:z! S

of projective schemes. Forany B s 2 S, the bre Zg is the moduli space of semistable
bundles onXs with xed determinant Ljx..

Lemma 1.9. The bre Zgoff :Z! S ats=0 is contained in Ux (r;L) as a
set.

Proof. We can assume that for any F] 2 Z, there is a discrete valuation ring A
and T = SpedA) ! S such that there is aT- at family of torsion free sheave F on
Xr=X sT! T, sothat

ANME =L Fjx = F

By Proposition 5.3 of [Se] and its proof (see [Se], it deals with one node curve,
but generalization to our case is straightforward since its proof is completly local),
there is a birational morphism : | X 1 and a vector bundle E on such that

E = F. Moreover, the morphism is an isomorphism overXt nfxy;::;;xXxg. Since
(*"E)j =( L)—j ,notethat(~"E) * ( L)— is torsion free (thusT- at), we
can extend the isomorphism into a morphism*"E ! ( L)—. Since and are
adjoint functors, O = Ox,,wehave (( N)-)= N- for any coherent sheafN .

Then, by using (N-) = (C N)>>)! ( N)-; we have a canonical morphism
(( N)—)!N —:In particular, there is a canonical morphism
(( L)y—)'L — =1L
which induce a morphism# : *"'F = ~A"( E) ! ATE 1L : Modied by some

power of the maximal ideal of A, we can assume the morphisn# being nontrivial on
X, which means that # is an isomorphism onX+ nfxs;:::; Xxg since X is irreducible.
Thus [F]12 Ux (r;L):

Theorem 1.10. Uy (r;L) is the closure ofUyx (r;L)° in Uy (r;d). When smooth
curve Xs specializes toXp = X and L specializes toL, the moduli spacesUx_(r; Ls)
of semistable bundles of rank with xed determinant Ls on Xs specializes to an
irreducible schemeZy with (Zg)req = Ux (1;L).

Proof. Let U(r;d)2 U (r;d)s be the open subscheme of torsion free sheaves
of type at most 1. Then there is a well-de ned S-morphism (taking determinant

det( )= ""())
det: U(r;d)2 U (1;d)s:

The given family of torsion free sheaved. on X of rank one and degreed gives a
S-point [L]2 U(1;d)s. It is clear that

Z%:=(det) (L) Z

and the bre of fjzo : Z%! Sats=0isirreducible with support Uy (r;L )P (it is also
reduced whenL is a line bundle). Thusf 1(0) = Z, contains the closureUy (r;L)O°
of Ux (r;L)% in Uy (r;d). On the other hand, by Lemma 1.9, Lemma 1.8 and Lemma
1.7, we have

Ux (L)Y (Zodrea U x (L) Ux(rL)%:
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HenceUx (r;L) = Uy (r;L)°% = (Zo)req. In particular, the breof f :Z! Sats=0
is irreducible.

2. Stability and Gieseker functor. Let X be a stable curve with nodes
fxq1; 1, X g. Any semistable curve with stable modelX can be obtained fromX by
destabilizing the nodesx; with chains R; (i = 1;:::; ) of projective lines. It will be

denoted asX,, wheref = (ng;::;;n ) and n; is the length of R; (See [NSe] for the
example of =1). Then X, are the curves which are semi-stably equivalent toX , we
use : Xy ! X todenote the canonical morphism contractingRy; ::;; R to Xq; i) X
respectively. A vector bundle E of rank r on a chainR = [ C; of projective lines is
called positive if a; 0 in the decompositionEjc, = |-, O(a;) forall i andj. A
postive E is called strictly positive if for each C; there is at least onea; > 0. E is
called standard (resp. strictly standard ) if it is positive (resp. strictly positive) and
aj 1foralli andj (See [NSe], [Se]).

For any semistable curveXy = [ X'ﬁ‘ of genusg 2, let ! x_ be its canonical

bundle and
_ deg(! x, jxx)
k= 729 5

it is easy to see that ¢ = 0 if and only if the irreducible component X,‘; is a component
of the chains of projective lines.

