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HAUSDORFF DIMENSION OF INVARIANT C-VECTOR OF
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Dedicated to Professor Yum-Tong Siu on the occasion of his 60th birthday

1. Introduction. Let Φ = {φ1, · · · , φT } be an iterated function system (IFS) on
Rd. The attractor E ⊂ Rd of Φ is the unique compact set such that E = ∪T

i=1φi(E).
If Φ consists of contractive affine mappings, i.e. each φi(x) = Bix + bi, where Bi are
d× d contractive matrices in Rd and bi ∈ Rd, then E is called a self-affine set. In this
paper, we study a class of self-affine sets with overlapping by applying the M-matrix
theory([20]).

In 1984, McMullen[26] gave the Hausdorff dimension of the McMullen carpet
(general Sierpinski carpet), which is the attractor of {B(x + bi); i = 1, · · · , T} with

B =
(

1
n 0
0 1

m

)
and bi =

(
xi

yi

)
, 0 ≤ xi < n, 0 ≤ yi < m, where m, n, xi and yi are

integers and n ≥ m > 1. Is also is proved that 0 < HD(E) < ∞ for McMullen carpet
E, where D = dimH(E). In 1992, Lalley and Gatzouras[23] studied a wider class of
self-affine sets in the plane and give a formula for their Hausdorff dimension, where

the iterated function systems are of the form Φ = {
(

aij 0
0 bi

)
x +

(
cij

di

)
|1 ≤ i ≤

m, 1 ≤ j ≤ ni} with certain conditions on m,ni, aij , bi, cij and di. In 1994, Pollicott

and Weiss[31] discussed the attractor of {
(

λ1 0
0 λ2

)
x +

(
c1

d1

)
,

(
λ1 0
0 λ2

)
x +

(
c2

d2

)
} with the open set condition in the plane, the Hausdorff dimension were given

in several cases.
In 1988, Falconer[11] gave an formula for the upper estimation of Hausdorff di-

mension of self-affine set, and this upper estimation reaches the exact dimension for
almost all (b1, · · · , bT ) ∈ RdT , when B1, · · · , BT are fixed and each ‖Bi‖2 < 1

3 . This
estimation is called the Falconer’s dimension of self-affine set. In 1992, Edgar[9] gave
examples which imply that when some ‖Bi‖2 > 1

2 (
√

5 − 1), the Falconer’s dimen-
sion may not equal to the Hausdorff dimension for any (b1, · · · , bT ) ∈ RdT . In 1995,
Hueter and Lalley[16] studied the self-affine sets in the plane. They present five simple
hypotheses on B1, · · · , BT and (b1, · · · , bT ) which ensure that Hausdorff dimension
equals to the Falconer’s dimension. In 1998, Solomyak[32] proved that Falconer’s di-
mension is still equal to the Hausdorff dimension for almost all (b1, · · · , bT ) ∈ RdT if
all ‖Bi‖2 < 1

2 . Furthermore, it is shown that if B1 = · · · = BT = B, the condition
‖B‖2 < 1

2 can be replaced by a weaker condition that B has no eigenvalues in the
“Mandelbrot set for the pair of transformations”. In [20], one family of examples
were given with some ‖Bi‖2 + ‖Bj‖2 > 1 such that the Falconer’s upper estimation
is strictly bigger than the Hausdorff dimension for any (b1, · · · , bT ) ∈ RdT .
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In 1990, Bedford and Urbański[6] studied those self-affine sets which can be viewed
as the graph E = {(x, f(x)); x ∈ [0, 1]} of a function f : [0, 1] → R. They gave the
condition when the Bowen’s formula holds for the box dimension of E (see [5, 6, 7]
for detail). They also gave some conditions when the box dimension coincides with
the Hausdorff dimension of such self-affine set.

In 1992, Falconer[12] gave a lower bound of the Hausdorff dimension of self-affine
set in the case that φi(E)∩φj(E) = ∅ for all i 6= j (this condition is stronger than the
open set condition). In 1995, Paulsen[30] got a similar lower bound on the Hausdorff
dimension under the condition that the self-affine set E is Hausdorff rectifiable for a
generalized Hausdorff measure Hh (i.e. 0 < Hh(E) < ∞), and Hh(φi(E)∩φj(E)) = 0
for i 6= j, where h is a continuous, monotonically increasing function from R+ to R.
Although Paulsen’s result is more general than those of Falconer, his condition is not
very useful because it is very difficult to find such function h. In fact, for any such h,
it has the property that limr→0

h(ar)
h(r) = adimH E for any a > 0. In 2002, Abercrombie

and Nair[1] gave the lower and upper bound of the Hausdorff dimension of plane
self-affine set under the assumption that the iterated function system may contains
countably infinite mappings, each affine mapping φi preserves the directions of the
coordinate axes, and the intersection of the interiors of φi(E) and φj(E) is empty for
all i 6= j.

In [21](1996), Kenyon and Peres studied the B-invariant Sofic set, a class of direct-

graph construction objects, where B =
(

n 0
0 m

)
, m,n ≥ 2 are integers. They gave

some sequences converging to the Hausdorff dimension and a formula to calculate
box dimension of B-invariant Sofic set. They also gave some examples of self-affine
sets which are B-invariant Sofic sets. In 2003, He, Lau and Rao[15] constructed a
new direct-graph constructions to study the boundaries of self-similar sets and self-
affine sets. They applied the method of Kenyon and Peres[21](1996) to calculate the
Hausdorff dimensions of boundaries of some self-affine sets with overlappings on real
plane. In [22](1996), Kenyon and Peres studied the self-affine set of IFS {B(x+ b)|b ∈
Ξ}, where B =diag(n−1

1 , · · · , n−1
d ), ni > 1 are integers and Ξ ⊆ {0, · · · , n1 − 1} ×

{0, · · · , n2−1}×· · ·×{0, · · · , nd−1}. They determined the Hausdorff dimension and
box dimension of such self-affine sets, which are called self-affine Sierpinski sponges.

In §4 of this paper, we study the self-affine sets A(Φ) which are the attractors
of the iterated function system Φ = {Bx + b|b ∈ Ξ}, where B =diag(n−1

1 , · · · , n−1
d ),

ni > 1 are integers and Ξ ⊆ Rd is a finite set. We prove that if ΓΞ + β ⊆ Qd for some
invertible matrix Γ and vector γ ∈ Rd, then A(Φ) can be expressed as the union of
some components of an invariant c-vector of a net M-matrix (see Theorem 4.1 and
Definition 3.1 for detail). Consequently, according to the results of McMullen[26],
Bedford[3], Mauldin and Williams[25], Kenyon and Peres[21, 22], and our Theorem
2.5.1, we claim that:

• 1-dimensional case (cf. [20] or Theorem 2.5.1). Let n ≥ 2 be an integer.
Let Ξ ⊆ R be a finite set. If there exist numbers Γ, γ ∈ R, Γ 6= 0, such
that ΓΞ + γ ⊆ Q, then the Hausdorff dimension of the attractor of IFS
{ 1

nx + b|b ∈ Ξ} is determined.
• 2-dimension case (cf. [3, 21, 26]). Let m,n ≥ 2 be integers and B =(

1/n 0
0 1/m

)
. Let Ξ ⊆ R2 be a finite set. If there exist invertible ma-

trix Γ ∈ R2×2 and vector γ ∈ R2 such that ΓΞ + γ ⊆ Q2 and BΓ = ΓB,
then the box dimension of the attractor A(Φ) of IFS Φ = {Bx + b|b ∈ Ξ} is
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determined. For the Hausdorff dimension, there are sequences of boundaries
gs ≤ dimH A(Φ) ≤ Gs such that dimH A(Φ) = lims→∞ gs = lims→∞Gs.
Moreover, the value of dimH A(Φ) can be computed explicitly in some cases
(cf. Proposition 3.4 and some examples in [21]).

• High-dimension case (cf. [22]). Let n1, · · · , nd ≥ 2 be integers and
B =diag(1/n1, · · · , 1/nd). Let Ξ ⊆ Rd be a finite set. If there ex-
ist invertible matrix Γ ∈ Rd×d and vector γ ∈ Rd such that ΓΞ + γ ⊆
{0, 1, · · · , n1− 1}× · · ·×{0, 1, · · · , nd− 1} and BΓ = ΓB, then the Hausdorff
and box dimensions of the attractor A(Φ) of IFS Φ = {Bx + b|b ∈ Ξ} are
determined.

On the other hand, in §3, in the plane case, we give an generalization of
McMullen[26]’s work to the net M-matrix rather than Kenyon and Peres[21]’s work.
We get lower and upper estimations of Hausdorff dimension of the components of
invariant c-vector of net M-matrix on R2 (see Theorem 3.2).

We study an example of plane self-affine set (with overlaps) in §5. We find the
associated net M-matrix according to the proof of Theorem 4.1, which in fact is a
general method to determine the net M-matrix. Then we perform the numerical
calculations of the lower and upper boundaries of this self-affine set according to
Kenyon and Peres’ formulas and our Theorem 3.2. It seems to us that our lower
boundaries are sharper than Kenyon and Peres’ but our upper boundaries are bigger.
For the sake of convenience of the readers, a brief review of the M-matrix theory is
given in §2.

2. Preliminaries. In this section, we give a brief review of the M-matrix theory
established in [20].

2.1. M-matrix. Let φ : Rd → Rd be a mapping on Rd. Define

lφ = sup{a ∈ R|‖φ(x)− φ(y)‖2 ≥ a‖x− y‖2 for all x, y ∈ Rd};

uφ = inf{a ∈ R|‖φ(x)− φ(y)‖2 ≤ a‖x− y‖2 for all x, y ∈ Rd}.

In this paper, we only consider the mappings with lφ > 0 and uφ < ∞, i.e. the
bi-Lipschitz mappings. φ is a contraction if uφ < 1 and φ is a similarity if lφ = uφ.
We denote the sets of all finite sets of mappings, similarities, and contractions on Rd

by X, S and C respectively. Define

M(T, T ) = {(Mij)1≤i,j≤T ; Mij ∈ X},
Mc(T, T ) = {(Mij)1≤i,j≤T ; Mij ∈ C},
Ms(T, T ) = {(Mij)1≤i,j≤T ; Mij ∈ S}.

(2.1.1)

We call a matrix M ∈ M(T, T ) a M-matrix of size T × T . For M-matrices
(Mij), (Nij) ∈ M(T, T ), we define (Mij) ∪ (Nij) = (Mij ∪ Nij), (Mij) ∩ (Nij) =
(Mij ∩ Nij), and (Mij)(Nij) = (∪kMikNkj). Then (M(T, T ),∪,∩, ·) satisfies some
algebraic law with ∅ as “zero” element and I as “unit” element, where ∅ is the M-
matrix whose entries are all empty sets and I =diag({1}, · · · , {1}), 1 is the identity
mapping. We call M(T, T ) M-algebra for the time being. Mc(T, T ) and Ms(T, T )
form two M-subalgebras of M(T, T ).

Definition 2.1.1. For an M-matrix M = (Mij) ∈ M(T, T ) (or numerical
matrix A = (aij)1≤i,j≤m, aij ∈ R), M ( or A) is irreducible if for any i, j = 1, · · · ,m,
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there exist some k1, · · · , ks ∈ {1, · · · ,m} such that Mik1Mk1k2 · · ·Mksj 6= ∅ ( or
aik1ak1k2 · · · aksj 6= 0).

