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Weil–Petersson volumes of the moduli spaces of
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Andrey Todorov

In this paper, it is proved that the volumes of the moduli spaces
of polarized Calabi–Yau manifolds with respect to Weil–Petersson
metrics are rational numbers. Mumford introduce the notion of
a good metric on vector bundle over a quasi-projective variety
in [11]. He proved that the Chern forms of good metrics define
classes of cohomology with integer coefficients on the compactified
quasi-projective varieties by adding a divisor with normal cross-
ings. Viehweg proved that the moduli space of CY manifolds is a
quasi-projective variety. The proof that the volume of the moduli
space of polarized CY manifolds are rational number is based on
the facts that the L2 norm on the dualizing line bundle over the
moduli space of polarized CY manifolds is a good metric. The
Weil–Petersson metric is minus the Chern form of the L2 metric
on the dualizing line bundle. This fact implies that the volumes of
Weil–Petersson metric are rational numbers. Also we get that the
Weil–Petersson metric is a good metric. Therefore, all the Chern
forms define integer classes of cohomologies.
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1. Introduction

1.1. General remarks

There are several metrics naturally defined on the moduli space of Riemann
surfaces. One of them is the Weil–Petersson metric. The Weil–Petersson
metric is defined because of the existence of a metric with a constant cur-
vature on the Riemann surface. Its curvature properties were studied by
Ahlfors, Bers, Wolpert and so on.

The generalization of the Weil–Petersson metric on the moduli space
of higher dimensional projective varieties was first introduced by Siu. He
gave explicit formulas for the curvature of Weil–Petersson metric [12]. The
generalization is possible thanks to the solution of Calabi conjecture due to
Yau [18]. For Calabi–Yau manifolds, it was noticed in [13, 14] that the Weil–
Petersson metric can be defined and computed by using the cup product of
(n − 1, n) forms.

Another metric naturally defined on the moduli space of polarized CY
manifolds is the Hodge metric. The holomorphic sectional curvature of the
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Hodge metric is negative and bounded away from zero. The holomorphic
curvature of the Weil–Petersson metric is not negative. Recently, some
important results about the relations between the Weil–Petersson metric
and Hodge metric were obtained [3, 8–10].

Candelas and Moore asked if the Weil–Petersson volumes are finite. For
the importance and the physical interpretation of the finiteness of the Weil–
Petersson volumes to string theory, see [2, 4, 16]. In this paper, we will
answer Candelas–Moore question. Moreover, we will prove that the Weil–
Petersson volumes are rational numbers. I was informed by Professor Lu
that he and Professor Sun also proved the rationality of the volumes [10].

In 1976, Mumford introduced the notion of good metrics on vector bun-
dles on quasi-projective varieties in [11]. He proved that the Chern forms
of good metrics define classes of cohomology with integer coefficients on
the compactified quasi-projective varieties by adding a divisor with normal
crossings. Viehweg proved that the moduli space of prioritized CY manifolds
is a quasi-projective variety. The idea of this paper is to apply the results of
Mumford to the moduli space of CY manifolds. We proved that the L2 met-
ric on the dualizing sheaf is good. It was proved in [14] that the Chern form
of the L2 metric on the dualizing sheaf defines the Weil–Petersson metric
on the moduli space; see also [13]. So if we prove that the L2 metric on the
dualizing sheaf is good, then it will imply that the Weil–Petersson volumes
are rational numbers. We will explain what is the meaning of a metric on a
line bundle is good one.

According to [17], the moduli space of polarized CY manifolds ML(M) is
a quasi-projective variety. Let ML(M) be some projective compactification
of ML(M) such that

D = ML(M) − ML(M)

is a divisor of normal crossings. The meaning that the metric h on a line
bundle over ML(M) is good is the following; let τ∞ ∈ D and let DN be an
open polydisk containing τ∞, then h is a good metric on some line bundle
L defined on ML(M) if the curvature form of the metric of the line bundle
around open sets

DN − DN ∩ D = (D∗)k × DN−k

is bounded from above by the Poincare metric on (D∗)k plus the standard
metric on DN−k. This implies that if we integrate the maximal power of the
curvature form over ML(M) we get a finite number. Moreover such curva-
ture forms are forms with coefficients distribution in the sense of Schwarz
and they define classes of cohomology of H2(ML(M), Z).
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Our proof that the L2 metric h on the relative dualizing sheaf is a good
metric is based on the construction of a canonical family of holomorphic
forms ωτ on the Kuranishi space given in [14]. The canonical family of
holomorphic forms defines a special holomorphic local coordinates in the
Kuranishi space where the components of the Weil–Petersson metric are
given by

gi,j = δi,j +
1
6
Ri,j,k,lτ

kτ l + · · ·
Since

h(ωτ ) = ‖ωτ‖2 = (−1)n(n−1)/2(−
√

−1)n

∫
M

ωτ ∧ ωτ ,

then around a point

τ∞ ∈ D = ML(M) − ML(M),

we can compute explicitly h. Let DN be any polydisk in ML(M) containing
τ∞. Let

DN − DN ∩ D = (D∗)k × DN−k.

Let π: U1 × · · · × Uk → (D∗)k be the uniformization map. From the results
in [14], we deduce the following explicit formula for the pullback of the L2

metric on the relative dualizing sheaf h on U1 × · · · × Uk × DN−k:

‖ωτ‖2|(D∗)k×DN−k := h|(D∗)k×DN−k = ‖ωτ‖2 := h(τ, τ)

:=
k∑

i=1

(1 − |τ i|2) +
N∑

j=k+1

(1 − |tj |2) + φ(τ, τ) + Ψ(t, t),(1.1)

for 0 ≤ |τ i| < 1, 0 ≤ |tj | < 1, where φ(τ, τ) and Ψ(t, t) are bounded real ana-
lytic functions on the unit disk. Expression (1.1) shows that the L2 metric
h is a good metric. This implies that the volumes of Weil–Petersson metrics
are finite and they are rational numbers. Moreover it implies that Weil–
Petersson metric is a good metric. So the Chern forms of it define classes
of cohomologies in H2k(ML(M), Z) according to [11]. The author plans
to combine the results obtained in [15] with the present result to show the
existence of the analogue of the baily-Borel compactification of the modulim
space of CY manifolds.

