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Nonlinear Stability of Rotating Patterns
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Abstract. We consider 2D localized rotating patterns which solve a par abolic
system of PDEs on the spatial domain 2. Under suitable assumptions, we
prove nonlinear stability with asymptotic phase with respe  ct to the norm in the
Sobolev spaceH 2. The stability result is obtained by a combination of energy
and resolvent estimates, after the dynamics is decomposed i nto an evolution
within a three{dimensional group orbit and a transversal ev olution towards
the group orbit.

The stability theorem is applied to the quintic{cubic Ginzb urg{Landau
equation and illustrated by numerical computations.
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(1.1) U=A U+fU); x2 2% UKxt)2 ™;

whereA 2 ™ ™ js a positive de nite matrix * and f : ™ I m.f 2 C*%isa
smooth nonlinearity. We set

_ cos sin | _ _ 0 1
R = sin cos + JTR=2% 1 4

and assume a solutionJ (x;t) of (1.1) of the form

(1.2) U (xt)=u (R o«X)

wherec2 ;c60,andu : 2! ™ is asmooth function. Writing (1.2) in polar
coordinates,

(1.3) uPl(r it )= uP'(;  ct);

we see that the solutionU (x;t) = Upo'(r; ;t ) given in (1.2) describes a pattern
that rotates with angular velocity c¢ about the origin, x = 0.

The aim of this paper is to give conditions for the pattern u (x) and the lin-
earization of equation (1.1) aboutu (x) which guarantee nonlinear stability with
asymptotic phase of the rotating pattern under small initial perturbations. A pre-
cise stability statement is formulated in Theorem 1.1 below In Section 8 we apply
the stability theorem to the cubic{quintic Ginzburg{Landa u equation.

An essential assumption is that the pattern u (x) is localized in the following
sense:

Assumption 1: For some constant vectoru; 2 ™ we have?

1.4) supju (x) uij ! O as R!1 ;
ixj R
(1.5) supjD u(x)j ' 0 as R!1 for 1 | 2
ixj R

(1.6) u up 2HZ(; M):

Remark 1: A class of patterns that are not localized in the above sensera
Archimedian spirals. These satisfyjupo'(r; ) ug(r + )j! Oasr!1l where
u; () is a non{constant 2 {periodic function. Spectral stability and instability of
Archimedean spirals is discussed in17]. An extension of the nonlinear stability
results of the present paper to Archimedian spirals is non{tivial, however, and will
be the subject of future work.

The following assumption greatly facilitates our stability proof:

Assumption 2: Let u; 2 ™ denote the constant asymptotic state of the
pattern introduced in Assumption 1. Then the matrix B; := f%u; ) is negative
de nite:

P
1The Euclidean inner{product on M and ™M isdenoted by hu;vi = uj vj with correspond-
ing norm juj = hu;uil=2, The matrix A 2 ™ ™ is assumed to satisfy hu; 2(A+ AT)ui 2 ajuj?
forall u2 ™ where A > 0. We then write A 2 Al> 0.

2with D we denote a partial derivative of order j j. For the Sobolev spaces used see Section
2.1.
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B, 21l< 0:
Henceforth we will assumeu; = 0 for convenience and without loss of generality.

Let us transform equation (1.1) to a co{rotating frame: The function U(x;t) =
U(R ¢tx;t) solves (1.1) if and only if u(x;t) solves

a.7) u=A u+cD u+f(u
with

D = x;D1+ x1D3y; Dj = @:@X
The function u (x) determining the rotating pattern (1.2) is a time{independ ent
solution of (1.7), i.e., if we de ne

(1.8) Lou= A u+cDu

then Lou + f(u ) =0. In other words, u is an equilibrium for equation (1.7).

A fundamental and well{recognized di culty of any stabilit y result of an equi-
librium u is that u is not an isolated equilibrium. Besidesu , any function
u(x) = u (R x) also satis es

1.9 A u+cD u+f(u)=0:

It is more important, however, that any solution u of (1.9) gives rise to athree
parameter family of solutionsU(x;t) of (1.1): If 2 2and 2 are arbitray, then

(1.10) Uxit)=u (R e (x )
solves (1.1), representing a pattern obtained fromU (x;t) = u (R Xx) by shifting
and rotating the x{coordinates. For xed t, the spatial patterns x ! U(x;t)

in (1.10) form the three dimensional group orbit of u ; see Section 1.3. For the
perturbed dynamics nearU (x;t) one must expect di erent decay behaviourwithin
and towards the group orbit of u , and any stability analysis must take this into
account.

We remark that the three{parameter family of patterns x ! U(x;t) in (1.10)
typically do not solve the equilibrium equation (1.9). Nevertheless, under suitable
assumptions, the linearization of (1.9) aboutu has a three dimensional invariant
subspace corresponding to three eigenvalues on the imaginaaxis; these eigenval-
ues are 0 and ic.

1.2. Outline and Discussion. The main result of the paper is the Stability
Theorem, Theorem 1.1. To motivate and formulate it, we presat some background
material on group action in Section 1.3. The presentation isspecialized to our
application, namely to take the 3{dimensional group orbit of u into account. A
major step of the stability analysis is, then, to decompose e perturbed solution
u(x;t) into two parts: One part evolves within the 3{dimensional group orbit of u ,
the other part in a linear complementary subspaceW of codimension 3. Roughly
speaking, we show that the evolution inW decays exponentially; this allows us,
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a posteriori, to control the dynamics within the group orbit and to prove that it
settles to a precise asymptotic form.

To establish exponential decay of the (linearized) dynamis within W turns
out to be quite delicate. Our approach to obtain this result may be of some inde-
pendent interest and is formulated as a theorem orCy{semigroups in Section A.
The issue is the following: Suppose one has established expmtial decay for some
Cof{semigroup,

kek Cce'; t 0 > 0;
and wants to show exponential decay for a semigroup

et(A+ B)

where B is a bounded linear operator. Of course, in general, exponéal decay for
e'(A*B) does not hold. Suppose, however, that

Re <0
for all eigenvalues of A+ B. In general, exponential decay of the semigroupg!(A* B)
still cannot be concluded since the operatore!**8);t > 0; may have continuous
spectrum reaching into the right{half plane (see [L3] or [12] for an example® and
[8, Ch.IV] for a recent overview of the problem). However, if weadd the assumption
that the operators

Be: t>0;
are compact, then exponential decay o&!(A*B) does follow. We will prove this in
Appendix A.

Using this abstract result, exponential decay of the lineaized dynamics in the
complementary spaceN follows and the Stability Theorem can be proved. We refer
to Section 1.7 for a discussion of related techniques in thdtérature, in particular
for proving stability of traveling waves.

1.3. Relative Equilibria and Group Action. We will explain the notions
in the context of equation (1.1).
The Euclidean Group  SE(2). Let

SE@)= 2n st
denote the Euclidean group consisting of all pairs
=(:;)» 2% 28t
with group operation

~ = () 9
= + R+ + 7
Here S' = =(2 ) denotes the circle group. The unit element inSE(2) is denoted

by =(0;0).

3Theorem 16.7.4 of [12] gives an example of an operator A with a value 6 0 in the
continuous spectrum of e for which all solutions of the equation e = lie in the resolvent of
A.
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Group Action. Letu: 2! ™ denote any function and let =(; )2
SE(2). One de nes the group action by

(1.11) a( Ju )=uR (x ); x2 % =(;):

Our analysis below will be carried out in the function space

H2,y =fu2H? : Du2lL?g:

(For de nitions of spaces and norms, see Section 2.1.) It isasy to see thatu 2
HZ,y impliesa( Ju2 HZ,, and

a( ~u=a(~) a( )u
Let us de ne the operator F : HZ,, 7! L2 by F(u)= A u+ f(u). Itis well

Euc
known that F is equivariant with respect to the action of the group, i.e.,

(1.12) F(a( J)u)= a( )F(u); 2SE(Q); u2HZ,:

Definition  1.1. A relative equilibrium of the system (1.1) is a solutionU (x;t)
of the form

(1.13) Uct)y=la( (Hulx); x2 % t 0
whereu 2 HZ,, and 2 CY([0;1);SE(2)).

By de nition, the group orbit of a function u 2 HZ,, consists of all functions
a( Ju (); 2 SE(2). Using this terminology, a relative equilibrium of the system
(1.1) is a solution U (x;t) of (1.1) that moves within the group orbit of some xed
pattern u 2 HZ .

To ensure that the function (1.13) solves (1.1), the motion (t) on the group
is by no means arbitrary. In fact, it always has the form (t) = exp( gt) for some
elementg in the Lie algebra, but we will not make explicit use of this fact, see f,
Theorem 7.2.4].

In our case, assume that the functions
(1.14) '1=Du; "2=Dou; '3=Duwu

are linearly independent. Then one can show that a relative quilibrium (1.13) is
either a rotating wave,

(1.15) U Xt)=u (R «(x Xo)+ Xo) forsomec60; xp2 2;
or a drifting wave,
(1.16) U (x;t)= u (x tvg) forsomevy2 2

For the solution (1.15) of (1.1) the point X is the center of rotation. For the original
solution u (R x) in (1.2), the origin x = 0 is the center of rotation. Perturbing
the initial data u (x) will generally excite rotational as well as translational modes
of the solution and, in particular, one must expect the cente of rotation to move
out of the origin. For further details of the perturbed solution, see Theorem 1.1.
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1.4. Eigenvalues of the Linearized Operator L. Introduce the linear op-
erator
(2.17) Lv=A v+cD v+ B(X)v
with

B(x) = fYu (x))
which is obtained by linearizing the equation
(1.18) Lou +f(u)=0

(with Lov = A v+ cD v) about u . We considerL and L, as operators from
HZ,, to L2

Applying D to the equation (1.18), one nds that D u is an eigenfunction
of L to the eigenvalue zero. Also, applyingD; and D, to (1.18), one nds that L
has the invariant subspace

(1.19) sparfDju ;Dyu g

with corresponding eigenvalues ic (see Lemma 2.3).
Remark 2: One can obtain these results also by di erentiating the equaion

(1.20) (A+ cD)a()u)+f(a( )u)=0 forall =(; )2SE(2

with respect to the group variables ; i1, and ,. Here one should note that the
group SE(2) is not Abelian. Under the action of an Abelian Lie group with 3
dimensional Lie algebra, one can expect aero eigenvalue of multiplicity at least
three. We also note that by di erentiating (1.11) w.r.t. 1; 2, and and evaluating
at (; )=(0;0) one obtains that the space

;= spanfDju ;Du ;D u g
is tangent at u to the group orbit of u .

Assumption 3:  The functions Dyu ;Dou ;D u lie in HZ,, , are nontrivial,
and the corresponding eigenvalues ic and 0 of L : HZ,, ! L? are algebraically
simple.

As we will show, Assumptions 1-2 guarantee that the operator. from (1.17)

has its essential spectrum in the region Rs 2 . In fact, we will prove that
the operatorL; v= A v+ cD v+ B; v has resolvent for Res 2 ; here the
assumption B, 21 < 0 s crucial. A compact{perturbation argument then

shows that the essential spectrum oL lies in Res 2 .

The existence of eigenvalues of L with Re s 2 ands Zfic; ic;0g will
be excluded explicitly:

Assumption 4:  The operator L : HZ, ! L2 (see (1.17)) has no eigenvalue
s2 withRes 2 , except for the eigenvalues;.» = ic and sz = 0 mentioned

in Assumption 3.
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1.5. Stability Theorem. Consider the initial value problem

(1.212) u=A u+cD u+f(u)= Lou+ f(u); u(x;0)=u (X)+ vo(x)
wherevg 2 HZ, is small w.r.t. k ky2. Our main result is the following.

