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LOCAL RIGIDITY OF 3-DIMENSIONAL
CONE-MANIFOLDS

Hartmut Weiss

Abstract

We study the local deformation space of 3-dimensional cone-
manifold structures of constant curvature - 2 fj 1;0;1g and cone-
angles- % Under this assumption on the cone-angles the singular
locus will be a trivalent graph. In the hyperbolic and the spher-
ical case our main result is a vanishing theorem for the rstL?-
cohomology group of the smooth part of the cone-manifold with
coexcients in the °at bundle of in"nitesimal isometries. We con-
clude local rigidity from this. In the Euclidean case we prove that
the rst L2-cohomology group of the smooth part with coexcients
in the °at tangent bundle is represented by parallel forms.

1. Introduction

A 3-dimensional cone-manifold is a 3-manifoldC equipped with a
singular geometric structure. More precisely,C carries a length metric,
which is in the complement of an embedded geodesic graph § inded
by a smooth Riemannian metric of constant sectional curvatue - 2 R.
8 is called the singular locus andM = C n § the smooth part of C.
Neighbourhoods of singular points are modelled on cones ofio/ature

over 2-dimensional cone-manifolds di®eomorphic t&2. One asso-
ciates with each edge contained in § the so-called cone-angleyhich is
a positive real number. If all cone-angles are %4 then a connected
component of § is either a (connected) trivalent graph or a cicle.

3-dimensional cone-manifolds arise naturally in the geometeation of
3-dimensional orbifolds, cf. Thu ]. The concept of cone-manifold can be
viewed as a generalization of the concept of geometric orlfd, where
the cone-angles are no longer restricted to the set of orbifdtangles,
which are rational multiples of ¥4

The deformation space of cone-manifold structures on a givenone-3-
manifold C with xed topological type ( C; 8) plays a signi cant role in
the proof of the Orbifold Theorem, which has recently been completed
by M. Boileau, B. Leeb and J. Porti, cf. [BLP1 ] and [BLP2 ]. The
proof of the Orbifold Theorem in the general case requires th analysis
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of cone-manifold structures with cone-angles ¥ where the singular
locus is allowed to have trivalent vertices. The case, wherg¢he singular
locus is a union of circle components, i.e., a link inC, has earlier been
settled by M. Boileau and J. Porti, cf. [BP].

In this article we investigate local properties of the defomation space
of cone-manifold structures with cone-angles: % We consider the
general case under this cone-angle restriction, where trivant vertices
are allowed. In particular we prove local rigidity in the spherical and in
the hyperbolic case.

In the hyperbolic case there are some important results know. There
is on the one hand Garland-Weil local rigidity (cf. [Gar ]), which applies
in any dimension , 3 to the space of complete, nite-volume hyper-
bolic structures on a given hyperbolic manifold. On the othe hand, C.
Hodgson and S. Kerckho® proved a local rigidity result for 3-@nensional
hyperbolic cone-manifolds, cf. HK ]. Their proof applies to the case,
where the singular locus § is a link in C, but where the cone-angles are
allowed to be - 2%

Our main technical result is a vanishing theorem forL 2-cohomology
on the smooth part M of the cone-manifold C with coezxcients in the
°at vector-bundle of in nitesimal isometries. L?-cohomology is by def-
inition the cohomology of the subcomplex of the de-Rham compx,
which consists of those formd such that! and d! are L2-bounded.

Theorem 1.1. Let C be a3-dimensional cone-manifold of curvature
- 2fj 1,0;1g with cone-angles- ¥4 Let (E;r F) be the vector-bundle of
in nitesimal isometries of M = Cn§8 with its natural °at connection. In
the Euclidean case leEyans ¥2 E be the parallel subbundle of in nitesimal
translations. Then in the hyperbolic and the spherical case

Hﬂ'z(M; E) =0,
while in the Euclidean case
HEz(MJ Brrans) 2 f! 2 - 1(M; Byans)jr ! =0g:

The proof of this theorem is analytic in nature. The main ditc ulty is
caused by the non-completeness of the metric okl . On a complete Rie-
mannian manifold the Hodge-Laplace operator on di®erentiaforms is
known to be essentially selfadjoint, cf. BL1 ] and the references therein.
This is something we cannot expect to hold here.

On the other hand, the fact that the singularities of the metric are of
iterated cone type allows us to apply separation of variable techniques.
This has already been explored by J. Cheeger, cfChl].

One main ingredient is a Hodge-theorem for cone-manifolds, wbh
allows us to identify L2-cohomology spaces with the kernel of a certain
selfadjoint extension of the Laplacian on forms. The secondne is a
Bochner-WeitzenbAck formula for the Laplacian on 1-forms wih values
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in the °at vector-bundle E, resp. the parallel subbundleEans ¥2 E in
the Euclidean case.

The essence of the Bochner technique is that the Weitzenbkdormula
may be used to bound the Laplacian on compactly supported 1-fans
from below: ¢ ;! i ., Ch;! i, forall ! 2 - %p(M; E) and some
C > 0. If we can show that this lower bound extends to hold for the
selfadjoint extension given to us by the Hodge-theorem, we gaconclude
H1(M; E) = 0. In the Euclidean case, where one does not get a positive
lower bound, one has to vary this argument a little.

In the complete, nite-volume case this settles everything n view of
the essential selfadjointness of the Hodge-Laplacian (cfdar ]). In our
case it requires a more detailed study of the selfadjoint ex¢nsions of the
Hodge-Laplacian. Here we use techniques introduced by J. Brfng and
R. Seeley, cf. BS], along with some basic functional analytic properties
of the de-Rham complex presented in a very convenient form ingL1 ].

In the hyperbolic and in the spherical case we may conclude k=l
rigidity from this; let us now brie°y discuss the results:

If 8 ¥ C is the singular locus, for" > 0 let U-(8) be the smooth part
of the "-tube of §in C,i.e,, U (8 = B-(8§) \ M. Let M- = M nU-(8),
which is topologically a manifold with boundary. Let *; be the meridian
curve around thei-th edge of §.

In the hyperbolic case, the holonomy representation of the mooth
but incomplete hyperbolic structure on M lifts to a representation

hol : %4M i  Isom* H3 = SL,(C):

Let R(¥aM; SL,(C)) denote the set of representations o#2M in SL,(C)
equipped with the compact-open topology. The set-theoretic go-
tient of the representation variety R(¥aM; SLy(C)) by the conjuga-
tion action of SL»(C) equipped with the quotient topology is denoted
by X (¥aM; SL,(C)). For a representation Y22 R(¥4M; SL,(C)) let
te, (Y3 = tr %) 2 C. Clearly the functions t:, are invariant under
conjugation and descend toX (Y4M; SL(C)).

The above de ned spaces may be badly behaved in general, buear
the holonomy representation of a hyperbolic cone-manifold tsucture we
can establish smoothness and the following parametrizatio:

Theorem 1.2. Let C be a hyperbolic cone3-manifold with cone-
angles- Y. Let f1q;:::;1n0 be the family of meridians, whereN

is locally biholomorphic near A = [hol] .

The quotient space X (v4M; SL,(C)) may be considered, at least lo-
cally, as the deformation space of hyperbolic structures orM . Hyper-
bolic cone-manifold structures correspond to representatins, where the
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meridians *; map to elliptic elements in SLy(C). Therefore the previous
theorem implies local rigidity in the following strong sense:

Corollary 1.3 (local rigidity) . Let C be a hyperbolic cone3-manifold

N is the number of edges contained ir§, provides a local parametriza-
tion of the space of hyperbolic cone-manifold structures re the given
structure on M. In particular, there are no deformations leaving the
cone-angles xed.

In the spherical case, the holonomy representation of the sooth, but
incomplete spherical structure onM lifts to a product representation

hol = (hol ;holz) : %M | ISom* S® = SU(2) £ SU(2):

For a representation ¥22 R(YaM; SU(2)) let t.,(*2 = tr %) 2 R.
Again the functions t:, are invariant under conjugation and descend
to X (¥aM; SU(2)).

Following [Por ] we will say that a cone-3-manifoldC is Seifert bered
if C carries a Seifert bration such that the components of § are kaves
of the bration. In particular § is alink and M = Cn§is a Seifert
‘bered 3-manifold. In the statement of the following result we have to
include the additional hypothesis \C not Seifert bered" to ensure that
the representations hoj : ¥4M ! SU(2) are non-abelian.

Theorem 1.4. Let C be a spherical cone3-manifold with cone-angles

is a local di®eomorphism neard; = [hol;] for i 2 f 1; 2g.
As in the hyperbolic case we conclude local rigidity from ths:

Corollary 1.5 (local rigidity) . Let C be a spherical cone3-manifold
with cone-angles- ¥ which is not Seifert bered. Then the set of cone-

provides a local parametrization of the space of sphericalone-manifold
structures near the given structure onM . In particular, there are no
deformations leaving the cone-angles xed.

The geometric signi cance of the cohomological result in tle Eu-
clidean case is subject to further investigation.

The results of this article are contained in my doctoral thess. |
would like to thank Bernhard Leeb, my thesis advisor, for hissupport
and encouragement. | am indebted to Joan Porti for answeringmany
of my questions concerning representation varieties and tated things.
Furthermore, | would like to thank Daniel Grieser for explai ning various



LOCAL RIGIDITY OF 3-DIMENSIONAL CONE-MANIFOLDS 441

aspects of analysis on singular manifolds to me. Finally | tlank the
referee for carefully reading the manuscript.

2. Cone-manifolds

For - 2 Rlet sn. and cs be the unigue solutions of the ODE
fRr)+ f (r)=0

subject to the initital conditions

sn.(0)=0 and sn%0)=1

cs(0)=1 and cs°(0)=0:
If (N; gp’)\‘l i_s a Riemannian manifold we de ne for- 2 Rand" > 0 (and
"<Y,= . if -> 0) the "-truncated - -coneover N to be the space

cone; o;:yN =(0;") £ N
equipped with the Riemannian metric
g=dr2+sn?(r)gV:

A cone-surfaceS of curvature - 2 R is a compact, oriented surface
which carries a length metric with the property that there are a -

f®;:::; &g ¥ R'i (the cone-angle$, such that N = Snfxq;:::;Xkg
is a smooth Riemannian manifold of curvature- and furthermore the
smooth part of the "-ball around each cone-pointU-(x;) = B-(xj)\ N
is isometric to the - -cone over the circle of length®.

part of a cone-surfaceS. For - 2 fi 1;0; 1g we will call S respectively
hyperbolic, Euclidean or spherical. Let us call the homeommphism type

Using a version of the Gauss-Bonnet theorem for cone-surfacei is
easy to classify the spherical cone-surfaces with cone-angles- % The
underlying space has to beS? and there are two types:

S’(®;:°) or
S2(®: ®):

HereS?(®; ; ° ) is the double of a spherical triangle with angles®=2; =2;
°=2 and S?(®; ®) is the double of a spherical bigon with angle®=2; ®=2.
Spherical cone-surfaces with cone-angles Y are rigid, i.e., they are
determined up to isometry by the topological type and the setof cone-
angles.

A cone-3-manifold C of curvature - 2 R is a compact, oriented 3-
manifold which carries a length metric with the property that there is
a distinguished subset 8% C (the singular locus such that M = Cn8§
is a smooth Riemannian manifold of curvature- and furthermore the
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smooth part of the "-ball around each singular pointU-(x) = B«(x)\ M
is isometric to the - -cone over intSy for a spherical cone-surfacesy.

We will also use the notation intC = C n 8 for the smooth part
of a cone-3-manifoldC. For - 2 fj 1;0;1g we will call C respectively
hyperbolic, Euclidean or spherical. Let us call the homeommphism type
of (C; 8) the topological type of C.

If x 2 §is a singular point then we call Sy the link of x in C. The
hypothesis that the underlying spaceC is a manifold implies that the
links of singular points are cone-surfaces with underlying gace S2. If
the cone-angles are Yawe in particular obtain that links of singular
points are either S?(®; ; ° ) or S?(®;®. This implies that the singular
locus § is a trivalent graph embedded geodesically intaC.

Cone-manifolds with cone-angles 2%ssatisfy a lower curvature bound
in the triangle comparison sense and may be studied from a syhetic
point of view. This is pursued in [BLP2 ].

Basic material on the geometry of 2- and 3-dimensional cone-nmi
folds as well as an outline of the authors' approach to the Orlfold
Theorem can be found in CHK 1.

3. Analysis on cone-manifolds

By analysis on a cone-manifoldC we mean analysis orM = Cn§, the
smooth part of C. M is a smooth Riemannian manifold, but incomplete
if 8 is nonempty. This causes the main dixculties here.

In this chapter we discuss some functional analytic properies of dif-
ferential operators on noncompact manifolds. In contrast b the com-
pact situation one has to distinguish more carefully betwea a di®eren-
tial operator acting on smooth, compactly supported sectims of some
vector-bundle and its closed realizations as an unbounded apator on
the Hilbert space of L ?-sections.

3.1. Di®erential operators on noncompact manifolds. Let (M; Q)
be a Riemannian manifold (possibly honcompact and possiblyncom-
plete) and let (E; hF); (F ; h7) be hermitian vector-bundles overM . The
naturally associated L2-spacesL?(E), resp. L2(F), only depend on the
quasi-isometry classes of the metricg and hE, resp. hF .

We consider a di®erential operatorP acting on sections ofE as an
unbounded, densely de ned operator with domain the compady sup-
ported sections:

P :L%E) ¥%adomP = CLL(E) # L?(F):

The formal adjoint of a di®erential operatorP

P':L2(F)%domP'= CL(F){ L*E)
is uniquely de'ned by the relation hPs;ti = hs;P'ti to hold for all
s2 C},(E) and t 2 C,(F) . P'is again a di®erential operator, hence
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densely de ned. P is said to be symmetric (or formally selfadjoint) if
E= F and hPs;ti = hs;Pti forall s;t2 Cgp(E).

The formal adjoint is not to be confused with the adjoint P” in the
sense of unbounded operator theory. The domain oP” is given as
follows:

domP® = fs2 L2(F)ju 7! hPu;si bounded foru 2 domPg:

SinceP is densely de ned there is a uniqué 2 L2(E) such that lPu;si =
hu;ti holds for all u 2 domP. Then let P°s = t by de nition. P is a
closed operator. Recall that a linear operatorA is called (graph-)closed
if dom A equipped with the graph norm kxka = (kxk? + kAxk?)? is
complete.

P° obviously extendsP! (which we as usual denote byP! % P®), in
particular P” is densely de ned. Note that P is symmetric if and only
if P %2 P®. A natural question to ask is if P admits closed extensions,
and this is in fact always the case. De ne

Pmax = ( Pt)[J
and
Pmin = P
P=% is well-de ned sinceP” is densely de ned. P"® then equalsP, the

(graph-) closure of P, i.e., the domain of Py, can be characterized as
follows:

domPmin = 52 L2(E)j9(Sn)n2n Y2 domP such thats, ! sin L%(E)
and (Psn)n2n is @ Cauchy sequence i ?(F)g;

We say that Ps = t in the distributional sense if hs;Ptui = H;ui
holds for all u 2 C(}p(F). The domain of Py may then be written as:

domPpax = fs2 L2(E)jPs 2 L2(F)g;

and Pmnax(s) = Psin the distributional sense. Clearly Ppin %2 Pmax and
both are closed extensions oP . Pnax is maximal with respect to having
C¢p(F) in the domain of its adjoint, i.e., Pny still extends P!.

If P is symmetric we ask for selfadjoint extensions. Recall thata
closed symmetric operatorA is called selfadjoint if A = A", P is called
essentially selfadjointif Py, is selfadjoint. Since for a symmetric op-
erator one hasPmax = P7, this is the case if and only if Pmin = Pmax-
Selfadjoint extensions need not exist in general.

On the other hand, if we assume that our operatorP is semibounded,
there is alway a distinguished selfadjoint extension whichpreserves the
lower bound. This feature will turn out to be particularly us eful.

P semiboundedmeans by de nition that there exists ¢ 2 R such that
hs;Psi, cts;si forall s2 domP. Recall that a semibounded quadratic
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form q: domqg£ domq! L2 with lower bound c is closedif and only if
dom g equipped with the norm kxkq = (g(x)+(1 i ¢)kxk?)}*2is complete.

Theorem 3.1 (the Friedrichs extension, cf. RS]). Let P be a semi-
bounded symmetric operator and letg(s;t) = bhs; Pti for s;t 2 domP.
Then q is a closable quadratic form and the closuré is the quadratic
form of a unique selfadjoint operator Pg, the so-called Friedrichs exten-
sion of P. domPk is contained in dom g and Pg is the only selfadjoint
extension of P with this property. Furthermore, Pg satis es the same
lower bound asP.

In the formulation of the following theorem as for the rest ofthe article
we adopt the usual convention domAB = fx 2 domBjBx 2 domAg.

Theorem 3.2 (von Neumann, cf. [RS]). Let A be a closed densely
de ned operator. Then A"A is selfadjoint.

For a di®erential operator of the form P = D'D we obtain for its
guadratic form g(s) = hDs;Dsi, 0 and therefore dong = dom D i .
A consequence of von Neumann's theorem (Theorem 3.2) is (WitA =
Dmin) that D! . Dmin is a selfadjoint extension of P. On the other
hand, dom D}, Dmin is certainly contained in dom Dy, = dom q.
Therefore we get as an important corollary:

Corollary 3.3.  D!,,xDmin is the Friedrichs extension ofD'D.

3.2. The de-Rham complex. Let (E;r ) be a °at vector-bundle
equipped with a hermitian metric hE. The metric hE will not neces-
sarily be assumed to be parallel with respect tor E. We denote the
exterior derivative coupled with the °at connection again by d. As an
operator

d:- (M E) ! - 23 (M; B);

d is uniquely determined by the relation d(®? s) = d® s+(j 1)®¥@? r s,
where ® is an ordinary form and s a section ofE.

Sinced) . (domd.,,,) ¥2domd*l and d*l +d . =0, we can con-
sider the dmax-complex

iii domd Fi domdi*l 4

In fact, dmax is a particular choice ofideal boundary condition cf. [Chl],
and the dnax-complex is a particular instance of a so-calleHilbert com-
plex, see BL1 ] for the de nition and a general discussion.

Recall that the Hodge-Dirac operator D = d + d' decomposes as a
direct sum D = D& 1 D°dd where

D :-S(M;E) il - 39M; E)
and
D% =(D™)' - FUM E) § - G(M; E):
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We obtain closed extensions oD; D ¢ and D°% by setting
D (dmax) = dmax + dﬁnin
and
D(dmax)evzodd — (dmax + d}”nin)ev:()dd:
Here we adopt the usual convention donA + B = dom A\ domB.

o

Note in particular that di,, = di.. Sincedmax and di,, are closed
operators and (kerdmax)” and (kerd?,)? are orthogonal, it follows
that D (dmax)®% = (D (dmax)®)® and in particular that D (dmax) is a
selfadjoint extension ofD.