1.2. Description of the content of the paper

Next we are going to describe the content of each of the sections in this
article.
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In Section 2, we review the basis results from [14] and in [13] about local
deformation theory of CY manifolds. We also review the results of [7] about
the global deformation Theory.

In Section 3, we review Mumford theory of good metrics with logarithmic
growth on vector bundles over quasi-projective varieties developed in [11].

In Section 4, we prove that the L2 metric on the dualizing line bundle
over the moduli space is a good metric in the sense of Mumford. This results
implies that the Weil–Petersson volumes are rational numbers.

2. Moduli of polarized CY manifolds

2.1. Local moduli

Let M be an even-dimensional C∞ manifold. We will say that M has an
almost complex structure if there exists a section I ∈ C∞(M, Hom(T ∗, T ∗)
such that I2 = −id. T is the tangent bundle and T ∗ is the cotangent bundle
on M. This definition is equivalent to the following one: let M be an even-
dimensional C∞ manifold. Suppose that there exists a global splitting of
the complexified cotangent bundle T ∗ ⊗ C = Ω1,0 ⊕ Ω0,1, where Ω0,1 = Ω1,0.
Then we will say that M has an almost complex structure. We will say that
an almost complex structure is an integrable one, if for each point x ∈ M
there exists an open set U ⊂ M such that we can find local coordinates
z1, .., zn, such that dz1, .., dzn are linearly independent in each point m ∈ U
and they generate Ω1,0|U .

Definition 2.1. Let M be a complex manifold. Let φ ∈ Γ(M, Hom(Ω1,0,
Ω0,1)), then we will call φ a Beltrami differential.

Since Γ(M, Hom(Ω1,0, Ω0,1)) � Γ(M, Ω0,1 ⊗ T 1,0), we deduce that locally
φ can be written as follows: φ|U =

∑
φβ

αdz
α ⊗ ∂

∂zβ . From now on, we will
denote by Aφ the following linear operator:

Aφ =
(

id φ(τ)
φ(τ) id

)
.

We will consider only those Beltrami differentials φ such that det(Aφ) �= 0.
The Beltrami differential φ defines an integrable complex structure on M
if and only if the following equation holds:

(2.2) ∂φ =
1
2
[φ, φ],
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where
(2.3)

[φ, φ]|U :=
n∑

ν=1

∑
1�α<β�n

⎛
⎝ n∑

μ=1

(
φμ

α

(
∂μφν

β

)
− φμ

β
(∂μφν

α)
)⎞
⎠ dz

α ∧ dz
β ⊗ ∂

dzν

(see [5]). Kuranishi proved the following theorem.

Theorem 2.2. Let {φi} be a basis of harmonic (0, 1) forms of H
1(M, T 1,0)

on a Hermitian manifold M. Let G be the Green operator and let φ(τ1, . . . ,
τN ) be defined as follows:

(2.4) φ(τ) =
N∑

i=1

φiτ
i +

1
2
∂

∗
G[φ(τ1, . . . , τN ), φ(τ1, . . . , τN )].

There exists ε > 0 such that for τ = (τ1, . . . , τN ) such that |τi| < ε the tensor
φ(τ1, . . . , τN ) is a global C∞ section of the bundle Ω(0,1) ⊗ T 1,0 [5].

2.2. Affine flat coordinates in the Kuranishi space

Based on Theorem 2.2, the following theorem is proved in [14].

Theorem 2.3. Let M be a CY manifold and let {φi} be a basis of harmonic
(0, 1) forms with coefficients in T 1,0. Then Equation (2.2) has a solution in
the form:

φ(τ) =
N∑

i=1

φiτ
i +

∑
|IN |�2

φIN
τ IN

=
N∑

i=1

φiτ
i +

1
2
∂

∗
G[φ(τ1, . . . , τN ), φ(τ1, . . . , τN )](2.5)

and ∂
∗
φ(τ1, . . . , τN ) = 0, φIN

�ωM = ∂ψIN
, where IN = (i1, . . . , iN ) is a

multi-index,

φIN
∈ C∞(M, Ω0,1 ⊗ T 1,0), τ IN = (τ1)i1 ...(τN )iN

and there exists ε > 0 such that when |τ i| < ε φ(τ) ∈ C∞(M, Ω0,1 ⊗ T 1,0),
where i = 1, . . . , N.
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Definition 2.4. Theorem 2.3 implies that the Kuranishi space K is defined
as follows: let ε > 0 be such that the Beltarmi differentials φ(τ) defined by
(2.5) satisfy Theorem 2.2, then

K: {τ = (τ1, . . . , τN )||τ i| < ε}.

Thus τ = (τ1, . . . , τN ) such that |τ i| < ε is a local coordinate system in K.
It will be called the flat coordinate system in K.

It is a standard fact from Kodaira–Spencer–Kuranishi deformation the-
ory that for each τ = (τ1, ..., τN ) ∈ K as in Theorem 2.3 the Beltrami differ-
ential φ(τ1, . . . , τN ) defines a new integrable complex structure on M. This
means that the points of K, where

K: {τ = (τ1, ..., τN )||τ i| < ε},

define a family of operators ∂τ on the C∞ family K × M → M and ∂τ are
integrable in the sense of Newlander–Nirenberg. Moreover it was proved
by Kodaira, Spencer and Kuranishi that we get a complex analytic fam-
ily of CY manifolds π: X → K, whereas C∞ manifold X � K × M . The
family

(2.6) π: X −→ K

is called the Kuranishi family. The operators ∂τ are defined as follows:

Definition 2.5. Let {Ui} be an open covering of M, with local coordinate
system {zk

i }, where k = 1, . . . ,dimC M = n. We know that the Beltrami
differential is given by:

φ(τ) =
n∑

j,k=1

(φ(τ1, . . . , τN ))k
j
dzj ⊗ ∂

∂zk
.

