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VANISHING OF THE TOP CHERN CLASSES OF THE
MODULI OF VECTOR BUNDLES

Young-Hoon Kiem & Jun Li

Abstract

We prove the vanishing of the top Chern classes of the moduli
of rank three stable vector bundles on a smooth Riemann surface.
More precisely, the Chern classc; for i > 6gi 5 of the moduli
spaces of rank three vector bundles of degree one and two on a
genusg smooth Riemann surface all vanish. This generalizes the
rank two case, conjectured by Newstead and Ramanan and proved
by Gieseker.

0. Introduction

Let Y be a smooth nonsingular curve of genug, 2 and letMq(Y)
be the moduli space of stable vector bundles of rank and degreed on
Y. In cased and r are relatively prime, M.4(Y) is a smooth projective
variety of dimension r?(gj 1)+ 1. A classical conjecture of Newstead
and Ramanan states that

(0.1) G(M2a(Y))=0 for i> 2(gj 1);

i.e., the top 2gj 1 Chern classes vanish. The purpose of this paper is
to generalize this vanishing result to higher rank cases by gneralizing
Gieseker's degeneration method.

In the rank 2 case, there are two proofs of (0.1) due to Gieseke
[4] and Zagier [L6]. Zagier's proof is combinatorial based on the pre-
cise knowledge of the cohomology ring of the moduli space: bthe
Grothendieck-Riemann-Roch theorem, Zagier found an expressn for
the total Chern classc(M2:1(Y)) and then used Thaddeus's formula on
intersection pairing to show the desired vanishing. Becaus the compu-
tation is extremely complicated even in the rank 2 case, it sems almost
impossible to generalize this approach to higher rank cases

A more geometric proof of the vanishing (0.1) was provided byGiese-
ker via induction on the genusg. Let W I C be a °at family of
projective curves over a pointed smooth curve @ C such that
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(1) W is nonsingular,

(2) the bers W over s 6 0 are smooth projective curves of genug,

(3) the central ber Wy is an irreducible stable curve X with one
node as its only singular point.

Gieseker constructed a °at family of projective varietiesM 2.1(W) ! C
such that

(1) the total space M ,.1(W) is nonsingular,

(2) the bers M 2.1(Ws) over s 6 0 are the moduli spacesM ,.1(Ws)
of stable bundles overWs,

(3) the central ber M ».1(Wp) over 0 has only normal crossing singu-
larities.

Recently, this construction was generalized to the higher ank case by
Nagaraj and Seshadri in L1] by geometric invariant theory, and the
central ber M .4 (W) of their construction parameterizes certain vector
bundles on semistable models oK. In this paper, we will provide a
di®erent construction, using the technique developed ing].

To prove the vanishing of Chern classes by induction on genug,
Gieseker relates the central ber M ,.1(Wg) with the moduli space
M2.1(X) where X is the normalization of the nodal curve Wy = Xo.
Let M © be the normalization of M 2.1(W ), which is a smooth projective
variety. Its general points represent vector bundles onX o whose pull-
back to X are stable bundles, and hence induces a rational map

(0.2) M 9 99KM 2.1 (X ):

Gieseker then proves that the indeterminacy locus of this rdonal map
is precisely a projective bundlePE* of a vector bundle E* over the
product B = Jacg(X) £ Jacyi(X) of Jacobians, and the normal bundle
to PE* is the pull-back of a vector bundle Ei ! B tensored with
Ope- (i 1). This is a typical situation for °ips: we blow up M 9 along
PE* and then blow down along the PE* direction in the exceptional
divisor PE* £5 PEi . Let M?! be the result of this °ip. Then the
rational map becomes a morphismM X! M 2.1(X), and is a ber bundle
with ber GL(2) | the wonderful compacti cation of GL(2) | that is
constructed as follows. We rst compactify GL (2) by embedding it in

i b
P End(C°)©C :
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Its complement consists of two divisorsZ (divisor at in nity) and Y.
(zero locus of determinant). The wonderful compacti cation is by blow-

ing it up along 0 2 End(C?) and along Y\ Z§.
Zl/
Iy

The wonderful compacti cation of GL(r) for r | 2 is similarly de ned

by blowing up P(End(C") © C) along smooth subvarieties 2( 1) times
and the complement of GL (r) in it consists of 2r smooth normal crossing
In summary,

This was carefully studied by Kausz in [7].

divisors.
Gieseker obtains the following diagram:
(0.3) i1
blow—up| | | | | %ﬁv‘v’—;p
! $
MO M1
norm::llizati%){mttt
. ldddfy . A
M 2,1(Y(}egener(,m‘g/g1 21(W)o GLR)
2
M 2;1(X )

Afterwards, the proof of the vanishing result (0.1) is redued to a series

of very concrete Chern class computations.
To prove the vanishing of Chern classes for the higher rank e, we

“rst construct a diagram similar to (0.3). In x1, we (re-)construct a
degenerationM .4 (W) of Nagaraj and Seshadri, by using the stack of
degeneration de ned in B]. We take M © as the normalization of the cen-
tral ber of the family M .q(W). Next, we de'ne M ! as a ber bundle

over M4 (X) whose ber is GL(r) | the wonderful compacti cation of
M rd (X) £ X,

GL(r). Explicitly, working with a universal bundle U !

M 1 is the blow-up of
P (Hom(Ujp,; Ujp,) ©0)

along suitable smooth subvarieties exactly as in the constrction of

GL(r). The question is then how to relate M © with M 1. Our strategy
is to construct a family of complex manifolds M ® for 0 < ® < 1 and
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study their variations as ® moves from 1 to 0. We de ne a suitable
stability condition for each ® (De nition 1.1) and then show that the

set of ®-stable vector bundles on semistable models oKy admits the
structure of a proper separated smooth algebraic space. Inasticular,

M ® is a compact complex manifold.

To prove the vanishing result of Chern classes, we need a veprecise
description of the variation of M ®. We achieved this for the case of
rank 3. SinceM3.1(Y) 2 Ma3.2(Y) by the morphism [E] ! [E"] and
tensoring a line bundle of degree 1, we only need to considehe& case
whenr = 3 and d = 1. By the stability condition, the moduli spaces
M ® vary only at 1=3 and 2=3. We prove that M **2 is obtained from
M 1 as the consequence of two °ips and similarlM © is the consequence
of two °ips from M 72, The description is quite explicit and we have
the following diagram.

M 0 00 /M 1=2 00 /M 1

°ips ips
normalizﬂaéij)pﬂ‘“

Mg (Y) [0 54 (X GLO)
3’1(dggeneratio‘?'il( 0) GL®)

2

M3;1(X)

Now it is a matter of explicit but very involved Chern class computations
to verify the vanishing result by induction on genus g. The vanishing
result we prove in the end is the following.

Theorem 0.1. ¢ (M3.1(Y))=0 fori> 6gi 5.

In other words, the top 3gj 3 Chern classes vanish. It seems that
Ceg; 5 Should also vanish, but we haven't proved that. Notice that we
also haveci(M3.2(Y)) =0 for i> 6gj 5.

The paper is organized as follows. In Section 1, we will intrduce
and construct the moduli space of®-stable bundles on nodal curves;
a special case of this construction is the Gieseker's degeia¢ion for
high rank cases. The next section is devoted to the study of th ®
stable bundles and the generalized parabolic bundles on cues. The
initial investigation of the variation of the moduli spaces is carried out
in Section 3 and the detailed study of the °ips is achieved in $ction 4.
The last section is about the Chern class calculation.

1. ®-stable sheaves and Gieseker's degeration

In this section, we will introduce the notion of ®-stable sheaves and
prove their basic properties. We will then give an alternative construc-
tion of Gieseker's moduli of stable sheaves on nodal curves high rank
case. In the end, we will show that the normalization of such noduli
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spaces can be realized as the moduli spaces ®fstable bundles over
marked nodal curves.

1.1. ®-stable vector bundles. Let g, 2 be an integer and letX( be
a reduced and irreducible curve of arithmetic genusy with exactly one
node, q 2 Xg. For n , 0, we denote by X, the semistable model of
X that contains a chain of n-rational curves (i.e., P1). In this paper,
we will x such an Xg once and for all. Let X be the normalization
of Xo, with p; and p, 2 X the two liftings of the node of Xy under
the normalization morphism. For X, we denote byD the union of its

We order D; sothat D1\ X = pg, Dj\ Dij+1 6 ; andDp\ X = p2. We
let X% = Xoif gg= X jf p1;p20, which is an open subset ofX,. We
de ne the based automorphisms ofX , to be

Auto(Xn) = F%Xn 1~ Xnj¥xo  idyog® (CE)M

(Namely, they are automorphisms ofX , whose restrictions toX © ¥ X,
are the identity maps.)

Later, we need to study pairs Xn; @), where ¢ 2 X, are nodes of
Xn. In this paper, we will call (Xn; @) based nodal curves, and denote
them by X} with ¢ 2 X, implicitly understood. For m , n, we say
YaXm ! Xn is a contraction if %y o is the identity and Yjp, is either
an embedding or a constant map. A contraction of X4 ! XJ¥ is a
contraction of the underlying spacesX,, ! X, that send the based
node of X, to the based node ofXJ.

We now x a pair of positive integersr , 2 andA. Let X} = (Xn; )
be a based nodal curve and leE be a rankr locally free sheaf ofOx , -
modules with A(E) = A. We say E is admissible if the restriction Ejp,
has no negative degree factdr for eachi. (Here and later, for a closed
subschemeA %2 X, we useEja to meanE - o, Oa.) Next, we pick an
n-tuple d = (d;) 2 Z*" and let 2 be a suzciently small positive rational.
The pair (d;2) de nes a Q-polarization d(?) on X, whose degreg along
the component X 0 (resp. D;) is 1j 2jdj (resp. di2). (Here jdj=  d;.)
Now let F be any subsheaf ofE. We de ne the rank of F % E at
@’ 2 X3 to be

rY(F)=dimim fFjy ! Ejuo

For real ® we de ne the ®-d-slope (implicitly depending on the choice
of 2) of F X2 E to be

(1.1) L4(F:®) = (A(F) i ®Y(F))=rk 4F 2 Q:

1By Grothendieck's theorem, every vector bundle on P! is a direct sum of line
bundles. Each such line bundle is called a factor of this vector bundle.
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Here the denominator is de ned to be

X
rkqF = (1 i ?jdj)rank Fjxo + 2dj rank Fjp;:
i=1
We de ne the automorphism group Auto(E) to be the group of pairs
(¥4;f) so that 342 Auto(Xp) and f is an isomorphismE 2 37E.

Denition 1.1. Let E be a rankr locally free sheaf overX}. Let
®2 [0;1) be any real number. We sayE is ®-d-semistable (resp. weakly
®-d-stable) if for any proper subsheafF %2 E we have

Ya(F;®) - 14(E;®) (resp:<)

for 2 suzciently small. We say E is ®-d-stable if E is weakly ®-d-stable
and degEjp, > 0 for all i.

In caseE is a vector bundle on X, (without the marked node), we
say E is d-(semi)stable if the same condition holds with® = 0.

We remark that when ® = 0 the ®-d-stability de ned here coincides
with the Simpson stability (compare also the stability used in [5]).

We now collect a few facts about®-d-stable sheaves orX§. To avoid
complications arising from strictly semistable sheaves, & will restrict
ourselves to the caserfA)=1and ®2 [0;1) ©,:

(1.2) U
o, = f@2[0;1)] ®= tog oy f—g cAgiroirY 2 Z;
O<ro<r, O- rY-r2rgjr-ry- 2rog

Clearly, o, is a discrete subset of [p1). When (A;r) =1, 0 62,.

Lemma1.2. Let(r;A)=1 andA >r be as before. Le®2 [0;1)j &,
be any real and letd 2 Z*" be any weight. Then for any rankr ®-d-
semistable sheaE on X} of Euler characteristic A(E) = A, we have

(a) The restriction Ejp, has no negative degree factors and there is
no nontrivial section of E which vanishes onX .

(b) For any (partial ) contraction ¥ X% ! XJ the pull back¥%4E is
weakly ®d%stable for any weightd®2 z+™m.

(c) SupposeE is ®d-stable. Thenn - r and Auto(E) = CE.

A similar statement holds for d-(semi)stable sheave& on X,.

Proof. We rst prove (a). SupposeEjp, has a negative degree factor,
say Op,(j t). Let F be the kernel of E ! Ejp, ! O p,(j t). Then
rkqF < rkqE, r¥(F) - r and

A(F)= A(E)i A(Op, (i t)= AE)+ tj 1, A(E):
Hence,

A(F)i ®rY(F) . AE) | @r
r

1 - =
d(F; ®) KqF

= 14(E;®):
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This is a contradiction. Similarly, suppose there is a sectin s 2 H9(E)
so that its restriction to X 9 % X, is trivial. Let L be the subsheaf oE
generated by this section. Then sincek 4L = ¢2, ¢ > 0 and A(L) , 1,
14(L;®) > (1j ®=c2>1 4(E;®). This is a contradiction, which proves

(a).

We now prove (b). Let F be any subsheaf ofE. SinceE is ®d-
semistable,

(1.3) La(F;®) - 14(E;®):

Let ro(F) = rank Fjyxo. If ro(F) =0, then 1 4(F;®) = c2 !, for some
c 2 Q. Obviously ¢ > 0 is impossible by (1.3) andA > r. In case
c=0, then A(F)j ®rY(F) =0 and thus ! 4o(F;®) = 0 for all d® Since
A(E) > r, the strict inequality in (1.3) holds for all d° When ¢ < 0,
1 4o(F;®) = c®i ! for somec®< 0 as well. Hence the strict inequality in
(1.3) holds for d°too.
We next consider the caser > rankEjxo > 0. Then ! 4(F;®) j

! 4(E;®) is a continuous function of 2 whose value at? = 0 is

AF)i ®Y(F) A o
BRI

Because® 2 [0;1) | =, this is never zero. Hence for suzciently small
2

1a(Fi®) - 14(E;®) ) *ao(F;®) <t go(E;®):

It remains to consider the case whereo(F) = r. Obviously, we may
consider only proper subsheave$ such that Fjxo =~ Ejxo and thus
E=F is a nonzero sheaf oOp -modules. Becaus&=F is a quotient sheaf
of Ejp which is non-negative along eactD; 2D, A(E=F) , rj rY(F).
Since each vectorv 2 Ej, that lies in a subspace complementary to
ImfFjy ! Ejpg extends to a section ofE, A(E) i A(F)>®rj ®rY(F)
and thus * go(F; ®) <t 4o(E;®) for any d® This proves that E is weakly
d%stable for all d°

Now we prove that the pull-back of E to any X, is weakly ®d%
stable. We rst consider the casem = n + 1. For simplicity we assume
Yais the contraction of the last rational component of X ,41. We pick
d%so thatd®= d; fori - nandd®,; =1. Let F be a subsheaf ot/4E.
SinceFjp,,, has no positive degree factor¥sF is torsion free and is a
subsheaf ofE. Further, since R¥(F) is a skyscraper sheaf, by Leray
spectral sequence we have

A(F)= A(YaF)i ARWeF) - A(YF):
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We now investigate the caserg(F) > 0. (The other case can be treated
as in the proof of (b), and will be omitted.) BecauseE is weakly ®-d-
stable and® 622, we must have

AVeF) i ®rY(YF) - A(E) .
ro(YaF) r
Combined with the above inequality and r¥Y(F) , rY(¥F), we conclude
1 40(F;®) <1 4o(¥2E; ®):

This proves that ¥#E is weakly ®d%stable. The general casen > n +1
follows by induction. This completes the proof of (b).

Now assumeE is ®-d-stable. Consider the vector space
V =fs2 H%Ejp) js(p2) = 0g:

We know that its dimension is no less thann by Riemann-Roch since
degreeEjp) , n. By part (b), the evaluation map

Vi Ejp; via s7!s(p1) 2 Ejp,

is injective. Because dimEj,, = r, we haven - r. This proves (c).
The proof of the second part of (d) is based on the notion of GPB
and will be proved in Section 2 (Corollary 2.7). g.e.d.

In the light of this lemma, the ®-d-stability is independent of the
choice ofd as long as® 622,. In the remainder of this paper, we will
restrict ourselves to the case where the following is satisd.

Basic Assumption 1.3. We assume A) =1, A>r and ® 2
0;1)i B

Henceforth, we can and will call®-d-stable simply ®-stable with some
choice ofd understood.

1.2. Gieseker's degeneration of moduli spaces. In this subsection,
we will give an alternative construction of Gieseker's degeeration of
moduli of bundles in high rank case. The rst such constructon was
obtained by Nagaraj and Seshadri 11].

n
Via(X)= E jE isd-stable on X, for somen,
o]
rankE = nand AE) = A =»

Here two E and ECover X, and X, are isomorphic if there is a based
isomorphism% X, ! Xm so that YFE°2 E.

Lemma 1.4. The set V.4 (X) is bounded.

Proof. It follows immediately from the bound n - r in Lemma 1.2.
g.e.d.
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Let 0 2 C be a pointed smooth curve and let¥a: W ! C be a
projective family of curves all of whose bersWs exceptWg are smaooth
and the central ber Wy is the nodal curve Xg chosen before. Let
C*=Cj 0OandW*= W j Wp. Fors2 C* we let M a(Ws) be the
moduli space of rankr and Euler characteristic A (namely A(E) = A)
semistable vector bundles onWs. We then let M .4 (W*=C*) be the
associated relative moduli space; namely fos 2 C* we have

M r;A (Wi:Ci) £ Ci S = M r;A (Ws)

The goal of this section is to construct the degeneration of he family
M A (W*=C*) by Tling the central "ber of the family.

Our construction is aided by the construction of an Artin stack W
parameterizing all semi-stable models oWW=C. Without loss of gener-
ality, we can assumeC % Al is a Zariski open subset with 02 C the
origin of Al. Let W[0] = W and let W[1] be a small resolution of

WIO]£ a1 A%, where A% Alisvia (tq;tp) 7! tito:

The small resolution is chosen so that the ber of W[1] over 02 A2
is X1, and the bers of W[1] over the rst (second) coordinate line
Al 15 A? are a smoothing of the st (resp. second) node oX;. Next
W]2] is constructed as a small resolution of

WI1]£ 22 A3 where A1 AZis via (ty;to;t3) 7! (t1;tota):

The small resolution is chosen so that the "ber ofW[2] over 02 A% is
X and the “bers of W[2] over the i-th coordinate line A® ¥4 A3 are a
smoothing of the i-th node of X,. The degenerationW[n] is de ned
inductively. For the details of this construction please se [8, x1].

Let C[n] be C £ o1 A"*1. Then W|[n] is a projective family of curves

The G[n] action on W[n] is the unique lifting of the trivial action on W]0]
and the above action onA"*1. Consequently, we can viewW [n]=G[n]
as an Artin stack. It is easy to see thatW [n]=G[n] is an open substack
W n + 1]=G[n + 1] via the embedding W [n]=A" %2 W [n + 1]=A"*1 with
A" 5 A"*1 the embedding via ;) 7! (t;;1).

We de ne the groupoid W to be the category of pairs Ws=S;%),
where S are C-schemesWs are families of projective curves ovelS and
Y2 Ws ! W are C-projections, such that there are open coveringdJe
of Sand ¥%»:Up! C[ng] so that

Ws £ s Up 2 W[ne] £ cne) Ues
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compatible with the projection Ws ! W. Two families Wg and Wg are
isomorphic if there is an S-isomorphismf :Wsg ! Wg compatible to the
tautological projections Ws ! W and Wg ! 'W. By our construction,
W is indeed a stack.

We next de ne the family of stable sheaves oveiV. Let S=C be any
scheme overC. An S-family of locally free sheaves oveMW=C consists
of a memberWs in W over S and a °at family of locally free sheaves
E over Ws=S. We say E is admissible (resp. (semi)stable) if for each
closeds 2 S the restriction of E to the ber Ws = Ws £ gsis admissible
(resp. (semi)stable). Let Ws and wg be two families in W(S) and let
E and E°be two families of sheaves oveWs and W2. We sayE » E°
if there is an isomorphismf : Wsg ! wg in W(S) and a line bundle L
on S so that f "E®2 E - priL.

We now de ne the groupoid of our moduli problem. For anyC-scheme
S, let Fr.a (S) be the set of equivalence classes of all pair&(Ws), where
Ws are members inW(S) and E are °at S-families of rank r Euler
characteristic A stable vector bundles onWs.

We continue to assume the basic assumption 1.3.

Proposition 1.5. The functor F.A (W) is represented by an Artin
stack M .4 (W).

Proof. The proof is straightforward and will be omitted. g.e.d.

