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Dedicated to Professor Yum-Tong Siu on the occasion of his 60th birthday

1. Introduction. Let ® = {¢1, -, ¢r} be an iterated function system (IFS) on
R<. The attractor E C R? of ® is the unique compact set such that £ = UL ¢;(E).
If @ consists of contractive affine mappings, i.e. each ¢;(x) = B;x + b;, where B; are
d x d contractive matrices in R? and b; € R, then E is called a self-affine set. In this
paper, we study a class of self-affine sets with overlapping by applying the M-matrix
theory([20]).

In 1984, McMullen[26] gave the Hausdorff dimension of the McMullen carpet
(general Sierpinski carpet), which is the attractor of {B(x + b;);4 = 1,--- ,T} with

1 )

B = ( 8 3 ) and b; = ( i ),ngi<n,0§yi<m,wherem,n,a:i and y; are
integers and n > m > 1. Is also is proved that 0 < HP(FE) < oo for McMullen carpet
E, where D = dimpy (E). In 1992, Lalley and Gatzouras[23] studied a wider class of
self-affine sets in the plane and give a formula for their Hausdorfl dimension, where
the iterated function systems are of the form ® = {< aéj I? ) T+ ( CC;] > 1 <i<
m,1 < j < mn;} with certain conditions on m,n;, aij,bi, c;j and d;. In 1994, Pollicott

and Weiss[31] discussed the attractor of {< >61 )E) ) x4+ < ccil ) , ( )E)l ;) ) x+
2 1 2

K2

( 22 > } with the open set condition in the plane, the Hausdorff dimension were given
2

in several cases.

In 1988, Falconer[11] gave an formula for the upper estimation of Hausdorff di-
mension of self-affine set, and this upper estimation reaches the exact dimension for
almost all (by,---,br) € R, when By, --- , By are fixed and each ||B;||2 < 3. This
estimation is called the Falconer’s dimension of self-affine set. In 1992, Edgar[9] gave
examples which imply that when some [|B;|2 > %(v/5 — 1), the Falconer’s dimen-
sion may not equal to the Hausdorff dimension for any (by,--- ,br) € R4, In 1995,
Hueter and Lalley[16] studied the self-affine sets in the plane. They present five simple
hypotheses on By,---,Br and (b, - ,br) which ensure that Hausdorff dimension
equals to the Falconer’s dimension. In 1998, Solomyak[32] proved that Falconer’s di-
mension is still equal to the Hausdorff dimension for almost all (by,--- ,by) € R4 if
all ||B;l| < 3. Furthermore, it is shown that if By = --- = By = B, the condition
|Bll2 < 3 can be replaced by a weaker condition that B has no eigenvalues in the
“Mandelbrot set for the pair of transformations”. In [20], one family of examples
were given with some ||B;||2 + || Bj|l2 > 1 such that the Falconer’s upper estimation
is strictly bigger than the Hausdorff dimension for any (by,--- ,br) € R9T.
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In 1990, Bedford and Urbariski[6] studied those self-affine sets which can be viewed
as the graph F = {(z, f(z));xz € [0,1]} of a function f : [0,1] — R. They gave the
condition when the Bowen’s formula holds for the box dimension of E (see [5, 6, 7]
for detail). They also gave some conditions when the box dimension coincides with
the Hausdorff dimension of such self-affine set.

In 1992, Falconer[12] gave a lower bound of the Hausdorff dimension of self-affine
set in the case that ¢;(E)N¢;(E) = ( for all ¢ # j (this condition is stronger than the
open set condition). In 1995, Paulsen[30] got a similar lower bound on the Hausdorff
dimension under the condition that the self-affine set E is Hausdorff rectifiable for a
generalized Hausdorff measure Hy, (i.e. 0 < Hy(E) < 00), and Hp,(¢;(E)N¢;(E)) =0
for i # j, where h is a continuous, monotonically increasing function from RT to R.
Although Paulsen’s result is more general than those of Falconer, his condition is not
very useful because it is very difficult to find such function h. In fact, for any such h,

it has the property that lim,_,q hh(E‘TT)) = qd™# F for any a > 0. In 2002, Abercrombie

and Nair[l] gave the lower and upper bound of the Hausdorfl dimension of plane
self-affine set under the assumption that the iterated function system may contains
countably infinite mappings, each affine mapping ¢; preserves the directions of the
coordinate axes, and the intersection of the interiors of ¢;(E) and ¢;(F) is empty for
all ¢ #£ j.

In [21](1996), Kenyon and Peres studied the B-invariant Sofic set, a class of direct-
n 0
0
some sequences converging to the Hausdorff dimension and a formula to calculate
box dimension of B-invariant Sofic set. They also gave some examples of self-affine
sets which are B-invariant Sofic sets. In 2003, He, Lau and Rao[15] constructed a
new direct-graph constructions to study the boundaries of self-similar sets and self-
affine sets. They applied the method of Kenyon and Peres[21](1996) to calculate the
Hausdorff dimensions of boundaries of some self-affine sets with overlappings on real
plane. In [22](1996), Kenyon and Peres studied the self-affine set of IFS {B(z+b)|b €
=}, where B =diag(nj ', - m;l), n; > 1 are integers and = C {0,--- ,ny — 1} X
{0,-+- ,ng—1}x---x{0, -+ ,ng—1}. They determined the Hausdorff dimension and
box dimension of such self-affine sets, which are called self-affine Sierpinski sponges.

graph construction objects, where B = , m,n > 2 are integers. They gave

In §4 of this paper, we study the self-affine sets A(®) which are the attractors
of the iterated function system ® = {Bz + b|b € =}, where B =diag(n; ', ,n '),
n; > 1 are integers and Z C R? is a finite set. We prove that if I'Z + 3 C Q% for some
invertible matrix I and vector v € R?, then A(®) can be expressed as the union of
some components of an invariant c-vector of a net M-matrix (see Theorem 4.1 and
Definition 3.1 for detail). Consequently, according to the results of McMullen[26],
Bedford[3], Mauldin and Williams[25], Kenyon and Peres[21, 22], and our Theorem
2.5.1, we claim that:

e 1-dimensional case (cf. [20] or Theorem 2.5.1). Let n > 2 be an integer.
Let = C R be a finite set. If there exist numbers I,y € R, I" # 0, such
that =4+ v C Q, then the Hausdorff dimension of the attractor of IFS
{fz +blb € Z} is determined.

e 2-dimension case (cf. [3, 21, 26]). Let m,n > 2 be integers and B =
( lén 1/Om > Let = C R? be a finite set. If there exist invertible ma-
trix I' € R?*2 and vector v € R? such that = +~+ C Q% and BT = I'B,
then the box dimension of the attractor A(®) of IFS ® = {Bx + blb € =} is
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determined. For the Hausdorff dimension, there are sequences of boundaries
gs < dimpyg A(®) < G4 such that dimy A(P) = lims_,o0 g5 = lims_,00 Gs.
Moreover, the value of dimy A(®) can be computed explicitly in some cases
(cf. Proposition 3.4 and some examples in [21]).

e High-dimension case (cf. [22]). Let ny,---,ng > 2 be integers and
B =diag(1/ny,---,1/ng). Let = C R? be a finite set. If there ex-
ist invertible matrix I' € R%*? and vector v € R? such that I'Z 4+ v C
{0,1,---,n; —1} x---x{0,1,--- ,ng— 1} and BT = I'B, then the Hausdorff
and box dimensions of the attractor A(®) of IFS & = {Bxz + b|b € E} are
determined.

On the other hand, in §3, in the plane case, we give an generalization of
McMullen[26]’s work to the net M-matrix rather than Kenyon and Peres[21]’s work.
We get lower and upper estimations of Hausdorff dimension of the components of
invariant c-vector of net M-matrix on R? (see Theorem 3.2).

We study an example of plane self-affine set (with overlaps) in §5. We find the
associated net M-matrix according to the proof of Theorem 4.1, which in fact is a
general method to determine the net M-matrix. Then we perform the numerical
calculations of the lower and upper boundaries of this self-affine set according to
Kenyon and Peres’ formulas and our Theorem 3.2. It seems to us that our lower
boundaries are sharper than Kenyon and Peres’ but our upper boundaries are bigger.
For the sake of convenience of the readers, a brief review of the M-matrix theory is
given in §2.

2. Preliminaries. In this section, we give a brief review of the M-matrix theory
established in [20].

2.1. M-matrix. Let ¢ : R — R? be a mapping on R?. Define

lo = sup{a € R[[|¢(x) = ¢(y)]l2 = allz — y]» for all 2,y € R};

up = inf{a € Rl ¢(z) — 6(y)2 < alle — ylls for all 2,y € RY).