Then it defines the ∂φ operator associated with the new complex structure
as follows:

(2.7) (∂φ)τ,j =
∂

∂zj
−

n∑
k=1

(φ(τ1, . . . , τN ))k
j

∂

∂zk
.

In [14], the following theorems were proved.
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Theorem 2.6. There exists a family of holomorphic forms ωτ of the
Kuranishi family (2.6) such that in the coordinates (τ1, . . . , τN ) we have

(2.8) ωτ = ω0 −
∑
i,j

(ω0�φi)τ i +
∑
i,j

ω0�(φi ∧ φk)τ iτ j + O(3).

Theorem 2.7. There exists a family of holomorphic forms ωτ of the
Kuranishi family (2.6) such that in the coordinates (τ1, . . . , τN ) we have

〈[ωτ ], [ωτ ]〉 = (−1)n(n−1)/2(
√

−1)n

∫
M

ωτ ∧ ωτ = 1 −
∑
i,j

〈ω0�φi, ω0�φj〉τ iτ j

+
∑
i,j

〈ω0�(φi ∧ φk), ω0�(φj ∧ φl)〉τ iτ jτkτ l + O(τ5)

= 1 −
∑
i,j

τ iτ j +
∑
i,j

〈ω0�(φi ∧ φk), ω0�(φj ∧ φl)〉τ iτ jτkτ l

+ O(τ5)

and

(2.9) 〈[ωτ ], [ωτ ]〉 ≤ 〈[ω0], [ω0]〉.

2.3. Weil–Petersson metric

It is a well known fact from Kodaira–Spencer–Kuranishi theory that the
tangent space Tτ,K at a point τ ∈ K can be identified with the space of
harmonic (0,1) forms with values in the holomorphic vector fields H

1(Mτ , T ).
We will view each element φ ∈ H

1(Mτ , T ) as a point wise linear map from
Ω(1,0)

Mτ
to Ω(0,1)

Mτ
. Given φ1 and φ2 ∈ H

1(Mτ , T ), the trace of the map

φ1 ◦ φ2: Ω(0,1)
Mτ

−→ Ω(0,1)
Mτ

at the point m ∈ Mτ with respect to the metric g is simply given by:

(2.10) Tr(φ1 ◦ φ2)(m) =
n∑

k,l,m=1

(φ1)k
l
(φ2)m

k
gl,kgk,m.

Definition 2.8. We will define the Weil–Petersson metric on K via the
scalar product:

(2.11) 〈φ1, φ2〉 =
∫

M
Tr(φ1 ◦ φ2)vol(g).



Weil–Petersson volumes of the moduli spaces 415

A very natural construction of a coordinate system τ = (τ1, . . . , τN ) in
K is constructed in [14] such that the components gi,j of the Weil–Petersson
metric are given by the following formulas:

gi,j = δi,j +
1
6
Ri,j,l,kτ

lτk + O(τ3).1

Very detailed treatment of the Weil–Petersson geometry of the moduli
space of polarized CY manifolds can be found in [8, 9]. In those two papers,
important results are obtained.

2.4. Global moduli

Definition 2.9. We will define the Teichmüller space T (M) of a CY man-
ifold M as follows: T (M) := I(M)/Diff0(M), where

I(M) := {all integrable complex structures on M}

and Diff0(M) is the group of diffeomorphisms isotopic to identity. The
action of the group Diff0(M) is defined as follows: let φ ∈ Diff0(M) then
φ acts on integrable complex structures on M by pull back, i.e., if I ∈
C∞(M, Hom(T (M), T (M)), then we define φ(Iτ ) = φ∗(Iτ ).

We will call a pair (M ; γ1, . . . , γbn
) a marked CY manifold, where M is

a CY manifold and {γ1, . . . , γbn
} is a basis of Hn(M, Z)/Tor.

Remark 2.10. Let K be the Kuranishi space. It is easy to see that if
we choose a basis of Hn(M ,Z)/Tor in one of the fibres of the Kuranishi
family π: XK→ K then all the fibres will be marked, since as a C∞ manifold
XK � M × K.

In [7], the following theorem was proved:

1This coordinate system is called flat holomorphic coordinate system. It appeared
for the first time in [14]. Based on the information of the author of [13], it is claimed
in [1] that the flat coordinate system was introduced in [13]. The problem of the
construction of the flat holomorphic coordinates was not addressed in [13].
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Theorem 2.11. There exists a family of marked polarized CY manifolds

(2.12) ZL−→T(M),

which possesses the following properties: (a) it is effectively parametrized,
(b) for any marked CY manifold M of fixed topological type for which the
polarization class L defines an imbedding into a projective space CP

N , there
exists an isomorphism of it (as a marked CY manifold) with a fibre Ms of
the family ZL. (c) The base has dimension hn−1,1.

Corollary 2.12. Let Y →X be any family of marked polarized CY man-
ifolds, then there exists a unique holomorphic map φ: X → T(M) up to a
biholomorphic map ψ of M which induces the identity map on Hn(M, Z).

From now on, we will denote by T (M) the irreducible component of the
Teichmüller space that contains our fixed CY manifold M .

Definition 2.13. We will define the mapping class group Γ1(M) of any
compact C∞ manifold M as follows:

Γ1(M) =
Diff+(M)
Diff0(M)

,

where Diff+(M) is the group of diffeomorphisms of M preserving the ori-
entation of M and Diff0(M) is the group of diffeomorphisms isotopic to
identity.

Definition 2.14. Let L ∈ H2(M, Z) be the imaginary part of a Kähler
metric. We will denote by

Γ2 := {φ ∈ Γ1(M)|φ(L) = L}.