Theorem 1.1 Under the Assumptions 1-4 there exist constants’ > 0 and
C > 0 so that the following holds forkvoky2 <" :

(1) the solution u(x;t) of (1.21) exists for allt O;
(2) the solution u(x;t) can be written in the form

(1.22) ux;t)=u R (pH(x (1) + w(x;t)
where
2CH[0;1); 2);  2CY[0;1);8Y);
3)
(1.23) kw(;t)ky2 Ce 'kvoky: ;
4)

j @j+](0) Ckvokye ;
(5) there exist 1 2 2; 1 2 S?, depending onvp, such that
(1.24) J® Roaaj+j@® 1] Ce "kvokyz:
Remark 3: The constants ; and ; specify the so calledasymptotic phase

of the perturbed solution. For the original variable U(x;t) = u(R «x;t), solving
(1.1), one obtains

U(x;t)

uR R ax () + WR «x;t)
a( ())u + w(x;t):
Here, using the group action (1.11) we de ne
(1.25) MO =(@); ®O+ct); ~Ht)=Ra (1); wxt)= WR axt):
Then the estimates (1.23) and (1.24) can be written as follos:
) i+ ® i+ kUGt al (D)u ke Ce TKU(;0) U kye:

That is, U( ;t) approaches, inH 2?-norm, a pattern a( (t))u similar to the unper-
turbed pattern u (R «Xx), but the perturbed pattern rotates about the center 3
and has a phase shift ; . The angular velocity c is the same for the unperturbed
solution u (R Xx) and the asymptotic solution a( (t))u . The decay of the error
term, w( ;t), to zero and the approach of the group variables (t) and ~(t) to their
limit values 1 and ; is exponential ast!1

Remark 4: In Theorem 1.1 we have left the notion of a solution imprecise In
fact, to prove the theorem, we will use an integral formulation and a contraction
argument w.r.t. k k2, leading to a mild solution of (1.21). This is a function

u2 C! [0;1);L%2 \ C [0;1);H?
satisfying the integral version of (1.21),

z
(1.26) u(;t)= elto(u + vo) + te<t of (u(; ))d :
0
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Because of the simple structure of the nonlinearity, the cotraction argument does
neither need nor provide any control ofkD u( ;t)k_=. However, using the assump-
tion vo 2 HZ,, , one can show, a posteriori, thatkD u( ;t)k 2 exists and grows at
most exponentially in time. In fact, the constructed solution u(x;t) is a classical
solution of (1.7) and, forallt 0, we have

u(;t); u(;t);D u(;t)2 L3 % ™)

See Section 7 for details.

Remark 5: We believe that, using Assumption 2, one can show that the
equilibrium pattern u (x) and the solution u(x;t) of (1.7) decay exponentially as
iXj'1 . Moreover, we expect that (1.5) can be deduced from (1.4) uner As-
sumption 2. However, we have not carried out detailed argumets.

1.6. Outline of Proof and Functional Analytical Setting. We will use
the linear operators

(1.27) Lv = A v+cD v+BX)Vv; BX) = fYu (x)
(1.28) Lov = A v+cD v

(1.29) Lyv = A v+cDv+Byv;, By =f%u;)=190)
with

D v= xy;Div+ x1Dyv:

We considerL;Lo, and L; as operators fromHZ2,., into L2. Since the operator
D has unbounded coe cients, some of the results derived belowdo not seem to
follow directly from standard theorems.

In Section 3 we consider the resolvent equation

Lyv sv=h; h2L? Res :

and construct a solutionv 2 HZ . For Res we also show the resolvent
estimates
k(Ly ) 1hkﬁém C 1+ jlmsj® khk?,;
1
1 .
k(L1 s) “hkp: > TRes +Reskhk"2'

These imply that L; : HZ,, L2?! L2?is a closed operator. SinceHZ2,, is
dense inL? one obtains existence of theCo{semigroup e'“* :L?! L2 and for the
generator the domain of de nition

D(L1)= Héy :
The operator

Lv=L; v+(B(x) Bi)v
diers form L; by a term which is a bounded operator fromL? into L?. One

obtains the semigroupe! : L? ! L2. More generally, we show that the same

results hold for Sobolev spacesi™;n 1, with H";H24 replacing L% HZ,q, -
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Using the energy technique, we will show exponential decaystimates for the
semigroup e'“* in H? in Section 5. A main diculty is to extend these decay
estimates fore!'* partially to the semigroup €' : The purely imaginary eigenvalues

ic and 0 of L must be taken into account. To do this we decompose the spadd 2
as

(1.30) H? = HZ\ 7

where is the 3{dimensional space (1.19), corresponding tothe eigenvalues ic
and 0 ofLL, and is the corresponding space forL . Here the adjoint L and the
orthogonal complement ? are taken w.r.t. the L? inner product. In Section 4 we
justify the application of Fredholm theory.

In (1.30) the spaceH? is decomposed into invariant subspaces fot. and we
show the decay estimate

(1.31) ket woky:  Ce 'kwokyz; wg2 H?\ 7

in Section 5. A corresponding estimate holds fok k 2 but we will not use this.

Using the projector P from L2 onto 7 along and an implicit{function
argument, we decompose the solutiom(x; t) in the form (1.22) and derive (coupled)
evolution equations for the group variable (t) = ( (t); (t)) and the error term
w(x;t). The evolution equations take the form

(1.32) _ Ec
(1.33) we L ow

rEIC (@) w(;t))
rIC (t); w( ;1))

with coupling terms rl 1 and r"l; see Section 2 for details. Here the error term
w(x;t) evolves in the spaceH?\ 7, and the decay estimate (1.31) can be used
for the inhomogeneous equation (1.33).

Using an integral formulation of (1.33) (see (6.4)) and caréul estimates of the
coupling termsrl I and r™l, a contraction argument is then used to prove Theorem
1.1. The details are provided in Section 6.

1.7. Remarks on the literature. Structurally, our approach for splitting the
dynamics as in (1.32), (1.33) follows Henry's method11, Ch.5] for proving stability
of traveling waves with asymptotic phase. A few generalizaibns and variations of
this technique have been developed since, and we refer tad] for a recent survey.
Most results use analyticity of the semigroup and prove expaential decay by using
the integral representation of the semigroup and resolventestimates. As noted
above, this approach does not apply when the linearized opator generates only
a C%-semigroup. For this case Bates and Jone<] set up an invariant manifold
theory allowing to decompose the dynamics near a traveling ave into a center
manifold (formed by the translates of the wave) and a stable nanifold. Exponential
decay of the semigroup is obtained in a similar but somewhat rare involved way
by comparing with a constant coe cient semigroup, see the application to the
FitzHugh Nagumo system in 2, Sect.4]. A general abstract principle that allows
to reduce the dynamics near a relative equilibrium to a cente manifold is derived
in [16]. Moreover, using the arguments from P] the authors prove that the center
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manifold is exponentially attracting for rotating waves satisfying our assumptions.
However, stability with asymptotic phase is not discussed mn [16].

Finally, during revision of the manuscript we learnt of the recent work [9]
which uses compact perturbation techniques forC°-semigroups (see Appendix) for
proving nonlinear stability of traveling waves for some conustion problems.

Acknowledgement:  The authors are particularly grateful to Vera Thammler
for her excellent numerical work on the Ginzburg-Landau eqations in Section 8.
Not only did her results illustrate the theory at an intermed iate stage, they also
stimulated completion of the spectral investigations.

2. Decomposition of the Dynamics

In this section, the solution u(x;t) of (1.7) with initial condition u(x;0) =
u (x) + vo(x) will be decomposed as

ut)= u (R (x  O)N+ wixt); w(;t)2H2\ 7,
where w(x;t) will be shown to decay exponentially.

2.1. Spaces and Norms. OnL2= L?( 2; ™) we de ne the inner product
Z
(U;v)L2 = hu(x); v(x)i dx
2

with X
hu;vi = Uy
j
For brevity we often write (u;v) = (u;V)_2. On the Sobolev spaceH"( 2; ™) we
have a semide nite and a de nite inner product:

X
(U;VIun = —(D u;D V).
jj=n
X2
(2.1) = (Di1 Dinu;Di1 DinV)LZ
iy;nin=1
Xt
(u;V)un = —'(D u;D v).2
iion
X
(2.2) = (UV)ux
k=0

with corresponding (semi) norms
juiZe =(u;u)pn and  kukZ. = ((u;u))pn

A simple calculation shows that the inner products are invaiant under orthogonal
transformations of the independent variable, i.e., (;V)un = (U Q;v  Q)un Iif
Q"Q=1. Thus we have for all 2 SE(2) and all u;v2 H":

(2.3) (a( Ju;a( JV)un
(2.4) ((a( yu;a( JV)u»

(WV)hn s ja( JUjHe = jujhn;
(( U;V))H"'; ka( )Uan = kUan:



NONLINEAR STABILITY OF ROTATING PATTERNS 359

Finally, for n 2 we introduce the space
Hl, =fu2H":D u2H" ?g
which is a Hilbert subspace ofH" with inner product
Uz, =(WV)kr +((D 6D V)un 2
The following lemma generalizes the rule

(2.5) (u;D u)=0:

Lemma 2.1. For n2 we have

X i

(2.6) —'(D u;D D u)=(u;D u)gn =0
ji=n

if ;D u2H"( ; M.

Proof. From

D u= x,Dju+ x1Dyu
we have

D:D =D D;+ D,
and, by induction,

(2.7) DD =D DY+ kDX 'D,:
Similarly,
(2.8) D,D =D D, ID;D},*:

Combining these equations we have

(2.9) DYDLD = D DD, + kDX DS ID¥ D) T
From (2.5) and (2.9) we obtain
X nl X1 n . noi . noi
—([D u;D D u) = j (D)D) 'u;DiD3; 'D u)=
jg=n j=0
i J” (DD} 1u;D} DY 1)
i=1
K1
' . , . ,
(n j) j (D!DS 'u;DI* DY T tu):
j=0
Shifting the index in the second sum we end up with
j J” ( j+1) ”1 (DD} 'u;D} DY I*uy=o0:

=1
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Lemma 2.2 Let u;D u2 H"( ?; ™). Then we have

X 1
(2.10) TRe( u;D D u)=Re(u;D Uu» =0 :
ij=n
Proof.  This follows from the previous lemma since we can writed = u; + iU,
with u; 2 H"( 2; ™) and obtain

(U;D Wun =(ug;D up)pn +(uz;D u)pn  i(Uz;D ugp)pn + i(ug;D Uy

2.2. The Eigenvalues 0 and ic of L. Recall that U (x;t) = u (R ¢X)
denotes a solution of (1.1), thusu (x) is a stationary solution of (1.7). The operator
obtained by linearizing the stationary equation (1.7) about u is

(2.11) Lv=A v+cD v+ B(x)v; B(x)= Df (u (x)):

Lemma 2.3 Let U (x;t) = u (R X) denote a rotating pattern solving (1.1)
with u 2 HEUC, , ¢ 6 0, and nontrivial functions ' ;1 = Dju ;' 2 = Dou ;' 3 =
D u 2 HZ, . Then ic are eigenvalues oL with eigenfunctions' ; i' », and 0
is an eigenvalue ofL with eigenfunction ' ;.

Proof. Applying D; and D, to the stationary equation (1.18) leads to
O=L(Diu )+ cDou; 0=L(Dyu) cDiu;

from which the rst assertion follows. Similarly, we apply D to (1.18) and, using
D = D , obtain the second assertion.

