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DEFORMATIONS OF ASSOCIATIVE ALGEBRAS WITH INNER
PRODUCTS

JOHN TERILLA and THOMAS TRADLER
(communicated by Jim Stashe )

Abstract
We develop the deformation theory of A; algebrastogether
with 1 -inner products and identify a dierential graded
Lie algebra that cortrols the theory. This generalizesthe
deformation theories of assaiative algebras, A; algebras,
assaiative algebraswith inner products, and A; algebraswith
inner products.

1. Intro duction

A natural considerationfor an algebraic structure in topology is whether it is a
homotopy invariant. The C; structure on the cochains of a spaceis a classicexam-
ple. While manifolds are distinguished by the inner product a orded by Poincare
duality, an inner product is not a homotopy invariant concept. The rightjmeaning
the homotopy robust|concept is an 1 -inner product as introduced in [12]. In
algebraicgenerality, an 1 -inner product is de ned in the setting of an A; algebra.
In this paper, we describe the deformation theory of A; algebrastogether with
1 -inner products by giving a cortrolling di erential graded Lie algebra.

An application that we have in mind involvesstring topology. It is known that if
X and Y have the samehomotopy type, then they have the samestring topology
operations[1]. One may assignan A; algebraAyx with an1 -inner product Ix to a
Poincareduality spaceX . Basedonresultsin [11, 13], it is reasonableto think that
if the two di erential graded Lie algebrascortrolling the deformations of (Ax ;1x)
and (Av;ly) are quasi-isomorphic,then X and Y have the samestring topology
operations. One may speculate that the quasi-isomorphismclassof the di eren tial
graded Lie algebra cortrolling the deformations (Ax ;1x) determines the \string
topology type" of the spaceX (much the sameway that the C; structure on the
cochains on a spacedeterminesthe rational homotopy type of a space;see[10]). In
any even, it would be interesting to probe this controlling di erential graded Lie
algebrafor its invariants.
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Let us review the basic idea of a deformation theory governed by a di eren tial
gradedLie algebra|9, 3, 5, 6]. Fix aground eld k of characteristic 0. For any dif-
ferertial gradedLie algebra(g= g ;d;[; ]) overk, onecan considerdeforming the
di erential din the direction of an inner derivation. Informally, such a deformation
is given by an (equivalenceclassesof) making

d :=d+ ad( )

into a di erential. The map d is always a derivation and the condition that d? = 0
translates into the Mauer{Cartan equation:

1. —_ N
d +§[,]—O.

The deformeddi erential d may involve parametersfrom the maximal ideal m of
a Z graded Artin local ring: 2 (g « m). If m is the maximal ideal of a local
Artin ring R and 2 (g x m)! is a solution to the Mauer{Cartan equation, then
one may call d a deformation of d over R. A ring map R! S will transport a
deformation of d over R to a deformation of d over S.

More formally, one hasa functor Def ; from the category of Z graded Artin local
rings with residue eld k to the category of sets, assigningto such a ring R with
maximal ideal m the set

Defy,(R)y=f 2(g «m)':d +%[ ; 1= 0g=

Here, is the equivalencerelation determined by the action of the gaugegroup,
which we now recall. SinceR is an Artin ring, m is a nilpotent algebra,and (g «
m)° g « misanilpotent Lie algebra. Therefore,there existsagroup G = fexp

2 (g « m)°g, called the gaugegroup, with multiplication de ned by the Baker{
Campbell{Hausdor formula. The action ofe 2 Gonanelemen 2 (g , m)lis
determined by the in nitesimal action:

7! =[;1 d; 2@ mY% 2(@ m
This action satis es
e de ™ =d, ;

and presenesthe set of solutions to the Maurer{Cartan equation.

In this paper, we work with A; algebrasequipped with 1 inner products. One
has the notion of a deformation of an A; algebrawith an 1 inner product over a
ring R, and there is a natural equivalenceon the set of deformations. A ring map
R ! S transports deformations over R to deformations over S. The assaiation

deformations of the A; algebrawith equivalent

|
R the 1 inner product over R deformations

de nes a covariant deformation functor.

We construct a di erential graded Lie algebra(h= ;h';d;[;]) assiated to an
A: algebrawith an 1 inner product, and prove that the functor described above
is isomorphic to Def,,. This is the precise mathematical content of the statemert
the di er ential graded Lie algebm (h;[; ];d) controls the deformations of the A;
algeba with an 1 inner product.
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2. Denitions of A; algebras and 1 inner pro ducts

We now review the conceptof an 1 inner product on an A; algebra[12], [11].
The conceptsof A; algebras,A; bimodules, A; bimodule maps, and A; inner
products are generalizationsof the usual conceptsof assaiativ e algebras,bimodules,
bimodule maps, and invariant inner products.