In this paper, we only consider the mappings with I, > 0 and us < o0, i.e. the
bi-Lipschitz mappings. ¢ is a contraction if ug < 1 and ¢ is a similarity if Ig = ug.
We denote the sets of all finite sets of mappings, similarities, and contractions on R¢
by X, © and € respectively. Define

(T, T) = {(Mij)h<ij<r; Mij € X},
M (T, T) = {(Msj)1<ij<r;: My; € €}, (2.1.1)
M (T, T) = {(Mij)i<ij<r; Mij € G}

We call a matrix M € (T, T) a M-matrix of size T x T. For M-matrices
(Mij), (Nig) € DT, T), we define (M;;) U (Ni;) = (My; U Nij), (M) N (Nyj) =
(M;; N Nyj), and (M;;)(Nij) = (UsMixNyj). Then (DT, T),U,N,-) satisfies some
algebraic law with () as “zero” element and I as “unit” element, where ) is the M-
matrix whose entries are all empty sets and I =diag({1},---,{1}), 1 is the identity
mapping. We call 9(T,T) M-algebra for the time being. IM.(T,T) and M (T, T)
form two M-subalgebras of 9(T, T).

DEFINITION 2.1.1. For an M-matriz M = (M;;) € 9T, T) (or numerical
matriz A = (a;j)1<ij<m, @¢ij € R), M (‘or A) is irreducible if for anyi,j =1,--- ,m,
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there exist some ki,--- ks € {1,---,m} such that Mg, My, - Mi,; # 0 ( or
iky Aoy oy * ** Ay 7 0).
A permutation M-matrix is an M-matrix P = (P;;) € 9(T,T) such that each

column and row has precisely one nonempty entry P;; = {1}, where 1 is the identity
mapping, all the other entries are empty set. Then we have

THEOREM 2.1.1. For any M € 9N(T,T), there exists a permutation M-matriz
P e ON(T,T) such that

H, By --- By,
pupt=| 0 He oo B

where, for each i = 1,---,s, either H; € IN(T;, T;) is irreducible with T; > 0 or

2.2. Space of c-vectors. Let K be the set of ‘all non-empty compact subsets
of R%: I = {E C RYE is compact, E # 0}. Let L = K U {0} be the set of all
compact subset of R%. Define KT = {(E1,- ,Er)t|Ey,--- ,Er € K} and KT =
{(Ey,-- ,E7)!|Ey,--- ,Er € K} K" and KT are called T-dimensional c-space
and extended c-space. A vector (E;)i<i<r € KT is called a c-vector. Naturally,

we can define union and intersection operations on ol (Ei)i<i<r U (Fi)i<i<r =
(El UFi)lSigT and (Ei)lgigT N (Fi)lgigT = (Ez ﬂFi)lgigT' For any set of mappings
® € X and subset £ C RY, denote the set {f(z)|f € ®,2 € E} by ®(E). For any M =
(Mij) € SJT(T, T) and S = (51, s ,ST)t, S; C Rd, define M(S) = (UkMik(Sk))lgigT-

—T
DEFINITION 2.2.1. Let M € 9T, T). A c-vector E € C' s said to be invariant
under M if M(E) = E.
—T
DEFINITION 2.2.2. Let M € 9T, T). An invariant c-vector E € IC of M is

=T
called mazimal if for any invariant c-vector F € KC of M, F C E. We denote the
mazimal M -invariant c-vector by A(M).

THEOREM 2.2.1. Let M € 9N(T,T). Suppose there exists an integer k > 0 such

=T
that M* € OM.(T,T). Then there exists an unique invariant c-vector £ € K of M
such that

_— . T

Ui M (F) = Ut MI(F)UEE K, YFeK',

MUk MI(F) = &, VF e K,

—_— . —T —T

UileZ(F) - Uilel(F) ufelk , VF € K s
[ — T

Mk>1Uiske MU(F) CE, VFe K .

(2.2.1)

Furthermore, & = A(M).

Theorem 2.2.1 indicates that the maximal invariant c-vector A(M) exists for an
M-matrix M € 9T, T) if M* € M. (T,T) for some k. Furthermore, A(M) has
some “attractive” properties. The second formula of (2.2.1) states that A(M) can

be obtained by iterating the action of M on any c-vector F' € KC". The following
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Theorem completely determines the invariant c-vector of an M-matrix M with the
assumption that M* € 9.(T,T) for some k.

THEOREM 2.2.2. Let M € 9N(T,T). Suppose there exists an integer k > 0 such
that M* € IMM.(T,T).

(1)
(2)
(3)

(4)

(5)

(6)

IfEe K" and M(E) = E then A(M) =E.

For the empty M-matriz 0, A(0) = 0.

If M is irreducible, then A(M) is the only non-trivial invariant c-vector of
M and A(M) e K"

Suppose P is a permutation M-matriz. Then E is an invariant c-vector of M
if and only if P(E) is invariant under PMP'. In particular, A(PMP') =
P(A(M)).
Suppose M = ( oy 0

0 H > Then any invariant c-vector E of M must
2

has the form ( gl ), Ey and E5 are invariant c-vectors of Hy and Hy
2
A(Hy)

A(Ha)
H, B . .
Suppose M = 0 H € M(T,T), and B # 0. Then any invariant

2

c-vector E of M must has the form

(B TRETBED ),

respectively. In particular, A(M) = (

where Fy and Es are invariant c-vectors of Hy and Hs respectively. In par-
ticular,

A(Hy) U (U HiB(A(H:
A(M)Z( (1) (A(O}[J ((2))))

Furthermore, if Hy = () then
A(M) _ < A(gll) >

REMARK 2.2.1. In [20], we have proved that several different kinds of fractals
can be described uniformly by the mazimal invariant c-vectors of certain M-matrices,
such as the attractors of iterated function systems (IFS, Barnsley[2], Falconer[10],
Hutchinson[17], Mandelbrot[24]), recurrent sets (Dekking[8], Bedford[4}]), graph di-
rected construction objects (Mauldin and Williams[25]), Julia sets and limit sets of
some Kleinian groups which have been studied by limit sets of conformal iterated
function schemes (Jenkinson and Pollcott[19]) and Markov partitions for conformal
dynamical systems equipped with invariant densities (McMullen[27, 28, 29]).

2.3. Code Space. Now we begin to establish the code space associated with an
M-matrix M = (M;;) € IMN.(T,T). Suppose M;; has t;; mappings, M;; = {¢;;x|1 <
k <t;;} and the maximal invariant c-vector A(M) = (E,---, Er)t. Define

©j0 (M

) =A{Go(rkr) -+ (sks) -+ ) 1 < jis ST, My, 5, # 0, and 1 < ke <t 5.}

infinite sequence
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Let D(M) = U;D;(M). We call ®(M) the code space of M. For a =
(Go(gik1)(jak2) =) € D, let ay = (jo(jik1)(jok2) -~ (Jsks)), s = 0,1,2,---. Let
DIUM) = {asa € D;j(M),s = 0,1,2,---}. Define D°(M) = Uj<;<rD}(M).
QO(M ) is called the index space of M. For convenience, we shall frequently write
@(M),@O(M),@i(M),@?(M) as @,@O,Qi,@? respectively.

For a« = (Jo(jik1)--- (4sks)) € @0, write |a| for s, the length of «. For
8= (js(tihf)---) € D(or € D°), define af = (jo(jik) -~ (jsks)(tak)(t2k)) ) €
D(M)(or € @O). We get a map o, : 3 — aff from D, to D;, or from @25 to
DY . For Be® or @0, we write o < ( if there has a v such that 8 = avy. Let

Jo

D, ={8€Dl]a< B} Then

Do = Ua(gjs)a
0 (2.3.1)
Doy =0a(D,) foryeD; .
Obviously
D, =U s,
{ 5D 1p1=k"0 5. h_19 (2.3.2)
a = Uﬁ€©0,|ﬁ\:\a|+k’a<ﬁ B — L&y,

where the union are disjoint.
If a = (jo(jrk1) - (Jsks)--+) € D, we have a sequence of subsets containing a:

{ ©j0:©a02®a1 22{0‘}

20Da, = {a} (2.3.3)

Now we can define a topology on %) by setting a sub-basis of open sets to be D,
a € ©°. This is a complete, Hausdorff and compact topology on ® according to
(2.3.2) and (2.3.3).

iy , 0
For a = (jo(jik1) - (jsks)) € D, denote ¢jojik, @jyjoks =+ B _1jok. DY b and
denote ¢, (Ej,) by Eo. Then, similar to (2.3.2) and (2.3.3), we have

E;,=U E

FT D] pl=k .
E,=U E f

¢ 75D’ Ipl=laltha<p or € D,
Eo 2FE4 2 2FE, D fora €D,
N2, Eq, = {an} for certain a, € Eqy,,

(2.3.4)

where k£ = 1,2,---. Define mapping
7: 0 — X, 7(a) = aa.

Then 7 is continuous, 7(®) = UL E;, and for a € @0,

{ m(Da) = Ea (2.3.5)

MO0y = (o OT.