Note that we do not claim that in general the extension D (dmax)
equals the maximal extension oD itself.

Recall that the Hodge-Laplaceoperator is the square of the Hodge-
Dirac operator:

¢= D?=dd + d'd:
Von Neumann's Theorem (Theorem 3.2) implies that
¢( dmax) = D (dmax)? = dmaxdﬁnin + dﬁnin dmax

is a selfadjoint extension of ¢. Note again that this extension need not
be equal to the maximal extension of ¢.

Lemma 3.4. ¢ £ = DmaxDmin
Proof. The assertion follows from Corollary 3.3. g.e.d.

We single out the following consequence since it is the basier our
main line of argument towards the adaptation of the classichBochner
technique in our singular context.

Corollary 3.5. If D is essentially selfadjoint, then¢ ¢ = ¢( dmax)-

Proof. If D is essentially selfadjoint, then sinceD (dmax) is a selfad-
joint extension of D, we obtain Dmin = D(dmax) = Dmax.- Now the
assertion follows from the previous lemma. g.e.d.

Once essential selfadjointness ob is established, this result allows
one to extend lower bounds obtained for ¢ on compactly suppoted
forms to ¢( dmax) OnN its respective domain. Our concern for this partic-
ular extension will become clear from the next section.

3.3. Hodge theory. To de ne LZ2-cohomologywe consider the follow-
ing subcomplex of the de-Rham complex:

-1, (M;E)= f! 2-1(M;E)jw2 L? and dw2 L%g
= dom dryax \ - '(M; E);

which we will refer to as the smoothL?-complex. L?-cohomology is by
de nition the cohomology of the smooth L2-complex, i.e.,

Hi2(M; E)=ker d'\ - |.(M; B)=di - li,}(M; E):
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Let us denote the cohomology of thedmax-complex by
Hl o = kerd  =imdjil:
We de ne the dpax-harmonic i-forms to be
Hi. = ker dio \ ker(d' Hin:

The following theorem is due to Cheeger, cf.Chl], the corresponding
statement in a slightly more general setting may be found in BL1 ].

Theorem 3.6. The inclusion - | ,(M; E) ! domd,,, induces an
isomorphism on the level of cohomologyH| ,(M; E) 2 H/,,.

There is a basic Hodge theorem for thedmyax-complex, which goes
back to Kodaira, cf. [Kod ], while [BL1 ] prove a similar statement in
the context of Hilbert complexes.

Theorem 3.7 (weak Hodge-decomposition) For each i there is an
orthogonal decomposition

L2®'T°™ -E )= H ,, ©imdiax © im(d)t

min
and furthermore
Hinax = ker¢ '(dmax) = ker D(dmax)\ L*(='T°M -E ):
We de ne a map
T:Hinax # Hinax
®7] ®+im dil:

Injectivity of T is equivalent to imdi L \ ker(d'i 1)t = 0, which is
always the case, since

im diha. = (ker( difax)®)? = (ker(d't $)inin)?
Surjectivity of {is equivalent to
imdil = imdjk;

therefore we obtain the following enhancement of the Hodge ecomposi-
tion, which is due to Cheeger (cf. Ch1]) in the case of thedmyax-complex.
Again a more general statement may be found inBL1 ].

Theorem 3.8 (strong Hodge-decomposition) If imdiiL is closed
for all i, then for eachi there is an orthogonal decomposition

LZ(DiTDM -E)= H'max©|m dlrﬁa])'(©|m(dl)aﬁln

and furthermore 1: HI .. ! H/ . is an isomorphism.
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A suzcient condition for dii L to have closed range is “nite dimension-
ality of H/.,, on the one hand, since ked},.,,=im dii_L "nite dimensional
implies that im dii L is closed in kerd ., , hence inL?(a'T°M -E ). Note
that by the closed-range theorem, ¢ ..)” has closed range if and only
if di ., has closed range.

On the other hand, if D(dmax)®’ has closed range, thend! .. and
(d*1)® will have closed range for alli even. Similarly, if D (dmax)°%
has closed range, therd!, ., and (d*1)® will have closed range for all
i odd. Since D (dmax)® = (D (dmax)®")", the closed-range theorem
implies that D (dmax)€¥ has closed range if and onlyD (dmax)°% has
closed range.

It is easy to show that D (dmax)€¥ has closed range if donD (dmax )€Y
equipped with the graph norm embeds intoL 2(a ¢T®M -E ) compactly.
This latter condition is related to the question of discreteness of the
spectra of the operatorsD (dmax) and ¢( dmax). Recall that an operator
is said to have discrete spectrum if its spectrum consists o& discrete
set of eigenvalues with "nite multiplicities.

4. Spectral properties of cone-manifolds

In this chapter we apply the techniques of BrAining and Seele to
analyze the closed extensions of the Hodge-Dirac operator an3-dimen-
sional cone-manifold. The main reference for the rst order ase will
be [BS]. The analysis relies heavily on the fact that the spaces we
consider arelocally conical, i.e., neighbourhoods of points are isometric
to (- -)cones over spaces of lower dimension. This allows us to appl
separation of variables techniques.

To keep the exposition self-contained here, we describe thestech-
niques in detail. Furthermore we adopt a more elementary vieyoint
than in [BS], in particular giving a direct argument for discreteness d
the relevant operators.

Let us further mention that [ BS] deal with isolated conical singu-
larities only, i.e., the links of singular points are compa¢ smooth Rie-
mannian manifolds, where in our case we have to allow the link of
singular points to be again singular, namely the spherical one-surfaces
S?(®;:°) and S?(®;®). This requires some extra arguments which we
will provide as we expose the theory.

There has been a lot of work on Hodge-theory and.2-cohomology
of Riemannian manifolds with conical singularities, besieés [Chl] and
[Ch2] see for example BL2 ].

4.1. Separation of variables.  Let (N;g") be a Riemannian manifold
of dimensionn and let us considerU- = cone.. .-y N with the Riemann-

ian metric g = dr?+sn?(r)gN. We may think of N as the (smooth part
of the) link Sy of a singular point x in a cone-manifold, U- serving as a
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model for the (smooth part of the) "-neighbourhoodU-(x) of a singular
point X in M.

Let (E;r B) be a °at vector-bundle over U-. We will identify the
“bers of E along radial geodesics via parallel translation using E. In
particular we may canonically identify Ej,. = (0;")EE]jN . Let us further
assume that E is equipped with a metric hE, which is not necessarily
parallel with respect to r E. We will assume instead:

Al The limit h§ := lim, ohE(r) exists as a smooth metric onEjy
and is parallel with respect tor E. (The limit is de ned using the
canonical identi cation Ejy. =(0;") £Ejn as above.)

Now h§ extends to a parallel metric on Ejy., which we continue to
denote by h§. We may write

h&(%; 9 = h§(A%; Q)

for %; ¢2 j( U-; E), where A 2 j( U-;End E) is symmetric with respect
to h§. Let us continue to denote the °at connection on EndE by r E.
We will further assume:

A2 Ail(r EA) 2 - Y(U-;End E) is bounded with respect to g and hE.

Remark 4.1.

1) A2 implies that hE and h§ are quasi-isometric onU-, since for
%2 i( U-; E) satisfying r 5@2@3{4= 0 we have

—d . hE(¥ @)é_ hEAT Y E_ A %__

ar COnE@m o hE(¥s %
on the complement of the zero-set of4 where C is the bound on
Ai 1(r EA) given by A2.

2) If the cross-sectionN is compact, then A2 is a direct consequence
of Al, in the general case A2 is an additional assumption.

3) If hE is already parallel with respect tor E, then h§ = hE and A1
and A2 are trivially satisi ed.

Let d denote the exterior covariant derivative coupled with r E and
let d' denote the formal adjoint of d with respect to hE. Similarly let
di denote the formal adjoint of d with respect to h§. If fr EA) denotes
interior multiplication with the End  E-valued 1-formr EA, then we have:

Lemma 4.2. d'=df; Ailfr EA).

Proof. If L3 denotes theL 2-space with respect tog and h§, we have
Mdt';»iL% = I’A';d»il_g = H;d(A»)ir EA~ »iL%

Ay )i Tr FA) i>ips
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for © 2 - B51(U-;E) and » 2 - By(U+;E). In the last line we have used
that h§ is parallel with respect to r E, hencer E"@EA has values in the
symmetric (w.r.t. h§) endomorphisms ofE. g.e.d.

With D = d+ d' and Do = d+ d}, we therefore have
D = Dgj Ailf(r EA):
Following [BS], we identify p-forms on the model neighbourhoodU-
with pairs of r-dependent forms onN via
(A; R) 7! sn. ()P Di ZAA dr +sn. ()P 2A;

where A2 j( ¥{ P IT°N -E ) and A 2 j( ¥§ ©PT°N - E ). This corre-
spondenzce Ereservelaz-norm% if we use the parallel metrichf:

jAjddrdvoly = sn (r)Pi Vi AN drjZ dvoly,
0 O U~
and Z.Z 7

jAjfdrdvoly = sn (r)® "jAj§dvoly.:
0 N U-
With respect to these decompositions the exterior di®erenél has the
following matrix form on U-:
. o ©@ N a |
sn.(r)l Yy T (i 1P @f+(pi1d3)Ct' (r)

P =
d 0 sn (r)l ~dy

By passing to the formal adjoints using h§ we obtain:
' ()1 (d)p; 0
dt), = @Sn (I‘) N/pi 1 a _
(oo = (1 1P @+ (27 priyct () sn(r)i )
We may identify r-dependent forms onN of arbitrary degree with either
even forms onU- via X
(A% ::; ANy 71t sn ()@t AP Adr+ sn ()21 2 AP
[ i
or odd forms onU- via X
(A%::; ANy 7t sn ()@ A% Adr+ sn (r)2thi 2 AP
[ i
We obtain that the even part of the Hodge-Dirac operator assoiated
with h5 may be written on U- as

ov_ @ 1 .
Do = @r sn (r)B'(r)’

where 2 3
cs (r)co

B.(r)= Dn +
cs (r)cn
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with
=i DP(pi %):
Note that lim, ¢B. (r) is independegt of- 2 R, mo:ge precisely we have
Co
im B. (1) = Dy+9 .. &
r:
Cn
De nition 4.3  (model operator). Let B =lim, ¢B. (r) and
: @ 1
Pg = =+ B:
B~ @r sn(r)
If the assumptions Al and A2 hold, the operatorPg may be used as

a model operator for D€ on U-, since it captures its essential analytic
features. This is made precise by the following lemma:

Lemma 4.4. If A1 and A2 hold, then
dom(D ev)max:min = dom( I:)I.B)maxzmin
and the graph normsk ¢ lpev and k ¢ ko, are equivalent.
Proof. Since

2
B.(r)i B _cs(r)i 1l 0 ) g
sn.(r)  sn(r) '
Cn
and
cs(r)i 1 _
o sn(r)

we see thatD§" di®ers fromPj just by a bounded 0-th order term. If
the assumptions Al and A2 hold, then theL?-norms de ned by using
hE, respectively h§, are equivalent andD§" di®ers fromD®" again by a
bounded 0O-th order term. This implies the assertion. g.e.d.
4.2. The radial equation.  The operator B is symmetric on - f:p(N; E).
Note also that B does not depend on the radial variabler 2 (0;")
any more. If B is essentially selfadjoint and has discrete spectrum, we
use the spectral decomposition ol?(a’*T®N; E) with respect to B to
transform the model operator Py into a family of operators P, on the
interval (0;"), where b ranges over the spectrum ofB.
For b2 R let
Py, = —@+ b :
@r sn.(r)

We will consider P, acting on Cclp(O; 1). Furthermore let P, = Pt?, i.e.,
b= _@+ P:
@r r

It is enough to study the operator Py, in view of the following lemma:

P
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Lemma4.5. Itis dom(P, )max =min = doM( Pp)max =min and the graph
norms k ¢ Ipﬁ and k ¢ lp, are equivalent.

Proof. SinceP, i P,=" (r)bwith
1 1

0= o o' r
and
rIl!m0 (r)=0;
we see thatP, di®ers fromPy, just by a bounded O-th order term. In
the same way as before this implies the assertion. g.e.d.

It is useful to observe that
(Pof ) (r) = ' P& (rP);
therefore Ppf = 0 if and only if
f(ry=f(@)ri®
and Pyf = gif and only if .
r
f(r)=f@ri°+ri®  oBy(%Hd%:
1

For any subinterval (%;1) %2 (0; 1) the graph norm of Py, is equivalent
to the ordinary H!-norm, since # 2 L! (+;1). H!-functions - more
generally: W%-functions - on (z;1) are absolutely continuous on §;1],
hence di®erentiable almost everywhere. For absolutely ctinuous func-
tions the fundamental theorerfg of calculus holds, i.e.,) 2 AC([+;1])
if and only if ' (r) = ' (1) + lr Y%d%for r 2 [+:1]. Therefore the
above integral representation remains valid forf 2 dom(Pp)max (take
' (r) = rP (r)). It follows in particular that f 2 dom(Pp)max is con-
tinuous on (0; 1) and has a continuous boundary value atr = 1, i.e.,
f 2 C°((0;1)).

Following [BS] we de ne two integral operators acting onL?2(0; 1):
r
(Toa@)(r) = r'°  9Bg(%d%;
1
where b is arbitrary, and

Z r
(TooQ)(r) = ri® ) 9Bg(%d%;

for b> i 1. Note that b > j 3 impligs that rb 2 L2(0;1) and therefore
with the Cauchy-Schwarz inequality ; %8g(%d% <1 .

We start from the following estimates in [BS], which easily follow
from the Cauchy-Schwarz inequality:
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Lemma 4.6 (Lemma 2.1 in BS]). For g2 L2(0;1) and r 2 (0;1)
we have
HZ , T2

1(To9)(r)j - r%(2b+ 1)i z i9(j2d% :
0

for b> i %, and

8 .. 1 1

5r212b+ 1j7 2kgk 2¢0:1); b < 3
i(Toa@)(r)j - Br%j logrizkgki20ay; b= &

| riP@2b+ 1)1 Fkgky 2y b> i

in particular Tpag2 L?(0;1) if b < 3.
From this we may derive decay estimates foff 2 dom(Pp)max:

Lemma 4.7 (decay estimates) Let f 2 dom(Pp)max. Then for r 2
(0;1) and with g = Pyf we have

%r%<2b+1>f%‘jog(%jz¢5; b,
. rflbjf i+ r b(2b+11>i Zkgkizayi b2 (i 5id) |

g r2jf (1) + r2jlogrjzkgk 2(0;1); b= 1

"B (D)) + r2j2b+ 1j 2koki 2y b<i &

Proof. The estimates forb < % follow directly from the integral rep-
resentation

f(r)=ri® (1) +(Tpag)(r)
and the corresponding estimates foiTy1g from the previous lemma. For
the caseb, % we observe that forb, 3 (in fact already for b > j 3)
rP 2 L2(0;1), hencerPg 2 L1(0;1) by the Cauchy-Schwarz inequality.
This implies that r° has its distributional derivative in L1(0;1) and is
therefore absolutely continuous on [Q1]. We obtain

f(r)= riPC+(Toog)(r)

with C =1limy orPf (r). Now ri P62.2(0;1) for b, 3, thereforeC =0,
so the estimate forTyoQg gives the result. g.e.d.

Corollary 4.8. Let f 2 dom(Py)max and r 2 (0;1). If b62(j 3;3),
then

T (i COIrz(L+ jlogrj?)kf ke,;
in particular f 2 CO([0; 1]) with f (0) =0, while if b2 (j 3;3), then

jif(r)j- Cori °kf kp,:
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Proof. The caseb, % follows directly from the above estimates. For
the other cases we again refer to the integral representatio

f(r)=ri®f (1) +( Toag) (r)

and observe thatri °f (1) 2 L?(0;1) for b < % Therefore the bound
on Ty, g translates into a bound on jf (1)j in terms of kf k 2.1y and
kgky 2(0;1)- This plugged into the decay estimates gives the result, whih
clearly implies that f (r) = o(1) asr ! 0 in the rst case. g.e.d.

The following statement is implicitly contained in the parametrix
construction of BrAining and Seeley, cf.BS]:

Proposition 4.9  (integration by parts). Let' 2 C! (0;1) be a cut-
o® function with' ~ 1nearOand' =~ Onearl. For u2 dom(Pp)max let
f = 'u 2 dom(Pp)max, and let g 2 dom(P{)max. Then for b 62(j 3;3)
the following holds:

. - ®
Hpb)mmf;g|L2(o;1) = f (Pé)maxg L2(0;1):

Proof. With ( Py)! = i P, p, we calculate
Z, U il
. @f rf
h(Po)maxf; 9 2(0.1) = o ar’ o
Vglu@fﬂ Zlurfﬂ Ya
= lim — g+ — g
#0 L, @r . b
Yo~ Z, M @ﬂ Z, s " 7
=lim [fglti f =9+ ¢ 9
+ 0 =4 @r + b

_ - ®
=lim 1Mo i THaHg+ f (Pp)maxg | 20y :

Nowf (1) =0andlimu of (¥)g(2) = 0 according to the decay estimates.

Therefore
lim ff (1)g(2) i f(HgH)g=0

and we obtain the result. g.e.d.

This statement becomes wrong, if we allowb 2 (j %;%). To see
this, let f (r) = ' (r)ri® with ' as above andg(r) = rP. Note
that Pp(r 7! ri) = Pi(r 7! rP) = 0, so clearly f 2 dom(Py)max and
g 2 dom(P})max. But on the other hand

li!moff Mg i f(Hg(Hg=0 i li!mof BHg® = i L

so we have a boundary contribution.

The preceding result allows us to conclude that we do not havedo
impose boundary conditions forPy at 0, if (and only if) b62(j 3;3).
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Corollary 4.10. Let' 2 C! (0;1) be a cut-o® function with'
lnear0Oand' ~ Onear 1. For u 2 dom(Pp)max let f = 'u 2
dom(Py)max. Then f 2 dom(Pp)min for b62(j 1;1).

Proof. For all g 2 dom(P})max we have
) - ®
t'(Pb)maxf;g||_2(0;1) = f; (Plg)maxg L2(0;1):
This means that f 2 dom(P{)max = dom( Pp)min . g.e.d.

