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COMPUTATION OF CURVATURES USING CONFORMAL
PARAMETERIZATION

LOK MING LUl , JEFFREY KWAN VY, YALIN WANG 2, AND SHING-TUNG YAU X

Abstract. Curvatures on the surface are important geometric invarian ts and are widely used
in di erent area of research. Examples include feature reco gnition, segmentation, or shape analysis.
Therefore, it is of interest to develop an e ective algorith m to approximate the curvatures accurately.
The classical methods to compute these quantities involve t he estimation of the normal and some
involve the computation of the second derivatives of the 3 co ordinate functions under the param-
eterization. Error is inevitably introduced because of the inaccurate approximation of the second
derivatives and the normal. In this paper, we propose severa | novel methods to compute curva-
tures on the surface using the conformal parameterization. ~ With the conformal parameterization,

the conformal factor function can be de ned on the surface. Mean curvature (H) and Gaussian
curvatures (K) can then be computed with the conformal Facto r ( ). It involves computing only
the derivatives of the function , instead of the 3 coordinate functions and the normal. We als o

introduce a technique to compute H from K and vice versa, using the parallel surface.

Key words:  Mean curvature, Gaussian curvature, normal, conformal par ameterization, confor-
mal factor.

1. Introduction.  Curvatures are important geometric quantities on the surface
for di erent areas of research. They have found applicatiors in many aspects such as
smoothing/fairing [1], remeshing [2], non-photo-realisic rendering [3] as well as feature
detection [4][5][6]. For example, many segmentation or méssmoothing algorithms
use curvatures to act as the feature to determine region boutaries. In medical
research, curvatures are used to de ne the shape term for stace registration. Besides,
curvature are used to detect the anatomic features, such asutcal landmarks in the
brain mapping research [6]. Since curvatures are the cruciazomponents for various
applications, it is of interest to develop an e ective way to compute these geometric
guantities accurately. In this work, we try to develop some eective ways to compute
the curvatures and geodesic on the surface accurately.

Computing curvatures on the surface has been studied widelipy di erent research
groups. The most common techniques to compute these quanigs all involve the es-
timation of the normal while some involve the computation of the second derivatives
of the 3 coordinates functions under the parameterization. Because of the inaccu-
rate approximation of the normal as well as the second derivaves, error is inevitably
introduced. In this paper, we describe several methods to aopute curvatures on
the surface using the conformal parameterization. With the conformal parameteri-
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zation, we de ne the conformal factor function on the surface which encodes a lot
of geometric information of the surface. Mean curvature H aml Gaussian curvature
K can then be computed with the conformal factor. It involves computing only the
derivatives of the function , instead of the 3 coordinates functions and the normal.
We also introduce a novel technique to computeH from K and vice versa, using the
parallel surface.

The organization of the paper is as follow: in section I, we liey describe
some previous related works by di erent research groups. Irsection Ill, we explain
some important mathematical background. In section IV, we describe brie y how
conformal parameterization of the surface and its conformhfactor can be computed.
In section V, we explain in details our algorithms to computecurvatures on the surface.
Experimental results are discussed in section VI. Finallywe summarize our work and
describe possible future works in section VII.

2. Previous Work.  The computation of curvatures has been studied exten-
sively by various research groups. They have developed dirent methods and formu-
lae to compute curvatures in order to improve the computational speed and accuracy.
Surfaces are usually represented by triangle mesh. Genehalspeaking, curvature es-
timation techniques for triangle meshes can be divided intotwo categories, namely,
discrete method and continuous method. In discrete methodscurvatures are approx-
imated by formulating the closed forms for discrete di erertial operators that work
directly on the triangle mesh. In continuous methods, curvdures are usually com-
puted by interrogating the tted smooth surface by polynomi al tting. This involves
tting a smooth surface (usually 2nd or 3rd order) locally to the vertex and some
neighborhood around it. The most commonly used curvature eimation techniques
can be listed as follow:

Discrete curvatures estimation : Meyer et al. [7] proposed a set of dis-
crete di erential geometry operators to approximate important geometric at-
tributes, such as normal and curvatures, on arbitrary triangle meshes. This is
done by using averaging Voronoi cells and mixed nite-elemat/ nite-volume
method. Another commonly cited method is to approximate the discrete
Gaussian curvature at each vertex, by computing the anglesubtended at the
vertex by each triangle in the 1-ring neighborhood and its aea [8].
Eigenvalues =Eigenvectors method : Taubin [9] proposed a method to
compute the principal curvatures and principal directions at each vertex of
a triangle mesh, by computing the eigenvalues and eigenveot of a 3 3
symmetric matrix. Surazhsky [10] later on proposed algorihms to improve
Taubin's method. For the computation of the normal at each vertex, he
suggested to replace the weighted average of the incident iangles by the
weighted incident angles. He also suggested to replace théna directional
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curvature by average of curvatures at the two vertices of an dge, which sig-
ni cantly smoothes the large variations in directional cur vatures.