By Assumption 1 we haveu (x) ! u; =0asjxj!1 ;therefore, the linear
operator

(2.12) Liv=A v+cD v+B;v; By =f%u;)=f90);

also plays a role in our analysis. We consideLg;L, and L; as linear operators
de ned on HZ, taking values in L2,
The formal adjoint of L is de ned by

(2.13) Lu= u cDu+B()'u; L :HZy! L?;
and satis es
(2.14) (Lu;v)e =(u;L v) . forall u;v2HZ, :

(We will see below that the formal adjoint L does, in fact, agree with the abstract
adjoint of L as de ned, for example, in [L9].)
The following lemma summarizes important properties of theoperator L.
Lemma 2.4. For all complex s with Res> 2 the operator
Ly s:t(HEdi dinz, )t (LZj dice)

is a linear homeomorphism and the operator
L s:(H& i dinz, ) (L% i)
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is Fredholm of index 0. Moreover, there exist adjoint eigenfunctions 1; 2; 3 2
Héucl( 2; m) with

L(1 1 2)= dc( 1 1 2)
(2.15) L 4= 0:

For s; = ic;s, = ic;s3 = 0 the inhomogeneous equation
(2.16) (L s)u=h; h2L?%j=1;23;
has a solutionu 2 HZ, if and only if

(1+i 2302 = 05 j=1;
(1 0 230 = 0; j=2;
(zh) = 0; j=3:

If the orthogonality condition is satis ed, then one can sekct a solution u of (2.16)
with

jivijnz  Cjjhjj.-
where C does not depend orh 2 L2,
Proof. Resolvent estimates forL; are shown in Section 3. Based on these,

the Fredholm property of L s follows essentially from the Riesz{Fechet{Kolmogorov
compactness criterion; see Section 4 for details.

Lemma 2.4 is written in spaces of complex valued functions. iBce we have real
di erential operators we can express the same results in tans of real-valued func-
tions. If necessary we write the corresponding real functin spaces as 2;H?; H? ¢ .

Lemma 2.4 can be used to decompose the spade$;H? andH 2, as follows.
First, de ne

;Euc!

?

(2.17) =span f' 1;' 2;' 30; =span f 1; 2; 30, W= 7;

where the orthogonal complement of is taken in L?. Then, for n 2, introduce
the subspaces

(2.18) W"=H"\ W, Wl, =H \ W:
With these settings we have

(2.19) L? = W and H?= W2 H%gy = WE -

The decompositions (2.19) are compatible with the operatoL : HZ , ! L? in the
sense that

(2.20) L() and L(WZ,) W:

We can carry this argument further to show that

(2.21) Higa = W and L(WEq) W2

Note that H*c,y follows by Theorem 3.2 from
Li'j=s"j+(Bx B()'j j=1;23

and Assumptions 1 and 3.
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Using the simplicity of the eigenvalues ic we have ( 1+ i 2;" 1+ 1 2) 2 6
0 and, therefore, may assume (1 + i 2;' 1+ 1" 2) 2 = 2. Combined with the
orthogonality of left and right eigenfunctions, this impli es the normalization

(2.22) (js" Kz = jx forjik =1;2;3:

The projector P from L? onto W along is then given by
x3

(2.23) Pu=u 0 giu)Le:

=1

This projector P also mapsH"¢,, onto W¢,, and H" onto W"(n = 2;4).

2.3. Decomposition of the Solution u(x;t). Let u(x;t) denote the solution
of (1.21), i.e., u solves the di erential system (1.7) (with stationary solution u (x)),
but the initial data are perturbed, u(x;0) = u (x) + vo(X). A major step is to
decomposeau(x;t) into two parts: One part moves within the group orbit of u and
the other part, which we call w(x;t), moves within the spacew = ?:

ux;t) = a( ()Hu (x)+ w(xt)

(2.24)

u R @mx (1) +w(xt);

where

wi; 2w, (1)=( (1); (1) 2 SE(2):

This decomposition follows the approach for traveling wave in [11, Ch.5] and
corresponds to a transformation to a local coordinate systm. The local coordinate
system uses the group variables = ( ; ) and the subspaceWV = 7 de ned above.
Note that W is transversal to the space where is the tangent space, at u , to
the group orbit of u (cf. the slice theorem in B]).

A rigorous formulation of the change of coordinates uses thelerivative of the
group action
SE(2) 7! L2

' al )u
de ned by (1.11). As follows from Assumption 3, this derivative exists and can be
evaluated at = =(0;0) as follows:

a()u

X
(2.25) Dla( )u] = 'y for 2 3

j=1
Here we have identi ed the Lie algebraT SE(2) = se(2) with 3. The following
result is then a consequence of the inverse function theorem

Lemma 2.5. Let P denote the projector (2.23). The map
SE(2) 7!
(1 P)a()u u)

satises ( )=0 and is a local di eomorphism near = with derivative

(2.26)

3
(2.27) D() = iy 2
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Moreover, the transformation

SE@2) W 7! L2

(2.28) T (;w) I T(;w)=a()u u +w

is a local di eomorphism near ( ;0). The solution of T( ;w) = v is given by
(2.29) = Y0 P)); w=v+u al)u
Proof. It su ces to note that the map
(;w)! DT(;0)(;w)=DJa( )u] +w

is a linear homeomorphism from 2 W onto L2 and that T(;w)= vandw 2 W
imply (I P)a( )u u)=(l P)v;hencewehave = (I P)v) by the
rst part of the lemma.

2.4. The Decomposed System. Consider a solutionu( ;t) of (1.21) for a
time interval 0 t <t; wheret; is chosen so thatu( ;t) lies completely in a
neighborhood ofu where the transformation T (see (2.28)) can be inverted, i.e.,
(2.24) can be re-written as

(2.30) u(;t) u ()=T( (t);w(;t); 0 t<ty:

(The time interval 0 t<t; mayequal 0 t< 1; in fact, our arguments
will show that the choicet; = 1 can be made if the initial perturbation is small
enough.)
We derive di erential equations and initial conditions for (t) and w( ;t) 2 W.
At t =0 we have
u(;0)=u +vo=a( (0)u + w(;0);
hence by Lemma 2.5

(1 P)vo)
Vo+ U a( o)u :

0= o:

(2:31) w(;0) = wp :

In the following, we use the abbreviation

Mx=R ux (@) if (©)=C@); (1):
Insert u( ;t) from (2.24) into (1.21) and obtain for 0 t<t,:

%(a( u )+ w(;t) A (al (DHu) A w(;t)
cD (a( (thu) cD w(;t) f al (t)Hu +w(;t)
h !

|

Du ( ()x) R, @mkx (@))L) R (1)
A u(@Ox)+w(:t) A w(;t) cD w(;t)
f(al (Hu +w(;1) cbu ( (X)R @+ X

0

Now we use that
Du ( ()X)R (i« ,x=Du ( ()X)R, (Ox+ R (1 (1)
and evaluate (1.20) at = (t) to obtain
A u( (x)=cbu ( (xR, ()x+f(al (H))u):
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Therefore,
0 = Du(®x) R L+ cR, (1) D u( (t)x)L)
+wi(;t) A w(;t) cD w(;t) B(X)w(;t)
[f(u C ®x)+w(;t) f(u(()x) Df (ux)w(;]:
Introducing the remainder
(2.32) rflC;w)=f(a( )u +w) f(a( )u) Df(u()w
we nally arrive at the equation
we(3t) = Lw(;t) + I (), w(;t)

+Du ((t))R @ )+ cR, (t) +D u( (t))L):
For 2 SE(2) we d8e ne the linear mapping

< 7

! (I P)Du( ) ;+Du( ) 3

(2.33)

(2.34) S():

SinceS( ) agrees withD ( ) from (2.27) we nd that the inverse S( ) *: | 3
exists and depends smoothly on in a neighborhood of . Applying | P to (2.33)
and using the inverse ofS( (t));0 t<t ., we obtain the following di erential
equation for (t)=( (t); (1)):

+ cR_

B T =dGw),
(2.35) -
OGwy= R % s piGwy Ee= R O

In the next step we apply the projector P to (2.33) to obtain the w-equation:
(2.36)
we Lw= P PDu( ) Du( )s()? P rlflg;w)= r™(;w):

Together with initial conditions (2.31), equations (2.35) and (2.36) constitute
the transformed system. Working the way backwards, we see tit any solution
( (1);w( ;1)) of the transformed system that stays in a neighborhood of (; 0) leads
to a solution of (1.22) via the transformation (2.24).

In Section 6 we will show that both remaindersr™! and rl ! are Lipschitz
bounded with respect to kwky . with Lipschitz constants that become small as
! and kwky2 ! 0. This will lead to the proof of nonlinear stability.
3. Resolvent Estimates for L1

Recall the de nition

(3.1) Lyv=A v+cD v+Byv; V2HZ,
whereA;B; 2 ™ ™ are constant matrices satisfying

(3.2) hu; Aui 2 ajuj?; hu;By ui 2 juj? forall w2 ™M

and
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A>0 >0 c2 ; c60:

Theorem 3.1 Lets=s;+is;2 withs; 2 ands; . Then, for every
h 2 L2, the equation

L;v sv=h
has a unique solutionv2 HZ , and

1
(33) kaLZ m khkLZ
(3.4) kvkZ . + kD Vk?Z, C(L+ s3)khk?; :

The constant C depends only on »; , and jB1 j;jAj.

The theorem is proved in three steps. First, in the next sectbn, we give a formal
derivation of the resolvent estimate (3.4), assuming existnce ofv. In Section 3.2 we
prove existence of a solution for a scalar equation like (3)1 The proof uses Fourier
expansion in and the solution of inhomogeneous Bessel equations. In Sémh 3.3
we generalize the existence argument from the scalar case the case of a system
(3.1).

If h 2 H" (instead of h 2 L?) one can extend the estimates of the previous
theorem to higher derivatives of v wherev is the solution of the resolvent equation

(3.5) A v+cDv+B;v sv=h:

Note that this extension is not completely trivial since the term D v has variable,
unbounded coe cients.

Theorem 3.2 Lets=s;+isp2 withs; 2 ands; .Leth2 H" and
let v2 HZ,, denote the solution of (3.5) of Theorem 3.1. Thenv2 H2'2 and
. (.
(3.6) JVIH N thJHn
(3.7) kvkZ .. + kD VK3 n C(1+ s)khkZ, :

Remark: We found it instructive to derive detailed resolvent estimates via
the energy method. In Section 5 we use the resolvent estimaseto construct the
corresponding semigroupet* . An alternative approach is to start with the known
semigroups generated by + B; and D and to use their commutativity to con-
struct and estimate €'-* . Then resolvenhestimates forL, can be obtained from
the integral representation (L; s) ' = 01 exp(t(Ly  s))dt.

3.1. Formal Derivation of the Resolvent Estimates. We rst note a
generalization of the estimates (3.2) to complex vectors. flu = ug + iu;u; 2 ™,
then we have

hup + iug; A(ug + iug)i = hug; Augi + hug; Augi  ihug; Augi + ihug; Augi
Therefore, taking real parts,

Rehu;Aui 2 ajuj? forall u2 ™:
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Formal Derivation of the Estimates of Theorem 3.1: Taking the L2{inner
product of
(3.8) A v+cDv+By;v sv=h

with v one obtains

(V;iA V)L 2+ ¢(v;D V) 2 +(Vv;B1 V)2 SkaEz =(v;h) 2 :
Integrating by parts and taking real parts yields

(3.9) 2 ajVj4: 2 kvk?, sikvk?,  Re(v;h).: :
Taking absolute values one obtains

2 AjViZi + (2 + sp)kvk?, k vk 2khk >
which yields (3.3). Since +s; 0 one also obtains

2 AjviZ1+ kvk?: k vk okhkg > :
This implies that

jViZ. + kvk?,  CkhkZ;; C=C( a; ):
Next, take the L?{inner product of (3.8) with v,

( ViA V)iz+¢c( v;D V)2 +( viBr V)2 s viVv)ie =( vih)z .