It is a well-known fact that the moduli space of polarized algebraic man-
ifolds ML(M) = T (M)/Γ2. In [7], the following fact was established.

Theorem 2.15. There exists a subgroup of finite index ΓL of Γ2 such that
ΓL acts freely on T (M) and Γ\T (M) = ML(M) is a non-singular quasi-
projective variety. Over ML(M) there exists a family of polarized CY man-
ifolds π: M → ML(M).
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Remark 2.16. Theorem 2.15 implies that we constructed a family of non-
singular CY manifolds

(2.13) π: X −→ML(M)

over a quasi-projective non-singular variety ML(M). Moreover it is easy to
see that X ⊂ CP

N × ML(M). So X is also quasi-projective. From now on,
we will work only with this family.

Remark 2.17. Theorem 2.15 implies that ML(M) is a quasi-projective
non-singular variety. Using Hironaka’s resolution theorem, we can find a
compactification ML(M) of ML(M) such that ML(M) − ML(M) = D is a
divisor with normal crossings. We will call D the discriminant divisor.

2.5. Affine flat coordinates around points at infinity

Theorem 2.18. Let U∞ = DN ⊂ ML(M) be some open polydisk contain-
ing the point τ∞ ∈ D. Suppose that

U∞ − (U∞ ∩ D = (D∗)k × DN−k.

According to the results proved in [7], there exists a complete family of polar-
ized CY manifolds

(2.14) π: X → U∞ − (U∞ ∩ D) = (D∗)k × DN−k.

Let ωX/U∞ be the relative dualizing line bundle. Then there exists a coor-
dinate system (τ1, . . . , τk, t1, . . . , tN−k) on the universal cover (U)k × DN−k

of (D∗)k × DN−k and a global section ωτ ∈ Γ((U)k, π∗ωX/(U)k) such that:

ωτ = ω0 +
k∑

i=1

ωi,0(n − 1, 1)τ i +
k∑

i≤j=1

ωij,0(n − 2, 2)τ iτ j + O(3)

+
n k∑
j=1

ωj,0(n − 1, 1)tj +
N−k∑

i≤j=1

ωij,0(n − 2, 2)titj + O(3).(2.15)

Proof. The proof of Theorem 2.18 is based on the results obtained in [6].

Lemma 2.19. Suppose that τ∞ = 0 ⊂ U∞ and D is an open disk in U∞
containing 0. Suppose that the monodromy operator T of the restriction of
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the family (2.14) on D − D ∩ D is of infinite order. Then there exists a
non-zero section

ωτ ∈ Γ
(
U∞ − (U∞ ∩ D), π∗ωX/U∞−(U∞∩D)

)
,

such that

(2.16)
∫

γ0

ωτ = 1,

where γ0 a primitive invariant vanishing cycle with respect to the monodromy
operator T.

Proof. Let us consider the family (2.14). Since we assumed that D ∩ U∞ is
any open disk and that U∞ is a polydisk, then we can construct a non-zero
family of holomorphic forms Ωt over D ∩ U∞ according to [6]. So we can
analytically extend this family to a family of holomorphic forms Ωτ over
U∞. Thus we get:

Ωτ ∈ Γ(π−1(U∞ − D ∩ U∞), ωX/U∞)

such that at each τ ∈ U∞ − D ∩ U∞, Ωτ �= 0. According to Theorem 37
proved in [6], we have

(2.17)
∫

γ0

Ωt �= 0 and lim
t→0

∫
γ0

Ωt �= 0

for t ∈ D. Equation (2.17) implies that the function φ(t) =
∫
γ0

Ωτ is differ-
ent from zero on U∞ − D ∩ U∞. Then we can define ωτ = Ωτ

φ(τ) . Clearly the
family of holomorphic n-forms ωτ satisfies (2.16). Lemma 2.19 is proved. �

Lemma 2.20. Suppose that the monodromy operator T of the restriction of
the family (2.14) on D − D ∩ D = τ∞ is of finite order m. Then there exists
a n-cycle γ0 and a non-zero section ωτ ∈ Γ(U∞, π∗ωX/U∞〈log D〉), such that
on U∞ we have

(2.18) lim
τ→0

∫
γ0

ωτ = 1.

Proof. Let φm: D → D be the map t → tm. Let us pullback the restriction
of the family (2.14) by φm. Then the monodromy operator T of the new
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family will be the identity. Then we can choose a n-cycle γ0 such that

lim
t→0

∫
γ0

Ωt �= 0.

The family of holomorphic forms Ωt can be prolong to a family Ωτ over
U∞ − (U∞ ∩ D) such that φ(τ) :=

∫
γ0

Ωτ is a non-zero function on U∞. Then
ωτ := Ωτ

φ(τ) satisfies

lim
τ→0

∫
γ0

ωτ = 1.

Lemma 2.20 is proved. �

We define the flat affine coordinates

(τ1, . . . , τk, t1, . . . , tN−k)

in (U)k × DN−k as follows. Let ωτ be the family of holomorphic n-forms
defined on U∞ by Lemmas 2.19 and 2.20. Local Torelli theorem implies that
we can choose a basis of cycles

(γ0, γ1, . . . , γN , γN+1, . . . , γ2N+1, . . . γbn
)

of Hn(M, Z) satisfying

〈γi, γj〉M = 0, 〈γi, γ2N+1−j〉M = δij

for i = 0, . . . , k; j = 1, . . . , N − k such that if

(2.19) τ i :=
∫

γi

ωτ , i = 1, . . . , k and tj :=
∫

γj+k

ωτ , j = 1, . . . , N − k

then (τ1, . . . , τk, t1, . . . , tN−k) will be a local coordinate system in (U)k ×
(D)N−k.

Lemma 2.21. Let 0 ∈ (U)k be any fixed point. Then the Taylor expan-
sion of the family of holomorphic n forms ωτ constructed in Lemmas 2.19
and 2.20 satisfies (2.15).
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Proof. We know from [14] that we can identify the tangent space at 0 ∈
U∞ − (U∞ ∩ D) with H1(M0, T

1,0
M0

). The contraction with ω0 defines an iso-
morphism

H1(M0, T
1,0
M0

) � H1(M0, Ω
n−1,0
M0

).