Denote the restriction of m on ®; by m;. Then ; is also continuous and for a =

(i (jk)) € DY,

{ T 004 = ¢ 0 Tj,

@) = E.. (2.3.6)
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2.4. Invariant measure vector. For a measure y on R? and z € R?, we define
0F (1, x) = liminf, g %, 0*F(u, x) = limsup, % and 6% (u,z) to be
their common value if both are equal, where wy, is a suitable normalizing constant(
cf. [13] p.171. If k is an integer, wy = Lk{m € R¥ : |z| < 1} is the volume of
unit ball, where L" is the k-dimensional Lebesgue measure. For arbitrary k& we set
wy = I(1/2)%/T((k/2) + 1) ). Then(cf. [13] p.181) we have the following relations
between p and Hausdorff measure:

If 0*F(u, ) > X for all 2 € E, then H*(E) < X\~ 'u(E). (2.4.1)

If 0*F(p, x) < X for all z € E, then H*(E) > 27 A1 u(E). (2.4.2)

Suppose M = (M;;) € IM.(T,T) is irreducible, M;; = {¢iji|k = 1,--- ,t;;}, and
A(M) = (E1,---,Er)". Choose real numbers w;;r € (0,1] for 1 < 4,5 < T and
1 < k < tijv such that Zk Wijk = 1 for every ’L,] with Mij ;é @ Let A = (A”) be a
real matrix with each \;; > 0 if M;; # 0, A\;; = 0 if M;; = () and Zj Aij =1 fori=
1, s 7T‘. For o = (jO(]lkl) ce (Jgks)) S :DO with s Z 1, denote HfilAji—ljiwji—ljiki
by A,. Then we can define measure 7 on % by setting

(D) = D (2.4.3)

Denote 7; for the restriction of 7 on ®;. Define u; = w}(7;), where 7} (7;)(A4) =
7i(m; 1 (A)). Then y; is a Borel regular measure on R? with support E; and mass 1.
We can prove that (pq,-- -, pur) satisfies the following invariant property:

tij

Hi = Z Aij Z wijkPijr (Ks), (2.4.4)
J k=1

where ¢7; (17)(A) = py (qb;ji(A)) We call (uq,---,pr) the invariant measure vec-
tor of M on A(M) and 7 the invariant measure of M on 2 associated with (A,w)
respectively.

For a € @? let 7, be the restriction of 7 on 2. Set g = T4 © 77;1. Then

supp(pta) = Ea,

polE) = Lo (2.4.5)
pi = ZBG’D?,W\:k e 4.
Mo Hp

= 2D’ |8l=lal+h,a<p
forany k=1,2,---.

2.5. Hausdorff dimension of invariant c-vector. For any set of mappings
® € X, define f(®,7) = dscaty (x> 0). For M = (M) € (T, T), define
matrices F(M,z) = (f(M;j,z)), x > 0. Then the eigenvalue of F(M,z) will be
used to estimate the Hausdorff dimension of the components of invariant c-vector of
M. By Perron-Frobenius Theorem(cf. [14]), F(M,x) has a positive real eigenvalue
equal to its spectral radius and this maximal real eigenvalue will decrease when x is
increasing.

The following definition generalizes the open set condition for iterated function
systems to M-matrices.

DEFINITION 2.5.1. Let M = (M;;) € (T, T). M satisfies the open set condition
if there exist non-empty bounded open sets Uy CR%, i =1,--- T, such that
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M(U) Cc U, where U = (Uy,--- ,Ur)t,
M;;U; "W MU, = 0 if j # k,
o(U;) Np(U;) =0 if ¢4 € My; and ¢ # 1.

When M is irreducible, we have shown in [20] that each component of A(M) has
the same Hausdorff dimension. So, for convenience, we can write dimy A(M) for each
dimy F;. The equality dimyg A(H;) = D; in (3) of the following theorem was proved
by Mauldin and Williams|[25].

THEOREM 2.5.1. Let M € 9T, T) and M* € IM.(T,T) for some k. Suppose
P is a permutation M-matriz such that

1.
2.
3.

Hy Bz -+ Big
pupi | 0t B
1] 0 .. H,
where H; € (T, T;), i = 1,--- , s, are either irreducible or empty with size 1 x 1.
(1) A(M), A(PMP?) and A(H;), i=1,--- s, exist.
A(Hy)
A(M) = P'A(PMP") = U2 M P!
A(H)

(2) Write A(PMPY) = P(AM)) as (EV, -+ ENt, where P € KT, i =
1...-

)

;8. Then for any fized i, each component ofg(i) has the same Hausdorff
dimension. Write this dimension as dimpg 5(1), then

dimH g(z) = maX{dimH A(Hz), dll’IlH g(J) |B” 7& (Z)},

(3) If H; # 0, then dimy A(H;) < D;, where D; is the unique number such that
the biggest real eigenvalue of F(H;, D;) is 1. In particular, if H; € M (T}, T;)
and the open set condition holds for H;, then dimpy A(H;) = D;.

3. Net M-matrix and the Hausdorff dimensions of its invariant c-
vectors. In this section, we shall define a special kind of M-matrices which are called
“net M-matrix”. We shall give an estimation of the Hausdorff dimensions of their
invariant c-vectors in plane case. In the next section, we shall prove that certain
self-affine sets can be expressed as the union of components of the maximal invariant
c-vector of such M-matrix.

DEFINITION 3.1. Let B =diag(1/n1,1/n2,-+- ,1/ng) be a d x d diagonal matriz,
where n; > 2 are integers. An M-matriz M = (M;;) € 9M(T,T) is called a net
M-matrix on R? (with respect to B) if

(1) For any ¢ € UM;;, ¢(x) = B(xz +b) and b = (m,--- ,nq)" for some integers

(2) Suppose Mi; = {piju|l <k <ty}, 1<4,j <T. If ¢sjp = Qijrar, then j =5’

and hence k = k'.

From the definition, it is easy to prove the following result by direct computation.

THEOREM 3.1. Let B =diag(1/n1,1/na, - ,1/ng4) be a d x d diagonal matriz,
where n; > 2 are integers. Suppose M is a net M-matrix with respect to B. Then
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(1) For any permutation M-matriz P, PMP* is a net M-matriz with respect to
B.

(2) For any subset {j1,---,jr} C {1,---,T}, the M-matriz (M,,;, )i<s<r i a
net M-matriz with respect to B.

(3) M* is a net M-matriz with respect to B for each k =1,2,3,---.

(4) Let U = {(z1, -+ ,zq)' € RYO < x; < 1} and I = U. Then M satisfies open
set condition with respect to the open sets Uy = --- = Ur = U. Consequently,
if AIM) = (Ey,- -, Er)t is the mazimal invariant c-vector of M, then E; C
1.

In the 1-dimension case, all mappings in a net M-matrix on R are contractive
similarities and the open set condition holds. So Theorem 2.5.1 can be applied to
determined the Hausdorff dimensions of the invariant c-vectors. In the 2-dimension
case, if the size of a net M-matrix M is 1 x 1, i.e. T =1, then the maximal invariant
c-vector A(M) = E; is a McMullen carpet (cf. [26]). Conversely, a McMullen carpet
can be represented as the maximal invariant c-vector of a 1 x 1 net M-matrix M. In
general, a B~ !-invariant Sofic set defined by Kenyon and Peres in [21] is equivalent to
the set UiTzlEi, where (Ey, -+, Er)t is the maximal invariant c-vector of a T' x T net
M-matrix M. Hence, the results of McMullen[26] and Kenyon and Peres[21] about
the dimensions can be applied to the invariant c-vectors of M on plane R2. In the
rest of this section, we shall consider the net M-matrix on R2.

Given n > m > 2, let B =diag(1/n,1/m). Let M = (M;;) be a net M-matrix
with respect to B. Suppose M;; consists of ¢;; mappings,

TH+Tije
x T4 Tije
Mij = {biji|diji < y > = ( y+7ise ) t=1,-- i} (3.1)
By (1) of Definition 3.1, z;;; and y;;; are integers, 0 < z;5; < n and 0 < y;¢ < m.
Foreach0 <k <mand1<4,j<T,let
Mijr = {¢ijt € Mijlyije = k}, (3.2)
ik = #Mijk,
where #M;;j, denotes the cardinality of M;;;. Define matrices

Ak = (aijk)lgi’jST, k = O7 cee, M — 1. (33)

Give positive numbers b;jr, 1 < 4,5 < T, 0 < k < m. Define matrices By =
(aijpbijr)i<ij<r,k = 0,---,m—1,and H =, .. Bx. According to the Perron-
Frobenius Theorem (cf. [14]), there exists an unique maximal real eigenvalue A of H
with positive eigenvector (eq,--- ,e.,)t. Let

D_ In A

T lnm’

(3.4)

Denote the (i, 7)-th entry of m™P H as h;;(D), i.e. hij(D) =m P>, .. aijkbiji-
Let -
A = (Xij) = (e 'ejhi; (D). (3.5)

(2

Then it is easy to check Zj Aij = 1. For each ¢;;+ € M;;, we associate to it a number

wije =m Pbijp /hi; (D), (3.6)
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where ¢’ = y;;;. Then Zi;l wijt = 1 for any 4,j when M;; # (). For this (A,w), we

get the invariant measure vector = (1, -+, ur)" of M on A(M) and the invariant
measure 7 of M on ® respectively. Then for any o = (jo(j1t1)(jata) - - - (jsts)) € 9°,
ta(Ea) = Da

= 11:1:1 )\ji—ljiwji—ljitiD
= €5, € h’joj1 (D) “mT bjojlt’l/hjoh (D)

€5, €jahj s (D) - mPbj, oy h 3, (D) (3.7)

;! e hy . (D) - mPby o/ 5.(D)
b. b

j1gath Js—1Jstl>

_ —sD
= €5, €. M bjojit;
where t; = Yjiagiti-

In view of Theorem 2.5.1 and (1) of Theorem 3.1, if we can get the Hausdorff
dimension of the maximal invariant c-vector of irreducible net M-matrix, then we can
get the Hausdorff dimension of the maximal invariant c-vector of any net M-matrix.