A permutation M-matrix is an M-matrix P = (Pij) ∈ M(T, T ) such that each
column and row has precisely one nonempty entry Pij = {1}, where 1 is the identity
mapping, all the other entries are empty set. Then we have

Theorem 2.1.1. For any M ∈ M(T, T ), there exists a permutation M-matrix
P ∈ M(T, T ) such that

PMP t =




H1 B12 · · · B1s

∅ H2 · · · B2s

· · · · · · · · · · · ·
∅ ∅ · · · Hs




where, for each i = 1, · · · , s, either Hi ∈ M(Ti, Ti) is irreducible with Ti > 0 or
Hi = ({∅}).

2.2. Space of c-vectors. Let K be the set of all non-empty compact subsets
of Rd: K = {E ⊂ Rd|E is compact, E 6= ∅}. Let K = K ∪ {∅} be the set of all

compact subset of Rd. Define KT
= {(E1, · · · , ET )t|E1, · · · , ET ∈ K} and KT =

{(E1, · · · , ET )t|E1, · · · , ET ∈ K}. KT and KT
are called T-dimensional c-space

and extended c-space. A vector (Ei)1≤i≤T ∈ KT
is called a c-vector. Naturally,

we can define union and intersection operations on Km
: (Ei)1≤i≤T ∪ (Fi)1≤i≤T =

(Ei∪Fi)1≤i≤T and (Ei)1≤i≤T ∩ (Fi)1≤i≤T = (Ei∩Fi)1≤i≤T . For any set of mappings
Φ ∈ X and subset E ⊂ Rd, denote the set {f(x)|f ∈ Φ, x ∈ E} by Φ(E). For any M =
(Mij) ∈ M(T, T ) and S = (S1, · · · , ST )t, Si ⊆ Rd, define M(S) = (∪kMik(Sk))1≤i≤T .

Definition 2.2.1. Let M ∈ M(T, T ). A c-vector E ∈ KT
is said to be invariant

under M if M(E) = E.

Definition 2.2.2. Let M ∈ M(T, T ). An invariant c-vector E ∈ KT
of M is

called maximal if for any invariant c-vector F ∈ KT
of M , F ⊆ E. We denote the

maximal M -invariant c-vector by A(M).

Theorem 2.2.1. Let M ∈ M(T, T ). Suppose there exists an integer k > 0 such

that Mk ∈ Mc(T, T ). Then there exists an unique invariant c-vector E ∈ KT
of M

such that




∪i≥1M i(F ) = ∪i≥1M
i(F ) ∪ E ∈ KT

, ∀F ∈ KT
,

∩k≥1∪i≥kM i(F ) = E, ∀F ∈ KT
,

∪i≥1M i(F ) ⊆ ∪i≥1M
i(F ) ∪ E ∈ KT

, ∀F ∈ KT
,

∩k≥1∪i≥kM i(F ) ⊆ E, ∀F ∈ KT
.

(2.2.1)

Furthermore, E = A(M).

Theorem 2.2.1 indicates that the maximal invariant c-vector A(M) exists for an
M-matrix M ∈ M(T, T ) if Mk ∈ Mc(T, T ) for some k. Furthermore, A(M) has
some “attractive” properties. The second formula of (2.2.1) states that A(M) can
be obtained by iterating the action of M on any c-vector F ∈ KT . The following
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Theorem completely determines the invariant c-vector of an M-matrix M with the
assumption that Mk ∈ Mc(T, T ) for some k.

Theorem 2.2.2. Let M ∈ M(T, T ). Suppose there exists an integer k > 0 such
that Mk ∈ Mc(T, T ).

(1) If E ∈ KT and M(E) = E then A(M) = E.
(2) For the empty M-matrix ∅, A(∅) = ∅.
(3) If M is irreducible, then A(M) is the only non-trivial invariant c-vector of

M and A(M) ∈ KT .
(4) Suppose P is a permutation M-matrix. Then E is an invariant c-vector of M

if and only if P (E) is invariant under PMP t. In particular, A(PMP t) =
P (A(M)).

(5) Suppose M =
(

H1 ∅
∅ H2

)
. Then any invariant c-vector E of M must

has the form
(

E1

E2

)
, E1 and E2 are invariant c-vectors of H1 and H2

respectively. In particular, A(M) =
(

A(H1)
A(H2)

)

(6) Suppose M =
(

H1 B
∅ H2

)
∈ Mc(T, T ), and B 6= ∅. Then any invariant

c-vector E of M must has the form
(

E1 ∪ (∪∞i=0H
i
1B(E2))

E2

)
,

where E1 and E2 are invariant c-vectors of H1 and H2 respectively. In par-
ticular,

A(M) =
(

A(H1) ∪ (∪∞i=0H
i
1B(A(H2)))

A(H2)

)
.

Furthermore, if H2 = ∅ then

A(M) =
(

A(H1)
∅

)
.

Remark 2.2.1. In [20], we have proved that several different kinds of fractals
can be described uniformly by the maximal invariant c-vectors of certain M-matrices,
such as the attractors of iterated function systems (IFS, Barnsley[2], Falconer[10],
Hutchinson[17], Mandelbrot[24]), recurrent sets (Dekking[8], Bedford[4]), graph di-
rected construction objects (Mauldin and Williams[25]), Julia sets and limit sets of
some Kleinian groups which have been studied by limit sets of conformal iterated
function schemes (Jenkinson and Pollcott[19]) and Markov partitions for conformal
dynamical systems equipped with invariant densities (McMullen[27, 28, 29]).

2.3. Code Space. Now we begin to establish the code space associated with an
M-matrix M = (Mij) ∈ Mc(T, T ). Suppose Mij has tij mappings, Mij = {φijk|1 ≤
k ≤ tij} and the maximal invariant c-vector A(M) = (E1, · · · , ET )t. Define

Dj0(M) = {(j0(j1k1) · · · (jsks) · · · )︸ ︷︷ ︸
infinite sequence

|1 ≤ js ≤ T, Mjs−1js 6= ∅, and 1 ≤ ks ≤ tjs−1js}.
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Let D(M) = ∪jDj(M). We call D(M) the code space of M . For α =
(j0(j1k1)(j2k2) · · · ) ∈ D, let αs = (j0(j1k1)(j2k2) · · · (jsks)), s = 0, 1, 2, · · · . Let
D

0
j (M) = {αs|α ∈ Dj(M), s = 0, 1, 2, · · · }. Define D

0(M) = ∪1≤j≤T D
0
j (M).

D
0(M) is called the index space of M . For convenience, we shall frequently write

D(M),D0(M),Di(M),D0
i (M) as D,D

0
,Di,D

0
i respectively.

For α = (j0(j1k1) · · · (jsks)) ∈ D
0, write |α| for s, the length of α. For

β = (js(t1k′1) · · · ) ∈ D( or ∈ D
0), define αβ = (j0(j1k1) · · · (jsks)(t1k′1)(t2k

′
2) · · · ) ∈

D(M)( or ∈ D
0). We get a map σα : β 7→ αβ from Djs

to Dj0 or from D
0
js

to
D

0
j0 . For β ∈ D or D

0, we write α < β if there has a γ such that β = αγ. Let
Dα = {β ∈ D|α < β}. Then

{
Dα = σα(Djs

),
Dαγ = σα(Dγ) for γ ∈ D

0
js

.
(2.3.1)

Obviously
{

Di = ∪
β∈D0

i ,|β|=k
Dβ ,

Dα = ∪
β∈D0

,|β|=|α|+k,α<β
Dβ , k = 1, 2, · · · ,

(2.3.2)

where the union are disjoint.
If α = (j0(j1k1) · · · (jsks) · · · ) ∈ D, we have a sequence of subsets containing α:

{
Dj0 = Dα0 ⊇ Dα1 ⊇ · · · ⊇ {α}
∩∞s=0Dαs = {α} (2.3.3)

Now we can define a topology on D by setting a sub-basis of open sets to be Dα,
α ∈ D

0. This is a complete, Hausdorff and compact topology on D according to
(2.3.2) and (2.3.3).

For α = (j0(j1k1) · · · (jsks)) ∈ D
0, denote φj0j1k1φj1j2k2 · · ·φjs−1jsks by φα and

denote φα(Ejs) by Eα. Then, similar to (2.3.2) and (2.3.3), we have




Ei = ∪
β∈D0

i ,|β|=k
Eβ ,

Eα = ∪
β∈D0

,|β|=|α|+k,α<β
Eβ , for α ∈ D

0
,

Eα0 ⊇ Eα1 ⊇ · · · ⊇ Eαs ⊇ · · · for α ∈ D,
∩∞s=1Eαs = {aα} for certain aα ∈ Eα0 ,

(2.3.4)

where k = 1, 2, · · · . Define mapping

π : D → X, π(α) = aα.

Then π is continuous, π(D) = ∪T
i=1Ei, and for α ∈ D

0,
{

π(Dα) = Eα

π ◦ σα = φα ◦ π.
(2.3.5)

Denote the restriction of π on Di by πi. Then πi is also continuous and for α =
(i · · · (jk)) ∈ D

0
i ,

{
πi ◦ σα = φα ◦ πj ,
πi(Dα) = Eα.

(2.3.6)
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2.4. Invariant measure vector. For a measure µ on Rd and x ∈ Rd, we define
θk
∗(µ, x) = lim infr→0

µ(B(x,r))
$krk , θ∗k(µ, x) = lim supr→0

µ(B(x,r))
$krk and θk(µ, x) to be

their common value if both are equal, where $k is a suitable normalizing constant(
cf. [13] p.171. If k is an integer, $k = Lk{x ∈ Rk : |x| ≤ 1} is the volume of
unit ball, where Lk is the k-dimensional Lebesgue measure. For arbitrary k we set
$k = Γ(1/2)k/Γ((k/2) + 1) ). Then(cf. [13] p.181) we have the following relations
between µ and Hausdorff measure:

If θ∗k(µ, x) ≥ λ for all x ∈ E, then Hk(E) ≤ λ−1µ(E). (2.4.1)

If θ∗k(µ, x) ≤ λ for all x ∈ E, then Hk(E) ≥ 2−kλ−1µ(E). (2.4.2)

Suppose M = (Mij) ∈ Mc(T, T ) is irreducible, Mij = {φijk|k = 1, · · · , tij}, and
A(M) = (E1, · · · , ET )t. Choose real numbers ωijk ∈ (0, 1] for 1 ≤ i, j ≤ T and
1 ≤ k ≤ tij , such that

∑
k ωijk = 1 for every i, j with Mij 6= ∅. Let Λ = (λij) be a

real matrix with each λij > 0 if Mij 6= ∅, λij = 0 if Mij = ∅ and
∑

j λij = 1 for i =

1, · · · , T . For α = (j0(j1k1) · · · (jsks)) ∈ D
0 with s ≥ 1, denote Πs

i=1λji−1jiωji−1jiki

by 4α. Then we can define measure τ on D by setting

τ(Dα) = 4α. (2.4.3)

Denote τi for the restriction of τ on Di. Define µi = π∗i (τi), where π∗i (τi)(A) =
τi(π−1

i (A)). Then µi is a Borel regular measure on Rd with support Ei and mass 1.
We can prove that (µ1, · · · , µT ) satisfies the following invariant property:

µi =
∑

j

λij

tij∑

k=1

ωijkφ∗ijk(µj), (2.4.4)

where φ∗ijk(µj)(A) = µj(φ−1
ijk(A)). We call (µ1, · · · , µT ) the invariant measure vec-

tor of M on A(M) and τ the invariant measure of M on D associated with (Λ, ω)
respectively.