Thus the tangent vectors

φi =
∂

∂τ i
∈ T0,U∞ = H1(M0, Ω

n−1,0
M0

)

can be identified with classes of cohomologies ωi,0(n − 1, 1) := ω0�φi of type
(n − 1, 1). Griffiths’ transversality implies that for t = 0 we have

(2.20)
(

∂

∂τ i
ωτ

)
|τ=0 = a0ω0 + ω0�φi = a0ω0 + ωi,0(n − 1, 1)

and
(

∂2

∂τ i∂τ j
ωτ

)
|τ=0

= ai,j(0)ω0 + bi,j(0)(ωi,j,0(n − 1, 1)) + cij(0)ωi,j,0(n − 2, 2).(2.21)

Proposition 2.22. We have a0 = ai,j(0) = bi,j(0) = 0 and cij(0) = const
�= 0 in Expression (2.21).

Proof. The definition of the coordinates (τ1, . . . , τk) and (2.18) and (2.20)
imply that

(2.22) a0 = 0.

From (2.21) and (2.22), we can conclude that for 1 ≤ i ≤ k and t = 0 we
have

ωτ

∣∣
(U)k = ω0 +

k∑
i=1

τ i(ω0�φi)

+
1
2

k∑
i,j=1

(bij(0)ωi,j,0(n − 1, 1) + cij(0)(ω0�φi�φj))τ iτ j + · · · ,(2.23)

where bij(0) and cij(0) are constants. So (2.18) implies
∫

γ0

∂

∂τ i
ωτ =

∫
γ0

∂2

∂τ i∂τ j
ωτ = 0.
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Since (
∂

∂τ i
ωτ

)
|τ=0 = ω0�φi := ωi,0(n − 1, 1),

and

ωτ

∣∣
(U)k = ω0 +

k∑
i=1

aiτ
i(ωi,0(n − 1, 1)) + · · ·

we deduce that

(2.24)
∫

γ0

[ωi,0(n − 1, 1)] = 0 and
∫

γj

[ωi,0(n − 1, 1)] = δij .

Thus (2.23) and (2.24) imply that ai = 1.
The relations (2.19) and (2.23) imply that

(2.25)
∫

γk

ωi,j,0(n − 1, 1) = 0

for any γk such that
∫
γk

ωτ = τk. Indeed (2.24) implies that for any non-zero
closed form ω(n − 1, 1) of type (n − 1, 1) there exists γk such that

(2.26)
∫

γk

ω(n − 1, 1) �= 0.

Thus (2.25) and (2.26) imply that bi,j(0) = 0. Proposition 2.22 is proved. �
Proposition 2.22 simplies Lemma 2.21. �
Lemma 2.21 implies Theorem 2.18. �

Remark 2.23. Theorem 2.18 states that the coordinates used in the special
geometry and the flat affine coordinates introduced in [14] by Theorems 2.3
and 2.7 are the same. This fact is mentioned in Subsection 5.1 of [1]. In the
same paper, the authors referred to [30] (private communication by Tian)
for the introduction of the flat affine coordinates.

3. Metrics on vector bundles with logarithmic growth

3.1. Mumford theory

In this section, we are going to recall some definitions and results from [11].
Let X be a quasi-projective variety. Let X be a projective compactifica-
tion of X such that X − X = D∞ is a divisor with normal crossings. The
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existence of such compactification follows from the Hironaka’s results. We
will look at polydisk DN ⊂ X, where D is the unit disk, N = dim X such
that

DN ∩ X = (D∗)k × DN−k,

where D∗ = D − 0 and q is the coordinate in D. On D∗, we have the Poincare
metric

ds2 =
|dq|2

|q|2(log |q|)2 .

On the unit disk D, we have the simple metric |dt|2. The product metric on
(D∗)k × DN−k we will call ω(P ).

A complex-valued C∞ p-form η on X is said to have Poincare growth
on X − X if there is a set of if for a covering {Uα} by polydisks of X − X
such that in each Uα the following estimate holds:

(3.1) |η(q1, . . . , qk, tk+1, . . . , tN )| ≤ Cα‖ω
(p)
Uα

(q1, q1)‖2 · · · ‖ω(p)
Uα

(qk, qk)‖2,

where

‖ω
(p)
Uα

(qi, qi)‖2 =
|qi|2

|qi|2(log |qi|)2

This property is independent of the covering {Uα} of X but depends on the
compactification X. If η1 and η2 both have Poincare growth on X − X then
so does η1 ∧ η2. A complex-valued C∞ p-form η on X will be called “good”
on X if both η and dη have Poincare growth.

An important property of Poincare growth is the following.

Theorem 3.1. Suppose that the η is a p-form with a Poincare growth on
X − X = D∞. Then for every C∞ (r − p) form ψ on X we have:

∫
X

|η ∧ ψ| < ∞.

Hence, η defines a current [η] on X.

Proof. For the proof, see [11]. �

Definition 3.2. Let E be a vector bundle on X with a Hermitian metric
h. We will call h a good metric on X if the following holds.
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(1) If for all x ∈ X − X, there exist sections

e1, . . . , em ∈ E|DN−(DN ∩D∞)

of E which form a basis of E|DN−(DN ∩D∞).

(2) In a neighborhood DN of x ∈ X − X in which

DN ∩ X = (D∗)k × DN−k

and X − X = D∞ is given by

t1 × · · · × tN = 0

the metric hij = h(ei, ej) has the following properties:
(a)

(3.2) |hij | ≤ C

(
k∑

i=1

log |qi|
)2m

, (det(h))−1 ≤ C

(
k∑

i=1

log |qi|
)2m

for some C > 0 and m ≥ 0.
(b) The 1-forms ((dh)h−1) are good forms on X ∩ DN .