The following theorem only consider the irreducible net M-matrix.

THEOREM 3.2. Let M = (M;;) € 9M(T,T) be an irreducible net M-matriz on R>
with respect to B = diag (1/n,1/m), n > m. Let &€= (Ey,---,Ep)t = A(M) be the
maximal invariant c-vector of M.

Give positive numbers by, 1 < 1,7 < T, 0 < k < m. Define matrices Ay, By,
H, A, numbers D, X, wi;i, and measures p; and 7 as above. Define functions fi on

D by

. ) 1
Fe(Go(drt1)(Gate) =) = (Bjojut Uity =+ 0ji_riuty |(Be -+ B )illoc)®y k=1,2,-++,

;+1
where | = |klog,, m| is the mazimal integer not bigger than klog, m, t; = y;, i,
(By;,, -+ By )j, is the ji-th row vector of the matriz Bt;+1 By .

+1 k7

a) If limfi(a) > 1 for all € D, then each dimy E; < D and HP (E;) < oc.

b) If there exist F; C 0y, i =1,---,T, such that 7(F;) > 0 and limfy,(a) < 1
for all a € UF;, then each dimy E; > D and HP(E;) > 0.

Proof. We firstly construct a class of rectangles which will be used to cover E;.
For any positive integers k, p, q, let

p p—&—l]x[qq—kl}
nl’ nl mk mk "

Ri(p,q) = | (3.8)

where | = |klog, m| is the maximal integer not bigger than klog, m, i.e., n=! >
m~% > n~!=1 (In the sequel I will always be related to k in this way.)

For each o = (jo(j1t1)(jat2) - - - (Jsts)) € 9, by (3.1) we have
TH+xo
x x e
%( ) = Qjojats © 1 0 Py jst5< ) = ( b a>~
y 0J1t1 1 y ymg

— 5=l .. . . . )

{ Lo =1 1xJoJ1t1 T NI g gte T TGyt
e ... o o

Yo =M Yjojrty T T MYj_ojs_r1te1 T Yju_rjsts

where
(3.9)

So

To To+1 Yo Yat1
ns’ ps ]X[ms’ ms )

E, = (ba(Ejs) c ¢0¢(I) = [
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where I = [0,1] x [0,1] (see (4) of Theorem 3.1). If £ < s, then we have aj =
L ‘ . 0
(Jo(jrt1)(jatz) -+ (jutr)) € D and
(Eak, (Eak + 1] X [yak yak + 1]

Ea:(ba(Ejs)gqsak(I):[nk ) nk k

Toy Toy +1 Yo, Yor T1
C[— ll }X[mzv sz | = Ri(Tays Yoy, )-

mk’ m

nt’ n
Fori=1,---,T, define

7 0
R (p,q) = {8 € D)8 = k25 = p,ys, = a}- (3.10)
Then it is clear that
a € R (p.q) = Ea C Ri(p,a), (3.11)

For o = (jo(j1t1) - - - (Jrts)) € D°, let U =Yj,_1jst;» © = 1,--- ,t. Then according
to (3.10) and (3.9), B = (joli1s1) -+~ (irsr)) € RV (20, 4ar) < (25, = Ta, and
Yo = Yar) € @joivss = Tjojits Yjoirss = Yjojuts = ty Tiy yigs, = Tj, 1jut, for
1 <wu<land ¥i, ,iys, = Yju_1jute = b, for 1 < v < k). By (2) of Definition 3.1,
we have i, = ju, s = b, for 1 <u < 1. By (3.2), we have ¢, 4,5, € Mi, i, for
[+ 1 < wv < k. Therefore

R (o, o) = {(oliat) -~ (Gtt) g sien) -+ (i)
1 S U41, 5k S Ta ¢jlil+1sl+1 S Mj

¢iz+1iz+281+2 € Miz+1il+2ti

RSLARE

FPL R 7¢ik_1ik8k € Mik—likt;e}'

Hence, by (3.7),

; A
Zﬂ:(jo(ilsl)"'(ikSk))Em;m)(fﬁal79%) p
_ ) 1o = kEDp. b b
N (jO(ilSl)"'(iksk))em;]())(xal7yock) o M bioinst Diriast, *** Dinyinst

(3.12)
(jo(jltl)"'(J'LtZ)(iz+1Sl+1)"'(iksk))€%ij0)(Ia, WYay,)

1, . —kDp .
jo CinTl bJojls’l

b y

Ji—1dis] Vi),

e b

. . / e by .
Zl+12i+251+2 blk_11k8k7

A A A —
where ) = Yjjirs1s Sh = Yirinsar > Sk = Yir_1insk, and [ = |klog, m]. Now,
bjii € Mji v = Yji =t =S =1
J1t41S141 Jriiatyy g y]zll+151+1 — Y41 I+1 — “I4+1>

gy )
¢iz+1iz+281+2 € Miz+1iz+2t§+2 = Yirprigasiys = tiyo = Sip2 = tpo,

(?bik—liksk € M'L‘k—likt; = Yip_vinsy — t;c = s;c = t;w
So, (3.12) becomes

, A
B=(lo(irs1)+(ixsi) ERY® (ayvay)

= ZlSiLJrl"" i <T Z¢jlil+1sl+1 EM

i1ty Pigyripyasig s €M,

REERIEEL P

Lo m=kDp. b b R
Z(bik—likskGMik,likt;c €jo Cir M b]oht/l b]L—lJZtEleJl+lti+1 blk—l]kt;“’
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_ -1 ___—kD
=€, M b]o]lt'l o b]zfmztf'
{> 1<ig ST bjrivsaty,, (22 1<iyyp<T Divsringaty s
Pivirgrsi4a GMJMH‘EH ¢il+1”+2”+2eMil+1il+2t;+2
Z b10gn m—1
( 1<ij43<T e Z 1<ip_1<T Th—2tk—1t, ’
o . eM ’ bi P eM k=1
itg2iteasirs SMip i gt g ie—2ik—15k—1 SMig_pip_qt]

> 1<ip<T bik_likt;ceik) )

biy_yigsg €My iper
(3.13)
We denote the (4, j)-th entry of the matrix By by Bgf), ie., By = (Bgf))lgng and
Bl(]k) = aijkbijk. Then

B=Cjo(irs1)(ik58) R (Tay Wary )

— e Lyy=kDy. L p. .
=€, Mm b]ot'l b]zfﬂi
{E 1<ip 1 <T bjlij+1t;+1 [Z 1<ip4o<T bil+1il+2ti+2'
Piviiproier EMga v v SMi o,
(Z 1<ip43<T Z 1<ip_1<T bik—Zik—lt;‘,,l.
¢il+2il+3sl+3EMil+2il+3"f+3 ¢i’€*2i’k*15k*1EMik,—zik—ltL,—l
(ZlgikgT Qi _yit), bik—likt;c elk))]}
—e Ym=kDp. b .
Jo JoJity Ji—1J1t
{21@‘,“ <T ajlil+lt;+1bjlii+lt£+1 [ZlgnggT aiz+1iz+2tf+2 biz+1iz+2tf+2'
(ZlﬁiHsST o Zlﬁik—lﬁT aikfﬂkflt;c—lbik72ikflt;¢,—1'
(ZlgikgT iy _yigt), bik—likt;c elk))]}
—e Ym=EDp. b
Jo JoJity Ji—1Jit]
{Z B(t§+1) [Z B(t;+2) .
1<t 41 <T it 1<ty o <T Tiig1ii42
(the—1)
Ciciracr 2a<ip <7 Bin iy
(tr)
(ZlgikgT Bz‘k,likeik))}}
_ -1 __—kD . t
= e, m "Cbjogie, by - ( the ji-th entry of Bt;+1 By (e1,-++ er)")
_ _—1__—kD i t
=e;om b by By, o By )j(ex, - er)

(3.14)
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For any a € Ej,, there is an element o = (jo(j1t1)(jat2)---) € D}, such that
a =m(a) € Ej,. Let B(a, p) be the closed ball with center a and ratio p. Choose the
least k such that Ry (za,,Ya,.) C B(a,p), where [ = | klog,, m]|. Then