For α ∈ D
0
i let τα be the restriction of τ on Dα. Set µα = τα ◦ π−1

i . Then




supp(µα) = Eα,
µα(Eα) = 4α

µi =
∑

β∈D0

i ,|β|=k
µβ ,

µα =
∑

β∈D0
,|β|=|α|+k,α<β

µβ

(2.4.5)

for any k = 1, 2, · · · .
2.5. Hausdorff dimension of invariant c-vector. For any set of mappings

Φ ∈ X, define f(Φ, x) =
∑

φ∈Φ ux
φ (x ≥ 0). For M = (Mij) ∈ M(T, T ), define

matrices F (M,x) = (f(Mij , x)), x ≥ 0. Then the eigenvalue of F (M,x) will be
used to estimate the Hausdorff dimension of the components of invariant c-vector of
M . By Perron-Frobenius Theorem(cf. [14]), F (M, x) has a positive real eigenvalue
equal to its spectral radius and this maximal real eigenvalue will decrease when x is
increasing.

The following definition generalizes the open set condition for iterated function
systems to M-matrices.

Definition 2.5.1. Let M = (Mij) ∈ M(T, T ). M satisfies the open set condition
if there exist non-empty bounded open sets Ui ⊆ Rd, i = 1, · · · , T , such that
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1. M(U) ⊂ U, where U = (U1, · · · , UT )t,
2. MijUj ∩MikUk = ∅ if j 6= k,
3. φ(Uj) ∩ ψ(Uj) = ∅ if φ, ψ ∈ Mij and φ 6= ψ.

When M is irreducible, we have shown in [20] that each component of A(M) has
the same Hausdorff dimension. So, for convenience, we can write dimH A(M) for each
dimH Ei. The equality dimH A(Hi) = Di in (3) of the following theorem was proved
by Mauldin and Williams[25].

Theorem 2.5.1. Let M ∈ M(T, T ) and Mk ∈ Mc(T, T ) for some k. Suppose
P is a permutation M-matrix such that

PMP t =




H1 B12 · · · B1s

∅ H2 · · · B2s

· · · · · · · · · · · ·
∅ ∅ · · · Hs




where Hi ∈ M(Ti, Ti), i = 1, · · · , s, are either irreducible or empty with size 1× 1.
(1) A(M), A(PMP t) and A(Hi), i = 1, · · · , s, exist.

A(M) = P tA(PMP t) = ∪∞i=0M
iP t




A(H1)
·
·
·

A(Hs)




(2) Write A(PMP t) = P (A(M)) as (E(1)
, · · · ,E(s))t, where E(i) ∈ KTi , i =

1, · · · , s. Then for any fixed i, each component of E(i) has the same Hausdorff
dimension. Write this dimension as dimH E(i), then

dimH E(i) = max{dimH A(Hi), dimH E(j)|Bij 6= ∅},
(3) If Hi 6= ∅, then dimH A(Hi) ≤ Di, where Di is the unique number such that

the biggest real eigenvalue of F (Hi, Di) is 1. In particular, if Hi ∈ Ms(Ti, Ti)
and the open set condition holds for Hi, then dimH A(Hi) = Di.

3. Net M-matrix and the Hausdorff dimensions of its invariant c-
vectors. In this section, we shall define a special kind of M-matrices which are called
“net M-matrix”. We shall give an estimation of the Hausdorff dimensions of their
invariant c-vectors in plane case. In the next section, we shall prove that certain
self-affine sets can be expressed as the union of components of the maximal invariant
c-vector of such M-matrix.

Definition 3.1. Let B =diag(1/n1, 1/n2, · · · , 1/nd) be a d× d diagonal matrix,
where ni ≥ 2 are integers. An M-matrix M = (Mij) ∈ M(T, T ) is called a net
M-matrix on Rd (with respect to B) if

(1) For any φ ∈ ∪Mij, φ(x) = B(x + b) and b = (η1, · · · , ηd)t for some integers
0 ≤ ηi ≤ ni − 1.

(2) Suppose Mij = {φijk|1 ≤ k ≤ tij}, 1 ≤ i, j ≤ T . If φijk = φij′k′ , then j = j′

and hence k = k′.

From the definition, it is easy to prove the following result by direct computation.

Theorem 3.1. Let B =diag(1/n1, 1/n2, · · · , 1/nd) be a d × d diagonal matrix,
where ni ≥ 2 are integers. Suppose M is a net M-matrix with respect to B. Then
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(1) For any permutation M-matrix P , PMP t is a net M-matrix with respect to
B.

(2) For any subset {j1, · · · , jL} ⊆ {1, · · · , T}, the M-matrix (Mjsjt)1≤s,t≤L is a
net M-matrix with respect to B.

(3) Mk is a net M-matrix with respect to Bk for each k = 1, 2, 3, · · · .
(4) Let U = {(x1, · · · , xd)t ∈ Rd|0 < xi < 1} and I = U . Then M satisfies open

set condition with respect to the open sets U1 = · · · = UT = U . Consequently,
if A(M) = (E1, · · · , ET )t is the maximal invariant c-vector of M , then Ei ⊆
I.

In the 1-dimension case, all mappings in a net M-matrix on R are contractive
similarities and the open set condition holds. So Theorem 2.5.1 can be applied to
determined the Hausdorff dimensions of the invariant c-vectors. In the 2-dimension
case, if the size of a net M-matrix M is 1× 1, i.e. T = 1, then the maximal invariant
c-vector A(M) = E1 is a McMullen carpet (cf. [26]). Conversely, a McMullen carpet
can be represented as the maximal invariant c-vector of a 1× 1 net M-matrix M . In
general, a B−1-invariant Sofic set defined by Kenyon and Peres in [21] is equivalent to
the set ∪T

i=1Ei, where (E1, · · · , ET )t is the maximal invariant c-vector of a T ×T net
M-matrix M . Hence, the results of McMullen[26] and Kenyon and Peres[21] about
the dimensions can be applied to the invariant c-vectors of M on plane R2. In the
rest of this section, we shall consider the net M-matrix on R2.

Given n ≥ m ≥ 2, let B =diag(1/n, 1/m). Let M = (Mij) be a net M-matrix
with respect to B. Suppose Mij consists of tij mappings,

Mij = {φijt|φijt

(
x
y

)
=

( x+xijt

n
y+yijt

m

)
, t = 1, · · · , tij}. (3.1)

By (1) of Definition 3.1, xijt and yijt are integers, 0 ≤ xijt < n and 0 ≤ yijt < m.
For each 0 ≤ k < m and 1 ≤ i, j ≤ T , let

{
Mijk = {φijt ∈ Mij |yijt = k},
aijk = #Mijk,

(3.2)

where #Mijk denotes the cardinality of Mijk. Define matrices

Ak = (aijk)1≤i,j≤T , k = 0, · · · ,m− 1. (3.3)

Give positive numbers bijk, 1 ≤ i, j ≤ T , 0 ≤ k < m. Define matrices Bk =
(aijkbijk)1≤i,j≤T , k = 0, · · · ,m− 1, and H =

∑
0≤k<m Bk. According to the Perron-

Frobenius Theorem (cf. [14]), there exists an unique maximal real eigenvalue λ of H
with positive eigenvector (e1, · · · , em)t. Let

D =
ln λ

ln m
. (3.4)

Denote the (i, j)-th entry of m−DH as hij(D), i.e. hij(D) = m−D
∑

0≤k<m aijkbijk.
Let

Λ = (λij) = (e−1
i ejhij(D)). (3.5)

Then it is easy to check
∑

j λij = 1. For each φijt ∈ Mij , we associate to it a number

ωijt = m−Dbijt′/hij(D), (3.6)
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where t′ = yijt. Then
∑tij

t=1 ωijt = 1 for any i, j when Mij 6= ∅. For this (Λ, ω), we
get the invariant measure vector µ = (µ1, · · · , µT )t of M on A(M) and the invariant
measure τ of M on D respectively. Then for any α = (j0(j1t1)(j2t2) · · · (jsts)) ∈ D

0,

µα(Eα) = 4α

=
∏s

i=1 λji−1ji
ωji−1jiti

= e−1
j0

ej1hj0j1(D) ·m−Dbj0j1t′1/hj0j1(D)
·e−1

j1
ej2hj1j2(D) ·m−Dbj1j2t′2/hj1j2(D)

· · · ·
·e−1

js−1
ejs

hjs−1js
(D) ·m−Dbjs−1jst′s/hjs−1js

(D)
= e−1

j0
ejs

m−sDbj0j1t′1bj1j2t′2 · · · bjs−1jst′s ,

(3.7)

where t′i = yji−1jiti .
In view of Theorem 2.5.1 and (1) of Theorem 3.1, if we can get the Hausdorff

dimension of the maximal invariant c-vector of irreducible net M-matrix, then we can
get the Hausdorff dimension of the maximal invariant c-vector of any net M-matrix.
The following theorem only consider the irreducible net M-matrix.

Theorem 3.2. Let M = (Mij) ∈ M(T, T ) be an irreducible net M-matrix on R2

with respect to B = diag (1/n, 1/m), n ≥ m. Let E = (E1, · · · , ET )t = A(M) be the
maximal invariant c-vector of M .

Give positive numbers bijk, 1 ≤ i, j ≤ T , 0 ≤ k < m. Define matrices Ak, Bk,
H, Λ, numbers D, λ, ωijk, and measures µi and τ as above. Define functions fk on
D by

fk(j0(j1t1)(j2t2) · · · ) = (bj0j1t′1bj1j2t′2 · · · bjl−1jlt′l‖(Bt′l+1
· · ·Bt′k)jl

‖∞)
1
k , k = 1, 2, · · · ,

where l = bk logn mc is the maximal integer not bigger than k logn m, t′i = yji−1jiti ,
(Bt′l+1

· · ·Bt′k)jl
is the jl-th row vector of the matrix Bt′l+1

· · ·Bt′k .
a) If limfk(α) ≥ 1 for all α ∈ D, then each dimH Ei ≤ D and HD(Ei) < ∞.
b) If there exist Fi ⊆ Di, i = 1, · · · , T , such that τ(Fi) > 0 and limfk(α) ≤ 1

for all α ∈ ∪Fi, then each dimH Ei ≥ D and HD(Ei) > 0.

Proof. We firstly construct a class of rectangles which will be used to cover Ei.
For any positive integers k, p, q, let

Rk(p, q) = [
p

nl
,
p + 1
nl

]× [
q

mk

q + 1
mk

], (3.8)

where l = bk logn mc is the maximal integer not bigger than k logn m, i.e., n−l ≥
m−k > n−l−1. (In the sequel l will always be related to k in this way.)

For each α = (j0(j1t1)(j2t2) · · · (jsts)) ∈ D
0, by (3.1) we have

φα

(
x

y

)
= φj0j1t1 ◦ · · · ◦ φjs−1jsts

(
x

y

)
=

(x+xα

ns

y+yα

ms

)
.

where
{

xα = ns−1xj0j1t1 + · · ·+ nxjs−2js−1ts−1 + xjs−1jsts

yα = ms−1yj0j1t1 + · · ·+ myjs−2js−1ts−1 + yjs−1jsts

(3.9)

So

Eα = φα(Ejs) ⊆ φα(I) = [
xα

ns
,
xα + 1

ns
]× [

yα

ms
,
yα + 1

ms
],
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where I = [0, 1] × [0, 1] (see (4) of Theorem 3.1). If k ≤ s, then we have αk =
(j0(j1t1)(j2t2) · · · (jktk)) ∈ D

0 and

Eα = φα(Ejs) ⊆ φαk
(I) = [

xαk

nk
,
xαk

+ 1
nk

]× [
yαk

mk
,
yαk

+ 1
mk

].