Let Pg = @@r+sn. (r)! !B acting on CZ, ((0;1) £ N). We will assume
that B is essentially selfadjoint on Cclp(N), i.e., in equivalent terms
Bmax = Bmin, sinceB is symmetric. We will furthermore assume that
B has discrete spectrum. Letf2 pgmspece b€ an orthonormal basis of
L2(N) consisting of eigensections oB, where as usual each eigenvalue
is repeated according to its multiplicity. By interior elli ptic regularity,
the 2 , are smooth. There are orthogonal decompositions

MM

L2(N)=  R-hay
b2 specB

and M

L2(0:1)E N)=  L2(0:1)-ha i
b2 specB

where the closure is taken with respect to the correspondind. 2-norm.
For f 2 L2((0;:1) £ N) we have anL?2-convergent expansion
X

f = fp2 2p
b2 specB

where 7
fo(r) = . (f (r;x);2 p(x)) dx:

Obviously we have
X

2 — 2 .
kf kLZ((O;l)E N) ~ kf bkLZ(o;l)-
b2 specB

Lemma 4.11. Letf;g 2 L?((0;1) £ N). Then Pgf = gif and only
if P,fp= g for all b2 specB. In particular f 2 dom(Pg)max if and
only if fp 2 dom(P; )max for all b2 specB.

Proof. Let us assume rst that P;f = g with f;g 2 L2((0;1) £ N),
i.e., by denition H;P ;' Ai 2 = hy; A2 for all A2 CL, ((0;1) £ N).

If' 2 C(}p(o; 1) is an arbitrary cut-o® function, we claim that this
relation remains valid for A= ' @ yand b2 specB. Since by assumption
Bmax = Bmin We may choose sequencesyf, 2 Cclp(N), which approxi-
mate 2 ,, with respect to k ¢ lg. Then it follows immediately that ' 2 .,
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approximate ' 2 y with respect to k¢l§,§t . Since' 2 .y 2 Cgp ((0;1) £ N)
we have
Hf; Pé;t (G b;n)iL2 =g;'® b;nil_2
for all n. By continuity we obtain
HP gl (2 p)iLe = hgst @ pige;
which proves the subclaim. Now the left-hand side of this equion

equals
Z.Z 3 -z, z Z,
BPg (2p) = P (F2p)= foPy')
0 N 0 N 0
whereas the right-hand side is given by
z.,Z zZ, 2 Z,
(9:'%p)= " (B%n= G
0 N 0 N 0

Since' was arbitrary, this means that P, f, = g, for all b2 specB.
Conversely, if P, f, = g, holds for all b 2 specB, we have to show
that
H,PB’t AiLZ = rg;ﬁLZ
is true for all A2 CZ, ((0;1) £ N). Now
X

H,Pét AiLZ = Hb,(Pét A)biLZ(O;l)
b2 specB
and X
hg; ALz = Ob; Avl L 2(0:1);
b2 specB
so we obtain the result, since Pg' A)p = P Ay, g.e.d.

Lemma 4.12. Letf 2 dom(Pg)max. Then f 2 dom(Pg)min if and
only if fy 2 dom(P; )min for all b2 specB.

Proof. The proof essentially uses the observation thaf 2 dom(Pg ) min
if and only if HP;f;gi . = H;P ' gi > for all g2 dom(Pg" )max. Now
the Ieft-hang(side of the equation in qugstion equals

h(Pg f )b; bl L2(0:1) = hPy f s Obi L2(0:1);
b2 specB b2 specB

since fy, 2 dom(P, )max and g, 2 dom(Pt',;t )max, While the right-hand

side is given by
X -t . X -t .

H b (Pg 9biLz:1) = M b Py Gol L2(0:1):

b2 specB b2 specB

We get that f 2 dom(Pg)min if and only if

PPy s OgiL2(0:2) = b Py’ Gbi L2(0:1)
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for all g, 2 dom(ijt )max, i-€., that f, 2 dom(Py )min for all b2 specB.
g.e.d.

The following lemma will turn out to be decisive in the question of
essential selfadjointness oD on cone-manifolds.

Lemma 4.13. Let' 2 C! (0;1) be a cut-o® function with' ~ 1 near

Oand' = Onear 1. For u2 dom(Pg)max letf = 'u 2 dom(Pg)max-
Then f 2 dom(Pg )min if specB \ (i 3;2)= 2.

Proof. This follows from the above discussion together with Corolary
4.10 and Lemma 4.5. g.e.d.

In the following we derive certain compactness properties wich will
be relevant for the question of discreteness dD (dnax) and ¢( dmax) on
cone-manifolds.

Lemma 4.14. The embeddingdom(Pp)max ! L?(0;1) is compact for
all b2 R.

Proof. Given a sequencé,, 2 dom(Pp)max With bound kf,kp, - C in-
dependent ofn, we have to extract a subsequence convergent in?(0; 1).
On any subinterval (£;1) ¥ (0; 1) the graph norm of Py, is equivalent to
the ordinary H!-norm, since 2 2 L1 (#;1). Recall that the embedding
H1(+:1) ] CO(+;1]) is compact by Rellich's theorem. Therefore we ob-
tain a locally uniformly convergent subsequence, which we @gain denote
by f,. As a consequence of the decay estimates (cf. Corollary 4.8)e
have

Jfa(n)i- COrz(1+ jlogrjz)kf ke, - CYBrz(1+ jlogrjz)
if b62(j 1;1), and
ifa(r)j- C(O)ri kfnke, - CYri P
if b2 (i 3;3). The functions rz(1+jlogrjz) and ri Pwith b < 3 are cer-

tainly in L?(0;1). In any case we conclude with Lebesgue's dominated
convergence theorem, thatf , is convergent inL?(0; 1). g.e.d.

Corollary 4.15. The embeddingdom(Py )max * L2(0; 1) is compact
forall b2 R.

Proof. This is a direct consequence of the previous lemma in view of
Lemma 4.5. g.e.d.

For b2 R we de ne
(Pp)max; b2 (i %,%

. =
° (Pi)min: b6 3;1
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This determines a closed extensior®; of P; such that

domP; = domf®, - 2,
b2 specB
where the closure is taken with respect to the graph nornk ¢le. . Note

in particular that By = (Pg)min if specB\ (j 3;3)= ?.
Lemma 4.16. The embeddingdom®; | L?((0;1)£ N) is compact.

Proof. The previous lemma implies that for allb2 specB the embed-
ding (L)max : dom(Py Jmax 1 L2(0; 1) is compact. We derive an upper
bound for the operator norm of (L) min : dom(P, )min ! L?(0; 1), where
dom(Py )min is equipped with the graph normk¢le. . For f 2 CclIo (0;1)
we have &

ot f  b(b+cs. (r)f
it - & .
and therefore integration bprarts appIiEd twice yields
. 2 — St p- g
kP T ki2(02) = ZPb_ Pb_f’f ZL2(0;1)

ef .\ 1 b+ cs. (r))f 2

0o @r 0 sré(r)
2 .
. C.(OKfki20.1);

whereC.(b) %1 asjh!1 . Sincecclp(o; 1) is dense in domPy )min
we obtain

kf k2
2 =
k(Lb)mm k fzcclfg)?l)nmg kf k2 + kpbf k2
1 .
1+C. (D’

i.e., for large eigenvalues oB the operator norm of (L )min is uniformly
small.

Let L denote the embedding don®®; | L2((0;1)£ N). Furthermore
for a> 0 let %2 denote the projection onto the eigenspaces correspond-
ing to eigenvaluesbwith jbj < a. Since there are only nitely many such
eigenvalues,

L=8 = 172+
is a compact operator and by the above estimates
1
kL j L<®Kk?= sup k(L;)mink? - ————:
a0 1¥C(d

for a large enough. In particular, fora!1l we obtain that L is a limit
of compact operators with respect to the operator norm and igherefore
itself compact. g.e.d.



458 H. WEISS

4.3. Spectral properties of cone-surfaces. Let S now be a cone-
surface and E;r F) a °at vector-bundle over N = int S equipped
with a metric hF. Particular attention will be paid to the spherical
cone-surfacess?(®; ; ° ) and S?(®; ®, which appear as links of singular
points in a 3-dimensional cone-manifold.

We wish to investigate spectral properties of the operatorsD (dmnax)
and ¢( dmax) by separation of variables. In view of Lemma 4.4 and
Lemma 4.13 the following requirements are natural:

De nition 4.17.  Let S be a cone-surface andR ;r F) a °at vector-
bundle over N = int S equipped with a metric hF. If fx;g are the
cone-points, we call €;r F;hF) cone-admissibleif for all i:

1) Assumptions Al and A2 hold for (F;r F;h") restricted to U-(x;),

hence the model operatorPy. is de ned.

2) specBi\ (i 3;3)= ? holds.

Remark 4.18. Since the cross—sectiorsé is compact in this case, it
would be enough to require Al here, cf. Remark 4.1.

We will see in the following that De nition 4.17 implicitly ¢ ontains
restrictions on the cone-angles o5 and the holonomy of the °at bundle
(F;r F) around the cone-points:

Let S§ = R=@Z be the circle of length® and let cone. .y S§ be the
"-truncated - -cone overSg, i.e.,

cone. gy Sp=(0;") £ S
with metric
dr? +sn?(r)d?
wherer 2 (0;") and p 2 R=RZ. Recall that if x is a cone-point, the
smooth part of the "-ball around x will be isometric to

U- = cone.. o~y Sp:

In this situation the model operator for the even part of the Hodge-Dirac
operator on the cone is given by

= _@+ ;B
@r sn.(r)
Wlth " # n #
i i 3 dtsg,;
B=Dg+ 2, = 1
i 5 dsy i3

We determine the spectrum of the operatorB, but let us discuss the
case with trivial coexcient bundle rst. If we identify func tions and

1-forms on S§ via

Pg

=

ct(se) i -*Sa)
g7i gcdy;
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we may write

_ 0 2.
Dsp= o &
@u
It is easily veri ed that
l/221/n Vi
specDgy = é;n 27
and therefore we obtain
% oun 4
specB = §+ @“;nzz

We see that sped® \ (i 3;3) = ? if ® - 2%in the case of trivial
coezcients.

Let us now add a °at bundle to the situation. Let C(a) be the °at
U(1)-bundle over S} with holonomy €2 a2 R. Without loss of gener-
ality we may assume thata 2 [0;2%). Note that the bundles C(a) are
topologically trivial. Any unitarily °at bundle on S} decomposes as a
direct sum of these. A °at connection is given by

C@ — 4. : & ..
r =dj i=du:
1% H
The associated Hodge-Dirac operator may be written as

_ 0 i @4
Dsgé;c(a) = @@ i i% @16
U

We obtain — —

2 2Yan; a—
pedsycw= § M Aoz

and therefore

" 1 24N a
—2Yanj a—
specB = | =8 —= —-n2Z
P l2§ ®

3

We see that spe® \ (j 3;3) = ? if either a = 0 and ® - 2% or
® - a- 2¥%j ®. In the latter case we must in particular have that
®- Ya

Remark 4.19. The previous discussion shows that ifS has cone-
angles: Yand (F;r F;hF)is an orthogonally °at bundle which decom-
poses locally around the cone-points as a direct sum of triviabundles
R and bundles of typeC(a) with ® - a - 2% ®, then (F;r 7;hF) will
be cone-admissible in the sense of De nition 4.17.
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4.3.1. Discreteness. In this section we investigate discreteness of the
operators D (dmax) and ¢( dnax) on a cone-surface. Recall that a self-
adjoint operator A is called discrete if its spectrum is discrete, i.e., if
specA consists of a discrete set of eigenvalues with “nite multipicities.
A necessary and suzcient condition forA to be discrete is the compact-
ness of the embedding dom ! L2, where domA is equipped with the
graph norm k ¢ k.

For simplicity we state the results concerning discretenes under the
stronger hypothesis that (F;r F;hF) is cone-admissible, though we do

as discreteness is concerned.

Proposition 4.20. The embeddingdomD&%, ! L2(®®T°N -F )
is compact if (F;r F;h") is cone-admissible.

Proof. We construct a partition of unity on S in the following way:

that the U-(x;) are disjoint. We choose cut-o® functions ; supported
inside U-(x;) with i 5 "i(ryand ' ;" 1 near the cone-pointx;. Then
wedene' in =1 ik=1' i. Let uy 2 domD§),, be a sequence with
kunkDev- C.

We claim that ' i u, has a subsequence which is convergent in?:
Let - % N be a relatively compact domain with smooth boundary,
such that supp’ int ¥2-. Then by the usual elliptic regularity results,
"intUn 2 H&(-). Furthermore by the standard elliptic estimate

3 ;

K'u nkal(_) - C Ku nkﬁz(_) + kD®'u nkEz(_) = CKku nk%?v:

Now by Rellich's theorem H}(-) embeds into L2(-) compactly, which
proves the subclaim.

Thus we are reduced to a situation on the coneJ- = cone.. -y S,
i.e., given a sequencé, = 'u , with kfnkpé - C, we have to extract a
subsequence convergent ib2((0; 1)£ S3). The operator B is essentially
selfadjoint and discrete, since the cross-section of the ceris nonsingular
in this case. Therefore the discussion from the last sectioapplies. It is
a consequence of Corollary 4.10 thatu , 2 domP;, therefore Lemma
4.16 yields the result. g.e.d.

As a consequence we obtain that strong Hodge-decompositiorolds
for the dmax-complex on a cone-surface ifff ;r F;h")is cone-admissible.
Here we remind the reader of Theorem 3.8 and the remark therdter.

We summarize our results concerning Hodge-decomposition ancone-
surface in the following statement:

Theorem 4.21 (Hodge-theorem for cone-surfaces)If S is a cone-
surface and(F ;r F) a °at vector-bundle overN = int S together with
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a metric h™ such that (F;r F;h%) is cone-admissible, then there is an
orthogonal decomposition

L2@'T°N -F )= Hipax © im didiae © im(d') s
and the map{': H oy ! H,‘nax is an isomorphism. Furthermore, the
ing:lusion - 12(N; F) ! domd,,, induces an isomorphismH, ,(N; F) 2
HrInaX'
SinceD°d4d = (D), we get by the same arguments that the embed-
dings domDgdd | [ 2(m°¥T"N-F )and domDmax ! L2(@*T°N-F )
are again compact.

Proposition 4.22.  The operators D (dmax) and ¢( dnax) are discrete
on a cone-surface if(F;r F;hF) is cone-admissible.

Proof. Since domD (dmax) and dom ¢ ( dmax) are continuously con-
tained in dom D ax, this follows from compactness of the embedding
domDmax | L2@®@*T®N -F ). g.e.d.

4.3.2. Selfadjointness. In this section we establish essential selfad-
jointness of the Hodge-Dirac operatoD on a cone-surface if E ;r F;h")
is cone-admissible. In contrast to the the previous sectionwe will
now make strong use of the assumption speg; \ (| %% = ? for

Proposition 4.23. D&/, = D&, on a cone-surface if(F;r F;hF)
is cone-admissible.

Proof. Given u 2 domD gy, we have to show thatu 2 domD,. We
choose a partition of unity on S as in the proof of Proposition 4.20.

We claim that ' j;yu 2 domDpgY . As we have already observed in the
proof of Proposition 4.20, if - %2 N is a relatively compact domain with
smooth boundary such that supp' int % -, then ' inru 2 H3(-). Now
Cgp(-) is dense in Hg(-), therefore we nd a sequence f, 2 CZ,(-)
such that f,, approximatesf = ' i u with respect to the H'-norm. But
since D® maps H(-) continuously to L?(-), f, approximatesf also
with respect to the graph norm of D€', which proves the subclaim.

It remains to prove that ' ju 2 domD¢y, fori 2f1;:::;kg. But here
we are again in a situation on the coneJ: = cone.. (o) Sg. It is therefore
suzcient to show that f = 'u 2 dom(Pg )min for u 2 dom(Pg)max and
' a cut-o® function of the above type. Now since;r F;h") is cone-
admissible, sped® \ (i 3;3) = ? will be satis'ed. Then Lemma 4.13

implies that f 2 dom(Pg )min, hence in domD Y, . g.e.d.

Corollary 4.24. The operator D is essentially selfadjoint on a cone-
surface if (F;r F;h") is cone-admissible.
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Proof. We have
0 Dev t >
D= Dev ( 0 )

considered as an operator
-GNGF)O- QAN 1 - B(INSF) ©- FUN; F)
and therefore
— O (Dev)E'nin ’
Dmin - ev 0
min
and
D _ O (Dev)fﬁnax ’ .
" DR, 0
This shows that D nax = Dmin, i.€., D is essentially selfadjoint. g.e.d.

Corollary 4.25. ¢ ¢ = ¢( dmax) On a cone-surface if(F;r F;hF) is
cone-admissible.

Proof. This follows from essential selfadjointness oD together with
Corollary 3.5. g.e.d.

4.3.3. The Trst eigenvalue. Let , 1 be the smallest positive eigen-
value of ¢9(dmnax) on the smooth part of S?(®; " °) (resp. S?(®;®)

with coexcients in a °at vector-bundle (F;r 7). Here we will derive
a lower bound on, 1, which will be suxcient for later purposes. Com-
parison with the smooth case suggests that this bound might ot be

optimal.

Proposition 4.26. Let S be either S*(®;;°) or S?(®;® and
(F;r F) a °at vector-bundle overN =int S equipped with a metrich" .
If (F;r F;nhF) is orthogonally °at and cone-admissible, therH} ., = 0.
Moreover, under the same hypothesis, if 1 denotes the smallest positive
eigenvalue of¢ °(dmax), then 1, 1.

Proof. Since ;r F;hF)is orthogonally °at, we may apply the stan-
dard WeitzenbAck formula onF -valued 1-forms

¢! =r'r! +(Ric 2 id)!;
where the action of the Ricci tensor on a scalar-valued 1-form® is
determined by the relation
g(Ric(®); ) =Ric(®; )
for all — 2 - 1(N; R). In two dimensions the Ricci tensor of a spherical
metric (i.e., of constant curvature - = 1) is given by
Ric(¢; 9 = 9(¢; 9;
so we end up with
¢! =r'trt +0
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For! 2 - ép(Nz; F) integrati%n by parts yieldzs

CRHES' (rirhly+ 2
N N z N z
= grtEe R, A
N N N
This means we have a lower bound for ¢ on —ép(N; F):
he ;! ie, k1 kE,:
Since ¢(dmax) = ¢ ¢ if (F;r F;h")is cone-admissible and the Friedrichs
extension preserves lower bounds, we obtain
m( dmax)l,' iLZ 5 k ' kEz
for all ! 2 dom¢ (dmax). This proves the “rst part of the assertion.
Now for f 2 E ., the , 1-eigenspace of @(dmax), f 60, let | = dmaxf .

Then w 6 0 and ¢ Y(dmax)! = dmaxdﬁnin dmaxf = , 1! . This yields the
estimate , ;, 1. g.e.d.