Taking real parts and using Lemma 2.1 yields

X
%( vi(A+ AT) V). Re(DjV;B1 DjV)_2 + s1jvj3: =Re( v;h): :
Here

Re(D;V;B1 Djv).: 2 kDjvk?;
and one nds that
2 Ak VK2 +(2 + s)jvid: ko vk oKhkgz :
Since + s; 0 one obtains
(3.10) 2 ak vk 2 k hk2:
Finally, to estimate kD vk, > we take the L2{inner product of (3.8) with D v:

(3.11) (D V;A V) 2+ ckD VkZ, +(D Vv;By V)2 S(D v;Vv).2 =(D v;h).2 :

Here (D v;V)_2 is purely imaginary. Therefore, taking real parts in (3.11) and then
taking absolute values yields

jgkD vkZ, iB1 j+jszj kD vkpzkvk 2+ jJAJKD vk 2k vk 2+ kD vk z2khk 2 :
Divide by kD vk_. and use the estimates (3.10) andkvk_ > Ckhk, > to obtain
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jgkD vk 2 C 1+ jspj khkpz :
This completes the formal derivation of the resolvent estinate (3.4).

Formal Derivation of the Estimates of Theorem 3.2: Take the H"{inner
product of the resolvent equation (3.8) with v to obtain

(V;A V)un + (VD Vo +(ViB1 Vo SjVjdn = (Vih)yo -
Then take the real part of the resulting equation and note that
Re(v;D Vv)yn =0
by Lemma 2.2. One nds that

(3.12) 2 AjViZna 2 ViZe  sijvid. Re(v;h)un :

Taking absolute values the estimate (3.6) follows.
Similarly, taking the H"{inner product of (3.8) with v the estimate (3.10)
generalizes to

(3.13) 2 Aj Vjun j hjun :
Finally, taking the H"{inner product of (3.8) with D v leads to (3.7).

3.2. Existence in the Scalar Case. Consider a scalar equation

(3.14) v+tcD v (2 +s)v=nh

where h is a given complex valued function in the plane and

c2 ; c60; > 0, s=s1+1isy; S :
To show solubility of the equation, we may put strong assumptons on h because

we can derive estimates of the solutionv in terms of h and then can make an
approximation argument. If written in Cartesian coordinat es, we will assume that

h2C} ( ?nfog);
i.e.,hisaC?! function compactly supported in 2nf0g. The set of these functions
h is dense inL?2.

To show solubility of (3.14) we will treat the equation in polar coordinates.
For simplicity of notation, we simply write h = h(r; ) for the right{hand side and
v = v(r; ) for the solution to be constructed. Using Fourier expansio in  we
write

X _ X _
h(r; )= ha(r)e™ ; v(r; )= Vn(r)e"
and obtain, formally,
oo, Lo n ; ) i
(3.15) vyt Fvn r_ZV” (2 +s icn)vy =hp(r); r>0;, n2

Note that
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z
X 1

khk?, = 2 rihn (r)j?dr :

0

If we abbreviate

=2 +s icn=2 +s;+is, icn
then

Re?=2 +s; > 0, Req>0:
We will prove:
Lemma 3.1. Consider the ODE
1, 00 N? 2
(3.16) r (rvy) r_ZV” g°Vn = hn(r)
and assume

Re> > 0, Req>0;, h,2C} (0;1):
The ODE has a unique solutionv, 2 C! [0;1 ) which decays exponentially as
r11 . This solution satis es

(3.17)  jva(Nj=O@") as r! 0 and jva(r)] e zRe9 as r11
and satis es the estimates

z 1 z 1 1 z 1 z 1
(3.18) rivij?dr + n? Fjvnj2 dr + rjivaj?dr C rihnj?dr :
0 0 0 0

Proof: Estimate and Uniqueness. First assume existence of a solutiorv,
of (3.16), (3.17). Multiply (3.16) by rv, and integrate by parts to obtain
z 1 z 1 z 1 z 1

2 2

rjvnj2dr = rvyhy, dr:
0 0
Taking real parts and using that Re ¢? > 0 the estimate (3.18) follows.

Existence. First consider the homogeneous equation

rivij?dr n r}jvnjzdr q

(3.19) r2v%+ rv®  gfr?v,  n?v, =0:
Setting v, (r) = y(igr) one obtains Bessel's equations of orden:

22yN2)+ zyA2)+ (22 ndy(z2)=0; z=iqr:
The function

vid(r) = dn(iar); r 0
solves (3.19) and satis es

v (j= o) as r! 0:
Write (3.19) in the form
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1 n2
00 0 2 — .
v+ FV“ d°Vn _ern‘o :

For large r one obtains the constant coe cient approximation

00

v v, =0

which has the decaying solutione 9"; Req > 0. A perturbation argument shows
that (3.19) has a nontrivial, exponentially decaying solution

v@ () with jv@(r)j Ce zRea; [ 1.
The two solutions v{ and v of (3.19) are linearly independent since otherwise
v 0Dy (3.18).
A solution v, of (3.16), (3.17) can be constructed as follows. Assuming tht
the right{hand side h,(r) is supported in 0<a <r <b , let vypa (r) denote the
particular solution of (3.16) with

Vn;par (a) = Vr?;par (a) =0;
thus

Vnpar (F)=0 for 0 r a:
We construct v, in the form

V(1) = Vigpar (1) + v P (1)
for suitable . In fact, consider the boundary operator

Rova = 1Va(B)+ 2v3(b)

where ( 1; 2) 6 (0;0) is chosen so thatvaﬁz) = 0. Then choose so that

0= van = van;par + R er(_ll) .

(Note that va,ﬁl) 6 0 since viP ;v® are linearly independent.) With this choice
of , the function vy, = Vppar + V Sl) is a multiple of vr(]z) forr b Consequently,
(3.17) holds.

P _
If hN)X(r; )= N ha(r)é" is a nite Fourier approximation of h(r; ),

we obtain the corresponding solution

X .
viN () = Vo (r)e"
n= N
of (3.14) with right{hand side h(N). The estimate (3.18) yields

VN2, + kviNk2,  CkhkZ; :

Clearly, the full estimate corresponding to (3.4), which we have derived formally
in Section 3.1, is valid for the nite Fourier sum v(N), For N ' 1 we obtain the
solution v2 HZ, of (3.14) and the estimate (3.4).
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3.3. Existence in the Systems Case. Consider the equationL; v sv=h
under the assumptions speci ed in Theorem 3.1 but assumé 2 C} ( 2nf0g). As
in the scalar case, we write

X . X .
h(r; )= hn(r)e" ; v(r, )= vp(r)e"
and obtain, for each integern, the second order system

2
(3.20) A+ Flv,? ?—zvn) Pvy = ha(r); 1> 0:

with
P= B; icnl + sl :

Lemma 3.2. All eigenvalues of A 1P lie in

n(1l ;0]:
Proof: If A 1Pu= u;u 60, then

Au = Pu= Bju+su+i(s; cnu;
thus
Re( hu;Aui) =  Rehu;B1 ui + sijuj?
juiz>o0:

Since Refu; Aui > 0, it is not possible that 2 (1 ;0].
To solve (3.20) let us rst assume that A P is diagonalizable,

Then, if vo = Tw,, the system (3.20) transforms to

2
(3.21) w0+ ;—Lwﬁ ?—zwn DWnp =T h,(r); r>0;

The above system consists ofi scalar equations of the form

3.22 o, Lo 12 =g(r); 92C5(0;1):
(3.22) R =9(r); 92C (0:1):

Here 2 n(1 ;0]and we can write

=¢’; Req>0:

We cannot directly apply Lemma 3.1 since we do not know if Re = Re (¢?) > 0.
However, we know from the scalar case that (3.21) has two nonivial solutions

where @ (r) = O(riM) for r I' 0 and where @ (r) decays exponentially as
ri11 . Ifthefunction @ (r)would be a multiple of @ (r) then we would obtain a
nontrivial, exponentially decaying solution v, (r) of the homogeneous system (3.20)
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with v, (r) = O(ri™). This would contradict an energy estimate that one can derve
for (3.20) as in the scalar case.

Thus, we conclude that the two functions @ (r) and @ (r) are linearly in-
dependent. We can then construct an exponentially decayingolution of the inho-
mogeneous equation (3.22) as in the proof of Lemma 3.1. Thesgguments show
the existence of an exponentially decaying solutionv, 2 C! [0;1 ) of the system
(3.20) under the assumption that A P is diagonalizable. By summing the Fourier
series, we obtain a solutionv 2 HZ , of the equationL; v sv= h.

If A 1P is not diagonalizable, we approximateA and P by A. and P- so that
A. 'P. is diagonalizable. Since the estimates do not depend oty we can make a
small perturbation argument and obtain a solution also in the case whereA P is
not diagonalizable. This completes the proof of Theorem 3.1

4. Fredholm Theory

Recall the de nition

Lv=A v+cD v+ B(X)v; V2HZ, :
We show the Fredholm property for L using the Riesz{Fechet{Kolmogorov Theo-
rem (see, for example, I, Ch.2], [20, Ch. X]).

Theorem 4.1. (Riesz{Fechet{Kolmogorov) A set V  L?( 9) is precompact
with respect to theL?-norm if and only if the following three conditions hold:

(1) z
lim sup jv(x)j2dx =0 ;
RIL vav jxj R
2)
supkvk . < 1 ;
v2V
€)) 7
limsup  jv(x+ ) v(x)j?dx=0 :
' Oy2v d

Lemma 4.1 Letk OandletM : 97! ™ M phe a matrix valuedCX-function
satisfying

(4.1) supjD M(x)j! 0 asR!1 ; jj k
ixXj R

Then the operator of multiplication

Hk+1( d. m) 7! Hk( d. m)

4.2 M ' '

4.2 w7 MO

is compact.
Proof. Consider rst the case k =0 and apply Theorem 4.1 to the set
V = fMu:u2 HYjjujjy: 1o
From (4.21) we have
. iM (x)u(x)j?dx supfi M (x)j : jxj  Rgijjujit-
ixj
supffM(x)j :jxj Rg! OasR!1
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Clearly, V is bounded inL?. For all jjujy: 1and 2 ¢ we have
z zZ Z, 2
jux+ ) ux)jdx Du(x+ s )ds dx
d Z d 0 Z .
jj2  jDu(x+ s )j?dsdx
‘2,2
= jj? jDu(x + s )j?dxds
2
ji? ) jDu(x)i2dx j jFjjuiif.:

Thereforze we can estimate forj j  1;jjujjp: 1

M (x+ Ju(x+ ) M (x)u(x)j’dx

2 M (x+ )iZjulx + )2 + M (x)j%ju(x)j®  dx
ijj R
+ 2 M(x+ ) MEPFjux+ )2+ M )jFu(x+ ) ux)j® dx
iXj R
4 sup M(x)j?+2 sup jM(x+ ) M (x)j?
ixji R 1 ixj R
z
* 2PM Qi julx+ ) u(x)j?dx:
Given " > 0, chooseR large so that the rsttermis " and then choosg j small
such that the last two terms are ". The proof for generalk uses the rst step

and the Leibniz rule for D (M (x)u(x)).
We proceed with the

Proof. of Lemma 2.4 The homeomorphismL; s:HZ, ! L2 is estab-
lished in Section 3. Then we can write

43) L s=L; s+B() By =(1+(B Bi)Li s) L1 9):

By classical Fredholm theory (see, for example, 19, Ch.IV13]) it is su cient to
show that the operator (B Bi )(L; s) ! is compact in L2. But this follows
from Lemma 4.1 using Assumption 1 and the fact that C; s) ! mapsL? into
H éucl H l'

Since the Fredholm index ofL s is O we infer that codimR(L s;) =1 for all
three eigenvaluess;, see (2.16). Moreover, the relations dimi (L si)=1;j=
1;2; 3 and the Fredholm alternative for (2.16) follow from [19, Ch.IV11] provided
we show that the abstract adjoint L :D(L ) L2 7! L?, de ned there, coincides
with the formal adjoint L :HZ,, 7! L? de ned in (2.13). Recall that

D(L) = fv2L?:9w2L2s.t (Lu;v)iz =(u;w) 2
(4.4) 8u2D(L)= H&u O;

whereL v is de ned asw given by (4.4). Then (2.14) implies that HZ,, D(L )

and that L is an extension ofL . By Lemma 2.4 and Assumption 4 we have that
L s:HZ, 7' L2is a homeomorphism for alls > 0. Applying the same theory
to the di erential operator L (note that B] satis es Assumption 2 as well) we
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nd for s> jjBTjj; that L s:HZ,, 7! L?is also a homeomorphism. Now take
v2D(L )with w=L v2L?asin (4.4) and letw2 HZ , be the unique solution
of (L s)v¥=w sv. Then we obtain for all u2 HZ

(L s)u;v)z = s(u;v)Lz +(u;w) 2
(4.5) =(u(L 92 =((L su;v¥Le:
SinceL s is onto, we concludev =+ 2 HZ,, and henceD(L )= D(L ).