⊆ [
xαl

nl
,
xαl

+ 1
nl

]× [
yαk

mk
,
yαk

+ 1
mk

] = Rk(xαl
, yαk

).

For i = 1, · · · , T , define

R
(i)
k (p, q) = {β ∈ D

0
i ||β| = k, xβl

= p, yβk
= q}. (3.10)

Then it is clear that

α ∈ R
(i)
k (p, q) ⇒ Eα ⊆ Rk(p, q), (3.11)

For α = (j0(j1t1) · · · (jktk)) ∈ D
0, let t′i = yji−1jiti

, i = 1, · · · , t. Then according

to (3.10) and (3.9), β = (j0(i1s1) · · · (iksk)) ∈ R
(j0)
k (xαl

, yαk
) ⇔ (xβl

= xαl
and

yβk
= yαk

) ⇔ (xj0i1s1 = xj0j1t1 , yj0i1s1 = yj0j1t1 = t′1, xiu−1iusu
= xju−1jutu

for
1 ≤ u ≤ l and yiv−1ivsv = yjv−1jvtv = t′v for 1 ≤ v ≤ k). By (2) of Definition 3.1,
we have iu = ju, su = tu for 1 ≤ u ≤ l. By (3.2), we have φiv−1ivsv ∈ Miv−1ivt′v for
l + 1 ≤ v ≤ k. Therefore

R
(j0)
k (xαl

, yαk
) = {(j0(j1t1) · · · (jltl)(il+1sl+1) · · · (iksk))|

1 ≤ il+1, · · · , ik ≤ T, φjlil+1sl+1 ∈ Mjlil+1t′l+1
,

φil+1il+2sl+2 ∈ Mil+1il+2t′l+2
, · · · , φik−1iksk

∈ Mik−1ikt′k}.
Hence, by (3.7),

∑
β=(j0(i1s1)···(iksk))∈R(j0)

k (xαl
,yαk

)
∆β

=
∑

(j0(i1s1)···(iksk))∈R(j0)

k (xαl
,yαk

)
e−1
j0

eik
m−kDbj0i1s′1bi1i2s′2 · · · bik−1iks′k

=
∑

(j0(j1t1)···(jltl)(il+1sl+1)···(iksk))∈R(j0)

k (xαl
,yαk

)

e−1
j0

eik
m−kDbj0j1s′1 · · · bjl−1jls′lbjlil+1s′l+1

bil+1ii+2s′l+2
· · · bik−1iks′k ,

(3.12)

where s′1 = yj0i1s1 , s
′
2 = yi1i2s2 , · · · , s′k = yik−1iksk

, and l = bk logn mc. Now,

φjlil+1sl+1 ∈ Mjlil+1t′l+1
⇒ yjlil+1sl+1 = t′l+1 ⇒ s′l+1 = t′l+1,

φil+1il+2sl+2 ∈ Mil+1il+2t′l+2
⇒ yil+1il+2sl+2 = t′l+2 ⇒ s′l+2 = t′l+2,

· · ·
φik−1iksk

∈ Mik−1ikt′k ⇒ yik−1iksk
= t′k ⇒ s′k = t′k,

So, (3.12) becomes
∑

β=(j0(i1s1)···(iksk))∈R(j0)

k (xαl
,yαk

)
∆β

=
∑

1≤il+1,··· ,ik≤T

∑
φjlil+1sl+1∈Mjlil+1t′

l+1

∑
φil+1il+2sl+2∈Mil+1il+2t′

l+2

· · ·

∑
φik−1iksk

∈Mik−1ikt′
k

e−1
j0

eik
m−kDbj0j1t′1 · · · bjl−1jlt′lbjljl+1t′l+1

· · · bik−1jkt′k ,



270 N. JIN AND STEPHEN S. T. YAU

= e−1
j0

m−kDbj0j1t′1 · · · bjl−1jlt′l ·

{∑ 1≤il+1≤T

φjlil+1sl+1∈Mjlil+1t′
l+1

bjlil+1t′l+1
[
∑

1≤il+2≤T

φil+1il+2sl+2∈Mil+1il+2t′
l+2

bil+1il+2t′l+2
·

(
∑

1≤il+3≤T

φil+2il+3sl+3∈Mil+2il+3t′
l+3

· · ·∑ 1≤ik−1≤T

φik−2ik−1sk−1∈Mik−2ik−1t′
k−1

b
logn m−1
ik−2ik−1t′k−1

·

(
∑

1≤ik≤T

φik−1iksk
∈Mik−1ikt′

k

bik−1ikt′keik
) · · · )]},

(3.13)
We denote the (i, j)-th entry of the matrix Bk by B

(k)
ij , i.e., Bk = (B(k)

ij )1≤i,j≤T and

B
(k)
ij = aijkbijk. Then

∑
β=(j0(i1s1)···(iksk))∈R(j0)

k (xαl
,yαk

)
∆β

= e−1
j0

m−kDbj0t′1 · · · bjl−1t′l ·

{∑ 1≤il+1≤T

φjlil+1sl+1∈Mjlil+1t′
l+1

bjlij+1t′l+1
[
∑

1≤il+2≤T

φil+1il+2sl+2∈Mil+1il+2t′
l+2

bil+1il+2t′l+2
·

(
∑

1≤il+3≤T

φil+2il+3sl+3∈Mil+2il+3t′
l+3

· · ·∑ 1≤ik−1≤T

φik−2ik−1sk−1∈Mik−2ik−1t′
k−1

bik−2ik−1t′k−1
·

(
∑

1≤ik≤T aik−1ikt′kbik−1ikt′keik
))]}

= e−1
j0

m−kDbj0j1t′1 · · · bjl−1jlt′l ·

{∑1≤il+1≤T ajlil+1t′l+1
bjlii+1t′l+1

[
∑

1≤il+2≤T ail+1il+2t′l+2
bil+1il+2t′l+2

·

(
∑

1≤il+3≤T · · ·
∑

1≤ik−1≤T aik−2ik−1t′k−1
bik−2ik−1t′k−1

·

(
∑

1≤ik≤T aik−1ikt′kbik−1ikt′keik
))]}

= e−1
j0

m−kDbj0j1t′1 · · · bjl−1jlt′l ·

{∑1≤il+1≤T B
(t′l+1)

jlil+1
[
∑

1≤il+2≤T B
(t′l+2)

il+1il+2
·

(
∑

1≤il+3≤T · · ·
∑

1≤ik−1≤T B
(t′k−1)

ik−2ik−1
·

(
∑

1≤ik≤T B
(t′k)
ik−1ik

eik
))]}

= e−1
j0

m−kDbj0j1t′1 · · · bjl−1jlt′l · ( the jl-th entry of Bt′l+1
· · ·Bt′k(e1, · · · , eT )t)

= e−1
j0

m−kDbj0j1t′1 · · · bjl−1jlt′l · (Bt′l+1
· · ·Bt′k)jl

(e1, · · · , eT )t

(3.14)
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For any a ∈ Ej0 , there is an element α = (j0(j1t1)(j2t2) · · · ) ∈ Dj0 such that
a = π(α) ∈ Ej0 . Let B(a, ρ) be the closed ball with center a and ratio ρ. Choose the
least k such that Rk(xαl

, yαk
) ⊆ B(a, ρ), where l = bk logn mc. Then

√
(m−k+1)2 + (n−l+1)2 ≥ ρ.

But m−k > n−l−1, so

m−k > (
√

m2 + n4)−1ρ. (3.15)

Let t′i = yji−1jiti . Then

µj0(B(a, ρ)) ≥ µj0(Rk(xαl
, yαk

))
≥ ∑

β∈Rk(αl,αk)
µβ(Rk(xαl

, yαk
)) ( by the third formula of ( 2.4.5 ) )

=
∑

β∈Rk(αl,αk)
µβ(Eβ) ( by the first formula of ( 2.4.5 ) and (3.11))

=
∑

β∈Rk(αl,αk)
4β

= e−1
j0

m−kDbj0j1t′1 · · · bjl−1jlt′l(Bt′l+1
· · ·Bt′k)jl

(e1, · · · , eT )t

> e−1
j0

(
√

m2 + n4)−DρDbj0j1t′1 · · · bjl−1jlt′l(Bt′l+1
· · ·Bt′k)jl

(e1, · · · , eT )t

≥ e−1
j0

(
√

m2 + n4)−DρDbj0j1t′1 · · · bjl−1jlt′l · (min1≤i≤T ei)(Bt′l+1
· · ·Bt′k)jl

(1, · · · , 1)t

≥ e−1
j0

(
√

m2 + n4)−DρDbj0j1t′1 · · · bjl−1jlt′l · (min1≤i≤T ei)‖(Bt′l+1
· · ·Bt′k)jl

‖∞
= e−1

j0
(
√

m2 + n4)−DρD · (min1≤i≤T ei) · (fk(α))k

(3.16)
Hence

θ∗D(µj0 , a) = limρ→0
µj0 (B(a,ρ))

$DρD

≥ ($Dej0)
−1(

√
m2 + n4)−D · (mini ei) · limk→∞(fk(α))k

(3.17)

Under the condition of (a),

θ∗D(µj0 , a) ≥ ($Dej0)
−1(

√
m2 + n4)−D · (min

i
ei). (3.18)

by (2.4.1), notice that µj0(Ej0) = 1, (3.18) implies HD(Ej0) < ∞,. So dimH Ej0 ≤ D.
(a) is proved.

Now we begin to prove (b). Fixed an integer j0 = 1, · · · , T . By the condition
of (b), limfk(α) ≤ 1 for all α ∈ Fj0 ⊆ Dj0 . Let Fj0 = πj0(Fj0) ⊂ Ej0 . Then
µj0(Fj0) = τj0(π

−1
j0

(Fj0)) ≥ τj0(Fj0) > 0. Let µ̂ = µj0 |Fj0
be the restriction of the

measure µj0 on Fj0 .
For any a ∈ Fj0 , there is an element α ∈ Fj0 ⊆ Dj0 such that a = π(α). Consider

the closed ball B(a, ρ). Suppose ρ is small enough, for example, ρ < m−2. This time
we choose the maximal integer k such that m−k > 2ρ. Then m−k−1 ≤ 2ρ, so

m−k/2 > ρ ≥ m−k−1/2. (3.19)

It is easy to see that

B(a, ρ) ⊂ ∪p,q=−1,0,1Rk(xαl
+ p, yαk

+ q). (3.20)
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Let Θ = {β ∈ D
0
j0 ||β| = k}. Then Θ = ∪p,q∈ZR

(j0)
k (p, q). Now supp(µβ) = Eβ and

µj0 =
∑

β∈Θ µβ ( see ( 2.4.5 )). Hence

µ̂(B(a, ρ)) = µj0(B(a, ρ) ∩ Fj0)
=

∑
β∈Θ µβ(B(a, ρ) ∩ Fj0)

=
∑

β∈Θ µβ(B(a, ρ) ∩ Eβ ∩ Fj0)
≤ ∑

β∈Θ,Eβ∩B(a,ρ)∩Fj0 6=∅ µβ(Eβ)
≤ ∑

p,q∈Z,β∈R(j0)

k (p,q),Rk(p,q)∩B(a,ρ)∩Fj0 6=∅
µβ(Eβ) (by (3.11))