4.4. Spectral properties of cone-3-manifolds. Let in the following
C be a cone-3-manifold and E;r F) a °at vector-bundle over M =int C
equipped with a metric hE. Again we wish to investigate spectral prop
erties of the operatorsD (dmax) and ¢( dmax) by separation of variables.
We require:

De nition 4.27.  Let C be a 3-dimensional cone-manifold and&y F)
a °at vector-bundle over M = int C equipped with a metric hE. We call
(E;r E:hE) cone-admissibleif for all x 2 §:
1) Assumptions Al and A2 hold for (E;r E;hF) restricted to U-(x),
hence the model operatorP; is de ned.
2) By is essentially selfadjoint and spe@x\ (j 3;3) = ? holds.

Remark 4.28. If we compare this de nition with the cone-surface
case, we note that a new issue arises, namely that we have todlude es-
sential selfadjointness of the operatoB on the cross-section of the model
cone into the de nition. This issue was not present in the core-surface
case, since there the cross-section of the model cone was caop

Let x 2 8 be a singular point. For the local analysis around x we
consider two cases:

1) x is a vertex
2) x lies on a singular edge.

In the rst case, the smooth part of the "-ball around x will be isometric
to

U- = cone.. (o) int S3(®; 7 °);
and in the second case to

U- = cone., (o) int S*(®; ®):
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We treat the two cases simultaneously. LetN denote either int S{®; :° )
or int S%(®; ® in the following.

Suppose that E;r E; hF) satis'es assumptions A1 and A2 onU-, in
particular that h§ =1lim ;; ohE(r) exists and is parallel with respect to
r E. Recall that the model operator for the even part of the Hodge
Dirac operator on the - -cone with two-dimensional cross-sectiorN is
given by

. @ 1
P, = — +
B~ @r sn(r)
with > 3 2
i i1 dy
B=Dy+4 0 S5=4dy 0 d 5:
1 dy 1

Let us now assume that €;r E;h§) restricted to the 2-dimensional
cross-sectionN is cone-admissible. ThenDy and in particular the
operator B will be essentially selfadjoint. The Hodge?-operator de nes
a linear isometry

?2:L%@PTN -E){ L%@MPT°N-E);
where in this casen = 2. Note furthermore that these two conditions
together imply that Hl,, = 0 via Proposition 4.26.

We determine the spectrum ofB in the following. For
be the , -eigenspace of

¢( dmax) = ¢ %(dmax) * ¢ *(dmax) * ¢ *(dmax):

Let , > 0 be an eigenvalue andf a corresponding eigensection of
¢ (dmax) with kf kL2]71' Then
2

OletE

5 5

%
1 1
fip=d p=2d ;?f
form an orthonormal basis of aDy -invariant subspace E; %2 E . It
is a consequence of Theorem 4.21 that th&; provide an orthogonal
decomposition ofE_ for f pairwise orthogonal. With respect to the
given basis ofE; we have
’ P— 3
0 5
P 0
DNjEf = g ’ . P— Z

and correspondingly

3
. 0
BJEf :g | P é:
1
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For , = 0 we observe that if there existsfo 2 H9,, with kfok 2 = 1,
then ffo; fo 2 dvolg form an orthonormal basis of E;, % Eg =
HO_  ©H2. and we obtain

. _ i1 0
BJEfo = 1"
Note that possibly Eg ? 0. Therefore we obtain for the spectrun; of B
r p—
specB ¥ fi 1;1g[ § % § %+ .. 2 spectO(dmay);.> O

We see that speB \ (j 3;3) = ? if .1, 32, which we can guarantee
under the given conditions by means of Proposition 4.26.

Remark 4.29. As a consequence of the previous discussion we ob-
serve that a suzcient condition for (E;r E;hF) to be cone-admissible
in the sense of De nition 4.27 is that assumptions A1 and A2 hdd
and the restriction of (E;r E;hE) to the link Sy of a singular point x is
cone-admissible in the sense of De nition 4.17 for alk 2 §.

4.4.1. Discreteness. In this section we investigate discreteness of the
operators D (dmax) and ¢( dnax) on a 3-dimensional cone-manifold.

For simplicity we state the results concerning discretenes under the
stronger hypothesis that (E;r E;hF) is cone-admissible, though we do
not need the assumption spe8y \ (| %; %) = ? for x 2 8 as far as
discreteness is concerned.

Proposition 4.30. The embeddingdomD¢&Y, | L2?®®'T"M -E)
is compact if (E;r E; hF) is cone-admissible.

Proof. Since 8 is compact we nd nitely many x; 2 8 such that
the B-(x;) cover 8. Then fM;B-(Xj)g is a nite open cover of C.
We x a partition of unity f' ;' ig subordinate to this cover. Let
U"(Xi) = B"(Xi)\ M.

Now let u, 2 domDg),, be a sequence withkupkpev - C. Clearly
" intUn has a subsequence convergent ih?: This follows in the same
way as in the cone-surface case (cf. the proof of Proposition.20).

On the other hand U-(x) will be isometric to cone.. (. int S2(®;:°)
if x is a vertex or cone (. int S?(®;® if x is an edge point. Thus we
are reduced to a situation on the conel- = cone. .-y N. Without loss
of generality we may assume that = ' (r) if r is the radial variable and
" (r)=1for r small. If this is not the case we just replace by a second
cut-o® function ‘e 2 C(}p(U-- (x)) which satis es these assumptions and
in addition 'e = 1 near supp' , and we replaceu, by &, = 'u . Since
(E;r E:hE) is cone-admissible, the operatoB will be essentially selfad-
joint. B will have discrete spectrum as a consequence of Proposition
4.20. As in the cone-surface case we obtain that , 2 dom®B;. We
may now use Lemma 4.16 to conclude the result. g.e.d.
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We obtain that strong Hodge-decomposition holds for thedmax-com-
plex on a cone-3-manifold if €;r E; hF) is cone-admissible.

We summarize our results concerning Hodge-decomposition ancone-
3-manifold in the following statement:

Theorem 4.31 (Hodge-theorem for cone-3-manifolds) If C is a
cone-3-manifold and (E;r ) a °at vector-bundle over M = int C to-
gether with a metric hE such that (E;r E; hF) is cone-admissible, then
there is an orthogonal decomposition

L2@'T°M -E ) = Hipay © im dii © im(d') i
and the mapf: Hi, ! Hl. is an isomorphism. Furthermore, the
in(_:lusion - 12(N;F) ! domdy,,4 induces an isomorphismH/,(N; F) 2
HrInaX'
SinceD°d4d = (D), we get by the same arguments that the embed-
dings domD2dd I [ 2(m°¥T*M -E )and domDmax ! L2(®*T°M -E )
are again compact.

Proposition 4.32.  The operators D (dmax) and ¢( dnax) are discrete
on a cone3-manifold if (E;r E;hF) is cone-admissible.

Proof. Since domD (dmax) and dom ¢ ( dnax) are continuously con-
tained in dom D s, this follows from compactness of the embedding
domDmax | L%@®@*T"M -E). g.e.d.

4.4.2. Selfadjointness. In this section we establish essential selfad-
jointness of the Hodge{Dirac operator D on a cone-3-manifold if
(E;r E; hE) is cone-admissible. Here the condition speBy\ (i 3;3) = ?
for all x 2 § is essential.

Proposition 4.33. D&%, = D&, on a cone-3-manifold if (E;r E; hF)
is cone-admissible.

Proof. Given u 2 domD gy, we have to show thatu 2 domD¢y, . We
choose a partition of unity on C as in the proof of Proposition 4.30.

Clearly ' jnyu 2 domDgy,: This follows in the same way as in the
cone-surface case (cf. the proof of Proposition 4.23).

It remains to prove that ' ju 2 domD¢§y, . Again this brings us back
to a situation on the cone U- = cone.. o N, whereN =int Sz(®;_; °)
or N = int S?(®;®. It is therefore sutcient to show that f = 'u 2
dom(Pg )min for u 2 dom(Pg)max @and ' a cut-o® function of the above
type. Since E;r E;hF) is cone-admissible,B is essentially selfadjoint
and has discrete spectrum. Moreover, the condition speB \ (j %; %) =
? will be satis ed. Then Lemma 4.13 implies that f 2 dom(Pg)min,

hence in domD 5y, . g.e.d.

Corollary 4.34. The operator D is essentially selfadjoint on a cone-
3-manifold if (E;r E;hF) is cone-admissible.
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Proof. This follows from Dy, = Dpy, in the same way as in the

cone-surface case. g.e.d.

Corollary 4.35. ¢ g = ¢( dmax) On a cone3-manifold if (E;r E;hF)
is cone-admissible.

Proof. This follows from essential selfadjointness oD together with
Corollary 3.5. g.e.d.

5. The Bochner technique

5.1. In nitesimal isometries. For simplicity consider M 2 for - 2
fi 1;0;19. Let G = Isom* M 2 and g its Lie-algebra. g may be identi ed
with the Lie-algebra of Killing vector elds. Note however, that the Lie-
bracket in g corresponds to the negative of the vector eld commutator
under this identi cation:

adg(X)Y =[X;Y]g=i [X;Y]=iL xY:

Fix a point p2 M2 and let K = Stabg(p). Note that K 2 SO(T,M 3),
since G acts simply transitively on frames in constant curvature. Then
we have the usual decompositiorg = k© p, where k is the Lie-algebra
of K. Recall that

k=fX 2gjX(p=0g
and

p=fX2gj(r X)(p)=0g:

There are isomorphisms

p2 T,M3; X 7! X (p)
and (in our constant-curvature situation)

k2 so(TpM 3); X 7! Ax (p) := (1 X)(p):

We have kK % k [kp] ¥2 p and [p;p] ¥ k since k (resp. p) is the
+1 (resp. j 1) eigenspace of the Cartan-involution ong induced by the
geodesic involution onM 2 about p.

Let X be a Killing vector eld. Let ° be a geodesic with° (0) = p and
°(0) = Y(p). Then X will be a Jacobi vector eld along °. We obtain

O0=r-r-X+R(X; )2
=(r =Ax)2+ R(X; )%
Therefore we have
(r yAx)Y + R(X;Y)Y =0:

The expression ( yAx)Z+ R(X;Y )Z issymmetricin Y and Z. There-
fore we obtain by polarization

(F) (r yAx)Z + R(X;Y)Z =0
if X is a Killing vector eld.
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Lemma 5.1. Under the identication g = so(T,M3) © T,M 3 the
Lie-bracket corresponds to

[(A;X);(B;Y)I=(AB]i R(X;Y);AY j BX);

where [A;B] is the commutator in so(TpM 3) and R the Riemannian
curvature tensor.

Proof. Let X;Y 2 p;Z 2 p. From equation (F ) we obtain

Ay 1,2 =ir zGYDP) = ir zr xY(P)+ 1 zr vy X(p)
i (r zZAV)X (P +(r zAx)Y(p)
R(Y;Z2)X(p) + R(Z;X)Y(P) = i R(X;Y)Z(p):
Let X;Y 2k Z2p.

Ay 1, Z(P) = ir z(XY D(P) = ir v 2P i [Z; XY ]1(p)
=X IY; Z1I(p) + [ Y512 X 11(P)

[X;ryZir zYI(P)+[Y;r zX ir xZ](p)
Mo yXEir r,xY(P) =[Ax;AY]Z(p):

Let X 2 kY 2p.
X;YIlgp =i (rxYir yX)(p
ryX(p)= AxY(p):

This is suzcient since [k K 2k, [k p] ¥2p and [p; p] Y2 k g.e.d.

Note that the usual formula for the curvature tensor of a symmetric
space
ROXGY)Z(p) =i [[X;Y1,Z)(p); X;Y;Z22p
is contained in the statement.

Corollary 5.2.  Adg(g)(A; X ) = (Adk (g)A;gX) for g2 K.

Let E= so(TM3)© TM 3. Eis a bundle of Lie-algebras with a °at
connectionr E, such that a section¥%= ( A; X ) is parallel if and only if
X is a Killing vector eld and A = Ax.

Lemma 5.3. The °at connection on E is given by
rSAX)=(r yAji R(Y;X);r yX i AY);
wherer denotes the Levi-Civita connection onTM 2 and on so(TM 2).

Proof. If r © and r ! are connections on a vector-bundleE, then the
di®erence® = r %jr 1is a 1-form with values in EndE. If r 9%= 0,
then jr 13%= @(Y)%forall Y 2 TM3.

Let r®=rEandr?!=r. AKiling vectoreld X determines a
parallel section¥x = (Ax;X). From equation (F ) we have

(r vAx)Z =i R(X;Y)Z = R(Y;X)Z;
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and from the very de nition
rvX = AxY,;
hence®(Y)(A; X) = (i R(Y;X);i AY). g.e.d.

Infact E= M3 £ gandr Eis just the trivial connection d written in
terms of the subbundlesTM 2 and so(TM 3).

Corollary 5.4. 1 E%=r v%+ ady(Y)%for 322 i( E);Y 2 TM 3.
Proof. Lemma 5.1 implies that &Y )%= ad(Y )% g.e.d.
We have a natural metric on E, namely
h& = (& Ogrms) © (& Orms;
where 1
(AsB)soTm3y = i étr(AB):
Recall the de nition of the Killing form
Bg(a; b) = tr( ady(a)ady(b))

for a;b2 g. By is a symmetric bilinear form, which is Adg(g)-invariant
for all g 2 G. This implies in particular that adg(a) is antisymmetric
with respect to By for all a2 g.

We wish to expressBg in terms of the decompositiong = k© p. First
of course the relations k; K| Y2 k, [k; p] ¥2 p and [p; p] %2 kimply that kand
p are Bg-orthogonal. The following computation is left to the reader:

Lemma 5.5. The restrictions of By to k= so(T,M 3) andp= T,M 3
are given as follows:

Boik (&) = i 4(¢ Qso(rom3)
Bgip (6,¢) = i 4 (¢ O !
We obtain as an immediate consequence:

Corollary 5.6. If - =1, then ad(Y) is antisymmetric with respect
to hE for Y 2 TM 3, in particular r EhE=0. If - = j 1, then ad(Y) is
symmetric with respect tohF for Y 2 TM 3.

For - = j 1 we want to calculate the precise deviation ofhE from
being parallel. With r E = r + ad we get using the fact that hE is
parallel with respecttor :

(r XhE)(¥d= X (hE(¥d) i hS(r %9 i hE(r %¢)

i hF(ad(X)¥%; 9 i h5(%adX)¢)

i 2hE(ad(X)¥; d):

Let h5 denote the metric on E obtained by parallel extension ofh&(p)
with respect to r E for p2 M 3. If we write hE(34; ¢ = h§(A%; ¢) with
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A 2 j(End E) symmetric, we obtain using the fact that h§ is parallel
with respect to r E:

h§(r RA)%; = (r XhF)(¥%;d = i 2h"(ad(X)¥%; 9
= i 2hg(Aad(X)¥%; d;
and in particular we have proved:

Lemma 5.7. If - = j 1, then Ai }(r EA) = | 2ad and is therefore
bounded onM 2 with respect to hE.

Let us now considerM , the nonsingular part of a cone-3-manifoldC.
The condition that M is locally modelled onM 3 is usually expressed in
terms of the developing map

dev:(M;po) i (M3p)
and the holonomy representation
hol : Ya(M:xg) § G =Isom*™ M3;

where dev is a local isometry and/ (M )-equivariant with respect to the
deck-action onf1 and the action via hol on M 3. For details we ask the
reader to consult Section 6.1.

We again denote by E the bundle sq(TM) © TM. Since being a
Killing vector eld is a local condition, we again have a °at connection
r E on E with the property that parallel sections correspond to Kill ing
vector elds. The formula for r E given in Lemma 5.3 applies as well.
In contrast to the model-space situation, E will now have holonomy. It
is easy to see that the holonomy ofE along a loop° 2 Y4 (M;Xxg) is
given by Ad £ hol(°) if we identify E, with g. Therefore we obtain an
alternative description of E:

E= M £ agsnol 9

The Lie-algebra structure on E induced by this representation coincides
with the one given in Lemma 5.1.

The same considerations apply to the two-dimensional situabn as
well if we replace M 2 and its isometry group with the corresponding
two-dimensional objects. Here we restrict our attention to the spherical
case. Let ( _

S’(®;7°) or

S*(®;®)
in the following. Since Isont S? = SO(3) we have a holonomy repre-
sentation

hol : %4 (int S) §  Isom" S? = SO(3)
and developing map
dev:intSi S%
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Let us denote the vector-bundle of in nitesimal isometries with its nat-
ural °at connection in this situation by ( F;r F). We have

F = iht S £ agenol SO3):

Since the adjoint representation of SO(3) onso(3) is isomorphic to the
standard representation of SO(3) onR3, we have alternatively

F = int SE ol RS:

Since hol preserves the standard scalar product oR3, we have a natural
metric hF on F which is parallel with respecttor F.

Now if X; 2 S is a cone-point with cone-angle® and °; 2 Y4(int S)
a loop around x;j, then hol(°;) is just rotation about the cone-angle ®
around some “xed axis in R3. Note that the axis of hol(°;) and the
axis of hol(°;) need not coincide forx; 6 x;. This gives us a quite
explicit description of F. In particular we see that locally around the
cone-points we have the following splitting

Fis; = C(&)OR;
where C(®) denotes the °at U(1)-bundle over S with holonomy €®:.

Next we describe the restriction of E to the links of singular points.
Recall that if x 2 § is a singular point and S is its link, then

Sk = S%(®7°)
if X is a vertex, and
S« = SA(®;®
if X is an edge point.

Lemma 5.8. Let S be the link of a singular pointx 2 §. Then the
restriction of E to int S¢ is given by:

Ejimsx =FOF;
where F is the °at vector-bundle of in nitesimal isometries on S;.

Proof. The holonomy of %4 (int Sy) xes a point p2 M 3 and is there-
fore contained inK = Stabg(p) 2 SO(T,M 3). We have seen in Corol-
lary 5.2 that Adg(g) = (Adk (9);9) for g 2 K with respect to the
splitting g = k© p. Again, since the adjoint representation and the
standard representation of SO(3) are isomorphic, we obtairntwo copies
of F. g.e.d.

Proposition 5.9. Let C be a spherical cone3-manifold with cone-
angles- ¥ Then (E;r E;hF), the vector-bundle of in nitesimal isome-
tries of M =int C with its natural °at connection and metric, is cone-
admissible.
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Proof. Let x 2 § be a singular point. We have Ejy.(x) = FOF

via Lemma 5.8. SincehE is parallel in the spherical case, we have
h5 = hE and assumptions A1 and A2 are trivially satis ed on U-(x),
cf. Remark 4.1. Clearly hE = hF @ hF. (F;r F;hF) is orthogonally
°at and therefore via Remark 4.19 cone-admissible over in§y if the
cone-angles are ¥ Then we may apply Remark 4.29 to conclude that
(E;r E;hE) is cone-admissible oveiM . g.e.d.

Proposition 5.10. Let C be a hyperbolic cone3-manifold with cone-
angles- ¥ Then (E;r E;hF), the vector-bundle of in nitesimal isome-
tries of M =int C with its natural °at connection and metric, is cone-
admissible.