Definition 2.1. A sheaf E of constant rank r on X, is called (semi)stable, if
for every subsheat E, we have

(F) < ( )@ r(F) whenr(F)60;r;
(F) O whenr(F)=0,and (F)< (E)whenr(F)=r,F 6 E;

P
where, for any sheafF, the rank r(F) is de ned to be k rank(Fjyx«):

the chain Ry = ~ %, PL of projective lines P} = PY).

Let C = Xand Co = X(g:n,:on ) (Namly, Cq is obtained from C by contracting

Lemma 2.2. Let :C! Cq be the canonical morphism, letE be a torsion free
sheaf that is locally free onR;. If Ejr, is positive and E is stable (semistable) on
Co, then E is stable (semistable) onC. In particular, a vector bundle on X4 is stable
(semistable) if Ejr, (1 i ) are positive and E is stable (semistable) onX,
where : X, ! X is the canonical morphism contractingRq; ::;; R to Xg; i) X .

Proof. Let C = €[ Ry and €\ Ry = fpy;pog, where : €y ! Cq is the partial
normalization of Cy at x;. Let B = Ej@0, EC= Ejr,. Then we have exact sequence

(2.2) 0! EX pp p2)! E! B! O

If Ejr, is positive and E stable (semistable), then EY p; p) = 0: For any
E; E, consider the sequence (2.1), let€; E be the image ofE; in E and
K EY p. p2) bethe kernel ofE; ! B, then we have

0! Eq! B! RY K=, HYK);
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and (E;)= (B))+ (K)= ( B) h%(K) ( Ej). Sincer(E1)=r( Ej),

E E
€) ey ey LB ey

Thus we will be done if we can check that (E;) < (E) whenr(E1) = r(E) and
E: 6 E. In this case, the quotient E, = E=E; is torsion outside the chainsfR;g.
If Eojg = 0, where R = [ R;j, then E; is a nontrivial torsion and we are done. If
Ezjr 6 0, then (E») (E2jr): SinceEjr is positive and the surjective map

M

Ejr = Li! Exr! O
i=1

we haveH '(E,jr) = 0 and there is at least one line bundleL; such thatL; ! Ejjr
on a sub-chain. Thus (E») (Eojr) = hO9(Ezjr) > 0and (E1) < (E).

Remark 2.3. It is easy to show that if E is semistable onXy, then E is standard
on the chains and E is torsion free. It is expected that (semi)stability of E also
implies the (semi)stability of E.

Definition 2.4. Let C! S be a at family of stable curves of genuggy 2. The
associated functorGs (called the Gieseker functor) is de ned as follows:

G :fS schemeg!f setsg;

where Gs(T) = set of closed subschemes C sT s Gr(m;r) such that

(1) the induced projection map ! T sGr(m;r) overT is a closed embedding
overT. Let E denote the rankr vector bundle on which is induced by the tautological
rank r quotient bundle onGr(m;r).

(2) the projection ! T is a at family of semistable curves and the projection

I!'C 1T overT is the canonical morphism : !C T contracting the chains

of projective lines.

(3) the vector bundlesk = Ej , on  (t 2 T) are of rank r and degreed =
m+r(g 1). The qoutientsO™ ! E ¢ induce isomorphisms

HO(0™,) = HO(R):

Lemma 2.5 ([Gi],[NSe],[Se]). The functor Gs is represented by aP GL(m)-
stable open subschem& ! S of the Hilbert scheme. The bresYs (s 2 S) are
reduced, and the singularities ofYs are products of normal crossings. A pointy 2 Y
is smooth if and only if the corresponding curve y is a stable curve, namely all chains
in y are of lengthO.