≤ ∑
p,q=0,±1,β∈R(j0)

k (xαl
+p,yαk

+q),Rk(xαl
+p,yαk

+q)∩Fj0 6=∅
µβ(Eβ) (by (3.20 ) )

=
∑

p,q=0,±1,Rk(xαl
+p,yαk

+q)∩Fj0 6=∅
∑

β∈R(j0)

k (xαl
+p,yαk

+q)
µβ(Eβ)

(3.21)
When Rk(xαl

+ p, yαk
+ q) ∩ Fj0 6= ∅, we can choose an element γ(p, q) ∈ Fj0 such

that πj0(γ(p, q)) ∈ Rk(xαl
+ p, yαk

+ q). So xγ(p,q)l
= xαl

+ p and yγ(p,q)k
=

yαk
+ q. Therefore γ(p, q) ∈ R

(j0)
k (xαl

+ p, yαk
+ q) and R

(j0)
k (xαl

+ p, yαk
+

q) = R
(j0)
k (xγ(p,q)l

, yγ(p,q)k
). Suppose γ(p, q) = (j0(j

(p,q)
1 t

(p,q)
1 ) · · · (j(p,q)

k t
(p,q)
k )). Let

r
(p,q)
i = y

j
(p,q)
i−1 j

(p,q)
i t

(p,q)
i

. Then by (3.14),

∑
β∈R(j0)

k (xαl
+p,yαk

+q)
µβ(Eβ)

=
∑

β∈R(j0)

k (xγ(p,q)l
,yγ(p,q)k

)
∆β

= e−1
j0

m−kDb
j0j

(p,q)
1 r

(p,q)
1

· · · b
j
(p,q)
l−1 j

(p,q)
l r

(p,q)
l

· (B
r
(p,q)
l+1

· · ·B
r
(p,q)
k

)
j
(p,q)
l

(e1, · · · , eT )t

≤ e−1
j0

m−kDb
j0j

(p,q)
1 r

(p,q)
1

· · · b
j
(p,q)
l−1 j

(p,q)
l r

(p,q)
l

· (maxi ei)·
(B

r
(p,q)
l+1

· · ·B
r
(p,q)
k

)
j
(p,q)
l

(1, · · · , 1)t

≤ e−1
j0

m−kDb
j0j

(p,q)
1 r

(p,q)
1

· · · b
j
(p,q)
l−1 j

(p,q)
l r

(p,q)
l

· (maxi ei) · T‖(Br
(p,q)
l+1

· · ·B
r
(p,q)
k

)
j
(p,q)
l

‖∞
= e−1

j0
m−kD(maxi ei)T [fk(γ(p, q))]k

(3.22)
So

µ̂(B(a, ρ)) ≤ e−1
j0

m−kD(maxi ei)T
∑

p,q=0,±1,Rk(xαl
+p,yαk

+q)∩Fj0 6=∅[fk(γ(p, q))]k

Hence

θ∗D(µ̂, a) = limρ→0
µ̂(B(a,ρ))

$DρD

≤ limρ→0[e−1
j0

m−kD(maxi ei)T∑
p,q=0,±1,Rk(xαl

+p,yαk
+q)∩Fj0 6=∅[fk(γ(p, q))]k/($DρD)]

≤ limk→∞[e−1
j0

m−kD(maxi ei)T∑
p,q=0,±1,Rk(xαl

+p,yαk
+q)∩Fj0 6=∅[fk(γ(p, q))]k/($D(m−k−1/2)D)]

≤ e−1
j0

(maxi ei)T (2m)D[limk→∞
∑

p,q=0,±1,Rk(xαl
+p,yαk

+q)∩Fj0 6=∅[fk(γ(p, q))]k]/$D

≤ e−1
j0

(maxi ei)T (2m)D[
∑

p,q=0,±1,Rk(xαl
+p,yαk

+q)∩Fj0 6=∅ limk→∞[fk(γ(p, q))]k]/$D

≤ e−1
j0

(maxi ei)T (2m)D9/$D

(3.23)
By (2.4.2), notice that µ̂(Fj0) > 0, we have HD(Fj0) > 0. So HD(Ej0) ≥ HD(Fj0) >
0. Consequently dimH Ej0 ≥ D. The theorem is proved.

Corollary and Definition 3.1. Under the condition of Theorem 3.2, set
bijk = a

logn m−1
ijk . Then each dimH Ei ≤ D and HD(Ei) < ∞. We denote this upper

bound of Hausdorff dimension as D(M).
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Proof. In this case, Bk = (alogn m
ijk ). We only need to prove that for any α =

(j0(j1t1) · · · ) ∈ D, limk→∞fk(α) ≥ 1.
Let

ξk(α) = (aj0j1t1 · · · ajk−1jktk
)

logn m
k ,

ηk(α) = (aj0j1t1 · · · ajl−1jltl
)

logn m
l − 1

k ,

ζk(α) =
‖[Bt′l+1

· · ·Bt′k ]jl
‖∞

(ajljl+1tl+1 · · · ajk−1jktk
)logn m

.

Then

fk(α) =
ξk(α)
ξl(α)

ηk(α)(ζk(α))
1
k . (3.24)

Obviously

ζk(α) ≥ 1. (3.25)

Now α ∈ D implies φji−1jiti ∈ Mji−1jit′i , Mji−1jit′i 6= ∅. So aji−1jit′i ≥ 1, ξk(α) ≥ 1 >
0. So

limk
ξk(α)
ξl(α)

≥ 1. (3.26)

On the other hand, aji−1jit′i ≤ n. So 1 ≤ ηk(α) ≤ (nl)
logn m

l − 1
k = nlogn m− l

k . But
logn m− l

k = (k logn m− bk logn mc)/k → 0 as k →∞. Hence

lim
k

ηk(α) = 1. (3.27)

Using (3.25), (3.26) and (3.27) in (3.24), we have

limkfk(α) ≥ 1.

Corollary and Definition 3.2. Under the condition of Theorem 3.2, set
bijk = ‖Ak‖logn m−1

∞ . Then each dimH Ei ≥ D and HD(Ei) > 0. We denote this
lower bound of Hausdorff dimension as d(M).

Proof. In this time, Bk = ‖Ak‖logn m−1
∞ Ak. Similar with the proof of previous

corollary, let

ξk(α) = (‖At1‖∞ · · · ‖Atk
‖∞)

logn m
k ,

ηk(α) = (‖At1‖∞ · · · ‖Atl
‖∞)

logn m
l − 1

k ,

ζk(α) =
‖[At′l+1

· · ·At′k ]jl
‖∞

‖Atl+1‖∞ · · · ‖Atk
‖∞ .
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Again, we have

fk(α) =
ξk(α)
ξl(α)

ηk(α)(ζk(α))
1
k , (3.28)

lim ηk(α) = 1. (3.29)

And

ζk(α) ≤ 1 (3.30)

is also obviously. Let j0 ∈ {1, · · · , T}. As τj0(Dj0) = 1, we can consider τj0 a
probability measure on Dj0 . For k = 1, 2, 3, · · · , define random variables on Dj0 by

{
Xk : (j0(j1t1) · · · ) → jk,
Yk : (j0(j1t1) · · · ) → yjk−1jktk

= t′k,

Define function L on {0, 1, · · · ,m− 1} by

L(t) = ‖At‖logn m
∞ .

Then it is easy to verify that
• {Xk, k = 1, 2, · · · } is an irreducible Markov chain with transition probability

matrix Λ, see (3.5) for the definition of Λ.
• P{Yk = t|Xk−1 = r,Xk = s} = ωrst, r, s = 1, · · · , T , t = 0, · · · ,m − 1. see

(3.6) for the definition of ωrst.
• Consider ξk as a random variable on Dj0 , then ξk = (L(Y1) · · ·L(Yk))

1
k .

Equivalently,
ln(ξk) = 1

k (ln(L(Y1)) + · · ·+ ln(L(Yk))).
• 1 ≤ ξk ≤ max0≤t<m ‖At‖logn m

∞ .
By the limit theory of Markov process(cf. [18], §3f), we know that there exists a subset
Fj0 ⊆ Dj0 such that τ(Fj0) > 0 and the sequence ξk(α), k = 1, 2, 3, · · · , converges
for every α ∈ Fj0 . Thus

lim
k→∞

ξk(α)
ξl(α)

= 1 for all α ∈ Fj0 . (3.31)

Using (3.29), (3.30) and (3.31) in (3.28), we have limk fk(α) ≤ 1 for all α ∈ Fj0 . So
the condition of (b) in Theorem 3.2 holds. Hence dimH E ≥ D.

Remark 3.1. If the size of a net M-matrix M is 1 × 1, then Ak = (a11k)
and A(M) is the McMullen carpet[26]. In this case, the upper bound D(M) of the
Hausdorff dimension of A(M) in Corollary 3.1 coincides with the lower bound d(M)
in Corollary 3.2. Moreover,

dimH A(M) = logm(
∑

k

‖Ak‖logn m
∞ ). (3.32)

This result coincide with the result of McMullen[26]. So our Theorem 3.2 is a gener-
alization of McMullen[26]’s result to the net M-matrix.

Remark 3.2. If one can find numbers bijk such that both the conditions (a)
and (b) of Theorem 3.2 are satisfied, the exact Hausdorff dimension of invariant c-
vectors of net M-matrix will be determined. And the Hausdorff measures of Ei will
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satisfy the relation 0 < HD(Ei) < ∞, same as that has been proved by McMullen
for McMullen carpet, where D = dimH(Ei). On the other hand, Corollary 3.1 and
Corollary 3.2 give an upper bound D(M) and a lower bound d(M) of the Hausdorff
dimension respectively. As E is invariant under Ms for any s and Ms are all net
M-matrices, so we have

d(Ms) ≤ dimH E ≤ D(Ms). (3.33)

One will hope to prove

lim
s→∞

d(Ms) = lim
s→∞

D(Ms). (3.34)

We can prove that d(Ms) is increasing and D(Ms) is decreasing while s is increasing.
So lims→∞ d(Ms) and lims→∞D(Ms) exist. There are some cases that d(M) =
D(M), but it is not easy to prove (3.34) in general. In order to prove (3.34), we
need to understand the behaviour of the sequence {Bi1 · · ·Bik

: k = 1, 2, 3, · · · , and
1 ≤ i1, · · · , ik ≤ m}, where B1, · · · , Bm are matrices with non-negative entries and∑

Bk is irreducible.

Remark 3.3. For s = 1, 2, 3, · · · and v = 1, · · · , T , define
{

Gs(M) = 1
s logm(

∑
0≤i1,··· ,is≤m−1 ‖AisAis−1 · · ·Ai1‖logn m

∞ ),
gs,v(M) = 1

s logm( 1
T

∑
0≤i1,··· ,is≤m−1([AisAis−1 · · ·Ai1 ]vv)logn m),

(3.35)

where [AisAis−1 · · ·Ai1 ]vv means the (v, v)-entry of the matrix AisAis−1 · · ·Ai1 .
Kenyon and Peres[21] proved that

gs,v(M) ≤ dimH(∪iEi) ≤ Gs(M) (3.36)

for all v = 1, · · · , T and s = 1, 2, · · · . They also proved that there exists at least one
v ∈ 1, · · · , T such that

lim
s→∞

gs,v(M) = lim
s→∞

Gs(M). (3.37)

Consequently they obtained

dimH(∪iEi) = lim
s→∞

Gs(M). (3.38)

Because M is irreducible, each component of E = A(M) has the same Hausdorff
dimension. So dimH Ei = dimH(∪iEi). In actual computation of dimH(∪iEi) using
(3.38), one can only compute a finite number of Gs(M). Therefore a sequence of
upper bound of dimH(∪iEi) will be obtained. In §5, we shall study an example and
give the numerical computational results for gs,v(M), Gs(M), d(Ms) and D(Ms). It
seems that gs,v(M) ≤ d(Ms) ≤ Gs(M) ≤ D(Ms) always hold.