It is easy to prove that there exists a unique extension E of E on X, i.e.,
E is defined locally as holomorphic sections of E which have a finite norm
in h.

Theorem 3.3. Let (E , h) be a vector bundle with a good metric on X, then
the Chern classes ck (E , h) are good forms on X and the currents [ck(E , h)]
represent the cohomology classes ck(E , h) ∈ H2k(X, Z).

Proof. For the proof, see [11]. �

3.2. Example of a good metric

Theorem 3.4. Let π : U1 × · · · × Uk → (D∗)k be the uniformization map,
where U is the unit disk. Suppose that

κ∞ ∈ (∂(U))k = (S1)k,

Let h be a metric on the line bundle L → (D∗)k. Let

{τm} ∈ U1 × · · · × Uk



424 Andrey Todorov

be any sequence such that

lim
m→∞

τm = κ∞ ∈ U1 × · · · × Uk − U1 × · · · × Uk

and

lim
m→∞

π(τm) = 0 ∈ (D)k = (D∗)k.

Suppose that π∗(h) = hUk is defined on U1 × · · · × Uk as follows.

(3.3) hUk :=
k∑

i=1

(1 − |τ i|2) + φ(τ, τ),

where φ(τ, τ) is a bounded C∞ function on (U)k and

lim
m→∞

φ(τm, τm) = lim
m→∞

hUk(τm, τm) = 0.

Then h is a good metric in the sense of Mumford on the line bundle L →
(D∗)k.

Proof. We need to show that h satisfies the conditions (3.2) and that ∂ log
hUk is a good form. Conditions (3.2) followed immediately from expression
(3.1) for the metric defined by hUk . We need to show that h satisfies (3.1),
i.e., ∂ log h is a good form. �

Lemma 3.5. The (1, 0) form ∂ log h is a good form.

Proof. The definition of a good form implies that ∂ log h is a good form on
(D∗)k if and only if ∂ log h(U)k satisfies on the universal cover (U)k of (D∗)k

the following inequalities on each unit disk Ui ⊂ (U)k:

(3.4) 0 ≤ (∂/∂τ i)hUi

hUi

(∂/∂τ i)hUi

hUi
≤ c

1
(1 − |τ i|2)2

and

(3.5) 0 ≤ ∂

∂τ i

(
(∂/∂τ i)hUi

hUi

)
≤ c

k∑
i=1

1
(1 − |τ i|2)2 ,

where c > 0. This statement follows from the fact that the pullback of the
metric with a constant curvature on (D∗)k is the Poincare metric on (U)k,
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i.e.,

π∗
(

k∑
i=1

|dqi|2
|qi|2(log |qi|)2

)
=

k∑
i=1

|dτ i|2
(1 − |τ i|2)2

and ∂ log π∗(h) = ∂ log h(U)k . �

Proposition 3.6. The form ∂ log h(U)k satisfies (3.4) and (3.5).

Proof. Equations (3.4) and (3.5) will follow if we prove that the restriction
of ∂ log h(U)k on each Ui satisfies (3.4) and (3.5). Direct computations show
that the expression (3.3) of h(U)k implies that we have:

(3.6) hi(τ i, τ i) := h(U)k |Ui
= (1 − |τ |2) + φi(τ i, τ i) > 0,

where
lim

τ i→κi
∞

φi(τ i, τ i) = lim
τ i→κi

∞

hi(τ i, τ i) = 0

and φi(τ i, τ i) is a bounded C∞ function on Ui. Equation (3.6) implies:

(3.7) 0 ≤ (1 − |τ i|2) ≤ Cihi(τ i, τ i),

where Ci > 0. Thus we get from (3.7) that if τ0 is any complex number such
that |τ0| = 1 then the limit

lim
τ i→τ0

(1 − |τ i|2)
hi(τ i, τ i)

exists and

(3.8) 0 ≤ lim
τ i→τ i

0

(1 − |τ i|2)
hi(τ i, τ i)

= c.

Direct computations show that
(3.9)

∂

∂τ i
log hhUi

=
(∂/∂τ i)(1 − |τ i|2 + φi(τ i, τ i))

(1 − |τ i|2 + φi(τ i, τ i))
=

(−τ i + ∂
∂τ i φi(τ i, τ i))

(1 − |τ i|2 + φi(τ i, τ i))
.

We derive from (3.8), (3.9) and the fact that φi is bounded C∞ function on
Ui that we have:

0 ≤
(∂/∂τ i)hhUi

hUi

(∂/∂τ i)hUi

hUi

≤ c1
1

(1 − |τ i|2)2
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and

(3.10) 0 ≤
∣∣∣∣ ∂

∂τ i

(
∂hUi

hUi

)∣∣∣∣ ≤ c1
1

(1 − |τ i|2)2 ,

where c1 > 0. Thus (3.10) implies that ∂ log h defines a good form on the
line bundle L restricted on (D∗)k. Lemma 3.5 is proved. �

Lemma 3.5 implies Theorem 3.4.

4. Applications of Mumford theory to the moduli of CY

4.1. The L2 metric is good

We are going to prove the following result.

Theorem 4.1. The natural L2 metric:

(4.1) h(τ, τ) = ‖ωτ‖2 := (−1)n(n−1)/2(
√

−1)n

∫
M

ωτ ∧ ωτ

on π∗(ωX (M)/ML(M)) → ML(M) is a good metric.

Outline of the proof of Theorem 4.1. Let (D)N be a polydisk
in ML(M) such that 0 ∈ (D)N ∩ D �= ∅, where N = dimC ML(M). To
prove Theorem 4.1, we need to derive an explicit formula for the metric
〈ωτ , ωτ 〉 := h(τ, τ) on the line bundle π∗(ωX/ML(M)) restricted on

(D)N − ((D)N ∩ D) = (D∗)k × (D)N−k.