21. A ?_Igebras

LetV =~ ,,, VI beagraded Ewdule over aring S. Recall that the suspension
V[1] of V is de ned to be V[1]= ~ ;,,(V[1]y with (V[1]} := VI *. For agraded
S-module A, we denote by TA the tensor algebra of the suspended space A[1],
TA=S A[l] A[1l] ? :::.An A; algebaoverS isde ned to be a pair (A; D)
where A is a graded S module and D 2 Coder(TA) of degree 1 with D2 = 0. In
addition, we require the \no homotopy unit" cornvertion|that D hasno componert
S! TA.

Supposethat (A; D) and (A% DY are A; algebrasover S. Then, an A; map
from (A%D9 to (A;D) isamap :TA°! TA satisfying D°=D

2.2. A; bimo dules

Let (A; D) bean A; algebraover S,Land let M beagradedS module. Let TM A
denotethe tensor bicomodule TM A := ~ ., _JA[1] ¥ M[1] A[1] ' of M[1] over
TA. An A; bimodule structure on M over A is de ned to be a coderivation DM 2
Coderp (TM A; TM A) over D of degree 1 with (DM)? = 0.

Let (M;DM) and (N;DN) be A; bimodules over A. Let Comap(TM A; TN A)
denotethe mapsF : TM A1 TN A satisfying

M
™A —— (TA TMA) (TMA TA)

E (d F) (F 1Id)
? ?
TN A =— (TA TMA) (TMA TA)

N

The spaceComap(TM A; TN A) carries a di erential de ned by
MN@FE)=D" F ( D)FF DM:

In this case,an A; bimodule map from M to N is de ned to be an elemen F 2
Comap(TM A; TN A) of degree0 with MN (F) = 0, i.e.

DN F=F DM:
2.3. 1 inner products

For any f 2 Coder(TA), there areinduced coderivations f A 2 Coder; (TAA; TAA)
and fA 2 Coder; (TA A; TA A), where A = homs(A; S) denotesthe dual of A.
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One also has an induced map
¢ :Comap(TMA; TNA) I Comap(TM A; TN A)

givenby ;(F)=fA F ( LJFIFI F fA Note that, in particular, if (A;D)
isan A; algebra,then A and A have A; bimodule structures given by D” and
DA .

Denition 2.1. Let (A; D) beanA; algebraoverS. Wede ne an1 inner product
on A over Sto bean A; bimodule map | from A to A . Equivalertly, an 1 inner
product is an elemeri | 2 Comap(TAA; TA A) satisfying

o(1)=D” 1 1 DA=o0:
Every inner product h;i :A A! Sdenesanelemer | 2 Comap(TAA; TA A).
In this casethe conditon DA | | DA = Oisequivalent to hD(as;:::;8n);an+1 i
= ha;;D(az;:::;an+1)i. Seethe appendix for additional illustrations.

2.4. Induced maps

Recall that if :AC°! A is an algebra map between two assaiative algebras,
then every module over A is alsoa module over A% and similarly for module maps.
Also, :A°l Aand :A ! (A9 will be module mapsover A% Here we give
the corresponding homotopy generalizations.

Supposethat isan A; map from (A% D9 to (A; D). First, every A; bimodule
(M;DM) overA isalsoan A; bimodule over A° whosestructure map is determined
by the lowest componerts (which are mapsTMA ! M)

(OM) (a2;::ragm;al,yiiisa,)
= pry DM ( (@%::);in Grinad)im; (@, i) Ginal,)):
Here, pry denotesthe projection onto M. The signs are given by the usual sign
rule, namely introducing a sign ( 1)) /! !, whenewer jumps over . The relevant

degreesare the degreesgivenin TMA.
Also, any A; bimodulemapF : TMA! TNA over A inducesan A; bimodule
mapF :TMA%l TNACover A°given by

= oprv FC @i Grmadim (@i (inags):
Furthermore, inducesthe two A; bimodule maps over A°
TITA'AO TAA%and @ TA ACI T(AY) AC
de ned by the componerts

(8@%::a s ad, @)= a(pra (@, ;i al,;a%ald i a):
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3. Deformations of A; algebras and 1 inner pro ducts

Beforewe de ne the speci ¢ di erential gradedLie algebra(h; d;[; ]) that cortrols
the deformations of A; structures and 1 inner products, we discussa simple
example, which is relevant to our setting, and make a remark.