\/(m—k+1)2 + (n—+1)2 > p.
But m™* >n7'"1 so

m=F > (vV/m2 4+ nt)"p. (3.15)

Let t; = y;,_,j,¢,- Then

Hjo (B(a7 p)) 2 [hjo (Rk('xaz ) yak))
> dem ( ),ug(Rk(xa“yak)) ( by the third formula of ( 2.4.5) )
ko,

= Zﬁeiﬁk(al o) pa(Eg) ( by the first formula of ( 2.4.5 ) and (3.11))

Be%k(ahak) A

= 6]0 m_kajojlt/ : bjz 1it) (Bt{+1 : 'Bt’ )jz(eh e 76T)t
> ej_ol(‘ m2+n4) p bo]lt o b]ijzt (Btl+1 "Bt') z(elv"' )t
> e, (Vm2 +08) 7P pPbj s by - (minigi<r i) (By, o By )y (1,0, 1)f
> 6;01(1/m2 +nt)~PpPh jodnt, Vit - (minj<ij<p el)H(BtE+1 - By, )i HOO
= ¢j (Vm? +n1)"PpP - (mini<icr e) - (fr(@))
(3.16)
Hence
Q*D(Mj07 a) = Hpﬂo%ﬁg”)) (3.17)

> (wpejo) " (Vm? +n) =P - (min; ;) - limp oo (fi ()"

Under the condition of (a),
0P (110, @) = (@peje) (V2 +18) P - (min ) (3.18)

by (2.4.1), notice that p;, (Ej,) = 1, (3.18) implies HP (E};,) < 00,. So dimy Ej;, < D.
(a) is proved.

Now we begin to prove (b). Fixed an integer jo = 1,---,7T. By the condition
of (b), limfy(a) < 1 for all @ € Fj;; € Dj,. Let Fj, = m;o(F;,) C Ej,. Then
tio (Fjo) = Tjo (W%I(Fjo)) > 7j,(Fj,) > 0. Let i = pujy|r,, be the restriction of the
measure pj, on Fj .

For any a € Fj,, there is an element o € F;, C ®, such that a = m(«). Consider
the closed ball B(a, p). Suppose p is small enough, for example, p < m~2. This time
we choose the maximal integer k such that m™" > 2p. Then m~*~! < 2p, so

m=*/2>p>mF1)2. (3.19)
It is easy to see that

B(a, p) C Up,g=—1,01Rk(Ta;, +Ds Yo, + 4)- (3.20)
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Let © = {8 € @?()Hm = k}. Then © = up,qeziﬁfjf’)(p, q). Now supp(pg) = Eg and
jo = 2.pco bp (see (2.4.5)). Hence

la(B(a’v p)) = Mjo (B(a’ p) N Fjo)
= peco 1a(B(a, p) N Fj,)
=Y _geo Hs(B(a,p) N Eg N Fj,)
< D 8e0,B5nBap)nFyy 20 M8 (Ep)
= ZP q€Z, 569{ o (p,), Rk (p,q)NB(a,p)NFj, #0 #p(Eg) (by (3.11))
<X na(Eg) (by (3:20))

ws(Ep)

Go
p,qZO,ilﬁemk (Za; +P:Yay, +9), B (Ta; +P,Ya), +a)NFjo #0
Pa=0,E1, R (T +P:Yey, +0) N Fjo #0 ﬁe%im)(a:aﬂrp,yak +q)
(3.21)
When Ry (o, + P, Yo, + ) N Fj, # 0, we can choose an element v(p, q) € F;, such

that Wjo(”y(p’ q)) € Rk(xcu + p, yak: + Q)- So Typ,g) = Ty +.p and Yvp, ) =
Yor + q. Therefore y(p,q) € 9‘{,(30)(:1:% + P, Ya, + ¢) and %go)(xm + D, Yo, +

) = R (@000 rpay)- Suppose 1(p,q) = Go(GFVEPD) ... (jPDPD))  Let

z(p’q) = Y )y ) - Then by (3.14),

J E
Zﬁem; 0)(%1 +p,Yay, +4) #5( ﬁ)

=> (o) Ag
?E%Z (T (p.a) Yy (pra)y,) ;
=e. m_ b__Y . ...b_, (p, , .B,Y ...B,Y . e L. e
jo Jojip q)ry),q) jl(flq)]l(p q)rl(p q) ( Tl(ilq) T}(cp q) >jl(PVQ>< 1 ) T)
-1, —kD
<e. m b,, <o b, ) - (max; e;)-
= €4 G0 (P a) (p a) jl(fvf)h(pﬂ)rl(pﬂ) ( i z)
t
(Brfi‘” B e q>) e (1)
—1 ;kD
<e.'m b. -b. ) - (max; e;) - T|[(B ---B .
jo o J(p ,a) (p a) * jl(pvlq)h(p,q)rl(pﬂ) ( i z) ||( Tl(iqu) T](cp,q))jl(p,q)Hoo

— ¢ lm P (max; )T [fmuiq))}’f
So

fi(B(a, p)) < _0 m~*P (max; e;)T ZM 0,£1 Rk(acal+p7yak+q)mFJO¢®[fk( v(p, @)

Hence

(3.22)

g*D(A )_m Oﬂ(Blgt:;Dp))

kD (max; e;)T

< hmpﬂo[ 'm
Zuq:Oil,Rk(wal +P,Yay, +@)NFjp 70 s (v(p: )"/ (@D pP)]

< mk_,oo[ej_olmfk[)(maxi e;))T

S O e )
< e;)l (max; e;)T(2m) [limy, — oo Zp 4=0,%1,Ri(za; +P,Ya, +Q)NF; ;e@[fk v(p, )" /@D
< e, (max; ei)T(Qm) [Z 9,¢=0,£1, Ry, (T, +P,Yay,, +3)NFjg 70 hmk%oo[fk v(p ))]k]/WD
< e;ol (max; ;)T(2m)P9/wp
(3.23)
By (2.4.2), notice that fi(F},) > 0, we have HP(F},) > 0. So HP(E;,) > HP(F},) >
0. Consequently dimg E;, > D. The theorem is proved. O
COROLLARY AND DEFINITION 3.1. Under the condition of Theorem 3.2, set
bijk = ai‘;i" "= Then each dimy E; < D and HP(E;) < co. We denote this upper
bound of Hausdorff dimension as D(M).
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Proof. In this case, By (ai‘ﬁ" ™). We only need to prove that for any a =

Go(jrtr)--+) €D, Timp—oo fr(a) > 1.

Let
log,, m
gk(a) = (a’j()jltl "'ajk—ljktk) oy
logy, m 1
nk(a> = (aj0j1t1 T a’jl—ljltl) ! k,
Cr(a) = B, Bilalle Tog, m"
(a’jllerltlJrl T a’jk—ljktk) &n
Then
fk(a) 1
Jr(a) = () (Cr () % 3.24
()fz(a)()(()) (3.24)
Obviously
Cr(a) > 1. (3.25)

Now a € D implies ¢j1—1jit1 € Mji—ljit(i’ Mji—ljiti 7£ 0. So Aj; 5.t > 1, gk(a) >1>
0. So

Ty () 5 g (3.26)
&i(a)
On the other hand, aj,_,;# < n. So 1 < mg(a) < (nl)1°g7m*% — plog.m—% But

log,, m — é = (klog,, m — |klog, m])/k — 0 as k — co. Hence
lilgnnk(a) =1. (3.27)
Using (3.25), (3.26) and (3.27) in (3.24), we have

0

COROLLARY AND DEFINITION 3.2. Under the condition of Theorem 3.2, set
bijk = ||Ak||}>%g“m71. Then each dimg E; > D and HP(E;) > 0. We denote this
lower bound of Hausdorff dimension as d(M).

Proof. In this time, By = ||Ak||lo%g" "™ ' Ay. Similar with the proof of previous
corollary, let

log,, m

Ee(@) = (146 lloo -+~ [[Asello) %,

log,, m

(@) = (A [l - 1 An loc) T F,

I[Ay

o Agladle

A oo [ Ag o

Cr(a)
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Again, we have

& ()

fil@) = gy M@, (3.28)
limng(a) = 1. (3.29)
And
Ce(a) <1 (3.30)
is also obviously. Let jo € {1,---,T}. As 7;,(®j,) = 1, we can consider 7, a

probability measure on ®,. For k =1,2,3,---, define random variables on ® ;, by

{ Xy (Jo(gitr) -+) — Jw,
Yi: (o(dit1) -+ +) = Yiu_rguts = o

Define function £ on {0,1,--- ,m — 1} by
L(t) = || Az ™.