Since all stable sheaves have automorphism groups isomorigtto C#,
the coarse moduli spaceM .4 (W) of M .A(W) exists as an algebraic
space.

Theorem 1.6. The coarse moduli spaceM (.4 (W) is separated and
proper over C. Further, it is smooth and its central ber (over 02 C)
has normal crossing singularities.

We divide the proof into several lemmas.

We let F.a (W[r]) be the functor that associates to eachC[r]-scheme
S=C]r] the set of equivalence classésof stable sheave€ overW[r]£ ¢
S of rank r and Euler characteristic A. Since (;A) = 1, the stability is
independent of the choice of the polarizationsd(?). By [13], Fra(W]r])
is represented by an Artin stackM -4 (W [r]) and its coarse moduli space
M A (W[r]) is quasi-projective overCJr].

Lemma 1.7. The moduli stack Ma(W[r]) and the moduli space
M A (W][r]) are smooth overCJr].

Proof. This is a simple consequence of the deformation theory of
sheaves onW|[r]. Let [E] 2 Ma(W[r]) be a closed point, represented
by the sheaf E, as a sheaf ofOy ;;-modules. LetZ be the support

2The equivalence relation for sheaves overW|r] is the usual equivalence relation.
Namely E » E°if E 2 E°- priL.
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of E, which is a ber of W[r] over » 2 C[r]. We denote by { the in-
clusionZz ! W]r]. It follows from the deformation theory of sheaves
that the rst order deformation of E is given by the extension group
Ext\l,v[r](E; E) which “ts into the exact sequence

0f HYZEnd(E)) I Exty(E;E)
i H%Z End(fE)) - T,C[r]i O

Since E is stable, H 0(Z; End(fPE)) = C. Further, it is a direct check
that the homomorphism of the tangent spaces

(1.4) TeMea(Wlr) it T,C[r]

is the next to the last arrow in the above exact sequence.

To show that M .A (W|[r]) is smooth, we need to show that there is
no obstruction to deforming E. Since the supportZ is a closed ber
of W[r]! CJr] and sinceE is a locally free sheaf ofOz-modules, the
obstruction to deforming E lies in

H2(z; End(TFE)) - T,C[r]=0:

This shows that M.A(WI[r]) is smooth. Since (1.4) is surjective,
M A (W[r]) is smooth overCJr]. Finally, since the automorphism group
of each E] 2 M -4 (W[r]) is isomorphic to C£, the coarse moduli space
M A (W]r]) is also smooth overC[r]. This proves the lemma. g.e.d.

Corollary 1.8. The coarse moduli spaceM -4 (W) is smooth and is
°at over C.

Proof. Clearly the G[r]-action on W|[r] naturally lifts to an action
on MpA(WI[r]) and M A (W|[r]). By Lemma 1.2, the stabilizers of the
Glr]-action at all points of M .4 (W|[r]) are trivial. Hence the quotient
M A (W[r])=GJr] is an algebraic space. Further, becaus# .4 (W|[r]) is
smooth, M A (W[r])=CJr] is also smooth.

Now let

©:MaAW[r])=Clr]i# Mra(W)
be the induced morphism. To prove thatM .4 (W) is smooth it suzces
to show that © is surjective and is §tale. SinceM .a (W|[r]) is the coarse
moduli space of the stackM .4 (W[r]), its quotient M A (W [r])=G[r] is
the coarse moduli space of the stackM A (W[r])=G[r]. Because the
nature morphism

Mra(W[rD)=G[r] 1 M ra(W)
is Btale, the morphism © is also %tale. Further, © is surjetive because
of Lemma 1.2. This proves that M .4 (W) is smooth. Finally, since
M A (W]r]) is smooth overC[r]and C[r]! Cis°at, M a(W[r])! C
is °“at. Hence M A(W[r])=C[r]! Cis atand soisMpa(W)! C.
g.e.d.
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Lemma 1.9. The algebraic spaceM .4 (W) is separated and proper
over C.

Proof. We rst check that M .4 (W) is proper over C, using the val-
uation criterion. Let » 2 S be a closed point in a smooth curve over
C. We let S*= S »and let E* be a family of stable sheaves over
Ws: for a C-morphism S* ! C[n] for somen. We need to check that
S*1 Mra(W)extendstoS! Mpa(W). Since M 4 (W) is °at over
C, it sutces to check thoseS*! M 4 (W) that are °at over C. In case
» lies overC*, Ws: extends toWs = W £ ¢ S with smooth special ber
W,,. Hence there is an extension oE* to a family of stable sheaves over
Ws. We now assume» lies over 02 C. SinceS* is catover C, S! C
does not factor through 02 C. Without loss of generality we can assume
S*1  C factor through C* % C. Then E* is a family of stable sheaves
onW £ ¢ S*. We considerWs = W £ ¢ S, which possibly has singularity
along the node ofW,,. We let Ws be the canonical desingularization of
Ws. The central ber W, (of Ws over ») is isomorphic to X, for some
m. We next X a polarization d(2) on Ws so that its degrees along the
irreducible components ofW,, are 1 m22;:::;2. Then by [13], there
is an extension ofE* to an Os-°at sheaf of O, -modules E so that

Ejy, is semistable with respect to a polarizationd(?). Therefore E is

locally free sinceWs is smooth, E is Os-°at and Ej,; has no torsion
elements supported at points. By Lemma 1.2, for any rationalcurve
Di ¥2 W,, the restriction Ejp, is either trivial ( 2 ogf) or is admissible
along D;. We let Ws be the contraction of Wsg along thoseD; so that
Ejp, is trivial. Let Y4 Wsg ! Ws be the contraction morphism and let
E = Y%E. Itis direct to check that E is locally free and its restriction
to W, is admissible and stable.

It remains to show that the family Ws can be derived from aC-
morphism S! CJr]. Let t 2 j( Oa1) be the standard coordinate func-
tion. Since the exceptional divisor of Ws !  Ws has m irreducible
components, %8t 2 m™*! ; m™?2 where%2 S ! Al is the composite

S! C! Al Hence possibly after an §tale base change, we can assume
YB(t) = th¢ e, for tf 2 j(m,). Let S! C[m]= C£ 1 A™? be in-
duced byS! C and (tp;:::;th):S! A™1 Then one checks directly

be the nodes ofWw, and let %;;::::%0 be the nodes ofW,, ordered
according to our convention. Then the restriction of the cortraction
YW, | W, induces a surjective map
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We then dene t, = th‘i i A(3) = 3. Itis direct to check that
W[MIE cmq'S is isomorphic to Ws. Finally, we havem®- r by Lemma
1.2. HenceW[m] £ cm) S can be realized as a producW ([r] £ ¢y S for
someS! CJr]. This veri es the valuation criterion for properness.

We next show that M .4 (W) is separated, using the valuation crite-
rion. Let » 2 S be a closed point in a smooth curve ovelC, let Ws: be a
family associated to aC-morphism S*! CJ[r] and let E* be a family of
stable sheaves orWs:, as before. To verify the separatedness, we need
to show that there is at most one extension ofE* to families of stable
sheaves ovelS. Suppose there are two extensionwg and Wgoof Wg:
and two extensionsE® on W$ and E%on W2%f E*. We need to show
that there is a based isomorphism¥%: W2 | W2%nd an isomorphism
EO2 3£E Clearly, if » lies over a point in C*, this follows from the
fact that the moduli of stable sheaves on smooth curves are parated.
We now assume» lies over 02 C. Again, becauseM 4 (W) is °at over
C, we only need to check those so thatS* is °at over C. As before,
we let Ws = W £ ¢ S and let Ws be the canonical desingularization of
Ws. Because bothwg and W2%re “ber products W[n9 £ ¢[hq S and
W% £ cnog S for some C-morphisms S| C[n9and S! C[n%, the
canonical desingularizations of bothw2 and W2%re isomorphic to Ws.
Let

wWws! W and ¥%ws! w0
be the projections. Then by Lemma 1.2, bothv#E °and ¥£°E “are fam-
ilies of locally free stable vector bundles, extendingz*. Hence they are
isomorphic. Further, we observe that a rational curve D is contracted
by Y2if and only if Y#EYp is trivial. Because YAE?2 AE 0 hoth ¥4
and ¥#%ontract the same set of rational curves inWs. Hencew2 2 w{°
and under this isomorphism

O 14002 10900k E 00
This proves the separatedness. g.e.d.
We now complete the proof of the theorem.

Proof. It remains to show that the central ber of M .4 (W)=C has
normal crossing singularities. We consider the following @rtesian
square

MAWID & Mea(W]r)=GIr]
y y
crl & C=Clr=Cl]

We know that the upper and left arrows are smooth morphisms wiie
‘bersof C[r]! C are smooth except the central ber, which has normal
crossing singularities. Thus the central ber of the right arrow has nor-
mal crossing singularities. Finally, sinceM .z (W[r])=G[r]! M ra (W)
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is Btale and the arrow commutes with the two projections toC, the
‘bers of M .o (W) over C are smooth except the central ber which has
normal crossing singularities. g.e.d.

We conclude this subsection by remarking that the set of closd points
of M -4 (W) over 0 2 C is exactly the setV,.a (X) de ned in the beginning
of this subsection. This set is exactly the set used by Giesek and
Nagaraj - Seshadri in their construction degeneration of mduli spaces
[4, 11].

1.3. Normalization of the central ber. We close this section by
constructing the normalization of the central ber

Let [E] 2 M4 (W) be any closed point associated to a stable vector
bundle E on X,,. We consider the coarse moduli spacév -4 (W [n])
of stable sheaves onW[n]=C[n]. As we argued before, the induced
morphism M A (W[n])=G[n]! M 4 (W) is §tale and its image contains
[E]. For the same reason,

Mra(W[n]) £ Cln] (C[n]£c 0)=CG[n] ¥ M ra(Wo)

is Btale. Now letHk 12 A"*1 be the coordinate hyperplane transversal
to the k-th coordinate axis (we agree that the coordinate axes oA"*1
are indexed from 0 ton) and let HK I C[n] be the induced immersion.
Then

HX{# C[n]£cO
k=0
is the normalization morphism and the induced morphism

(Mra(W[n]) £¢cppH K=GIn]i M A(W[n]) £ ci) (CIn]£¢ 0)

k=0
is the normalization morphism. It follows that the closed points of the
normalization of M - (Wy) consist of the equivalence classes of triples
(E; X n; @) for somen where E are stable vector bundles overX, and
¢’ are nodes ofX .

The normalization of M A (W) is indeed itself a moduli space. Let
XY be the Artin stack (groupoid) of pointed semistable models & Xg.
Namely, XY(S) consists of pairs Ws; @) where Ws are members in
W(S) with S understood asC-schemes via the trivial morphismsS! 0
with 0 2 C, and ¢ are sections of nodes of the bers ofNs=S. An
isomorphism between two families Ws; ') and (W2;g®) is an isomor-
phism % Ws ! W2 in W(S) that preserves the sectionsg’ and .
We denote the pair (Ws; ) by WS. We dene the moduli groupoid
F A (XY) to be the category of all pairs (E; W{), where Ws 2 X¥(S) and
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E is a family of ®-stable sheaves orwg whose members (namely the re-
striction to closed bers of Ws=S) lie in the set Vﬁ'?,; (XY) of isomorphism

classes of®-stable rank r locally free sheave€ on XY for somen with
A(E) = A Two families (E; W{) and (E(’,Wé"ﬁ are equivalent if there
is an isomorphism %z Wg’ ! Wgy in W(S) and a line bundleL on S so
that f °E®2 E - priL. Following the proof of Theorem 1.5, one easily
shows that the functor F?A (XY) is represented by a smooth Artin stack.
Further, because of Corollary 2.7 its coarse moduli spaci ?A(XV) is
a smooth algebraic space. Again, similar to the proof of Lemra 1.9,
the coarse moduli space is proper and separated. Finally, # previous
argument shows that M 25 (XY) is a normalization of M .4 (Wo). We
summarize this in the following proposition.

Proposition 1.10. The groupoid Ff?A(Xy) forms a smooth Artin
stack M ?A(Xy) and its coarse moduli spacevi %’?A(Xy) is a proper smaooth
and separated algebraic space. Further, the canonical mohism
M P;A (X¥) ' M A (Wp) induced by forgetting the marked section of nodes
is the normalization morphism.

In caser = 2, the moduli spaceM 2.4(XY) is exactly the normalization
constructed in [4].

2. ®-stable bundles and generalized parabolic bundles

In this section, we will rst relate ®-stable sheaves orX?Y to General-
ized-Parabolic-Bundle (in short GPB) on X* = (X;p1 + pz2). We will
then show that the moduli of ®-stable sheaves orX?Y is a blow-up of
the moduli of ®stable GPB on X *. This will be used to study how
M 25 (XY) is related to M ¥3 (XY) in the next section. We will continue
to assume ¢;A) =1, A>r and ® 62, throughout this section.

2.1. GPB. We begin with the notion of GPB. Let X* be the pair
(X;p1+ p2). Arank r GPB on X* is a pair VC = (V;V?) of a rank
r vector bundle V on X and an r-dimensional subspaceV® % Vjp, + p,.
In this paper, we will use the convention that for any sheaf F and
closedp 2 X we denote byFj, the vector spaceF - k(p) and denote
by Vjp,+p, the vector spaceVj,, © Vj,,. For any subsheafF %2V we
denote by Fjp,+p, \ VO the subspace INiFjp,+p, ! Vip+p,g\ VO and
dene r* (F)=dim Fjp,4p, \ VO.

We begin with the investigation of locally free sheaves on al@in of
rational curves. Let R be a chain ofn P!'s coupled with two end points
Qo and g, in the rst and the last components of R. We order the n-
rational curves into Ry;:::; Ry sothat Rj\ Rj+1 = fggforl. i- nj 1,
6 1 2 Ry and oy 6 Gn; 1 2 Ry. In the following we will call such
R with g and ¢, understood an end-pointed chain of rational curves.
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Now let F be any admissible locally free sheaf oR. Inductively, we
de ne vector spacesW; Y2 Fjq by Wo = f0g and

Wi = fs(g) js2 HORi;F);s(g; 1) 2 Wi 19 Y2Fjqg:
We call Ty = W, the transfer of 02 Fjg, along R. Note that
(2.1) Ti = fs(on)js(qp)=0and s2 HYR;F)g:

If we reverse the order oR by putting Ri = Ry, i+1, we call the resulting
transfer TA Y2 Fjq, the reverse transfer of 0 2 Fjg,. Notice that we

have a well-de ned homomorphismFq, ! Fjg,=TA by assigning to each
elementc 2 Fjg, the class of §(qo)] 2 Fjg,=Ta for somes 2 HO(R;F)

such that s(g,) = c. The kernel of this homomorphism is precisely the
transfer T, . Hence we have a canonical isomorphism

(2.2) »:Fjg=T I Fjgp=Ta:
There is another way to see this isomorphism. LeH?(R;F-)-0 g !
F- and

"CF{ HYR;F-)--OR
be the canonical homomorphism. Then ker((q)) = T, ker(" (¢h)) =
T, and the isomorphism (2.2) is induced by

Fie# HOYR;F-)-A Fjg:

De nition 2.1.  We say a locally free sheaF on R is regular if there
are integersa; so that to eachi 2 [1;n],

Fir, = OF. ¥ ©Og,(1)* and dimW; =dim W;; 1 + &;:

Note that F is regular if and only if each restriction Fjr, has only
degree 0 and 1 factors and

(2.3) fs2 HO(R;F)js(qp) = s(¢h)=0g=0:

Also, if F is regular then degF =dim T, =dim Tz . We now prove a
lemma concerning regular bundles on rational chains that wl be useful
later.

Lemma 2.2. Let the notation be as before and let¥y : Fjg, !
Fip=TA and¥% :Fjq, ! Fjg,=Ti be the projections. Suppos&g %2 F g,
and S, Y2 Fjq, are two subspaces so that(¥(Sn)) 2 ¥%(So). Then
there is a subsheaF %2 F so thatImfFj oo ! Fjeg= So, ImfFj g, !
Fjg9= Sh and

A(F) . dim Sy +dim Soi dim %(So):

Proof. The proof is straightforward, is based on the following easy
observation. SupposeA Y2 Fjq, and B %2 Fjq, are one dimensional
subspaces so that¥(A) = »(¥%(B)) 6 f0g. Then there is a unique
subsheafL 2 Ogr %2 F so that ImfLj o, ! Fjeg = A and ImfLj ¢, !
Fi,9= B.
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We now construct the subsheafF. First, we write S, = A1 © A
so that A, = ker %, \ S,. Then by assumption, there is a subspace
A9 % Sy so that A9 is isomorphic to A; under %, 2 £»1 1 +%. We let
Az =ker ¥\ Sp and A; Y2 Sy be the compliment ofA? © As3. Then by
the observation just stated, there is a subsheaf; 2 Ogal 2 F, where
a1 = dim Ay, so that Fijq, % Fjg is A1 and Fijq, ¥ Fjg, is AJ. We
then pick F4 2 Oga“ Y2 F, where ag = dim A4, so that Fajg, %2 Fjg,
is As. We then de ne F, ¥ F to be the subsheaf spanned byfs 2
HO(F(i o)) j s(op) 2 Ag. Similarly, we dened F3 % F to be the
subsheaf spanned by sections il °(F (j o)) whose values atq, are in
B,. Clearly, A(Fi) = a;, wherea; = dim A;. Finally, let F % F be the
image sheaf of

" TF1OF,0F30F4( o) ! F:
By our consAtruction, we certainlps hgve ImfFj g I Figg= S fori =0
andn. As A(F), itis equalto  A(Fi)i asi A(ker'). Because the
restriction of ' to g and ¢, 2 R are injective, the structures of F;

guarantee that HO(R; ker' ) = 0. Hence A(ker' ) - 0. This proves the
inequality of A(F). g.e.d.

Now we pick a pair of non-negative integers iG; m), and form the two
end-pointed rational chains R and R? of length n and m, respectively.
Let go;0n 2 R and of; ¢ 2 RObe the respective end points with their
nodesq and ¢, respectively. We then form the 2-pointed curveX n.;m by
gluing p; and pz in X with the ¢ 2 R and the ¢ 2 R respectively, with
th, Q2 its two marked points. Namely, X .m has two tails of rational
curves, the left tail R 3 g, and the right tail R°3 ¢f,. If we identify ¢,
and 2, we obtain a pointed curve XY, ...

Now let E be a rankr vector bundle overX}, .. so that its restriction
to the chain of rational curves D %2 X 1+ iS regular. Let

Yo Xnm # XJem and % Xom i X
be the tautological projections. First, E, %4E is a locally free sheaf
on Xn,.m and E can be reconstructed from¥2E and the isomorphism
A:Ejg, ~ Ejy ~ Ejg, via
of Ef %E{Ql (Elg, ©Ejg)=iai O

where 4 ¥2 Ejq, © Ejq is the graph of A. Here we view the last non-
zero term in the sequence as &(@¥) vector space, which is naturally a
sheaf ofOx, ., -modules. In this way the vector bundle E on X}, ., is
equivalent to the GPB (E; i 4) over Xp:m .

We now show how the GPB E; i 4) naturally associates to a GPB
over X *. First let V = (¥%E-)-. Since the restriction of E to D is
regular, 2E- and henceV are locally free sheaves orX. Clearly, we
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have A(V) = A(E) = A(E) + r. Next, by its construction we have
canonical ¥#(Y4E-) ! E- and its dual

(2.4) Ei YWV’ Yi(YeE-)-:
Restricting to g, and ¢, we obtain
hi:Ejg, # %Vijg = Vip and ha:Ejg §  %Vjg = Vip,:

We then de'ne V° % Vip, © Vjp, to be the image of j4 %2 Ejg, © Ejg,
under the homomorphismh1 © h,. We claim that dim V% = r. Suppose
dimV® < r. Then there isv 2 j 4 so that hy(v) = hy(v) = 0. Since
V 2 j4A its image in Ejg, and in Ejgp are identical, using Ejg, ~
Ejq . By our previous discussion,hi(v) = 0 implies that v lies in
the kernel Ejg, ! Ejg=Ta , which implies that there is a sections 2
HO(Ejr(i o)) so that s(g,) = v. Similarly, ho(v) = 0 implies that there
is a sections®2 HO(Ejro(i ¢)) so that s{¢%) = v. The pair (s;s?) then
glues together to form a section ofE that vanishes alongX °. SinceEjp
is regular, such section must be trivial, and hencev = 0. This proves
that dim V° = r and hence the pairv® = (V;V° is a GPB on X .

2.2. ®-stable bundles and ®-stable GPB. In this subsection we will
show that the correspondence constructed in the previous dasection
relates ®-stable bundles onX, .. to ®-stable GPBs onX *.