Example3.1. Any graded assaiative algebra g becomesa Lie algebra by de ning
the bracket to be the usual commutator. An elemen 2 g satisfying 2= 0 s
sometimescalled a polarization. With a polarization 2 g*, g becomesa di eren tial
graded Lie algebra by setting the dierential to be = ad( ). With  sode ned,
the Mauer{Cartan equation becomes

0= ()+5lil=50 + i + I

In other words, 2 g* satis es the Mauer{Cartan equation if and only if + s
another polarization.
Now let S be a gradedring and considerg de ned by

- a0 _
g= b a & b2S
with the bracket de ned asthe usual graded commutator of matrix multiplication:
a0 c¢c 0 _ [a;c] 0
b a’>dc ~ |[bd+[ad [ad

Then, 2 g* is a polarization if and only if

O o

0=[D;D]=2 D?and0=[D;I]+[I;:D]=2 [D;I]:

Having chosena polarization P = ? 8 ; the formula for = ad(P) is given by
f o_ D O f 0 _ [D;f] 0
i f I D ' i f = [D;i]+[f;1] [D;f]

Now we look at the gaugeequivalence.First of all, the gaugegroup G = exp(g®) is
the Lie group consistingof matrices of the form e*, for any A 2 g°. The gaugeaction
of G on g is then determined by e24(A) B = Ad(e*)(B) = ¢é*Be . A computation
shows that

f 0 g 0 X 1 X
exp . ¢

. = ; ; wherex= = f g
i X € !
n>1 k+l=n 1

Then the gaugeequivalencesummarizesas

D 0 A _ e Def 0
et e A=
I D ele’+[eDef;xe '] &Def

This concludesthe example.

Remark 3.2. Let N be a graded coalgebraover S. Then hom(N;N) will be a
gradedassciative algebraby composition of linear mapsand a Lie algebrawith the
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bracket de ned by the graded commutator of composition. The spaceCoder(N)
hom(N; N) is not an assaiative subalgebra,but it is a Lie subalgebra.ln particular,
for any vector spaceA, Coder(TA) is a graded Lie algebra. An A; structure on A
consistsof an element D 2 Coder(TA) satisfying D2 = 0. Thus, one can sa that
an A; structure on A is a choice of polarization D 2 Coder(TA). Hence,if (A; D)
is an A; algebra, Coder(TA) carries a dierential :Coder(TA)! Coder(TA)
de ned by

(f):=[D;f]=D f ( 1fif D:

The complex(Coder(TA); ) iscalledthe Hochsdild cochain complexof A. Together
with the bracket from hom(TA; TA), it is adi erential gradedLie algebrathat con-
trols the deformations of the A; algebra (A; D). In order to make this statemert
precise,we recall the deformation theory of A; algebras(seefor example[2]). As a
rst obsenation, one may note that is a solution to the Mauer{Cartan equation
in the Hochsdild dierential graded Lie algebra if and only if D + is another
polarization in Coder(TA); i.e., another A; structure on A.

3.1. Deformations of A; algebras

Let A be a gradedvector spaceover a eld k of characteristic zeroand let R bea
gradedArtin local algebrawith residue eld k. Let m denotethe maximal ideal of R.
We have the decompositon R' R=m m' k m and the projection pri : R!
k, hencethe decompositon A R' A (A m) and the projection pra : A
R! A. For de niteness, the reader may have the concrete example R = Kk[t]=t'*1
in mind. In this example, the maximal ideal is m = tk[t]=t'""1, A R' A+ At +
At? + + At' (with the tensor signs suppressed)and the natural projection pra
mapsag + ait + at?+  + at' 7! ag:

Let (A; D) bean A; algebraover k. A deformation of (A; D) over R isan A;
algebra(A R;D9 over R with the property that the projection

pr:T(A R)' TA R! TA

is a morphism of A; algebrasover k. This meansthat pr D°= D pr:
Suppose, that D?is a deformation of (A; D) over R. Via any map R! S, one
canviewA R asanS moduleand (A R;D9 asa deformation of (A; D) over S.
Let 2 hom(R R;R) denotethe multiplication in R. Let Dr denotethe A;
structure D on A R:The A; algebra(A R;Dg) is the model for a trivial
deformation of (A; D). That is, (A R;D9 isatrivial deformation if it isisomorphic
to (A R;Dgr) asan A; algebra. This meansthat there is an automorphism

:T(A R)! T(A R)
satisfying D%= Dr . Twodeformationsare equivalert if and only if they di er
by a trivial one.