5. Estimates for e't: and ett

Recall the de nition

Lyu=A u+cD u+Bju; u2HZ, :
Here

B1 21; > 0;
and
A 2 al; A>0:
The operator L; has constant coe cients, except for the term D u which
reads

D u= x;Dju+ x1Dsu:
In Sections 5.1{5.3 we consider the Cauchy problem

ur =Ly u; u(x;0)= ug(x) ;
and denote the solution by

u(;t)y= et ug:
The proofs given below are formal in the sense that we assumeto be su ciently
regular and to have su cient decay asjxj!1 . Note that in this section we work
with real valued functions only. Recall the norms and space$rom Section 2.1, and
for brevity let (u;v) = (u;Vv),_ 2.

5.1. Decay Estimates in H"{Norm. Using Lemmas 2.1 and 2.2 we obtain
the decay from energy estimates.

Theorem 5.1 For n2 we have
1d
2dt
Proof. For n =0 this is the usual energy estimate:

(5.1) JuGoids 2 AjuGDiZea 2 ju(Did. -

d

akuk2 (u;uy)

(u;A u)+ c(u;D u)+(u;By u)
2 Ajujg: 2 kuk?

where we have used that ;D u) =0. For n 1 the proof proceeds in the same
way using Lemma 2.1.

NI =
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Clearly, the previous theorem implies

id
2dt
This yields the decay estimate

(5.2) ku(;t)k? - 2 ku(;t)kZ, :

(53) ketl'1 kHZ! H?2 e 2t .

The same estimate holds if we replace thed 2{norm by the H*{norm or by the
L2{norm.

5.2. Boundedness of et from HZto HS.

Theorem 5.2, There is a constantC > 0 so that for any t > 0:

. C. .
(5.4) UG v

Proof. First integrate (5.1) for n = 2 to obtain

Zt
UG DR § uojf+4 A ju(;9)ifads 0
0

thus
Z, 1
(5.5) ju(;s)j3s ds 4—juojﬁz :
0 A
Consider
(5.6) 9 GuCoiRs = juCoRs + touC s :
. dt i) H3 i) H3 dt i H3 .

From Theorem 5.1 with n = 3 we obtain

d. :
GuGDiEs 0
Using this in (5.6) we nd

d . .
g HUGOREs J uGDiEs

and integration yields
z t
tju(;)id ju(; )jfys ds
0
1.
ﬂluolﬁz

This proves the theorem.
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Combining the result of the previous theorem with the decay atimate of
ku( ;t)ky2 we have
ku( ;t)kZ s %kU()kaz for O<t:

In particular,

(57) ketl'1 kHZ! H3 pc—f for 0<t:

5.3. Estimates of D u. The function D u satis es

Du=A Du+cDDu+B;Du Du(;00=D up:
The basic energy estimate applied tov = D u yields

kD u(;t)k,z e 2'kD ugk,: :
We have shown:

Theorem 5.3 If ug2 HZ,, then

ku(;t)ki. + kD u(;t)k?. e *' kuoki: + kKD uok?,

Moreover, the same arguments as in the previous section yiel

ju(;0ia. %kUQkEZ for O0<t:

We may apply this estimate to D u instead of u:

iD u(;b)j3: %kD uok?, for 0<t:
5.4. Application of Theorem A.1. We apply Theorem A.1 to show that

Lu=Lyu+(B(x) Bi)u
generates an exponentially decaying semigroup.

Theorem 5.4. Under Assumptions 1-4 the operator. generates aC°{semigroup
e onH?2 Forany 0 "< 2 there exists a constantC = C(~) such that

(5.8) ke'“uky: Ce "kuky. forallu2w?= ?\ HZ

Proof. We use Theorem A.1 withX = H2, A= L, , D(A)= HZ,, and the
operator of multiplicaton Bu = (B() B )u. SinceC}  HZ,, we obtain that
HZ,, is dense inH2. Closedness ot ; follows from the resolvent estimate (3.7)
for n = 2. The estimate (3.6) then guarantees via the Hille Yosida Theorem that
L, generates aC°{semigroup on H? which is of type ! o 2 ; see also (5.3).
Next, we note that Assumption 1 implies
sup jDj(B(x) Bi)j= sup jD2f (u (x))Dju (x)j! 0 asR!1 ;
xj R xj R

and, in a similar way,

supjD (B(x) Bi)j! 0 as R!1 for jj 2:
ixj R
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From (5.7) we have that €' ;t> 0 mapsH? into H® and by Lemma 4.1 k = 2)
we obtain that the operator

u! B(x) Bi)ettrtu; t>0;

from H? into itself is compact.
Therefore, L also generates aC°{semigroup on H? with 4

(5.9) j ess(eL J e 2 <l
There is the slight complication that the eigenvalues of L satisfy

Re 2<0

only if we restrict L to W2, = HZ,y \ W. The spaceWZ,, is notinvariant under
L, . Therefore, we repeat the arguments from the proof of the semd assertion in
Theorem A.1.

Fora xed0 < 2 we have from (5.9)

jess(€)j e® D=g<1
where the essential spectrum is taken irH 2. Now, H? = W? is a decomposition
of H? into invariant subspaces ofe- (cf. (2.20),(2.21)) wheree" has three simple
eigenvalues 1e © in by Assumption 3. In particular, if we restrict e- to W2 the
essential spectrum does not grow, i.e.

(5.10) j ess((eL+ ~)jWZ)j g<l
Moreover, by Assumption 4 the operatorL;w> has no eigenvalues with Re
2 . Then the spectral mapping theorem for point spectra L3, Theorem 2.4] shows

point ((€")jw2)  exp( point (Ljw2)) [f Og
and thus
j point ((eL+ ~)jWZ)j q:
Combining this with (5.10) we obtain j ((e-* Jjw2)i g < 1. The remaining
arguments are as in Section A: There is a nornk k. on W?, equivalent to k ki,
so that

k(e-* Djweks 1:
Therefore, k(e'** )jwzks C ;and k(e'")jwzks Ce T fort 0. Because of
the norm{equivalence:

k(etL)szkHZ C.e T

6. Proof of Nonlinear Stability

In this section we complete the proof of Theorem 1.1 by a nontiear stability
argument applied to the integral equations related to (2.35, (2.36).

4The essential spectrum  ess (A) of an operator A is dened in De nition 8.1 below. We
write | ess(A)] qifjsj qgforall s2 ess(A).
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6.1. Integral Equation Formulation. Recall the subspace from (2.18)
(6.1) W2=fu2H?:(;w)2=0;j =1;2,3g
and the linear operator from (2.11)
(6.2) Lv=A v+cD v+ B(X)v; B(x)= Df (u (x)); v2HZ:

In Section 5 we showed thatL generates aC°®-semigroupe! on H? that has W?
as an invariant subspace and satis es

(6.3) it wojjuz  Cwe Tjiwojinz forwp2 W2t O

Here we can take < 2 arbitrary with Cy depending on~. By Duhamel's
principle the integral formulation of (2.36) is
z t
(6.4) wit) = etwo+ et O ()w( )d;
0
(6.5) w0) = wo=v+u a( o)u;

where ¢ is given by (2.31) as follows

(6.6) ©= o= (1 P
From (2.35) the integral formulation of the -equation is
z t
(6.7) ()= €5 o+ €t DBerlIC ();w( )d:
0

We will estimate the remainders occuring in these equations

6.2. Estimate of Group Action. The topology on the manifold SE(2) =
2n S! is generated by the metric

d( 1; 2)=d i ; z =j1 2+ d( 1 2);

d( 1; 2)=minj1 2 2nj:
n2

(6.8)

For convenience we use the same symbal for the metric on S' and on SE(2).
We show that the action of the group SE(2) on u is Lipschitz with respect to the
metric on SE(2).

Lemma 6.1. There exists a constantC, 1 such that for all 1; > 2 SE(2)
(6.9) ja Ju a( 2u jjuz - Cad( 1; 2):

Remark. The proof will show that the constant C, depends only on the semi
norms jD u jy«;jDju jy« for j;k = 1,2 the existence of which is guaranteed by
Assumption 3.

Proof. From the triangle inequality
jat Ju a( 2)u jiuz ji a( 15 1Ju  a( 2; Ju jiwztjjal 2; Ju - al 2; 2)u jine
it is clear that it su ces to prove the inequalities

(6.10) ja( 1; )u a( 2; U jjue Cji1 o foral 2st
(6.11) ja(; 1)u a(; 22U jjue Cd( 1; o) forall 2 2
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Moreover, by invariance of theH ? norm with respect to the group action (see (2.3),
(2.4)) it is su cient to consider (6.10) for =0; ,=0and (6.11)for =0; ,=0,
i.e. we must show

(6.12) jja; O)u U jjue Cjj for 2 2

(6.13) jia(0; Ju U jine Cd(:0) for 2 Sk

For 2 S!take 2 ( ; ]suchthatd(;0)=jJ. We have
juR x) uXj = juZ(R X) U (X)j=

z 1 d 1
joau(R ¢ X) dtj = jODu(R ¢ X)dt 7J:
Integrating with éespect to x and using CauchyZS%hwarz and Fubini yields
1
ju (R x) u (x)j%dx jD u (R ,-x)j?dtjj2dx
z,2 0

= d(; 0)? jD u (R ,x)j%dxdt = d(; 0)°kD u k%
0

In a similar way
Z Z 7,

ju(x ) u X)j2dx i Du (x t)dtj%dx
z,z 0
jDu (x t)j%dxj j?dt = kDu k?j j%

Summarizing, we have provedL? estimates (6.12) with C = kD u k and (6.13)

with C = kDu k.
Estimates of derivatives proceed in a similar fashion. Notehat

D@@O; )u u)XxX)=(Du (R x) Du (xX))R -+Du (xX)(R -~ 1)
implies
kD(a(0; )Ju u)k (kD Du k+ kDu k)d(; 0):
Using the commutator relations (2.7),(2.8) leads to the esimate
kD(a(0; )Ju u)k (jD u jy:+2jDu jy2)d(; 0):
Combining this with the estimate
kD(a(:0u u)k k D?ukj j

we obtain the estimates in (6.12),(6.13) for the H! norm. Finally, the second
derivative satis es

D?@; )u u) = (D% (R -) DZ)R R ]
+ D[R - IR J+DZu[;R - I]:
This leads to the estimate
kD?(a(0; )Ju u )k (2kD?u k+ kD D?u k)d(; 0):

Again the commutator relations (2.7),(2.8) allow to estimate the constants in terms
of jDu jy: andjD u jy2 which are nite by Assumption 3. The proof of (6.12) is
completed by the estimate

kD2(a(; O)Ju u )k k D3u kj j:
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6.3. Estimates of Nonlinearities. Recall the Sobolev embedding estimate
(6.14) kuk;  Cekuky2. foru2 H?( 2):
In the following we consider functions
(6.15) u=a( )u +w; 2SE@);w2H? kwky2 "o;

where " will be made small during the proofs. Our rst condition is Cg"g
that (6.14) and (6.15) imply

