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Abstract

We give a complete classi�cation up to orbit equivalence of polar actions of
compact connected Lie groups on compact rank�one symmetric spaces� For
polar actions on the complex projective spaces� we prove that they are orbit
equivalent to the actions induced by isotropy representations of Hermitian
symmetric spaces� while in the case of polar actions on the quaternionic
projective spaces� we prove that they are orbit equivalent to the actions
induced by products of k quaternion�K�ahler symmetric spaces� where at
least k� � have rank one� For the Cayley projective plane P��O�� we prove
that the cohomogeneity of any polar action is either one or two� and we
come up with a complete list of all compact connected subgroups of F� �up
to conjugacy� acting polarly on P��O�� The classi�cation of polar actions on
spheres and real projective spaces follows immediately from Dadok	s paper

����

�� Introduction

An isometric action of a compact Lie group G on a Riemannian
manifold M is called polar if there exists a properly embedded� con�
nected submanifold which meets every G�orbit orthogonally� any such
submanifold is called a section and if the induced metric on a section is
�at� then the action is called hyperpolar�
One should think of a section as a set of canonical forms for the

polar action� see ��	
� An example that demonstrates this viewpoint is
the conjugation of symmetric matrices by elements of the orthogonal
group� This action is polar with the diagonal matrices as a section�
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Another such example of a polar action is given by the action of a
compact and connected Lie group G on itself by conjugation� when we
endow G with a biinvariant metric� Here the section is a maximal torus
and the action is hyperpolar� This example is a particular case of a
wider class of hyperpolar actions� namely� if �G�H� is a symmetric pair�
then the action of H on G�H is hyperpolar of cohomogeneity given by
the rank k of the symmetric pair �G�H� and any k��at is a section for
this action �see �

� ��
��

Irreducible linear polar representations were classi�ed by Dadok
����
�� It follows from his classi�cation that any linear polar represen�
tation is orbit equivalent to the isotropy representation of a symmetric
space� It is straightforward to see that polar actions on spheres are pre�
cisely the restrictions of linear polar actions� and similarly that polar
actions on real projective spaces are orbit equivalent to those induced
from polar actions on spheres�

Recently Kollross ����
� classi�ed hyperpolar actions on irreducible
compact symmetric spaces up to orbit equivalence� Since in particular a
cohomogeneity one action on such spaces is polar with a closed geodesic
as a section� the work of Kollross generalizes ���
� ���
� ���
 and ���
�

Hyperpolar actions are particularly interesting since they are vari�
ationally complete in the sense of ��
� see �

� It is proved in ��
 that
the orbits of variationally complete actions are taut in the sense that
the energy functionals on the path spaces P �M� fpg � Gq� � f� �
H����� �
�M�� ���� � p� ���� � Gqg are perfect Morse�Bott functions
for all p and q in M � Polar actions are in general not variationally
complete as one sees for example by considering any polar action of
cohomogeneity at least two on a sphere �see ��
� p��
�
�� Still Ewert
could prove that regular orbits of polar actions and� more generally�
submanifolds with parallel focal structure in simply connected compact
symmetric spaces are taut� see ��	
� We mention here the interesting�
still unsolved problem� whether there exist polar actions that are not hy�
perpolar on irreducible compact symmetric spaces of rank greater than
one�

The aim of this paper is to complete the classi�cation of polar ac�
tions on compact rank�one symmetric spaces� the remaining cases being
the complex and quaternionic projective spaces as well as the Cayley
projective plane�

Our main result is the following

Theorem� Let M be a compact rank�one symmetric space which is
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neither a sphere nor a real projective space� Given a polar action of a

compact connected Lie group G on M � then a section is isometric to a

real projective space Pk�R� for k � �� Furthermore�

�� If M is a complex projective space� then the actions induced by
isotropy representations of Hermitian symmetric spaces on M are

polar� Conversely� a polar action on M is orbit equivalent to an

action induced by the isotropy representation of a Hermitian sym�

metric space�

�� If M is a quaternionic projective space� then the actions induced

on M by isotropy representations of products of k quaternion�

K�ahler symmetric spaces� where at least k � � have rank one�

are polar� Conversely� a polar action on M is orbit equivalent
to an action induced by the isotropy representation of a product of

k quaternion�K�ahler symmetric spaces� where at least k � � have

rank one�

�� If M is the Cayley plane P
�O � � F��Spin�
�� then any polar ac�

tion has cohomogeneity k equal to one or two� moreover the closed

connected subgroups of the full isometry group F� whose actions on

M are polar are given �up to conjugation� in the following table�

k � � Sp��� � Sp��� T � � Sp��� Sp��� Spin�
�

k � � Spin��� T� � Spin��� SU��� � SU�	� SU��� � SU���

In Section �� we give all the preliminaries� and we prove some basic
facts which are repeatedly used in the paper�
In Section �� we show how to construct examples of polar actions on

complex and quaternionic projective spaces� using isotropy representa�
tions of Hermitian and quaternion�K�ahler symmetric spaces� As for the
Cayley plane� we prove that the cohomogeneity two actions on P
�O �
in the above theorem are polar with a projective plane as a section� We
do not have to prove this for the cohomogeneity one actions since they
are always polar�
In the remaining Sections �� 	 and �� we give the proof of our classi��

cation in the cases of complex projective spaces� quaternionic projective
spaces and the Cayley plane respectively�
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�� Preliminaries

�A� Polar actions

We will consider an isometric action of a compact Lie group G on
a complete Riemannian manifold M � It is well known �see e�g� ���
pp������
�� that the orbits of the action of a compact Lie group on a
di�erentiable manifold belong to one of the following three types� regular
�or principal�� exceptional and singular� Given a point p � M � we say
that the orbit Gp is regular if and only if the isotropy subgroup Gp acts
trivially on the normal space Np�Gp� to the orbit� this action is called
the slice representation of Gp at p� A point p � M is called regular if
its orbit Gp is regular� the set of regular points is a dense subset of M
and the regular orbits have maximal dimension� A point q �M and its
orbit Gq are called exceptional if Gq has maximal dimension� but the
slice representation at q is not trivial� a point y � M and its orbit Gy
are called singular if they are neither regular nor exceptional�

An isometric action of a compact Lie group G on a complete Rie�
mannian manifoldM is said to be polar if there is a properly embedded
connected submanifold � in M that meets every orbit of G and every
intersection of an orbit of G with � is perpendicular� Such a subman�
ifold � is called a section� Points on regular and exceptional orbits of
polar actions lie in one and only one section� Furthermore� if the action
is polar� then an orbit through p is regular if and only if the isotropy
group Gp �xes the section through p pointwisely� It is easy to prove
that a section must be totally geodesic� see ��	
� ���
� For the proof of
the following lemma� see also ��	
� ���
�

Lemma �A��� Let M be a complete Riemannian manifold together

with a polar action of a compact Lie group G� Let p be some point in

M and Np�Gp� the normal space at p of the orbit of G through p� Then
the action of the isotropy group Gp on Np�Gp� is polar with Tp� as a

section if � is a section of the G�action containing p� In particular� the

isotropy subgroup Gp acts transitively on the set of all sections through
p�

A compact Lie group G acts isometrically and polarly on a Rieman�
nian manifold if and only if the identity component Go does �see ��
�
p����
�� so� from now on� we will suppose for simplicity� that the group
G is connected�

The following Lemmas �A�� to �A�	 will deal with the set of non�
regular points� establishing important facts which will be repeatedly
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used in the sequel�

Lemma �A��� Let M be a compact Riemannian manifold together

with a polar action of a compact� connected Lie group G� If no covering

ofM is di�eomorphic to a product manifold� then the action has singular

orbits�

Proof� Let � be a section of the polar action� Notice that �
must be compact since it is properly embedded in a compact manifold�
Assume that the G�action has no singular orbits� Let p be a point in
� such that the orbit Gp through p is regular� We now de�ne a map
� � Gp� � � M by setting ��g � p� a� � g � a� Notice that g � p � h � p
implies that g �a � h�a� since p is regular� Hence the map is well de�ned�
Since there are no singular orbits� it is easy to see that the map � has
maximal rank everywhere� This implies that � is a covering map since
Gp � � is compact� This is a contradiction because no covering of M
is by assumption di�eomorphic to a product� This �nishes the proof�
q�e�d�

Lemma �A��� LetM be a simply connected Riemannian symmetric

space� which is acted on polarly by a compact connected Lie group G�
Then the G�action has no exceptional orbits�

Proof� Suppose Q � Gq is an exceptional orbit and let � be a
section through q� We can �nd a su�ciently small open ball Br of
radius r � f�Q� around q such that for all x � B� we have Gx � Gq

�see e�g� ��
�� where f�Q� denotes the focal radius of Q� Moreover� by
the density of regular orbits� we may �nd a regular point p � Br � �
�see ��	
� ���
��

We write p as p � expq�v� for the unique v � Nq�Q� with jvj � r
and consider the geodesic ��t� � expq�tv�� t � ��� �
� Notice that � is
perpendicular to Gp� We next prove that Gp does not have focal points
along �� To see this let �s�t� be a variation of � through geodesics normal
to Gp� where �s� t� � I � ���� ��� ��� �
 for some � � � and ���t� � ��t�
for all t � ��� �
� Assume that the corresponding Jacobi �eld J does not
vanish identically and has a zero in t� � ��� ��� It is not too di�cult
to see that r � f�Q� implies that ��t�� and ���� are not conjugate
along � �or one can simply assume that r was chosen so small that
expq jfv�TqM �jjvjj�rg is a di�eomorphism� since then� by the homogeneity
of M � also expp jfv�TpM �jjvjj�rg is a di�eomorphism�� Thus J��� �� ��
The curve s � �s�t�� lies in a tubular neighborhood of Q with radius
smaller than the focal radius f�Q� of Q� Therefore there is a unique



��
 fabio podest�a � gudlaugur thorbergsson

variation �s�t�� �s� t� � I of � through geodesics normal to Q satisfying
�s�t�� � �s�t�� for all s� Hence the Jacobi �eld I corresponding to
the variation �s�t� has a zero in t�� If we can show that I��� �� ��
then the Jacobi �eld I does not vanish identically� and ��t�� is a focal
point of Q contradicting the assumption that r is smaller than the focal
radius f�Q� of Q� Notice that for all z � Gp� expz�Nz�Gp�� is a section
which meets Gq transversally� Thus there are small neighborhoods U
of p in Gp and V of q in Q � Gq and a di�eomorphism � � U � V
de�ned by setting ��z� for z � U equal to the point in the intersection
expz�Nz�Gp�� � Gq closest to q� The geodesics �s and �s both lie in
exp�s����N�s����Gp�� since �s�t�� lies in an orbit of maximal dimension�
Therefore ���s���� � �s��� for su�ciently small s� and it follows that
I��� � d�p�J���� �� �� We have hence proved that Gp does not have
focal points along ��

Since � is perpendicular to Gp� � is a critical point of the energy
functional on P �M� fqg � Gp� � f� � H����� �
�M�� ���� � q� ���� �
Gpg� The index of the critical point � is � by the Morse index theorem
since Gp does not have any focal points along ��

A regular orbit of a polar action has a parallel focal structure� Hence
it follows from ��	� Lemma ����
� that there exists exactly one geodesic
in � connecting q to Gp with index � as a critical point of the energy
functional on the space P �M� fqg � Gp�� On the other hand� since
q is exceptional� Gp is a proper subgroup of Gq� hence we can �nd
g � Gq nGp� and g 	 � gives another geodesic in � of index �� a contra�
diction� q�e�d�

We now recall the de�nition of the generalized Weyl group �see ��	
�
���
�� which will be a fundamental tool throughout the following� If
G is a connected compact Lie group acting polarly on a Riemannian
manifold M � we �x a section � and consider the subgroups