3.2. Deformations of A; algebras with 1 inner pro ducts
De nition ~ 3.3. Let A beagradedvector spaceovera eld k. Wede ne the graded
Lie algebra(h= h';[;]) by

h' = Coder(TA) ' Comap(TAA; TA A)' ! 1)
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and
[(F51): (@i = (f:al ¢ G) (D)9 g(i))
=(fg ( 1)jfijgigf;fAj ( 1)ifjjijij ( 1)jfijgigA i+ ( 1)igi(jfi+Jii)igA):
(2)

The skew-symmetry and Jacobi identity of [; ] are straightforward to ched after
onenoticesthat ¢ ¢ ( 1Y% o (= ¢ o piagt-

Prop osition 3.4. A pair (D;1) 2 his an Ay structure with 1 inner product on
A if and only if [(D;1);(D;1)]= 0.

Proof. This is immediate:
0=[(D;1);(D;1)], 0=[D;D]=2 D?and0=2 p(1)=2(D" | | DA):

The condition D2
DA | | DA

O meansthat D de nesan A; structure on A and the condition
0 meansthat | de nes a compatible 1 -inner product. O

Now x an A; structure together with an 1 inner product, which is to say, X
a pair (D;1) 2 hwith [(D;1);(D;1)]= 0.Then,dene d:h! hhby
d(f;i) = [(D;1); (F5 D] (3)
The triple (h;d;[; ]) is a di erential graded Lie algebra.

De nition  3.5. A deformation of an A; algeba with 1 inner product (A;D;1)
over R is an A; algebraover R with 1 inner product (A R;D%19, sud that
the projection

pr:T(A R)! TA

is a morphism of A; algebrasover k compatible with the 1 -inner products. Com-
patibilit y with the 1 inner product meansthat the following diagram of A; -
bimodule maps over k is commutativ e:

TA R(A R) ——= TA(A R)

pri 1° | Pr
? ?

TA R (A R) o TA (A R)

Here,the 1 -inner product |°onA R overR inducesan 1 -inner productonA R
over k by composing with the map induced by the projection homg (A R;R)!
homy(A  R;k), f 7! pre f.

There is a natural extensionof | to an 1 -inner product Ig = | on (A
R; DR)
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De nition  3.6. Wesay that (D%19) is atrivial deformation of (D;1) provided the
triple (A R;D%19 isisomorphicto (A R;Dg;lr) asA; algebraswith 1 inner
products. That is, if there exists an automorphism

‘T(A R)! T(A R)

and a comap
TARA R)! TA R (A R)
satisfying
(i) D°=Dr ,
(i) 1° € (g) =D R+ DR R

It may be helpful to think of the secondcondition in De nition 3.6 as saying
1% equalslr under a change of coordinates (given by ) up to a homotopy (given
by ). That is, the following diagram commutes, up to a homotopy de ned by

2 Comap(TA R(A R)).

T R(A R) — TA R(A R)

10 (Ir)
? ?

TO R (A R —— TR P (A R)

Two deformations are equivalent if and only if they dier by atrivial one.
Now, the conclusion:

Theorem 3.7. Let(A; D) bean A; algebmandlet| bean 1 -inner product. Then
the di er ential graded Lie algebm (h;d;[;]) de ned by equations (1), (2) and (3)
controls the deformations of the A; algeba with 1 inner product (A; D;1).

Proof. The content of this theorem is summarizedin the following two statemerts.

Deformations, over R, of the (A; D;1) correspond to solutions to the Mauer{
Cartan equationin h  m,

and equivalent deformations correspond to gaugeequivalent solutions.
First we prove the rst statemert. Let = (f;i) 2 (h m)l. Obserwe that

d + 505 1= DRI (] + 5 (630 (F0)]
= 2 [Or+ iR+ )i(Dr + filg + D)

Then, Proposition 3.4 provesthat d + %[ ; 1=0if and only if (A R;Dgr+
f:lg + i) is a deformation of (A;D;1). It is immediate that any (A R;D%19
that is a deformation of (A; D;1) must satisfy [(D%19;(D%19)=02h R. The
fact that pr: T(A R)! TA is a map of A; algebraswith 1 inner products
implies that D°= Dgr + f and 1°9= Ig + i for some(f;i)2h m.
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Now we prove the secondstatemert. Let = (f;i) 2 (h m)°. The gaugeaction
for h becomes

. n

(™) (Dg;lR) = ad(f l) ————(DR;IR):

n>0

It follows from

fadt)y ) ()% = adrya ) (1)) + adry ) (C 1) (0));
that ad(f;i)"(Dgr;lRr) is given by
!