High order surface tting method : Hamann [11] proposed to t a quad-
ric approximated locally to a neighborhood of vertices. Cuwatures are cal-
culated by interrogating the quadric. Yokoya et al. [12] proposed to use a
local quadratic function to t the surface for segmentating the point cloud
(range data) image, using a (In+1) (2m + 1) window around the pixel of
interest. The solution is obtained from standard least squae t. Goldfeather
et al. [13] proposed a cubic order approximation method by ading normal
vectors at adjacent vertices to create third degree term in he least-squares
solution which results in a better tting surface.

Normal based estimation : Theisel et al. [14] proposed a normal based
technique to estimate the curvature tensor on the triangle mesh. The algo-
rithm estimates the curvature tensor for a single triangle guipped with an
estimated or exact surface normals. The result is a continuas function for
the curvature tensor inside each triangle.

Tensor averaging method : Rusinkiewicz et al. [15] proposed to estimate
the curvature per face by computing the directional derivative of the surface
normal, which is obtained by di erences between normal vecors on the face.
The vertex curvature is obtained by taking a weighted averag of the adjacent
tensor faces' normal vectors.

3. Mathematical Theory. In this section, we are going to give a brief review
of some important mathematical background related to our aborithm.

We start by brie y describing the concept of curvatures on a surface. Given a
surfaceS, the normal curvature | in some direction is the reciprocal of the radius of
the circle that best approximate a normal slice of the surfae in that direction. For
smooth surface, it can be computed from a 2 2 symmetric matrix W, called the
Weingarten matrix, by:

1) n=(u; V)W : =(u;v)

for any unit length vector (u;v) in the tangent plane of the surface.

The principal curvatures, principal directions, mean curvatures and gaussian cur-
vatures can be de ned by the eigenvalues and eigenvectors &% . Let ki, ko be the
eigenvalues ofW and di, @, be the eigenvectors ofW . Then, k; and k;, are called
the principal curvatures; @ and d, are called the principal directions. The mean
curvature H is de ned as the average of the principal curvatures:H = % The
Gaussian curvatureK is de ned as the product of the principal curvatures: H = kiky
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Lastly, we are going to describe the concept of conformal pameteriation of a
Riemann surface. All Riemann surfaces are locally Euclidea Given two Riemann
surfacesM and N. We can represent them locally as v (X1;%2): R?! M R®and

n(X1;%2) t RZ1T N R3 respectively, where &1;x) are their coordinates. The
inner product of the tangent vectors at each point of the surfice can be represented
by its rst fundamental form. The rst fundamental form on M can be written

asdsy = ; gjdx'dx, whereg; = G %pr andi;j = 1;2. Similarly, the rst
fundamental form on N can be written asds? = ij i dx'dx) whereg; = %XN— %Q
andi;j =1;2. Givenamapf : M ! N between theM and N. With the local

parameterization, f can be represented locally by its coordinates a§ : R? | R?,
f(x1;%x2) = (f1(X1;X2);f2(X1;X2)). Every tangent vectors ¥ on M can be mapped
(push forward) by f to a tangent vectors f (v¥) on N. The inner product of the
vectorsf (w) and f (w)), where w and % are tangent vectors onM , is:

f(dsg )(va; Vo) ::x<f (va);f (v2) >
= gf W) fv)

2 iij
_X X @f @f

- Fmerex

Vivi)

Therefore, a new Riemannian metricf (ds%) on M is induced by f and ds?,
called the pull back metric. We say that the map f is conformal if

fdsg) = (x1;x2)dsy

A parameterization ' : R> ! M is a conformal parameterization if ' isa
conformal map.

Intuitively, a map is conformal if it preserves the inner product of the tangent vec-
tors up to a scaling factor, called the conformal factor . An immediate consequence
is that every conformal map preserves angles.