NG��� � fg � G� g��� � �g

and

ZG��� � fg � G� gj� � id�g

of G� The quotient group W� �� NG����ZG���� which is �nite �see
��	
� ���
�� is called the generalized Weyl group� It is not di�cult to
see that� if we start with another section ��� we obtain a Weyl group
W�� which is isomorphic to W� �the isomorphism is actually induced
by an inner automorphism of G�� so that we will often simply refer to
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the Weyl group byW � dropping the subscript �� when it does not cause
any confusion�
If � is a section and p is a point in �� then the intersection Gp � �

coincides with the W �orbit Wp �see ��	
� ���
�� In �

� it is proved�
among other things� that� if the manifold M is simply connected and if
the action is hyperpolar� that is if the sections are �at in the induced
metric� then the Weyl group is not trivial and acts on � as a �nite
re�ection group�
If p �M is any point and � is any section through p� then we know

from Lemma �A��� that �� � Tp� is a section for the slice representation
of the isotropy subgroup Gp� Moreover� we can consider the localized
Weyl group Wp�� �� �NG����Gp��ZG���� which is in a natural way a
subgroup of W � Since

NG��� �Gp � fg � Gp� dgp���� � ��g�

we see immediately that Wp�� coincides with the Weyl group for the
Gp�action on the normal space Np�Gp��
The following Lemma was proved by �

 under the assumption that

the sections are �at andM is a simply connected Riemannian manifold�
A more general statement was proved by Ewert in ��	� Section ����
pp� �����
� Instead of polar actions he considers submanifolds with
parallel focal structure� The regular orbits of polar actions are examples
of such submanifolds�

Lemma �A��� Let M be a simply connected symmetric space on

which a compact� connected Lie group G acts polarly� Let � be a section

of the polar action and let p � � be such that the orbit through p is

singular� Then there is a totally geodesic hypersurface H in � passing

through p and consisting of singular points� moreover there exists a non�

trivial element g �W� which 	xes H pointwisely�

The set of singular points in � is a union of 	nitely many totally
geodesic hypersurfaces fHigi�I in �� if � is simply connected� then the

Weyl group W� is a Coxeter group� generated by re
ections in the hy�

persurfaces fHigi�I �

Proof� We consider the slice representation of Gp on Np�Gp� which
is polar with �� �� Tp� as a section by Lemma �A��� We consider the
localized Weyl group Wp��� Since �� is �at� it follows from �
� Theorem
III
� that Wp�� is nontrivial and generated by re�ections in hyperplanes
of Np�Gp�� Let g � NGp���� be such that the action on �� is a re�ection

in the hyperplane �H in ��� It is clear that g leaves � invariant� but not
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�xed� Let � � � be smaller than the injectivity radius of M at p� Then
the �xed point set of g in � � Br�p� is equal to expp� �H� � Br�p�� The
connected component containing p of the �xed point set of g acting on �
is therefore a hypersurface containing p� It is clear that all points in this
hypersurface are non�regular� hence singular by Lemma �A��� So� the
set of singular points in � is a union of totally geodesic hypersurfaces
fHigi�I � since every localized Weyl group is a subgroup of the �nite
group W�� we see that the index set I is �nite� The last claim of the
Lemma follows from ��	
� Theorem ���� and subsequent remark� q�e�d�

Remark� In the statement of Lemma �A�	� it is in general not
true that the hypersurface H coincides with the �xed point set of the
element g �W�� indeed if � is isometric to a real projective plane� any
non�trivial isometry of � which �xes a hypersurface� has disconnected
�xed point set�

The following theorem of Dadok ���
 will be fundamental in the
proofs of our main theorems�

Theorem �A�� �Dadok�� Let G be a closed� connected subgroup of

the special orthogonal group SO�V � of a Euclidean space V � and assume

that its action on V is polar� Then the following hold�

�a� If V splits as the sum of G�invariant subspaces V� 
 V
� then the

G�action on each Vi is polar for i � �� � and the cohomogeneity

of the G�action on V is the sum of the cohomogeneities of the

G�actions on Vi� i � �� ��

�b� If �G denotes the maximal subgroup of SO�V � having the same

orbits as G� then the action of �G on V is conjugate to the isotropy

representation of a symmetric space�

Remark� In Dadok�s paper it is only claimed that there is a
compact group �G with a symmetric space representation that has the
same orbits as G� but not that G is a subgroup in �G� The more precise
statement follows from Theorems 
 and �� in ���
 and soon became
a folklore� In the paper ���
� this fact is explicitly worked out if the
cohomogeneity of G is at least three� For cohomogeneity two actions
the maximality of �G is claimed in ���
� see Remark on p���� One should
notice that the isotropy representation of the symmetric space G
�SO�	�
is missing in Theorem � on p��� in ���
� The reader will notice that it
is of fundamental importance in our proofs in sections three and four
that G is a subgroup of �G�
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We conclude by giving the de�nition of orbit equivalence� which will
be used in our main statements�

De	nition� Let G� and G
 be two Lie groups acting isometrically
on Riemannian manifolds M� and M
 respectively� We say that these
two actions are orbit equivalent if there exists an isometry of M� onto
M
 which maps G��orbits onto G
�orbits�

Notice that the actions of G and �G on V in Theorem �A�� are orbit
equivalent�

�B� Compact rank
one symmetric spaces

A compact symmetric space has rank one if and only if all its
geodesics are closed� We will always assume that the Riemannian met�
rics on these spaces are normalized such that their closed geodesics are
of length �	� These spaces are round spheres Sn� n � �� the real projec�
tive spaces Pn�R�� n � �� the complex projective spaces Pn�C �� n � ��
the quaternionic projective spaces Pn�H �� n � �� and the Cayley �or
octonion� plane P
�O �� The normalization of the Riemannian metric
implies that the maximum of the sectional curvature is equal to one
except in the case of Pn�R� where it implies that the sectional curvature
is equal to ��	�

Our main goal in this section is to prove the following Proposition�

Proposition �B��� Let G be a compact Lie group acting polarly

on a compact rank�one symmetric space M � Then a section � of the
G�action has constant sectional curvature� In particular� if M � Pn�C ��
n � �� then � is isometric to Pk�R� with � � k � n or � � Sk with

� � k � �� If M � Pn�H �� n � �� then � is isometric to Pk�R� with

� � k � n or Sk with � � k � 	� If M � P
�O �� then � is isometric to

P
�R� or S
k with � � k � ��

Remark� We will improve Proposition �B�� in sections three to
�ve and show that the section � cannot be a sphere Sk with k � ��

Before we can start to prove Proposition �B�� we need to review the
classi�cation of totally geodesic submanifolds in the compact rank�one
symmetric spaces� see ���
�

Proposition �B��� Let M be a connected compact symmetric space

of rank�one� and let N be a connected totally geodesic submanifold of

M � Then N is also a rank�one symmetric space and the following list

shows to which standard space it can be isometric� All possibilities in

the list occur�
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�� M � Sn and N � Sk for � � k � n� or

�� M � Pn�R�� and either N � S� or N � Pk�R� for � � k � n� or


� M � Pn�C � and either N � Sk for � � k � � or N � Pk�R��Pk �C �
for � � k � n� or

�� M � Pn�H � and either N � Sk for � � k � 	 or N � Pk�R��
Pk�C ��Pk �H � for � � k � n� or

�� M � P
�O � and either N � Sk for � � k � � or N � P
�R��
P
�C �� P
�H �� P
�O ��

If two connected totally geodesic submanifolds of M are homeomor�

phic� then there is an element in Io�M� that maps one into the other�

where Io�M� denotes the identity component of the isometry group of
M �

We are now in a position to prove Proposition �B���

Proof of Proposition �B��� The compact rank�one symmetric spaces
do not have product manifolds as coverings� It therefore follows from
Lemmas �A�� that the action of G has a singular orbit Gp� A section �
will meet Gp so that we can assume that p � �� By Lemma �A�	� there
is an element g � G leaving � invariant and whose �xed point set in
� has a component H that is a hypersurface in �� A section is totally
geodesic� Hence � is a rank�one symmetric space� The components of
�xed point sets of isometries are also totally geodesic� The only rank�
one symmetric spaces that have totally geodesic hypersurfaces are the
spheres and the real projective planes� see Proposition �B��� The rest
of the proof now follows by going through the list in Proposition �B���

q�e�d�

The maximal totally geodesic spheres in Pn�C �� Pn�H � and P
�O �
can be interpreted as the projective lines of the projective space struc�
ture of these spaces� see ��
� Chapter IV� x�� There is a discussion of the
projective plane structure of P
�O � in ���
 and chapter one in ���
� see
also the remark at the end of this subsection� This implies that any two
di�erent points in these spaces lie in a unique maximal totally geodesic
sphere� Hence two maximal geodesic spheres can at most meet in one
point� a fact we will use in the proof of the next lemma and repeatedly
later in the paper� We will frequently refer to maximal geodesic spheres
in these spaces as projective lines�
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Lemma �B��� Let G be a compact Lie group acting on M � Pn�C ��
Pn�H � or P
�O �� Assume that the action is polar with sections isometric

to a sphere Sk� k � �� Let p � M � Then expp�Np�Gp�� is a totally

geodesic sphere which is the union over all sections of G passing through

p�

Proof� We can of course assume that p is not regular� We know
from Lemma �A��� that Gp acts transitively on the sections of G con�
taining p� Since Np�Gp� is a union of the sections of Gp� it follows that
expp�Np�Gp�� is a union over all sections of G passing through p�

It is left to prove that expp�Np�Gp�� is a totally geodesic sphere� Let
X and Y be two points inNp�Gp�� We will prove that there is a sequence
���� 
 
 
 � ��k of sections of Gp in Np�Gp� such that X � ���� Y � ��k and
��� � ��i�� has positive dimension for i � �� 
 
 
 � k � �� This can be used
to �nish the proof of the lemma as follows� The totally geodesic sphere
exp���i� is contained in a unique maximal totally geodesic sphere Si� The
intersection exp���i� � exp���i��� is a sphere of positive dimension lying
in Si and Si��� Two di�erent maximal totally geodesic spheres can only
meet in one point� It follows that S� � � � � � Sk� Hence exp�Np�Gp��
lies in one totally geodesic sphere where it is clearly totally geodesic�

It is left to prove the existence of the sequence ���� 
 
 
 � ��k� This is
an application of the K�cycles that Bott and Samelson ���
� constructed
for the orbits of variationally complete actions� We will use that Gp has
the same orbits as an isotropy representation of a symmetric space� see
Theorem �A��� It is proved in ��� Theorem II
� that such representations
are variationally complete� Let us �x a section ��� containing X and let
�X be a regular point in ���� There is a g � Gp such that Y � g������ Let
�Y be a point inGp� �X��g������ Both �X and �Y lie in unique sections since
they are regular� It is therefore enough to prove the claim for �X and �Y
instead of X and Y � The fundamental cycle of the orbit Gp� �X� can be
represented by a K�cycle� The geometric interpretation of the K�cycles
for orbits of isotropy representations of symmetric spaces implies that
there is a polygonal arc � in Np�Gp� joining �X and �Y that does not pass
through the origin and whose line segments lie in sections of Gp� see x	
and x� of Chapter I in ��
� The edges of �� if there are any� therefore
lie in the intersections of sections� These intersections have positive
dimensions since � does not pass through the origin� This implies the
existence of the sequence of sections ���� 
 
 
 � ��k� q�e�d�

Some comments about the Cayley projective plane are here in order�
The full isometry group of P
�O � is the exceptional compact simple Lie
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group F� �see e�g� ���� p���	
� and the isotropy group of a point in
P
�O � is conjugate to Spin�
� in F�� We can therefore identify the
Cayley projective plane P
�O � with the coset space F��Spin�
�� By
Proposition �B��� any maximal� proper� totally geodesic submanifolds
of P
�O � is either isometric to the sphere S

� or to the quaternionic
projective plane P
�H �� and in both cases� they are orbits of maximal
subgroups of maximal rank in F�� More precisely� a totally geodesic
sphere S� is the orbit of a group isomorphic to Spin�
�� which �xes a
point p in P
�O �� and the sphere S

� coincides with the cut locus of this
point p� As already mentioned above� a totally geodesic sphere will be
called a projective line in P
�O �� since such projective lines satisfy the
axioms for projective planes �see ��
� ���
 or ���
�� A totally geodesic
submanifold in P
�O � that is isometric to the quaternionic projective
plane P
�H � is the orbit of a maximal subgroup of maximal rank G�
locally isomorphic to Sp����Sp��� �see ���
�� which acts on P
�O � with
cohomogeneity one �see ���
� ���
��

�C� Factorizations of compact Lie groups

We will brie�y recall the theory of factorizations of compact Lie
groups� since we will use it in the proofs of our main theorems� We refer
here to ���� x� and x�	
� for a more detailed exposition�
Given a compact Lie group G and two connected Lie subgroups

G�� G�� of G� we shall say that the triple �G�G�� G��� of groups is a fac�
torization if G � G�G��� When G� �or G��� is a closed subgroup� this is
equivalent to saying that G�� acts transitively on G�G� �or G� acts tran�
sitively on G�G���� A factorization �G�G�� G��� will be called irreducible�
if for any factorization �G�H ��H ���� with H ��H �� connected normal sub�
groups of G�� G�� respectively� we have H � � G� and H �� � G���
Moreover� given two compact Lie groups G�H and two factorizations

�G�G�� G��� and �H�H ��H ���� we say that they are locally isomorphic if
there exists a Lie algebra isomorphism � � g � h such that ��g�� � h�

and ��g��� � h��� we will say that they are equivalent if �G�G�� G��� is
locally isomorphic to �H�H ��H ��� or to �H�H ���H ���
In a similar way we de�ne a factorization for Lie algebras� given a

Lie algebra g and two Lie subalgebras g�� g�� of g� we shall say that the
triple �g� g�� g��� is a factorization if g � g�  g���
We summarize the results we will need in the sequel in the following

theorem due to Onishchik ����� pp� ���
�� �������
��

Theorem �C��� Let G be a connected compact Lie group with Lie

algebra g� Then the following hold�
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�� a triple �G�G�� G��� is a factorization if and only if the triple

�g� g�� g��� is a factorization� where g�� g�� are the Lie algebras of

G�� G�� respectively�

�� if G is simple� then any non�trivial irreducible factorization

�G�G�� G��� is equivalent to one of the factorizations in the table

below� where the connected component of the normalizer NG�G
���o

is also indicated �for G� we have NG�G
��o � G���


� if G is simple� any non�trivial factorization is equivalent to a fac�

torization �G�G�� G��
��� where G

�� � G��
� � NG�G

��� and �G�G�� G���
is one of the factorizations in the following table�

G G� G�� NG�G
���o

SU��n�� n � � Sp�n� SU��n� �� S�U����U��n� ���

SO��� G
 SO��� SO���

SO��� SO��� � SO���

SO��n� n � 	 SO��n� �� SU�n� U�n�

SO�	n� n � � SO�	n� �� Sp�n� Sp�n� � Sp���

SO���� SO���� Spin�
� Spin�
�

SO��� SO��� Spin��� Spin���

Remark� In the above table� we used the notation Sp�n� �Sp��� �
Sp�n��Sp���

Z�
� This notation will be repeatedly used in the sequel� If

K�� 
 
 
 �Kr are connected compact groups� then K� � � � � �Kr will denote
K������Kr

� � where ! is a �nite central subgroup of K� � � � � �Kr�

�� The examples of polar actions on Pn�C �� Pn�H � and P
�O �

We will in this section give examples of polar actions on the spaces
Pn�C �� Pn�H � and P
�O �� It will then be proved in sections three to �ve
that there are no further examples�

�A� The examples of polar actions on Pn�C � and on Pn�H �

In this subsection� we will show how to construct examples of polar
actions on the complex projective space Pn�C � and on the quaternionic
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projective space Pn�H �� in sections three� and four� we will show that
these examples exhaust the class of polar actions up to orbit equivalence�

We �x a Hermitian symmetric pair �U�K�� where U is a compact
semisimple Lie group and K is a compact connected Lie subgroup of
U � which coincides with the centralizer in U of its non�discrete center�
We split �U�K� as a product of irreducible Hermitian symmetric pairs
�U�K�� "k

i���Ui�Ki�� where each Ui is a simple compact Lie group
and Ki � Ui is a compact subgroup with one dimensional center for
i � �� 
 
 
 � k�

We denote by Gothic letters the corresponding Lie algebras u� ui and
k� ki� and we consider the Cartan decomposition u � k p and ui � ki pi
for i � �� 
 
 
 � k� we recall that the Ad�Ki�jpi�action of Ki on pi� which
can be identi�ed with the isotropy representation of Ki� is polar of
cohomogeneity equal to the rank of the corresponding symmetric pair
�see ��	
� ���
��

It is well known that each pi admits up to a sign a unique Ad�Ki��
invariant complex structure Ji� which can be expressed as ad�zi�jpi for
some zi � ki for i � �� 
 
 
 k� If ai denotes a maximal abelian subalgebra
of pi� then ai provides a linear section for the Ki�action on pi� and
ai is totally real with respect to the complex structure Ji� indeed� if
X�Y � ai and if ��� denotes the restriction of the Cartan�Killing form
of ui on pi� then

� JiX�Y ��� ad�zi�X�Y ��� zi� �X�Y 
 �� ��

since ai is abelian�

We can now prove the following�

Proposition �A��� Let �U�K� � "k
i���Ui�Ki� be a Hermitian sym�

metric pair� If we identify p with C n by means of the complex structure

J � J�  � � �  Jk� where n � dimC U�K� the Ad�K� �action on p de�

scends to a K�action on Pn���C �� which is polar of cohomogeneity r���
where r denotes the rank of the symmetric pair �U�K��

Moreover� a section for the K�action on Pn���C � is homeomorphic

to a real projective space�

Proof� We consider a � a�  � � �  ak and de�ne � � P�a�� We
claim that � is a section for the K�action on Pn���C �� Indeed� it is
obvious that � meets every K�orbit and we have to prove that the
intersections are orthogonal� We consider the canonical projection 	 �
S
n�� � Pn���C �� where S


n�� denotes the unit sphere in p� and we
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consider �a � a�S
n��� so that � � 	��a�� We �x a point x � �a and note
that

TxS

n�� � R � Jx Hx�

where Hx denotes the orthogonal complement of R � Jx in TxS

n���

Note Tx�a � Hx� Now� since Tx�Kx� contains R � Jx� we have that

Tx�Kx� � R � Jx �Tx�Kx�� �Hx�

and d	x maps �Tx�Kx�� � Hx isometrically onto T��x�K	�x�� So�
T��x��	��a�� � d	x�Tx�a� is orthogonal to T��x�K	�x�� q�e�d�

Remark� We note that the K�action on Pn���C � is not e�ec�
tive� since a one�dimensional factor of the center of K acts trivially on
Pn���C �� Here one should notice that it is not true that the product
of the centers of the Ki act trivially on the complex projective space if
�U�K� is reducible� Indeed� only a diagonal subgroup T � of that product
acts trivially�

In order to describe the examples of polar actions on the quater�
nionic projective space Pn�H �� we �x a quaternion�K�ahler symmetric
pair �U�K�� This means by �	� p�	��
� that U is a compact simple Lie
group and the subgroup K is a compact subgroup that can be written
as K � H �Sp���� where H and Sp��� are normal subgroups of K� More�
over the restriction of the isotropy representation to Sp��� is equivalent
to the representation of the normal subgroup Sp��� of Sp�n� � Sp��� on
H n 
� R�n � and the isotropy representation of H commutes with that
of Sp��� �here H n is considered to be a right H �module and Sp��� acts
by right multiplication by a unit quaternion�� It is known that for each
compact simple Lie group U �except SU���� there exists exactly one
quaternion�K�ahler symmetric pair �U�K�� We consider the Cartan de�
composition u � k p and we may identify p 
� H n 
� R�n by considering
the natural quaternionic structure Q induced by the ad�sp�����action on
p� As in the Hermitian case� we can prove that a linear section for the
Ad�K��action on p is totally real with respect to the complex structures
fI� J�Kg � Q�

Proposition �A���

�a� Let �U�K� be a quaternion�K�ahler symmetric pair� with Cartan

decomposition u � k  p� If we identify p with H n � where 	n �
dimU�K� then the Ad�K��action of K on p descends to a K�

action on Pn���H �� which is polar of cohomogeneity r��� where r
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denotes the rank of the symmetric pair �U�K�� Moreover a section

for the K�action on Pn���H � is homeomorphic to a real projective

space�

�b� If �Ui�Ki� are quaternion�K�ahler symmetric pairs with Cartan

decompositions ui � ki  pi for i � �� 
 
 
 �m� the group H �
H�� � � � �Hm�Sp��� acts on the sum p � p� � � � pm� where p

is endowed with the natural quaternionic structure induced by the

ones in each pi� and the Sp����factor acts by right multiplication

on p� The H�action on p is polar if and only if all the symmetric

pairs �Ui�Ki� have rank one� except possibly one of arbitrary rank�

In this case the action of H on p 
� H n descends to a polar action

on Pn���H � of cohomogeneity equal to r � �� where r denotes the

rank of the symmetric pair �U�K� � "m
i���Ui�Ki��

Remark� In contrast with the complex case� the action of
K� � � � � � Kk does not descend to an action on the corresponding
quaternionic projective space�

Proof� The claim in �a� can be proved in exactly the same way as
Proposition �A��� so we leave it to reader�

Now� suppose we have quaternion�K�ahler symmetric pairs �Ui�Ki��
i � �� 
 
 
 �m� where all �Ui�Ki� have rank one for i � �� 
 
 
 �m � ��
and �Um�Km� has arbitrary rank� In this case there exist integers
fnigi�������m�� such that ui � sp�ni� and ki � sp�ni � ��  sp��� for i �
�� 
 
 
 �m��� Since the groupsHi


� Sp�ni��� andKi � Sp�ni����Sp���
have the same orbits in pi for i � �� 
 
 
 �m��� it is clear that the action
of H � H� � � � � � Hm � Sp��� on p � p�  � � �  pm is polar of coho�
mogeneity equal to the sum of the ranks� In this case the action of H
descends to a polar action on the corresponding quaternionic projective
space and a section is homeomorphic to a real projective space�

Vice versa� we suppose that the group H acts polarly on p� Then�
by Dadok�s Theorem �A��� we know that for any i �� j � f�� 
 
 
 �mg�
the action of Hij � Hi � Hj � Sp��� acts polarly on pi  pj� We �rst
prove the following useful Lemma�

Lemma �A��� Let G be a connected compact Lie group acting

polarly on a linear space V � If V splits as the sum of two invariant sub�

spaces V � V� 
 V
 and if L�� L
 denote two regular isotropy subgroups

of the G�action on V�� V
� respectively� then g � l�  l
� where Gothic

letters denote the corresponding Lie algebras�
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Proof� We know that the G�action on each Vi is polar� and we
can �x two sections ����
 in V�� V
 respectively� ZG��i� � Li� Since
�� �
 is a section for the G�action on V � we can �nd a G�regular point
v � �v�� v
� � V such that Gvi � Li� Then Gv � L� � L
� Moreover�
since the cohomogeneity of the G�action on V is the sum of the two
cohomogeneities on each Vi� i � �� �� we get that

dimV � dimG�Gv � dimV� � dimG�L�  dimV
 � dimG�L


and from this it follows that dimg � dim l� dim l
�dim�l�� l
�� which
implies our claim� q�e�d�

We now denote by L� a regular isotropy subgroup of H� � Sp���
acting on p� for � � i� j� and denote the corresponding Lie algebras
by Gothic letters� Then by Lemma �A��� h�  h
  sp��� � l�  l
�
If we denote by 	 the projection of h�  h
  sp��� onto sp���� then
	�l��  	�l
� � sp���� Since the non�trivial subalgebras of sp��� are
one dimensional� it follows that one of the two subalgebras� say 	�li��
coincides with sp���� If we now check through the list of isotropy sub�
groups of quaternion�K�ahler symmetric spaces �see �	� p�	��
� and their
isotropy representations� we see that they are tensor products if the rank
is greater than one� Hence the condition 	�li� � sp��� is satis�ed only
if the rank of the corresponding symmetric space is one� Alternatively�
our condition 	�li� � sp��� is equivalent to saying that Ki � Hi�Sp���
and Hi have the same orbits in pi� and it can be checked in ���
 that
this happens only for rank�one symmetric spaces� q�e�d�

�B� The examples of polar actions on P
�O �

We identify P
�O � with the coset space F��Spin�
� and denote the
point in P
�O � corresponding to the colateral class Spin�
� by p� We
also decompose the Lie algebra f� as f� � so�
�  p� where p denotes
the orthogonal complement of so�
� with respect to the Cartan�Killing
form� it is well known that the Ad�Spin�
���action on p is equivalent to
the isotropy representation of Spin�
� at p�
We shall give examples of polar actions on P
�O � in Corollary �B��

and Proposition �B�	� the geometric interpretation of these actions are
given in remarks after the proofs� In Section �� we will actually prove
that these examples exhaust the class of polar actions on P
�O � with
cohomogeneity greater than or equal to two� Notice that we do not
have to deal with cohomogeneity one actions on P
�O � since these were
classi�ed in ���
� see also ���
�
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We start with

Proposition �B��� Let G � Spin�
� be a compact Lie group acting

on P
�O � and suppose the linear isotropy representation of G on p is

polar with cohomogeneity two� Then the G�action on P
�O � is polar

with sections homeomorphic to the real projective plane�

Before we start with the proof of the proposition� we review some
well known facts on Jacobi �elds on P
�O � that will be used in the rest
of this subsection� Let x � p be a unit vector� We consider the linear
span of x� and decompose p orthogonally into

p � R � x p��x�  p
�x��

where the subspaces pi�x� are the restricted root spaces with respect
to the maximal abelian subalgebra R � x� The space p��x� is seven
dimensional and p
�x� is eight dimensional�
Let �x be the geodesic with #�x��� � x� For a unit vector y �

p��x�  p
�x�� we let Jy denote the Jacobi �eld along �x with Jy��� � �
and J �y��� � y� and let Iy denote the Jacobi �eld with Iy��� � y and
I �y��� � �� Furthermore� let Ey denote the parallel vector �eld along �x
with Ey��� � y� If y � p��x�� then

Jy�t� � sin t Ey�t�� Iy�t� � cos t Ey�t��

and if y � p
�x�� then

Jy�t� � � sin�
t

�
� Ey�t�� Iy�t� � cos�

t

�
� Ey�t��

see e�g� ��� Chapter IV� x�
� This implies that the two�plane spanned by
x and y has sectional curvature � if y � p��x� and ��	 if y is in p
�x��
A two�plane �� spanned by x and an element y � p
�x� is a Lie

triple system and � � expp���� is a totally geodesic submanifold with
curvature ��	 which is homeomorphic to the real projective plane�
The Jacobi �elds relate to the exponential map through the well

known formula
d�expp�tx�ty� � Jy�t�


Let us denote the unit sphere in p by S�� and denote the cut locus
of p by S�� De�ne h � S�� � S� by putting h�x� � expp�	x� for a point
x � S��� It follows that dhx�y� � Jy�	�� Hence dhx�y� � � if y � p��x�
and jdhx�y�j � �jyj if y � p
�x�� The map h is therefore a submersion
and even a Riemannian submersion up to the scaling factor ��� on S���
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Proof of Proposition �B��� Notice that the action of G leaves S� in�
variant� It cannot be transitive on S� since the only subgroup of Spin�
�
that is transitive on S� is Spin�
� itself which acts with cohomogeneity
one on P
�O �� If �� is a section of G in p� then it follows easily that h�S�
meets all orbits of G in S�� where S is the unit circle in ��� Thus the
action of G on S� has cohomogeneity one� If we select a G�regular point
z � S� we can �nd a vector v � p
�z� such that dhz�v� is orthogonal to
the orbit Gh�z�� Thus

�TzGz�
� � TzS

�� � R � v


Since for a cohomogeneity�one action a geodesic which meets one regular
orbit orthogonally is automatically a normal geodesic� we get that �� �
Span�z� v� is a linear section for G in p� We will parameterize the
geodesic �� � S�� as c�t�� where t � ��� �	
 is an arc length parameter�
We note that c��t� � p
�c�t�� for all t�
We now put � � expp���� and we prove that � is a section for the

G�action on P
�O �� Notice that � is totally geodesic and homeomorphic
to the real projective plane since v � p
�z�� It is clear that � meets all
orbits of G since g � expp�x� � expp�g� � x�� We will prove that all orbits
in the complement B of the cut locus S� of p meet � perpendicularly� It
then follows that this is also true for orbits in S� by continuity� and we
have proved that the G�action on P
�O � is polar� Let �x�s� � expp�sx�
where x � c�t� for some t and jsj � 	� We can assume that x is a regular
point of the G�action� Then TsxG�sx� is the orthogonal complement of
c��t� in p��x�  p
�x�� We choose an orthonormal basis �X�� 
 
 
 �X���
of TsxG�sx� such that X�� 
 
 
 X� � p��x� and X�� 
 
 
 �X�� � p
�x�� Set
Yi � d�expp�sx�Xi� for i � �� 
 
 
 � �	� It is clear that �Y�� 
 
 
 � Y��� is a
basis of T�x�s�G�x�s�� It follows from the Gauss Lemma that Y�� 
 
 
 Y��
are perpendicular to the geodesic �x� It is therefore left to prove that
Y�� 
 
 
 Y�� are perpendicular to d�expp�sx�c

��t��� We consider the Jacobi
�elds JYi along �x de�ned before the proof of this proposition� We
have that Yi � JXi

�s� � �iEi�s� where Ei is a parallel vector �eld
along �x with Ei��� � Xi and �i is a real number� We also have
that d�expp�sx�c

��t�� � Jc��t��s� � E��s� where E� is the parallel vector
�eld along �x with E���� � c��t�� It is now clear that T�x�s�G�x�s� is
perpendicular to T�x�s��� This �nishes the proof� q�e�d�

As a corollary of the previous proposition� we obtain the following
examples of polar actions on P
�O ��

Corollary �B��� The following maximal connected subgroups of
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maximal rank of Spin�
� act on P
�O � polarly with cohomogeneity two�

H� � Spin���� H
 � SO��� � Spin���� H� � SU��� � SU�	�


Proof� We will denote the Lie algebras of the subgroupsHi by hi for
i � �� �� �� We know that the linear isotropy representation of Spin�
�
is equivalent to the spin representation $ on p 
� R�� � By Proposition
�B��� it is enough to check that the restriction of $ to each subalgebra
hi for i � �� �� � is polar of cohomogeneity two� Indeed� we have�

�� $jh� splits as the sum of two inequivalent ��dimensional represen�
tations of so��� �see e�g� ���� pp��������
� and is polar of cohomo�
geneity two �see e�g� �

� ���
��

�� $jh� is irreducible and p 
� R
 � R� � where the R�factor of h

acts on R
 in a standard way� while the so����factor acts on R�

via the spin representation� Indeed so��� � so��� and by ���� we
know that p � R�  R� as a so����module� when we restrict $
to so���� each submodule R� can either remain irreducible or split
as R  R� � If one of the two factors should split as R  R� � then
the Spin����factor Hs


 of H
 would have a non�zero �xed vector v�
hence Spin��� would be a subgroup of K � Spin�
�v � It is known
�see e�g� ��
� that K is a subgroup isomorphic to Spin��� and with
discrete centralizer in Spin�
�� so from Hs


 � K we would have
Hs


 � K and K would have a nontrivial centralizer� a contra�
diction� So� each submodule R� remains so����irreducible and we
have p 
� R
�R� � Since the spin representation of Spin��� is tran�
sitive on the unit sphere S�� the representation of R so��� has the
same orbits as R so��� acting on R
 �R

� � and this last represen�
tation is polar of cohomogeneity two� since it is the isotropy repre�
sentation of the rank�two symmetric space SO�����SO����SO����

�� $jh� is also irreducible and p 
� �C 
�C � 
R� as one can easily check
using the same arguments as in ���� This representation is polar�
since it has the same orbits as the isotropy representation of the
rank�two symmetric space SU����S�U����U�	��� q�e�d�

Remark� The action of the subgroup H� � Spin��� on P
�O �
was already investigated in ���
� although it was not noticed there that
the action is polar� The action of Spin��� has the following geometric
interpretation� if S� denotes the cut locus of the point p and we �x a
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point q � S�� then the subgroup Spin��� of F� is the stabilizer of the
�ag �q� S���

The subgroup H
 � SO��� � Spin��� can be seen as the subgroup of
F� which leaves the �ag ��� S

�� invariant� where � denotes the trace of
a geodesic in the projective line S�� which is the cut locus of p�

The subgroup H� � SU��� � SU�	� can be characterized as the sta�
bilizer in F� of the �ag �S


� S��� where S
 denotes a totally geodesic
two�sphere in S��

Among the maximal subgroups of maximal rank in Spin�
�� all act
polarly on P
�O � with the exception of Sp��� � Sp��� � Sp���� as we will
see in Section �B�

Our next example is provided by the action on P
�O � of a maximal
subgroup of maximal rank G of F�� locally isomorphic to �G � SU����
SU���� In order to describe it� we need to review some basic facts about
the construction and classi�cation of maximal subalgebras of maximal
rank of f� �see ���� x���
��

We �x a maximal torus T � Spin�
� and we consider its Lie algebra t�
so that tC is a Cartan subalgebra of fC� � the corresponding root system of
f� will be denoted by $ and we �x a system of simple roots f��� 
 
 
 � ��g�
corresponding to the Dynkin diagram

where the black roots f��� �
g are long� while the white ones f��� ��g
are short� If � � ���  	�
  ���  ��� denotes the maximal root� we
can form the extended Sch�a�i�Dynkin diagram

From the Borel�Siebenthal theory �see ���� x���
�� we have that the sub�
system $� � f�
� ��� ��� �g is the system of simple roots of the subal�
gebra so�
�� while the subsystem $
 � f��� �
� ��� �g is the system of
simple roots of a subalgebra g isomorphic to su���  su���� The con�
nected Lie subgroup G of F� with Lie algebra g is locally isomorphic to
�G � SU���� SU���� and we have that G � �G�Z�� In fact� the homoge�
neous space F��G is isotropy irreducible and the isotropy representation
of G is �S
�C � � � C � 
R �see ���
� table ���������� p� ���a�� Since the
isotropy representation of G is faithful and the representation of �G on
�S
�C � ��C � 
R has a kernel which is a �nite central subgroup isomorphic
to Z�� we have that G � �G�Z��

We �rst list the properties of the action of G on P
�O � that we will
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need�

Lemma �B���

�a� The orbit Gp is totally geodesic and isometric to P
C � The orbit

Gp is also an orbit of one of the factors of �G� the other one acts

trivially on Gp� We will assume that the 	rst factor of �G acts
nontrivially� the second one trivially�

�b� We have �Gp � U��� � SU���� the slice representation of Gp on

Np�Gp� is polar with cohomogeneity two� A linear section for the

Gp action on Np�Gp� meets a principal orbit in eight points�

�c� The action of Gp on the cut locus of p� that we will denote by S��

has cohomogeneity one� A section of the action of Gp on S
� meets

a principal orbit in four points�

�d� Let H be the subgroup of �Gp leaving a given section in Np�Gp�
	xed� Then H is a ��torus� H � H� � H
� where H��H



� T�

and the isotropy representation of H� on Tp�Gp� does not have a
trivial factor�

Proof� �a� We �rst recall that the symmetry �p at p belongs to
the center of Spin�
�� Moreover the intersection G � Spin�
� has max�
imal rank� since both groups share the same maximal torus� it then
follows that �p � G and the orbit Gp is a totally geodesic submanifold�
Moreover we see that $� � $
 is the system of simple roots for the
semisimple part of the intersection G � Spin�
�� from this we see that
g� so�
� � R  su���  su���� Therefore one SU����ideal of G acts triv�
ially on the orbit Gp� which is homeomorphic to a complex projective
space P
�C ��

�b� We denote by k the Lie subalgebra g � so�
�� which we know to
be isomorphic to R  su���  su���� We now decompose the Lie algebra
f� � g m� where m is the orthogonal complement of g in f�� we know
that m � �S
C � � C � 
R as an ad�g��module� We restrict the ad�g�jm�
representation to k and we get that m � �C �  S
�C 
�� C �  C 
 � C � 
R�
Therefore we can decompose the Lie algebra f� into ad�k��submodules
as

f� � k �C 
 
R  �C
�  S
�C 
 �� C

�  C

 � C

� 
R�

and we note that all this submodules are mutually nonequivalent as
ad�k��modules� �This also follows from the fact that k coincides with
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the centralizer in f� of a nonzero element in t since the isotropy repre�
sentation of a generalized �ag manifold decomposes into mutually non�
equivalent irreducible submodules�� On the other hand� we may write
f� � k m� p� where k m� � so�
�� By comparing this two decomposi�
tions of f� and using the fact that all the submodules are nonequivalent�
we get that p splits as p � �C 
  C


 � C
� 
R as an ad�k��module� There�

fore the slice representation of k is given by C 
 � C � � which is polar of
cohomogeneity two� since it is the isotropy representation of the sym�
metric space SU����S�U���� U����� The second assertion follows from
the fact that a principal orbit of the Weyl group of this symmetric space
consists of eight points�

�c� This follows from the fact that the subalgebra k of so�
� is embed�
ded as k � su��� �R su���� � su��� so��� � so�
�� Thus the standard
action of Spin�
� on R� � when restricted to �Gp� splits as R

� � R�  R�

and the action of �Gp on R� has cohomogeneity two� hence one on S��
The principal orbits are product embeddings S
�r�� � S��r
� � S��
r
�  r

 � �� which clearly meet a section in four points�

�d� By dimension reasons� we have that the regular isotropy sub�
group H of �Gp for the slice representation is two�dimensional and com�
pact� hence its identity component is a ��torus� Moreover� the regular
orbits are simply connected� so that H is connected� It is moreover easy
to check that the Lie algebra h of H has a nontrivial projection on the
su����factor of k� Therefore� if we write H as H � H��H
� where each
Hi is a one�dimensional torus with Lie algebra hi for i � �� �� then at
least one of the hi� say h�� has nontrivial projection on the su����factor
of k� Since the isotropy representation of �Gp on TpP
�C �� restricted
to the SU����factor� is the standard representation of SU��� on C 
 � it
follows that the isotropy representation of H� on TpP
�C � has no �xed
vector� q�e�d�

Proposition �B��� The action of the group �G on P
�O � is polar

of cohomogeneity two with sections homeomorphic to the real projective

plane�

Proof� First notice that Gp acts transitively on the unit sphere in
the tangent space Tp�Gp�� We consider the action of Gp on TpP
�O � �
Tp�Gp�  Np�Gp�� The action is polar with cohomogeneity three� We
let S�� denote the unit sphere in P
�O �� Let h � S

�� � S� be as above�
Again we have that h�Gp�p�� � Gp�h�p��� Let q � S� be given� The
preimage of q under h is a seven�dimensional great sphere S in S�� that
must meet Np�Gp� which is twelve�dimensional� There is therefore a
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point r � S���Np�G�p�� such that the orbitGp�r�� which lies completely
in Np�Gp�� maps onto the orbit Gp�r� in S�� Now let �� be a two�
dimensional section of Gp in Np�Gp� and c its intersection with S���
Notice that c is a great circle in S��� A closed segment d of c from a
singular orbit to a singular orbit has length 	�	� since a principal orbit
meets a section eight times� Such a segment meets every orbit exactly
once� It follows that h�d� meets every orbit of Gp in S

� once� Such a
curve must have length 	�� at least� since a section of Gp on S

� meets
the principal orbits four times and the orbits are equidistant� The length
of h�d� can be at most 	�� since jdhx�y�j � �jyj for all y � TxS

��� see
above� A curve of length 	�� meeting all orbits must be a great circle
arc� It follows that a semicircle of c is a horizontal lift �up to a factor
��� in the parameterization of c� of a section of Gp in S

�� This implies
that the image � of �� under expp is a real projective plane� since it
is spanned by c�t� and c��t� � p
�c�t��� see above� The calculations in
the proof Proposition �B�� above imply that � � expp���� meets the
orbits of Gp within a ball B of radius r � 	 around p perpendicularly
whenever they meet� �Notice that the principal orbits of Gp in B are
thirteen dimensional and � is two dimensional� Hence not all orbits can
meet �� In fact� only those orbits that are images of orbits in Np�Gp�
will meet ���
Now we will consider the whole group G and show that its orbits

meet � perpendicularly� Let q be an element in � that is not in S��
Then there is an x � �� such that q � expp�x�� Let y be an element in

p
�x� such that x and y span the section ��� We consider the subgroup
K 
� G
 of Spin�
� leaving �� invariant� The representation of K on
TpP
�O � splits into invariant submodules as follows�

TpP
�O � � R � x R � y  p��x�  q
�x� y��

where q
�x� y� is the orthogonal complement of y in p
�x�� Now consider
the group H � Gp�K� As we saw in Lemma �B����d�� if we restrict the
H�action to Tp�Gp� and divide out the kernel� then we get an action of
S� on Tp�Gp� without trivial factors� i�e�� we have a decomposition of
Tp�Gp� into two irreducible two�dimensional modules

Tp�Gp� � V�  V



The module Vi is for i � �� � either contained in p��x� or q
�x� y�� We can
therefore �nd an orthonormal basis �X�� 
 
 
 �X�� of Tp�Gp� such that
Xi is either in p��x� or p
�x� for i � �� �� �� 	� We write �p for Tp�Gp��
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Then su��� � �R  su����  �p � f� is the Cartan decomposition of the
ideal of su���  su���� that is nontrivial on �p � TpGp� We consider
the variations Vi�s� t� � expG�sXi� � �x�t� of the geodesic �x and the
corresponding Jacobi �elds Ii� We have to show that

d

dt

�
�
�
s��

expG�sXi� � x � Ii���

is perpendicular to

d�expp�x�y� � Jy���


Notice that Ii��� � Xi and I
�
i��� � �� Hence Ii � IXi

in the notation
above� Since Xi lies in p��x� or p
�x� there is a parallel vector �elds Ei

along �x with the property that

Ii�t� � cos��t�Ei�t�


As we have seen above there is a parallel vector �eld E along �x such
that

Jy�t� � � sin�
t

�
�E�t�


Now it is clear that Ii��� and Jy��� are perpendicular since Ei��� � Xi

and E��� � y are perpendicular� This �nishes the proof that the action
of �G on P
�O � is polar� q�e�d�

Remark� The maximal subgroup G � SU��� � SU��� of F� can
be seen as the subgroup which leaves a totally geodesic complex projec�
tive plane invariant� Therefore the homogeneous space F��G �which is
isotropy irreducible but not symmetric� can be seen as the space of all
totally geodesic complex projective planes in P
�O ��

�� Polar actions on complex projective spaces

Theorem ���� Let G be a compact and connected Lie group acting
polarly on the complex projective space Pn�C �� Then the action of G is

orbit equivalent to the action induced by a Hermitian symmetric space�

Proof� We can assume that the G�action is e�ective by factoring
out the kernel of the action� The group G can then be considered to be
a subgroup of SU�n ���Z�SU�n ��� which is the identity component
of the isometry group of Pn�C �� There is therefore a �nitely sheeted
covering 	 � G� � G where G� is a connected subgroup of SU�n ���
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Let � be a section of the G�action� By Proposition �B��� the section
� is either isometric to a sphere S
 or to a real projective space Pk�R�
where � � k � n� Notice that our point of view here is to consider
a one�dimensional section to be isometric to P��R�� not to S� as in
Proposition �B���

We �rst show that � cannot be isometric to S
� Assume that it
is the case� Then � is a projective line in Pn�C �� i�e�� � 
� P��C �� A
real codimension�two submanifold M of Pn�C � with the property that
there is a projective line meeting M perpendicularly in p for every p
in M is a complex hypersurface� Any two complex hypersurfaces in
Pn�C � intersect� It follows that any two regular orbits of G intersect
and there can therefore only be one regular orbit� which is of course a
contradiction�

We shall now discuss the case where � is isometric to a real projective
space Pk�R�� By Proposition �B��� there is an element in the identity
component of the isometry group of Pn�C � that maps � to the standard
embedding Pk�R� � Pn�R� � Pn�C �� We can therefore assume that
� � Pk�R�� Let 	R � R

n�� n f�g � Pn�R� be the canonical projection�
Set �� � 	��

R
��� � f�g� Notice that �� is a linear subspace of Rn�� �

The �nitely�sheeted covering 	 � G� � G clearly satis�es 	C �g � v� �
	�g��	C �v� for all g � G� and all v � C n�� where 	C � C

n��nf�g � Pn�C �
is the canonical projection� We consider the group �G � G��T � acting on
C n�� � where T � is simply the multiplication by unit complex numbers�
We claim that the �G�action on C n�� is polar with �� as a section�

Indeed� it is clear that �� meets every �G�orbit� We now choose a
point p � ��� Since �� lies in a totally real subspace of C n�� � the T ��
orbit through p will be orthogonal to ��� moreover we can decompose
the tangent space Tp� �Gp� orthogonally as

Tp� �Gp� � Tp�T
� � p�
Hp�

and we note that the horizontal subspace Hp maps isometrically onto
the tangent space T�C�p��G	C �p��� Since T�C�p��G	C �p�� is orthogonal
to T�C�p��� our claim follows�

By Dadok�s theorem ����
�� see Theorem �A��� there is a symmetric
pair �U�K� with Lie algebra decomposition u � k  p� so that p can
be identi�ed with C n�� in such a way that �G is a subgroup of K� the
isotropy representation of K on p has the same orbits as �G and the
actions of �G on p and C n�� coincide up to the identi�cation of p and
C n�� �
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We claim that we can choose the symmetric pair �U�K� to be Her�
mitian symmetric� Notice that this implies the claim in Theorem ����

We �rst assume that the �G�module C n�� is reducible as a real rep�
resentation� We split C n�� � V� 
 � � � 
 Vk� where the Vi�s are �G�
irreducible subspaces� no factor is trivial� since the T ��action has no
�xed points� Moreover the Vi�s are complex subspaces because of the
T ��action� Since each �G�action on Vi is polar� the corresponding sym�
metric space will split as �U�K�� "k

i �Ui�Ki�� see ���
� and the actions of
�G and Ki on each Vi have the same orbits� So� we can con�ne ourselves
to the irreducible case�

We note that the symmetric pair �SO��p ���SO��p�� �p � �� is not
Hermitian symmetric� but K contains the subgroup U�p� and Ad�K�p
and Ad�U�p��p have the same orbits� in this case we can substitute
the symmetric pair �SO��p ���SO��p�� with the Hermitian symmetric
pair �SU�p ���U�p��� Our claim that we can choose the symmetric pair
�U�K� to be Hermitian symmetric follows from the following lemma�

Lemma ���� Let �u� k� be an e�ective irreducible orthogonal sym�

metric pair with �u� k� �� �so��p  ��� so��p��� and assume the following

conditions are satis	ed�

�� there exists an element Z � k such that ad�Z�jp is a complex
structure on p�

�� there exists a compact Lie subgroup H � K such that Ad�H� and
Ad�K� have the same orbits in p�

�� the Ad�H��action on p commutes with ad�Z�jp�

Then �u� k� is Hermitian�

Remark� This Lemma generalizes Lemma ��� in ���
�

Proof� First of all we show that rank�u��rank�k�� Indeed� we may
choose a maximal abelian subalgebra t � t�  t
� where t� is maximal
abelian in k and contains Z� while t
 is maximal abelian in p� If k does
not have maximal rank in u� then t
 �� f�g� but this contradicts the fact
that Z � t� acts on p as a complex structure� hence �xed point free�

We now consider the maximal rank subalgebra h� � z�Z� given by
the centralizer of Z� this subalgebra is contained in k� since ad�Z�jp has
trivial kernel� Moreover h � h�� where h denotes the Lie algebra of
H� Indeed� if X � h and Y � p� then� using the Jacobi identity and
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property ���� we have