De nition 2.3. Let ®2 [0;1). A GPB V© = (V;V?) is ®stable if
for any proper subbundleF %V we have! ®(F;®) <! ©(V;®), where

1S(F,®) = (AF)+ (@ i ®r*(F))=r(F):S

Let @AO(X *) be the set of all isomorphism classes o®-stable rank
r GPBs on X * of Euler characteristics A= A+ r. In this subsection,
we will show that the previous correspondence de nes a map

VRN G Sao(X*):
This map will be useful in studying the moduli of ®-stable sheaves on
XY,
We now prove the following equivalence of the stable GPB andtable

vector bundles onX}, ..

Proposition 2.4. Let E be a rankr vector bundle of Eular charac-
teristic A on X7, ,. SupposeEjp is regular.* Then E is ®stable if
and only if its associated GPBV ¢ = (V;V?) is ®stable.

3The ®-stability is the (1 | ®)-stability of GBP introduced in [ 1].
4By Lemma 1.2, Ejp is regular whenever E is ®-stable.
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Proof. We rst prove that E being ®-stable implies that V¢ is ®
stable. Let U %2V be any proper subbundle. We need to show that
16(U;®) <t ©(V;®. We will prove this inequality by constructing a
subsheafF % E so that ro(F) = r(U), A(F), A(U)i 2r(U)+ r*(U)
and rY(F) = r* (U). Then we have the inequality because

AU)+(1 | ®r* (V)

LG 1 @) —
(U&= )
(AF)+2rU)j rr(U)+1 i ®r*(U)
r(u)
= w+2 < M.{.Z

ro(F) r
_ AV O oy

r

We now construct suchF. First let O = Ejx \ U, which makes
sense since by constructiorV is just the result of a elementary (Hecke)
modi cation of Ejx at p; and p; so that Ejx %V is a subsheaf. Let
Ar = ImfOjp, ! Ejgg and A; = ImfUjp, ! qugg. We then let
B % i A be the preimage ofU® = VO\ (Ujp, © Ujp,) under the iso-
morphism VO 2 j 4, and let B; % Ejg, and B, %2 Ejg be the image
of B" under the obvious projections. Let¥% : Ejq, ! Ejg=TA and
% 'Elg, ! Ejg, =T be the projections and»: Ejg,=Ti 2 Ejg,=Ta
be the tautological isomorphisms, constructed in (2.2). Weclaim that
»¥a(B1)) ¥2 ¥%(A1). Indeed, let (ui;up) 2 B be any element with
(vi;Vv2) 2 UO its preimage. By denition, »(¥%(v1)) = ¥(u1). Hence
¥ (B1)) ¥2 Ye(A1). Similarly, if we let %8, 94, and »° be similar homo-
morphisms associated togd, 9, and pz, we have»{34, (B2)) ¥ ¥3(A2).

We now apply Lemma 2.2 to conclude that there is a subshedf; %2
Ejr so that

ImfFijg ! Ejgd= A1; IMfFijg, ! Ejg, 0= B1; A(F1), dimBi+ey;
where e; = dimker fOj,, ! Ujp, . Similarly, we have a subsheafF; %2
Ejro having

ImfFajg ! Ejgg= Az; ImfFajg | Ejgg 9= Ba; A(F2), dimBa+ ey;
where e; = dimkerfUOjp, ! Ujp,g. Note that By = B under the
identi cation Ejg, =~ Ejg, . Therefore, the subsheavedd Y2 Ejx, F1 %
Ejr and F; % Ejro glue together to form a subsheafr ¥2 E such that
ro(F) = r(U), rY(F) =dim B; =dim B, =dim U%= r*(U) and
A(F)= A@)+ A(F1)+ A(F2)j 2r(U)j dimC, A(U)j 2r(U)+dim U°:

Here we used the fact thatA(0) = A(U)| e1ij e. This F is the desired
subsheaf. This prove the rst part of the lemma.
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We postpone the other part of the proof until we give a more preise
description of the destabilizing subsheaf ofE. g.e.d.

2.3. ®stable GPB and ®-stable bundles. We will complete the
other half of Proposition 2.4 in this subsection.

We begin with a characterization of the destabilizing substeaf of E
on X/}, . Let E be a vector bundle onX}, ., as in Proposition 2.4. Let
F ¥ E be an®-destabilizing subsheaf. Namely?! (F;®) >* (E;®) and
is the largest possible among all subsheaves &f. SinceE|jp is regular,
as mentioned beforerg(F) = rank Fjyxo > 0. In the following, we say
that a sheaf FOwith F % F%%E is a small extension ofF % E if F&F
is a sheaf ofOp-modules. We sayFjp = F - o, Op is non-negative
if the torsion free part of the restriction of F to each rational curves
D; ¥2D has no-negative factors.

Lemma 2.5. Let E be as in Proposition 2.4 and F % E be an®-
destabilizing subsheaf. Therrg(F) > 0, Fjp is non-negative and there
is no non-negative small extensiorF %2 FO%E of F XA E.

Proof. First, ro(F) =0 is impossible because of our assumptior >
r. Suppose there is an irreducible componenD; % D so that Fjp,
is not non-negative. Namely, there is at > 0 so that Op,(j t) is a
quotient sheaf of Fjp,. We let F°be the kernel of the compositeF !
Fip, ' O p,(i t). Clearly, A(F9 , A(F) and rY(F9 - rY(F) while
rk qF% < rkgF. Hencel!4(F%®) > t 4(F;®), violating that F is an
®-destabilizing subsheaf ofE.

Now supposeF % FO% E is a small extension ofF so that FCis
also non-negative onD. We claim that t 4(F¢®) >t 4(F;®). We look
at the quotient sheaf F&F. Since F4p is non-negative, F =F is also
non-negative. Further, sinceF %F is a sheaf ofOp-modules, it is easy
to see that

AFEF), rY(FYi rY(F):
Hence becaus® < 1, the slope! 4(F2®) is

(A(F)i ®Y(F))+(A(F%F)i &rY(FYi r'(F))
rk qF + O(?)
AR i @(F) _
rk gF
Here we used the fact thatrg(F) > 0 and that 2 is suzciently small.

This violates the assumption that F is an ®-destabilizing subsheaf of
E. g.e.d.

4(F,®):

We now give a more precise description of the destabilizingubsheaf

dered rational curves of D % X7, ., with nodes p;:::;Ch+m and the
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marked node @ = ¢,. We let Dy;j; = [L:i+le be the subchain of
D. There are several (possible) subsheaves &jp that are important

to our later study. The rst is the subsheaf Oy % Ejp, which as a
sheaf is isomorphic toOp ,; , and such that the induced homomorphisms
¥G):Oy1- k(g)! Ejg and ¥(q):Oy;1- k(g)! Ejg are non-zero.
If we impose the condition ¥{q) 6 0 instead of ¥{qg) = 0, we denote
the resulting subsheaf byO;; ;. The sheavesOy;; ) are de ned similarly

in the obvious way. The other subsheaf isOPS_]mm] Y% Ejp, which as a
sheaf is an invertible sheaf ofOp-modules. Its degree orDy is 1 and its
degrees on other components are all 0, and the induced homomphisms

¥{qp) and ¥{th+m) are both non-zero.

Lemma 2.6. Let E be as in Proposition 2.4 and F ¥z E be its ®
destabilizing subsheaf. Then the image subsheaf Bfip ! Ejp is a
direct sum of subsheaves from the list

Oy Ogin+m)s Opon+mls Ofgins my’

Proof. SinceEjp is regular, all restrictions Fjp, have only degree 0
and 1 factors. We rst assume there is a componenDy so that Fjp,
has a factor Op, (1). Then there is a subchainDy;; containing Dy so
that this factor Op, (1) ¥2Fjp, extends to a subsheal %2 Fjp so that
L is an invertible sheaf of Op, ,-modules and the degree oL along
eachD; ¥2 Dy is non-negative. However, if there is anothed 6 k so
that the degree of L on D, is 1, then we can nd a section ofL that
vanishes atg and ¢f. UsingL! Ejp, this section induces a section of
E that vanishes on X °, violating the fact that Ejp is regular. Hence
deglLjp, =Oforall k& | 2 [i +1;j]. For the same reason we conclude
that ¥(qg):L- k(g)! Ejg cannot be zero since otherwise we can nd
a section of E that vanishes on X°. SinceEjp is locally free, this is
possible only ifi = 0. For the same reason we havg = n+ m and

¥{0h+m) 6 0. Hence L %2 E|p is a subsheaf of the typeO[k] % Ejp

[O;n+m]
described before.
Since Fjp has only degree 0 and 1 factors, it is direct to see that

OP(] % Fjp must be a direct summand. LetFjp = ol OF0

O;n+m] [0;n+ m]
be a decomposition. By repeating this procedure to the sheaF ° we

conclude that Fjp is a direct sum of sheaves of typeD{g;]mm] with a
sheafF whose restriction to eachD; has only degree 0 factors. We now
show that F must be a direct sum of a torsion sheaf and sheaves of the
“rst three kinds in the list of the lemma: Ojg;i1, O(i:n+m] @nd Ojg:n+ mi-
SupposeF is not supported at points. Then there is a subchainDy;; %2
D so that Op, , ¥2 F is a subsheaf. Let¥{q) and ¥{q;) be the induced
homomorphismsOp ;; , - k(g)! Ejg and Op,,- k(g)! Ejg. As
before, we can show that¥{q) and ¥{q) can not be simultaneously
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zero. Further, ¥{q) 6 0 is possible only ifi = 0. Hence F has a factor
from the rst three kinds in the above list. By repeating this argument,
we conclude that Fjp is a direct sum of sheaves supported omp and
Ch+m, and sheaves from the list. g.e.d.

We now complete the proof of Proposition 2.4

Proof. We need to show that if E is ®unstable thenV € is ®-unstable
as well. LetF 2 E be the ®-destabilizing subsheaf ofe. We let R and
RO be the left and the right rational tails of Xnm, let E = ¥5E be the
pull back vector bundle on X, and let TA Y2 Ejq, and TA % qug be
the reverse transfer ofEjr and Ejro. We follow the notation introduced
before (2.4) with g and ¢ the nodes ofR and R°so that ¢ = p; and

08 = p2. Then Ejx and V ts into the exact sequence
0f Ejxi Vi Ta-k(p)OTL - k(p)# O

Let F ¥ Ejx be the image subsheaf o¥8Fjx ! Ejx, let F°% F be the
largest subsheaf ofEjx so that F%F is torsion and let F°% V be the
largest subsheaf so thafF ¥ F°and F %F is torsion. Here the inclusion
F % FOis understood in terms of the inclusion of sheave€jx % V.
SinceF Ois the largest possible such subsheaf, it is a subbundle &jx
and F%F is contained in Ejp, © Ejp,. We claim that F&Fj, \ Ta =
F&Fjp, \ TR = f0g, since otherwise we can nd a small extension of
F ¥ E so that its 1 (¢®) degree is larger than! (F;®), violating the
maximality of the latter. Combined with the maximality of ! (F;®), we
conclude that F&F is a torsion sheaf supported atp; and p, and is
indeed a direct sum of ak(p1)-module and ak(p,)-module.

We now write the torsion free part of Fjp as a direct sum of sheaves
in the list of Lemma 2.6. Leta; (resp. a:) be the number of summands
of type Opg;jy with i - n (resp. i > n ) in the decomposition; letb, (resp.
b, ) be the number of O;.p + m; in the summand with i <n (resp. i, n);
let ¢ be the number of summandOyg.,+ ) @and let d; (resp. d:) be the

number of summandsO[[g_mm] with i - n (resp.i>n). A direct check

via the construction of V shows that
dimF%&Fj,, = ro(F)i (a+ +c+d.) and
dimF&Fjp, = ro(F)i (b +c+d,):
Hence
AFY= AF)+2ro(F)i (as + b +2c+d, +d.):

Further, by a direct check we have A(F) = A(F) + ¢ and rY(F) =
a +b +c+d +d.. Hence

A(FY = A(F)+2ro(F)i rY(F):
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A similar argument shows that r*(F) = a. + b + c+ d, + d. and
hencerY(F) = r*(F9. This implies that

AFY+@1 i ®r*(F9 _ A(F)i ®rY(F) ‘2> Aj @r N

r(F9 r(F9 r

A+ O
=
violating the ®-stability of V€. This completes the proof of Proposition
2.4, g.e.d.

Corollary 2.7. EachE 2 V% (XY) hasAutg(E) = CE.

2

Proof. Let E 2 V,@A(Xy) be a sheaf overX?, .. and let (%;f) be an
automorphism of E. Namely, %: Xn+m ! Xn+m IS a based automor-
phism and f :3%E 2 E is an isomorphism. Let?/?:xn;m 2 Xnpm and
f 0:38F 2 E be the induced isomorphisms. Sincéjyx =id, f induces
an isomorphismf~: Ejx ! Ejx. Clearly, f° preserves the subspaces
Ta % Ejg, and TR % Ejg. Hence if we denote byV® = (V;VO) the

associated GPB ofE, f~extends to an isomorphismf' as shown:

OfF  Elxd Y& Ta-k()QTR- k()i O
? ?. ?
yf yf y

0 Ejx & Vi Ti - k(p) © TR - k(p2) 0

We claim that the GPB structure V° % Vj, © Vjp, is preserved under
. Indeed, because i ¥2 Ejg, © Ejg is the graph of the tautological
isomorphism Ejq, 2 Ejg , and this isomorphism is preserved byf % j 4
is preserved byf © Next, we look at the homomorphism
Ejg, # Elg,=T i Ejg=Ta:

Obviously, the rst arrow is canonical. The second arrow is hduced
by oga Y% Ejr, Which is also preserved byf °©. Hence the composite of
the above arrows is invariant underf ®. Therefore, the image of j4 in
Vijp, © Vjp, will be preserved underf O This shows that (f; %) induces
an isomorphismf" of V& whose restriction to X © % X is exactly f jyo.

SinceE is ®-stable, V¢ is ®stable by Proposition 2.4 and hence by
the usual argument, the automorphism group of V¢ is C£. Hencef
is a multiple of the identity map. In particular, after repla cing f by a
multiple of itself, we can assumef jy o = id. We now show that %= id.

points of % the isomorphismf induces automorphisms jg :Ejg ! Ejg.
We rst claim that all fjq = id. Suppose not; sayfjq 6 id. Then
O0<k<n + msincefjyo = id. Since Ejp is non-negative, there
is a sections 2 HO(D;E) so that s(g) is not xed by fjq.. Hence
si fi1"¥sis a section ofH°(D; E) that vanishes on ¢ and ¢+ m but
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non-zero atcg. This violates the ®-stability of E. Hence allf j; are the
identities.

Next, we claim that % = ¥p, are identities for all Dy. Indeed, since
Eip, 2 O(DQL‘ 2© Op, (1)©? for somea > 0, there is no isomorphism of
Ejo, with ¥%(Ejp,) whose restrictions to ¢; 1 and g are the identity
maps unless¥ = id. Finally, since %= id and the restrictions of f to
X 0 and all nodes are the identity maps,f must be an identity map since
Ejp, has only degree 0 and 1 factors. This proves thafuto(E) = CE.

g.e.d.

The association fromE 2 V (XY) to V& 2 G%o(X *) constructed
above de nes a map

(2.5) VA 16 Tho(XY):

On the other hand, by [1] the moduli space of®-stable GPBs (V; V9 on
X* ofrankr and A(V) = A%= A+ r form a "ne moduli spaceG?Ao(X ).
We now show that the above correspondence induces a morphism

(2.6) ME(XY) 1 GEo(X™):

Later we will show that in caser = 3 this is the composition of two
blow-ups along smooth subvarieties.

Let FEa (XY) and Ffzo(X *) be the moduli functors of the setsVy; (XY)
and C{?AO(X*). To prove the statement, it sutces to show that the
map (2.5) denes a transformation of functors F4 (XY) ) Frzo(X™*).
Namely, to any schemeS and a family E 2 F%’?A(Xy)(S) it associates a
unique family V€ 2 F;o(X *)(S), compatible to (2.5), and satis es the
base change property. LetE 2 F?A(Xy)(S) be any family over (Ws; @).
Let ¥2: Ws !  Ws be the normalization along ¢¥(S) Y2 Ws and let
YiWs ! X £ S the contraction of all rational curves on the "bers. Let
g; and g+ ¥2Ws be the two sections ofWs=S that are the pre-images
of (S). We then denotepi = p£ S¥% X £ @ As usual, we indexqs
so that ¥4q;, ) = p1. WedeneV = 'Y418E- -. BecauseE is a family
of ®-stable sheavesR /4AE- = 0 for i > 0. Hence%YE- and V are
locally free sheaves oiX £ S. Next, there are canonical homomorphisms

YeYSE-jp, I YE-jq, and YBE-j,, I YAE-q.:
Coupled with the identity *2Ej;, ~ “6Ej;, , we obtain homomorphisms
. i : i ¢ s
Ely(s) ﬁ“ag YiEjq, +q. 1 YaV2E- “pi+ps Vi pitps

Here'ZEj, +q. iIS¥2Ejy, ©%2E]q, , considered as a sheaf @ds-modules.
We dene VO to be the image sheaf of the composition of the above
arrows. It is direct to check that this construction E ) (V;V°) satis es
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the base change property. Hence as we argued before (in constting
VE = (V;V9) for each closed» 2 S the induced

i ¢ :
Eiys) - KO Vi pi+p, - k()

is injective. HenceV? is a subvector bundle ofVjp,+p,. Consequently,
by Lemma 2.4 and the base change property the paiv® = (V;V9)
is a family of ®-stable GPB in F?AO(XU. This de nes the desired
transformation of the functors.

2.4. M P4 (XY) as a blow-up of G Z;0(X *). In this subsection, we will
restrict ourselves to the caser = 3 and A = 4. We will show that
M $,4(XY) is a blow up of G§,(X*). We will prove this by looking at
the inverse of (2.6):

(2.7) ©:GH (X" ) it MI);

and prove that after two blow-ups of the domain we can resolve he
indeterminacy and the resulting morphism is an isomorphism

For simplicity, in the remainder of this paper we will denote G%(X*)
by G® and denoteM $,(XY) by M ©. By [1, Theorem 2], we know that
there is a universal family of GPBs (V;V°) on G® £ X, where V is
a rank 3 vector bundle over G® £ X and VO is a rank 3 subbundle
of Vip,+p, » Viceep, © Vicegp, over G® On the open dense subset
U % G® where the inducedV® ! Vj p, andV°!Vj ,, are isomorphisms,
we get a family of vector bundles overU £ X by taking the kernel of

. L, ¢
(L€ BV (LE DaVjg=V Vipap, =V

where¥s X | X is the normalization map and g2 Xy is its node. By
Lemma 2.4, the resulting family is a family of ®-stable sheaves orK .

The resulting U-family of ®-stable sheaves de nes a morphisn !

M ®, which denes a rational map G® ! M®, inverse to the given
M®! G® We now show how to eliminate indeterminacy by blowing
up the domain G® twice.

Let Y; (resp. Z;) be the subvariety of G® consisting of GPB (V; V°)
such that V0! Vijp, (resp. VO! Vijp,) have ranks at mosti. Clearly
YoY% Yyand Zg Y2 Z1 Y2 Z, are chains of subvarieties with
Y, and Zy smooth. Further, because dimv® = 3, we know that
Zo\Yo=Yo\Zo=Y 1\ Z1=; and Y ; intersectsZ, and Z intersects
Y , transversally. We now blow up G® along Y o[ Zo. We denote the
blow-up of G® by G and denote the proper transforms ofY; and Z;
by Yi.1 and Z;.1. Because of the intersection property mentioned, the
proper transformsY 1.1 and Z 1.1 are smooth, satisfying similar intersec-
tion properties. We next blow up G§ along Y 1.1[ Z1.1. We denote the
blow-up by G® and denote the corresponding total transforms byY;
and Z;. This time, all Y; and Z; are smooth normal crossing divisors.
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We now show that G®j! M ® lifts to a morphism G®! M ®. Such
a morphism will be induced by a family of ®stable sheaves parameter-
ized by G®. We now construct such a family. First, we blow up the
codimension 2 subvarietiest'o £ p; and Zo £ p» . G®£ X . We denote
the resulting family (the blown-up) by W;. Let

Y W;! G® © :Wii GP£X and A:G®p G°®
be the obvious projections. Note that the bers ofY4 are one ofX, Xo:1
and X 1.0. Let g1 %2 Wy (resp. q%) be the proper transform of G® £ p;
(resp. G®£ p,) and let D1 (resp. DY) be the exceptional divisor over
Yo£ p1 (resp. Zo £ p2).