Proof. Letting x 2 § be a singular point, we haveEjy.xy = F ©F via
Lemma 5.8. F;r F;hF) is orthogonally °at, so clearly h§=lim ;, ohE(r)
exists and h§ = hF © hF, i.e., assumption Al is satis’ed. In view of
Lemma 5.7, assumption A2 is also satis ed. The assertion fdws now
as in the spherical case. g.e.d.

In the Euclidean case for xedp 2 E2 we have a group homomorphism
rot: Isom* E3{  Stabg(p) 2 SO(T,E?3)
g7t g+(pi 9(p):
We may form the rotational part of the holonomy
rot+hol: ¥4(M) i  Stabg(p) 2 SO(T,E?):
On the other hand
Erans == TM % E= so(TM)© TM

is via the explicit formula for r B in Lemma 5.3 easily seen to be a
parallel subbundle of E. Note that in contrast

Erot = SATM) % E= so(TM)©TM

is not parallel.
Since the rotational part of the holonomy is nothing but the holonomy
of the °at tangent bundle, we obtain

- 3.
Erans = M Erotihol R*:
In the same way as before one shows:

Lemma 5.11. Let C be a Euclidean cone3-manifold. The restriction
of BErans t0 the link Sx of a singular point x 2 § is given as
Brrans Jint Sy — F;

whereF is the °at vector-bundle of in nitesimal isometries on S,. Fur-
thermore Erans is cone-admissible if the cone-angles are %
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5.2. WeitzenbAck formulas.

5.2.1. The spherical and the Euclidean case. Let (E;r E;hE) be
an orthogonally °at vector-bundle. Recall the standard WeitzenbAck
formula on E-valued 1-forms:

¢! =r'r! +(Ric 2 id)!:

For this formula to hold without extra terms we really need th at the
metric hE is parallel with respect to r E. Recall that the action of the
Ricci tensor on a scalar-valued 1-form® is determined by the relation

9(Ric(®); ) = Ric( ®; )
for all — 2 - 1(M; R). In three dimensions the Ricci tensor of a metric
with constant curvature - is given by
Ric(¢;9 =2 - ¢g(¢; 9;
so we end up with

(- =1
¢! =rtr 1 +2¢

(- =0)
¢! =r'r!

in the spherical and the Euclidean case.

5.2.2. The hyperbolic case. In the hyperbolic case we use a di®erent
type of WeitzenbAck formula, due to Y. Matsushima and S. Muakami,
cf. [MM ]. We use the notation of HK]. Let E = so(TM)© TM
be the vector-bundle of in"nitesimal isometries andr E its natural °at
connection. We continue to denote byr E the tensor-product connection
on ©°T°M - E induced by the Levi-Civita connection on M and the
connectionr E on E, whereas we denote by the Levi-Civita connection
one’T°M -E .

Recall the relation r $ =r vy +ad(yY)forY 2 TM, where the endo-
morphism ad(Y) is symmetric with respect to hE. Let in the following

"ITM - 2°TM I 2TV
denote exterior multiplication, and

TTM - &*T°M | «fi 1T°M
denote interior multiplication. Let fe;;ey; e3g be a local orthonormal
frame and f e!; €2; €g the dual coframe. Then we have

3 x
d=  "(é)r§g= "(€)(rq+ade):
i=1 i=1
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This implies
x3
d = Te)(rei ade)):
i=1
De ne
x3 , x3 .
D= "(€)rg and T:=  "(e)ad(e);
i=1 i=1

which implies

D! = X M) o and T'= X (e)ad(e):
i=1 i=1

We obviously haved= D+ T andd' = D'+ T!. Let¢ p = DD'+ D'D
and H = TT'+ T'T. H is symmetric and non-negative. From the
de nitions we have
¢= dd + d'd
=¢p+H+DT'+ TD'+ D'T + T'D:
A computation in a local orthogonal frame shows that
DT'+ TD'+D'T+ T'D =0

and
X3 X3 _
H= ad@e)?+ "(¢)Xg)ad(ea;g)):
i=1 ij =1
This implies the following WeitzenbAck formula, where a piori ¢ p and
H are non-negative.

Lemma 5.12 (MM ]). ¢=¢ p+ H.

The following positivity property of H on 1-forms makes this for-
mula particularly useful for us. The proof may again be obtaned by a
calculation in a local orthonormal frame.

Proposition 5.13 ([MM 1]). There is a constantC > 0 such that
(HLY s, C5Y )«
forall! 2-1(M;E)andx2 M.

5.3. A vanishing theorem. In this section we prove our main result
about L2-cohomology spaces of 3-dimensional cone-manifolds with co-
excients in the °at vector-bundle of in nitesimal isometrie s. This com-
pletes the analytic part of our argument. For convenience wediscuss
the proof case by case.
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5.3.1. The spherical case.

Theorem 5.14. Let C be a spherical cone3-manifold with cone-
angles- ¥% Let M = Cn§ and (E;r F) be the vector-bundle of in ni-
tesimal isometries of M with its natural °at connection. Then

H.(M;E)=0:
Proof. We recall the WeitzenbAck formula for the Hodge-Laplace op-
erator on E-valued 1l-forms, which in the spherical case (i.e., = 1)

amounts to
¢! =rtr! +2!
for ! 2 - (M; E). For ! 2 - 3,(M; E) integration by parts yields
YA Z Z

¢y (@trnry+2
M ZM Z M
= jrijp+2 j1j?
IZ M
L2
M

This means we have a positive lower bound for ¢ on -%p(M; E):
ml,' iLZ . CH,' iL2
with C = 2. Since (E;r E;hF) is cone-admissible according to Proposi-
tion 5.9, we obtain
¢ F =¢( dmax)

via Corollary 4.35. Since the Friedrichs extension presems lower
bounds, we conclude

HL . =ker¢ Y(dmax)=0:

Finally Theorem 4.31 identi es L 2-cohomology with the dmax-harmonic
forms. This implies HEZ(M; E) = 0 and proves the theorem. g.e.d.

5.3.2. The Euclidean case.

Theorem 5.15. Let C be a Euclidean cone3-manifold with cone-
angles- Yu Let Eyans ¥2 E be the parallel subbundle of in nitesimal
translations of M = Cn§. Then

HEZ(M; Eurans) 2 f! 2 - Y(M; Byans) jr ! =0g:

Proof. The WeitzenbAck formula for the Hodge-Laplace operator on
Erans-valued 1-forms in the Euclidean case (i.e.; = 0) amounts to

¢! =rtr!

for ! 2 - Y(M; Eyans). This implies with Corollary 3.3 that

1 _ t .
¢|: =T maxl’ min -
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SinceEyrans ¥2 E is cone-admissible according to Lemma 5.11, we obtain
¢ & =¢ Y(dmax)
via Corollary 4.35. This implies that
¢ H(dmax) = T Haxl min:
For ! 2 ker ¢ 1(dmax) We have
0= he( dmax)!;! T2 = hr bl min's! L2 = K omin! K22

We conclude that! 2 kerr min. On the other hand, if ! 2 kerr max,
then clearly ! 2 kerD max. SinceD is essentially selfadjoint according
to Corollary 4.34, kerDmax = ker Dmin = Hmax. We obtain

Kerr max %2 H: . Y2 kerr min;

which proves the theorem via Theorem 4.31, sinceH o consists of
smooth forms. Note also that a parallel form! will automatically be
L2-bounded, sincer is compatible with the metric on Eyans. g.e.d.

5.3.3. The hyperbolic case.

Theorem 5.16. Let C be a hyperbolic cone3-manifold with cone-
angles- ¥% Let M = Cn§ and (E;r F) be the vector-bundle of inni-
tesimal isometries of M with its natural °at connection. Then

H!(M; E)=0:

Proof. The proof follows the same scheme as in the spherical case.
For convenience of the reader we also give full details in tlsi case.

We recall that in the hyperbolic case we have a WeitzenbAckofmula
for the Hodge-Laplace operator forE-valued 1-forms of the type

¢! = D'D! + DD + H!;
where
PHED d 2, CH i

for C > 0 independent of! 2 - 1(M; E). For ! 2 - 3,(M; E) integration
by partzs yields

z Z
M(¢!;! )= M(DtD!;! ) + M(DD‘!;! ) + M(H!;! )
Z z z
= NZjD!j2+ MjD‘!j2+ M(H!;! )
. C

M
This means we have a positive lower bound for ¢ on -%p(M; E):

ml,' i|_2= CH,I iL2
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for C > 0. Since E;r F; hF) is cone-admissible according to Proposition
5.10, we obtain

¢ F =¢( dmax)

via Corollary 4.35. Since the Friedrichs extension presems lower
bounds, we conclude

HL . =ker¢ Y(dmax)=0:

Finally Theorem 4.31 identi es L2-cohomology with the dmax-harmonic
forms. This implies Hle(M; E) = 0 and proves the theorem. g.e.d.

6. Deformation theory

In this chapter we study the deformation space of cone-manifid
structures on a 3-dimensional cone-manifold of given topoldgal type
(C; 8). It is convenient to use the more general framework of ¥;G)-
structures and deformations thereof, in particular since tere is a quite
general theorem of (5ol ], which relates the local structure of the defor-
mation space of K; G )-structures to the local structure of X (¥aM;G).
By X (vaM; G) we denote the quotient of R(¥4M; G), the space of rep-
resentations of'4M in G, by the conjugation action of G.

The (X;G)-structures relevant for our situation will be X = M3
and G = Isom* M 2. In fact, by a theorem of [Cul ], the holonomy
representation of a 3-dimensional cone-manifold structure ray always
be lifted to the universal covering group of Isont M3, which in the
hyperbolic case is Sk(C) and in the spherical case SU(2E SU(2).

We will use the L2-vanishing theorem to analyze local properties of
SL,(C)- and SU(2)-representation spaces. From this we will be abléo
conclude local rigidity in the hyperbolic and in the spherical case.

6.1. (X;G)-structures. Let (X;g*) be a Riemannian manifold upon
which a Lie group G acts transitively by isometries. Let M be manifold
of the same dimension asX. Then we say that M carries an (X;G)-
structure if M is locally modelled onX, i.e., there is a covering ofM
by charts f' ; : Ui ! X gi2; such that for each connected component of
C of Ui\ U; there existsgc;ij 2 G such thatgcij +' ="' onC. The
collection of chartsf'; : U; ! X g2 is called an (X;G)-atlas and an
(X; G)-structure on M is a maximal (X; G )-atlas. A detailed discussion
of this kind of structure may be found in [Gol ], which we will use as
the main reference for this section.

Let us x basepoints xg 2 M and pg 2 ¥ 1(xo), where Ya: M1 Mis
the universal covering of M. Then an (X; G)-structure on M together
with the germ of an (X;G)-chart ' : U ! X around xo determines by
analytic continuation of ' a local di®eomorphism

dev : {1 P X
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the developing map, and a representation
hol: ¥4 (M;xg) {§ G;

the holonomy representation, such that dev is equivariant wth respect
to hol, i.e.,

devt® =hol( °) +tdev

for all °© 2 ¥4(M; x ). Conversely, a local di®eomorphism devia 1 X
equivariant with respect to some representation hol % (M;xo) ! G as
above, de nes an K; G)-structure on M together with the germ of an
(X;G)-chart at xg. Note that hol is uniquely determined by dev and
the equivariance condition.

Let D(OX;G y(M) be the space of developing maps with the topology of
C?! -convergence on compact sets. As usual we equiR(¥a(M;Xo); G),
the set of representations of¥4(M;xo) in G, with the compact-open
topology. Associating its holonomy representation with a developing
map yields a continuous map

D?x;e)(l\/l)i! R(*a(M;x0); G)
dev7i hol:

For simplicity we assume that M is di®eomorphic to the interior of
a compact manifold with boundary M [ @M which is certainly the
case for the object of our main concern, namely the smooth parof a
3-dimensional cone-manifold.

Following [CHK ] we introduce the equivalence relation» on the
space of developing maps, which is generated bgotopy and thickening.
Clearly Di®y(M ), the group of di®eomorphisms ofM isotopic to the
identity, acts on the space of developing maps. Two structues equiva-
lent under this action will be called isotopic. On the other hand, if an
(X;G) structure on M extends toM [ @ME [0;") for some" > 0, this
gives rise to an ; G)-structure on M, which we will call a thickening
of the original structure. Let

Dx:6)(M) = D¢ y(M)=» :
We obtain a G-equivariant map
Dix;c)(M) i R(¥a(M;xo);G)
[dev] 7} hol:
We de ne the deformation spaceof (X; G )-structures to be the quotient
Tix:c)(M) := Dix;g)(M)=G:

Let X (¥a(M; X ); G) denote the G-quotient of R(¥4(M; X g); G) by con-
jugation. Properties of this quotient in our particular context will be
discussed in greater detail in subsequent sections.
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Assuming that the action of G on R(¥%(M;X); G) by conjugation
is proper, this implies in particular by the G-equivariance of the above
map, that the action of G on Dx.g)(M ) is also proper. In this situation
the arguments of [Gol] (cf. also the discussion in CHK ]) yield the
following theorem about the local structure of the deformation space of
(X; G)-structures:

Theorem 6.1 (deformation theorem, cf. [Gol]). If the action of G
by conjugation onR(¥4(M; X o); G) is proper, then the map
Txc) (M) i X(Ya(M;X0); G)
[dev]7{ [hol]

is a local homeomorphism.

This theorem explains the meaning of representation variees in the
study of deformations of (X; G )-structures: Local properties of the de-
formation space of (X; G )-structures on M translate into local properties
of X (¥4(M;x); G) and vice versa.

By a theorem of M. Culler (cf. [Cul ]) the holonomy representation
of a cone-3-manifold may be lifted to the universal covering goup of
Isom* M 3:

ol : 4M §  1Som* M 3;

In the hyperbolic caselSom*H3 = SL,(C). We obtain that the °at
vector-bundle of in nitesimal isometries may be written as

E=f1£ sly(C):

Ad ol

As a consequencé has a parallel complex structure, such that in par-
ticular all the cohomology spacesH'(M; E) are complex vector spaces.

In the spherical caselsom* S8 = SU(2) £ SU(2). Therefore the lift of
the holonomy splits as a product representation

fiol = (hol 1;holy) : YaM i SU(2) £ SU(2);

and in particular the °at vector-bundle of in nitesimal isom etries splits
as a direct sum of parallel subbundles:

E= B OE;
where
E = M £ agsnol, SU2):
ConsequentlyH(M; E) = H(M; E)) © H(M; E) for all i.

For notational convenience we will drop the distinction between hol
and fol from here.
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6.2. The representation variety. In the following let j be a nitely
generated discrete group. Once and for all we X a presentatin
FPq;::0; °nj(riizi i of j. The cardinality of the indexset | may a priori

be innite, but most of the groups we deal with will turn out to be
“nitely presented. Let G = SL,(C) or SU(2). The representation variety
R(j ;G) is de ned to be the set of group homomorphismsz: j | G.
R(j ; G) endowed with the compact-open topology is a Hausdor® space,
compact in the case of SU(2).

The relations r; de ne functions f; : G" ! G such that R(j ;G)

Since Sly(C) is a C-algebraic (resp. SU(2) aR-algebraic) group and the
f; are polynomial maps,R(j ; G) acquires the structure of aC-algebraic
(resp. R-algebraic) set. Note that R(j ; G) won't be a smooth space in
general.

The action of G on G" by simultaneous conjugation leaves the set
R(j ;G) ¥2 G" invariant. Therefore the quotient X (j ;G) = R(j ;G)=G
is well de ned. We endowX (j ; G) with the quotient topology. X (i ; G)
will in general be neither smooth nor even Hausdor®.X (j ; G) as we
have de ned it should not be confused with a quotient constricted in
the algebraic category. This usually requires arguments fsm geometric
invariant theory, which we can avoid using here.

A smooth family of representations% :j ! G with Y5 = “de nes a
group 1l-cocyclez:j ! g, where

2(°) = & o BRI
for © 2 j. Recall that Z(j ;g), the space of 1-cocycles of  with

coezcients in the representation Ad +%: | ! GL(g), is the the space
of mapsz:j ! g such that

z(ab) = z(a) + ( Ad £%a)) z(b)

for all a;b2 j. A cocycle z is a coboundary if there exists somer 2 g
such that
z(a)=vi (Adx%#a) v

for all a 2 j. Let BY(j;g) be the space of 1-coboundaries. Now by
de nition

H(i;9) = Z(i ;9)=B*(i ;9)
is the “rst group cohomologygroup of j with coezcients in the repre-
sentation Ad £%: i | GL(g). H(j ;g) is a real vector space. Recall
further that

HOG;0) = 2% ;)= fv2 gi(Ad£4°))v=v8° 2 i g
For more details on group cohomology, cf.Bro ] for instance.
We refer to Z1(j ; g) as the space of innitesimal deformations of the

representation’z We call a 1-cocyclez integrable, if there exists a (local)
deformation % which is tangent to z in the above sense.
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It is easy to see thatz 2 B1(j ;g) if and only if z is tangent to the
orbit of G through %4 i.e., there exists a smooth curveg; in G with
0o = 1 such that

2(°)= & a%°)d )it

for ° 2 i. A deformation %(°) = ¢%°)gd 1 will be considered trivial.
We use the following observation due to A. Weil (cf. Wei ]): A map
z:i ! gdenes a group 1l-cocycle if and only if the map

(Adx%;2:i § GL(gIng
° T (Ad£%°);2(°))

is a group homomorphism. GL@) n g is the atne group of the vector-
spaceg. Using the “xed presentation of j, this identies Z(j ;g) with
a linear subspace off". More precisely, the relationsr; determine linear
functions g : g" ! g, such that

With these identi cations we have the following lemma:
Lemma 6.2. Z(j;g)= \ iz kerd;.

for Ai 2 Ta, G if and only if gi(as;:::;a,) = 0, where & = A;Al L.
g.e.d.

If the equations (f;)i2; cut out R(j ; G) transversely near%; then the
previous lemma identi es Z1(j ; g) with the tangent space of R(j ; G) at
the point ¥2 In particular Y2will be a smooth point. If furthermore the
G-action on R(j ; G) by conjugation is free and proper, thenX (j ; G)
will be smooth nearA = [4} and the tangent space atA may be identi ed
with H1(j : g).