4. The conformal parameterization of the surface and its con formal
factor. One crucial component in our algorithm is to get a conformal @rameteriza-
tion of the surface. In this paper, we apply the algorithm proposed by Gu et al. [16],
[17],[18] to parameterize the surface to 2D rectangles by coputing its holomorphic
one form. It is done by computing the surface's homology basi De-Rham cohomol-
ogy basis, harmonic one form and its hodge-star conjugatesiVe are going to describe
brie y the basic idea of this algorithm in this section.

To parameterize a compact surface onto 2D rectangles, onetuntive technique is
to cut it open along some suitable cutting boundaries. If thecut is suitably chosen, the
parameterization could be conformal. In the algorithm that we use to parameterize
the surface, we search for the suitable cutting boundaries m the surface in order to
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Fig. 1. The plot of the conformal factor of a human face verses u and v of the parameter
domain. The conformal factor is a smooth function which desc ribe the stretching e ect under the
conformal parameterization. Observe that the approximati on of the conformal factor function is
reasonably smooth.

get a conformal map. This is done by computing the holomorphi one form on the
surface and obtain the conformal map by integrating the holanorphic one form.

The holomorphic one form! is a complex dierential form. To compute the
holomorphic 1-form, we start by computing the harmonic 1-fam ! on the surface.
Similar to complex analysis, we can compute a harmonic conjgate ! of !, such
that W := ! + i | is a holomorphic (analytic) 1-form. The harmonic one form
can be computed from the homology basis of the surface. Givea homology basis
fer; i exq0 ON the surface, we can compute a set (basis) of the harmonic fbrms

fl1;:51 290 (cohomology) by solving the following system:
P

2 d = ?:1 ([uj 1;u;]D) =0;8[up;ur;u2] 2 M;ug = us (closedness);
S %! = Juviem ! ([u;v]) =08[u;v]2 M _ o _ (harmonicity);
et = Lty pud= i8e = [L[uf ;uiliup=uy,  (conjugacy):
where [ug; up; uy] represents a face onM; [u;Vv] represents an edge orM ; ky, =
%(cot + cot ) in which ;  are the angles against the edgeyf v].

After we get the holomorphic 1-form, we can co&pute the confamal parameteri-
zation by integrating the one form: (p)= ! = f(z )dz , where is any path

joining pto a xed point c on the surface and! = f (z )dz .

Double covering techniques are applied to surfaces with bawaries to convert
them to closed symmetric surfaces.

Further details about the algorithm can be found in [16], [17.

Given the conformal parameterization of the surface, we carmpbtain a confor-
mal factor function . By de nition, the conformal parameterization has a simple
Riemannian metric, namely,

ifi=7j;

0 ifiéj:

Gij
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Fig. 2. (A) shows the conformal coordinates grid on the human face in troduced using the
conformal parameterization. (B) shows the histogram of  gi2 = g21 of a Riemann surface under the
conformal parameterization. Observe that gi2 = gp1 are very close to zero at most vertex. It means
the Riemannian metric is a diagonal matrix, which results in simple expression for the curvatures
computation.

In other words, the four metric coe cients are reduced to one coe cient metric
called the conformal factor. With this property, surface di erential operators can be
expressed within the conformal coordinates with simple fomulae. The expressions are
similar to the usual Euclidean di erential operators, except for a scalar multiplication
of the conformal factor. The conformal factor at a point p on the surfaceS can
be determined by computing the scaling factor of a small areaaround p under the
parameterization : R?! S. Mathematically, (p) = %, where B (p)
is an open ball aroundp of radius p. Figure 1 shows the plot of conformal factor
verses u and v of the parameter domain. The conformal factord a smooth function
which describe the stretching e ect under the conformal paameterization. Observe
that the approximation of the conformal factor function is r easonably smooth. Figure
2 (A) shows the conformal coordinates grid on the human facentroduced using the
conformal parameterization. Figure 2(B) shows the histogam of g;» of the Riemann
surface under the conformal parameterization. Note that byde nition, gi» = g1 =

u v, Where (u;v) is the conformal parameterization of the surface. Observehat
012(= gp1) are very close to zero at most vertex. It means the Riemannia metric is
diagonal under the conformal parameterization.