For the sake of calculating d(Ms) and D(Ms) from M , we give the following
result without proof.

Proposition 3.1. Let M be a net M-matrix with respect to B =
(

1
n 0
0 1

m

)
,

where n ≥ m ≥ 2. Then Ms is a net M-matrix with respect to Bs =
(

1
ns 0
0 1

ms

)
.

Suppose Ms = (M (s)
ij ). Similar with (3.2), we define

M
(s)
ijk = {φ ∈ M

(s)
ij | the y-coordinate of φ(0) is

k

ms
},
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for k = 0, 1, · · · ,ms − 1. Then
∑

1≤t≤T

#M
(s)
itk ·#M

(s′)
tjk′ = #M

(s+s′)
ijK , (3.39)

where K = k + k′ms, 1 ≤ i, j ≤ T , 0 ≤ k < ms, 0 ≤ k′ < ms′ , s, s′ = 1, 2, 3, · · · .
4. Self-affine fractals and net M-matrix. In this section we study a class of

self-affine sets. We do not need the assumption that the open set condition holds.
We shall prove such self-affine sets can be expressed as unions of some components
of the invariant c-vectors of some net M-matrices. Then we can use McMullen’s
formula (3.32), Kenyon and Peres’ formula (3.36) and our Theorem 2.5.1, Corollary
3.1, Corollary 3.2 to estimate their Hausdorff dimension.

For d × d real matrix A and vector b ∈ Rd, we use ϕA,b to denote the affine
mapping x 7→ Ax + b on Rd and use Tb to denote the translation x 7→ x + b on Rd.
Then we can check that





ϕA,b ◦ Tc = ϕA,b+Ac,
Tc ◦ ϕA,b = ϕA,b+c,
ϕA,bϕA1,c = ϕAA1,Ac+b,
ϕ−1

A,b = ϕA−1,−A−1b, if A is invertible,

(4.1)

where A,A1 are matrix and b, c are vectors.

Theorem 4.1. Let n1, · · · , nd be positive integers bigger than 1 and
B =diag(1/n1, 1/n2, · · · , 1/nd). Let Φ = {ϕB,ui |1 ≤ i ≤ L}. Let E = A(Φ) be
the attractor of Φ. Suppose there exist an invertible matrix Γ and a vector β ∈ Rd

such that {Γui +β|1 ≤ i ≤ L} ⊂ Qd and ΓB = BΓ. Then there exists a net M-matrix
M with respect to B such that E can be expressed by some components of A(M) as
follows:

A(Φ) = ∪l
i=1ψi(A(M)ti), (4.2)

where 1 ≤ t1, · · · , tl ≤ T , T ×T is the size of M , A(M)ti means the ti-th components
of A(M), and ψ1, · · · , ψl are invertible affine mappings.

Proof. Let E = A(Φ) be the attractor of Φ. We shall prove the theorem in 6
steps.
(1) We can assume that every ui ∈ Qd.
Proof of (1). Let γ(x) = Γx+(I−B)−1β, where I is the unit matrix. It is easy to check
that γφB,uiγ

−1(x) = Bx + Γui + β for each i. We know {Γui + β|1 ≤ i ≤ L} ⊂ Qd.
As the attractor of γΦγ−1 is γ(E), so we can assume that every ui ∈ Qd in the rest
of the proof.
(2) Suppose that (I −B)−1ui = (v(i)

1 , · · · , v
(i)
d )t. Let v

(min)
j = miniv

(i)
j and v

(max)
j =

maxiv
(i)
j . Then we can assume that each v

(min)
j = 0 and each v

(max)
j is either 0 or 1.

Proof of (2). Let v = (v(min)
1 , · · · , v

(min)
d )t. For j = 1 · · · , d, let

lj =

{
1 if v

(max)
j = v

(min)
j ,

v
(max)
j − v

(min)
j if v

(max)
j 6= v

(min)
j .

Define γ(x) =diag(l1, · · · , ld)−1(x − v). Then, after replacing Φ by γΦγ−1, we can
have that each v

(min)
j = 0 and each v

(max)
j is either 0 or 1.
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(3). Let U = {(x1, · · · , xd)t|0 < xi < 1}. Then Φ2(U) ⊆ Φ(U) ⊆ U and hence
E ⊆ Φ(U) ⊆ U .
Proof of (3). This can be checked easily by some direct calculation and use Theorem
2.2.1.
(4). In this step we shall construct a special c-vector F = (F1, · · · , FT )t with each
component non-empty, such that

E = ∪iψi(Fti
) (4.3)

for some invertible affine mappings ψi.
Proof of (4). Suppose ui = (l(i)1 /k

(i)
1 , l

(i)
2 /k

(i)
2 , · · · , l

(i)
d /k

(i)
d )t, where l

(i)
j , k

(i)
j ∈ Z and

k
(i)
j > 0. Let wj be the minimal common multiple of {nj , k

(i)
j |i = 1, · · · , L}, j =

1, · · · , d. For p = (i1, · · · , id)t ∈ Zd ⊆ Rd, define

Ip = [
i1
w1

,
i1 + 1

w1
]× [

i2
w2

,
i2 + 1

w2
]× · · · × [

id
wd

,
id + 1

wd
], (4.4)

Let

Ω = {p ∈ Zd| o

Ip ∩Φ(U) 6= ∅}. (4.5)

Then Ω ⊆ {p|Ip ∩ U 6= ∅} ⊆ {(i1, · · · , id)t ∈ Zd|0 ≤ ij < wj}. For any e ∈ E, there

exists at least one p ∈ Zd such that e ∈ Ip. If e ∈o

Ip, then
o

Ip ∩E 6= ∅. By step (3),
o

Ip ∩Φ(U) 6= ∅. So
o

Ip ∩Φ(U) 6= ∅. Hence p ∈ Ω. On the other hand, suppose e ∈ ∂Ip.

By step (3), we have e ∈ Φ(U). If e ∈ Φ(U), then Ip ∩ Φ(U) 6= ∅. So
o

Ip ∩Φ(U) 6= ∅.
Hence p ∈ Ω. If e ∈ ∂Φ(U), then there have two case: (1).

o

Ip ∩Φ(U) 6= ∅. Hence

p ∈ Ω. (2).
o

Ip ∩Φ(U) = ∅. In case (2), e ∈ ∂(Φ(U)) ∩ ∂
o

Ip. It is obviously that we

can find a p′ ∈ Zd such that e ∈ Ip′ and
o

Ip′ ∩Φ(U) 6= ∅. Thus p′ ∈ Ω. So we have
E ⊆ ∪p∈ΩIp. Hence

E = ∪p∈ΩE ∩ Ip. (4.6)

Let

W =




w1 0
. . .

0 wd


 .

For any non-empty subset Λ ⊆ Ω, define

EΛ =
⋃

p∈Λ

ϕW,−p(E ∩ Ip). (4.7)

It is clearly that for any Λ1, Λ2 ⊆ Ω,

EΛ1∪Λ2 = EΛ1 ∪ EΛ2 . (4.8)

Notice that φW,−p(Ip) = U , we have

EΛ = (
⋃

p∈Λ

ϕW,−p(E)) ∩ U.
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Set E∅ = ∅. Then





EΛ is nonempty compact set if Λ 6= ∅,
EΛ ⊆ U,
E =

⋃
{p}⊆Ω ϕW−1,W−1p(E{p}).

(4.9)

So E = (EΛ|Λ ⊆ Ω, Λ 6= ∅) is the c-vector such that (4.3) holds.

(5) There exists an M-matrix M such that (EΛ|Λ ⊆ Ω, Λ 6= ∅) = A(M). Consequently,
(4.3) is same with (4.2).

Proof of (5). Because E = Φ(E) = ∪L
i=1ϕB,ui

(E), so for any p = (i1, · · · , id)t ∈ Ω,

E ∩ Ip
=

⋃L
i=1 ϕB,ui(E) ∩ Ip

=
⋃L

i=1 ϕB,ui(E ∩ ϕB−1,−B−1ui
(Ip))

(4.10)

It is easy to see that

ϕB−1,−B−1ui
(Ip) = [n1i1

w1
− n1u

(i)
1 , n1(i1+1)

w1
− n1u

(i)
1 ]×

· · · × [ndid

wd
− ndu

(i)
d , nd(id+1)

wd
− ndu

(i)
d ].

(4.11)

Let

ξpi = (n1i1 − n1w1u
(i)
1 , · · · , ndid − ndwdu

(i)
d )t

= (n1i1 − n1w1l
(i)
1 /k

(i)
1 , · · · , ndid − ndwdl

(i)
d /k

(i)
d )t ∈ Zd.

(4.12)

Then

Bξpi = p−Wui (4.13)

and

ϕB−1,−B−1ui
(Ip) =

⋃

0≤t1<n1,··· ,0≤td<nd

Iξpi+(t1,··· ,td)t . (4.14)

So

E ∩ Ip
=

⋃L
i=1 ϕB,ui(E ∩ ϕB−1,−B−1ui

(Ip))
=

⋃L
i=1 ϕB,ui [E ∩ (

⋃
0≤t1<n1,··· ,0≤td<nd

Iξpi+(t1,··· ,td)t)].

=
⋃L

i=1 ϕB,ui [E ∩ (
⋃

0≤t1<n1,··· ,0≤td<nd
ξpi+(t1,··· ,td)t∈Ω

Iξpi+(t1,··· ,td)t)].

=
⋃L

i=1

⋃
0≤t1<n1,··· ,0≤td<nd
ξpi+(t1,··· ,td)t∈Ω

ϕB,ui(E ∩ Iξpi+(t1,··· ,td)t).

(4.15)
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Hence for any nonempty Λ ⊆ Ω,

EΛ =
⋃

p∈Λ ϕW,−p(E ∩ Ip)

=
⋃

p∈Λ ϕW,−p(
⋃L

i=1

⋃
0≤t1<n1,··· ,0≤td<nd
ξpi+(t1,··· ,td)t∈Ω

ϕB,ui
(E ∩ Iξpi+(t1,··· ,td)t))

=
⋃

p∈Λ

⋃L
i=1

⋃
0≤t1<n1,··· ,0≤td<nd
ξpi+(t1,··· ,td)t∈Ω

[ϕW,−p ◦ ϕB,ui(E ∩ Iξpi+(t1,··· ,td)t)]

=
⋃

p∈Λ

⋃L
i=1

⋃
0≤t1<n1,··· ,0≤td<nd
ξpi+(t1,··· ,td)t∈Ω

{ϕB,Bξpi+B(t1,··· ,td)t+Wui−p

[ϕW,−ξpi−(t1,··· ,td)t(E ∩ Iξpi+(t1,··· ,td)t)]}

=
⋃

p∈Λ

⋃L
i=1

⋃
0≤t1<n1,··· ,0≤td<nd
ξpi+(t1,··· ,td)t∈Ω

{ϕB,B(t1,··· ,td)t

[ϕW,−ξpi−(t1,··· ,td)t(E ∩ Iξpi+(t1,··· ,td)t)]}

=
⋃

0≤t1<n1,··· ,0≤td<nd

⋃L
i=1

⋃
p∈Λ,ξpi+(t1,··· ,td)t∈Ω{ϕB,B(t1,··· ,td)t

[ϕW,−ξpi−(t1,··· ,td)t(E ∩ Iξpi+(t1,··· ,td)t)]}

=
⋃

0≤t1<n1,··· ,0≤td<nd
{ϕB,B(t1,··· ,td)t [

⋃L
i=1

⋃
p∈Λ,ξpi+(t1,··· ,td)t∈Ω

(ϕW,−ξpi+(t1,··· ,td)t(E ∩ Iξpi+(t1,··· ,td)t))]}.