Then it is easy to verify that
o {Xi,k=1,2,---} is an irreducible Markov chain with transition probability
matrix A, see (3.5) for the definition of A.
o P{Vy =t| X1 =r Xk =8} =wpst, s =1,--- T, t =0,--- ,m — 1. see
(3.6) for the definition of wy.g.
e Consider & as a random variable on @, then & = (L£(Y1)--- L(Yi))*.
Equivalently,
In(éx) = £ (In(L(Y1)) + - + In(L(Y))).
o 1 <& < maxo<t<m || Ay |28 ™
By the limit theory of Markov process(cf. [18], §3f), we know that there exists a subset
Fiy €@, such that 7(Fj,) > 0 and the sequence & (), k = 1,2,3,---, converges
for every a € Fj,. Thus

&k(a)
k—o0 §l(a)

Using (3.29), (3.30) and (3.31) in (3.28), we have limy, f(a) < 1 for all @ € Fj,. So
the condition of (b) in Theorem 3.2 holds. Hence dimy &> D. O

REMARK 3.1. If the size of a net M-matric M is 1 x 1, then Ax = (a11x)
and A(M) is the McMullen carpet[26]. In this case, the upper bound D(M) of the
Hausdorff dimension of A(M) in Corollary 3.1 coincides with the lower bound d(M)
in Corollary 3.2. Moreover,

dimy A(M) =1log,,, (> || Ax[|i25» ™). (3.32)
k

=1 for all @ € F,. (3.31)

This result coincide with the result of McMullen[26]. So our Theorem 3.2 is a gener-
alization of McMullen[26]’s result to the net M-matriz.

REMARK 3.2. If one can find numbers b;;, such that both the conditions (a)
and (b) of Theorem 3.2 are satisfied, the exact Hausdorff dimension of invariant c-
vectors of net M-matriz will be determined. And the Hausdorff measures of E; will
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satisfy the relation 0 < HP(E;) < oo, same as that has been proved by McMullen
for McMullen carpet, where D = dimg(F;). On the other hand, Corollary 3.1 and
Corollary 3.2 give an upper bound D(M) and a lower bound d(M) of the Hausdorff
dimension respectively. As & is invariant under M* for any s and M?® are all net
M-matrices, so we have

d(M?®) < dimyg € < D(M?). (3.33)
One will hope to prove
lim d(M?®) = lim D(M?). (3.34)

We can prove that d(M?®) is increasing and D(M?®) is decreasing while s is increasing.
So limg_,oo d(M?) and lims_,oo D(M?®) exist. There are some cases that d(M) =
D(M), but it is not easy to prove (3.34) in general. In order to prove (3.34), we
need to understand the behaviour of the sequence {B;, ---B;, : k = 1,2,3,---, and
1 <y, - ,ig < m}, where By,---, B, are matrices with non-negative entries and
> By, is irreducible.

REMARK 3.3. Fors=1,2,3,--- andv=1,--- T, define

log,, m
Gs(M) = %10gm(20§i1,... ds<m—1 A, Ai,_y - Aiyllsa™ ™), (3.35)
gsw(M) = % IOgm(% Zogil,--- ,isgmfl([AisAis—l e 'Ail]vv)log" ™),

where [A; Ai,_, -+ AiJow means the (v,v)-entry of the matric A; A;._, -+ A;.
Kenyon and Peres[21] proved that
gs.0o(M) < dimpg(U; E;) < G4(M) (3.36)

forallv=1,--- T and s =1,2,---. They also proved that there exists at least one
veEel,--- T such that

lim gs,(M) = lim G4(M). (3.37)
Consequently they obtained

dimy (U;E;) = lim G4(M). (3.38)

§—00

Because M is irreducible, each component of & = A(M) has the same Hausdorff
dimension. So dimy E; = dimg (U; E;). In actual computation of dimg (U; E;) using
(3.38), one can only compute a finite number of Gs(M). Therefore a sequence of
upper bound of dimg (U; E;) will be obtained. In §5, we shall study an example and
give the numerical computational results for gs(M),Gs(M),d(M?) and D(M?). It
seems that gs ,(M) < d(M?®) < G4(M) < D(M?) always hold.

For the sake of calculating d(M?®) and D(M?) from M, we give the following
result without proof.

1
ProposiTION 3.1. Let M be a net M-matriz with respect to B = < 8 (1) >,
L m
where n > m > 2. Then M? is a net M-matriz with respect to B® = ( ﬁ (1) >
mS

Suppose M* = (Ml(]s)) Similar with (3.2), we define

S S . . k
Ml(j]z ={gpe Mz(j)| the y-coordinate of $(0) is %},
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fork=0,1,--- ,m*—1. Then

S MG #M) = #MEE, (3.39)

1<t<T

where K =k+km®, 1<i,j <T,0<k<m®, 0<k <m®, s,8=1,2,3,--.

4. Self-affine fractals and net M-matrix. In this section we study a class of
self-affine sets. We do not need the assumption that the open set condition holds.
We shall prove such self-affine sets can be expressed as unions of some components
of the invariant c-vectors of some net M-matrices. Then we can use McMullen’s
formula (3.32), Kenyon and Peres’ formula (3.36) and our Theorem 2.5.1, Corollary
3.1, Corollary 3.2 to estimate their Hausdorff dimension.

For d x d real matrix A and vector b € R, we use @A, to denote the affine
mapping = — Az 4+ b on R? and use T} to denote the translation 2 — x + b on R
Then we can check that

PapoTe = QA ptAc
Tc OPAb = PAb+cs

_ (4.1)
PALPALc = PAA;, Actb)
@Zlb = Qa1 _4-1p, if Ais invertible,
where A, A; are matrix and b, ¢ are vectors.
THEOREM 4.1. Let ny,---,ng be positive integers bigger than 1 and

B =diag(1/n1, 1/ng, - ,1/ng). Let ® = {pp.,;|l < i < L}. Let E = A(P) be
the attractor of ®. Suppose there exist an invertible matriz T and a vector € R?
such that {Tu; + |1 <i < L} C QY and TB = BT. Then there exists a net M-matriz
M with respect to B such that E can be expressed by some components of A(M) as
follows:

A(®) = Uiy i(A(M)y,), (4.2)

where 1 <tq,--+ ,t; <T, T xT is the size of M, A(M);, means the t;-th components
of A(M), and in,--- 3 are invertible affine mappings.

Proof. Let E = A(®) be the attractor of ®. We shall prove the theorem in 6
steps.
(1) We can assume that every u; € Q%
Proof of (1). Let y(x) = T'z+(I—B) ™3, where I is the unit matrix. It is easy to check
that y¢p 4,7~ (z) = Bx + Tw; + 3 for each i. We know {T'u; + 3|1 <i < L} c Q™
As the attractor of y®y~! is y(E), so we can assume that every u; € Q% in the rest
of the proof.
(2) Suppose that (I — B)~lu; = (vy), e ,v((ii))t. Let v§mm) = minivj(i) and vj(»mm) =
J(- ](_mm) = 0 and each v\™*®)

' i J
Proof of (2). Let v = (v{™™... ,vémm))t. For j=1---,d, let

l { 1 if UJ(_maz) _ ,U§min)7
Jj = (max) (min) .¢ (mazx) (min)
v; —v; if v; #* v; .

max;v 2 Then we can assume that each v is either O or 1.

Define v(x) =diag(l1,- -+ ,lq) " (x — v). Then, after replacing ® by y®y~!, we can
have that each v§mm) =0 and each v§mw) is either 0 or 1.
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(3). Let U = {(x1,+,24)"|0 < x; < 1}. Then ®?(U) C ®(U) C U and hence
EC®U)CU.

Proof of (3). This can be checked easily by some direct calculation and use Theorem
2.2.1.

(4). In this step we shall construct a special c-vector F' = (Fy,--- , Fr)t with each

component non-empty, such that
E = Uyi(Fy,) (4.3)

for some invertible affine mappings v;. ' 4 4 4 4
Proof of (4). Suppose u; = (lgz)/kiz),léw/kg), e ,ly)/kg))t, where lj(.z), k:j@ € Z and
ky) > 0. Let w; be the minimal common multiple of {nj,ky)ﬁ =1,---,L}, j =
1,---,d. Forp = (iy,--- ,iq)" € Z¢ C RY, define

11 41 +1 19 2 +1 iqg g+ 1

Iy = [—, | x [—, ] < x [—,
w; Wy Wo W2 wqg  Wq

(4.4)

Let
Q= {p €2 I NB(U) # 0} (4.5)

Then Q C {p|Ip NU # 0} C {(i1,- - ,iq)" € Z%|0 < i; < w;}. For any e € E, there
exists at least one p € Z% such that e € Ip. If e ejo’p, then ;p NE # (). By step (3),

o

;p N®(U) # 0. So Iy N®(U) # 0. Hence p € Q. On the other hand, suppose e € 91j.