The conformal factor encodes a lot of important geometric information about
the surface and can be used to compute curvatures and geodesi

5. Algorithm.  In this section, we explain in details our algorithms to compute
curvatures on the surface.
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5.1. Computation of the gaussian curvature K from the confor mal fac-
tor. Let M be a Riemann surface and let (u;v) : R2! M be the parameterization
of M. Denote the rst fundamental form by ds?, = Edu? + Fdudv + Gdv?. When
is orthogonal, F = 0. When is conformal, E = F = , where is the conformal
factor. We propose to compute the gaussian curvatureK with the functions E and
G when is orthogonal, and compute K with  when is conformal. Under the
conformal parameterization, gaussian curvature can be coputed easily [19]. These
can be described by the following lemma and theorems.

Lemma 1.

— 2 2 1 2 2 2 2 2 1 29=
(3) K= [( 12)U ( 11)V+ 2 ut 12w 1 22 11 12]_E

Theorem 1. Suppose is orthogonal (F = 0). The gaussian curvature K can be
computed by:

1 EV Gu
4 K = N [(b—— +( pb——
(4) PEslPeg)y + (Peg)l
Proof. With F =0, 2,=%¢; 2= B¢ L =5 =5y 2 = By
2= E—E Putting them into equation 3, we have:

Gu EV E\? GE Evev Eu Gu
= —), +(— —_ 4 + —1=
K (Gl * (6N 2Ec*" a2t 262z aEGTE
- [(Guu G52)+( Evv EVGZV) E\? + Gﬁz + EVGZV EuGu ]=E
5) 2G 2G 2G 2G 4EG 4G 4G 4EG
[ Guu + EVV E\?V GE ) Evev Eu Gu]
2EG 2EG 4E2G 4EG?2° 4EG?2 4EZ2G
= (Pl + (Pol)]
2 EG @ EG EG
Theorem 2. Suppose is conformal with E = G= andF =0, where is the
conformal factor. The gaussian curvature K can be computedyb
1
6 K= — |
(6) > log
Proof. Suppose isconformaland = (u;v) isthe conformal factor with respect
to . Put E= G= into equation 4, we have:
K= (P +(p)]
2H S U\FP=)v P =Ju

©) [(—)v +(—)u]

1
2
iIo
2 g
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When is a conformal parameterization of the surfaceS, we see that we can
compute K on S easily by equation 6. This signi cantly reduces the error in the
approximation compared to other classical methods. In the tassical methods, the
computation of K involves the approximation of the second derivatives of thecoordi-
nates functions as well as the normal. In our proposed methadwve computeK using
one function de ned on S. The computation can then be greatly simpli ed and the
numerical error can be signi cantly reduced.

Due to the computational error , the conformal parameterizaion we approximate
may sometimes only be orthogonal but not conformal. That is,F =0 but E 6 G.
In this case, instead of using equation 6, we use equation 4 tcompute the Gaussian
curvature K so as to get a more accurate result.

5.2. Computation of the mean curvature H from the conformal f actor.
With the conformal parameterization = (u;v) of the surface, the computation of
the mean curvature H will be easier [19].

Given an arbitrary parameterization (not necessarily conbrmal) of the surface,
we can generally compute the mean curvaturéd using the following formula:

_1Eg 2fF + Ge

(®) H‘é EG F2

where: E =< ; > F =< ;1 > G=< ;> e=< N> e=<

wiN>;9g=< ;N> andN isthe surface normal. This formula is complicated for
arbitrary parameterization and involves several partial derivatives in the formula. This
inevitably causes numerical error. However, with the confomal parameterization, the
formula can be signi cantly simpli ed.

Theorem 3. Suppose is conformal with E = G= andF =0, where is the
conformal factor. The mean curvature H can be computed by:
1 . . 1. .
9) H = 2_S|gn( Moo= 2_1 w towl
where N is the (unit) surface normal, sign( )= % = 1
Proof. Suppose isconformaland = (u;v) isthe conformal factor with respect

to .
We have< ; y>=< ; yv>= and< ; v >=0. By dierentiation, we have:

< ws u2=< wu; v>= < 4w
We get: < w + w; u >=0. And similarly we get: < , + w; v >=0.
Therefore, s parallel to N and sign( ) = % = 1

Now,

H_lEg 2fF + Ge _1g+e 1< y+ w;N>
"2 EG F2 2 T2
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So,

=25 = s |

NI =
N

The formula for computing mean curvature is signi cantly simpli ed with confor-
mal parameterization. As a result, the computational cost and numerical error can be
reduced. Suppose the surface normal can be accurately appiimmated, we can further
reduce the second derivative in the formula to rst derivative:

(10 H=osion( )i = < wilNe>+< vily>

However, in practice, the surface normal is usually inaccuately approximated.
This is one of the main problem why many curvature estimationmethod do not give
an accurate approximation of the mean curvature. This probem can be signi cantly
improved by the above formulaH = zisign( )j j. As we can see, the only part
we need to use the surface normal is when we computesign( )= = i : '?> = 1.
Since we know the value of it is either 1 or -1, the surface nora N does not need

to be accurately estimated. As long as it can tell us the conveity of the surface at
a particular point on the surface, we can determine whethersign( ) is equal to 1 or
-1. Using the formula that we described above, the curvaturecan be more accurately
computed, even if the surface normalN cannot be estimated accurately.