Let Quot be the Quot-scheme of rankr and degreed quotiens of O onC ! S
(we choose the canonical polarization on any at family C ! S of stable curves of
genusg 2). There is a universal quotient

Of cquet 'F! O
on C s Quot! Quot. Let R Quot be the P GL(m)-stable open subscheme
consisting of g 2 Quot such that the quotient map Of sfag 'F 4! O induces an

isomorphism HO(OZ _¢,.) = H°(Fq) (thus H'(Fg) = 0). We can assume that d
is large enough so that all semistable torsion free sheaves of rank and degreed
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on C ! S can be realized as points ofR. Let RS (R*%%) be the open set of stable
(semistable) quotients, and letW be the closure of RS in Quot. Then there is an
ample P GL(m)-line bundle Oy (1) on W such that R® (resp. R%%) is precisely the
set of GIT stable (resp. GIT semistable) points. The moduli schemeU(r;d) ! S'is
the GIT quotient of R ! S,

Let C sY sGr(m;r) be the universal object of Gs(Y), and

O™I'E! O

be the induced quotient on by the universal quotient on Grassmannian over Y.
Then there is a commutative diagram overS

Ic Y

< <oV
< <oV,

Lemma 2.6. If Sis a smooth scheme, then O = O¢ v and there is a bira-
tional S-morphism

Y !R
such that pullback of the universal quotienDg' ' F ! O(yid )is

or .y'! E!O

Proof. Similar with Proposition 6 and Proposition 9 of [NSe] (See also [Se]).
Lemma 2.7. LetYS= I(R%)andY®= I(RS%). Then
'YSIR S, :YOIR S
are proper birational morphisms.

Proof. The proof in [NSe] and [Se] for irreducible one node curves is completely
local. Thus can be generalied to general stable curves.

There is aP GL(m)-equivariant factorisation (See [NSe], [Se], [Sch])

ys ¥ o1 H

2 2 2
? ? ?
y y y

Rs | R ss | W

and linearisation Oy (1), where { is open embedding. LetL, = (Ow(a)) O y(2).
Then, for a large enough, the setH (L,)%® (H(L4)®) of GIT-semistable (stable) points
satises: (i) H(La)S® I(Rss), (i) H(La)® = (RS). By Lemma 2.7, is proper,
we have 1(R%%)= Y%and 1(RSS)= YS. Thus

H(La)s = YS = 1(Rs); H(La)ss Y 0 — 1(RSS)Z
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Notation 2.8.  G(r;d)s = H(L4)%==P GL(m) is called (according to [NSe]) the
generalized Gieseker semistable moduli space (or Giesekgpace for simplicity). It is
intrinsic by recent work [Sch].

Lety = ( y;Omy 'E y! 0)2YP° Obviously, for y 2 H(La)>r H(La)S, we
have to add extra conditions besides the semistability of E,. Alexander Schmitt
([Sch]) recently gure out a sheaf theoretic condition (H3) (See De nition 2.2.10 in
[Sch]) for E, which is a su cient and necessary condition fory 2 H(La)%. The
pair (C;E) of a semstable curveC with a vector bundle E is called H -(semi)stable
(See [Sch]) IfE is strictly positive on the chains of projective lines, and the direct
image (on stable model ofC) E is semistable satisfying the condition {3).

Theorem 2.9. The projective S-schemeG(r;d)s ! S universally corepresents
the moduli functor G(r;d)]S : fS-schemeg ! f setsg,

is a at family of semistable curves with stable modet
Gr;d)L(T)= _ C sT! T andE is an T-at sheaf such that for

anyt2 T, (Er)j , is H-(semi)stable vector bundle

rank r and degreed. '

% Equivalence classes of pair§ 1;Er), where ! T

We call that ( 1;Er) is equivalent to ( ;E?) if there is an T-automorphism g :

! 2, which is identity outside the chains, such thatsr and g EY are brewisely
isomorphic.
3. A Gieseker type degeneration for rank two. Let C! S bea atfamily

of irreducible stable curves andL be a line bundle onC of relative degreed. We
simply call the families in G(r;d)]S(T), the families of semistable Gieseker bundles
parametrized by T.

Definition 3.1.  The subfunctor G : f S-schemeg ! f setsg of G is de ned to

be 8 .9
> 2G(T) such that for anyt 2 T there is >
G (T)= . a morphism det(Ej ) ! L on which> :

is an isomorphism outside the chain ofP's’

Definition 3.2.  The moduli functor G(r; L)]S of semistable Gieseker bundles
with a xed determinant is de ned to be

8 9
>2( 1:Er)2 G(r;d)]S(T) such that foranyt2 T >
G(r; L)]S(T) = there exists a morphismdet(Erj ,) ! L; on ts
" which is an isomorphism outside the chain oP!s’
When S = Spec(C), the above de ned functor is denoted byG(r; L )!.