By step (3), we have e € ®(T). If e € B(U), then Ty N ®(U) # 0. So Iy N®(U) # 0.
Hence p € Q. If e € 0®(U), then there have two case: (1). jo'p N®(U) # 0. Hence

o

peQ (2). Ip N®(U) = 0. In case (2), e € I(®(U)) NI _(T)p. It is obviously that we

can find a p’ € Z% such that e € Iy and j’p/ N®(U) # 0. Thus p’ € Q. So we have
FE C Upegfp. Hence

FE = UpeQE N Ip (46)
Let
w1 0
W =
0 wq

For any non-empty subset A C 2, define

Ex=J ow—p(ENL). (4.7)
peA
It is clearly that for any Ay, As C Q,
Eryun, = Eny U Ey,. (4.8)

Notice that ¢w,—p(Ip) = U, we have

Epy = (U pew,—p(E))NU.
pea
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Set Ey = (). Then

Ej is nonempty compact set if A # 0,
E= U{p}gz @W—l,w—lp(E{p})~

So &= (Ex|A C Q, A # () is the c-vector such that (4.3) holds.

(5) There exists an M-matrix M such that (EA|A C Q, A # 0) = A(M). Consequently,
(4.3) is same with (4.2).

Proof of (5). Because E = ®(E) = UL pp 4, (E), so for any p = (i1, ,iq)t € €,
EnN Ip
=U i ema(E)N T (4.10)
=Uiz1 ¢B,u (EN@p-1 _p-14,(Ip))

It is easy to see that

ot p-ra(Tp) = [Pt — nyu?, O — ] i
o [Batha ) malia) ) (4.11)
wq dt%q > wq dig |-
Let
o s (1) . . (9)\¢
§pi = (n1iy —mawiuy - Ngiq — NqWaty”)
. (i) 1, (i) . (i) 11.09) (4.12)
= (n1ir — mwily” /Ky, naiq — nqwaly’ [k’ € 7.
Then
Bépi =p — Wu, (4.13)
and
(JDB*I,—B*Iui (Ip) = U Iﬁpi+(t1""’td)t' (414)
0<ti1<ni, - ,0<ta<ng
So
EnN Ip
= UL w0 (BN ep1po,(Ip)
= Uz’:l PB,u; [EN (U0§t1<n1,-~- ,0<tg<ng Iépi+(t17-~~ 7td)t)]'
(4.15)

L
= Ui:l PB,u; [E N (U05t1<n1«'“ ,0<tg<ng pri-‘r(th"' ,td)t)]'
Epi+(t17"' ;ta)tEQ

L
= Uity Uosir<niogtgeng 0B (BN Igy 4t ta)t)-
Gt (1, ta) €0
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Hence for any nonempty A C Q,
Ex =Upea ew,—p(E N Ip)

L
= UpeA ew,—p(U;Z1 Uozty<ny o 02tg<ny @B,u (BN Igpﬁ(tl,m ta)t))
pit(tr, - sta) €Q

L
= UpeA Ui:l U()gtl <ny,--,0<tg<ng [SDW,fp o @B,ui (E N prl—‘r(tl, ,td)t)]
§pi+(t1,”' ta)teN

o L
- UpeA Ui:l UDSH <np,e ’Ogtd<"d{@Bngpi""B(tla"‘ ta)tHWu—p
Epit (1, fa) €S

[ow,—ep,— 1, sty (B N ey (2, ta))]}

L 4.16
= UPEA Ui:l U0§t1<“1~"',Oétd<nd{<p37B(t1w'ﬂfd)t ( )
Epi+(t1,~~- ta)teQ

(oW~ — (1 )t (B O gy ety ay)]}

= U0§t1<n1,~-~ ,0<tg<ng UiL=1 UpeA,Epi+(t1,~~- ,td)teg{ﬁpB,B(tlw Jta)t
[ow—gp,— (1. ) (B O gy ()]}

= Uogtl <ny,e- ,Ogtd<nd{<ﬁB,B(t1,~-- ta)t [Uz‘Lzl UpeA,gpﬁ(n,m ta)teq

(@W,fgpﬁ(tl,»»- Loyt (BN pri+(t1,--~ St )]
For t = (t1,--- ,tq)t € Z¢, let
Qne={&itthpeA1<i<LINQ. (4.17)
Then (4.16) becomes
En = Uogtl <np,e 0<tg<ng,Qa. #£0 PB,B(t, ta)t (Bay ) (4.18)
Hence £ = (Ep; A € Q,A # () is invariant under the M-matrix

M = (Mp,a5) A, A0\ where
(4.19)
Ma,n, = {@p,elt = (t1, -+ ,ta)',0 <ty <ny, 1 <5 <d, Q0 = Aa}.

By (4.7), each components of £ is non-empty. So & = A(M) by (1) of Theorem 2.2.2.
(6) The M-matrix M defined in (4.19) is a net Matrix with respect to B.
Proof of (6). It is clear that M satisfies the condition (1) of Definition 3.1. So, we
only need to prove that the condition (2) of Definition 3.1 holds.

For any A,Aq,Ay C Q\ {0}, suppose ¢p p: € Mpp, and ¢ppi € Man,. If
©B.Bt = ¢p pi» then t = 1. So Ay = Q¢ = Q, ; = Ay. This is just the condition (2)
of Definition 3.1. The Theorem is proved. 0O ’

As consequences of Theorem 4.1, according the results of McMullen[26],
Bedford[3], Mauldin and Williams[25], Kenyon and Peres[21, 22], and our Theorem
2.5.1, we claim that:
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e 1-dimensional case (cf. [20, 25] or Theorem 2.5.1). Let n > 2 be an integer.
Let = C R be a finite set. If there exist numbers I',v € R, T' # 0, such
that T= 4+ v C Q, then the Hausdorff dimension of the attractor of IFS
{1z +blb € E} is determined.

e 2-dimension case (cf. [3, 21, 26]). Let m,n > 2 be integers and B =
( 16” I/Om ) Let = C R2 be a finite set. If there exist invertible ma-
trix I' € R2*2 and vector v € R? such that ['Z ++ C Q% and BT = I'B,
then the box dimension of the attractor A(®) of IFS & = {Bx + blb € =} is
determined. For the Hausdorff dimension, there are sequences of boundaries
gs < dimpyg A(®) < G4 such that dimy A(P) = lims_,o0 g5 = lims_, 00 Gs.
Moreover, the velure of dimy A(®) can be computed explicitly in some cases
(cf. Proposition 3.4 and some examples in [21]).

e High-dimension case (cf. [22]). Let nq,---,ng > 2 be integers and
B =diag(1/ny,---,1/ng). Let = C R? be a finite set. If there ex-
ist invertible matrix I' € R**? and vector v € R? such that I'Z 4+ v C
{0,1,---,ny —1} x---x{0,1,--- ,ng— 1} and BT = I'B, then the Hausdorff
and box dimensions of the attractor A(®) of IFS ® = {Bx + b|b € =} are
determined.

5. Example. In this section, we study an example of self-affine set on the plane.
The self-affine set in this example does not satisfy the open set condition. Following
the method given in the proof of Theorem 4.1, we shall find a net Matrix M such
that this self-affine set equals to the union of some components of A(M). Then we

get estimations of its Hausdorff dimension.

1
Let B = ( 8 8 . Define iterated function system ® = {¢;|i = 1,---,5},

2
2
Whefe¢i($)=B$+bi,b1=(8>ab2=((1)>’b3=<8),1)42( )and
2

1
bs = ( i ) Let E be the attractor of ®. Then E is a self-affine set and ® does not
1

NIV

satisfies open set condition, see Figure 1, where I = [0,1] x [0, 1].

o il
L

(a) I (b) @(1) (c) @*(I) (d) B

Fi1G. 1. Self-affine set E = A(®) which has overlapping

It is clearly that & satisfies the condition of Theorem 4.1. So we can find a net
M-matrix M such that E can be expressed as an union of some components of A(M).
The Proof of Theorem 4.1 in fact is a method to determine M.

Following the step (4) in the proof Theorem 4.1, we have the minimal common
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6 0

0 4>. So for each p =

multiple numbers wy = 6 and ws = 4, hence W = (

i : o
( j ) €72, Ip = [£, 5] x [2, 121] (see (4.4)).
Let U = (0,1) x (0,1). Then it is easy to check that (see (4.5))

Q= {p € 22| Iy N®(U) # 0}
={(): 6): ) ©)- (- (). D) () §): G): () G)s ) ) () (3) (&) (B

So, according to the step (5) in the proof of Theorem 4.1, the M-matrix defined by
(4.19) is the required net M-matrix, and the c-vector (Ex|A C Q, A # 0) , where Ep
is defined by (4.7), is the associated invariant c-vector. But the size of this M-matrix
is too big — it is 2!8 — 1. So we shall try to find a small one.