Next let (V;V°) be the universal bundle of G® given by a vector

bundle V over G® £ X and a subbundle V° of Vj,,+p,, Where p; =
G®E£ p % G®£ X. We introduce a new locally free sheaf onW;:

Vi, kefOV{ ©]Vijp, ©O1Vjpog:

BecauseY is the locus whereV?° ! Vjp, are zeros, and likewise for
Zo, the pull back A7VO! ©]Vjg,+ qo factors through

(2.8) VE, AVORV gjgpaqe

The pair (Vy; V?) is a family of GPBs on (W1;q1; q9), parameterized by
G®. As argued in §], for each» 2 G® the homomorphisms

V](.)jwl;» I‘ V 1le;»\ g1 and V](.)le;» II V 1jW1;»\ q?
have ranks at least 1.

We now modify this family along the rank 1 degeneracy lociY'; and
Z1. The construction is similar. We rst blow up W; along the disjoint
union of ¥4 Y(Y 1)\ q1 and ¥ %(Z1)\ q%. Let W, be the blow-up, let
2 and g9 be the proper transforms ofg; and q? and let D, and D9 be
the exceptional divisors of ©:W, ! W;. As argued in [4], the cokernel

o; - i
L1, CokerVjy gy #V 1y iivy) q,9

is a rank two locally free sheaf on¥} Yov1)\ qi1. Similarly, let LY be
de ned with Y'; replaced by Z; and with g, replaced byq$. It is also
a rank two locally free sheaf on%j %(Z1)\ q2. Similarly to the rank 0
case, we de neV, to be the kernel of GV, | ©5L; © ©5LY. Itis a
locally free sheaf oveW,. Further the homomorphism (2.8) induces a
homomorphism

(2.9) V3, AUV gjg,sqe

The pair (V2; VY9) is a family of GPBs on W, over G®.

Lastly, we resolve the rank 2 degeneracy. Let/ : W5 ! G® be
the projection and let W3 be the blow up of W, along the disjoint
union of % *(¥2)\ a2 and % *(Z2)\ q3. Let g3, g3 be the proper
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transforms of g, and g9 and let D 3 and D § be the exceptional divisors of
©3:W3 ! W,. Again the cokernell , of ng%-2 Ly 'V gjw-z 17, g, @Nd

the similarly de ned LJ are rank one locally free sheaves ot v\ g2

and ¥ 1(Z2)\ q3. We dene V3 to be the kernel of &V, | ©5L ,©©5L Y.

Then we have the canonical

(2.10) V3, AVOIV 3jgsqq

Lemma 2.8. The family of GPBs (V3;VJ) on W3 has the property
that the induced homomorphismsv® 'V 3jq, and V§ !V 3jqq are both
isomorphisms.

Proof. We omit the proof since it is similar to that in [ 4] and follows
directly from the construction. g.e.d.

For simplicity, we denote g3 and q$ % W3 by q and q° % W, and
denote (V3; V) by (V;v0), respectively. We then glue the two sections
q and g° of W to obtain a family WY over G® with the marked section
gY, the gluing locus. Clearly, WY is a family of based semistable model
of X and the tautological projection 2W ! WY is the normalization
of WY along g¥. Over WY, we de ne E via the¢exact sequence

O1EY  %V{i 'VigOVjp="{ O

We now show that the family E is a family of ®-stable vector bundles
over WY=G®. We begin with a closeds 2 G®, with E ! X}, the
restriction of E ! WY to the ber over 5. We will follow the notation
introduced before. In particular, let D be the chain of rational curves in
X, with ¢ = q, its based node, letX ,.m be its normalization along
@ and let R and R be its two rational tails. By our construction, E is
the gluing of a GPB (V;¥°) on X,m. Let » 2 G® be the image of>
with (V;V9) the corresponding GPB.

Lemma 2.9. The vector bundleVjr is a regular vector bundle, as
dened in Denition 2.1 Further, if we let A =kerfV®! Vjp, g, then
ImfA! V02 w01 vj, gis exactly the transfer T, % Vjq, dened in
(2.2).

Proof. We de ne the type of the left tail V|jr to be the triple (ig;i1;i2)
denedbyij =1if 52 Y; andi; = 0 otherwise. Clearly, n = ip+i1+is.
We rst study the case (ig;i1;i2) = (0;1;1). Since we only want to
understand Vjr, we can assume without loss of generality thatm = 0.
We begin with an explicit description of the construction of V' ! X2..
First, we let By 2 C? be the cokernel of VO ! Vj, and let VO =
kerfV ! Bi- k(p1)g. The de nition of V%induces a canonical Ttration
By % VY,,. Next, let U, be Op,(1)®? © Op,. Again the canonical
inclusion Op, (1)©2 % U, denes a Ttration Kk(go)®? %2 Uzjg,. We X
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an isomorphismUzjq, 2 VY, so that it preserves the two subspace€?
just mentioned. We then de ne V, by the induced exact sequence on
Xl;oi

0d Voi jaVoOjUsi VYo - k()@ O
By our construction of V,, V, is the restriction of V, to WZ;S. The

restriction of V2 1V 5jq, induces a homomorphismv? ! Vsjq,. Since
io =1, its cokernel B, has dimension 1.

We de ne V3 similarly. Let V2O be the kernel of\V, ! Bj. Note that
Viq has a Ttration C % C3. Let Uz = Op,(1) © Og?. Then Usjg
also has a Ttration C % C3. We x an isomorphism Vg 2 Ugjq,
preserving the two Ttrations. We then de ne V3 on X by the exact
sequence

0 Vai }JaVo©f2Usi Vg - k()i O

Heref : X109 ! Xz0and}%: D, ! Xyo are the obvious inclusions.
Again Vs is the restriction of V3 to the ber of W3 = W over 5. Also,
the restriction of V! V 3jq, gives usVC? ! Vijg,, which must be an
isomorphism.

We now check that V3jr, is regular. First, V3jp, has one degree 1
factor and two trivial factors. We claim that Vsjp, also has one degree
1 factor and two trivial factors. By our construction, this w ill be true
if IMfVO 1 Vhjg,g % Vajg, is di®erent from the C? % Vajg, induced
by the canonical Op, (1)°? % V,jp,. Indeed, if they are identical, then
VOl Vjp, has rank 0, a contradiction toig = 0. Hence V3jp, has only
one degree 1 factor.

It remains to show that dim T, %2 dim V3jg, = 2. We claim that
T =ImfA! V0! Vsj,g, where A = kerfV®! Vj, g2 C2 But
this can be checked directly based on our explicit construdgon, and will
be left to the readers.

The other cases are trivial except when the type ofV|jr is of type
(1;1;1). The study of this case is parallel to the case studied, andavill
be omitted. This proves the lemma. g.e.d.

Lemma 2.10. Let the notation be as before. ThenE on X/, . is
®-stable.

Proof. We rst check that Ejp is regular. By the previous lemma, the
restriction of E to each rational curve has only degree 1 and O factors.
Hence to showEjp is regular we only need to show that there is no
non-trivial section s 2 H9(E) that vanishes on X% %2 X, . Let s be
any such section and lets-be its lift in HO(X . ; V). Then s(g,) 2 T,
and s(q) 2 T?. On the other hand, if we letv 2 V° be the lift of s(g¥)
via the canonical V° 2 Ejy, s(ch) = s(g%) = v, under the canonical

Vig 2 Vig 2 VO, By the previous lemma, stq,) lies in the kernel of
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VOl Vij, and s(d) lies in the kernel of VO ! Vjp,. This is impossible
unlessv = 0 since V0! Vjp.+p, IS injective. This shows that s(¢¥) = 0.
Then s = 0 since Vjr, and Vjrg are both regular. This proves that
Ejr is regular.

Once we proved that Ejp is regular, we can apply Lemma 2.4 to
conclude that E is ®-stable. This completes the proof. g.e.d.

Corollary 2.11.  The family of locally free sheaves on WY over G®
is a family of ®-stable vector bundles.

As a consequence, we get a morphism : G®! M ® over G®. Now
let U ¥2 G® be the largest open subset so that jy is one-one. Since both
G® and M ® are smooth,, will be an isomorphism if Codim(G®; U) .
2. The complement of the 6 divisorsY;Z; (i = 0;1;2) represents
GPBs (V;V9) such that V®! Vj, and V%! Vij,, are isomorphisms.
Obviously this is mapped isomorphically by, onto the open subset in
M ® whose points represent®-stable bundles overX . By construction,
the complement of this open set inM ® consists of 6 divisors whose
generic points are bundlesE over X{ (2 choices for@) such that the
restriction of E to the rational component is 02©0 (1) 2 (3 choices for
a). From our construction of the family of ®-stable bundles overG®, it
is easy to see that, maps the 6 divisors ofG® to the 6 divisors of M ®©.
Hence the restriction of , to any of the 6 divisors Y i; Z; is generically
“nite. Since , is injective on the complement of the 6 divisors,, is
a local homeomorphism at generic points of the divisors and énce,
is injective on an open setU whose complement has codimension 2.
Therefore we have proved

Corollary 2.12. G®2 M®

3. Variations of M & (XY) in ®

The goal of this section is to investigate howM %(Xy) varies when®
varies in [0; 1). Following the work of [2, 15], it is expected that there
is a nite set A %2 (0;1) so that M fd (XY) is a constant family when ®
varies in a connected component of (01) j A. Further, for ® 2 A the
two moduli spaces

(3.1) ME ) At M (XY)
are birational and di®er by a series of °ips. In this section v will give
detailed description of the °ips of (3.1).

3.1. The jumping loci. We begin with determining the set A. We
continue to assume (;A) =1 and A > r throughout this section. Let
® 2 [0;1)j =, be any real number, let+ > 0 be a suzciently small
number and let ® = ®§ + We supposeM ??‘A(Xy) is di®erent from
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M € (XY). Then there is a locally free sheaE on X{ thatisin M & (XY)
but notin M %&(Xy). Namely, there is a proper subsheaf %z E so that
(3.2) 14(F;® )<t 4(E;® ) while 14(F;®"), 14(E;®"):
SinceEjp is regular, ro(F) > 0. Then (3.2) implies that
A(F)i ®Y(F) _ AEE)i @r,
ro(F) r '

This means that ® 2 a,. Hence the setA can be chosen to be p. We
summarize it as a lemma.

B

Lemma 3.1. For any two ®;;®;, in a connected component of0; 1)
a,, the birational map (3.1) is an isomorphism.

It is direct to check that & 3 = f 1=3; 2=3g.

In the remainder of this section, we will restrict ourselvesto the case
wherer = 3. Since for ® 62a 3 the moduli spaceM <§3;A is a blow-up of
GE?;AO, the previous lemma suggests the following lemma.

Lemma 3.2. When ® varies in a connected component of0; 1) =3
the moduli spacesG §4 are all isomorphic.

Proof. The proof is straightforward and will be omitted. g.e.d.

As in [4], it is relatively easy to prove a vanishing result of the top
Chern classes of a certain vector bundle oM %‘A What we need is the
vanishing result on M S;A- One strategy to achieve this is to give an
explicit description of the °ips involved in the birational maps

M3A Al M3ZAil M

It turns out the two arrows are similar. So we only need to study the
“rst arrow in detail.

3.2. Variation of G 30. SinceM {4 is a blow-up of G %, it is natural
to study the variation of G® in detail, which we will do now.

As we will see, we need to study GPB Y¥; V°) with dim V° 6 rank V.
Here is our convention. We denote byG s, the moduli space of®
stable GPBs (V;V°) of rank r vector bundlesV with A(V) = A and
a-dimensional subspace® © %2 Vjp,+p,. We will still use G4 to denote
G?A;r ,i.e., when dimV° =rank V. Also, in the remainder of this paper
we will mostly be interested in the caser = 3 and A = 4; for convenience
we will abbreviate G§, to G® and abbreviate M §, to M ©.

We st investigate how G® varies when® varies. Recall that a GPB
(V;V9) 2 GFas on X is ®stable (®-semistable) if for any nontrivial
proper subsheafF Y2V, we have

AF)+(1 i ®dimVO\ Fjp+p, - AV)+(1 | ®a .
r(F) r )




VANISHING OF THE TOP CHERN CLASSES ... 75

Since both sides of the above inequality are linear, if a GPBY;V°) on
X is ®;-stable but ®,-unstable for some®; < ®, in the interval [0; 1),
then we get the equality
(3.3) AF)+ (1 i ®dimV°\ Fjy+p, _7+(1i ®3

' rank(F) 3
for some ® between ® and ®,. It is elementary to check that the
equality can hold only when ® = 1=3 or 2=3. HenceG® varies only at
®=1=3 and 2=3 and thus it sutces to consider only the moduli spaces
G%,G"andGY .

The variation of G® near ® = 1=3 can be described as follows: the
equation (3.3) holds at ® = 1=3 only if we have a subbundleF such
that

(3.4) rank(F)=2; A(F)=4; dimV°\ Fjy.p, =3

or a subbundleL such that
(3.5) rank(L)=1; A(L)=3; dimV°\ Lyp, =0:

Suppose a GPB ¥; V) is 0* -stable but 1=2-unstable. ThenV has a
subbundleL satisfying (3.5). The quotient bundle F = V=L is equipped
with a 3-dimensional subspacé-° of F jp, ., that is the image of V0. Let
L9 = 0. Then both GPBs (L;L 9 and (F;F°) are 1=3-stable with the
same parabolic slopes. Notice that the #3-semistability is equivalent

to the 1=3-stability for G, and G140.

We now let A = G453 £ Gigo. The previous argument shows that
there are maps

GO, Glzzﬁ' A /Nii,+ G2, GO

that send (V;V©°) to pairs ((F;F°);(L;L°). We now show that there
are two vector bundlesWi and W* over A so that

(3.6) G% ¥ =pPwW! and G¥?; G%°=pPW*:

Let (FC:L®) = (( F;F9:(L;L%) 2 A be any pair. Let Ext'(FC;LC®)
be the space of all extensions of GPBs

of LSy Ve FCy@ o
It is a C-vector space which ts into the long exact sequence
0f Hom(F®;L®){ Hom(F;L){# Hom(F%Ljp,+p,=L%
I ExtY(F®;L®) ¢ Ext(F;L)} o
Thus we have
(1)PH(FSL®) = PEXY(FELE):
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Since L® and F© are both 1=3-stable with the same slope,
Hom(F©;LC®) = 0 by a standard argument. Hence by the Riemann-
Roch theorem, we have

dmExtY{(F®;L%) = i AExtY(F;L))+6=2 g:
(Recallg(X) = gij 1.) As to the baseA, we have
dim Gas = dimExt Y(F&;FC®) = j AEXtYF;F))+1+3=4 g 4
and
dim Gigo = dimExt }(L%;L®) = | AEXtYLL)+1= gi L
Thus dimA =5gi 5 and
' ¢
dim'G%; G2 =(2gi 1)+(59i 5)=7g; &
Following the standard procedure, we pick a universal famy FC =
(F;F9) over G%;:f;3 £ X* and a universal family L = (L;L°) over
Gf;o £ X*. We let ¥ be the projection from A £ X = G;;:ﬁs £
GféOE X to the product of the i-th and the j -th factor. We then form
the locally free sheaves
Wi = Exty,, (VisF ©; %L ) and W' = Ext i, (¥5L %; Y45F ©):
Note that "bers of Wi and W™ over (F©: L®) are exactly Ext}(F©; LC)
and Ext}(LC; F©), respectively. Again, as in [L4] one shows that
Goi G1=2 = PW| and NPWi =GO 2 ]/L?W-'- -0 PW i (] 1)
Here we useNa-g to denote the normal bundle of A %2 B and % :
PWi I A is the projection. Notice that
dmM®=dim G°=(7g; 6)+dimExt }{(L®;F®)=9g; 8
(the dimension of Ext! is calculated below), which is exactly the dimen-
sion of the moduli of rank three vector bundles over a genug curve.
Similarly, the vector space Ext'(LC; F ©) that parameterize all exten-
sions
of FSy Ve LGy o0
satis es a similar long exact sequence and by the stability bF€ we
have
dmExtY{(L®;F®) = { AExt(L;F))=2gi 2
Hence for the same reason,
G G°=PW" and Npy+-gi2 2 AW -0 py- (i 1):

Again, following the work of Thaddeus [14], one checks that the blow-
up of G% along PWi is isomorphic to the blow-up of G172 along PW*,
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extending the birational map G% ! G2, Since the details are rou-
tine, we omit them here. This is the explicit description of the °ip
betweenG? and G172,

3.3. Flip loci in M ®{First approach. In this subsection, we will
study the °ip loci of M9 »y;, M 172 utilizing the fact that both are
moduli of stable vector bundles overX?V.

Let§i MCand §* % M ¥ be the indeterminacy loci of the above
birational map, namely the smallest closed subsets so that

(3.7) MO §i ¢ M2 §*

is an isomorphism. Our st approach to determine the set & is to
characterize all members in & .

Lemma 3.3. Let E 2 §% be any member andF % E its 1=3 -

destabilizing subsheaf. Then )

Proof. By Lemma 2.5, we must haverg(F) = 1 or 2. In the case
ro(F) =1, rY(F) and A(F) must satisfy the equation A(F) i rY(F)=3 =
(4i 1)=3, which is possible only ifrY(F) = 0 and A(F) = 1. To determine
if E isin 8" or 8", we only need to compute

1(F;0)» 1< 4=3 and !(F;1=2)» 1> 4=3j 1=2

which implies that E 62V 172, Thus E 2 §i .

Similarly, when ro(F) = 2, the restraint is A(F)=2j rY(F)=6=(4 ;
1)=3, which has solutionr¥(F) = 3 and A(F) = 3. A simple computation
shows thatE 2 §™. g.e.d.

We now give a more detailed description of paird= %2E 2 §* which
must have (ro(F);rY(F); A(F)) = (2 ;3;3). We assumeE is over X/, .
As before, let go; u;::: be the nodes ofX [, , with go = p, in X. We
dene r(F;q) =dimfFj; ! Ejgg. Then sincero(F) = 2, we must
have r(F; o), r(F;gn) - 2. On the other hand, let Fj3 = ©kL; °
be the decomposition given by Lemma 2.6. Then because’(F) = 3,
k, 3. We claim that k = 3. First, bg:(cause

4, r(Figo) + r(Fian) = r(Li;op) + r(Li;ch);
and r(Li;q) + r(Li;¢n) , 1, k > 4 is impossible. Whenk = 4, by
Lemma 3.3

(Fip)"" 2 O;,) © Opg;ip) © Oj,:n1 © O yin:

5FjY is the torsion free part of Fjp .
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Clearly, this is possible only if A(Ejp) , 4+4A(Op), which contradicts
the regularity of Ejp. Hencek = 3. In this case we must have

: k

(Fip)*" 2 Op;) ©Oyjn) ©Opony OF Opgsy © O] © Ol
Now let the marked node of X} be q. Sincer(F;q) > r (F;q) and
r(F; ), we must have 0<|<n ;thus n =2 or 3. When n =2, Fj3
must be one of the list
: [ . [2 .

(3.8) Opp;2)©00,21©O010;2); Of0;2)©0(0;2/©0 .1 Of0;2)©00:2)©O0 .-
When n = 3, the ®3-stable condition on E forces Ejp, to have at
least one degree 1 factor and combined there are at most thredegree
1 factors. Hence eaclEjp, has exactly one degree 1 factor. Following
this, it is easy to see that when@’ = q, Fj% must be one of

3 2
(3.9) Opp:2) © O(03© Ojgyzy: Ofory) © O0:9 © Opgiy
and when@’ = @, Fjp must be one of

Oj0:3 © O1:5 © Ofglyyi Opog) © O0 © Opgyy:

To make our presentation easier to follow, we represent suclsub-
sheaves by graphs. Here is the rule we will follow: for eacby %2 D,
we will encounter invertible subsheaves¥.: L ! Ejp,, where L is ei-
ther Op, or Op,(1). There are two cases, depending on whether the
image sheaf¥{L) lies in a factor Op, or a factor Op, (1) of Ejp,. In
case¥{q; 1) = 0 (resp. 6 0) we will attach a circle (resp. dot) to the
left end point of this line segment. We attach a circle or a dotto the
right end point of the line segment according to whether¥{¢) = 0 or
6 0. Following this rule, we will represent a sheaf ofOp-modules whose
restriction to each Dy is as mentioned by a chain of line segments, with
dots or circles attached. The following is the list of such sbsheaves on
D= D[o;z]:

cL s s s _s1 ¢ s s s s1s s S s1 s
Figure 1. These represent subsheave® .5, Oo:2), Ojo:2) O[[élz] and
ol

[0;2]"

We next indicate how to represent a pair of sheaved Y2 E near
D % X%’. Let U; and U, be small (analytic) disks containing p; and
p22 X andletD = Uy [ D[ U, % X, be an analytic neighborhood of
D % X,. The following are three examples of paird- ¥z E of subsheaves
in invertible sheavesE:
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€1 s s @1 s s s 21 ¢

Figure 2. The sheavesE in all three cases are invertible sheaves @ -
modules. Their degrees alondp; and D, are 1 and O (abbreviatedog])

in the rst two cases and 0 and 1 (abbreviated Og]) in the last case.
In the rst case, F 2 E and E=F = 0; in the second caseF = Opjy,
and E=F 2 Oy,; in the last case,F = Oy, p and E=F 2 Oy,. The
three arrows indicate that the marked node of the rst two examples is
o and of the last example isq;.