Let S = Spec(D) where D is a discrete valuation ring. Let C ! S be a family
of curves with smooth generic bre and closed bre G = X. Assume that X is
irreducible with only one node py. Then we have the following result that is similar
with Lemma 1.19 of [Vi].
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Lemma 3.3. When r = 2, the moduli functor G(r; L)]S is a closed subfunctor
of G(r;d)L. More precisely, for any family ( 1;Er) 2 G(r;d)5(T), there exists a
closed subschem&® T such that a morphismT,; ! T of schemes factors through
T.! TO! T ifand only if

(v 7 TuprEr) 2G(r L)5(Ty):
Similarly, G_ is a closed subfunctor ofG.

Proof. Let : 1 !C s T be the birational morphism contracting the chain
of rational curves and Lt be the pullback L to . Letf : + ! T be the
family of semistable curves (thusf (O ;) = Og). Then the condition that de nes
the subfunctor is equivalent to the existence of a global section oflet(Erj ,) * L¢

which is nonzero outside the chainR; ¢ of P's. But, in the caser = 2, any
non-trivial section of det(Erj ,) 1! L. is automatically nonzero outside the chain
Ry ¢ of P's. There is a complex

(3.1) Ky K1k 1

of locally free sheaves o such that for any base changeT; ! T the pullback of K
to T; computes the direct image ofdet(Er,) ! L 1, (which equals to the kernel of
1, : K§ 1K ). There is a canonical closed subschem&® T (de ned locally by

some minors of 1) where 1 is not injective.

For simiplicity, we assume that r and d are coprime (;d) = 1. In this case,
the functor G(r;d)]S is representable by an irreducible Cohen-MacaulayS-scheme
G(r;d)s ! S (See [NSe]), whose bres are reduced, irreducible projective schemes
with at most normal crossing singularities. Moreover, there is a canonical poper
birational S-morphism

(3.2) :Q(rd)s 'U (rd)s;

whereU(r;d)s ! S is the family (associated toC ! S) of moduli spaces of semistable
torsion free sheaves with rankr and degreed.

For generalr, let G(r; L)s G (r;d)s be the subset of Gieseker bundles satisfying
the conditions of functor, then we can show it being a closed subset. But we do not
know how to de ne the correct subschemestructure on it.

Lemma 3.4. G(r;L)s G (r;d)s is a closed subset of5(r;d)s. In fact, for the
closed bre G = X, we have

(3.3) G(r; L)5(fog) = *(Ux (; Lo)):

Proof. It is enough to prove (3.3). For any ( ;E) 2 G(r; d)]s(f 0g), let
I X
be the morphism contracting the chainR of P's. Then, by de nition of ,
(( ;E)= (BE):=F 2Ux(r;d):

Note that F has type oft(F) = deg(Ejr) (See [NSe]), then (det(E)) has torsion of
dimensiont(F) 1 supported at the nodepy; = (R). There is a natural morphism

ATE = AT E)L (ME)=  (det(E));
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which is an isomorphism outsidepy. Thus we have an isomorphism
A'FE=torsion = det(E)=torsion

since deg( ' F=torsion) = deg( det(E)=torsion) = d t(F)+ 1: By using this iso-
morphism, it is clear that

( ;E)2G(rL)5(fOg) 0 (( ;E)) 2Ux(r Lo):

G(2;L)s is in fact a degeneracy loci of a map of vector bundles. To study it, we
recall some standard results (See [FP] for example). Let : F ! E be a morphism
of vector bundles on a varietyM with rk(F) = m and rk(E) = n. The closed subsets
of M

D/(")=fx2Mjrank(' x) rg
are the so called degeneracy locus 6f. We collect the results into

Lemma 3.5. The codimension of each irreducible component oD, (' ) is at most
(n r)(m r). If M is Cohen-Macaulay and the codimension of each irreducible of
D.(") equals to(n r)(m r), then D,(" ) is Cohen-Macaulay.