(4.16)

For t = (t1, · · · , td)t ∈ Zt, let

ΩΛ,t = {ξpi + t|p ∈ Λ, 1 ≤ i ≤ L} ∩ Ω. (4.17)

Then (4.16) becomes

EΛ =
⋃

0≤t1<n1,··· ,0≤td<nd,ΩΛ,t 6=∅ ϕB,B(t1,··· ,td)t(EΩΛ,t) (4.18)

Hence E = (EΛ; Λ ⊆ Ω, Λ 6= ∅ ) is invariant under the M-matrix




M = (MΛ1Λ2)Λ1,Λ2⊆Ω\∅, where

MΛ1Λ2 = {ϕB,Bt|t = (t1, · · · , td)t, 0 ≤ tj < nj , 1 ≤ j ≤ d, ΩΛ1,t = Λ2}.
(4.19)

By (4.7), each components of E is non-empty. So E = A(M) by (1) of Theorem 2.2.2.
(6) The M-matrix M defined in (4.19) is a net Matrix with respect to B.
Proof of (6). It is clear that M satisfies the condition (1) of Definition 3.1. So, we
only need to prove that the condition (2) of Definition 3.1 holds.

For any Λ,Λ1,Λ2 ⊆ Ω \ {∅}, suppose ϕB,Bt ∈ MΛΛ1 and ϕB,Bt̂ ∈ MΛΛ2 . If
ϕB,Bt = ϕB,Bt̂, then t = t̂. So Λ1 = ΩΛ,t = ΩΛ,t̂ = Λ2. This is just the condition (2)
of Definition 3.1. The Theorem is proved.

As consequences of Theorem 4.1, according the results of McMullen[26],
Bedford[3], Mauldin and Williams[25], Kenyon and Peres[21, 22], and our Theorem
2.5.1, we claim that:
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• 1-dimensional case (cf. [20, 25] or Theorem 2.5.1). Let n ≥ 2 be an integer.
Let Ξ ⊆ R be a finite set. If there exist numbers Γ, γ ∈ R, Γ 6= 0, such
that ΓΞ + γ ⊆ Q, then the Hausdorff dimension of the attractor of IFS
{ 1

nx + b|b ∈ Ξ} is determined.
• 2-dimension case (cf. [3, 21, 26]). Let m,n ≥ 2 be integers and B =(

1/n 0
0 1/m

)
. Let Ξ ⊆ R2 be a finite set. If there exist invertible ma-

trix Γ ∈ R2×2 and vector γ ∈ R2 such that ΓΞ + γ ⊆ Q2 and BΓ = ΓB,
then the box dimension of the attractor A(Φ) of IFS Φ = {Bx + b|b ∈ Ξ} is
determined. For the Hausdorff dimension, there are sequences of boundaries
gs ≤ dimH A(Φ) ≤ Gs such that dimH A(Φ) = lims→∞ gs = lims→∞Gs.
Moreover, the velure of dimH A(Φ) can be computed explicitly in some cases
(cf. Proposition 3.4 and some examples in [21]).

• High-dimension case (cf. [22]). Let n1, · · · , nd ≥ 2 be integers and
B =diag(1/n1, · · · , 1/nd). Let Ξ ⊆ Rd be a finite set. If there ex-
ist invertible matrix Γ ∈ Rd×d and vector γ ∈ Rd such that ΓΞ + γ ⊆
{0, 1, · · · , n1− 1}× · · ·×{0, 1, · · · , nd− 1} and BΓ = ΓB, then the Hausdorff
and box dimensions of the attractor A(Φ) of IFS Φ = {Bx + b|b ∈ Ξ} are
determined.

5. Example. In this section, we study an example of self-affine set on the plane.
The self-affine set in this example does not satisfy the open set condition. Following
the method given in the proof of Theorem 4.1, we shall find a net Matrix M such
that this self-affine set equals to the union of some components of A(M). Then we
get estimations of its Hausdorff dimension.

Let B =
(

1
3 0
0 1

2

)
. Define iterated function system Φ = {φi|i = 1, · · · , 5},

where φi(x) = Bx + bi, b1 =
(

0
0

)
, b2 =

(
0
1
2

)
, b3 =

(
2
3
0

)
, b4 =

(
2
3
1
2

)
and

b5 =
(

1
2
1
4

)
. Let E be the attractor of Φ. Then E is a self-affine set and Φ does not

satisfies open set condition, see Figure 1, where I = [0, 1]× [0, 1].

(a) I (b) Φ(I) (c) Φ2(I) (d) E

Fig. 1. Self-affine set E = A(Φ) which has overlapping

It is clearly that Φ satisfies the condition of Theorem 4.1. So we can find a net
M-matrix M such that E can be expressed as an union of some components of A(M).
The Proof of Theorem 4.1 in fact is a method to determine M .

Following the step (4) in the proof Theorem 4.1, we have the minimal common
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multiple numbers w1 = 6 and w2 = 4, hence W =
(

6 0
0 4

)
. So for each p =

(
i
j

)
∈ Z2, Ip = [ i

6 , i+1
6 ]× [ j

4 , j+1
4 ] (see (4.4)).

Let U = (0, 1)× (0, 1). Then it is easy to check that (see (4.5))

Ω = {p ∈ Z2| o

Ip ∩Φ(U) 6= ∅}
= {(0

0

)
,
(
1
0

)
,
(
4
0

)
,
(
5
0

)
,
(
0
1

)
,
(
1
1

)
,
(
3
1

)
,
(
4
1

)
,
(
5
1

)
,
(
0
2

)
,
(
1
2

)
,
(
3
2

)
,
(
4
2

)
,
(
5
2

)
,
(
0
3

)
,
(
1
3

)
,
(
4
3

)
,
(
5
3

)}.
So, according to the step (5) in the proof of Theorem 4.1, the M-matrix defined by
(4.19) is the required net M-matrix, and the c-vector (EΛ|Λ ⊆ Ω,Λ 6= ∅) , where EΛ

is defined by (4.7), is the associated invariant c-vector. But the size of this M-matrix
is too big — it is 218 − 1. So we shall try to find a small one.

Applying (4.18) to each p ∈ Ω, we can obtain




E{(0
0)} = E{(4

0)} = E{(0
2)} = E{(3

1)} =
ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
1)}) ∪ ϕB,B(1

1)(E{(1
1)}),

E{(1
0)} = E{(5

0)} = E{(1
2)} = E{(5

2)} =
ϕB,B(1

0)(E{(4
0)}) ∪ ϕB,B(2

0)(E{(5
0)}) ∪ ϕB,B(0

1)(E{(3
1)})

∪ϕB,B(1
1)(E{(4

1)}) ∪ ϕB,B(2
1)(E{(5

1)}),
E{(0

1)} = E{(3
2)} = E{(0

3)} = E{(4
3)} =

ϕB,B(0
0)(E{(0

2)}) ∪ ϕB,B(1
0)(E{(1

2)}) ∪ ϕB,B(0
1)(E{(0

3)}) ∪ ϕB,B(1
1)(E{(1

3)}),
E{(1

1)} = E{(5
1)} = E{(1

3)} = E{(5
3)} =

ϕB,B(0
0)(E{(3

2)}) ∪ ϕB,B(1
0)(E{(4

2)}) ∪ ϕB,B(2
0)(E{(5

2)})
∪ϕB,B(1

1)(E{(4
3)}) ∪ ϕB,B(2

1)(E{(5
3)}),

E{(4
1)} = ϕB,B(0

0)(E{(0
2)}) ∪ ϕB,B(1

0)(E{(1
2),(4

0)}) ∪ ϕB,B(2
0)(E{(5

0)})
∪ϕB,B(0

1)(E{(0
3),(3

1)}) ∪ ϕB,B(1
1)(E{(1

3),(4
1)}) ∪ ϕB,B(2

1)(E{(5
1)}),

E{(4
2)} = ϕB,B(0

0)(E{(0
0),(3

2)}) ∪ ϕB,B(1
0)(E{(1

0),(4
2)}) ∪ ϕB,B(2

0)(E{(5
2)})

∪ϕB,B(0
1)(E{(0

1)}) ∪ ϕB,B(1
1)(E{(1

1),(4
3)}) ∪ ϕB,B(2

1)(E{(5
3)}),

(5.1)
Now, in the subscripts of E in (5.1), by replacing all

(
4
0

)
,
(
0
2

)
and

(
3
1

)
by

(
0
0

)
, replacing

all
(
5
0

)
,
(
1
2

)
and

(
5
2

)
by

(
1
0

)
, replacing all

(
3
2

)
,
(
0
3

)
and

(
4
3

)
by

(
0
1

)
, and replacing all

(
5
1

)
,
(
1
3

)

and
(
5
3

)
by

(
1
1

)
, we obtain





E{(0
0)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
1)}) ∪ ϕB,B(1

1)(E{(1
1)}),

E{(1
0)} = ϕB,B(1

0)(E{(0
0)}) ∪ ϕB,B(2

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
0)})

∪ϕB,B(1
1)(E{(4

1)}) ∪ ϕB,B(2
1)(E{(1

1)}),
E{(0

1)} = ϕB,B(0
0)(E{(0

0)}) ∪ ϕB,B(1
0)(E{(1

0)}) ∪ ϕB,B(0
1)(E{(0

1)}) ∪ ϕB,B(1
1)(E{(1

1)}),
E{(1

1)} = ϕB,B(0
0)(E{(0

1)}) ∪ ϕB,B(1
0)(E{(4

2)}) ∪ ϕB,B(2
0)(E{(1

0)})
∪ϕB,B(1

1)(E{(0
1)}) ∪ ϕB,B(2

1)(E{(1
1)}),

E{(4
1)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(1
0),(0

0)}) ∪ ϕB,B(2
0)(E{(1

0)})
∪ϕB,B(0

1)(E{(0
1),(0

0)}) ∪ ϕB,B(1
1)(E{(1

1),(4
1)}) ∪ ϕB,B(2

1)(E{(1
1)}),

E{(4
2)} = ϕB,B(0

0)(E{(0
0),(0

1)}) ∪ ϕB,B(1
0)(E{(1

0),(4
2)}) ∪ ϕB,B(2

0)(E{(1
0)})

∪ϕB,B(0
1)(E{(0

1)}) ∪ ϕB,B(1
1)(E{(1

1),(0
1)}) ∪ ϕB,B(2

1)(E{(1
1)}).