Accordingly, a pair F % E with rank E = 3 along D will be repre-
sented by three horizontal lines, each representing a direcsummand of
Ejg- The following is such an example:

s %1 ¢
cL s s
_s1. s S

Figure 3. In this example, Ejj is a direct sum of (from top to bottom)
Og] © Og] © Ol[ﬁl]; the solid lines represent the subsheafjy %2 Ejg,
which is a direct sum of Oy,[p % Og], Opju, % Ol[ﬁl] and Og] s OI[;].

By analyzing the possible structures off F 2 Eg 2 §* over X/, .
we arrive at the following complete lists of such sheaves:

_s 31 c _s 41 c.cC _s s %1 ¢
170: . c1 s s I71: . cis s s 172 . c..ci s _ s
s s s s s si s _s1s s s
w0 _s 31 c " _s s %1 ¢ v _s s %1 ¢
lp-:..cl s s lp7i.cl.s s s [pfi.c..cl s S
_s1s s s s1 s s _s1s s s
_s %1 ¢ _s 2% s1 ¢ _s %1 c¢c..¢
129: c1 s s IFl: . cis s s 172: c1s s s
_s _si s _s _si1s_ S s s _si s

Figure 4. This is the complete list of sheaves in § . Note that 121 are
the re°ections of I,

Lemma 3.4. The above is a complete list of sheaves i6*. The
sheaves of typed i” can be (small) deformed to sheaves of type" 0,
Let I, I{ and I be the set of sheaves i§* of types|Z? I} ®and
| &9 respectively. Thenl}, I, and I{ are three irreducible components
of §*. Finally, 1) \ If = ; while I3 \ I} (resp. 17\ 1) is the set
consisting of sheaves of typés* = 172 (resp. 132 = 1}2).
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Proof. We have already shown that sheaves of types in the above list
can not be 0-stable. On the other hand, it is easy to construct gamples
of sheaves of each of the type in the list that are #2-stable. Hence,
all types in the list classi es some sheaves in §. It remains to show
that this is a complete list. If fF %2Eg2 8™ is overxg, then we have
already shown that it must be from the list f1;° ;I;0 120g. The case
whereE is overX%’ is similar, and will be omitted.

The statement that sheaves inl 71 can be deformed to sheaves ih;°
is straightforward. Let E be such a sheaf, oveK 3 with ¢ = ;. Clearly,
by smoothing the nodeqs 2 X3 we can deformX 3 to XJ. Then it is
direct to see that we can deformE to E%on XJ so that E®has type | }°.
The proof of the remaining statements are similar. We omit the details
here since a direct construction will be given when we studyhe °ips of
M © later. g.e.d.

We next give the graphs of all types of sheaves in 8. Since the proof
is parallel, we will omit it here.

2 - _2e . .c o .c.® ¢ _s1%8 ¢
119 c it ci s 1i%_s1c.. ¢ li% c..ci s
c C...C C..ci.cC C...Co €
e ¢ L _@..¢ -8 .c.c L,—€ . c.c
li2.c..c I r.ci_s ) r..c1 s s I “..CCl_ S
cl.c cl.c C..Cl.C Cl.C..C
.37&@ c _4fs¢"8 C.. C _Sf&% C..C
Iy i..C...Cl S lp €€ €L S lp°i.C...cl s S
C...Cl.C C..Cl.C..C Cooe o €L C

Figure 5. These are graphs of some of the sheaves in §
Proposition 3.5. The sheaves in8i can be divided into subsets:

Il ' along the axis passing the arrow.
The set§i is an irreducible subvariety ofM ©.

3.4. Flip loci in M ®{Second approach. In this subsection we will
give an alternative description of the °ip loci §8% of M? »;, M 172
based on the °ip loci of the moduli of GPBs described before.

First let us describe §* . We know that M 172 is the result of blowing-
up G¥2 along Yo [ Zo and then blowing-up the proper transform of
Y 1[ Z;. Itis obvious that § * lies in the inverse image ofG12; GO =
PW*. It is easy to see that the varietiesY o and Z, are disjoint from
PW*. Thus they do not contribute to the °ip loci § *. Let (V;V°) be
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a non-split extension of (; 0) 2 Gfgo = My3(X) by (F;F9) 2 G;;:f;e,.
Then (V;VO) lies in Y1 (resp. Z;) if and only if Fj,, % FO© (resp.
Fip, %2 F0). Let

i 0 ¢ 0
¥, =f (F;F7);(L;0) jFjp, 2F"g and
¥, =t (F;F%:(L; 0) | Fjp, %F;

both subsets ofA. SinceY ; is de ned to be the loci whereV°! Vj,
have dimensions at most one)Y ;\ PW™* is the preimage of ¥ %2 A,
which has codimension 2 irPW* and the normal bundle Ny ,\ py + =pw +
is the pull-back of the normal bundle Ny, -5 . A similar statement holds

for Z;\ PW* as well. To determine the preimage oPW* in M 72, we
need to know the normal bundleNy  _g:-2, especially its restriction to
Y1\ PW*. Nowlet»2 Y 1\ PW* be any point lying over (F®;L®) 2 A.
It is direct to see that

o i ¢ . .
(3.10) T,62='T,Y 1 + T,PW* 2 Hom(Fjp,: Lip,)
canonically. SinceY ;\ PW* has codimension two inPW ™,
dim T,G¥2=T,Y 1 = 4:

A similar picture holds for the intersection Z;\ PW™*.

Now let B be the blow-up of A along ¥; [ ¥, with ™ { and " , the
two exceptional divisors in A over ¥; and ¥, respectively. Then the
preimage of PW* in M2 is the union of three smooth irreducible
varieties: the “rst is the blow-up of PW™ along PW* \ (Y[ Zj),
which is PW* £ B, a projective bundle over B; the second isP3-
bundles overPW ™ £ o ¥4 and the third is P3-bundles overPW ™ £ A ¥o.
We denote these three components by; , I, and I3, respectively. Note
that
(3.11)
dimB =5gj 5 diml; =7gj 8 and dimly =dimI; =7gj 7
The intersections are

i\ 1, =13£€g 71 and I\ I{ =15 £ 7 1

We close this subsection by showing that the subseti;% just de ned
are exactly the corresponding subsets described in the préaus sub-
section. Indeed, a general sheafE] 2 |, de ned in this section has
associated GPBE € Ttting into the exact sequence

of (RFYT (EEQHE (Lo O
so that F°\ Fj,, and F°\ Fj,, are 1-dimensional. Hence the associated
subsheafF %2 E has noOp1(1) when restricted to any rational compo-
nent in the base curve ofE. This shows that the two |5 de ned in the

above two subsections are identical. Now consider a generaheaf E] in
the component|, dened in this section. Since its associated GPBE ©
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is in Y 1, it still ts into the above exact sequence with Fj,, %2 FO. In
particular, there is a rational P! in the base of E which is to the left
of the marked node so thatFjp: has a factor Op1(1). This shows that
the two de nitions of |, are identical.

3.5. Flipping M 72, The goal of this subsection is to show that we can
°ip M 2 along I} and then °ip the resulting variety along the proper
transform of 1} [ I¥. We will show in the next section that the resulting
variety is isomorphic to M ©.

We begin with determining the normal bundles of I$ . In the follow-
ing we adopt the convention that for S %2 P we denote by TsP the
restriction of the tangent bundle TP to S.

Lemma 3.6. Let P;Q be smooth subvarieties of a nonsingular variety
R such thatS , P\ Q is smooth. Let¥: R ! R be the blowing-up
along Q and P be the proper transform of P. Then we have an exact
sequence of vector bundles

O Np_gi ¥YiNpri Yi[TsR=(TsP+ TsQ)l{ O

Proof. It follows from Lemma 15.4 (i), (iv) in [ 3]. g.e.d.

Our rst application of the lemma is a description of the normal
bundle to 1. We put R= M¥ P = PW* andQ = Y[ Z;. Since
S, P\ QisPW* £, (¥1[ ¥2), we haveP = PW*, where W* is
the pull back of W* to B, and where the latter is the blow-up of A
along ¥1 [ ¥2. To determine the normal bundle N, _., we need to nd
the other two terms in the above exact sequence. The normal hudle
Np-r 2 AW (j 1). Also a globalized version of the isomorphism (3.10)
shows that the quotient bundle TsR=(TsP + TsQ) is the pull-back of a
vector bundle on ¥; [ ¥, tensored with Opy+ (j 1). Thus by Lemma
3.6, the normal bundle Nz oy 122, which is N,_ in the statement of
lemma, becomes the pull-back of a vector bundle oveB tensored with
Opw+ (i 1). Hence by the standard theory in birational geometry we
can °ip M 2 along I} . Let M1 be the result of this °ip, let T, be the
°ipped loci and let T, and T; be the proper transforms ofl, and .

Our next step is to show that we can °ip M1 along T, [ Te. We
begin with a detailed description of T,. As mentioned before, 1} \ I}
is the projective bundle P- ,\W™* while I} is a P3-bundle over Py, W™
To proceed, we need a more detailed description of, . Let FC =
(F;F% and L® = (L;0) be the restrictions to ¥; of the pull-backs of
the universal families ofG 5.,., and G 1, respectively. SinceF ,jp, ¥z F?
for each» 2 ¥4, there is a tautological line subbundle” %2 Fjp, so that
for each»

FO= F,jp, © )
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Then the normal bundle Ny, -g to Y1 in G , G2, restricting to
Py, W* %G, is
. TN
Ny,=cipy,w+ = HOm AjFjp,; AjFjp, =" © ArLjp, (i 1)
whereA;:Py, W* | ¥, is the projection and the sheafALjp, is twisted
by Opw - (i 1) because the universal GPB ovelPy, W* is given by
of AJFCIE St AlLC-Opw:(iDi O
Therefore,
g, N 2
(3.12) It = P'A{Fjg, - (AfFip,= ©AfLjp,(i 1)) ;

as aP3-bundle overPy, W* , which itself is a smooth subvariety ofM 172,
Based on this description, it is easy to see thati; \ I} is the sub-
bundle

PN i nn, NN 2 N .
13\ 15 = PA{(Fig, - (Fip=)) =P Fip,-Fj = £y, Py,W™:
Let
" . Yp .
Py, W £,341 P(Fjﬁz)ﬁ PE)ﬁz
2. 2.
y/a y A2

PeW' i %

be the projections and letK be the tautological line subbundle ofFjg,
on PFjg,. Then after we blow up M 122 along I, the proper transform
Ey is the blowing up of I, along 1 \ I} :

i axoe: N - ¢
(3.13) Ep= P %4A{Fj5, - (Fjp,=) © YK - YsA5Ljp, - Y40( 1) ;
as aPZ-bundle over Py, W* £y, PFjg,. Inside this P2-bundle there is
a subbundle

i, aroe: o_\¢ N .
P 1/§A1F152 - (Fip,=) over PW" £y, PFj5,;

which is the intersection Ex \ Ep. Viewed as a bundle overPFjg,, we
have | ¢

Ea\ Eb: PW+ £¥1 PF152 £¥1 PFJEZ
The proper transform T, %2 M ; is then the contraction of E4\ E along
all PW* factors, which is a bundle overPFj5,. We claim that Ty is a
projective bundle over PFj;,. Indeed, Ey, considered as a bundle over
PFjp,, has a subbundlePy, W™ £y, PFjp,. Further, using the explicit
expression (3.13) its normal bundle inEy, along each slice

PW' £ %Py, W" £y, PFj5,;

where” 2 PFjg, is over» 2 ¥y, is isomorphic to Op,, - (1)®2. HenceTy,
is a projective bundle overPFj;,. By a moment of thought, one sees
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that

Th= PW: where W, = K-- Aj(Ljg, -Fj 5,-Fj p,=) ©AJW™:

Let 4T, = PW. ! PFj;, be the projection.

Lemma 3.7. There is a vector bundleW; over PFj;, so that the
normal bundle Npowm, is isomorphic to ¥2W,; - O pw, (i 1). The same
conclusion holds forT; as well.

As a corollary, we can °ip M 1 alongT,[ T to obtain a new smooth
variety M ».

Proof. We continue to use the notation developed earlier. First, the
exceptional divisor PNy, -g of the blowing up of G = G2 is a “ber

bundle over Y ;. Becausel; = PNy, =g £v, (Y1\ PW*), we have the
exact sequence of vector bundles

il il il o il
0 I NI;:PNYJ_:G I N|;:M 1=2 |- NPNY]_:G =M 1=2 |- O

and the identity
N+

— 1 .
PNy o6 ANy pw+ =y ;

where
YaiPNy,c £v, (Y1\ PW™) ! Y\ PW?
is the projection. Let *~ 2 PFj;, be any point over » 2 ¥;. Then based
on the description (3.12) " de nes naturally a¢subvariety
P, PlOO -L 4jp(i 1) %I}
which is a section of
Ig Ey, »j P¥1W+ Ey, », PW):':

HenceP- is isomorphic to PW .

We claim that the normal bundle N, .y, :-; restricting to P- is isomor-

phic to a vector spaceV tensored byOp. (j 1). Indeed, since the normal
bundle Npy, _ -y 1=2 is the tautological sub-line bundle of the pull back
- .
of Ny,-g over PNy —g, its restriction to P- = PO -L »p (i 1) is
isomorphic to Op. (j 1). As to the term Ny \ pw+=y,, it iS clear that
its restriction to PW is isomorphic toV -O (j 1) for a linear subspace
1(EG.| G i i

V % Ext*(F;L?). Hence le:PNYl:Gjp. , and therefore NIE:M 1=2]p-
are of the formsV°- 0O p. (j 1) for some vector spaced/°

Finally, since the °ip loci of M %2 » M ; are away from {(PW."),

Cy .
NszM 1JP' = N|E:M 1=2]p- -

By a theorem in [9], the restriction of Npw, tO the ber of PW,
over” 2 PFjg, is of the form WO°-0O (j 1). Because this is true for all
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" 2 PFj,, there must be a vector bundleW; satisfying the requirement

of the lemma. The case for. is exactly the same and will be omitted.
g.e.d.

4. The isomorphism of the two °ips

The goal of this section is to prove the following.

Proposition 4.1. The birational M° » M %2 induces an isomor-
phismM %2 M.

We rst brie°y outline the strategy. As argued in Section 3, we can
°ip M 1?2 along I} to obtain a new variety M ;. Let T,, etc., be the
°ipped loci of 1}, etc. Then Lemma 3.7 tells us that we can °ipM
again alongT, and T to obtain a new variety M ,. The key is to show
that the birational map M, » M2 extends to a morphismM,! M9,
because it is an isomorphism away from a subset of codimensiat least
two, it is an isomorphism.

We now list the main steps in constructing the morphismM ! M ©.
We Tst blow up M 72 along I} to obtain the variety Nf;, and then
contract its exceptional divisor to get the °ip M 1. Let T, and T be the
°ipped loci of I; and I . We then blow up M ; alongT,[ Tc and contract
the exceptional divisor to get the second °ipM », as shown below. It
is easy to see that if we blow upNt 1 along ¥4 Ytu [ To), the resulting
variety M ts into the diagram below. The rst main technical part
of the proof is to show that the birational maps extend to a momphism
A:m 1 MO, This is achieved by Trst picking a (local) universal family
of M 172 and performing an elementary modi cation to it to obtain a
family on Nt 1, and then performing another elementary modi cation to
the new family to get a family over M. We will show that the latter is
a family of 0" -stable vector bundles, and thus induces a morphism 2,
extending the birational map.

M - M 0
N Nt
@a:@% ' H 2 > ’ H 4
H @ H
M 172 M 1 M >

In the end, we will show that @ descends to a morphismM ! M9, as
desired.

4.1. The family over M ;. Our rst step is to construct the (local)
tautological family over Nt 1. Let »2 17\ I} be any point and let U %2

M 72 |, be an open subset containing». Without loss of generality,
we can assume that the moduli spacévl 172 admits a universal family
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E over U that is a sheaf over a family of nodal curvesw over U. The
desired family over M will be the result of an elementary modi cation
to the pull back of E to M.

To this end, we rst need to construct the associated familyW and
WSt over N ;. Let NIy be the blow up of M 72 along I}, let U % NI 4
be the pre-image ofU ¥%2M 172 and let W = W £y U be the pull back
family. The family W is singular, and hence needs to be smoothed Tst.
We now set up the notation for the singular loci of the bers of W=U.
Let » 2 U and W=U be as before, and letN %> W be the singular
loci of the bers of W=U. Then N \W ,, consists of four nodes:q,
i, @ = ¢ and gz of W,,. By shrinking U if necessary, we can assume

Ni\W , = g. Clearly, N, is a section overU while all others are
codimension two smooth subvarieties oW . Let D; ¥2 U be the image
of N; under the projecton W ! U. ThenI;\ U % D3\ D3 while
(Iz\V 1)V U =15\ Do.

Next, let E; ¥2 M 1 be the exceptional divisor of 24, let D; %2 U be
the proper transform of D; and let N; = N;£, U % W be the associated
subscheme. Sincd® intersects transversally with I}, the total family
W is smooth alongN. Obviously, N, remains a section overd. As to
N1 and N3, Tst of all, W remains smooth alongN; (resp. N3) away
from Py, Nijg,p, (resp. Pz, Nsje,p,)- Secondly, the normal
slice to P, and P35 in W is isomorphic to the singularity of z1z, = z324.
Hence we can nd a small resolution of the singularities of/ to obtain
a new family W. It is known that the small resolution is obtained by
Tst blowing up the singular loci of W and then contracting one P!
factor of the exceptional divisor® . Since there are twoP? factors, to
proceed we need to specify our choice of contraction. Lé®; and P3 be
the exceptional loci of W | W, which are P1-bundles overP; and P
respectively. We next pick a lift ~ 2 E;\ D\ Dz of »2 17\ Ig and
consider the ber W- of W over”. As it stands, it contains ve rational
curves, indexed byR7;R1+;R2;R3 and R3:+ so that the rst intersects
with X at p; while any two consecutiveR:'s insect at one point. The
small resolution is the one so thatR1+ = W-\ P; and Rz+ = W- \ Py,
and that if we let S¥%2Dg\ D1\ D3 be a smooth curve which contains
" and is transversal to E,, then the family Ws = W £ ; S smooth the
nodesqi+ = R1+\ Rz and gz; = R3\ Rs: of the central ber W-. (See
the gure below.)

5See B, x1] for details.
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Go \— o

G1 g— Ll g
. o
w £ o

% ,7 o ’

Figure 6. The left one represents the total family overS: the vertical

chain of lines is the central ber W- with each corner representing a
node, as labelled, the top and the bottom lines representinghe main

component X while others are rational curves. The two dotted lines
represent the two P! that are contracted under W- ! W -, and the

horizontal lines show that the associated nodes are not smaloed in

the family S. The right gure represents the total space over a curve
" 2S%4 D4\ D3, S°%E, and is transversal to D .

The family WSt is a contraction of W. Let R, and R3 be the two
irreducible components of W £ ; E5 that contain Rz and Rz Y2 W-
respectively. It is easy to see that each is isomorphic toE,\ U) £ P*!
and its normal bundle in W has degreej 1 along its bers. Therefore,
we can contract W along R, and R3 to obtain a new family of nodal
curves. We denote this new family byW st with projection

pr: W iw

Next we investigate the associated families of sheaves ov&¥ and
WSt Let E be the universal sheaf oveW. By our description of the
sheaves inly, for each® 2 I; \ U the sheafE: = E- o,, Ow, has
a canonical subsheaf: % Es and the associated quotient sheat.: =
E:=F:. Let Z: Y2 W: be the support of Ls. Then Ls is a rank one
locally free sheaf ofOz, -modules. Further, it is direct to check that the
union [ 5, + Z= forms a smooth subvariety ofW and is the irreducible
component of W £ (17 \ U) that contains X £ (I \ U). We denote
this by Z with inclusion 1:Z ¥2 W. Further, there is a locally free sheaf
L of Oz -modules and a quotient sheaf homomorphisnkE ! f:L so that
its restriction to each ber W is exactly the pair Es ! Ls mentioned
before.