In (3.1), rk(K%) rk(K%)= g 1sincedet(Er) * L 1 has relative degree O.
Then one sees that
TO= Dy, ( 1); ko= rk(K?) 1

In what follows, we will use Codim( ) to denote: codimension of each irreducible
component of . Thus Codim(T% g, and it is Cohen-Macaulay if

Codim(TY = g:

In particular, let X be the singular bre of C! S andL = Ljx. The closed bre
G(r;d) of G(r;d)s ! S is the so called generalized Gieseker moduli space (associated
to X) of [NSe], which has normal crossing singularities. The closed bre o %! S,
denoted by G(r; L), is the degeneracy loci

Di,( 1) To  G(rid)
of 1, :K} 'K 1 ,whereTy is the closed bre of T! S. Thus
Codim(G(r;L)) g

and G(r; L) is Cohen-Macaulay if Codim(G(r;L)) = g. Whenr =2, G(r;L) G(r;d)
is a closed subscheme that represents a moduli functor (See Theorem 3.7 for de nition).

Lemma 3.6. Whenr =2, Codim(G(r;L)) = g. In particular, G(r; L)s G (r;d)s
is an irreducible, reduced, Cohen-Macaulay subscheme of dotension g.

Proof. Assume that Codim(G(r; L)) = g. Note that there is a unique irreducible
component of G(r; L)s with codimension g dominates S sinceC ! S has smooth
generic bre. Thus other irreducible components (if any) of G(r; L)s will fall in G(r; L)
and their codimension in G(r;d) are at mostg 1 sinceG(r;d)s ! Sis at over S.
This contradicts Codim(G(r;L)) = g. HenceG(r;L)s G (r;d)s is an irreducible,
Cohen-Macaulay subscheme of codimensiog It has to be reduced since it is Cohen-
Macaulay and has a reduced open subscheme.



624 X. sun

Now we prove that Codim(G(r;L)) = g in G(r;d). Let J? be the Jacobian of
line bundles of degree 0 orK . Consider a morphism

:G(rL) J2 ! G(r;d)

that sends anyf( ;E);Ng2 G(r;L) J2 to( ;E N) 2 G(r;d), where : !
X is the morphism contracting the chain R of P's. We claim that

dim (( ;Eq) 1, forany( ;Eg) 2 G(r;d):
Let :JQ! J)% be the morphism induced by pulling back line bundles onX to

its normalization X. The bres of are of dimension 1. On the other hand, it is easy
to see that the projection G(r;L) J¢ ! JQ induces an injective morphism

Y( ;Eo) ! JR:

To prove the claim, it is enough to show that the image Im( ) falls in a nite number
of bres of . Note that, forany f( ;E);Ng2 (( ;Eo)); we have

det(E) (N ") = det(Eo)

on . Recall that, by de nition of G(r; L), there is a morphism det(E) ! L which
is an isomorphism outside the chainR of P's. We have

det(E)je = Lje( nipr nzp2) = E( nipr  n2pyp);
where E is the pullback of L to X%, n1, n, are nonnegative integers such that
N1+ nz =deg(Eojr) = t(Fo); Fo:= (Eo):
Thus (f( ;E);Ng)= (N)= N2 Jfé falls in the set

fi¢2 37 ¢ "= det(Eo)je E *(nip1+ n2p2)g;

which is clearly a nite set. This proves that bres of are at most dimension 1.
There is a unique irreducible componentG(r; L)% of G(r;L) containing = X,
which has codimensiong. For any other irreducible component (if any), say G(r;L)*,
all of sin G(r;L)* must have chain (with positive length) of P's. Then the image
(G(r;L)*  JQ) has to fall in a subvariety of G(r; d), which has codimension at least
1. Thus dim(G(r;L)* J?) dimG(r;d), that is,

Codim(G(r;L)") g:
By Lemma 3.5, G(r; L) is Cohen-Macaulay of pure codimensiory.