6.3. Integration and group cohomology. We wish to represent
group cocycles of/4M with coezxcients in the representation Ad £hol :
YaM | g= isom* M 3 by di®erential forms onM with values in E. This
will be achieved by means of integration.
Let Xg be a base point inM . Then for ° 2 ¥4 (M;Xx o) and a closed
1-form! 2 - 1(M; E) we de ne
z Z,

L= ! (C)dt 2 Ex;
0

o

where ¢ (1) denotes the parallel transport along® from xo = °(0) to
°(t). Since! is closed, the integral depends only on the homotopy class
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of °. If we identify E, with g, thenzwe may set
z (%)= 129

Alternatively, we may proceed as follows: The °at bundle E may be de-
scribed as an associated bundl& = 1 £ ad+hol - 1-forms! 2 - Y(M; E)
correspond to 1-formsk 2 - 1(ﬁ/l; g) satisfying the following equivari-
ance condition:

°“p =(Adthol(°)) E
for all ° 2 ¥a(M;xg). For ! 2 - }(M; E) closed considere 2 - 1(f1; g),
which will again be closed. Letpg 2 ¥4 1(xo) be a base point inf1 . Now

sincef is simply connected, there exists a primitiveF 2 C1 (M; g) such
that dF = k. For ° 2 1/4(I\£;x0) we de ne

2()= 1 =F(Po)i F(po) 2 g

SinceF is determined up to an additive constant, this is well de ned.

Both de nitions of the map z : %M ! g associated with the closed
form | 2 - 1(M; E) clearly agree. The proof of the following lemma is
straightforward and left to the reader:

Lemma 6.3. If I 2 - 1(M; E) is closed, thenz, de nes a group co-
cycle, i.e.,, z7 2 Z1(¥aM; g). ! is exact if and only if zz 2 B1(¥4M; g).

As a consequence of the preceding lemma, we obtain that the ped
map

P:HYM:;E){ Hl(l/gRM;g)
17 P70 .1]

is well de ned and injective. Since we know from more generatonsider-
ations (cf. [Bro , Theorem 5.2] for example) thatH' ' (M; E) 2 H'(¥4M:; g)
for i 2 f 0;1g, we nd that the period map provides an explicit isomor-
phism betweenH }(M; E) and HX(¥4M; g).

6.4. Isometries.

6.4.1. Isometries of H 3. The action of SL,(C) on H?2 by Poincar§
extension identi es SlLy(C) with the universal cover of Isom* H3 =
PSL,(C). Here we use the upper half space model. LeA :
SL»(C)! Isom* H2 denote the covering projection.

Semisimple elements in Sk(C) project to semisimple isometries. A
semisimple isometryA has an invariant axis; this is the unique geodesic,
where #3, the displacement function of A, assumes its minimum. If this
minimum is positive, we call A hyperbolic, otherwise elliptic. Parabolic
elements in Slp(C) project to parabolic isometries. Parabolic isometries
have a unique xed point at in nity. The following is well-kno wn:
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Lemma 6.4. A;B 2 SL»(C) commute if and only if A(A); A(B) are
either semisimple isometries and preserve the same axisor A(A); A(B)
are parabolic isometries with the same xed point at in nity.

The stabilizer of an oriented geodesic® is isomorphic to C*, more
precisely, if we work in the upper half space modeH® = C £ R, then
for ° = fOg £ R+ we obtain

Yol 0 1 Ya

StabSLZ(C)(°) = P i1 . 2 C*°
St ¥ C* corresponds to pure rotations around®, while R ¥ C corre-
sponds to pure translations along®. Recall that for a Killing vector eld
X on H?3 we denote by¥x = (r X;X ) 2 sly(C) the corresponding par-
allel section. In particular, if we choose cylindrical coodinates (r; W; z)
around °, we see that
Ho 1

11 0
3 = _
/@:@F[- > 0 i 2 slx(C)

and u q
11 0
Yo-07 > 0 i1 2 sl(C):

Note in particular that ¥g-@fr ¥49-@. The factor 1=2 comes from the
fact that SL»(C) is a twofold cover of Isomi H 2.

Let A 2 SL,(C) be semisimple andA = A(A) 2 Isom* H3. Then A
is conjugate to diag(;, ' 1) in SL,(C) for , 2 C". Now let z 2 C=2viZ
such that , = exp(z). We de ne L(A) =2z 2 C=2¥4iZ. Then L(A) is
determined by A up to sign. L(A) is called the complex lengthof A.

For A 6 §id we can orient the axis ° of A and remove the sign
ambiguity of L consistently in a neighbourhood ofA in SL(C). The
real part of L(A) equals the (signed) translation length of A along °,
while the imaginary part equals the angle of rotation around °. We
obtain

tr A = 2cosh(z) = §2coshL(A)=2)
and by the inverse function theorem:

Lemma 6.5. Let A 6 §id 2 SL,(C) be semisimple. There exist
neighbourhoodsU of A in SL»(C) and V of tr A in C and a biholomor-
phic mapA:V I'L (V) % C such thattr(U) %V and Axtr = L on
u.

6.4.2. Isometries of S 3. We identify S® with the unit quaternions,
i.e., S®= fx 2 H:jxj=1g. If we view the quaternions as a subalgebra

of C%2 via
10ﬂ,i7,” o7 Hg T ,UOiﬂ_
) i 0

[
I i :
17! 01 0 i p) 7! 10 k7!
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S8 gets identi ed with the group SU(2) via

S3i SU@)
. a b
a+ bj 7|. | b a ;

wherea; b2 C with jaj° + jbj? = 1. The map
A:SU2)£ SU@2){ SO(4)
(A;B)7i (x7!'AxBi1)

exhibits SU(2) £ SU(2) as the universal cover of Isorfi S® = SO(4).
Note that the diagonal matrices
Ve[ 1 Ya
5 9. 28t wsuE
correspond to the geodesi¢ = C\ S2, where as usualC is identi ed
with R© Ri % H. For any geodesic® ¥ S?2 let us denote by °? the
geodesic which lies in the plane orthogonal to°. In the above case
°? = Cj\ S =(Rj ©Rk)\ S3, which corresponds to the set of matrices
L5 T Vs
io_ o .2 st % suU():
A spherical isometry may be put in a standard form: namely, if an
isometry is represented asA = A(A;B) with A;B 2 SU(2), then by
conjugation we may achieve thatA = diag(,; ,) and B = diag(%; T)
with ;* 2 S!. The matrix A corresponds to, 2 C\ S® and B to
1 2 C\ S?if we identify SU(2) with S2 as above. Then forx 2 S° we
have A(x) = x T, such that A preserves the Hopf- brations, which are
associated with the complex structuresx 7! ix and x 7! xi on H.

In particular, A preserves® = C\ S®and°? = Cj\ S More
precisely we haveA(") = | for " 2 St=C\ S% and A('j ) =(.Y )j
for j 2 Cj\ S°. Note that ° and °? are the common “bers of the two
“brations, which are transverse everywhere else.

If 1 = 1, then A translates along the bers of the Hopf- bration
obtained by left-multiplication with S*. In particular the displacement
of Ais constant on S3. Similarly, if , = 1, then A translates along the
“bres of the Hopf-bration obtained by right-multiplication ~ with S?.
Again the displacement of A will be constant on S°.

If . =1, then Ais a pure rotation around °, or equivalently, a pure
translation along °”. Similarly, if , = T, then A is a pure rotation
around °?, or equivalently, a pure translation along °.

Recall that for a Killing vectoreld X on S® we denote by ¥k =
(r X;X) 2 su(2) © su(2) the corresponding parallel section. In par-
ticular, if we choose cylindrical coordinates ¢;|;z) around °, we see
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that

HoH T .un. b
1" i 0 1" i 0
3 - = LT
e=ef 5 0 ii '3 0 i 2 su(2) © su(2)
and

ulu 0 f lu 0 2
3 - = . | .
@07 5 i3 0 2 su(2) © su(2):

The factors 1=2 arise from the fact that SU(2)£ SU(2) is a twofold cover
of Isom* S3. The following is immediate from the above discussion:

Lemma 6.6. Ag;A; 2 Isom* S® commute if and only they preserve
the same pair of orthogonal axe$°;° ? g.

SinceA(A;B)1 =1 if and only if A = B 2 SU(2) we obtain:

Lemma 6.7. A= A(A;B) 2 Isom* S® has a xed point if and only
if A is conjugate toB within SU(2).

We want to de ne an analogue of the complex length in the sphecal
case. IfA= A(A;B) with A conjugate to diag(;; , ) and B conjugate to
diag(*; T), then let x 2 R=2¥Z such that ; = exp(ix) and y 2 R=2%Z
suchthat! =exp(iy). Wede neL1(A;B) = Xxj yandL2(A;B) = x+y.
Then L(A;B) = (L1(A;B);L2(A;B)) 2 R2=2%Z? is determined by A
and B up to an overall sign and up to switching components.

Let in the following A 6 § id and B 6 § id. If A preserves a pair of
orthogonal axesf°;° ? g, these ambiguities can be removed in a neigh-
bourhood of (A; B) by orienting °. Let us again callL (A; B) the \com-
plex" length of (A;B) 2 SU(2) £ SU(2). L1(A;B) equals the (signed)
translation length along °, while L»(A; B) equals the (signed) transla-
tion length along °?. We obtain

¢
tr A=2c0osx = §2cos(L1(A;B)+ Lo(A:B))=2
and i ¢
trB =2cosy= 82cos(iL 1(A;B)+ Lo(A;B))=2 :
We set Tri(A;B) =tr A, Tro(A;B) =tr B and Tr = (Tr 1;Tr»). By the
inverse function theorem we obtain:

Lemma 6.8. Let (A;B) 2 SU(2) £ SU(2) with A 6 §id and B 6
§ id. There exist neighbourhooddJ of (A;B) in SU(2) £ SU(2) and V
of Tr(A;B) in R? and a di®eomorphismA:V 'L (V) % R? such that
Tr(U) %V and A+Tr= L on U.

6.5. Cohomology computations. Let C be a 3-dimensional cone-
manifold with cone-angles- % Under this cone-angle bound, a con-
nected component of the singular locus § will either be a cirée or a
(connected) trivalent graph, cf. Chapter 2, see alsoCHK ] and [BLP2 ].
Let M- = M nB-(8), where B-(8) is the open "-tube around §. Let
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U-(8) = B-(8) n§&. Then M- is topologically a manifold with boundary,
which is a deformation retract of M. @M consists of tori and surfaces
of higher genus.@M = @(8) is a deformation retract of U-(8).

Without loss of generality we may assume in the following tha § is
connected.

6.5.1. The torus case. Let§= S!. Then U-(8)is given as (0;")£ T2,
where T? = R?=n and & is the lattice generated by (l4;2) 7! (U+ ®;2)
and (1;2) 7! (4j t;z+ 1). The metric is given asg = dr2+sn?(r)dp2 +
cs2(r)dz2. Here ®;t and | are the parameters, which determine the
geometry of U-(8), namely the cone-angle, the twist and the length of
the singular tube. Note that a function f in the coordinates (r; u; z)
descends to a function onU-(8) if and only if f(r;u;z)= f(r,u+ ®;2)
andf (r;u;z+ 1) = f(r;u+t;z). Note also that H' (U-(8) ; § = HI(T2; ¢
for any local coezcient system.

The forms du and dz are invariant under = and descend to forms on
T2, which generate the de-Rham cohomology of the torus in degreg,
i.e., HY(T?%R) = R ¢[dy © R ¢[dz].

Similarly, @=@and @=@descend to Killing-vector elds on U-(8).
To be more speci ¢, @=@ig an in nitesimal rotation around the sin-
gular axis and @=@an in nitesimal translation along the same axis.
Consequently, ¥%g-@@nd ¥g-@Mmake up parallel sections of the bundle

E, e, Yp-6%0@-02 H °(T%E).
Lemma 6.9. If the cone-angles are- ¥ then in the hyperbolic and
the spherical case

HO(T? E) = R t¥%-0® R ¥p-a-
Proof. Let , be the longitudinal and * be the meridian loop. Clearly
HY(T%E) 2 Z°(%4T%g)
=fv2g:(Ad+hol(°))v=v8° 2 ¥T?g;

which we view as the in nitesimal centralizer of the holonony represen-
tation restricted to the torus. We compute the centralizer Z (hol(¥4T?))
in each case.

In the hyperbolic case, letA = hol(,) 2 SL,(C) and B = hol(?) 2
SL,(C). Since hol is the holonomy of a hyperbolic cone-manifold suic-
ture with cone-angles - ¥ we may assume thatA = diag(’; i 1)
and B = diag(»;¥ 1) with ";» 6 §1. Then it is easy to see that
Z(hol(¥4T?)) = fdiag(3;3i1);3 2 C°g, henceZ%(¥4T?;sl»(C)) 2 R2.
Since ¥g-@@and ¥g-g@Are closed and linearly independent, the result
follows.

In the spherical case, hol #3T2! SU(2)£ SU(2) splits as a product
representation hol = (holy; holy) with hol; : %4 T2 ! SU(2) fori 2 f 1;2g.
We then have Z (hol(¥aT?)) = Z(hol1(YaT?)) £ Z(holo(¥aT?)). Let
Aj = holi(,) 2 SU(2) and B; = hol;(*) 2 SU(2). Without loss of
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generality we assume thatA; = diag(”i;;) and B; = diag(»;») with
“i»» 2 S Since hol is the holonomy of a spherical cone-manifold
structure with cone-angles- ¥ hol(*) must be a nontrivial rotation.
This implies that f»;;»g = f»;»g 6 f§ 1g. Then it follows that
Z(holj(¥aT?)) = fdiag(;?);3 2 S'g implying that Z°(%4T?;su(2)) 2
R. As above,¥%g-@@and ¥%g-@provide a basis forH °(T?; E). g.e.d.

We de ne forms

! ang = 412 Yg-@y
P'shr = dp2 Yo-02
lws = dz2 ?/@:@U

! len = d22 ?/@:@Z

Since ¥g-@and ¥@-g@Are parallel, these forms are closed. They will
be tangent to the corresponding geometric deformations oftie singular
tube, i.e., ! ang is supposed to change the cone-angi®, similarly for t
and |. ! g will be tangent to a deformation, which leads out of the
class of cone-metrics (which may be called a \shearing"-defonation).
This will be made precise.

Lemma 6.10. The forms! 554 and! sp, are not L2 on U-(8) , whereas
the forms ! ws and ! |, are bounded onU-(8) and hencel 2.

Proof. The metric on U-(8) is given by g= dr2+sn?(r)d2+cs?(r)dz>.
Hencedvol =sn.(r)cs (r)dr ® du” dz. For a 1-form!.= ®2 ¥y W|th3
- 1(U-(8)and X 2 i( TU-(8)) we have j! j2 = j&2 'jr Xj2+ X j2
CIearIy

N ST S S R VAN S VI
jdy“ = Sn?(r),JdZJ = 2(r)’ ©u =sn<(r); = cs?(r):

Let © a
er=&e=sn (Nt e=cs (g

be an orthonormal frame for TU-(8). A straightforward calculation

shows that with respect to this frame

0 1
0 i cs(r) O
r @@u: @ cs (r) 0 0A 2i(so(TU(8))
0 0 0
and 0
0 0 -sn(r)
r2-@ o 0 0 A2i(soTU(8);
i ~sn(r) O 0
such that

T @2 -cs2(r): 1 @7 = . 2g12(r):



488 H. WEISS

We obtain
qo2s SO *esAr) ) o oSN+ - ?s(r)
) ensl se(ry el s (r)

and
Lo SMP(r)+csi(r), . o _ cS(r)+ -2sm(r)
Pwsl]®= ——57—~—1 1Y ien) = :
c(r) c(r)
In the rst case we observe thatj! angj?dvol » j! gprj?dvol » sn. (r)i L,

which is not integrable for r 2 (0;"). In the second case we nd! ys
and ! |.n bounded and thereforelL 2-integrable. g.e.d.

Lemma 6.11. If the cone-angles are- %4 then in the hyperbolic and
the spherical case

HYT%E) = RO ang] © RO[! snr ] OR €[l tws] © RO[! jen]:

Proof. SinceH%(T%E) = R t¥%-g@ R t¥%g-@,We have a short exact
sequence of °at vector-bundles

0! R’IE'E =R?! O

Here we denote byR the trivial vector-bundle of real rank k together
with the trivial °at connection.

We claim that the natural map H(T?;R?) ! HY(TZ%E) is an iso-
morphism. In the spherical case we can use the parallel metrion E to
split the short exact coe+cient sequence. Then clearlyH °(E=R?) = 0
and we may use Poincar® duality to conclude thatE=R? is acyclic. Now
the result follows from the long exact cohomology sequence.

In the hyperbolic case we can use the parallel Killing formB to split
the coe+cient sequence, ifB restricted to R? is nondegenerate. We use
the local formula for the Killing form in Lemma 5.5 with - = j 1:

B(¥ ;%)= 4 X;r Y)+4(X;Y):
From the calculations in the previous lemma we obtain
B (Yp=6/@=-a,= i 4cosif(r) +4sinh?(r)=j 4
B (Y@-c@-07= i 4Sint?(r)+4cosh®(r)=4
B (Ye=-60-0-0:
which shows that Bjgz is nondegenerate. Then the result follows as
above. g.e.d.

We wish to calculate the periods of the di®erential forms ang;! shr;
lws and ! jen. Let xg = (0;0) be the basepoint of T2. For © 2 ¥4T?
and! 2 - Y(T2;E) closed, we have a well-de ned integral
Z,

i1 o
. &t (L(D)dt

o
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where ¢ (1) denotes the parallel transpeyt along® from xg = °(0) to
°(t). Recall thatthe map ° 7! z, (°) = .! de nes a group cocycle, if
we identify E;, with g. R

Note that if ! is of the form ! = ®2 3with r 3= 0, then .! is
very easy to compute: b 7

| = @0,

This remark applies in particular to ! ang;! shr;! tws and! en. We con-
centrate on the values of the corresponding group cocycl&sng; Zshr ; Ztws
and z, on the meridian t 221/4T2, 1(0) = xp. We obtain

Zang(*) = !ang = ®UY@=a@xo
Z
Zshr (*) = Vshr = ®¢(3/@=@2<o

1

and
Ziws(*) = Zien(*) =0:

6.5.2. The higher genus case. Let § be a connected graph with
trivalent vertices. Then Fg = @J(8) is a surface of genusy = (N +3) =3,
where N is the number of edges contained in 8.U-(v), the smooth part
of the "-ball around a vertex v 2 §, is homotopy equivalent to a pair of
pants P.

Lemma 6.12. If the cone-angles are- % then HO(Fy; E) =0.

Proof. If we restrict the holonomy of M to U-(v), the smooth part
of the "-ball around a vertex v 2 §, then hol(%(U-(v)) xes a point
p2 M3 U (v) deformation-retracts to P % @W(8) = F4. Using
the presentation % (P) = h 1;12;13j1 11213 = 1i, we obtain that the
hol(*;), i 2 f 1;2;3g, project to nontrivial rotations with mutually dis-
tinct axes. This implies that Z (hol(YaFg)) = f§8 1g. g.e.d.

Corollary 6.13. If the cone-angles are- ¥ then in the hyperbolic
caseH (Fq; E) 2 C%i 6 and in the spherical caseH 1(Fq; ) 2 R 6.