(6.16) kuky k uky +1:
Next introduce the constants
(6.17) M =maxfiD*f ()j:jj k uks +1g k=0;::::4

Lemma 6.2. There exist constantsCyp; C1;C, > 0 and neighborhoods

U = f 2SE@2):d(; ) o9
Wo = fw2HZ,, ‘kwky2 "og
such that the following estimates hold for aliv; wy;w, 2 Wo, 5 1; 22 Ug @

kil wa) 0 wp)kye

(6.18) Co d(; )+ max(kwikyz;kwoky2) kwy  wokyz;

(6.19) krff1(C:w)kye  Co d(; )+ kwkyz kwkyez;
kr™Cw)  r™ICwo)kye:

(6.20) Cy d(; )+ max( kwikyz; kwoky2) kwy  wokyz2;

(6.21) kr™(Cw)kyz  Cpod(; )+ kwkyz kwkyz;

rCICwe) DI wo)j + ke™IC wa) eI 2 wo)ky -
(622) Cg(d( 1, 2)+ kwq ngHz):

1 so

Proof. Sincer[fl(; 0) = 0 it is obvious that (6.19) and (6.21) follow from

(6.18) and (6.20) by settingw; = w;w, = 0.
It is useful to introduce the mapping fl1:SE(2) ™ 271 m:

(6.23) FCwix)=f@a )u )+ w) f(a( )u (x)) Df (u ())w:
The corresponding Nemitzky operator from (2.32) is then gien by
rfICw)(x) = FlCw (x);x);x2 2 for 2 SE(Q);w2 H?:

Consider 2 SE(2)andw; 2 ™;jw;j 1;j =1;2anddenew= w; Wws. Then

we obtain from (6.17)

(6.24) 2.

i Pwrx)  Flwax)j=j  Df(a( )u (X)+ we + tw)  Df (u (x))dtwj
0

Mz (ja( Ju (x)  u ()] +max(jwaj; jwaj)) jwj:
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Similarly,

(6.25) iDw Ml(wiix) Dw MG wax)j  Mojw
and

(6.26) ip2 Ml;wex)j Mo

Consider nowws;w, 2 Wy, let w = w;  w, and obtain from (6.24), (6.14) and
Lemma 6.1:

brifCGws) G w2k

= G wy)  rlfIGw )jPdx
Z
MZ(ka( Ju u kg +max(kwiky ;kwaoky )% jw(x)j?dx

M2C2(ka( Ju U Kyz +max(kwikyz; kwoky 2))? kwk?
M2C2C2 (d(; )+ max( kwikyz; kwaky2))? kwk? ,:

We estimate the derivative

Dl wy) i wy))

(Dw M(wasx) Dy (5 w2;x)) Dwa(x)

+ Dy Fl;wx)(Dwy  Dws)(x)

(ZDf (@l )u +wy) Df(a( Ju +wz))D(a( )u u )(X)
1

D2f(a( )u + w, + tw) D?f (u)dt[Du ;w; Wwy]
0

+

+

= T+ To+ T3+ T4
Using (6.25) and I_Zemma 6.1 the estimat&s are

JTa(x)j?dx MZ  jw(x)j%jDw1(x)j%dx
M 3 CZkwke, - kwikf 2
z z
JT2(x)j%dx iDw TI(;w 2;x)j%jDw (x)j?dx
M 2C2Zkwak? > kwk? 2
z z
JTa(x)j%dx MZ jw)iiD(a( Ju  u )jdx

MZkwk? ka( Ju  u k3.
M 2C2C2kwkZ . d( ; )?;
z
JTa(x)j?dx
Z
MZGa( Ju  u j+max(jwij;jwzj))%Du j?jwj*dx
M2C2kDu K2, (ka( Ju U kg2 +max( kwiky 2 ; kwaky2)) 2 kwk?
M3C2Ca(d(; )+ max( kwiky 2; kwoky 2))kwkyy 2 2.
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We evaluate the second derivative

D2(rf"1(;w1))

D2 M ;wq;x)[Dwy;Dwi]+ Dy 1w 1;x)D%wy
2DxDyw 1w x)[Dwy; 1]+ D2 FI;wq;x)
Ta(wy) + To(wq) + Ta(wi) + Ta(wa):

For the rst tezrm we use the Gagliardo{Nirenberg estimate

+

(6.27) jDuj*dx  CgjjujjjjD?uji* Cgjjujjf. foru2 H?:
2
With the abbreviation ; =(a( )u + w;)(x);j =1;2 we have

Ti(wi)  Ti(wy) D2f (1)[Dw; Dw 1]+ D?f ( 1)[Dwy; Dw]
(D?f (1) D?f(2))[Dwa;Dwy]
T11 + Ti2 + Tas;
Z Z
jT11(x)j%dx M2  jDwj?jDw1j2dx
Z Z
M2 jDwj%dx jDwsj*dx

+ I

[N

M 2Cq kwk? s kwi K2 - :

The estimate of Tliis analogous and forTi3 we Eave
iT13(x)j?dx M 2kwk?  jDwyj2dx

M 2C2Cgkwk? - kwok? 2 :

Setting ; = ( ;w;(x);x);j =1;2 we nd with (6.25)

To(wi) To(wz) = Dy fl()D2w+ Dy, [l(1) Duw "l(2) D2w,
= Tor+ To;
Z Z
jT21(x)j%dx M2 (ka( Ju u kg + kwiky2)®  kD?wk?dx
M2C2C2(d(; )+ kwiky2)>kwk?,;
Z Z
jToo(x)j2dx M2 jw(x)j?jDw2(x)j2dx
MzzcngkﬁszZKﬁzi

With t; =(a( Ju + tw;)(x);j =1;2 we write the T3 terms as follows
Ts(wi)  Ta(wz)

Ex(Df (1) Df (u ))[Dwy;1] D«(Df (2) Df (u))[Dwz;l1]
1
D3f (t 1)dt[Da( )u ;wi;Dw]
OZ )
D3f (t »)dt[Da( )u ;ws; Dwy]:
0



382 WOLF{J URGEN BEYN AND JENS LORENZ

Telescoping in the usual way and usingf 2 C* and kDa( )u k; = kDu k;
%ekDu ky2 C (cf. Lemma 6.1) we can estimate

jTa(wi) Ta(wz)j?dx  C kwik? kwk? . + kwk? 2 kwok? . + kwk3 kwoki kwok?

Finally, we have

z 1
Ta(wy) = D3(t 1)dt[Da( )u ;wi;D(a( J)u  u )]
2,
+ D2f (t 1)dt[wy;D3(a( Ju  u )]
0
z 1
+ D3 (ty)dt[D(a( )Ju u);Du ;wi]
0
1
+ D3 (t1) D3 (u) dt[Du ;Du ;wi]
0
z 1
+ D?f(t1) D?f (u) dt[D?u ;w]
0
= Tar+ Tap+ Tag+ Tag+ Tas:
All terms T4 (W1) T4 (W2);j =1;:::;5 can be handled by telescoping as before.

Note that w-di erences are estimated bykw;  wyk; Cekw:  wyky2 whereas
Di(a( )Ju u);j =1;2 stays under the integral so that Lemma 6.1 applies. We
do not give the details.

Note that the small Lipschitz estimate (6.18) transfers directly from rlf1 to rwl,
By (2.36) we have forw 2 HZ

6.28) r™(;w)= P+P Du( ) Du( )sS()? P)rfflc;w);

and the assertion follows from the uniform bound ofkDa( )u ky- and of S( ) *!
for 2 Up, see (2.34) and Lemma 6.1.
Sincerl 1 from (2.35) is of a similar structure asrl! we get a Lipschitz estimate
for rl 1 with respect to w as well.
Finally, we obtain a Lipschitz estimate for [f] with respectto from Lemma
6.1
P MICswx) T 2w x))
Z,
= j Df(a( Ju (x)+ tw(x)) Df (a( 2)u (x)+ tw(x))jdtj
0

Maja( 1)u (x) a( 2)u (X)jjwj
MaCeka( 1)u  a( 2)u kyzjwj  M2CeCad( 1; 2)jWj:

Since S( ) ! is Lipschitz bounded this leads to (6.22) via equations (6.8) and
(2.35).

6.4. Gronwall Estimate. The Gronwall{type estimate taylored to our needs
is the following.

Lemma 6.3. Let ";C; C; ~ be positive constants such thaC 1 and

(6.29) C—
16CC
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and let' :[0;t; ) 71 [0;1);0<t; 1 , be a continuous function satisfying for
0 t<t,
z t

(6.30) ') Cee T+C e ) r2(y+m()d:
0

Then ' satis es the exponential bound
(6.31) "()<2C% i 0 t<tq:

Proof. First note that (6.31) holds at t = 0. If (6.31) does not hold, let
T 2 (0;t; ) denote the smallest time at which equality occurs. Then we lave

" 3T .
2C" exp( T) = '(T)
Z+
cCee T+Cc e T )C2()+™ ()d
0 z.
C'e T +2cCc"%e 7 2Cexp( —)+exp(—)d
0 2 A

Ce T +ZCC"Zi~ Cexp( T)+exp( 3%)
[

1 8cc
=+
2 _~

< 2C"exp( 3%)

This estimate contradicts (6.29), and the lemma is proved.

6.5. Proof of Theorem 1.1. Let o> 0 and"y > 0 denote constants spec-
ifying the neighborhoods in Lemma 6.2. For the initial value vo from (1.21) we
assume

(6.32) kvokuz "1

and we impose several restrictions ori; in the sequel. By Lemma 2.5 and Lemma
6.1 the initial values (6.6),(6.5) satisfy for su ciently s mall "3

(6.33) d( o; )=d( (0 P)vo; 10) C Kkl Pkyennz"t o

kwokyz Kk voky2 + ku a( o)U Ky 2 "1+ Cad( 0, ) (1+ éCa)"l "o:

where€ = C kI Pkyznyz. Then Lemma 6.2 applies. We also introduce the
constants (cf. (2.34))
(6.34) Cyg = Cskl Pkyznp2; where Cs=sup jS() Y
2Ug
As usual, the Lipschitz bound (6.22) ensures the existencefa local solution
in C([0;t0); H?) for the system (6.4),(6.5),(6.6),(6.7). We use (6.3) with ~ = %
andCyw = Cw (7). Let C=CywC; max(é; 1), where C; is from Lemma 6.2, and

impose the following conditions on"; in (6.32)
!

. 0. 0
12C,Cw C 4C" 2(€ +2C4C"o(1+2C))

(6.35) "1 min



384 WOLF{J URGEN BEYN AND JENS LORENZ

Let [0;t; ) be the maximal domain of existence for the solution (t); (t)) in
Wy U, cf. Lemma 6.2. From (6.4) and (6.3) we have the estimate
Z,
kw(t)kyze Cwe ' kwokyz + CwC1 e & (& 1+ kw( k2 )kw( ))ky2d :
0

Lemma 6.3 applies with" = "1, " (t) = kw(t)ky 2, since condition (6.29) follows
from (6.35). From (6.31) we obtain the estimate

(6.36) kw(t)ky> 2C"e '; 0 t<tq:

The condition (6.35) guarantees thatw(t) stays in an 70 ball in H? and thus stays
away from the boundary of Wy. With (6.36) and (6.19) we obtain from (6.7) the

estimate
Z t

d( (1); ) de®e o; )+ Jrl I ();w( )id
z?
d( o; )+ Cq keI ();w( )ky-d
0 Zt
€'+ Cy("0+2C") 2C"1e d
0

W€+ ZegCrorac)

where the last inequality is a consequence of (6.35). Thus weonclude thatt; = 1,
and the exponential estimate (6.36) holds for allt 0. In fact, for any vg satisfying

(6.32) we can repeat the a-priori estimate above with', = kvgk instead of";. With
the same constants we then nd

(6.37) kw(t)ky2 2Ckvokyze '; 0 t< 1;

which proves the w-estimate in Theorem 1.1.
The smallness estimate for o = (0) =( o; o) follows directly from (6.33).
We de ne the asymptotic phase ; =( 1; 1) by

(6.38) 1= o+ ' e EerlIC ();w( ))d:
0

Note that the integral exists because ofje E<j = 1 and the exponential decay
shown above,

(6.39) irftlC(uw())j Ce ; C =Cgo(l+2C)"::
This leads to
d( 15 Fe () = d( 11 ):éRct 1; (1)
t
d( 15 0+ e FerlIC()w( )d)
z, 0
j e EerllC ()w( ))d )
t
Ce ':
As before, the value"; that appears in C can be replaced bykvoky2, and this
proves the nal estimate in Theorem 1.1.
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7. Existence and Estimate of D u

In this section we denote theL?{norm on L?( 2; ™) by k k. We assume
f 2 C! to avoid counting of derivatives. The arguments in this secton are only
needed to show existence of and bounds fdd u.