Theorem 3.7. Let X be an irreducible curve of genug 2 with only one node
Po. Let L be a line bundle of degreel on X. Then, whenr =2 and (2;d) =1, we
have

(1) There is a Cohen-Macaulay projective schem&(r; L) of pure dimension(r?
1)(g 1), which represents the moduli functor

G(r;L) : (C schemeg! (sets)

which is de ned in De nition 3.2.
(2) Let C! S be a proper family of curves over a discrete valuation ring, hich
has smooth generic breC and closed bre G = X. If there is a line bundle L on



moduli spaces of sl (r)-bundles on singular curves 625
C such thatLjc, = L. Then there exists an irreducible, reduced, Cohen-Macaulay
S-projective schemef : G(r; L)s ! S such that
f 10)=G(L);, f *()=Uc(rL):

Moreover G(r; L)s represents the moduli functorG(r; L)]S in De nition 3.2.
(3) There exists a proper birational S-morphism : G(r; L)s ' U (r; L)s which
induces a morphism : G(r;L)!'U x(r;L):

REFERENCES
[Fal] G. Faltings , A proof for the Verlinde formula , J. Algebraic Geometry, 3 (1994), pp. 347{
374.
[Fa2] G. Faltings , Moduli-stacks for bundles on semistable curves , Math. Ann., 304 (1996),
pp. 489{515.

[FP] W. Fulton and P. Pragacz , Schubert varieties and degeneracy loci , LNM, 1689, Springer-
Verlag Berlin-Heidelberg, 1998.
[Gi] D. Gieseker , A degeneration of the moduli space of stable bundles, J. Di erential Geom.,
19 (1984), pp. 173{206.
[Ka] Ivan Kausz , A Gieseker type degeneration of moduli stacks of vector bundl es on curves,
arXiv:math.AG/0201197 (2002), pp. 1{59.
[KW] E. Kunz and R. Waldi , Regular di erential forms , Contemporary Math., 79.
[NR] M.S.Narasimhan and T.R. Ramadas , Factorisation of generalised theta functions | , In-
vent. Math., 114 (1993), pp. 565{623.
[NS] D.S. Nagaraj and C.S. Seshadri , Degenerations of the moduli spaces of vector bundles
on curves |, Proc. Indian Acad. Sci.(Math. Sci.), 107 (1997), pp. 101{1 37.
[NSe] D.S. Nagaraj and C.S. Seshadri , Degenerations of the moduli spaces of vector bundles
on curves I, Proc. Indian Acad. Sci.(Math. Sci.), 109 (1999), pp. 165{2 01.
[Sc] M. Schessinger , Functors of Artin rings , Trans. of AMS., 130 (1968), pp. 208{222.
[Sch] A. Schmitt , The Hilbert compacti cation of the universal moduli space o  f semistable vector
bundles over smooth curves, Preprint (2002).
[Se] C.S. Seshadri , Degenerations of the moduli spaces of vector bundles on curv es, ICTP
Lecture Notes, 1 (2000).
[Si] C. Simpson, Moduli of representations of the fundamental group of a smoo th projective
variety |, I.H.E.S. Publications Matrematiques, 79 (1994), pp. 47{ 129.
[Sul] Xiaotao Sun , Degeneration of moduli spaces and generalized theta functi ons, J. Algebraic
Geom., 9 (2000), pp. 459{527.
[Su2] Xiaotao Sun , Degeneration of SL(n)-bundles on a reducible curve, Proceedings Algebraic
Geometry in East Asia, Japan (2001).
[Te] M.Teixidor i Bigas , Compacti cations of moduli spaces of (semi)stable bundles on singu-
lar curves: two points of view , Dedicated to the memory of Fernando Serrano. Collect
Math., 49 (1998), pp. 527{548.
[Vi] Eckart Viehweg , Quasi-projective moduli for polarized manifolds , Ergebnisse der Math-
ematik und ihrer Grenzgebiete; 3. Folge, Bd. 30, Springer-Ve rlag Berlin-Heidelberg,
1995.



626 X. sun