5.3. Computation of H from K and K from H using parallel surfac e.
After we have the accurate approximation of the Gaussian cuvature K, we can get
the mean curvature H from K using the idea of parallel surface. Similarly, we can
get K from H using the parallel surface.

Given a parameterization = (u;v) of S, a parallel surfaceS, of S is the
parameterized surface with parameterization: 2(u;v) = (u;v)+ aN(u;v) where a
is a constant; N is the surface normal ofS. Figure 3 shows the parallel surface of a
human face. The human face is rstly parameterized by a confomal parameterization

. The surface normal is computed byN = — Here, we seta to be equal to
0.01.

With the concept of the parallel surface, we can computeH from K and vice
versa using the following theorem.

Theorem 4. Suppose is the conformal parameterization of S and S, is its
parallel surface. LetK and K5 be the Gaussian curvatures ors and S, respectively.
Let H and Hg be the mean curvatures orS and S, respectively.

The mean curvatureH can be computed by:

_ (Ks K)+ (KK g)a?

(11) H 2aK <
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Original face Parallel surface

Fig. 3. The gure shows the parallel surface of a human face. The huma n face is rstly
parameterized by a conformal parameterization . The surface normal is computed by N = i - 7

The parallel surface is shown on the right which can be comput ed by the formula:  2(u;v) = (u;v)+
aN (u;v) where a is a constant; N is the surface normal of S. Here, a is equal to 0.01.

The gaussian curvatureK can be computed by:

_(H He)+2HHa
B a+ Hsa?

(12) K

Proof. Let = (u;v) be the parameterization of S and 2(u;v) = (u;v) +
aN (u;Vv) be the parameterization of the parallel surfaceS,, where N is the surface
normal of S.

Firstly, we will prove that: 2 a=(1 2Ha+Ka?) , v
Note that:

co
<o
1

(wt+aNy) (v+aNy)
= vtay Ny+aNy vt az(Nu Ny)
u v 2Ha vt aZK( u v)

(1 2Ha+Ka? ,

Therefore, the surface normalN2 of S, is the same as the surface normaN of S.
Now,
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N2 N2=Ks 23 2=Kg(1 2Ha+Ka? ,

So,
K
Ks = T ZHa+ Kaz
and,
Lo (Ks K)*+(KK a2
- 2aK s
Since = 2 aN, we have:
_ Ks
" 1+2Hsa+ Ksa?
and so,
2 K K 2a?
H. = Ks K KKs& _ Tsmrraz K t<ma+xaz
s 2Ka 2Ka
_ H aK
"~ 1 2Ha+ Ka?
we get,
K = (H Hs)+2HHga
a+ Hga?
6. Experimental Result. We tested our algorithm on the synthetic data and

the real face data. The experimental result shows that our ajorithm can e ectively
compute the curvatures on the surface more accurately.

To test whether our algorithm can accurately approximate the curvatures, we test
computing the curvatures using our method on synthetic dataon which the exact cur-
vatures are know. In our experiment, we tested our curvatureestimation method on
a catenoid on which the exact curvatures are known. Figure 4dft shows the catenoid
surface. Figure 4 middle shows the plot of mean curvature oflie catenoid verses the
u and v of the parameter domain (resolution=2500). The exactmean curvature of
the catenoid is zero since it is a minimal surface. Note that he approximated values
are very close to zero. Figure 4 right shows the plot of the gassian curvature verses
the u and v of the parameter domain. It closely resembles the xact mean curvature
of a catenoid. Note that both the approximation of the mean ard gaussian curvature
are very smooth.