(5.2)
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Comparing the first and third equation in (5.2), we have E{(0
0)} = E{(0

1)}. By replacing
all the E{(0

1)} in (5.2) by E{(0
0)}, we get





E{(0
0)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
0)}) ∪ ϕB,B(1

1)(E{(1
1)}),

E{(1
0)} = ϕB,B(1

0)(E{(0
0)}) ∪ ϕB,B(2

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
0)})

∪ϕB,B(1
1)(E{(4

1)}) ∪ ϕB,B(2
1)(E{(1

1)}),
E{(1

1)} = ϕB,B(0
0)(E{(0

0)}) ∪ ϕB,B(1
0)(E{(4

2)}) ∪ ϕB,B(2
0)(E{(1

0)})
∪ϕB,B(1

1)(E{(0
0)}) ∪ ϕB,B(2

1)(E{(1
1)}),

E{(4
1)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(1
0),(0

0)}) ∪ ϕB,B(2
0)(E{(1

0)})
∪ϕB,B(0

1)(E{(0
0)}) ∪ ϕB,B(1

1)(E{(1
1),(4

1)}) ∪ ϕB,B(2
1)(E{(1

1)}),
E{(4

2)} = ϕB,B(0
0)(E{(0

0)}) ∪ ϕB,B(1
0)(E{(1

0),(4
2)}) ∪ ϕB,B(2

0)(E{(1
0)})

∪ϕB,B(0
1)(E{(0

0)}) ∪ ϕB,B(1
1)(E{(1

1),(0
0)}) ∪ ϕB,B(2

1)(E{(1
1)}).

(5.3)
Comparing the forth equation with the union of the first and second equation in (5.3),

applying the formula (4.8), we get E{(0
0),(1

0)} = E{(4
1)}. Similarly, from the first, third

and fifth equations in (5.3), we get E{(0
0),(1

1)} = E{(4
2)}. So

E{(0
0),(1

0),(1
1)} = E{(4

1),(1
1)} = E{(4

2),(1
0)} = E{(4

1),(4
2)}.

Thus (5.3) becomes




E{(0
0)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
0)}) ∪ ϕB,B(1

1)(E{(1
1)}),

E{(1
0)} = ϕB,B(1

0)(E{(0
0)}) ∪ ϕB,B(2

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
0)})

∪ϕB,B(1
1)(E{(4

1)}) ∪ ϕB,B(2
1)(E{(1

1)}),
E{(1

1)} = ϕB,B(0
0)(E{(0

0)}) ∪ ϕB,B(1
0)(E{(4

2)}) ∪ ϕB,B(2
0)(E{(1

0)})
∪ϕB,B(1

1)(E{(0
0)}) ∪ ϕB,B(2

1)(E{(1
1)}),

E{(4
1)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(4
1)}) ∪ ϕB,B(2

0)(E{(1
0)})

∪ϕB,B(0
1)(E{(0

0)}) ∪ ϕB,B(1
1)(E{(0

0),(1
0),(1

1)}) ∪ ϕB,B(2
1)(E{(1

1)}),
E{(4

2)} = ϕB,B(0
0)(E{(0

0)}) ∪ ϕB,B(1
0)(E{(0

0),(1
0),(1

1)}) ∪ ϕB,B(2
0)(E{(1

0)})
∪ϕB,B(0

1)(E{(0
0)}) ∪ ϕB,B(1

1)(E{(4
2)}) ∪ ϕB,B(2

1)(E{(1
1)}).

(5.4)
Taking union of the first, second and third equation of (5.4), we obtain

E{(0
0),(1

0),(1
1)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(0
0),(1

0),(1
1)}) ∪ ϕB,B(2

0)(E{(1
0)})

∪ϕB,B(0
1)(E{(0

0)}) ∪ ϕB,B(1
1)(E{(0

0),(1
0),(1

1)}) ∪ ϕB,B(2
1)(E{(1

1)}).
(5.5)

Compare the last equation in (5.4) with (5.5). Suppose p ∈ E{(4
2)}. Then it is

obviously that if p 6∈ ϕB,B(1
1)(E{(4

2)}), then p ∈ E{(0
0),(1

0),(1
1)}. Consequently, if

p ∈ ϕB,B(1
1)(E{(4

2)}) and p 6∈ ϕ2
B,B(1

1)
(E{(4

2)}), then p ∈ ϕB,B(1
1)(E{(0

0),(1
0),(1

1)}) ⊆
E{(0

0),(1
0),(1

1)}. Repeating this argument, we have that if p 6∈ ϕk
B,B(1

1)
(E{(4

2)}) for some

k, then p ∈ E{(0
0),(1

0),(1
1)}. So if p 6∈ ∩k≥1ϕ

k
B,B(1

1)
(E{(4

2)}), then p ∈ E{(0
0),(1

0),(1
1)}. But

∩k≥1ϕ
k
B,B(1

1)
(E{(4

2)}) = {( 1
2
1

)} = ∩k≥1ϕ
k
B,B(1

1)
(E{(0

0),(1
0),(1

1)}) ⊆ E{(0
0),(1

0),(1
1)}. So we
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have proved that p ∈ E{(4
2)} implies p ∈ E{(0

0),(1
0),(1

1)}. Similarly, we can prove that
p ∈ E{(0

0),(1
0),(1

1)} implies p ∈ E{(4
2)}. Thus E{(4

2)} = E{(0
0),(1

0),(1
1)}. Using the same

argument, we can also prove that E{(4
1)} = E{(0

0),(1
0),(1

1)}. So (5.4) becomes





E{(0
0)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
0)}) ∪ ϕB,B(1

1)(E{(1
1)}),

E{(1
0)} = ϕB,B(1

0)(E{(0
0)}) ∪ ϕB,B(2

0)(E{(1
0)}) ∪ ϕB,B(0

1)(E{(0
0)})

∪ϕB,B(1
1)(E{(4

1)}) ∪ ϕB,B(2
1)(E{(1

1)}),
E{(1

1)} = ϕB,B(0
0)(E{(0

0)}) ∪ ϕB,B(1
0)(E{(4

1)}) ∪ ϕB,B(2
0)(E{(1

0)})
∪ϕB,B(1

1)(E{(0
0)}) ∪ ϕB,B(2

1)(E{(1
1)}),

E{(4
1)} = ϕB,B(0

0)(E{(0
0)}) ∪ ϕB,B(1

0)(E{(4
1)}) ∪ ϕB,B(2

0)(E{(1
0)})

∪ϕB,B(0
1)(E{(0

0)}) ∪ ϕB,B(1
1)(E{(4

1)}) ∪ ϕB,B(2
1)(E{(1

1)}),
(5.6)

Let E = (E{(0
0)}, E{(1

0)}, E{(1
1)}, E{(4

1)})
t (see Figure 2). Define

M =




{ϕB,B(0
0), ϕB,B(0

1)} {ϕB,B(1
0)} {ϕB,B(1

1)} ∅
{ϕB,B(1

0), ϕB,B(0
1)} {ϕB,B(2

0)} {ϕB,B(2
1)} {ϕB,B(1

1)}
{ϕB,B(0

0), ϕB,B(1
1)} {ϕB,B(2

0)} {ϕB,B(2
1)} {ϕB,B(1

0)}
{ϕB,B(0

0), ϕB,B(0
1)} {ϕB,B(2

0)} {ϕB,B(2
1)} {ϕB,B(1

0), ϕB,B(1
1)}




. (5.7)

Then (5.6) is equivalent to

M(E) = E.

It is easy to check that M is an irreducible net M-matrix. So E = A(M) and each
component of E has the same Hausdorff dimension, we denote this dimension as
dimH E. According to the third equation in (4.9), dimH E = dimH E.

(a) E{(0
0)} (b) E{(1

0)} (c) E{(1
1)} (d) E{(4

1)}

Fig. 2. c-vector E = A(M)

Now we apply Corollary 3.1 and Corollary 3.2 to get estimates of dimH E:

d(Ms) ≤ dimH E ≤ D(Ms) for s = 1, 2, 3, · · · .

From Theorem 3.2 and Proposition 3.1, it is easy to see that d(Ms) and D(Ms) can
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be calculated from the matrices defined in (3.3). Here, these matrices are

A0 =




1 1 0 0
1 1 0 0
1 1 0 1
1 1 0 1


 and A1 =




1 0 1 0
1 0 1 1
1 0 1 0
1 0 1 1


 . (5.8)

By [21], the sequences gs,v(M) and Gs(M) (see Remark 3.3) also give estimations of
the Hausdorff dimension. We perform numerical computation for 1 ≤ s ≤ 25 (The
formula (3.39) of Proposition 3.1 is used here to write the program). The results are
listed below:

s gs,1(M) gs,2(M) gs,3(M) gs,4(M) d(Ms) Gs(M) D(Ms)
1 −1.0000000 −2.0000000 −2.0000000 −1.0000000 1.6575031 2.0000000 2.2424656
2 0.3154649 −0.0863826 −0.0863826 0.1748419 1.7046807 1.9166481 2.0443969
3 0.7889960 0.5396336 0.5396336 0.6487352 1.7275150 1.8761924 1.9619427
4 1.0338196 0.8507275 0.8507275 0.9149821 1.7403752 1.8534427 1.9178629
5 1.1825780 1.0369919 1.0369919 1.0836720 1.7484232 1.8392345 1.8907989
6 1.2821922 1.1610793 1.1610793 1.1987008 1.7538699 1.8296319 1.8726104
7 1.3534524 1.2496921 1.2496921 1.2815894 1.7577812 1.8227412 1.8595825
8 1.4069242 1.3161464 1.3161464 1.3439602 1.7607201 1.8175655 1.8498023
9 1.4485200 1.3678318 1.3678318 1.3925283 1.7630073 1.8135379 1.8421931
10 1.4817984 1.4091798 1.4091798 1.4313992 1.7648374 1.8103153 1.8361051
11 1.5090266 1.4430099 1.4430099 1.4632072 1.7663349 1.8076786 1.8311238
12 1.5317169 1.4712016 1.4712016 1.4897153 1.7675829 1.8054813 1.8269727
13 1.5509164 1.4950561 1.4950561 1.5121455 1.7686388 1.8036220 1.8234602
14 1.5673731 1.5155029 1.5155029 1.5313715 1.7695439 1.8020283 1.8204495
15 1.5816356 1.5332234 1.5332234 1.5480341 1.7703284 1.8006471 1.8178403
16 1.5941153 1.5487288 1.5487288 1.5626139 1.7710148 1.7994386 1.8155572
17 1.6051267 1.5624101 1.5624101 1.5754784 1.7716204 1.7983722 1.8135426
18 1.6149147 1.5745712 1.5745712 1.5869135 1.7721587 1.7974243 1.8117520
19 1.6236724 1.5854522 1.5854522 1.5971449 1.7726404 1.7965762 1.8101498
20 1.6315543 1.5952451 1.5952451 1.6063532 1.7730739 1.7958129 1.8087078
21 1.6386855 1.6041054 1.6041054 1.6146845 1.7734661 1.7951223 1.8074032
22 1.6451685 1.6121602 1.6121602 1.6222584 1.7738227 1.7944945 1.8062171
23 1.6510877 1.6195145 1.6195145 1.6291737 1.7741482 1.7939213 1.8051342
24 1.6565137 1.6262560 1.6262560 1.6355127 1.7744467 1.7933959 1.8041416
25 1.6615055 1.6324582 1.6324582 1.6413446 1.7747212 1.7929124 1.8032283

Thus we have 1.7747212 ≤ dimH E ≤ 1.7929124. It seems that gs,v(M) ≤
d(Ms) ≤ dimH E ≤ Gs(M) ≤ D(Ms) is always true.
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