X n! .
ad(f )"(Dr); ()" (Ir) K+ D) 29 (0r) ()
k+l=n 1 ’

1 - o — P ¢k _P 1 I (i -
Now de ne =€ = ot and = omr (1) (i) Thenfor the auto
morphism and the homotopy , we have

X M(DR Ir)
n>0
0 1
_ @ adh)? oK) X (0)'G) A
T, R, Y G (|+1)| f

Dr; ©(Ir) +  ip, ()

This provesthat e2(f:) (Dg;lIR) is a trivial deformation of (D;1).
It is not hard to seethat ewery trivial deformation of (D;l) arisesfrom an
elemen gaugeequivalert to the identity. The condition that the A; algebramap

T(A R)! T(A R) is an automorph|sm implies that = €' for some
f 2 (Coder(TA) m)°. Also, since = i 5 £ (1) , the map
X
Sy =
P70 (i) = (|+1)| (£)'(i)
is |qyert|ble So one can obtain any homotopy , by choosing a suitable elemert
P = m> 0 Cm (£)7()2¢(h m)OWIth i)y= . n

4. Mo duli, innitesimal deformations, and relationship to
cyclic cohomology

Let usreturn briey to generaldeformation theory in order to review the notions
of in nitesimal deformations and moduli space. Let (g;d;[;]) be a dierential
gradedLie algebraand assumethat Ker(d)=Im(d) =: H(g) = ™ H'(g) is nite
dimensional. Consider the (graded version of the) ring of dual numbers R =
K[t m;iiotm]=tit .FHere degti) =i 1andthe maximal idealof Rism = tjR:

From a solution (F-, tj)2 (g m)?! to the Mauer{Cartan equation, one may
produce the map d+ tjad( j):g K[t m;::5;tm]! g K[t m;:::;tm] which
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satis es
X

2
d+ tjad( j) = 0 modulo tjt;:
P
Onerefersto = j asanin nitesimal deformation. One can readily ched that
Defy(R) = Ker(d)=Im(d) = H(g):

SupposeDef ; is prorepresenable. That is, there existsa projective limit of (graded)
local Artin rings O and an equivalenceof the functors

Defy() ' hom(O; ):

In the casethat O = Oy, isthe ring of local functions at the basepoint of a pointed
Z graded spaceM , then M is the local moduli spacefor Def,. Denote the base
point of M by p. One can ched that

To(M )" hom(Owm ;R):

It follows that the graded tangernt spaceto the moduli spaceat the basepoint is
isomorphic to the cohomologyof (g; d):

Tp(M) " H(9):
Now, let (A; D) bean A; algebraand let | bean 1 inner product on (A; D).

Theorem 3.7 says that the di erential graded Lie algebra cortrolling deformations
of (A;D;l) is

h= Coder(TA) Comap(TAA;TA A)
with bracket
[(F5): (@il = (fsdl () (19 4(i)
and a di erential
d(f;i) = [(D;1); (F5 DI
Thus follows the expectedin nitesimal statemert:

Corollary 4.1. The graded tangent space to the moduli space of A;  structureswith
1 inner products is isomorphic to H (h):

As a nal remark, we mertion someconnectionsbetweenthe cohomologyH (h)
and a couple of its cousins.If (A;D;l) is an A; algebrawith 1 -inner product,
we have the Hochsdild di erential graded Lie algebra (Coder(TA); ;[;]) and the
sub di erential graded Lie algebra of cyclic Hochschild cochains Coder(T A)cyclic
de ned by

Coder(TA)cycic = ff 2 Coder(TA) : () = Og:

If I consistsof an ordinary symmetric inner product | = h; i, then the condition
f(1)y=fA 1 1 fA=0isequivaler to

H (ag;:5an);an+1i = hag;f(ag;:an+ )i
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We have the following maps of di erential graded Lie algebras:
(Coder(TA)cyeiic ; s[5 1) ! (hidi[;]) and (Mdi[3]) ! (Coder(TA); i[5 1): (4)
The rst map is the injection f 7! (f;0) 2 h; which is a cochain map
d(f;0)= (ID:fl; (A 1 1 fA4) = (f;0);

becauseslemerts of the domain are cyclic. The induced map in cohomologydescribes
a statemert from [7], namely that the rst order deformationsof D compatible with
the inner product are classi ed by cyclic conomology We do not know under what
conditions the map f 7! (f;0) 2 h induces an isomorphism in cohomology The
secondmap in (4) is simply the projection Coder(TA) Comap(TAA; TA A)!
Coder(TA) and the induced map in cohomology describes the simple statemert
that any in nitesimal deformation of the pair (D ;1) givesan in nitesimal deforma-
tion of D.