We also stuided how the error of the curvature estimation di ers with di erent
resolution (number of vertices on the surface). Figure 5 shas the plot of the maxi-
mum error of the mean curvature estimation under di erent resolution using di erent



12 LOK MING LUI, JEFFREY KWAN, YALIN WANG, AND SHING-TUNG YAU
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Fig. 4 . We test our curvature estimation method on a catenoid on whic h the exact curvatures
are known. The left shows the catenoid surface. The middle sh ows the plot of mean curvature
of the catenoid verses the u and v of the parameter domain (res olution=2500). The exact mean
curvature of the catenoid is zero since it is a minimal surfac e. Note that the approximated values
are very close to zero. The right shows the plot of the gaussia n curvature verses the u and v of the
parameter domain. It closely resembles the exact mean curva ture of a catenoid. Note that both the
approximation of the mean and gaussian curvature are very sm ooth.

method. The vertical axis represents the maximum error amougst all vertices. The
horizontal axis represents the resolution. The red curve sbws the error using the
normal based curvature estimation method. The green curve lsows the error using
the Weingarten matrix estimation method. The blue curve shows the error using our
proposed method, which compute the mean curvature from the enformal factor
Note that the error using our proposed is the least when compiang with the other
two methods. It shows that our method can e ectively compute the mean curvature
accurately.

We also tested our methods on the real human face data. We apigld our algo-
rithm to compute the mean curvature of the human face using tte conformal factor.
Figure 6 shows the plot of the mean curvature of a human face wyses u and v of the pa-
rameter domain. The surface is rstly parameterized with a conformal parameteriza-
tion . The mean curvature is then computed with the formula: H = Zisign( )/

We applied our method to compute the gaussian curvature of tle human face with
the conformal factor. Figure 7 shows the approximation of the gaussian curvature on
a human face from the conformal factor. The surface is rstly parameterized with
a conformal parameterization. Conformal factor is then conputed to compute the
gaussian curvature. The gure shows the plot of the gaussiarcurvature verses u and
v of the parameter domain.

We also tested our algorithm for computing the mean curvature from the gaussian
curvature using the parallel surface. In Figure 8, we illustate how we can compute
the mean curvature of the human face from the gaussian curvatre using the parallel
surface. The gaussian curvature on the human face is rstly omputed from the con-
formal factor. The mean curvature can then be computed usinghe parallel surface.
Note that the approximation of the mean curvature is reasondly smooth.

7. Conclusion. In this paper, we have described several novel methods to com
pute curvatures on the surface using the conformal parametgzation. With the confor-
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Error comparison of different mean curvature estimation methods
35 T T T T T T T

——— Normal Based estimation
Weingarten matrix estimation
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Error
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Fig. 5. The plot of the maximum error of the mean curvature estimatio n under di erent reso-
lution using di erent method. The vertical axis represents the maximum error amongst all vertices.
The horizontal axis represents the resolution. The red curv e shows the error using the normal based
curvature estimation method. The green curve shows the erro r using the Weingarten matrix estima-
tion method. The blue curve shows the error using our propose d method, which compute the mean
curvature from the conformal factor . Note that the error using our proposed method is the least
when comparing with the other two methods. It shows that our m ethod can e ectively compute the
mean curvature accurately.

mal parameterization, the conformal factor function can be de ned on the surface.
Mean H and Gaussian K curvatures can then be computed with theconformal factor.

It involves computing only the derivatives of the function , instead of the 3 coordi-
nates functions and the normal. We also introduce a techniqe to compute H from

K and vice versa, using the parallel surface. As far as we knowye are the rst group

using the conformalilty to compute the curvatures on the surface. Experimental re-
sults show that our methods can e ectively and accurately canpute the curvatures
on the surface. In the future, we will test our methods on moresurfaces and study
numerically how the error in the approximation will be a ect ed by the error in the

approximation of the conformal factor.
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Face 04402d219

Fig. 6 . The plot of the mean curvature of a human face verses u and v of t he parameter domain.
The surface is rstly parameterized with a conformal parame terization . The mean curvature is
then computed with the formula: H = Zisign( oo

Fig. 7 . Approximation of the gaussian curvature on a human face from  the conformal factor.
The surface is rstly parameterized with a conformal parame terization. Conformal factor is then
computed to compute the gaussian curvature. The gure shows the plot of the gaussian curvature
verses u and v of the parameter domain.
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Fig. 8. lllustration of computing the mean curvature of the human fa ce from the gaussian
curvature using the parallel surface. The gaussian curvatu re on the human face is rstly computed
from the conformal factor. The mean curvature can then be com puted using the parallel surface.
Note that the approximation of the mean curvature is reasona bly smooth.
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