Proof. Using the parallel Killing form B on E in the hyperbolic case,
resp. the parallel metric on E in the spherical case, we conclude that
H2(Fq;E) = H%(Fg;E) = 0 using Poincarg duality. Now for any °at
bundle F over Fg4 one hasA(Fg; F) = dim F ¢A(Fg) =dim F ¢(2 2g),
this implies in particular that dim H(Fg;F) = | dimF ¢(2 2g) if
HO(Fg;F)= H?(Fg;F)=0. q.e.d.

Away from the vertices, the singular locusU-(8) can be given coor-
dinates (r; pi;zi) with r 2 (0;"), s 2 R=®Z and z; 2 (%; j *) for some
+ > 0. Here® is the cone-angle around the-th edge andl; its length.
Then the metric is given by g = dr? +sn?(r)dp? + cs?(r)dz?.
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We choose a function ; = ' j(zj)) suchthat' ;(£) =0, ' i(lij ¥ = lij
and d' ij(i;Zi) = d ij(lii 2+l 1) — 0. Then d'; 2 - 1(U(§)) is well-
de ned and so are
! {Ws d?2 ?/‘@=@u

! Ilen d? Yo-ar
Note that these forms are supported away from the vertices othe sin-
gularity.

Lemma 6.14. The di®erential forms! |,s and ! i, are bounded on
U-(8) , hence in particular L2.

Proof. This essentially amounts to the same computation as in the
torus case. g.e.d.

Lemma 6.15. The cohomology classes of the closed di®erential forms

R N .| N
fliwsi iens i3 twsi ! len

are linearly independent in H l(Fg; E).

Proof. Suppose we have a nontrivial linear relation between the abae
classes inH }(Fg; E), say

1 1 N N _
t1! ws T [1! ien T cce tN!tws+ In! len — dva

for some %2 j( Fg;E). Since the forms!},s and !, are supported
away from the vertices, we obtaind¥= 0 in a neighbourhood of each
vertex vj. A neighbourhoodU-(v;) of a vertex is homotopy equivalent to
the thrice-punctured sphereP. SinceH °(P;E) = 0, we have %y,. vi)=0
for each vertex. Therefore we obtain a nontrivial linear reltion on at
least one of the tori Ti2 = R2=®Z+ |;Z, where % denotes the restriction

of %to a neighbourhood of thei-th edge:
tj! {WS + ;! Iien = d¥%;

which is a contradiction in view of Lemma 6.11, sinced' ; is cohomolo-
gous todz on TZ. g.e.d.

6.6. Local structure of the representation variety.

6.6.1. The torus case. Let §: T2! M be the inclusion of a torus
boundary component. The mapinduces a group homomorphismf: :
T?2 1 YM and hence a mapf : R(¥aM:G) | R(¥%T? G) for
G = SL,(C) or SU(2) respectively.

Lemma 6.16. Let Y= 'ﬂ‘;z hol : %4 T2 ! SL,(C). Then %is a smooth
point of R(¥4T2;SL,(C)). The local C-dimension of R(¥4T?; SL,(C))
around Y2equals4. Furthermore, the tangent spaceT,R(¥4T?; SL>(C))
may be identied with Z1(¥4T?;sl>(C)).
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Proof. We identify R(¥4T?2;SL,(C)) with the (axne algebraic) set
f(A;B) 2 SLy(C)£ SLy(C)j[A;B] = 1g. The kernel of the di®erential of
the commutator map kerdia.g [ ¢; ¢] may be identi ed with the space of
1-cocyclesZ (¥4 T?; sl»(C)). We have dimc Z1(¥4T?;sl>(C)) = 4 from
the cohomology computations. Note that this implies that dia.g)[¢; ¢]
is not surjective at (A;B) = % W.lL.o.g. we may assume that% =
(diag(,;, 1 1);diag(};* i 1)) with ;2 2 C". We de ne a map

F:C"£ C°£ SLa(C)# SLz(C) £ SL2(C) .
(LA )T IAdiag(' i A L Adiag;t T )AL

57 s

We claim that rankcF = 4 at (,;%;, 1). The image of F is certainly
contained in R(¥4T2; SLy(C)), such that an easy application of the im-
plicit function theorem (cf. [ Wei ], [Rag, Lemma 6.8]) yields the result.

Consider 1t/he standard Cﬂ-basis ofsly(C): 1 %
oot Mol Fool
-~ 00 " o041 YT 1
Clearly C ¢h exponentiates to Z (%4 T2)) = fdiag(";” i 1)j” 2 C"g, the
stabilizer of Y2under the conjugation action of SLy(C). Now it is easily
veri ed that

fdF(1;0;0); dF(0; 1;0); dF (0; 0;x); dF (0; 0; Y) g .. 1y

are linearly independentif, 6 §1ort 6 8§ 1. Thisimplies that rank ¢ F
at (,;% 1)isatleast 4, but since imd ., 1)F Yo 21 (¥4 T?;sl»(C)), it has
to equal 4. g.e.d.

Corollary 6.17.  A=[1, hol] is a smooth point of X (¥4T?; SL»(C)).
The local C-dimension of X (Y4T?2;SLy(C)) around A equals2. Fur-
thermore, the tangent spaceTaX (¥4 T?2; SL»(C)) may be identi ed with
H1(¥aT?;sly(C)).

Proof. The restriction of F to C° £ C" £f 1g provides a local slice
to the action through %; upon which the stabilizer of %2acts trivially.
The tangent space to the orbit through Y2 may be identied with
B1(¥4aT?; sl»(C)). We know that dim ¢ H1(¥4T?;sl»(C)) = 2 from the
cohomology computations. g.e.d.

For °© 2 j we de ne a function t- : R(j ;SLx(C)) ! C by t-(¥ =
tr £°). If %is a smooth point of R(j ; SL2(C)), then t- is smooth near
% Since tr is invariant under conjugation, t- descends to a map on the
quotient X (j ; SL»(C)), which we again refer to ast-. If A=[%is a
smooth point of X (j ; SLo(C)), then t- is smooth nearA.

Let %= ff, hol and let z 2 Z1(¥%T?;sl(C)) be given. If we have a
deformation of %2 i.e., a family of representations : T2 1 SLy(C)
with Y5 = % which is tangent to z, i.e., z(°) = % =0 72(°)A°)! 1 for
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all ° 2 ¥4 T2, we have that the in nitesimal change of the trace of 4°)
is given as -
dt(2) = & oot %(°) = tr( 2(°)%°)) :
We wish to apply this t0 Zang; Zshr ; Ztws and Zjen. Let * 2 1, T2 be the
meridian and , 2 ¥4T?2 the longitude. We assume that
W)= o 01 2SL(O)

and H 1

_ » 0
%1) - 0 » 1
with “;» 6 §1. Then Ypreserves the axis® = fOg £ Ry % H 3, if we
work in the upper half-space modelH3 = C£ R, . If we use cylindrical
coordinates (; U;z) around °, then we have already observed that

2 SLy(C)

Mo 1
1" i 0
Yo-or 5 0 ] 2 sly(C)
and
L

Yo-07 > 0 i1 2 sl(C):

Let us concentrate on the value of the cocycleRang; Zshr ; Ztws and Zjen
on the meridiant 2 ¥ T2. We obtain
® H
1 —
Zang( )= =

0

2 sl
5 sl>(C)
®
2

iiﬂ
0
i1

U

oOr O —

Zshe () = 2 slx(C);

while
Zwws(*) = Zien(*) =0:

As a consequence we obtain for the in nitesimal change of tree

dt: (Zang) = (I®=2)(»i » )2 C

dts (Zshr ) = (®@=2)(» »' l) 2 C;
while

dtl (ths) = dtl (Z|en) = O

Note that »j » 6 0 since»6 §1. Since the cohomology classes of the

cocyclesf Zang; Zshr ; Ztws ; Ziend Provide a R-basis ofH 1(¥4T2; sl,(C)), we
obtain as a consequence of the above calculations:

Lemma 6.18. The function t. has C-rank 1 at A = [T holl. In
particular, the level-setV = ft. © t. (A)g is locally around A a smooth,
half-dimensional submanifold ofX (¥4 T2; SL»(C)). Furthermore, the co-
homology class of the cocyclee, provides aC-basis for TAV. The co-
homology classes of the cocycldzs ; Zien g provide a R-basis of TAV.
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We now turn to the spherical case.

Lemma6.19. Let% = Tﬁz hol; : ¥4T2! SU(2). Then % is a smooth
point of R(¥4T?;SU(2)). The local R-dimension of R(¥4T2; SU(2))
around % equals4. Furthermore, the tangent spaceTy,R(¥aT?; SU(2))
may be identied with Z1(¥4T?2; su(2)).

Proof. As above we de ne a map
F:S'£S'£SUQR)I SUR)E SUR) 5
(:uA )78 'Adiag(;, | HAI L Adiagt | HAI L

51 1 57 5

We consider the standardR-basis ofsu(2):

Y $7
2i=l1i Oﬂ.._llo l'ﬂ IJO.‘H4.
i

0ii 17 ;10 K=

Now R ¢i exponentiates to Z (%Y, T?)) = fdiag(";” i 1)j” 2 Slg, the
stabilizer of Yaunder the conjugation action of SU(2). It is easily veri ed
that

fdF(1;0;0);dF (0; 1;0); dF (0; 0;j ); dF (0; 0; K)g ... 1

are linearly independent if, 6 81 or* 6 §81. The result follows as
above. g.e.d.

Corollary 6.20. A = [ hol] is a smooth point ofX (¥aT?; SU(2)).
The local R-dimension of X (¥4T2;SU(2)) around A; equals2. Fur-
thermore, the tangent spaceTa X (Y4T2; SU(2)) may be identi ed with
H1(¥4T?; su(2).

Proof. The restriction of F to S' £ S! £f 1g provides a local slice
to the action through %, upon which the stabilizer of Y2 acts triv-
ially. The tangent space to the orbit through “ may be identi ed
with B1(¥4T2;su(2)). From the cohomology computations we have
dimgr H1(¥4T?; su(2)) = 2. g.e.d.

For ° 2 j we de ne a function t- : R(j ;SU(2)) ! R by t- (%3 =
tr £4°). If Y%is a smooth point of R(j ; SU(2)), then t- is smooth near
% Since tr is invariant under conjugation, t- descends to a map on the
quotient X (j ; SU(2)), which we again refer to ast-. If A=[%is a
smooth point of X (j ; SU(2)), then t- is smooth in a neighbourhood of
A

For a representation 2= (%4;%) . i ! SU(2) £ SU(2) and ° 2 j
let T! (A = t-(%). This de nes an R2-valued function T- = ( T&; T#) on
R(j ; SU(2) £ SU(2)), which we view as a \complex" trace function.

Let %2= ff, hol and let z = (z1;25) 2 Z'(%aT? su2) © su(2)) be
given. The in nitesimal change of the trace of£°) is given as

dT-(z) = (dt-(z1); dt- (z2)) :
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We wish to apply this t0 Zang; Zshr ; Zws and zien. Let , 2 % T2 be the
meridian and * 2 ¥4 T2 the longitude. We assume that

e, T
A, ) = 0o -~ i o -  2SU@ESUE
1 2
and by T u il
iy 2 92 0 gy suE)
0 » " O

with » = » = »and » 6 81, since’4*) is a nontrivial rotation. Then
Yopreserves the pair of axe$°;° ? g, where® = C\ S®and°? = Cj\ SS.
If we use cylindrical coordinates ¢; |; z) around °, then we have already
observed that

MM T . 0. 11
_ 1 i o 1 i o
Yeo-or 2 0ii '3 0 ii 2 su(2) © su(2)
d
i Hlll i 0 1 1M il 0 m
- : i :
Yo-07 5 0ii ‘2 0 i 2 su(2) © su(2):

In particular, this implies that ¥g-gt %@-e@2 i( U(8) ; E1), and on the
other hand ¥g-@i ¥@-e@2 i( U-(8) ; E2). Therefore we have

Ptws + 'ien 2 - 1(U(§) ;El)
and
s i Vien 2 - H(U(8) s Ep):
Again, we concentrate on the value of the cocyclegang; Zshr ; Ztws and

Zlen ON the meridiant 2 ¥ T2. We obtain
H K 1 H

Zang(*) = 0 G 2 su(2) © su(2)
H

Zshr (1) =

NI® N @

2 su(2) © su(2);

while
Zws(*) = Zen(*)=0:
As a consequence we obtain for the in nitesimal change of tree
dT: (Zang) = @ Im»;j Im») 2 R?
dT: (Zsne ) = & Im»;+Im ») 2 R?;
while
dT: (zws) = dT: (Zien) = O:

Note that Im » = Z_li(»i » 6 0 since » 6 §1. Since the cohomol-
ogy classes of the cocyclebzang; Zshr ; Ztws ; Ziend provide a R-basis of
H (¥4 T?;su(2) © su(2)), we obtain as a consequence of the above cal-
culations:
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Lemma 6.21. The function t. has R-rank 1 at A, = ['[fr2 hol;]. In
particular, the level-setV; = ft. ~ t. (A))gis locally around A; a smooth,
half-dimensional submanifold ofX (¥4T?2; SU(2)). Furthermore the co-
homology class of the cocyclews + zen provides a R-basis of Ta, Vi,
and the cohomology class of the cocycleys | zien provides aR-basis of
TAZVZ-

6.6.2. The higher genus case. Let :Fg! M be the inclusion of a
boundary component of higher genugg , 2. f{induces a group homo-
morphism & : YaFg ! %M and a map ff : R(*aM;G) ! R(%Fg; G)

for G = SL,(C) or SU(2) respectively.

Lemma 6.22. Let %: Y4Fg ! SL»(C) be irreducible. Then %is
a smooth point of R (% Fg; SL2(C)). The local C-dimension of
R(YaFg; SLo(C)) around Y2equals6g i 3. TyR(¥aFg; SL2(C)) may be
identi'ed with Z1(%4Fg; sl»(C)).

P%of. We identify R(¥aFg; SL>(C)) with the (axne algebraic)a set

identi"ed with the space of 1-cocyclesZ (¥4 Fg; sl(C)). From the coho-
mology computations we know that dimc H 1(1/L1Fg;sI2(C)) =6gij 6.
Since %is irreducible, we have Z°(%Fg;slz(C)) = 0, which implies
dimc Zl(l/‘ng; slo(C)) =6 gj 3. Hencerank dif =3, i.e., duf is surjec-
tive. Now the implicit function theorem implies that R(YaFg; SL>(C))
is smooth at Yawith Ty R(¥aFg; SL2(C)) = Zl(l/iFg;slz(C)). g.e.d.

Corollary 6.23. Let %= Tﬁg hol : YaFg ! SLy(C). Then %is
a smooth point of R (% Fg; SL>(C)). The local C-dimension of
R(¥aFg; SL>(C)) around Y2equals6gj 3. Furthermore T, R(¥4F4;SL>(C))
may be identied with Z1(%Fg; sl(C)).

Proof. Clearly “%is irreducible: If v 2 § is a singular vertex and we re-
strict hol further to U-(v), which deformation-retracts to a pair of pants

P % Fg, then f§ hol preserves a pointp 2 H3. Now if %was reducible,
then 1§ hol would preserve a geodesic, which is a contradiction. g.e.

Although the following is a well-known fact about the action of SL,(C)
on the irreducible part of R(j ; SL»(C)), for convenience of the reader
we give a proof:

Lemma 6.24. The action of SLy(C) on Ry (j ; SLz(C)) is proper.

Proof. Let X be a G-space. If we have a continuousG-equivariant
map from X to a proper G-spaceY, then X itself will be a proper
G-space. We construct a continuous, Sk(C)-equivariant map

Rir (i ;SL2(C)) # H®
w7 center();



496 H. WEISS

where the \center" of a representation will be the point in H 23, which
is displaced the least in average by the generators of the gop. More

precisely, let us x a presentation i 1;:::;°sj(ri)i2)i of j. Note that
the (modi ed) displacement function of A 2 SL,(C)
i H3 R

X 7{ coshd(x;Ax)i 1

is a convex function in general. It is strictly convex if A is parabolic. If
A is semisimple, it is strictly convex along any geodesic di®ent from
the axis of A. We de ne

1 X

fifx) = o B
i=1

If we have a sequence, 2 H2 which converges tox; 2 @ H?3, then
since Yzis irreducible, there has to be at least one’4°;) that does not
‘X X1 . Then it follows that +,.y(xn) ! 1 . Therefore fy,is proper. If
we take any geodesic, again since¥zis irreducible, there has to be at
least one’£°;) such that +- ) is strictly convex along °. Therefore f.,
is strictly convex.

As a proper and strictly convex function, fi,assumes its minimum at
a unique point in H23, which we de ne to be the center of%:

If we have a sequence of representatiorig converging to Y2with re-
spect to the compact-open topology onRj; (i ; SL2(C)), then f, con-
verges tof ,,uniformly on compact sets. Therefore the map center is con-
tinuous. Since#gag i 1(X) = #a(B1 1x) we obtain that the map center
is SLy(C)-equivariant.

This, together with the fact that the action of SL »(C) on H 3 is proper,
proves the lemma. g.e.d.

Corollary 6.25. A= [‘ﬂ‘ég hol] is a smooth point of X (Y4Fg; SL2(C)).
The local C-dimension of X (Y4Fg; SL>(C)) around A equals6g i 6.
TaX (YaFg; SL2(C)) may be identi ed with H 1(1/L1Fg,; sly(Q)).

Proof. Since the action of Sly(C) is proper, we have a local slice to
the action. We recall that the stabilizer of Y2 Z (*4¥4Fg)), equals f§ 1g.
Therefore X (YaFg; SL>(C)) is locally around A the quotient of a free
PSL,(C) action and therefore smooth. g.e.d.

The meridian curves around the singularity give rise to a pai-of-pants

N =3gj 3. This may be used to give an alternative construction of
R(Ya(Fg); SL2(C)), which is better suited for certain purposes.

Let P denote the thrice-punctured sphere, i.e., a pair of pants. Tle
fundamental group of P is the free group on 2 generators. We will use
the following slightly redundant presentation:

YaP = h ;1 ;1 3jt 1t ot 3 = 1
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It follows that
R(¥aP;SLy(C)) = f(A1;A2;Az) 2 SL2(C)3jA1AA3 = 1g:

Clearly the map f : SLy(C)3 ! SLy(C);(A1; A2 A3) 7! A1ALAz is a
submersion, such thatR(¥4P;SLy(C)) = fi (1) is a smooth submani-
fold of C-dimension 6.

Let § : S ! P be the inclusion of thei-th boundary circle. Then
the induced map f : R(Y4aP;SL>(C)) ! R(¥4S?; SL,(C)) corresponds
to the projection pri : R(%aP;SL2(C)) ! SLy(C); (A1; Az Az) 71 A,
which is also a submersion.