The results of Section 6 yield existence of a solutiom(x;t) in

Cl [0;1);L2 \ C [0;1);H?
of the integral equation

Zt
ut) = ettoug+ et Itof (u( ) d
0

Up= U + Vg2 H?
and kvgky 2 is small.

Theorem 7.1 If ug2 HZ,, thenu(t) 2 HZ, forallt 0and

Eucl

(7.1) kD u(t)k Ce'kD ugk
where C and are independent oft.

Proof. 1. WeknowthatLo:HZ2,, L2! L?isclosedand, therefore, using
properties of the resolvent,

D(Lo) = Héy :
It follows that eft°:H2,, ! HZ, and

tLo t 2 .
ke™°Vokyz, Ce kvokyz ~— for vo2 Hgy

2. Letr2C [0;1);HZ,, andletvy2HZ,, . Set

Eucl
Zt
v(t) = etovg+ et Dtor()d
0

Thenv2 C [0;1);HZ, and

Zt
(7.2) kv(tkyz ~ Ce'kvokyz +C e Jkr( )kyz d :

| Eucl

0
3. Letjfqw)j Qo forallw2 ™. Letr be as above. We have

kD f(r(t)k QokD rk:
De ne
Zt
v(t)= eto+ et Itof(r( )d :
0

Obtain the estimate
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Zt
(7.3) kD v(t)k Ce'kD vok+ CQoy e Jkr( )kd :
0

4. Forug 2 HZ,, de ne the sequenceu” by

u(t) = e'teug
t
Un+l (t) - etLou0+ e(t )Lof (un( ))d
0

Fix a time interval 0 <t; t t,. Parabolic smoothing estimates hold and one
obtains

u" 2 ct 2 [t1;t2]

and the sequencal” is uniformly smooth on 2 [ty;t,]. This means that all deriva-
tives are bounded independently ofn. (This follows from bounds for ku" (t)ky « for
all k. Time derivatives and mixed derivatives can be expressed bgpace derivatives
using the di erential equation uP** = Lou"* + f (u").)

Iterating the estimate (7.3) one obtains

(7.4) kD u"(t)k Coe' kD upk :
5. Fix a compact region

= Br [ti;t2]
in which the sequencau” is uniformly smooth. By Arzela{Ascoli we obtain a smooth
function u on and a subsequence ofu" so that (for any xed K)

(ng?zx jiD u"(x;t) D u(x;t)j! 0 as n!l ; n2 1; jj K:

X5

Here D is a space-time derivative. (We do not know yet that this limit u is the
solution of the integral equation constructed above, but wil show this below.)

A contraction argument in a weak norm (see below) will show that any possible
limit of any subsequence ofu" converges to the same limit on . Therefore, all
derivatives of the whole sequences" converge in maximum norm on to the
corresponding derivatives ofu. One obtains thatu2 C* ( 2 (0;1)).

One also nds that

max jD u"(x;t) D u(x;t)j! 0 as n!1l
(x;t)2

6. From (7.4) we have
Z
jiD u"(x;1)j?dx Cie*' kD ugk?
Br
and ndfor n!1
z
jD u(x;t)j?dx C2e*' kD ugk? :
Br
Now let R!1 to obtain
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(7.5) kD u(t)k Coe'kD ugk :
7. The sequencau”" satis es

ul*t = Lou™ + f(u"); u"(x;0) = up(x) :
All derivatives converge pointwise on 2 (0;1 ) to the corresponding derivatives
of u. Therefore,

Ut = Lou+ f(u); u(x;0)= up(x) :
This implies that the function u which is constructed here as the limit ofu” agrees

with the solution constructed in Section 6.
8. The contraction argument is as follows. For

n— un+1 un
obtain
Z t
M= et dbomp(xit) "()d
0
with
Mn(Xt)] Qo
Therefore,

n+1 n .
0maxtk ( )k Cltomaxtk ()k:

If Cito % a geometric{sum argument shows that any limit of any subseqgence of
the u" is unique on f3;t2] for 0 <t; <t,. One can then restart the argument at
to. The constant C; does not change.

8. The Quintic{Cubic Ginzburg{Landau Equation
Consider the quintic{cubic Ginzburg Landau equation (QCGL)
(8.1) u= u+u( + U+ ju)
wherex 2 2, u(x;t)2 and 2 ;;; 2 . Sinceu is complex valued the
equation corresponds to a real system with two variables. IrSection 8.2 we identify

the essential spectrum of the di erential operator obtained by linearizing about a
spinning soliton. The result is consistent with the numerical ndings in Section 8.1.

8.1. Spinning Solitons for the QCGL Equation. Spinning solitons are
solutions that rotate at constant speed and converge tau; =0 asjxj!1 . Such
solutions are described in §],[7], for example. We use the parameters

1 . : : 1
(8.2) = 2(1+ i); =25+i; = 1 0O0L; = 5

For the numerical computation we used Comsol Multiphysics™ [5]. The prob-
lem is discretized on ballsBr(0) = fx 2 2 :jxj Rg with Neumann boundary
conditions and piecewise linear nite elements of maximum dameter hpax. The
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initial solution is obtained from the freezing approach in [3]. Then the following
boundary value problem is solved (cf. the time dependent eqation (1.7)):

0=A u+f(u)+cD u+ ;Dju+ 2Du inBg;

0= @n on@k :
Here the parameter valuesc; 1; , are included as additional unknowns and three
phase conditions are added in order obtain a well-posed boutary value problem
accessible to the package5]. Real and imaginary parts of the solution are shown
in Figure 1.

With the numerical solution at hand, the same code is used to esmpute a
prescribed number neig of eigenvalues of the linearized nite element operator.
The code uses the package ARPACK with a prescribed real shift 2  and is
expected to give theneig eigenvalues closest to .

We haveB; = | , which satis es Assumption 2 since < 0. Assumptions 3
and 4 will be checked numerically. Our reference discretizion uses the values
(8.4) R =30; hmax =0:25; neig=400; =3

which leads to a matrix eigenvalue problem with about 16 eigenvalues. The spec-
tral picture corresponding to this choice is Figure 2 showimg neig = 400 eigenvalues
closeto =3.

We observe a zig-zag type cluster of eigenvalues which onepgects to correspond
to essential spectrum. In fact, the structure will be explained by Theorem 8.1 below.

In addition, the three eigenvalues ic and O on the imaginary axis are clearly
visible in Figure 2.

Moreover, Figure 2 suggests that there are eight additionatomplex conjugate
pairs of eigenvalues lying between the imaginary axis and tb zig-zag structure.
For these eight pairs we have boxed the 8 eigenvalues with pitive imaginary part.
Note that one of the boxed eigenvalues near the top is ratherlose to the zig-zag
structure, but does not belong to it. The eigenvalues ic and 0 are also boxed. In
addition, we have boxed two (numerical) eigenvalues appeang near the center at
two tips of the zig-zag structure.

Figure 3 plots the real parts of the eigenfunctions correspiding to the 12 boxed
eigenvalues. Note that the eigenfunctions numbered 1 to 10ra localized; these
eigenfunctions correspond to the eigenvalues 0 arid as well as to the eight isolated
eigenvalues not belonging to the zig-zag structure. The egnfunctions numbered 11
and 12 correspond to the two boxed eigenvalues at the tips ofhie zig-zag stucture;
as expected, these eigenfunctions are not localized sindegy correspond to essential
spectrum.

To validate our ndings we have varied two parameters in the reference con g-
uration (8.4):

(1) Decrease radius toR = 20. The spectral picture is Figure 4 (left); the
eigenfunctions are similar to those in Figure 3 (not shown).

(2) Coarsen the grid to hmax = 0:5. The spectral picture is Figure 4 (right);
the eigenfunctions are similar to those in Figure 3 (not show).

As already mentioned, the zig-zag structure in Figure 2 coresponds to essential
spectrum of L. Therefore, our tests con rm that there are eight pairs of isolated
eigenvalues between the essential spectrum and the imaginaaxis. Since the cor-
responding eigenfunctions are localized and since there@no unstable eigenvalues,
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1.5

10¢

-10|

-2 . : .
-%0 -10 0 10 20

Figure 1. Real and imaginary part of spinning solitons in the
QCGL-system

Assumptions 3 and 4 are con rmed. As one expects, variation bthe size of the do-
main has a strong impact on the clusters that approximate theessential spectrum
while re ning the mesh does no change the clusters very much.
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R=30, hmax=0.25, neig=400
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Figure 2. Spectrum of linearization about spinning soliton

On the other hand, looking at numerical values (not shown) ore nds that
convergence towards the isolated eigenvalues is best obged when the mesh-size
is varied.

We refer to the work by Sandstede and Scheell|[r],[14] on absolute spectra,
which is relevant when studying perturbations such as trunation to a bounded
domain.

For the three eigenvalues ic and O on the imaginary axis we have also com-
pared the numerical eigenfunctions’ j» with the eigenfunctionsD;u  iDu and

3 = D u given by Lemma 2.3. Here we have used the computed numerical
approximation for u (as a solution of (8.3)) and have evaluated its derivatives
numerically. The resulting errors are

8:6510 3
4:3910 3

k' 1h ' 1|(LZ

inf k' € (" pn+ 1 3n)k
2002 ] 2 ( 2:h S,h) L2

In view of the tolerances used, these results give satisfagty tests.

Remark : We note that equation (8.1) happens to have an extraS* symmetry
given by
(8.5) F(€ uy= € F(u; 2s%
where F denotes the right hand side of (8.1). Numerical computatiors suggest

that the rotating wave u satises u (R x) = € u (x). Then u is also a relative
equilibrium with respect to the group action of G = S? 2 given by (cf. (1.11))

@ yuy=e'ux )
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Figure 3. Eigenvalues and eigenvectors corresponding to boxes
in Figure 2, the rst two correspond to 0 and ic, the next eight to
isolated and stable eigenvalues, the last two to spectral Vaes at
the tip of the zig-zag structure

This leads to a simpler linearization whereD is not present and, therefore, a
simpler stability analysis is possible than provided by our Theorem. However, this
special situation can be easily avoided by destroying the symetry (8.5) in (8.1).

For example, we can perturb the complex factor in the two-dimensional real
version of (8.1) so that it no longer corresponds to multiplication by a complex
number. Numerical experiments show that the spinning solibns and the structure
of the spectrum persist for the modi ed system.