Now we are ready to perform an elementary modi cation on the pull
back sheaf overW. Let Z% W be the pre-image ofZ ¥> W under
the projection W ! W . By our choice of the small resolution, Z" is
a smooth divisor of W and the total spaceW £ ; (Eq\ U) is a union
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of three irreducible components:R,, R3 and Z. We consider the pull-
back family E , pr°E and the associated surjective homomorphism
E! C, pf%L. Let E% be the kernel of this homomorphism.

Lemma 4.2. The sheafE°is a locally free sheaf ofO,,-modules.
Further, for any ~ 2 Ea\ U, the restriction of E%to R> £,  and
R3£y 2 Plis isomorphic to OF3.

Proof. SinceZ %2 W is a smooth divisor andLC is an invertible sheaf
of O,-modules, the kernel of pfE! [ is locally free.

We now prove the second part. We rst consider the casé 2 Ej\
D1\ D3in detail. Let S¥ D\ D3 be a smooth curve that contains”
and is transversal toE,. SinceDg is transversal to E,, we can assume
S % Dy (see Figure 6). Then the irreducible componentV; of Ws
contains R1+ and R, as (j 1)-curves. Similarly, Rz and R3:+ are (j 1)-
curves in the irreducible componentV, as shown in Figure 6. Now let
Es, E-o, OWS be the pull-back family. As before, we denote by

E- | [ the restriction of E! [ to W-. SinceE, is a smooth divisor,
the sheafE? , EY, is canonically isomorphic to kefEs ! [ gjy. -

Following our convention, the pair E- ! [- can be represented by the
left graph in Figure 7 below.

s s s & ¢ . c .c.c.c. ®t. .S s _c.c_ti1 s
¢ _c._cl S S S _S sic._C._C._C _S _ci1cC._C
_s1s S S S s cic _C._C.C..C Cl1.C..C.. C

Figure 7. The last graph represents the typelg)5 in Figure 5. The
quotient sheaf C- is represented by the dotted lines.

We now show that the middle one represents the sheaE?. First,
since Es ts into the exact sequence

of EYy Esi C{ O
after tensoring with O,;. , we obtain

of ¢ E° B¢ O} O

BecauseE? is locally free, E9 must be of the type shown in the middle
“gure above. Here we used the fact that the total spaceWs is smooth
at the non-locally free loci of C- (as sheaves oD,;,. -modules) and the
curves Ry, and R34 are (j 1)-curves. Consequently, the restriction of
E? to the two rational curves R, and R3 are of the Tm OF}.

The study of the sheavesE? for © 2 E, belongingtoD1j D3, D3j D1

and in the complement of D1 [ D3 are similar and will be omitted.
g.e.d.
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For completeness, we list their stable modi cations as folbws.

_s s _ti ¢ c..c..t.s _ c.. e
.C..S1 s _ S _s1.C..C.C 119 _s1 ¢
_si1s s _ s C1.C..C..C ci.c
_s s s % ¢ .c.c.c.t. . c L G c..t
.Cc.C.clL S s s _sic.c.c¢ it s s1c
_si1s S S _ S .C1.C..C..C.C Cl.C..C.
_s s 31 c.c .C..c..t.c s U €1 s
c..cl s S s _S1.¢.C..C.C i3 _s1¢c ¢
_si1s s S s .cic.C.C._C .ci.c. cC

Figure 8. The top, middle and the bottom gures represent the process
of stable modi cations of E- for * in the complement of D1 [ D3, in
D3i Dyandin D1 D3 respectively.

We now construct the stable modi cation of E. We rst contract W
along R, and R3. Since the restriction of E°to bers of R» and Rz are
isomorphic to ng’, there is a unique sheafEst on WSt whose pull back
to W is E®. The sheafES! is called the stable modi cation of E. The
restriction of ESt to "bers over E, are represented by the right "gures
in Figure 7.

In the following, for any = 2 E, we denote by ES the restriction of
ESt to WSt Note that by applying the same construction to di®erent
open subsetsU, we can construct sheave€s! for all = 2 E,, and it is
independent of the choices olJ.

Let Ep; Ec ¥%2 N1 be the proper transforms ofl;, and I .

Lemma 4.3. The sheave<E® are 0" -stable for all” 2 E;j Ep[ Ee.

Proof. Let ~ 2 E4 be any closed point with ES the associated sheaf
on X§.m for some appropriate integersn and m. Let %¥:Xpm ! X¥m
be the desingularization of the marked node and letz X ., ! X be the
contraction of all rational curves. Then E- = %Y E™ is a rank three
locally free sheaf ofOx -modules with a GPB structure E® % E- jp,+p,
as described in Section 2. Furthermore, the subsheaf- ¥ E' and
the quotient sheafES' ! F- denes a sub and a quotient GPB bundle,
LS %EC and E® ! FC. According to Proposition 2.4, ESt is O-stable
if and only if ES is 0-stable, which is the case when the extension

(4.1) oy LGy ES¢ FG¢ o
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is non-trivial. Since E© is never F¢ © L® when Est is of types|| © and
11, Est could be O -unstable only when it was of typel| 3 or of I °.
(Here recall that there are no strictly 0-semistable vector lundles.)

We now demonstrate that” must belong toE,\ E, whenE®t is of type
Ij 3 and its associatedE® is a split extension. LetS % Do\ D3 D
be a smooth curve containing” and transversal to E,, with Wg the
restriction of W over S. Let X £ S %2 Wg be the main irreducible
component with :X £ ~ % X £ S the central ber. Let Es and E2 be
the associated sheaf oWg constructed before (Figure 7). Then the fact
that ES is O-unstable, which is the case when (4.1) splits, implies tht

there must be a surjective sheaf homomorphisnlEg ' LG p1i p2) so
that the composite

(4.2) T EQjy 1 LG pri p2)

is surjective. Let I be the sheaf ofO,;_-modules that ts into the
commutative diagram with the lower sequence exact:

0 8 & Esd D& 0
? ? :
(4.3) y y °

O4# LG opri P2) =2 & = & 0

Now let X, = X £ Spedk[t]=(t?) and let b:X>! Ws be the immersion
extending 1: X ! Ws. Since (4.3) is exact while the composition of
(4.2) is surjective, the pull-back sheafff=; is an invertible sheaf ofOx,-
modules and is an extension ofkL (j p1i p2) by L(i p1i p2). Now let
S%14 M 172 pe the image ofS % Nt 1 under the projection Nt ! M 172
with “°2 SCthe image of” 2 S. Since” 2 E,\ Ep,, ““belongs tol;\ 1.
A direct check shows that the existence ofEs ! L implies that the
tangent T-oS° must be contained in the span of the tangent spaces

(4.4) Tol} + Tolf % T oM¥2:
a b

Since E, is the blown-up locus ofl} while Ey is the proper transform
of I}, the curve S must specialize to a point in the intersectionE,\ Exp,
and hence” 2 E;\ Ey. This proves the claim.

In case ES! is of type I} °, a similar argument shows that (4.4) also
holds. But then since thoseEs! of type S 5 are elementary modi cation
along direction inside D1\ D3, it must be inside T-ol}. But this is
impossible, which proves that if ESt is of type It‘)5 then it must be O-
stable. g.e.d.

4.2. The family over M. In this subsection, we will construct a family
of sheaves oveM after performing an elementary modi cation to the
family constructed in the previous subsection, and we will hen show
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that all members of this family are 0-stable. This way we can pove the
proposition by applying the universal property of the moduli spaceM ©:

Proposition 4.4.  The birational map M j! M © extends to a mor-
phism N I MO,

We now prove this proposition. We will sketch the steps that are par-
allel to the proof in the previous subsection and provide dedils when
called for. As mentioned before, the main strategy is to pullback the
(local) tautological families over M1 to M, nd a small resolution of
the base variety of these families oveivt , and then perform an elemen-
tary modi cation to these new families. The members of the resulting
families are 0 -stable, and hence induce a morphisnit | M 0

We begin with any analytic neighborhood U Y2 M; | E. and the
tautological family ESt on W over U that was constructed in the previous

subsection. When» 2 Ey, is away fromE 5, ES! must be of the typel go or

Igl, as shown in Figure 4, and accordingly it has an associated aient
sheaflL,, and subsheaffF, that ts into the exact sequence

(4.5) o F,i@ ES{ L.t o

» F

Note that sheaves of typesl 6’2 are in I\ Ip, and thus won't appear
in Epi Ep. If »2 Ep\ Eg, then it is of type I{)3 with the additional
property that the associated GPB short exact sequence oES! splits, as
proved in Lemma 4.3. We now show that we can pick a new associedl

quotient sheaf of ES! so as to make it of typel go as well: sinceE®! is of

type 1} 3, it is a sheaf onX, and ts into the exact sequence

ojL i ESIFE i O

» |

according to the proof of Lemma 4.2. Because the associated RB
splits, if we let L,, be the cokernel ofOp,(j 1) © Op,(j 1) 'L , we
obtain a unique surjective

(4.6) EXd L,

so that the compositeL,, ! ES'! L, is exactly the de ning quotient
homomorphismL, ! L,. Let F, be the kernel ofES'! L,. Then ES

‘ts into the exact sequence (4.5) as well, and the latter will be called
the associated exact sequence &S' while the sheavesF,, and L, will

be called the associated sub and quotient sheaves &f'. Clearly, (4.5)
makes suchES! a sheaf of typel go .

As before, we can make the quotientsES' ! L, into a family of
quotients. Let Z,, ¥2 W,, be the support ofL,,; Z, is X %X}’;l when ES!
is of type 129, and is X 1,0 % X 3., when ESt is of type 1,1, The union
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Z = Supp,,g, Z» is an irreducible variety and there is an invertible
sheafL of O,-modules and a surjective homomorphism

(4.7) S

whereq: Z] W is the inclusion, so that its restriction to each W, is
exactly the associated homomorphism in (4.5).

Our next step is to pull back the family ES' to a family over M
and perform elementary modi cation to it. Let ¥ be &} 1(J), which
is the blowing up of U along Ey; let %: v ! U be the projection;
let E, be the exceptional divisor and letE, be the proper transform
of Ea. Let X = W £, V be the pull-back family over V and let
Y = Z£ ; V be the associated subvariety ofX. As before, the total
space ofX is not smooth, and we need to small resolve its singularity.
For the moment, we consider the case where all sheaves ovér are of
types |g°. Hence, by shrinkingW if necessary we can assume that the
singular locus of the bers of W=0 consists of three smooth connected
codimension two subvarieties:Ng, N1 and N, that are ordered so that
for » 2 Ey the intersection W,,\N ; is the i-th nodal point of W,,. Now let
Ni= Ni£4V,let Dj %20 be the image divisor ofN; under X ! U and
let D; ¥2 V' be the proper transform of D;. Then N7 are the marked
nodes of the whole family X, that X smooth along Ny except over
those» 2 Do\ Ey and smooth alongN7» except over those» 2 D, \ Ey,.
Again, we blow up X alongNp £, (D1\ Ep) and N2 £, (D3\ Ep); we
then contract one P 1-factor from each of the two exceptional divisors to
obtain a family of nodal curves X". As before, we choose the contraction
so that if we let Y %2 X be the proper transform of Y %2 X, and let Dy
and D, be the two exceptional loci of X' ! X , then the intersections
Y\ Do and Y\ D, are nite over V; namely they contain no curves
that lie inside a single ber X, over some» 2 V.

We now pull back the family ES' to X and perform an elementary
modi cation. Let p:X'! W be the projection, and let

(4.8) p°ES' 1 p°fL

be the pull-back of the pair (4.7). Then the kernel E of the homomor-
phism (4.8) is the modi cation we seek for.

It remains to prove that all members in E are 0" -stable. Let » 2 Ej,
be any point and let © 2 Ey be any of its lifts. Since» 2 Do\ Do, ~
can possibly be inDg\ Dy, in Dgj Dy, in Dy Dg oris away from
Do[ D,. Now we investigate in detail the sheafE- when” 2 Dg\ D».
First, the curve X* is X3, with X> I X - the contraction of the rst

and the last rational curves; when” is curve in V with "o = "~ and is
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normal to Ep, the family X*, smooths the rst’ and the third node of
X-. The pull back

(P°E)- & (p°fL)
is represented by the left graph below with °TLL)- represented by the
dotted lines. The modi ed sheafE- is represented by the middle graph.

After contracting the third rational curve in X* we obtain a sheaf shown
in the right graph that is of type Ili)“:

s s %1 c¢c._ ¢ c.c ¢t c1 s c..c t1 s
c_ci1 s S S _si1c¢c._C._C_C€C _Si1C._C._C
s _s1 s S _ s c.ci c._C.C .C.ClL C.C

Figure 9. The graphs represent the sheaf ovei 2 Do\ D, before
the modi cation, after the modi cation and after the stabil ization. The

resulting sheaf is of typel| *.

We will call the sheaf obtained after contracting the third r ational
curve the stable modication of (p°E®!)-, and will denote it by ESt.

We can derive the other stable modications ESt similarly and will
give the graphs sketching their respective process as folks:

s s %1 ¢ . c..c Tt _c . c..c 't
c..cl S S _si1.¢c._cC._C _s1.c¢c._C
s _s1. S _ S . c..cil C._C . c..cl C
s 21 ¢ cC . c..® c1 s c.. @1 s
cLs s s _c.Cc._C.C _c.c._ ¢
_s1 s S _ S ci1cCc _C._C _ci.c_C
s 21 ¢ ¢ % ¢ c. @
cL s s _c._.Cc..C _c..¢
_s1s s ci1.c. . cC ci.c

Figure 10. From top to bottom, they represent the derivation of ESt
incase” isin” 2 D5,i Dg,in Dgj D2 and is away fromDg[ D».

Exactly as in the case before, we can contract all those ratioal curves
that are immediately to the right of the marked nodes in X° for all
"~ 2 E, simultaneously and obtain a new family Xt that has smooth
total space. Let' : X! XS be the stabilization; then ESt = ' ,E is
locally free and the sheave€s! for © 2 Ej, are exactly the sheaves shown
in the right column in Figures 9 and 10.

Lemma 4.5. All stable modi cations ESt derived so far are0-stable.

"Recall that our convention is to label the nodes from the 0-th to the 3-rd if there
are four nodes.
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Proof. We will only sketch the proof here, since the details are exaty
the same as in the proof of Lemma 4.3. FirstE- could be 0-unstable
only if its associated GPB were split. This is possible only vinen it is
of type It")“. Because” 2 Do\ Dy, the split of its associated GPB
implies that the tangent in T,M ; associated to” lies in T,Ey, which is
impossible. Thus the associated GPB is irreducible and herecall stable
modi cation derived are 0-stable. g.e.d.

We now consider the case wher&®! is of type Igl. Let © 2 Ep be

a lift of », let X=V be an analytic neighborhood of" as before and let
X1 X be the small resolution constructed according to a similar ule.
We will have similar quotient family p"ESt ! p°fkL, and we will take
the E be the kernel of this homomorphism. We still need to determire
the types of members inE. As before, we letNg;:::; N3 be the Iocr of

images inU and let Do;:::; D3 be thelr proper transforms in V. The
resulting type of the stable modi cation will depend on whether “ is in
Do\ Dy, inD2j Dg,in Dgj D> oris away fromDgo[ D,. We will
show their respective stable modi cation by providing their associated
graphes as before:

_s s s & ¢c.€..C..C..C..®.C S _.C..C. 1 s

. G C_S_S__S__S ~_Ssi1 c..Cc..C..C..€C _S1 Cc..C..C
_S_S_S_S__S__S e G C Cl. C...C...

s s s & ¢ c.c. _c 't < c._.c 't
¢c.cl1 S S S _sic_C_C_C _S1C._C
s s si s S _.¢c._C_cCclL C._C _C._cic¢C
s s % ¢ ¢ c . c ¢t c1 s c_ @1 s
¢l s S S s _c._c._C_C._C _C_C._C
s s1 S S S _c._clc._cC._cC cic. . c
s s 31 ¢ - ?: c c. e
c1 s S _ s _c c c._cC _c..¢
s _s1. S _ S . c..cl C._C ci.c

Figure 11. The graphs represent the stable modi cations of typel gl
sheaves oveD o\ Dy, overD,j Dy, overDgj D, or away from D[ D».

Lemma 4.6. Let E over X be the result of the stable elementary
modi cation of p°ES!; then all its members are weakly0-stable and hence
their stabilization are O-stable.

Proof. The proof is similar to the argument before and will be omit-
ted. g.e.d.

The family ES' over eachV induces a morphismV ! M?O that is
the local extension of the birational M j! M?9. Since both M and
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M © are smooth, the local extension patch together to form a morpism
N ! MO as desired.

4.3. The existence of the descent N ! MZO. In this subsection,
we will show that the morphism 2: N | M © descends to a morphism
Ma! MO,

We begin with a brief outline of our strategy. First, we know that the
°ipped loci Ty is PW.. and is the result of Ey, after contracting E;\ Ejp,
and that the exceptional divisor of M> ! M over T, is PW, £ PFip,
PW,. SinceM; is a °ip of M1, the projection 2 4 is the result of
contracting all "bers of PW.. On the other hand, by our description
of the contraction M; ! M, the exceptional divisor of Mt | NI
over 2 5 }(T) is Ep£m, PW, . Since bothM , and M © are smooth and
since Ey, is proper, to show that 2 descends to a morphismM ! M?©
it suxces to show that there is an open subsetU % E, and an open
V %2PWi so that the restriction of 2to U £y, V is a composition of
the second projectionU £y, V ! V with a morphism V! M?.

To prove the last statement, we need a description of the norral
bundle Npy, -y, that relates directly to the elementary modi cation
we shall perform. It is expressed in terms of relative exterisn sheaves;
hence a tautological family onM 1 is required. There is one more tech-
nical dizculty: the space M 1 is not a moduli space per se, thus we can
not use deformation theory to derive its tangent bundle. Ne\ertheless,
M 1 is birational to M 172, and thus over a dense open subset its tangent
bundle is given by the deformation theory of sheaves.

Our rst step is to construct a tautological family over an op en subset
of PW. %2 M ;. SincePW. is a projective bundle overPFjg,, we shall
content ourselves with constructing such a family over an opn subset
of the ber PW. - of PW. over a general" 2 PFj5,. Such a family will

be the universal extension of a sheaF- by another sheafL- over X7.,.

We begin with constructing F- and L-. Let "9 2 ¥; be any point
associated to a pair of GPBs FS;L®) with FO = "©Fj,, for aline * %
Fip,, and let 1:F ! Fj,,=" = k(p1) be the induced homomorphism.
Let Xa1 be the blowing up of (p1;0) 2 X £ Al let' :Xa1! X be the
projection, and de ne

F=kerf' °F 'iln t ”k(pl)gjxo; where Xg = X1 £ a1 O

The sheafF is a locally free sheaf onX 1.0 2 Xo whose restriction to the
unique rational curve D1 % X 1.0 is isomorphic to O © O(1). To obtain
a sheaf onX .1 we consider the map' 2:X1.1 ! Xj.0 contracting the
rational curve D, ¥2 X 1.1 attached to p,. By abuse of notation, we still
denote by D the other rational curve in X1.1. The sheaf we intend to
construct is the direct sum

(4.9) F°="' SF©O0p, ©Op,(1);
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where Op, = %.Op, with §:D; ! X1 the inclusion.

Our next step is to glue F% along the two marked points of X 1.1
using a lift © 2 PFj;, of "o 2 ¥; that is de ned by a homomorphism
“2:F ! Kk(p2). Let A:Xy1 ! X{, be the obvious morphism, let
g = D1\ AlY(gY) and g. = D\ Ai }(@¥) be the two marked points
of X114, and let gp = D1\ X and g = D\ X. We consider the space
K; =Homx,,(Op,;F9 and the subspaces of Jj :

Via="ff(g)jf 2K;;f(p)=0g and V;>="ff(q)jf 2K, g
Obviously,
06 Vi ;1AVi ;2A quﬁ
form a TTtration that depends only on F©. Similarly, we de ne a Ttra-
tion
06 Vi A VioAFY,
via

Vip =kerf' 3Fjq, i * ' 2k(P2)ig. g and Vi2 = Vi;1 ©Op,(1)jg, :

This “Ttration depends on “. After that, we pick an isomorphism h :
F9q ! FYq that preserves these two Ttrations, and identify F°along
the two marked points ¢, and ¢ via this isomorphism to form a vector
bundle on X?.;. We denote the resulting vector bundle byFy,.