Let (U i)k × (D)N−k be the universal cover of

(D)N − ((D)N ∩ D) = (D∗)k × (D)N−k,

where U i are the unit disks. Let

(4.2) π : (U i)k × (D)N−k → (D∗)k × (D)N−k

be the covering map.
We will prove that formula (2.9) implies that we have the following

expression for the L2 metric 〈ωτ , ωτ 〉 := h(τ, τ) on π∗(ωX/ML(M)) restricted
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on the universal covering of (U i)k × (D)N−k of (D∗)k × (D)N−k:
(4.3)

〈ωτ , ωτ 〉 := h(τ, τ) :=
k∑

i=1

(1 − |τ i|2) +
N∑

j=k+1

(1 − |tj |2) + φ(τ, τ) + Ψ(t, t)

where φ(τ, τ), Ψ(t, t) are bounded real analytic functions on (U i)k × (D)N−k.
Theorem 3.4 and formula (4.3) imply Theorem 4.1.

Proof. The proof will follow from the lemma proved below.

Lemma 4.2. Let (U)k be the universal cover of (D∗)k := (D)k − (D)k ∩
ML(M), where U is the unit disk. Then

(i.) There exists a family of CY manifolds

(4.4) π∗ (
X(U)k

)
→ (U)k.

over (U)k and a holomorphic section ω ∈ H0((U)k, π∗ωX (M)/(U)k) such
that ωτ = ω|Mτ

is a non-zero holomorphic form on Mτ .

(ii) 〈ωτ , ωτ 〉 can be represented on (U)k as follows:

(4.5) 〈[ωτ ], [ωτ ]〉 = h(τ, τ) =
k∑

i=1

(
1 − |τ i|2

)
+ φ(τ, τ),

where φ(τ, τ) is a bounded real analytic functions on (U)k such that
the limits

lim
τ→κ∞∈(U)k−(U)k

h(τ, τ) and lim
τ→κ∞∈(U)k−(U)k

φ(τ, τ)

exist where

κ∞ = (κ1
∞, . . . , κk

∞) = lim
(q1,...,qk)→(0,...,0)

(π−1(q1) = τ1, . . . , π−1(q1) = τk),

(q1, . . . , qk) ∈ (D∗)k, π(κ∞) = (0, . . . , 0) ∈ (D∗)k = Dk

and (κ1
∞, . . . , κk

∞) ∈ (∂U)k.

(iii) Suppose that lim
τ→κ∞∈(U)k−(U)k

h(τ, τ) = 0. Then

lim
τ→κ∞∈(U)k−(U)k

φ(τ, τ) = 0.
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(iv) The function φ(τ, τ) is bounded on (U)k.

Proof of i. Since (D∗)k ⊂ ML(M), Remark 2.16 implies that there exists a
family of CY manifolds

(4.6) π: X(D∗)k → (D∗)k

over (D∗)k. Because p : (U)k → (D∗)k is the universal cover of (D∗)k, then
the pullback of the family (4.6) by p defines the family (4.4). Let ωτ be the
section of the pullback of the restriction of the relative dualizing line bundle
ωX/ML(M) on (D∗)k on (U)k constructed in Theorem 2.18. �

Proof of ii. The proof of part ii is based on the following proposition.

Proposition 4.3. Let us consider (Dα1,α2)k ⊂ (D∗)k ⊂ (D)k ⊂ ML(M),
where

Dα1,α2 := {t ∈ Dα1,α2 ||t| < 1 and α1 < arg t < α2}.

Suppose the closure of (Dα1,α2)k in (D)k contains 0 ∈ (D∗)k = Dk. Let us
consider the restriction of the family (4.4)

(4.7) Xα1,α2 → (Dα1,α2)
k

on (Dα1,α2)k ⊂ ML(M). Let ωXα1,α2/(Dα1,α2 )k be the restriction of dualizing
sheaf of the family of polarized CY manifolds (4.4) on (Dα1,α2)k. Then there
exists a global section

η ∈ Γ
(
(Dα0,α1)

k, π∗ωXα1,α2/(Dα1,α2 )k

)

such that the classes of cohomology [ηq] defined by the restriction of η on
all of the fibres π−1(q) :=Mq for q ∈ (Dα1,α2)k are non-zero elements of
H0(Mq, Ωn

Mq
). The limit lim

q→0
[ηq] exists and

(4.8) lim
q→0

[ηq] = [η0] and 〈[η0], [η0]〉 ≥ 0.

Proof. (Dα1,α2)k is a contractible sector in (D∗)k. Thus if we fix a basis
(γ1, . . . , γbn

) in Hn(M, Z)/Tor, then we are fixing the marking of the family
(4.7) over each point Mτ for each point τ ∈ (Dα1,α2)k. This means that the
basis (γ1, . . . , γbn

) of Hn(M, Z)/Tor is defined and fixed on Hn(Mτ , Z)/Tor
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on each fibre of the family (4.7). Now we can define the period map of the
family by

p(q) :=
(

. . . ,

∫
γi

ηq, . . .

)
,

where ηq is a non-zero holomorphic form on π−1(q) := Mq. Local Torelli
theorem implies that the period map p of marked CY manifolds

(4.9) p: (Dα1,α2)
k → P(Hn(M, C)).

is an embedding (Dα1,α2)k ⊂ P(Hn(M, C)). Thus we can conclude from the
compactness of P(Hn(M, C)) and (4.9) the existence of a sequence of [ηq]
such that

(4.10) lim
q→0

[ηq] = [η0]

exists and η|M0 �= 0. Equation (4.10) implies (4.8). �

Corollary 4.4. There exists a global section η ∈ H0
(
(U)k, ωX(U)k /(U)kt

)
such that lim

τ→κ∞
[ητ ] exists and

(4.11) lim
τ→κ∞

[ητ ] = [ηκ∞ ] �= 0.