The veri cation of the following statement is elementary and left to
the reader:

Lemma 6.26. Let %2 = 9§ hol be the restriction of the holo-
nomy of a hyperbolic cone-manifold structure to a pair of pats P.
Then the di®erentials fdt. ;dt:,;dt: ,g are C-linearly independent in
T,R(YaP; SLx(C)).

Since ¥2= ¢ hol is irreducible, we can use Lemma 6.24 to con-
clude that A = [¥} is a smooth point in X (¥4P; SL,>(C)). The local C-
dimension ofX (¥4P; SL»(C)) around A'is 3. The functionsft: ;t:,;t:,g
are local holomorphic coordinates onX (Y4P; SL,(C)) near A.

We build up R(¥aFg; SL>(C)) from R(¥4P;SL>(C)) using two basic
operations:

1) glue a pair of pants P to a connected surface with boundaryS
along a boundary circle, call the resulting connected surfee S°
2) glue a connected surfaces along two di®erent boundary circles,
call the resulting connected surfaceS®
In the Trst case ¥4S%= %S dy,st YaP by van Kampen's theorem and
we have

R(%2S%SL2(C)) = R(¥aS;SL2(C)) £ rey,stisi,(cy R(¥aP;SLa(C))
via the maps
Tgly! s - R(%4S;SL(C)) ! R(¥4St; SLy(C))
and
1, p 1 R(¥aP;SL2(C)) ! R(¥4S'; SL(C));

which will be transversal since the latter one is a submersio. Therefore
Y= fRohol is a smooth point in R(¥4S% SL,(C)) since %5 = £ hol is a
smooth point in R(¥4S;SL>(C)) and Y» = 9§ hol is a smooth point in
R(¥4P; SL,(C)).

In the second casevy S splits as an HNN-extension of¥%4S. More
precisely, if 11;1, 2 ¥4S are the loops around the boundary circles,
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which will be identi ed, then ¥4S°= H4S; j.t 1,1 1= 1,i. Inthis case
we have
R(¥4S%SLy(C)) = f(%;B)jB¥s(*1)B' ' = ¥%&(* 2)g
%2 R(¥S;SL,(C)) £ SLy(C)
as a consequence. We show that the map
f i R(%S;SLy(C)) £ SLy(C) #  SLy(C)
(¥%6:B) 7 BYs(*1)BI (o)
is a submersion near¥z2= f§ohol. This implies that Y%= (Y&;B) is a
smooth point in R(¥2S® SL»(C)).

Surjectivity of df at Y2can be established as follows: LeA1 = Y&(* 1)
and A, = Y%(*,). Clearly the map B 7! BA.Bi 1A‘21 has C-rank 2.
Sincef dt. ,; dt. ,g are linearly independent, we can construct a deforma-
tion t 7! (¥%&)t with (¥&)t(* 2) = Az and dt:,(Y&) 6 0. This deformation
will be transverse to im(B 7! BA1Bi *AL1).

From the construction given above the following is immediat:

are linearly independent overC in T,,R(¥aFg; SL2(C)) for Y= ‘[Eg hol.
Clearly Z
Ztiws(lj) = . ! {ws =0
i
and z
leen(lj) = . ! Ilen =0:
j
Therefore .
dt: (ziys) = O
and _
dt:; (Zjen) =0:
As a consequence of this we obtain the following lemma.

Lemma 6.28. The level-setV = fti, ~ ti (A);::5 e, ~ ti, (A)g
is locally a smooth, half-dimensional submanifold ofX (¥4Fg; SL>(C))
around A = [TEg hol]. Furthermore, the cohomology classes of the cocy-

clesfzl, ;:::;zN, g provide a C-basis of TAV. Similarly, the cohomol-
ogy classes of the cocyclebzl,g;zl,;:::;z\s; 2,0 provide a R-basis
for TAV.

We now turn to the spherical case.

Lemma 6.29. Let %: Y4Fy ! SU(2) be irreducible. Then %
is a smooth point of R(¥4 Fg; SU(2)). The local R-dimension of
R(YaFg; SU(2)) around Y2equalségi 3. T.R(¥aFg; SU(2)) may be iden-
tied with Z1(%aFg;su(2)).
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Proof. This follows as in the case of Sk(C) from the cohomology
computations and the implicit function theorem. g.e.d.

Corollary 6.30. Let % = f¢ holi : ¥3 Fg ! SU(2). Then
Y% is a smooth point of R(¥4Fg; SU(2)). The local R-dimension of
R(¥aFg; SU(2)) around ¥, equals6gi 3. Furthermore T, R(¥4Fg; SU(2))
may be identied with Z1(¥4Fg; su(2)).

Proof. Clearly the % are both irreducible: If v 2 8 is a singular vertex
and we restrict hol = (hol 1; holy) further to U-(v), which deformation-
retracts to a pair of pants P %2 Fg, then 5 hol preserves a pointp 2 Sss.
Without loss of generality we may assume thatp=1 2 S® % H. Then
since

Stabsu(2)£ suU) (1) = f(A,A) A2 SU(Z)g,
we obtain that 1§ hol; = $§ hol,. Now if ¥4 or %2 were reducible, then
ff hol would preserve a geodesic, which is a contradiction. g-e.

Corollary 6.31. A = ['[;‘2g holi] is a smooth point of X (¥4Fg; SU(2)).
The local R-dimension of X (¥4 Fg; SU(2)) around A equalségi 6.
Ta X (YaFg; SU(2)) may be identi ed with H 1(1/¢1Fg,; su(2)).

Proof. Since the group SU(2) is compact, the properness of the actip
is granted. We recall that the stabilizer of %, Z (%(YaFg)), equalsf§ 1g.
Therefore X (YaFg; SU(2)) is near A; a quotient of a free PSU(2) action
and therefore smooth. g.e.d.

are linearly independent in Ty, R(YaFg; SU(2)) for % = Tﬁg hol;.

Proof. The arguments in the hyperbolic case apply without essentif
change. g.e.d.

We obtain nally:

Lemma 6.33. The level-setV; = ft:, ~ t,(A);::it, ~ ty (A)g
is locally a smooth, half-dimensional submanifold ofX (“aFg; SU(2))
around A = [TEg hol;]. The cohomology classes of the cocycles

vide a R-basis for T4, V.
6.7. Local rigidity.

Lemma 6.34. Let C be a hyperbolic or a spherical con&-manifold
with cone-angles- ¥ Then:

1) The natural map HY(M; E) ! H(@M:;E) is injective.

2) dmH(M; E)= JdimHY(@M;E).
In the spherical case, the assertions hold for the parallelubbundles
E % E individually.
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Proof. Let us look at a part of the long exact cohomology sequence
of the pair (M-; @M) with coezcients in E. The natural map q :
HI(M-;@M;E) | H(M-;E) factors through LZ?-cohomology, since
HY(M-; @M;E) = H(M; E):

— {(M-; @M; E) A I 1(NbOE) _ TN {(@M;E) |

H&L(M; E) ———H L, (M; E)

Since by our vanishing theoremHle(M; E) = 0, we have that q is the
zero map andr : HY(M-;E) ! H(@M;E) is injective.

Since the Killing form B on E (resp. the parallel metric hE in the
spherical case) provides a non-degenerate coezxcient paim we can
apply Poincarg duality to conclude that H2(M+; @M;E) 2 HY(M-; E)®
andH?(M-;E) 2 HY(M-: @M:; E)®. The Poincar® duality isomorphisms
are natural, such that we obtain the following commutative diagram:

HY Mg E)” ——HL(M-; @M E)°
2 ‘P.D. 2

—hH2 M @M E) ——H2 M E) ———

P.D.

Sinceq” = 0, we obtain the following short exact sequence:

(M5

2 | pP.D.
0—HiM-;E) —HY(@M;E) —HZM-; @M;E) —b

This implies that dim H(M-;E) = dim H1(@M;E). In the spherical
case these arguments apply to the parallel subbundleg 2E.  g.e.d.

6.7.1. The hyperbolic case. The following is a well-known fact about
the holonomy representation of a hyperbolic cone-manifold tsucture,
and for convenience of the reader we give a proof:

Lemma 6.35. The holonomy of a hyperbolic cone-manifold structure
hol : 4M ! SL,(C) is irreducible.

Proof. Let us assume that the holonomy representation is reducible
Then there is a pointx; 2 @ H3 “xed by the holonomy. The volume
decreasing °ow, which moves each poink with unit speed towards x1
along the unique geodesic connecting and x; , may then be pulled
back via the developing map to a volume decreasing °ow oM . This
is a contradiction sinceM has nite volume. g.e.d.
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Lemma 6.36. Let hol : 4aM ! SL,(C) be the holonomy of a hy-
perbolic cone-manifold structure with cone-angles % Then hol is a
smooth point of R(¥4M; SL,(C)). The C-dimension of R(¥4M; SL,(C))
around hol equals¢ + 3 j %A(@M), where ¢, is the number of torus
components contained iNn@M. TpoR(¥2M; SL2(C)) may be identi ed
with Z1(¥4M; slo(C)).

Proof. We follow the discussion in M. Kapovich's book (cf. Kap ]),
which essentially amounts to a transversality argument. The key to the
proof is the following splitting of M«:

Lemma 6.37 ([Kap, Lm. 8.46]). There is a system of disjoint 1-
handlesfHj;:::;H{g in M- attached to @M such that M; := M- n
int([ iH;) is a handlebody.

As a consequencévl- may be written as a union
M= M1[sMg;
where S is a surface of genugy =1+ tj A(@M)=2. M5 is homotopy
equivalent to the wedge product of the components of@M andtj b+1

circles, whereb is the number of components of @M. Therefore we
obtain by van Kampen's theorem

YaM» = Y4M1 (v, s YaMo;

where4 M is the free group ong generators, and¥aM , splits as a free
product of the fundamental groups of the components of@M andtj b+l
Z-factors. Consequently we obtain for the representation vaieties

R(¥aM-;SL>(C)) = R(¥aM1; SL2(C)) £ Ry s:sia(c)) R(¥aM2; SLo(C))
via the maps
res : R(vaM1;SLy(C)) ! R(¥4S;SL(C))
and
res : R(YaM,; SLy(C)) ! R(¥%4S;SLy(C)):
R(¥aM 1; SL,(C)) and R(¥aM ,; SL,(C)) are smooth near the restriction
of the holonomy of a hyperbolic cone-manifold structure. Noe that ¥4 S
surjects onto¥4M-. Since hol is irreducible, this will also be the case for
1§ hol, which is therefore seen to be a smooth point oR(%4S; SL>(C)).
Therefore it is sutcient to show that res; and res meet transversally
at 1§ hol. This will follow from the equation
dime Z*(¥aM1;812(C)) + dim ¢ Z*(%aM2; s15(C))
=dim ¢ Z}(¥4S; slx(C) + dim ¢ Z1(¥aM-; sl»(C));
if we use the identi cation
ZY(¥aM~;slh(C)) = (z1;22) jdresy(z1) = dres(z2)g
Y% Z(YaM1;812(C)) © Z*(YaM2; slo(C)):
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To obtain the desired equation, we have to calculate the dimasions of
the cocycle spaces; note thaZ(j q i %g)= 2 ;90 © 21 % 9):
1) dimc Z1(¥aM1;slx(C)) =3+3 ti SA(@M), since¥aM is the free
groupong=1+ tj A(@M)=2 generators.
2) dimc Z (Ya My shb(C) = ¢ i 3A(@ M) + 3t + 3, since
dimc Z1(%2T?; slo(C)) equals 4 at 1, hol, dimc Z*(¥4Fg; sl2(C)) =
i SA(Fg) + 3 at ‘[Eg hol and the fundamental group of a wedge of
ti b+ 1 circles is the free group on that number of generators.
3) dimc Z1(%S;sl(C)) = 6 tj 3A(@M)+3, since E hol is irreducible.
4) dimc Z1(%aM-;slx(C)) = ¢i SA(@M) + 3, since dimc H1(M-; E)
equals% dimc HY(@M; E) by Lemma 6.34; furthermore hol is ir-
reducible, thereforeZ%(¥4M-;sl>(C)) = 0.

This "nishes the proof. g.e.d.

Corollary 6.38. A =[hol] is a smooth point of X (¥aM; SL,(C). The
C-dimension of X (¥aM; SL,(C) around A equals¢, i SA(@M), where,
is the number of torus components in@M. TaX (Y4M; SL,(C)) may be
identi ed with H(¥4M; sl»(C)).

Proof. Z(hol(¥aM)) = f§ 1g since hol is irreducible. Using Lemma
6.24 we proceed in the same way as in the surface case. g.e.d.

We are now ready to state and prove the main result in the hypebolic
case:

Theorem 6.39. Let C be a hyperbolic cone3-manifold with cone-
angles- Y Let f1q;:::;1\g be the family of meridians, whereN is

is locally biholomorphic nearA = [hol] .

Proof. Without loss of generality we may assume that § is connected.
Then we have to consider two cases:

1) §is a circle, i.e., @M = T?

2) 8§ is a connected, trivalent graph, i.e., @M = Fg.
Let us recall what we have already established: In each of th@bove
cases, the level-set of the trace functions

H1(¥4@M;SLy(C)® at A. If we work in the de-Rham realization of
H1(Ya@M; SL»(C)), the classes of the di®erential forms

frlo..... I N

1
lens:-+1* len
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provide a C-basis of TAV. Furthermore, these forms areL 2-bounded on
U (8).

On the other hand, the restriction map H1(M; E) ! HY(@M;E) is
injective with half-dimensional image. This means thatX (¥4M;SL »(C))
is immersed into X (Y4@M; SL»(C)) as a half-dimensional submanifold.

We claim that the submanifolds V and X (¥4M; SL »(C)) are transver-
sal in X (Ya@M; SL»(C)) at A. It is sucient to show that TAV and
im(HY(M; E)! H(@M;E)) intersect trivially in H(@M;E).

Let ! 2 - 1(M; E) be a closed form such that []jgm 2 TaV. In
particular, since the forms! |, are L2-bounded onU-(§), ! + d¥%awill
be L?-bounded onU-(8) for some %2 j( U-(8) ; E). We choose a cut-o®
function ' , which is 1 in a neighbourhood of § and which is supported
in U-(8). Then '¥% extends to a section onM, such that ! + d('%) is
L2-bounded onM. SinceH},(M; E) = 0, this implies that [ ! ] = 0 in
H1(M; E) and therefore [ ligm = 0.

pendent already in H1(¥4M; SL»(C))". g.e.d.
The complex length of thei-th meridian is related to its trace via
i, (Y3 = §2cosh( (4" ))=2):

Locally the set of representationsz: ¥4M ! SL,(C)) such that L (%41 ;))

cone-manifold structures onM . The cone-angle® is just the imaginary
part of L(“4*;)), therefore we obtain using Lemma 6.5:

Corollary 6.40 (local rigidity) . Let C be a hyperbolic cone3-mani-
fold with cone-angles- ¥ Then the set of cone-angles®;;:::;®\ g,
whereN is the number of edges contained 18, provides a local parame-
trization of the space of hyperbolic cone-manifold structtes near the
given structure on M. In particular, there are no deformations leaving
the cone-angles xed.

6.7.2. The spherical case.

Lemma 6.41. Let hol : 4M ! SU(2) £ SU(2) be the holonomy
of a spherical cone-manifold structure. Thenhol; and hol, are both
non-abelian, unless§ is a link and M is Seifert bered.

Proof. Let us assume that hoj is abelian. Then we may assume that
the holonomy is contained in S* £ SU(2). This means that the Hopf-
“bration on S® % H obtained by left-multiplication with S! % H is
preserved by the holonomy and may be pulled back via the deveping
map to a Seifert bration on M. If hol, is abelian, then the Hopf-
“bration obtained by right-multiplication with ~ S* % H will be invariant
under the holonomy, and the same argument applies. In both cses the
singular locus § has to be a link, since in the presence of veites hok
and hol, are clearly irreducible. g.e.d.
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Lemma 6.42. Let hol; : ¥aM ! SU(2) be a component of the ho-
lonomy of a spherical cone-manifold structure with cone-agles- % If
M is not Seifert bered, then hol; is a smooth point of R(YaM; SU(2)).
The R-dimension of R(¥aM; SU(2)) around hol; equals¢,+3 j gA(@ M),
where¢, is the number of torus components iIN@M. Tho; R(YaM; SU(2))
may be identied with Z1(¥4M; su(2)).

Proof. The arguments in the hyperbolic case apply directly, theR-
dimensions of thesu(2)-cocycle spaces are equal to th€-dimensions of
the correspondingsl,(C)-cocycle spaces. g.e.d.

Corollary 6.43. A = [hol;] is a smooth point of X (Y4M; SU(2)).
The R-dimension of X (YaM; SU(2)) around A equals¢ i SA(@M),
where ¢, is the number of torus components iIN@M. Ta, X (YaM; SU(2))
may be identied with H1(¥4aM; su(2)).

Proof. The action of SU(2) on R (¥4 M; SU(2)) is proper since
SU (2) is a compact group. Since hglis non-abelian by Lemma 6.41,
we have that Z (hol;(¥aM)) = 8 1g. Now the result follows as in the
surface case. g.e.d.

The main result in the spherical case is the following theorm:

Theorem 6.44. Let C be a spherical cone3-manifold with cone-

is a local di®eomorphism neard; = [hol;] for i 2 f 1; 2g.

Proof. The proof proceeds exactly along the same lines as in the
hyperbolic case. The level-sets of the trace-functions
Vi=fto, "t (At i (A)g
are smooth, half-dimensional submanifolds ofX (¥4aM-; SU(2)) near A,
fori 2f1;2g. The classes of the di®erential forms

1 1 ..... N N
f!tws'{'!Ien’---v!tws"'!Ieng

provide a basis forTa, V1, while the classes of the forms

1 . 1 ..... N . N
f!twsl !Ien’---'!twsl !Ieng

provide a basis for Ta,V;. These forms arelL?-bounded on U-(8).
The same argument as in the hyperbolic case shows, thata Vi and
imHY(M; E) ! HY@M;E)) are transversal fori 2 f 1;2g. It fol-

already in H1(¥4M; SU(2))* at A fori 2 f 1;2g. g.e.d.
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Locally around hol the set of representations¥z= (¥;%2) such that

corresponds to spherical cone-manifold structures orM . The cone-
angle®, = Lo(*£;)) is related to the trace of the meridian via

ti, (Ya) = t:,(Y2) = 8 2cos@®=2):
Therefore we obtain using Lemma 6.8:

Corollary 6.45 (local rigidity) . Let C be a spherical cone3-manifold
with cone-angles: % which is not Seifert bered. Then the set of cone-

provides a local parametrization of the space of sphericalone-manifold
structures near the given structure onM . In particular, there are no
deformations leaving the cone-angles xed.
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