Given two such homomorphismsh; and hy, we sayFy, » F y,, if there

is an automorphism %of X{.; and an isomorphism¥Fp, 2 Fy, .

Lemma 4.7. Let” 2 PFjg, be any element and lefy, be the sheaf

on X7, so constructed. ThenFj, modulo the equivalence relation so
de ned, is independent of the choice oh. Let F- be a representative of

this equivalence class. Then for any °2 PFjp,, F- » F-oif and only if
, - ,0.

Proof. Let G be the group of pairs {/; ¥ where %4is an automorphism
of the pointed curve (X 1.1;Gs ) and v is an isomorphism¥£F %" FO It
is direct to check that the tautological homomorphism G ! Aut( chpz)
preserves the Ttration V, .. while the image of G ! Aut( F(]pl) is exactly
the subgroup of automorphisms that preserve the Ttration V, 2. It
follows that the equivalence class of the shedfy, is independent of the
choice ofh.

The proof of the second part is straightforward and will be onitted.

g.e.d.

Finally, let fh:X ! X7, be the tautological inclusion and letL- =
ol (i Pri P2).

Next, we will construct a vector spaceW- and a family of sheaves
over PW-. Later we will show that W- is canonically isomorphic to
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W, - and the family over PW- and the tautological family over PW. -
coincide over a dense open subset &W- 2 PW, - .
The vector spaceW- is the kernel of the canonical homomorphism

Extl, (F;L)# HOEIF L) " HOk(m) © k(@) I k(a):

Next we construct a family of curves overPW- . Let D; = P1£ PW-,
let O(1) be the degree one line bundle ovePW- and let D, = P(O ©
O(1)) be the associated projective bundle ovePW-. We x two sections

Q =0E£PW and Qo=1£ PW-
of D; and pick two sections
Q2=P0O©G©O(1) and Q. =P(OO®DO0)

of D,. We then glue D; to X £ PW- by identifying Qg with p; £ PW-,
and glue D, to X1.0 by identifying Q2 with p, £ PW-. We denote the
family from the rst gluing by Xi.0 and denote the family resulting
from both gluings by X;.1. The Trst is a constant family of Xi.0 and
the second is a non-constant family ofX ., over PW-. Let Xf;l be the
result of gluing the two sectionsQ,; and Q+ of Xi.1. It is a family of
X{., over PW-.

We now construct a sheafF overXi’;l. Let X1.1 ! X 1.0 be the contrac-
tion of the component D, and let © : X1.1 ! X 1.1 be the composition
of the contraction X1.1 ! X 1.0 with the projection Xi.0! X1.0% X1:1.
We consider the sheaf ofOx,.,-modules

(4.10) F'=©™ 5F ©Op, ©Op,(Q2);

according to the convention of (4.9). Clearly, there are caonical iso-
morphisms

F(]Q§ = F(]% -k Oqs :
Hence any isomorphismh : F‘]qi 2 F,, induces a canonical isomor-
phism b : F‘]Qi 2 F‘]Q+. Using an isomorphismh that preserves the
two Ttrations as de ned in Lemma 4.7, we can glue F° along the two
marked sectionsQ; and Q. to obtain a new sheafF over Xf;l. Clearly,
restricting to each ber of X;.; over PW-, the sheaf FOis merely the
sheaf F9 constructed before, and the sheafF is isomorphic to the F
constructed in Lemma 4.7.

We are ready to construct the desired tautological family E over
X{.. First, recall that F° has a direct summand Op,(Qz). Since
Op,(Q2)ja, 2 Oq,(i 1)®, the inclusion Op,(Q2) ¥2 F°de nes a sub-
sheaf

01:00,(i 1)! FYq,  Fig,:

8Incase¥:Z ! PW- is a family and E is a sheaf ofOz -modules, we will use E(1)
to denote the sheafE - %7 Opw - (1).
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Let L be the sheaf ofO,y -modulesL = %.L(j p1i p2), where : X £

Xf;l
PW- 1 X 1.1 is the tautological inclusion. Next let 1/4:X1y;1 I PW- be
the projection and consider the following two relative extension sheaves
and the natural homomorphism between them:

(4.11) Ext;lnyW, (LG R LE xtg, (CG 1);F);

where the latter is canonically isomorphic to
1 B 1Y
(4.12) Extw[z]%(L ‘F)-0 pw (i 1):

Here (52 is the formal completion ofxly;1 along Q> while t=1L- o,y
1;1

Odz' etc. Because the support ofL only intersects D, along Q» and

the restriction of F to X1,0 £ PW- % X, is the pull-back of F9x,.,,
the kernel of the above homomorphism is canonically isomotpc to
W- -0 pw- (1). Let 2 be a tautological section ofW- -O pw. (1). It can
be viewed as a section of the relative extension sheaf, and i de nes
an extension sheafE? tting into the exact sequence

of Fi{ E°% LGDiP o
Because? is in the kernel of (4.11), E®is not locally free along D».
Not only that, but there is a homomorphism 11 :E%# O q,(i 1) so
that the composite F ! E°! O q,(i 1) is identical to the composite
F1O p,(D2)jo, O o,(i 1) induced by (4.10). Let,:E°1 O q,(j 1)
be induced by E®! L(j 1)jo, and de ne E®by the exact sequence
o1 E% EYO oGP o
The resulting sheafE%is locally free alongQs.

The sheafEis still non-locally free along some points 0fQq. Indeed,
the section2 composed with the homomorphism

Ext>l(ly;lzpw (LGP FE xtg (GG 1):F) 2 0g,(1)

denes a section ofOq, (1) whose vanishing locus is exactly wheree®
is not locally free. Let's 2 H?%Og,(1)) be this section. Before we
proceed, we need to resolve the non-local freeness B¥° We st glue
D, to X £ PW- by identifying Q2 with p, £ PW-, and then glue D,
to the resulting family by identifying Q; with Q. in the obvious way.
Let ' 1:X%1 X {; be the projection, which is the smoothing of Xy,
along Qg %2 le;l. Clearly, X %is a locally constant family of X g.»'s. We
next blow up X°along p; £ s 1(0), where s is the section of Opy. (1)
mentioned before. We denote the blowing up byX, and let QJ ¥ X
be the proper transform of p; £ PW- % XC Lastly, we construct a new
family X., by identifying (gluing) the two sections Q3 and Qo of X %in
the obvious way, and we keep the sectioQ; = Q. % XY as its marked
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section. This way XY is a family whose members are eitheX {., or X¥,.
Let ' :XYIX {’;1 be the tautological projection.

Lemma 4.8. There is a unigue family of locally free sheave& over
XY so that' «E = E%nd RY .E =0.

Proof. The proof is straightforward and will be omitted. g.e.d.

For » 2 PW- we denote byE, the restriction of E to the ber X of
XY over ».

Lemma 4.9. Thereisaline 8- %2 PW- so that for each» 2 PW- | §-
the sheafE- is 3-stable.

Proof. We will postpone the proof until the next subsection. g.e.d.

Since for» 2 PW- | §- the sheafE, is %-stable, by the universal
property of M 172 the family E induces a canonical morphismu:PW- j
§- | M2 Further, by the construction of the family, it is clear that
u factor through I, i 15, and hence toT,j T, %2M 1. SinceT, = PW,,
the morphism u induces a morphism

o:PW- i & { PW,:
On the other hand, the construction of the family E ensures that the

composition of u-with the projection PW. ! PFj; mapsPW- i §- to
the point © 2 PFjg,. Thus & factor through

u CPW- i & {1 PW;-:
Lemma 4.10. The morphismu- extends to an isomorphismPW- !
PW+' .

Proof. By construction u- is one-one. Since dinPW- =dim PW, - |
3, u- is an isomorphism away from a line. It is direct to check that
u- maps lines inPW- | §- to lines in PW.-. Henceu- automatically
extends to an isomorphism. g.e.d.

By the argument in Section 3, there is a vector bundleW; over PFjg,
so that the normal bundle
Npow, 2" "W, -0 pw, (i 1);
where' :PW. I PFj;, is the projection.
Lemma 4.11. The normal bundIeNTb:M Jpw- is canonically isomor-

phic to
Ext\lN[Z]y(L' F)-0 pw- (i 1):
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Lemma 4.12. The restriction of the morphism 2 to the preimage of
PW.,-, sayA :PW- £ PExt\lN[Z]y(L' ‘F-)! MPY is the composite of the

second projection with a morphismh:PExt&v[z]y(L' F)! MO

Proof. We will postpone the proofs of these two lemmas until the
next subsection. g.e.d.

SinceM , is a °ip of M1 along Ty [ T¢, the restriction of 2 3 to the
exceptional divisor over Ty, which is PW. £ PW, , is the composite of

the second projection with the morphism PW; | M. In particular,
this proves that

Lemma 4.13. For any z 2 Im A, the image set(® 4 +%,)(A 1(2))
is a single point set inM .

Since” 2 PF- g, is an arbitrary point, this proves

Lemma 4.14. For any closedz 2 M , there is a unique pointz®2 M ©
so that (@ 4£%,)i Y(z) =2 i 1(29).

As a corollary, this proves the equivalence result we set outo prove:

Proposition 4.15. The induced birational map M% » M, is an
isomorphism of varieties.

In this subsection, we will give the proof of Lemmas 4.9, 4.1Jand
4.12.

Proof of Lemma 4.9. We need to investigate when the sheaE, is %
stable. For the moment, we assume»> is away from the vanishing locus
si 1(0). Then E, is of type I° that ts into the exact sequence

(4.13) OfF - E,i{L - O

Following the discussion in Section 3,E,, is not %—stable if and only
if there is a sheafl’- that is locally free away from the marked node
g1 = ¥ so that it ts into the diagram with exact rows:

0§ F ' i E.&L i 0
X °
?Y ? °

0§0 p.(i 1)©O0p,(i 1) & L §L & 0:

Becausel- is unique and the left square is a push—outE» is uniquely
determined by the left vertical inclusion. On the other hand, the sub-
sheafOp,(j 1) | F - is unique and there is aP* family of subsheaves
Op,(i 1) ! F -. Hence there is aP! family of extensions (4.13) that
are derived from the diagram above. Further, it is easy to se¢hat there
is one choice ofOp,(j 1) ! F - so that the associated sheaE, is not
locally free at gp. A quick reasoning shows that this corresponds exactly
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to the case where» 2 si 1(0). Combined, this shows that there is a line
§ % PW- sothatforall »2 PW-; § [ si 1(0) the associated sheaves
E, are -stable.

In case» 2 si 1(0), a similar argument shows that E,, is %—stable
unless» 2 si 1(0)\ §-. This proves the lemma. g.e.d.

Proof of Lemma 4.11 We now prove that
(4.14) NT'b:M 1jPW' 2 EXt\lN[z]y(L' ;F) -0 pw- (i 1)

Let W[2P'=A2? be the family of marked curves containingW [2] 2 X7,
as its central ber. Then E,, where» 2 PW- i si 1(0)[ §-, is a sheaf over
W [2]. It is known that the st order deformations of E, as sheaves of
Oypzp-modules are Exf;, 2 (E»i E»), which s into the diagram

1 . 1 .
Extiy L i F) Extiy gL iL)
? ?

y y
1 : 1 : Ay 1 :
Extiy (B F-) Extiy oy (B> E») EXt{y 1 (Exi L)
? ?

y yh
Extiy o (F 1 F) Ext oy (F- ;L)

Because the standard C)£ 2 action on A? lifts to an action on W[2] !
AZ, it induces a homomorphismC®? = TyA? ! Ext\lN[Z]y(E»; E,). Since
E, is %—stable, [E,] 2 M 72 and hence lies inl, . Then the tangent space
Te, M 122 at [E,] is canonically isomorphic to Ext}, op (E»i E,)=ToAZ.
We now claim that the kernel of A = A, + A; contains the image of
ToA? ! Ext\}v[Z]y(E»; E,) and the tangent space oflg at [E,] is the quo-
tient ker(A)=ToAZ2 Indeed, the groups Ext}, op (L7l ) Ext\lN[z]y(F' F)
and Ext\lN[Z]y(L' ;F-) parameterize the rst order deformations of L-,
of F- and the space of extensions df- by F- . It is direct to check that
the kernel of A is the tangent space at E,] of the space of all sheaves
of type I;. Because the C°)£2 action preserves this space, we have
Im(ToA?) %2 ker(A) and hence ker@)=ToA? " Tp I} .
We now show that A is surjective. Once this is established, then the
normal vector space tol; at E- is canonically isomorphic to
(4.15) Nys oy i=2le, Ext\lN[Z]y(F, L):
First, since T 13 = ker( »)=ToA?, the image of A is the normal vector
space tol} in M ¥*2 at [E,]. By (3.11), we know that the normal vector
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space has dimension@j 1. Thus to prove the lemma it sutces to show
that
dim Ext oy (F- ;L) =29 L

Recall that @ = qu. By a direct computation we have the exact sequence

0} k(o) ©k() 1 E Xty (FiL-)
iH om(F-;L)-kToA?{ O
We claim that H(Hom(F-;L-)) = 0. First,let F¢ =(F;F%andL® =
(L; 0) be the associated GPB vector bundles offf,] in G .45 and G 14,
respectively; that is the image of the morphismI; ! G%;:fze, £ Gi:ggo
introduced in Section 3.2. By abuse of notation, we let : X ! W2}

be the main irreducible component. Then we have exact sequees of
sheaves 0fOx -modules

OF -9 Ox it Fi k(p)it O

w [2]Y
and

0L -0, Ox it Li Kk(p)©Ok(p)i O
Further, a direct check shows that

Hom(F-;L-)= jokerfF-- L i k(p1)- Ljp ©F-- Ljp,0:
Hence any nontrivial homomorphismF ! L in Ho(Hom(F-;L-)) is
a homomorphismFC® | LS of GPBs. But both F€ and L® are 3-
stable GPBs and thus there are no nontrivial homomorphisms letween
them. This proves that Ho(Hom(F-;L-)) = 0. Combined with the
exact sequence
0i HYHom(F ;L) i Ext\l,v[z]y(F';L')
i HOBtyp(F L) i O

we obtain

dim Ext&v[z]y(F' :L-)=2+ hi(Hom(F-;L-)=2gj 1:

This proves that the arrow A is surjective.
Because the isomorphism (4.15) is canonical, restrictingd PW- j
si 1(0)[ & we have canonical isomorphism

N|;:M 1=2jPW'i si 1(0)[ & = EXt)l(i’;lzPW' (LG 1) F)jPW'i si 10)[ & -

Because Codim§ , 2, si 1(0) is a hypersurface and botthg -y 1=2 and
Ext)l(y _oy. (L(i 1);F) are of the forms C%91 1 - O pw. (i 1), the above
;17

isomorphism must extend to an isomorphism (4.14), as desick This
proves the lemma. g.e.d.
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Proof of Lemma 4.12 We pick an element
(»V) 2 PW- £ PEXty, o (L F-):

We assume that the sheafE, is a sheaf overW 2], which is %-stable,
and the image ofv in

HO Bl (F L) = k() © K
th o (FiL) = k() Ok()

is not contained in either k(o) or in k(). Now let B = Speck[u]=(u?)
and let Bg ¥2 B be the closed point. Then a lift v 2 PExt\lN[Z]y(E»; E,)
of v, namely A(v) = v, de nes a sheaf ofOyy 2y £ g -Modules E,(v) that
is the extension ofE,, by E, -1 de ned by the classw Herel is the
ideal sheaf of W[2] £ Bo “2W[2]Y £ B. Then a direct local calculation
of extension sheaves shows that there is an embeddirg:B ! A? that
does not lie in the two coordinate lines ofA2, and so E,(¥) is a rank
three locally free sheaf ofOy ¢ o -modules.

We now suppose 3, 1(») is a single point. Then (»;V) 2 NI 1 lifts to a
unique element inN , which we denote by ¢; V) as well. Then following
the discussion in subsection 4.1, the image 2($;V)) 2 M ? is the point

associated to the sheafF,(v) that was constructed by rst taking the
kernel of the composite

F.(v) =ker E,(¥){§ E,(¥-o

a

2 i
W2YE ,8 OW 213 E,iL

and then restricting to the closed ber W[2J}
F»(V) ’ F»(V) -0

W[YE 8 OW 2"

First of all, since B ! A2 does not lie in any of the two coordinate lines,
to perform the elementary modi cation we do not need to modify any
of the nodes inW[2J} and the sheafF,(¥) is locally free. On the other

hand, F,(v) is the cokernel of the compositeF- “ F - -1 | Fu(v)
that is the unique lifting of
.- I - I .
F oW [2]36 | i E» oW [2]36 | i F»(V).

HenceF,(v) ts into the exact sequence
oL -+ FM™iIF - O
and the extension class of this exact sequence is a multipl€f o
1 :
V2 PEXty, (L F)

we started with. In particular the image 2(( »;v)) depends only on
v. Now we pick an (analytic) open subsetU- of » 2 PW- and V %
PExt{, o (L ;) so that

Todeiy vy TRV EV) L U EV
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is an isomorphism. Then the fact that 2(( »;Vv)) depends only onv
implies that the restriction of 2 to &}, YU £ V) is the composite of
the second projectionU- £ V- |V with a morphism V | M9, Since
a s a morphism and

=L (PW. £prj, PW; )2 Epprj, PW;;

its restriction to =}, YiPw, £ PFip, PW, ) must be the composite of the

second projection with a morphism PW, ! M?9.  This proves the
lemma. g.e.d.

5. The vanishing results
The purpose of this section is to prove the main theorem of thé paper.

Theorem 5.1. Let M3A(Y) be the moduli space of stable vector bun-
dles over a smooth irreducible curveY of genusg for A~ 1;2 mod 3
Then we have

G(M3a(Y)) =0 fori> 6gj 5:

SinceM3.1(Y) 2 M3(Y) by E! E-- L for a xed line bundle L
of degree 1, we may assumd ~ 1 mod 3, sayA = 4.

Our proof is induction on the genusg. Wheng=1, M3.4(Y) 2 Y by
Atiyah's theorem and hence we have the vanishing result. We ssume
from now on that g, 2.

In the previous sections, we established the following diagm:

M 0 00 /M 1=2 00. /M 1

°ips ips
normalizﬂa:iti’(zwﬂ'“

Ma;a(Y) [t 5.4(X o) GL(@3)

egeneration

2

M3;7(X)

Supposeci(M3.4(X)) = 0 for i > 6gi 11. We want to show that
Ci(M3za(Y))=0for i> 6gi 5.

5.1. Chern classes of M 0. Let Sp = Mz7(X)and E! Sp£ X be a
universal bundle. Recall that a vector bundle on X, is ®stable if and
only if its associated GPB (V;V?) is ®stable. When® = 11, this is
equivalent to V being stable. HenceM I' is a "ber bundle over Sy ob-
tained by blowing up G = Gr(3; Ejp.+p,), the Grassmannian bundle
over So. Let ¥4 : S, = PHom(Ejp,;Ejp,) ! So be the projectivization
of the bundle Hom(Ejp,; Ejp,).
We blow up S; along the locus of rank 1 homomorphisms

B := PEj5, £5, PEjp,



VANISHING OF THE TOP CHERN CLASSES ... 105

and let¥% : Sp ! S; be the blow-up map.

The exceptional divisor ¢1 := B of ¥ : S, ! S; and the proper
transform ¢ , of the locus of rank 2 homomorphisms inS; are normal
crossing divisors. Let¢=¢ 1+ ¢ 5.

Lemma 5.2. ¢(- s,=5,(log¢)) = 0 for i > 6. Consequently, if
G(-s,)=0 fori> 6gj 11, thenc(- s,(log¢))=0 fori> 6gi 5.

Since -g,-5,(log ¢) is locally free of rank 8, it sutces to check that
the 7th and 8th Chern classes vanish. The proof is a lengthy coputa-
tion. See the Appendix.

Let Sz be the result of two blow-ups of P’ Hom(Ejp, ; Ejp2)©050¢_rst
along the sectionPOg, and then along the closure of the locus of rank 1
homomorphisms in HomEjy,; Ejp,) %2 P Hom(Ejp,; Ejp,) ©Os, . The
obvious rational map

i . ) ¢ . .
P Hom(Ejp,; Ejp,) © Os, 99KPHOM(Ejp,; Ejp,) = S1

becomes aP!-bundle after the above st blow-up and the preimage
of B is the center of the second blow-up. Hence we get BR'-bundle
projection

Yy :S3! S
and S, naturally embeds into Ss.