App endix A. Explicit formulas of (i)
Let f 2 Coder(TA) andi 2 Comap(TAA; TA A). We want to describe the term
f()=fA i ()T § fA2 Comap(TAA; TA A) more explicitly. Here, f :
k1A K1 Aandi: ws0A ¥ A A ' Al S havethe componerts

A o Ay
fr:A KL A

fr(ag; s ax)

a o Ay

Ak +1 \Vakﬂﬂ
iki=h ixg:AK A AT Al S %\

A+2 T Bk l+l

By corvertion, the inputs are always inserted using the courterclockwise direction.
Thenf” i ( 1)fill i fA isgivenby inserting f into i in all possiblecombi-
nations.



Homology, Homotopy and Applications, vol.8(2), 2006 126

\'4

First, here are someexamplesof how thesediagrams are to be read.
he; b;c;dizo

he;b;c;d;e;f;g;h;iiza

H o (f2(b;c); f2(d; €); fo(f ;@)oo
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he; b;fs(c;d;fa(e;f)); g fa(h;i))ise

o

he;fo(d;e); fa(fa(f;9);h);is fa(is kias )iz
f e d c b
\ N 4
g \k
[\

Here are the terms of ¢ (i)=fA i ( 1)fi i fA up to sign, when they
are being applied to elemenis from A K A A ' A:

k=0,1=0:

Hi(a);bigo ha;fai(b)ioo

Hi(a);b;cii.o ha;fi(b);cito  ha;b;fi(c)iso
H,(a;b);cig.o  hb;fa(c;a)ioo
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a a a
b c b C b c

a a
bg C b Zc

k=0,1=1
Hi(a);b;cip.r  ha;fi(b);cior  ha;b;f1(C)ioa
i o(a;b);cioo  ha;fa(b;c)ioo
a C a c a c
a c a C
o )
k=2,1=0

H1(a);b;c;diz.o  ha;fai(b);c;dizg
ha;b;f1(c);diz.0  ha;b;c;fi(d)izo
Ho(a;b);c;diio  ha;fa(b;c);dipe Hojc;fa(d;a)iso
H3(a;b;c);dig.o  hc;fs(d;a;b)ioo
Note that for examplethe term ha;b;f ,(c;d)i,.o doesnot appear, becausec and d
are the two specialelemenis ofa b ¢ d2A 2 A A ° A, which are put

on the horizontal line of the diagram. The two special elemenrs from A K A
A ' A cannewer beinsideany f,.
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AN 1/
Y

hi(a);b;c;dig2 ha;fi(l);c;dio2

ha; b;f1(c);dig.2  ha;b;c;fi(d)io2

Hao(a;b);c;dip.r  ha;fa(b;c);dios  ha;b;fa(c;d)ios
H s(a;b;c);dig.0  ha;fs(b;c;d)ioo

The special elemeris areaanddfroma b ¢ d2A ©

7T N TN

hi(a);b;c;dipa ha;fa(l);c;diga
ha;b;f1(c);dis.1  ha;b;c;fi(d)iza
Ho(a;b);c;dip.r  ho;c;fa(d;a)ioa
ha;fo(b;c);dis.o  ha;b;fa(c;d)iio
i 3(a;b;c);dig ho;fs(c;d;a)ioo

The special elemeris arebanddfroma b ¢ d2A !

A A?

A Al

A.

A.

129
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J_T
/TN

N\
7_L

i = h;igpo forany k, I: Assumethat i = h;ig.o hasonly lowest componert, but f

has all higher componerts. We apply fA i ( 1)fiii j fA to the elemen
A ksl Aks2 ol aks+1 &2 2A K A AT A

to get

H(ag; ke 1+1 ) Ak 1+210:0  MBker ;T (Bke2 s i @k 1425 @15 135 & )i 0:0
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