��X�Z
� Y 
 � �ad�Z�ad�X�Y  ad�X�ad�Z�Y � �


Hence ad��X�Z
�jp � �� and therefore �X�Z
 � �� since the ad�k��
representation on p is faithful� We �x an ad�k��regular element A � p

and note that property ��� implies

�k� A
 � �h� A
 � �h�� A



If we denote by c � zk�A� the centralizer of A in k� then we have that

��� k � h�  c


The triple of Lie algebras �k� h�� c�� with h�� c subalgebras of k� is therefore
a factorization of k� The claim of the lemma is equivalent to k � h��
We are now going to exclude all non�Hermitian irreducible symmet�

ric pairs �u� k� with rank�u��rank�k� by a case by case inspection� We
now list all such irreducible pairs� indicating also the dimension of p and
the cohomogeneity r of the ad�k��action on p� namely the rank of the
symmetric pair� We can immediately rule out the case of adjoint or�
bits� simply because they all have positive Euler characteristic� whereas
ad�Z� induces a �xed point free action on the orbits of the Ad�H��action
on p�

n� u k dim p r

� so
	p� 	q� so
	p� � so
	q�� p� q � � �pq min
	p� 	q�

	 so
	p� 	q � �� so
	p� � so
	q � ��� p � �� q � � 	p
	q � �� min
	p� 	q � ��

� sp
p� q� sp
p� � sp
q� �pq min
p� q�

� e� su

� � su
	� �� �

� e� su
�� �� �


 e� so
�	� � su
	� 
� �

� e� so
�
� �	� �

� e� e� � su
	� ��	 �

� f� sp
�� � su
	� 	� �

�� f� so
�� �
 �

�� g� su
	� � su
	� � 	

This table and the corresponding isotropy representations that we
will need in the proof can be extracted from the tables on pp� ����	 in
�	
�

Cases �������� We will deal with these two cases in a uni�ed way�
First of all� we put k � k�  k
� where k� � so��p� and k
 � so��q� or
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so��q  ��� accordingly� we decompose Z � Z�  Z
 � k�  k
� Since
the representation ad�k�jp is given by the tensor product of the standard
representations of k� and k
 on V � R


p and W � R

q �R
q�� respec�

tively� the condition that ad�Z�
 � �I implies that either Z� � � or
Z
 � �� indeed suppose that Z� �� � and select a vector v � V with
Z

�v � �v for some � �� �� then for every w �W we have

�v � w  �Z�v � Z
w  v � Z


w � �v � w�

which implies that Z
w � �� hence Z
 � ��
We �rst assume that Z
 � �� so that Z� acts as a complex structure

on V � Then we have that h� � u�p�  k
� where u�p� denotes the Lie
algebra of the unitary group U�p� � SO��p�� We now consider an
element t of V �W of type t � v� � w�  v
 � w�  v
 � w
 for some
pairs of orthonormal vectors v�� v
 � V and w�� w
 � W and we note
that the isotropy subalgebra kt projects into so��p� �� � k�� indeed we
have that for �A�B�� kt�

A�v�  v
�� w�  Av
 � w
  �v�  v
��Bw�  v
 �Bw
 � ��

which easily implies that Av� � Av
 � �� The subalgebra c is conjugate
to a subalgebra of kt� so it projects to a proper subalgebra c� in k��
Hence we have a nontrivial factorization k� � u�p� c�� which contradicts
Theorem �C��� If Z� � �� we can argue similarly�
Case ���� In this case the representation of K on p will be also a

tensor product� and we can see as in the cases ������� that the projection
of c into either of the two factors of k is not onto� Since h� has maximal
rank in k� we may split it as h� � h�  h
 with h� � sp�p�� h
 � sp�q�
�see e�g ���� p����
�� Since h� is not semisimple� we can assume that
h� �� sp�p�� Then sp�p� � h�  c�� where c� is the projection of c into
sp�p�� This is not possible by Theorem �C���
Case �	�� The dimension of su���  su��� is �� and the dimension

of a regular orbit in p is ��� Hence c is two�dimensional� i�e�� c 
� R
 �
We look for a subalgebra h� such that su���  su��� � h�  c� We have
dim k�h� � �� The group SU��� admits no non�trivial action on a one�
or two�dimensional manifold since it is simple� Hence su��� � h�� Since
h� has maximal rank in k� it must have the form h� � su��� R for some
R � su���� But then the projection of c on the su����factor would be a
two�dimensional subalgebra� which does not exist�
Case ���� The dimensions of both su��� and a regular orbit in p is ���

Hence it follows immediately that h� � su��� which is a contradiction
since h� is not simple�
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Case ���� In this case dim c � 
� Since any compact Lie group
acting almost e�ectively on a manifold of dimension less or equal to

 has dimension at most 	�� it follows that so���� � h�� so that h� �
so����  R� for some R � su���� indeed h� has non�trivial center� which
prevents it from coinciding with k� Now we claim that the subalgebra c

projects trivially on the su����factor contradicting the factorization �%��
Actually� the representation of K on p is given by Spin���� � SU��� on
R
�� �R

� � The isotropy subalgebra of k at an element v�w � R
�� �R

�

has trivial projection on su��� and contains a conjugate copy of c� so
that c projects trivially on su����

Case ���� The dimension of both so���� and a regular orbit in p is
���� Hence it follows immediately that h� � so���� which is a contra�
diction since h� is not simple�

Case ���� The representation of K on p is given by &
E� � SU���
on R
� �R� � The same argument as in case ��� shows that c has trivial
projection on the su����factor� Therefore� h�� which has maximal rank
in k� must split as h� � h�� 
 su���� with h�� � e� of maximal rank� The
dimension of h� is at least equal to the dimension of the regular orbits in
p which is ���� Hence dimh�� � ��� and rank�h���� �� Moreover h�� can
be written as h�� � h��� 
R� where h��� has rank � and dimension greater
then or equal to ��	� but there is no such compact algebra�

Case �
�� The dimension of sp��� su��� and the regular orbits in p

is �	� Hence h� � sp���  su��� which is a contradiction since h� is not
semisimple�

Case ���� is not possible since the only subgroup of Spin�
� acting
transitively on the sphere S�� coincides with Spin�
�� indeed from the
classi�cation of compact Lie groups acting transitively on the sphere �see
e�g� �	� p� ��

�� we see that the groups acting transitively on S�� are
either SO���� or contain SU��� or Sp�	� as subgroups and can therefore
not be subgroups of Spin�
��

Case ����� The dimension of su���  su��� and the regular orbits in
p is �� Hence h� � su���  su��� which is a contradiction since h� is not
semisimple� q�e�d�

This also �nishes the proof of Theorem ���� q�e�d�

Remark� Let �G�K� be an irreducible symmetric pair and g � k p

the corresponding decomposition� In the paper ���
 the question which
subgroupsK � ofK have the same orbits in p asK is answered� If we had
used the classi�cation in ���
 in the proof of our last lemma� we would
only have had to consider the symmetric pair �SO�����SO���� SO�����
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By their result one can easily check that the isotropy representation of
this space restricted to the subgroup Spin��� � SO��� does not leave a
complex structure invariant� We have preferred to give a proof that is
independent of ���
 since most cases are rather elementary and some
quite trivial� The same remark also applies to the next section� but
notice that there the classi�cation in ���
 would leave us with more
cases�

�� �� Polar actions on quaternionic projective spaces

Theorem ���� Let G be a compact and connected Lie group acting

polarly on a quaternionic projective space Pn�H �� n � �� Then the

action of G is orbit equivalent to the action induced by a product of

k quaternion�K�ahler symmetric spaces� where at least k � � have rank

one�

Remark� The one�dimensional quaternionic projective space is
isometric to the 	�dimensional sphere S� of constant curvature� so that
we can restrict ourselves to the case n � �� On the other hand the
statement of the theorem does not hold when n � �� indeed the action
of T� on R� � R

�  R

 given by the sum of the trivial and the standard

representations respectively� induces a cohomogeneity�three polar action
on S�� which is not orbit equivalent to any action induced by products
of quaternion�K�ahler symmetric spaces�

Proof� We shall denote by � a section for the G�action� By Lemma
�B��� we know that � is isometric to a sphere Sk� � � k � 	� lying in
a quaternionic line P��H � or to a real projective space Pk�R� for some
� � k � n�
We will �rst show that � cannot be isometric to a sphere Sk� � �

k � 	� lying in a �xed quaternionic line P��H �� We will examine the
cases k � �� �� 	 separately�

Lemma ���� A section � is not isometric to S��

Proof� If � 
� S�� then the sections are quaternionic lines� Hence
any regular orbit is a quaternion�K�ahler submanifold of Pn�H �� since
the normal space at any point is quaternionic� Using the well known
fact that any quaternion�K�ahler submanifold is totally geodesic �see
e�g� ��
�� we have that any regular orbit is a quaternionic hyperplane�
Since any two quaternionic hyperplanes intersect non�trivially� we have
a contradiction� q�e�d�
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Lemma ���� A section � is not isometric to S��

Proof� Assume that � 
� S�� By Lemmas �A�� and �A�	� we know
that the set of singular points in � is a non�empty union of �nitely many
totally geodesics ��spheres in �� We select a singular point q � � which
lies in one of these ��spheres� which we denote by S� Then Lemma
�B�� tells us that exp�Nq�Gq�� is a totally geodesic sphere� Hence it is
contained in a projective line� It must then coincide with the projective
line since dim�exp�Nq�Gq��� � �� As in the proof of Lemma 	��� it
follows that Gq is a quaternionic hyperplane� Let q� be a point in the ��
sphere S that is not in Gq� Then Gq� is also a quaternionic hyperplane�
It follows that Gq and Gq� intersect� which is a contradiction� q�e�d�

Lemma ���� A section � is not isometric to S
�

Proof� We consider a section � which is isometric to a ��sphere S


and we recall that the set of singular points in � is a union of a �nitely
many great circles by Lemmas �A�� and �A�	� We take a point q which
lies in only one of these singular circles� say S� note that a suitable
neighborhood U of q in S consists of singular points with the same type
of orbit� Then by the arguments used in the proof of Lemma 	��� we
see that dim�Nq�Gq�� � � or 	�
Assume �rst that the codimension of Gq is four� Then as above� Gq

is a quaternionic hyperplane� Since the intersection Gq � � is an orbit
of the Weyl group� which is �nite� we may select a point q� � U such
that Gq �� Gq�� It follows that Gq� is also a quaternionic hypersurface
and must meet Gq� which is of course a contradiction�
Now assume that dim�Nq�Gq�� � �� We �rst show that there exist

more than one singular great circle in �� Indeed� suppose there is only
one such circle� Then there are only two di�erent types of orbits� The
singular orbits have codimension three� hence a vanishing Euler charac�
teristic� A regular orbit �bers over a singular one with typical �ber S��
so that it has vanishing Euler characteristic too� This contradicts the
fact that a maximal torus T of G has a �xed point on Pn�H �� so that
there must be an orbit with positive Euler characteristic�
We can therefore choose a point q� which belongs to at least two

singular great circles S�� S
 in �� The codimension of Gq
� will be at

least one dimension less than the orbit of a point that lies only in one of
the singular great circles� Hence the codimension is at least four� The
dimension of expq��Nq��Gq��� is at most four by Lemma �B��� Hence
it is four and expq��Nq��Gq��� is a projective line� As in the proof of
Lemma 	�� we see that Gq� is a quaternionic hyperplane� A quaternionic
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hyperplane meets a quaternionic line that it does not contain in at most
one point� Hence Gq� meets � only in q�� Let q�� be the point antipodic
to q� in �� It is clear that q�� also lies in both S� and S
� Therefore
the above arguments imply that Gq�� is a quaternionic hyperplane� It
follows that the two di�erent hyperplanes Gq� and Gq�� must intersect�
which is a contradiction� This �nishes the proof� q�e�d�

We now deal with the case where a section � is isometric to the real
projective space Pk�R� for some � � k � n� By Proposition �B��� there
is an element in the identity component of the isometry group of Pn�H �
that maps � into the standard embedding Pk�R� � Pn�R� � Pn�H �
induced by Rk � Rn�� � H n�� �

We will consider H n�� as a right H �module� We can assume that
G acts e�ectively by factoring out the kernel of the action and identify
it with a subgroup of PSp�n� � Sp�n��fI��Ig� A covering G� of G
will therefore act linearly on H n�� � and we may enlarge it to the group
�G � G� � Sp���� where the group of unit quaternions Sp��� acts on
H n�� by right multiplication� If we lift � to �� � Rn�� � then the same
arguments as in the proof of Theorem ��� together with the fact that
�� is totally real� hence orthogonal to the Sp����orbit through any of its
point� will show that �� is a section for the �G�action�

By Dadok�s result �Theorem �A��� there is a symmetric pair �U�K�
with Lie algebra decomposition u � k p� so that the isotropy represen�
tation of K on p is orbit�equivalent to the �G�action on H n�� � after the
identi�cation p 
� H n�� � Moreover we can assume that �G is a subgroup
of K�

We claim that we can choose the symmetric pair �U�K� to be a
product of k quaternion�K�ahler symmetric pairs�

We �rst assume that the �G�module H n�� is reducible as a real rep�
resentation� We split H n�� � V� 
 � � � 
 Vk� where the Vi�s are �G�
irreducible subspaces� no factor is trivial� since the Sp����action has no
�xed points� Moreover the Vi�s are quaternionic subspaces because of
the Sp����action� Since each �G�action on Vi is polar� the corresponding
symmetric space will split as �U�K�� "k

i �Ui�Ki�� according to Dadok�s
Theorem �see �A���� and the actions of �G and Ki on each Vi have the
same orbits�

We note that the symmetric pair �SO�	p ���SO�	p�� is not quater�
nionic K�ahler� but K � SO�	p� contains the subgroup H � Sp�p�Sp���
which has the same orbits in p as K� in this case we can replace the
symmetric pair �SO�	p  ���SO�	p�� with the quaternion�K�ahler sym�
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metric pair �Sp�p ���Sp�p�Sp����� Our claim will then follow from the
next lemma� which is the quaternionic version of Lemma ����

Lemma ���� Let �U�K� be an e�ective irreducible orthogonal sym�

metric pair� with canonical Lie algebra decomposition u � k  p and

with �u� k� �� �so�	p  ��� so�	p��� We assume the following conditions

are satis	ed�

�� there exists a compact subgroup A � K with A 
� Sp���� such that

Ad�A�jp induces a quaternionic structure on p�

�� there exists a compact Lie subgroup H � K such that Ad�H� and
Ad�K� have the same orbits in p�

�� the Ad�H��action on p normalizes Ad�A�jp�

Then �U�K� is quaternion�K�ahler�

Proof� We will denote by a the Lie algebra of A� in a we can �nd
elements I� J�K such that fad�I�� ad�J�� ad�K�g are complex structures
on p satisfying the multiplication rules of the standard generators of the
quaternions�
First of all we show that rank�u��rank�k�� Indeed� we may choose

a maximal abelian subalgebra t � t�  t
� where t� is maximal abelian
in k and contains I� while t
 is maximal abelian in p� If k does not have
maximal rank in u� then t
 �� f�g� but this contradicts the fact that
I � t� acts on p as a complex structure� hence �xed point free�
We now consider the normalizer h� � n�a� of a in u that we split as

h� � a
 z�a�� where z�a� denotes the centralizer of a� The subalgebra h�

is contained in k� since for instance ad�I�jp has trivial kernel� Moreover
h � h�� where h denotes the Lie algebra of H� as can be seen from
property ��� and the fact that Ad�K�jp is faithful�
We �x an ad�k��regular element v � p and note that� by property

����
�k� v
 � �h� v
 � �h�� v



Therefore� if we denote by c � zk�v� the centralizer of A in k� we have
that

��� k � h�  c


The claim of the lemma is equivalent to k � h�� We are now going to
exclude all irreducible symmetric pairs �u� k� which are not quaternionic�
K�ahler and have rank�u��rank�k� by a case by case inspection� We
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now list all such irreducible pairs� indicating also the dimension of p
and the cohomogeneity r of the ad�k��action on p� namely the rank of
the symmetric pair� We can immediately rule out the case of adjoint
orbits� simply because they all have positive Euler characteristic� while
Ad�Sp���� acts freely on each Ad�K��orbit�

n� u k dim p r

� so
	p� 	q� so
	p� � so
	q�� � � p� q �� 	 �pq min
	p� 	q�

	 so
	p� 	q � �� so
	p� � so
	q � ��� � � p �� 	� 	 � q 	p
	q � �� min
	p� 	q � ��

� sp
p� q� sp
p� � sp
q�� p� q � � �pq min
p� q�

� su
p� q� R � su
p� � su
q�� p� q �� 	 	pq min
p� q�

� so
	n� R � su
n�� n � � n
n� �� �n
�
�


 sp
n� R � su
n� n
n� �� n

� e� R � so
��� �	 	

� e� su
�� �� �

� e� R � e� �� �

�� e� so
�
� �	� �

�� f� so
�� �
 �

We will use the same notation as above� and also refer to the argu�
ments used in the proof of Lemma ����
In cases �������� we put k � k� k
� where k� � so��p� and k
 � so��q�

or so��q  ��� The same argument as in the proof of Lemma ��� shows
that any element I � k acting on p as a complex structure must lie in
either k� or k
� since a is not abelian� we must therefore have a � k� or
a � k
� Suppose a � k�� so that h

� � nk��a�  k
� we should have then

�	
�� so��p� � nso�
p��a�  c��

where c� denotes the projection of c into so��p�� We now note that p � �
and that the dimension of c� is less than or equal to dim so��p � ��� so
that �	��� contradicts Theorem �C���

In case ���� we put again k� � sp�p�� k
 � sp�q�� with p� q � �� The
same argument as in the previous case shows that a must lie in either
k� or k
 �say k�� and that we have a factorization

sp�p� � nsp�p��a�  c��

where c� denotes the projection of c in sp�p�� Now� since sp�p� is simple�
the subalgebra nsp�p��a� is proper and the dimension of c

� is strictly less
than dim sp�p�� This contradicts the fact that there exists no nontrivial
factorization of sp�p�� see Theorem �C���



�

 fabio podest�a � gudlaugur thorbergsson

In case �	�� we can argue in the same way as above� proving that
a must be contained in one of the simple factors of k� say in su�p��
Therefore again we should have

su�p� � nsu�p��a�  c��

where the projection c� can be shown to be a proper subalgebra� But
Theorem �C�� shows that no such factorization exists if p � �� Here we
have used that nsu�p��a� contains sp��� as a factor�
In case ���� we should have that a is contained in the semisimple

part of k� that is in su�n�� So� we should have the factorization su�n� �
nsu�n��a�  c�� where again c� denotes the projection of c in su�n�� Now
c� is a proper subalgebra� while Theorem �C�� shows that there is no
factorization of su�n� in which one of two factors contains sp��� as an
ideal� as is the case for nsu�n��a�� unless n � ��
In case ���� the subalgebra a should be contained in the semisimple

part of k� namely su�n�� but there is no element I � su�n� which acts
on p as a complex structure� Indeed� suppose there is such an element
I � su�n�� Since Tr�I� � �� there exist v� w � C n which are eigenvectors
of I with di�erent eigenvalues �� 
 respectively� Since the representation
of k on p is given by S
�C n�� we must have that I
�v�v� � 	�
v�v � �v�v
hence � � � i


 and similarly 
 � � i

 � We can assume that � �

i

 and


 � � i

 � Then we have

I
�v � w� � ��
  ��
 

�v � w � ��

which is a contradiction�
In case ���� the subalgebra a should be contained in the semisimple

part of k which is so����� so h� � R  nso�����a�� Since h�� � nso�����a�
does not coincide with so���� because so���� is simple� we should have
a factorization so���� � h��  c�� where c� denotes the projection of c on
so����� Since dim c� � dim c � ��� c� would be a proper subalgebra of
so���� and this contradicts Theorem �C���
In the cases ��� and ���� the dimension of the regular orbits is equal

to dim k� so h� � k which is a contradiction� since h� is not simple�
Case �
� can be dealt by using similar arguments� since the simple

Lie algebra e� does not admit any non�trivial factorization�
Case ���� is not possible by the same argument as in Lemma ����

q�e�d�

So far we have proved that there are quaternion�K�ahler symmetric
pairs �Ui�Ki�� i � �� 
 
 
 � k� so that we may identify H n�� with p �
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p� � � � pk and the group �G�Sp���� which is a subgroup of K � "k
i��Ki�

has the same orbits in p as K� Now� if we denote by � � G� � SO�Vi�
the homomorphism determined by the restriction of the G��action on
each Vi for i � �� 
 
 
 � k� then we know that �i�G

�� � Sp�ni� where
	ni � dimR Vi� Moreover� if we split Ki as Ki � Hi � Sp��� using the
same notation as in x�� we have that �i�G

�� � Sp��� � Hi � Sp���� hence
�i�G

�� � �Hi � Sp���� � Sp�ni� � Hi� It then follows that G
� � "k

i��Hi

and �G � �"k
i��Hi� �Sp���� so that �G and �"

k
i��Hi� �Sp��� have the same

orbits� Since the �G�action is polar� by Proposition �A��� ���� the set
fi � f�� 
 
 
 � kg� rank�Ui�Ki� � �g has cardinality at least k � �� This
concludes the proof of Theorem 	��� q�e�d�

�� Polar actions on the Cayley Plane

In this section we will classify the polar actions on the Cayley pro�
jective plane P
�O � � F��Spin�
�� More precisely� we will prove the
following�

Theorem ���� Let G be a connected� compact subgroup of F� act�

ing polarly on P
�O � with cohomogeneity k � �� Then k � � or k � ��
Moreover all such subgroups are listed� up to conjugation� in the follow�

ing table�

k � � Sp��� � Sp��� T � � Sp��� Sp��� Spin�
�

k � � Spin��� T� � Spin��� SU��� � SU�	� SU��� � SU���

Remark� The cohomogeneity�one actions on P
�O � were classi�ed
by Iwata ����
� and later by Kollross ����
��

If � denotes a section for the G�action� we know from Proposition
�B�� that � can be homeomorphic to a sphere Sk �� � k � �� or to a real
projective plane� Since the cohomogeneity�one case is already known�
we will con�ne ourselves to the case when the cohomogeneity k � �� The
proof of Theorem ��� will follow from the results achieved in subsections
�A and �B� in subsection �A we will prove that a polar action can not
have a section homeomorphic to a sphere and therefore k � �� while in
subsection �B we will deal with the case k � �� providing a complete
classi�cation of the subgroups of F� that act polarly on P
�O ��

Throughout the following we will keep the same notation as in Sec�
tion �B�



�
� fabio podest�a � gudlaugur thorbergsson

�A� The case when a section is isometric to a round sphere

We will start by establishing some useful lemmas which will allow
us to show that a section � can not be isometric to a round sphere�

We assume in Lemmas �A�� to �A�	 that the section is isometric to
a round sphere Sk with k � ��

Lemma �A��� Given any point p � P
�O �� the normal space to the

orbit Gp is contained in the tangent space at p of the unique projective

line containing a section through p�

Proof� This follows immediately from Lemma �B�� q�e�d�

Lemma �A��� The Weyl group W acting on � does not have a

	xed point� Therefore every orbit meets � in at least two points�

Proof� Assume there is a �xed point p � �� Then Gp � � � fpg�
Since the isotropy subgroup Gp acts transitively on the set of sections
through p� we have that Gp��� � fpg for any section �� through p� We
consider the submanifold S � expp�Np�Gp��� which is� by Lemma �B���
a totally geodesic sphere� Since S is a union over all sections through p�
we have that Gp�S � fpg and the orbit Gp and S meet transversally� It
follows that the intersection number of Gp and S is equal to ��� Since
P
�O � only has non�trivial homology in dimensions �� � and ��� we see
that both Gp and S are eight dimensional� A class having intersection
number �� with a projective line S� is ��S�
� Hence Gp represents the
homology class ��S�
�

The antipodal point �p of p in � is also a �xed point of W � hence G�p
also represents ��S�
� Therefore Gp and G�p must intersect and since
they are orbits� we have Gp � G�p� It follows that Gp meets � in more
than one point and therefore p can not be a �xed point of W � q�e�d�

Lemma �A��� There is a point p such that the orbit type of Gp is

isolated� i�e�� the slice representation at p has no nontrivial 	xed points�

Proof� The section � can be embedded as a hypersphere in some
Euclidean space V � and the Weyl group W is then a �nite re�ection
group acting on V � By the previous lemma� the origin is the only �xed
point of W � It is then enough to consider a point p � � which lies in at
least k mirrors that intersect in a line� where k  � is the dimension of
V � We refer to Chapters 	 and � of the book ���
 for the facts on �nite
re�ection groups needed here� q�e�d�

Lemma �A��� We have that dim� � 	�
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Proof� By Lemma �A��� we can �x a singular point p such that the
slice representation Np at p has no �xed nontrivial points in the normal
space Np�Gp�� By Lemma �A��� we know that dimNp�Gp� � �� The
slice representation Np is polar by Lemma �A�� and orbit equivalent
to the isotropy representation of a symmetric space X of dimension at
most eight by Dadok�s Theorem� see Theorem �A�	� The symmetric
space does not have a Euclidean factor since Np has no �xed points�
Hence the rank of X is at most four� The claim in the lemma now
follows since dim� is equal to the rank of X� q�e�d�

So we are left with the case where the cohomogeneity of the G�action
is at most four� The following lemma will be useful also later on� We
do not assume in this lemma that the section � is a sphere�

Lemma �A��� Let G be a compact connected Lie group acting on

P
�O � polarly with cohomogeneity k where � � k � 	� Then either G
has a 	xed point or G is locally isomorphic to SU���� SU����

Proof� We know that the regular orbits have dimension at least ���
The rank r of G is less than or equal to four� since G � F�� moreover
r � �� because dimG � ��� We will now consider the possible ranks r �
�� �� 	 separately� Throughout the following� we will use the classi�cation
of maximal subalgebras of maximal rank in the Lie algebra f� of F��
these are �up to conjugation� so�
�� su��� su��� and sp��� sp��� �see
���� p� 	�	
��

�i� Case r � �� Because of the dimension restriction� the only possi�
bility is G � G
� We show that any subgroup G of F� that is isomorphic
to G
 has a �xed point in P
�O �� Indeed� it is known �see ��� chapter ��
�
that F� acts irreducibly on R


� with induced action on the sphere S
�

of cohomogeneity one and a singular orbit isometric to P
�O �� It is not
di�cult to see that the antipodal map interchanges the singular orbits�
Hence they are both isometric to P
�O �� Now� the lowest dimensional
irreducible representations of G
 have dimensions �� �	� ��� so that G
must �x some point p in S
�� One can clearly choose the point p in one
of the singular orbits� Hence G is conjugate to a subgroup of Spin�
��

�ii� Case r � �� If G is not simple� then a �nite covering of G
must be isomorphic to T� �G
 or SU��� �G
 or to SU��� � Sp���� If
G 
� T� � G
� then we know from the previous case� that there is an
orbit Gp in P
�O � of dimension at most one� By Lemma �A��� G must
act with cohomogeneity � with a section isometric to P
�R�� But the
slice representation at p has cohomogeneity greater than � as one can
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easily see using the fact that the irreducible representations of G
 of
dimension less or equal to �� have dimensions � or �	�

If G is locally isomorphic to SU��� � G
 and has no �xed point�
then we would have an orbit Gp of dimension � or �� If dimGp � �� the
slice representation would have cohomogeneity at least �� if dimGp � ��
then the stabilizer Gp is locally isomorphic to T

� � G
� and the slice
representation has cohomogeneity � only if the T��factor acts trivially
on the normal space Np�Gp� of dimension �	� But this would mean
that the �xed point set of the T ��action has dimension at least �	�
hence T � would act trivially on P
�O �� since a maximal totally geodesic
submanifold of P
�O � is eight dimensional�

If G is locally isomorphic to SU��� � Sp���� we claim that the Lie
algebra g of G lies in some maximal subalgebra of maximal rank in
f�� Indeed� we recall that a Lie subalgebra is called an R�subalgebra
if it is contained in a proper regular subalgebra� which by de�nition
is normalized by some Cartan subalgebra� and is called a S�subalgebra
otherwise� We know �see ���� p����
� that a maximal S�subalgebra in f�
is isomorphic to su��� or to su��� g
� and therefore g is a R�subalgebra�
We claim that g is contained in a maximal subalgebra of maximal rank
of f�� Indeed� g is contained in some regular subalgebra h � f� of rank
at least three� our claim is equivalent to saying that we can choose h of
maximal rank� If h has rank three� then the regularity of h implies that
there exists X � f� n h which centralizes h� hence g � h � zf��X� and
zf��X� has maximal rank in f�� Since su��� does not contain a subalgebra
isomorphic to sp���� it follows that either g � so�
� or g � sp��� sp����
If g � sp��� sp���� a �nite covering of G is contained in Sp����Sp����
which has an orbit isometric to P
�H � and G �xes a point in this orbit�

If G is simple� then g is isomorphic to su�	� or sp��� or so���� The
same arguments as in the previous paragraph using the classi�cation
of S�subalgebras of f� shows that g must be contained in a maximal
subalgebra of maximal rank� and an easy inspection of the possible
immersions shows that g must be conjugate to a subalgebra of so�
��

�iii� Case r � 	� In this case g can be conjugated into one of the
standard maximal subalgebras of maximal rank� If G has no �xed point�
then g can be conjugated into su���  su��� or sp���  sp���� If g is a
proper subalgebra of su���  su���� then it is conjugate to su���  R  
su��� � �su���  su���� � so�
�� so G would have a �xed point� If g
can be conjugated into sp���  sp���� then g is a proper subalgebra�
since Sp��� � Sp��� acts on P
�O � with cohomogeneity one� So g lies
in sp���  sp���  sp��� or in sp���  R  su���� in the �rst case G has
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a �xed point in the orbit of Sp��� � Sp��� isometric to a quaternionic
projective plane� in the second case g � sp���  R  su��� by dimension
reasons and G acts by cohomogeneity four� Now G is a subgroup of
the maximal subgroup Sp��� � Sp���� which has an eight dimensional
orbit P
�H �� and G has orbits inside P
�H � of dimension less than eight�
contradicting Lemma �A���

So g is isomorphic to su���  su���� q�e�d�

The next lemma will allow us to conclude the discussion of polar
actions with round spheres as sections�

Lemma �A��� If the G�action is polar and has a 	xed point� then

the section is not a sphere of dimension greater than or equal to ��

Proof� Let p be a �xed point for the G�action� We assume that
the section is a sphere of dimension greater than or equal to �� We
consider the cut locus of the point p� which is a G�invariant projective
line� we claim that this projective line L is a G�orbit� Indeed� if � is a
section� then L � G�L ���� but the intersection L � � consists of only
one point� so that L is a G�orbit� Now� the only subgroup of Spin�
�
which acts transitively on S� is the full Spin�
�� which acts on P
�O �
by cohomogeneity one� q�e�d�

Summing up� we have proved the following�

Proposition �A�
� Let G be a connected compact Lie group acting

isometrically and polarly on P
�O �� Then a section is not isometric to

a round sphere� In particular� the cohomogeneity of the G�action is one

or two�

Proof� Indeed� by Lemmas �A�� and �A��� we know that a section
can not be isometric to a round sphere� at least if g is not isomorphic
to su���  su���� On the other hand� if g is conjugate to the maximal
subalgebra su���  su���� then we know from Proposition �B�	 that a
section of the G�action is the real projective plane� q�e�d�

�B� Polar actions of cohomogeneity �

By the previous subsection� we know that any polar action on P
�O �
must have cohomogeneity � or � and the sections homeomorphic to a
circle or the real projective plane P
�R��

Moreover� by Lemma �A��� we know that either G has a �xed point
or it is locally isomorphic to SU��� � SU���� We will now discuss the
case where G has a �xed point p� �nishing the proof of Theorem ����
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Throughout the following we will suppose that G is a subgroup of
Spin�
�� the slice representation of G at p is polar with cohomogeneity
two� Furthermore� the cut locus of p� which is a projective line S�� is
acted on by G with cohomogeneity one since a section intersects S� in
a great circle�

Let r denote the rank of G� We will distinguish between the two
cases r � � and r � 	� We will exclude the possibility r � �� while for
r � 	 we will �nd all the cases enumerated in Theorem ����

�i� Case r � �� Simply by dimension counting� we have that G is
locally isomorphic to G
� T

� �G
� SU��� �G
� SU�	�� Spin���� Sp����
But� SU��� � G
 and Sp��� admit no non�trivial homomorphisms into
Spin�
�� since they have no almost faithful representations in dimension
less than or equal to 
�

If G is locally isomorphic to G
 or to T
� �G
� then the slice repre�

sentation at p would have cohomogeneity at least �� as one can see by
looking at the lowest dimensional representations of G
�

If G is locally isomorphic to SU�	�� we look at the lowest dimensional
representations of SU�	� and we see that the action of G on S� must
have a �xed point� this means that SU�	� is conjugate to a subgroup of
Spin��� and it should act with the same orbits as Spin���� since Spin���
acts on P
�O � by cohomogeneity two� Since a regular Spin����orbit is
Spin����G
 �see ���
�� we would have a factorization Spin��� � SU�	�G


and this contradicts Theorem �C�� �see also ���� p� ���
��

If G is locally isomorphic to Spin���� the same arguments as in the
previous case show that it has a �xed point in S� and therefore it is con�
jugate to a subgroup of Spin���� then the slice representation� restricted
to G� splits as R�
R� and it has cohomogeneity three �a regular isotropy
subgroup is isomorphic to SU�����

�ii� Case r � 	� From the classi�cation of maximal subalgebras of
maximal rank in so�
� �see ���� p�	��
�� we see that g can be conjugated
into one of the following maximal subalgebras�

so����R  so���� su���  su�	�� su���  su���  sp���


We will now consider each case separately� proving that g must coincide
with one of the �rst three subalgebras� This will then conclude the proof
of Theorem ����

If g can be conjugated into so���� we can supposeG � Spin���� Then
G and Spin��� have the same orbits� since a regular isotropy subgroup
of Spin��� is G
 and since there is no non�trivial factorization of Spin���
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with one factor G
 �see Theorem �C���� we have that G � Spin����
If g is conjugate to a subalgebra of R  so���� we have by ���
 that

g � R  so���� Alternatively� this can be seen in the following way�
Suppose that G is a subgroup of SO��� �Spin��� with the same orbits as
SO��� � Spin��� and also acting with cohomogeneity two� We may write
g � R  g�� where g� � so���� We also recall that the Spin����action on
p 
� R�� splits as R�  R� and is transitive on the unit sphere in each
factor� So� g� corresponds to a connected Lie subgroup of Spin���� acting
transitively on the sphere S�� The only such rank�three subgroups are
T� � Sp��� and SU�	� 
� Spin��� �see �	� p���

�� But G � T� �T� � Sp���
has dimension �� and can be ruled out� If G � T� � SU�	�� then the
action has cohomogeneity three and can also be ruled out�
If g is conjugate to a proper subalgebra of su���  su�	�� a simple

inspection of the dimensions of the maximal subalgebras of maximal
rank in su�	� and sp��� �see ���
� shows that dimg � ��� a contradiction�
If g is conjugate to a subalgebra of h � su���  su���  sp���� then

a simple inspection of the dimensions of maximal subalgebras of max�
imal rank in sp��� shows that g must coincide with h� We now show
that the corresponding subgroup H of Spin�
� does not act polarly with
cohomogeneity two� Indeed� we consider the restriction of the spin rep�
resentation $ of so�
� to h and we suppose that such a representation
is polar with cohomogeneity two� Now� if $jh is irreducible� then the
action of H on p 
� R

�� would have the same orbits as the isotropy rep�
resentation of an irreducible symmetric space of rank two and dimension
��� the only such isotropy representation are given by SO��� � SO���
acting on R
�R� and S�U����U�	�� acting on C 
�C � and none of these
groups contains H� So $jh should be reducible� since H is supposed to
act with cohomogeneity two� then p should split as R�  R� � where the
action of h on each R� factor has a kernel given by one factor su��� and
su���  sp��� acts on R� in the standard way� But this representation
is easily seen not to be polar� applying the criterium given in Lemma
�A��� q�e�d�
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