Next, we blow up Sz along ¢1 = B % Sy, which lies in S3 as a
codimension 2 subvariety. Let%y : Sy ! S3 be the blow-up. Then
by local computation, S, ¢s the same as the result of the blow-ups of
P Hom(Ejp,;Ejp,) © Os, , rst along POs,, second alongB, which
lies in PHom(Ejp, ; Ejp,), and nally along the proper transform of the
closure of the locus rank 1 homomorphisms in

: : i . . ¢
Hom(Ejp,; Ejp,) ¥2 P HOM(Ejp,; Ejp,) © Og,
So if we nally blow up S, along the proper transform of ¢, ¥2 S, which
lies in Ss as a codimension 2 subvariety, then we obtain the moduli
spaceM ' of 1i -stable bundles which we also denote bySs and the

last blow-up is denoted by ¥ : S5 ! S4: Recall that MY has six
divisors Yo; Y 1: Y 2:Z0;Z1,Z». Let D be the sum of these.

Lemma 5.3. ¢(- y1(logD)) =0 for i > 6(gi 1) if and only if
G(- s,(log¢) =0 fori> 6(gi 1).

Proof. The proof is due to Gieseker 4]. Notice that we have four
divisors €¢:€1; € ;€5 in S; which are the images ofZq; Y'1;Y2; Yo
respectively. Let € be the sum of €;'s. Notice that €; = % *(¢ ;) and
€,=Yi (¢ ,). Hence we have an exact sequence

0! ¥3-s,(log¢) ! -s,(l0g®) ! - g;-s,(l0g(€o+ €3)) ! O
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But the line bundle - g,-s,(log($o+ €3)) is trivial since we can nd
a nowhere vanishing section as follows: a%z is a P*-bundle there is an
open coveringf Ujg of S, and rational functions z on Y4 L)) with a
simple pole at €, and a simple zero at§3;. Becausez = zfj for a
nowhere vanishing functionfj on U\ U;, dz=z gives a well-de ned
section of - g,=g, (log(€o + €3)).

Next, S4 was obtained by blowing up along the intersection of two
divisors € and € in S3. Let Z? be the exceptional divisor of . By
a local computation, we get

Y4~ s,(log® 2 - 5,(log(€+ Z))):
By the same argument, we see that

Y- s,(log(®+ Z1)) 2 - y1(logD):
The lemma now follows immediately. g.e.d.

By Lemmas 5.2 and 5.3, we deduce the vanishing of Chern classéor
M1

Corollary 5.4.  ¢(- ,,u (logD)) =0 fori> 6gj 5

52. Fom M Y to M ©. The goal of this subsection is to show the
following.

Proposition 5.5.
Gi(- yyui (logD)) =0 fori> 6gj 5i® ¢(- mo(logD)) =0 for i>
6gi 5.

Recall that M © is obtained from M1 by a sequence of °ips along
subvarieties, each of which lies in the intersection of two bthe six
divisors, and the blow-up center is not contained in any otherdivisor.

We use a lemma from 4]. Let J be the base of a °ip. In other
words, there are two vector bundles and F over J and a variety S
into which PE is embedded. And the normal bundle toZ = PE is the
pull-back of F tensored with Opg (j 1). Let S be the blow-up of S along
Z and S%be the blow-down of S along the PE -direction. Then S is the
blow-up of S%along Z%= PF. Suppose that there are normally crossing
smooth divisorsD; in S such that Z is contained in Dl\PDz as a smooth
subvariety but no other divisor contains Z. Let D =  D; and D%be
its proper transform in S% The following lemma is from 4, x12]°

Lemma 5.6. Suppose the topk Chern classes of] vanish. Then
G(- s(logD)) = 0 for i > dimSi kj 1i® ¢(- so(logD9) = 0 for
i>dmSi ki 1

®Gieseker assumed thatZ % D1\ D, and Z\ Dy = ; for k 6 1;2. But the same
proof works as long asZ \ D is a smooth divisor in Z.
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The °ip bases for® = 2=3 are as follows: The moduli spaceP §=53p| of
stable parabolic bundles with parabolic weight 1/3 and quag-parabolic

structure at pj for i = 1;2 lie in the moduli of GPBs G5oy. Let € 5oy

be the blow-up of G54, along Pg;:;pl [ Pg;:;pz. Then the °ip bases are
2 @50, £ Jac(X)
2 a Jacobian ofX times a P! bundle over ngépl
2 a Jacobian ofX times a P! bundle over Pg;:;pz.

Because the underlying vector bundle of a parabolic bundle va GPB
above is stable, all these three moduli spaces are ber bundé over
M2.5(X ). By Gieseker's theorem #], we know that the top 2gj 3 Chern
classes oM 2.5(X) vanish. Hence the top 3J; 4 Chern classes of the
°ip bases for ® = 2=3 vanish. From the above lemma, we have

C(- yi=2(logD))=0 for i> 69 5:

We can similarly deal with the °ip bases for ® = 1=3: the moduli
spacesP %i’;pi of stable parabolic bundles with parabolic weight 2/3 and
quasi-parabolic structure at p; for i = 1;2 lie in the moduli of GPBs?°
Gas Let €3, be the blow-up of G343 along P53, [ P3ap,. Then
the °ip bases are

2 @3,5 £ Jac(X)
2 a Jacobian ofX times a P! bundle over P%;:f:pl
2 a Jacobian ofX times a P! bundle over Pé;:j:pz.

Because the underlying vector bundle of a parabolic bundle ove
is stable, the moduli spacesP%;:f;pl and P;;:f?pz are ber bundles over
M2.3(X). By Gieseker's theorem #], we know that the top 2g; 3 Chern
classes oM ,.3(X) vanish.

The moduli space@;ﬁ3 is not a ber bundle over M,.3(X) but this
is isomorphic to a divisor in Gieseker's moduli space: conder the uni-
versal family F over @;;:53 £ X. Blow up this space anngP;;:j:pl £ p
and Pi:f;pz £ po. Perform elementary modi cations as inx2.4 so that we
get a family of curves over€ ;43:3 and a vector bundle on the family of
curves. The restriction of this vector bundle to the proper transforms
of @;{% £ p; and G;{% £ p2 is equipped with a choice of basis and we
can glue the rank 2 bundleO © O(1) over a rational curve P! to get a

vector bundle over the family of nodal genusg curves. It is elementary
to check that this is a family of bundles in the Gieseker's modili space

The choice of 1 dimensional subspaceV; of Ej,, gives rise to the 3 dimensional
subspaceV = Vi + Ejp,. Thisis a GPB in G-
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M ;f’ for the rank 2 case and so we get a morphism
1=3 1=3.
@2;4;3 I\ 2,3
It is now an easy matter to check that this morphism is bijective onto

a divisor of rank 1 locus in the Gieseker's moduli space. Hemar;@%;:f;’3

becomes a ber bundle overM,.1(X) after a °ip whose base is the
product of two Jacobians overX . By Gieseker's lemma again, we deduce

that the top 2gi 3 Chern classes ofS 5:5’3 vanish and hence the top
3gi 4 Chern classes of all the °ip bases fo® = 1=3 vanish. From
Gieseker's lemma, we have

G(- mo(logD))=0 for i> 6gj 5:

The argument at the end of x13 in [4] enables us to deduce the van-
ishing Chern classes of the general member of the familyl 3.4(W) from
the vanishing of the Chern classes of y;0(logD). So we conclude that

Gi(M3a(Y))=0 for i> 6gi 5

6. Appendix

The purpose of this appendix is to prove Lemma 5.2.

Notice that Ejp,, is isomorphic to Ej,,. Let aj;az;az be the Chern
roots of Ejp, 2 Ejp, and let » = ¢1(Os, (i 1)). Then the Chern roots of
Hom(Ejp,; Ejp,) are 0;0;0;8 (a1 i a2);8(a2i az);8(azi ai) and thus
the cohomology ring H®(S;) is the polynomial algebra H °(Sp)[»] over
H °(Sp) modulo the relation

(6.1) N2 (i @) (@i &) (asi a)?):
From the exact sequence
o! - S1=So ! l/}leom(Ejpl; Ejpz) -0 Sl(i 1) ro! 0

we deduce that the total Chern class of the relative cotangenbundle
of S; over Sy is

C(- s1=50) =
(1+»)3((1+ »?i (a1i @)1+ »)?i (a2i ag)?)((1+ »)?i (asi a1)?):

Similarly, we can describe the cohomology rings and the totaChern
classes of the relative tangent bundles oPEj; and PEj,, over Sp. Let

1
u= c1(Opgj, (i 1))+ écl(EJpl)

1 .
v = c1(Opgjp, (i 1)) i écl(EJp1)3
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We intentionally shifted the generators to make our computaion sim-
pler. Then, we have

H®(PEjg,) = H®(So)[u]=tu® + ®u+ i
H®(PEjp,) = H(So)[V]=hv3 + ®vj i
where 1
®= Co(Ejpy) i 3G (Eip)

— , 1 , , 2 ,
= c3(Ejp,) i 3C1(Ejp)C2(Ejpy) + 5C(Elpy):

Also we have
o(Trej,, =so) = (L i ul+ &1 u)j =1j 3u+3u’+®
(Tegjp,=s) =L i VP+ &Lj v)+ =1 v+3v2+ @
Using ® and , we can rewrite
(- s5y25,) = (1 + »)3((L+ »°+6@L+ »?+9@P(L+ »)2 +4@° +27 ?)

as one can check by direct computation.
From [3], we get the exact sequences

0!0 gx(i 1)! ¢°Ng=s,! F! O
0! Ts,! Y%Ts, ! [F! O

whereg : B! B is the restriction of ¥ to the exceptional divisor B
and | is the inclusion of B. Therefore, we have

(6.2) c(Ts,) = Y5c(Ts,)=d|F)
(6.3) o(F) = g"c(Ng=s,)=AOg (i 1)):

SinceOsg, (j 1) restricts to OpEjBl(i 1HE OPEjpz(i 1), » restricts to
1(Opejg (i 1))+ c1(Opgj, (i 1)) = u+ v:

The restriction of the relative tangent bundle Tg -, to B has total
Chern class

(Li ui V3(@i ui V)®+6®1Li uj V)*+9® (1L uj v)?+4@+27 ?)
while the total Chern class of the relative tangent bundle Tg_g, is
(1i 3u+3u®+ ®1 3v+3V2+ ®):
Hence the total Chern class of the normal bundleNg_g, is
L uj V3@ uj VO+6®1Lj uj V*+9® (1 uj V)?+4@*+27 2)
(1j 3u+3u2+ ®)(1j 3v+3vZ+ ®)
which is by direct computation equal to
1i 6»+(15» +4®; 3uv)i (15°+9®») + (6 »* + 6®¥)

with »jg = u+ v understood by abuse of notations.
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Let ©~ = ¢1(Os,(B)) 2 H2(Sy). Then “jz = ci(Og(i 1)) since
Os,(B)jg 2 Og(i 1). So we have
D

t
HoB) 2 HYB)['] "*+6»2+(15»*+4®; 3uv) 2
E
+(15»3+9®») +(6»* +6®¥) :

In fact, it is easy to see that the above relation lifts to a relation

(6.4) 4+6» 3+ (15» +4®) 2§ 3|a(uv)’
+(15»°+9®») +(6»*+6®¥) =0
in H7(Sy).
From (6.3), we have
¢(F)= c(Np=s,)=(1+ ")
=1 6+ )+(15»*+4®] 3uv+6» + "?)
i (1553+9@»+15»% +4® +6» 2+ 3| 3uv’):
By local computation we have
¢(Os,(¢ 1)) =1+ 7 c(Os,(¢2))=1i 3»j 2
Hence we have
(6.5)

(- s,=s,(l0g ¢))
A+ )3+ MO HER(L+ »)FH IR (L+ »)2+4RP +27 2)
B (Li )A+3»+27)

(- s,=s,):

For c(- s,=s,), we compute

1
o[F)

and change the signs of the terms of degree 2 (mod 4).
It is a consequence of the Grothendieck-Riemann-Roch theorertat
HoH oy i
g 1 1+hb
(6.7) C(lnF)—l i |n = 1j W

(6.6) (Ts,=s,) = o(Ts,)=3¢(Ts,) =

where by are the Chern roots ofF, i.e.,

Q(1+ B)=1;i (6»+ ')+(15»2+4®i 3uv+6»" + '2)
i (15»°+9®»+15»> +4® +6» 2+ "3 3uv’):

By expanding, we see that

Q(1+ bhi )=1j (6»+4")+(15»”+4®j 3uv+18» +6"?)
i (155 +9®»+30»" +8® +18»2+4"3; 6uv’):
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Hence, we have q
Hoy
1 1+ F
(6.8) — 1j b ~ = :
1+bj 1; D

Here
A=(B»+4")] (152 +4®+18» +6"?)
+(15»° + 9@®»+30»> +8® +18» 2+4°3; 6uv’);
B=(3+(12»+5 ) (1552+12» +3 2+ 4®);

D = A+3uvand F = B +3uv. Then by expanding'! (6.8) and
collecting all terms of degrees up to 14, we obtain

27u3v3 + 9u?v2 + 3uv + 18 BA5uv + 12BA 3uv + 3Auv

+3A2%uv + 18Au?v2 + 3A3uv + 27A2u?v2

+81Au3v3 + 3A%uv + 36 A3u2y2

+162A2u%v3 + BA3 + BA4+ B + 3A5%uv + 45A%u2y2

+270A3u3v3 + 54 A5u2v2 + 405A%u3v3 + 3uvA’ + 567u3v3A°
+63u2v2A% + 27Busvd + 9Bu?v2 + 3Buv + 3A8uv + BA?Z

+BA + BA®+ BAS+ BA7 +6BAuv +9BA2uv

+27BAuU 2v2 + 54BA 2u?v? + 108BAuU 3v3 + 15BA “uv + 90BA 3u?v?
+270BA 2u3v3 + 135BA “u?v? + 540BA 3udv3 + 189BA 5u?y2
+945BA 4udv3 + 21BA Suv:

By the projection formula and |.1 = ",
HaH Y 1+p
|n e | W
is, up to degree 16, equal to

27 2(u3v3) + 9| a(u?v?) + 3 |a(uv) + 18 BA 5| o(uv)
+12BA3|5(uv) + 3 Al o(uv)

+3A2|a(uv) + 18 A| o(u?v?) + 3A3|a(uv) + 27 A?| o(u?v?)
+81A| o(udv3) + 3 A% o(uv) + 36 A3|5(u?v?)

+162A2|a(uv3) + BA3” + BA% +B” +3A5|(uv) + 45 A% o(u?v?)
+270A3| o (udv3) + 54 A5 o(U?v?) + 405A% o(u3v3)
+3|o(uv)A7 + 567|a(udv3)AS

+63]a(U?v?) A8 + 27B] o(u3v3) + 9 B| o(u?v?)

+3B| a(uv) + 3A8|5(uv) + BA?Z

+BA” + BAY + BA® + BA” +6BA]| o(uv) + 9BA?|s(uv)
+27BA| o(u?v?) + 54 BA?| 5(u?v?) + 108BA| o(usv®)
+15BA 4| (uv) + 90 BA 3| 5(u?v?)

+270BA?| 5(u3v3) + 135BA 4| o(u?v?)

+540BA 3| o(u3v3) + 189BA 5| 5 (u?v?)

+945BA 4| o(u3v3) + 21 BA 8| o(uv):

= l=(F=(1i D))

"We used Maple 7 for the computations in this section.
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Substitute the above expression into (6.7) and expand (6.6)up to
degree 16. Change the signs of the terms of degrée2 mod 4 and plug
it into (6.5).

Now we can compute the Chern classes by direct computation &m
(6.5). The 7th Chern class is, up to sign, equal to

i 378° 2+ 36@®»k(uv) | 720% 3 1388%» 2
i 492R%»%" | 516R» 2
i 10560»" | 54052|a(uv)” 2+ 558@>7|a(uv)
+108®|a(uv?) j 810 a(u?v3)
i 63053 (uv) | 5645 | 2527 504@» | 2528P»% | 72»* 3
i 54@P|a(uv) + 72 a(uv) | 126> 3|a(uv) i 54 2§ 54 a(udvd)
and the 8th Chern class is
1332a(uv)” 2®@»+ 2178|o(Uv)»*® | 2839a(u?v?)»3
i 1143 o(u?v?)" 3+ 2214|o(uv)»°
i 6939a(uv?)»?” | 49681 |4(U?v?)» 2
+1485| 5 (U?V?)®»+ 774| o(U?v?)®"
i 72° 3+132»% 2 3368%» 3 5888%»%" 2 408R» 3
i 4560»" 2 +1152|(uv?) 3
+6372»|a(U?V?)" | 828B[a(U?v?)" + 3942 ?|4(uv?)»
+846|a(uv)»* + 30| a(uv)@*
+1008|o(uv)” 2»% + 72| a(uv)»? 3§ 6|a(uv)® 2 + 3150 . (uv)®»*
i 828o(UV)®» | 567 | a(udvd) | 648R» | 498R»%
+132@%»" | 18" +153»°
i 810 [a(udv®) + 5472 2 + 165@%»* + 6»°@° + 81»° 2
+312®5° + 594 5(u?v?)| a(uv):
Notice that the 7th Chern class is the image by|. of
i 378 +36®uv» | 720 2| 138R%» | 4928P»2
i 516®» | 10560
i 540" 2uv + 558®uvs? + 108®UAV2 | 810»2u2v2
(6.9) i 6303uv’ | 5640
i 72% 2 B4RPuv +72»%uv 126»"8uv 54 2 54udvd
+42@ 3+ 6»"2+(15»° +4®) | 3uv’ +15»° +9®»
+4253("3+6» 2+ (15 +4®)" | 3uv’ +15»° + 9®»)
with »*+ ®*7 replaced by A
lali "3+6» 2+ (1552 +4®) | 3uv +15»% + 9®» =6]
from the relation (6.4).
This is a class inH"(®) which is a polynomial algebra overH “(Sp)
generated byu, v, and ~ with the relations »= u+ v,
¥+ ®u+ =0
vi+®vi =0
4 6n 3+ (15»2 +4®j 3uv)’ 2 4 (15»3 +9®» + (6 »+ 6®»2) =0:
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Using GrAbner package, one can check that the class (6.9)4sro. There-
fore we have proved that the 7th Chern class vanishes.

We apply the same strategy for the 8th Chern class. The only tem
we cannot express as the image dt in the above fashion using (6.4) is
the term 81»% 2. Let

L =( »+ ®»2)(»2 + ®)(»2 +4®) + 27 » 2
This is exactly the relation (6.1) divided by » and thus we have
»l =0:

Then by the relation (6.4) as abovecg(- s,=5,(log ¢)) | 3! is the image
by | of

i 72 2 3368%» 2 588R%»%" | 408R» 2

i 4560x% +132»% | 18»

i 648R» +1008»3uv’ 2| 4988%»° + 54" 2 + 132»®

i %»4(y3 +6» 2+ (15 +4® 3uv) +15»° +9@»

i ®(Y2+6»2+(15» +4®] 3uv) +15»° +9®»
+2214»°uv | 2835°u?v?

i %@)ﬁ(y3 +6» 2+ (15»2 +4® 3uv) +15»° + 9@

i 810u3v3» + 27udv®

+3150@uv>® + 1332®uv» 2 + 2178®uv»?" | 54RuPvZ
+973u2v2 + 30@%uv’ + 1485®@U%v2» | 828RPuv» + 846»%uv’
i 1026 2uv?» | 5672u?v? +72»% 3uvi 6 3®uv
+3(%+ ) +4®)("3+6» 2+ (15»° +4®) 3uv)” +15»° +9®»):

If we simplify this expression using the GrAbner package fothe ring

H(®), we get

(6.10)
F3V2+ W 3+2°3®uvi 33+ @V 3+37 3 +at
+6@UAVY +9°udvT +4®% Ul YuvZ +2®%uv | 6®U
+4@®V2+6'®v +4® +9 %

If we multiply ~ to this expression (6.10), we get zero! Hence
Cs(- s,=5,(l0g¢)) i 3% lies in H%(S;) because its restriction to B is
exactly the above expression multiplied by” and is equal to zero.

If we multiply » = u+ v to (6.10) and simplify using the GrA&bner

package, we get zero! By the projection formula, this implis that
Cs(- s,=5,(I0g ¢)) j 3t lies in the kernel of multiplication by »

» H%(S) ! H™(Sy)
which is exactly H%(Sp)t . Therefore, we deduce that
Cs(- s,=5(l0g¢)) i 3+ =ct

for some rational number c. To compute ¢, we restrict the image by
|« of (6.10) to a berof ¥4 +% : S, ! Spsothat®=0and ~ =0.
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Using the explicit relations it is now an elementary exercie to check
that c= j 3. Hence, we conclude thatg(- s,-s,(log ¢)) = 0.
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