Proposition 4.5. Let {ωτ} be the family of holomorphic n-forms con-
structed in Theorem 2.18 on the family restricted on (U)k. Then the limit

lim
τ→κ∞∈(U)k−(U)k

[ωτ ] exists,

(4.12) lim
τ→κ∞∈(U)k−(U)k

= [ω∞] and 〈[ω∞], [ω∞]〉 ≥ 0.

Proof. According to Corollary 4.4, there exists a global section

η ∈ H0
(
(U)k, ωX(U)k /(U)k

)

such that lim
τ→κ∞

[ητ ] satisfies (4.11). The relation between the cohomologies
of holomorphic forms ητ := ηq and ωτ are given by the formula
[ητ ] = ϕ(τ)[ωτ ], where ϕ(τ) is a holomorphic function on the product (U)k.
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According to Theorem 2.7, we have

(4.13) 0 ≤ 〈[ωτ ], [ωτ ]〉 ≤ 〈[ωτ0 ], [ωτ0 ]〉.

Thus (4.9) (4.13) and [ητ ] = ϕ(τ)[ωτ ] imply formula (4.12). So the limit

lim
τ→κ∞∈(U)k−(U)k

〈[ωτ ], [ωτ ]〉

exists and

lim
τ→κ∞∈(U)k−(U)k

〈[ωτ ], [ωτ ]〉 = lim h(τ, τ)
τ→κ∞∈(U)k−(U)k

= h(κ∞) ≥ 0.

Proposition 4.5 is proved. �

Corollary 4.6. Let [ω∞] be defined by (4.12) Then 〈[ω∞], [ω∞]〉 = 0 if and
only if the monodromy of the restriction of the family (2.3) is infinite.

Notice that the functions 〈〈[ητ ], [ητ ]〉〉 and 〈[ωτ ], [ωτ ]〉 are real analytic.
If we normalize ω0 and φi such that

‖ωτ0‖2 = 〈ω0, ω0〉 = 1

and

〈ω0�φi, ω0�φj〉 = δij ,

we get from (2.9) the following expression

h(τ, τ) = 1 −
k∑

i=1

|τ i|2 +
∑
i≤j

〈ω0�(φi ∧ φk), ω0�(φj ∧ φl)〉τ iτ jτkτ l + O(τ5)

= 1 −
k∑

i=1

|τ i|2 + Φ(τ, τ)(4.14)

holds. Also (4.14) implies that the restriction of 〈[ωτ ], [ωτ ]〉 = h(τ, τ) on the
universal cover (U)kof (D∗)k will be given by (4.5), i.e.,

〈[ωτ ], [ωτ ]〉 = h(τ, τ) = 1 −
k∑

i=1

|τ i|2 + Φ(τ, τ).
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Proof of (4.5). We can rewrite the above expression as follows:

〈[ωτ ], [ωτ ]〉 = h(τ, τ) = 1 −
k∑

i=1

|τ i|2 + Φ(τ, τ) =

k∑
i=1

(1 − |τ i|2) − k + 1 + Φ(τ, τ) =
k∑

i=1

(1 − |τ i|2) + φ(τ, τ),(4.15)

where φ(τ, τ) = Φ(τ, τ) − k + 1. Proposition 4.5 and (4.12) imply that

lim
τ→κ∞∈(U)k−(U)k

h(τ, τ), lim
τ→κ∞∈(U)k−(U)k

φ(τ, τ)

exist and φ(τ, τ) is a bounded real analytic function on (U)k. Part ii of
Lemma 4.2 is proved. �

Proof of part iii. Suppose that U is the unit disk and

lim
τ→κ∞∈(U)k−(U)k

〈ωτ , ωτ 〉 = lim
τ→κ∞∈(U)k−(U)k

h(τ, τ) = 0.

Notice that since κ∞ ∈ (U)k − (U)k, where U is the unit disk then for each
i we have (1 − |κi

∞|2) = 0 and thus

(4.16)
k∑

i=1

(1 − |κi
∞|2) = 0.

Thus (4.15) and (4.16) imply (4.5). Part iii is proved. �

Part iii implies Part iv. �

Lemma 4.2 is proved. �

Lemma 4.7. Suppose that the L2 metric on the relative dualizing sheaf
defined by the function h(τ, τ) = 〈ωτ , ωτ 〉 on

DN − (DN ∩ D) = (D∗)k × DN−k ⊂ ML(M).

is bounded on DN , h|(D)N−(D)N∩D > 0 and h|(D)N∩D ≥ 0. Then the L2 met-
ric is good.

Proof. The proof of Lemma 4.7 is obvious.
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Expression (4.5) for the L2 metric and Theorem 3.4 implies that if

h|(D)N∩D ≥ 0

then the L2 metric is a good metric. Theorem 4.1 is proved. �

4.2. The Weil–Petersson volumes are rational numbers

Theorem 4.8. The Weil–Petersson volume of the moduli space of polarized
CY manifolds is finite and it is a rational number.

Proof. Theorem 4.1 implies that the metric on the relative dualizing sheaf
ωX/ML(M) defined by (4.1) is a good metric. This implies that the Chern
form of any good metric defines a class of cohomology in

H2(ML(M), Z) ∩ H1,1(ML(M), Z);

see Theorem 3.3. We know from [13] that the Chern form of the metric h
is equal to minus the imaginary part of the Weil–Petersson metric. So the
imaginary part of the Weil–Petersson metric is a good form in the sense of
Mumford. This implies that

∫
ML(M)

∧dimCML(M) c1(h) ∈ Z

since ML(M) is a smooth manifold. Since ML(M) is a finite cover of the
moduli space ML(M) then the Weil-Petersson volume of ML(M) will be a
rational number. Theorem 4.8 is proved. �

In paper [10], the authors proved that the Weil-Petersson volumes of the
moduli space of CY manifolds are finite.

Corollary 4.9. The Weil–Petersson metric is a good metric on the moduli
space ML(M) and the Chern forms ck[W. − P.] of the Weil–Petersson metric
are well defined elements of H2k

(
ML(M), Z

)
.
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