8.2. On the Essential Spectrum of L. We use the following terminology
([11, Ch.5]):
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Figure 4. Spectrum of spinning soliton in the QCGL-system on
a smaller ball (R = 20, left) and for a coarser grid ( x = 0:5,

right)

Definition

8.1 Let X denote a complex Banach space and let : D(A)
X I X denote a closed, densely de ned linear operator. A point 2
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resolvent set ofA if A :D(A)! X is 1{1, onto, and (A ) !is a bounded
operator on X . An eigenvalue ¢ of A is called isolated if for some" > 0 all
with 0 < j ¢ j <" belong to the resolvent set oA. The multiplicity of the
eigenvalue ¢ is the dimension of the algebraic eigenspadeu2 X : (A o) u=
0 forsomek 2 g A point 2 is a normal point of A if either s in the
resolvent set ofA or is an isolate eigenvalue ofA of nite multiplicity. All points
of the complex plane which are not normal points form the esaéial spectrum of A,
denote ss(A).

Consider the linear operatorL in (1.17) under the assumptions of Section 1. A
part of the spectrum of L can be determined in terms of the constant matricesA
and B; . To show this, we use polar coordinates and write

1 1
Lu= A(u, + Fur + r_2u )+ cu +(By +B (r; )u
whereB = B Bj , thus (using Assumption 1),
R ‘= supmaxjB (r; )j! 0 as R!1
r R

First neglect the O(1=r) terms and the term B u in Lu and consider the simpli ed
operator

LS™Mu= Auy +cu + By u:

(8.6) uir;, )= €é" €"

with

(8.7) n2 ; 2 ; 02 ™ joj=1;
then

(L™  syju=( 2A+inc+B; s)u:
Therefore, (L™  s)u = 0 if and only if

( 2A+B;)0=(s inc)0:
This suggests the following:

Theorem 8.1 For 2 let j( ) denote the eigenvalues of the matrix 2A+

s=inc+ j(); n2 ; 2 ; j=1rmyg
belong to the essential spectrum of .
Proof.  In this proof we denote the L2{norm on L?( 2; ™) by k k. Assume
that ( 2A+ By )0= j()0;joj=1,andlet s=inc+ ().
For large real R chooseC! cut{o functions g :[0;1)! [0;1] with

1 for R r 2R;
0O for 0O r R 1 or 2R+1 r< 1

r(r)
r(r)
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and derivatives bounded independently ofR. Set

ur(r; )= r(rju(r )
with u(r; ) given in (8.6). Clearly,

(LS™  s)ur(r; )=0
unless

(8.8) R 1 r R or 2R r 2R+1:
Also, in the region (8.8),

L™ s)ur(r )i C
with C independent of R. We have

z 2R
kurk® 2 rdr =3 R ?
R
and
k(L™ s)urk?® CR:
If we consider the operatorL instead of LS™ , then

(L S)ur(r; )=0 for r R 1 and r 2R+1:
Furthermore,

j(L Sur(; )j € for R 1 r R and 2R r 2R+1

and

(L s)ur(r; )j %+ R for R r 2R:
Therefore,

k(L s)urk® CR+ CR? 3:
To summarize, the function ug 2 L?( 2) satis es

kurk?® 3R? and k(L s)urk? CR+ CR? 3:
If one setsvg = ugr=kurk then

k(L s)vgk? %+c§! 0 as R!1

Therefore, either s is an eigenvalue ofL or (L s) ! is unbounded onL?. If
s=inc+ ;( )is an eigenvalue ofL, varying shows thats cannot be isolated
in the sense of De nition 1. Therefore, all numberss = inc + ;( belong to the
essential spectrum ofL.
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lllustration:  The spectral valuess of L determined by Theorem 8.1 formm
sequences of lines,

s=s(;mj)=inc+ (), n2 ; 2 ; j=1;:um:
For illustration, consider the scalar case whereA = a = a; + iay is a complex
number andB; = b; is a real number with

a;>0>by
Then the values s determined by Theorem 8.1 are

s=inc  (ap+tia)+b; n2 ;2
If a, = 0 these are horizontal half{lines parallel to the subinterval (1 ;b; ] of the
negative real axis. Ifa, 6 0 the half-lines are tilted. Since the sequence of these
half{lines belongs to the spectrum ofL, the semi{group €'- cannot be analytic.
Application to QCGL.: Proceeding as above, we nd that the half{lines

s=inc 2+ and s=inc 2 +; n2 ; 2 ;
belong to the essential spectrum ofL. Since = (1+ i)=2 is complex and 2

; < 0, the above lines form a zig-zag structure to the left of the inaginary axis;
this agrees with the numerical ndings of Section 8.1.

Appendix A. Perturbation Theorem for Co-Semigroups

In this section X denotes a complex Banach spaceandl : D(A) X! X isa
densely de ned linear operator generating theCo{Semigroup e . For the general
theory we refer to [12], [13], [15], [8], see also De nition 8.1 for the notions of
spectra used in this paper.

It is known that €” may have continuous spectrum unrelated to the spec-
trum of A; see, for example, Theorem 16.7.4 ofLR]. This raises the possibility of
exponential growth of ke’ k even if the spectrum of A lies in the left{half plane.
Theorem A.1, shown below, can be used to prove that exponerdl growths of ke'* k
doesnot occur for the operatorL de ned in (2.11). In fact, if we restrict €'’ to the
spaceW = 7 dened in (2.17), then ke'* k decays exponentially.

Recall that the (Liapunov) type of the Co{semigroup e”* is de ned by

A o
logjie™jj _ . . logiie™ji

| =i
(A1) Al T b0t
and that, for any | > ! A, there is an equivalent normjj jj, (see [L5, Th.11.21])
with
(A.2) i &y otoo

In our main result we estimate the type number of a perturbed £migroup,
e'(A*B) in terms of the type number ! o of A and a bound! . on the real parts of
the eigenvalues ofA + B:

Theorem A.1l. Let A : D(A) X 1 X denote the generator of aCy-
semigroup of type! 5. Further, assume thatB 2 L[X] is a linear bounded operator
so that

(A.3) Be” is compact for all t> O:
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Then A+ B : D(A)! X generates aCp-semigroup onX that satis es

(A.4) joess(€P) e
If, in addition,
(A.5) Re I+ for all eigenvalues 2 of A+ B;

then the semigroupe!®*8) is of type ! o+ g Where
(A.6) Fasrg  max(! a;l+):
The proof of Theorem A.1 uses two auxiliary results.

Lemma A.1. Let exp(tA) be aCp-semigroup onX and letM X be precom-
pact. Then

(A.7) sup jj(exp(tA) ujj! 0 ast! 0
uz2Mm
Proof. Suppose, to the contrary, that for some > 0 we can nd sequences
Uh, 2 M;t, ! 0 such that
jiexp(tnA)  Dunijj forall n 2

W.l.o.g assume limyz  u, =4 2 X and choose'> 0 such that jj(exp(tA) 1)Qjj
z for0<t f. Then we obtain for n large

jilexp(taA)  Dunji i expltnA)(un  0)jj + ji(exp(tnA)  1)0jj
+jj0  Unjj
|t n e e _ .
Cetn+1 jjun O+, o
a contradiction.
For the following perturbation result see [10, Ch.1],[11, Ch.5].

Theorem A.2. LetT:D(T) X ! X denote a closed linear operator and let
S:D(S) X ! X be a linear operator such thatD(T) D(S)andS( o, T) ?!
is compact for some o2 . Let be open connected and contain only normal
points of T. Then either  consists entirely of normal points of T + S or entirely
of eigenvalues ofT + S.

Proof. (Theorem A.1) Let!>! , be given and, as in (A.2), select a norm
ji jj such that
. . 1
(A.8) ji exp(tA)jj exp(i(! A+ D), t O

It is well known that A + B is the generator of aCy-semigroup that is of type
l'a+s !a+]jBjj (cf. [15, Ch.11.2]). In particular, it follows from (A.8) that
(A.9)

iexp(t(A+ B))jj  exp t(jBjj +

At R
5 ) exp(t@Bj +!); t O

It remains to prove (A.6). By the variation of constants formula ° we have for each
u2 X

5 ay = Aajb; = (A + B)b;a) = b(0) = u, then (b a =(A+ B)(b a)+ Ba and
Kt) = a(t)+ o et S(A*B)Ba(s)ds, yielding (A.10).
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z
(A.10) exp(t(A + B))u =exp(tA)u + t exp((t s)(A + B))B exp(sA)uds:
0

We multiply by e ' and evaluate att = 1 to obtain

(A.112) gxp(A I + B)u=exp(A !)u+Ku
(A.12) Ku = 1exp((l s)(A ! + B))Bexp(s(A !))uds:
0

Note that by (A.8)

(A.13) jexpA  D)jj exp( %(! 'a))=g< 1l

We show that for each" > 0 there exists a compact operatorK- such that
jK  K-jj ". Then the operator K de ned in (A.12) is a uniform limit of
compact operators and hence compact itself.

First, we rewrite (A.12) for0 <ty 1

Ku = Kgu+ K1u
to

exp((@ s)(A ! + B))Bexp(s(A !))uds

(A.14) 0
+ le><|0((1 s)(A ! +B))Boexp((s to)(A !)uds;
to
where
(A.15) Bo = Bexp(to(A !)):

Here we chooség so small that for all u 2 X :

Z,,
jiKoujj ~ C . exp((1  s)iiBji )ijBjj

(A.16) exp( 5(! I'a))dsjjujj Sy
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We approximate the integral in K1 by step functions on the gridt; = to + j 1,\%
j=0;::;N

X 12 ¢
Kiu= ds
j=0 b
X 12 e
= Coep(@ (G DA L+B)Boep( + o)A !)ud
j=1
K 1 ZlNJ 1t
= e ta)A ! +B)Bo e +jTgT)A )ud
j =0
% 1
+ exp((l  tjsa)(A ! +B))
JZzOlN”’ 1t 1t
(exp((—g— NA ! +B)) 1Boexp(( +j——)A !)ud
= Knyu+ RyuU:

By our assumption the operator By in (A.15) is compact, henceKy is compact
and can be taken as approximation ofK . Compactness ofK follows if we show
that jjRnjj ! OasN !1

For jjuj landj=0;:::;:N 1,0 1L we have by (A.13)

(A17) ep(@ )+ A D 1

Now apply Lemma A.1 to the precompact setMg = fBou : jjujj 1g and obtain
= (")>0sothatfor0 s

"jiBjj

. i ! + i 7:
(A.18) Sup i (exp(s(A B)) i 2@l D)
Using (A.8) we then have the following estimate forN %

PR 1
o B X e
A.19 R — B =:
(A.19) URND oN@Er 1) ¢ >

i=0

This completes the proof of the compactness ok .
In the next step we apply Theorem A.2 with the settings T = exp(A !),
S=K, g=1,and = f 2 :jj>qg By (A.13)the operator (T 1)1

exists and is continuous, hencek (T 1) ! is compact. Since expp ! + B)is
bounded, the set has points in the resolvent and thus
(A.20) j ess(exp(A I +B))j a:

We have shown
i ess(€Xp(A+ B))j qé :exp(%(! F1,) forall 151 ,:

which proves our rst assertion (A.4).
Now consider! > max(! a;! +). For the point spectra we conclude from [L3,
Theorem 2.4]
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(A-21) point (eXp(A I+ B)) exp( point (A I+ B)) [f Og:

(Note that in reference [13] the set ot contains, by de nition, all eigenvalues,
not necessarily isolated or of nite multiplicity.) By assu mption (A.5) we have
Re point (A+B 1) !, 1< Owhichleadstoj point (EXP(A ! +B))j €'+ !

. Combining this with (A.20) yields the estimate for the whole spectrum

(A.22) j (exp(A ! +B))j max(q;é* ')< 1
Therefore, we can construct a new equivalent nornjj jj+ such that
(A.23) jiexp(A ! +B)jj+ L

This implies jjexp(n(A ! + B))jj+ 1foralln2 and, by lling the nite gaps
with the help of (A.9),

(A2f)expt(A ! + B))jj+ C= (l)”ngxljj exp(s(A ! +B))jj+; t O

This shows that the semigroup has type at most! . Since the choice of! >
max(! a;! +) was arbitrary, the proof is complete.
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