Applying (4.18) to each p € Q, we can obtain

By =By = Fuon = Fuep =

#B,B(" )(E{(g)}) U ®B.B(}) (E{(O)}) Uepg B( )(E{( )}) Uepg B( )(E{(})})
By =2y = By = Piop =

YB B(5 )(E{(g)}) U ‘PB,B(g) (E{(g)}) Uepg B(9) (E{(i’)})

Up g B(! )(E{(l)}) U ¥B,B(2) (E{(5)})7
Econ = ey = By = Fugpy =

25,50) (Er@y) Yenn) Er)y) Yense) By Yesse) By
Emn:E«n:EMn*E«n*

0)
B3
{O}—WBM>
U‘/’B B(S
o
B(Y

¢ (5.1)
Now, in the subscripts of F in (5.1), by replacing all (O),(g) and (3) ( ) replacing
all ( ) ( ) and ( ) by ((1)), replacing all (g),(g) and (é) by (?), and replacmg all (i’),(é)
and ( ) by (1) we obtain

By = 2.5 Ey©)y) Y ess) Er)y) Y ess0) (E@)y) Yesse) B
By =¢850 Ey@)y) Yess0) Eyy) Y esse) Eye))
Ve 5(1) (Ey@)) Y en,n) (Br()y)
Ey@y = 2.5 B0y Yenn0) ()P Y esse) E@))
U5 (Eyo).)p) Y ¥a.50) Er). () Y ns() (B )y)
Eyay = 25.50) (Fr(0).00) Y en.50) Er().) Y n.50) i)y
Ve, 5(0) (E0)) U en, ) (), @) Yenee) Er)y):
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Comparing the first and third equation in (5.2), we have E{(o>} = E{(?)}. By replacing

0

all the E{((IJ)} in (52) by E{(g)}, we get

By = 95,500 Ey0)y) Y es,50) Ey)y) Y ess0) E@)y) Y esse) Eye)y)
By = ¢8.80)Ey@)y) Y esse) Ey)y) Yesse) Eye))
Vop () (By(3)y) Y es,m2) (By)),
Eyyy = 2.0 (Ey)y) Yen.50) (B2 Y esn) By
Uen 51y (Bro)) Y es ) (B )
By = 2.5 F0)y) Yen.50) (Fr).op Y es.50) E)y)
U‘PB,B(?) (E{(g)}) U SDB,B(}) (E{(}%(‘ll)}) Upp B(f)(E{(})})a
By =¢850 Ey)y) Y es.s0) Ere).op) Y enai) (P
Ve 50) By Y ess) Ee),on Y esse) Ee)y)

(5.3)
Comparing the forth equation with the union of the first and second equation in (5.3),

1
0

and fifth equations in (5.3), we get E{(g) oy = E{(ﬁ)}' So

applying the formula (4.8), we get E{(g)( 9= E{(;;)}. Similarly, from the first, third

B0 = Bay.on = Fuo.en = B .o
Thus (5.3) becomes

Ey@)y = 2550 E0)y) Y ee.a0) (E@)) Y ess0) Ey )y Y s E))
By = 2.50) Ey)y) Y ess@) )y Yesse) By
USDB,B(})(E{(‘Il }) U #B,B(2) (E{(})})v
Eyyy = 2.5 (By0)y) Ye.50) (B2 Y es.50) (B
Vo ) (B(9)y) Y r,a¢) Er@)y)
Ey@y = 2.0 (By0)y) Ye.50) (B Y esne) )y
Ve s 5() (B Y s sy (o)., Y es.5) (Be))
Ey@y = 2.0 B0y Yes.50) (E(0).0).000) Y n.5) (E)y)
D2m.5(0) Ers)) Y en() Eiy) D enn( i)
(5.4)
Taking union of the first, second and third equation of (5.4), we obtain
Ei).0000 = 2mn@) Fen) U emn0) Ei@).6).00) Ve a@ Epy) (o o

{
Ve, 5(0) (Er)) Y enn) Er©).).00) Y es.50) Ery)-

0 1

Compare the last equation in (5.4) with (5.5). Suppose p € E{(;‘)}' Then it is

obviously that if p & SDBvB(i)(f{(‘é)})’ then p € E{(S)(é)(i)} Consequently, if

P € ¢pp)Eyay) and p & @5 5oy (Byyy)s then p € op gy (B ,0)) €
. . . k

E{(S)(é)(i)} Repeating this argument, we have that if p & 4,0373(}) (E{(;‘)}) for some

: k
k, then p € E{(g)’(é)’(i)} Soif p & mel(pB,BG) (E{(;l)}), then p € E{(8)7<1) ¥ But

0/°\1

k212, oy (Frayy) = {0} = i1y oy (B .00 € Br) o).y S0 we

0/°\0 '\0/'\1
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0
0 1
p e E{(8)7((1J)7G)} implies p € E{(g>} Thus E{(;;)} = E{(g),(é)(})} Using the same

argument, we can also prove that E{G)} = E{(U)ﬁ(é)-,(i)}' So (5.4) becomes

0

have proved that p € E{(;;)} implies p € E{( )(5). (1) Similarly, we can prove that

(5.6)
Let &€= (E{(o)},E{(é)},E{G)},E{G)}) (see Figure 2). Define
{es80) %80 {es80)} {¥880)} 0
aro | W@y eme®) Wene)t Wsse)t  ense)) (5.7)
{5509 %880)) Pes2)} {¥sBE)) {25 (1)} '
{903713(8)’903713((1’)} {@B,B(g)} {903713@)} {@3,3(3)7@3,3(})}
Then (5.6) is equivalent to
M) =&

It is easy to check that M is an irreducible net M-matrix. So & = A(M) and each
component of £ has the same Hausdorff dimension, we denote this dimension as
dimgy €. According to the third equation in (4.9), dimy F = dimy £.

Fia. 2. c-vector £ = A(M)

Now we apply Corollary 3.1 and Corollary 3.2 to get estimates of dimpy &:
d(M?®) < dimy & < D(M?®) for s =1,2,3,--- .

From Theorem 3.2 and Proposition 3.1, it is easy to see that d(M®) and D(M?) can
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be calculated from the matrices defined in (3.3). Here, these matrices are

1 1.0 0 1 010
1 1.0 0 1 01 1
1 1 0 1 1 01 1

By [21], the sequences g; (M) and G4(M) (see Remark 3.3) also give estimations of

the

Hausdorff dimension. We perform numerical computation for 1 < s < 25 (The

formula (3.39) of Proposition 3.1 is used here to write the program). The results are
listed below:

© 00U WN—-®

9s,1(M) 9s,2(M) 9s,3(M) gs,a(M) d(M?) Gs(M) D(M?)
—1.0000000 —2.0000000 —2.0000000 —1.0000000  1.6575031  2.0000000 2.2424656
0.3154649 —0.0863826 —0.0863826  0.1748419 1.7046807  1.9166481  2.0443969
0.7889960  0.5396336  0.5396336  0.6487352 1.7275150  1.8761924 1.9619427
1.0338196  0.8507275  0.8507275  0.9149821 1.7403752  1.8534427 1.9178629
1.1825780 1.0369919 1.0369919 1.0836720 1.7484232  1.8392345 1.8907989
1.2821922 1.1610793 1.1610793 1.1987008 1.7538699  1.8296319 1.8726104
1.3534524 1.2496921 1.2496921 1.2815894 1.7577812  1.8227412  1.8595825
1.4069242 1.3161464 1.3161464 1.3439602 1.7607201 1.8175655  1.8498023
1.4485200 1.3678318 1.3678318 1.3925283 1.7630073  1.8135379  1.8421931
1.4817984 1.4091798 1.4091798 1.4313992 1.7648374  1.8103153 1.8361051
1.5090266 1.4430099 1.4430099 1.4632072 1.7663349  1.8076786 1.8311238
1.5317169 1.4712016 1.4712016 1.4897153 1.7675829  1.8054813  1.8269727
1.5509164 1.4950561 1.4950561 1.5121455 1.7686388  1.8036220 1.8234602
1.5673731 1.5155029 1.5155029 1.5313715 1.7695439  1.8020283  1.8204495
1.5816356 1.5332234 1.5332234 1.5480341 1.7703284  1.8006471 1.8178403
1.5941153 1.5487288 1.5487288 1.5626139 1.7710148  1.7994386  1.8155572
1.6051267 1.5624101 1.5624101 1.5754784 1.7716204  1.7983722 1.8135426
1.6149147 1.5745712 1.5745712 1.5869135 1.7721587  1.7974243 1.8117520
1.6236724 1.5854522 1.5854522 1.5971449 1.7726404  1.7965762 1.8101498
1.6315543 1.5952451 1.5952451 1.6063532 1.7730739  1.7958129 1.8087078
1.6386855 1.6041054 1.6041054 1.6146845 1.7734661 1.7951223  1.8074032
1.6451685 1.6121602 1.6121602 1.6222584 1.7738227  1.7944945 1.8062171
1.6510877 1.6195145 1.6195145 1.6291737 1.7741482  1.7939213 1.8051342
1.6565137 1.6262560 1.6262560 1.6355127 1.7744467  1.7933959 1.8041416
1.6615055 1.6324582 1.6324582 1.6413446 1.7747212  1.7929124  1.8032283

Thus we have 1.7747212 < dimyg F < 1.7929124. It seems that g, ,(M) <

d(M?®) < dimpyg E < G4(M) < D(M?) is always true.
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