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ON THE CLASSIFICATION OF LORENTZIAN
HOLONOMY GROUPS

Thomas Leistner

Abstract

If an (n + 2)-dimensional Lorentzian manifold is indecompos-
able, but non-irreducible, then its holonomy algebra is contained
in the parabolic algebra R©so(n))nR ". We show that its projec-
tion onto so(n) is the holonomy algebra of a Riemannian manifold.
This leads to a classi cation of Lorentzian holonomy groups and
implies that the holonomy group of an indecomposable Lorentzian
spin manifold with parallel spinor equals to GnR" whereG is a
product of SU(p), Sp(g), G2 or Spin(7).

1. Introduction

Holonomy groups. An important tool to study the geometric struc-
ture of a smooth manifold M equipped with a linear connectionr s its
holonomy group Parallel sections in geometric vector bundles, such as
tensor products of the tangent bundle or the spin bundle, corespond
to invariant objects under the holonomy representation. By a result
of J. Hano and H. Ozeki R2] any closed subgroup ofGl(m; R) can be
obtained as a holonomy group of a connection, but possibly aannec-
tion with torsion. By imposing conditions on the torsion there arises a
classi cation problem of possible holonomy groups. In ordeto tackle
such a classi cation problem one usually assumes that the emection
is torsion free and that holonomy group acts irreducibly. If the connec-
tion is torsion free, its curvature satis es the Bianchi-identity imposing
algebraic constraints to the holonomy algebra via the Ambrese-Singer
holonomy theorem [B]. By evaluating these constraints M. Berger clas-
si ed the irreducible semi-Riemannian holonomy groups (se¢6] for not
locally symmetric semi-Riemannian manifolds, 7] for symmetric spaces,
and [35], [2], [10] and [11] for simpli cations, corrections and existence
results in the Riemannian case), while L. Schwachh/fer an8. Merkulov
([31], [32], [33]) classi ed irreducible holonomy groups of torsion free
connections which are not necessarily compatible with a metc.
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Due to the de Rham splitting theorem, which asserts that any $m-
ply connected, complete Riemannian manifold is isometric ® a product
of simply connected, complete Riemannian manifolds with tivial or ir-
reducible holonomy representation, the Berger-classi cabn leads to a
classi cation of possible holonomy groups of simply conndged complete
Riemannian manifolds. The generalisation of the de Rham therem to
semi-Riemannian manifolds is due to H. Wu B8] assuring a decompo-
sition into manifolds with indecomposable holonomy groups instead of
irreducible ones. Thus, in order to classify holonomy group of pseudo-
Riemannian manifolds, one has to determine the holonomy gnaps which
act indecomposably, but not necessarily irreducibly.

In one of his articles about open problems in geometry S.-T. Ya
referred to this situation and related it to the problem of th e existence
of parallel spinors B9]: \Berger has classi ed holonomy groups for Rie-
mannian manifolds. If the metric is not Riemannian but allows di®er-
ent signature, the corresponding theorem of Berger shouldx@st. More
importantly, we would like to nd a complete connection whose holo-
nomy group is the given Lie group. In particular, classify canplete
Lorentzian manifolds with parallel spinors.” In the presert article we
shall deal with two questions which are subsidiary to the qustions posed
by Yau. Firstly, we restrict ourselves to Lorentzian manifolds and study
the problem, which Lie groups might occur as their holonomy goups.
We shall show that the screen holonomy group of an indecompable,
non-irreducible Lorentzian manifold is always a Riemannianholonomy
group. Secondly, we show which of the groups we found are hatomy
groups of Lorentzian spin manifolds with a parallel spinor eld. Both
guestions should reasonably be answered before tackling ehcomplete-
ness problem in Yau's quote.

Lorentzian holonomy groups and results of the paper. For a
simply connected and complete semi-Riemannian manifold NI; h) of
Lorentzian signature (j + ¢ ¢+€) the de Rham/Wu decomposition leads
to the following isometry:

isometric

(M;h) (M%hY £ (N1;g1) £ 122 (Nk; Gg);

where (Nj;g) are Riemannian manifolds which are °at or with irre-
ducible holonomy representation and M ©h9 is a simply-connected,
complete Lorentzian manifold. Then three cases arise:

1) (M%h9 is °at, i.e., the holonomy representation is trivial.

2) (M%h9 is irreducible. In this case its holonomy group is the full
SOp(1;m i 1) wherem = dim M % This follows from Berger's
classi cation, but it was also proven directly in [17].

3) (M %h9 is indecomposable, but non-irreducible We will treat this
case in the present article.
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Since we shall work on the level of Lie algebrasin the following we
always assume that our manifold is simply connected or thathe re-
sults are true only for the restricted holonomy group, i.e.,the connected
component of the holonomy groupWe consider an f + 2)-dimensional
Lorentzian manifold. If the holonomy representation is indecompos-
able and non-irreducible it admits a one-dimensional, light-lke holo-
nomy invariant subspace. Thus the holonomy group is contaied in the
isotropy group of this subspace, which is equal to the parablic group
(R* £ SO(n)) nR". Its projection onto SO(n) is called screen holo-
nomy, since it is the holonomy of the so-calledscreen bundle(see P9]
and [30]). If the screen holonomy and the projection ontoR are trivial,
i.e., if the holonomy is Abelian, then the manifold is a pp-wawe [26]. L.
Berard-Bergery and A. Ikemakhen proved in p] a Borel-Lichnerowicz-
type decomposition property for the screen holonomy. This poperty
is satis ed for holonomy groups of Riemannian manifolds andthese
were the only examples of such a projection. In their paper tkey posed
the question whether the so(n)-projection of an indecomposable, non-
irreducible Lorentzian holonomy algebra is always the holoomy algebra
of a Riemannian manifold. We show that this is the case:

Theorem 1.1. Let (M;h) be a Lorentzian manifold of dimension
n+2 > 2 with an indecomposable, non-irreducible restricted holoomy
group H. Then the SO(n)-projection of H is the holonomy group of an
n-dimensional Riemannian manifold.

We will explain shortly how this result can be used for a classcation
of indecomposable, non-irreducible Lorentzian holonomy gyups. First
of all, there is no further obstruction on a Lie group to be the screen ho-
lonomy of a Lorentzian manifold, i.e., any Riemannian holoromy group
can be realised as screen holonomy of a certain indecomposabnon-
irreducible Lorentzian manifold. This is due to a simple corstruction
method which we shall not prove in the present article (seeq7] for a
proof and [29] for a slight generalisation).

Secondly one has to recall that in §] four di®erent types of indecom-
posable subalgebras of the parabolic algebra are distingsfied. For two
of these types the algebra has the shapeR©g)nR " resp. gnR " with a
subalgebrag ¥2 so(n) | we call these uncoupledtypes | while two fur-
ther types show a coupling between the centre of theso(n)-projection
and the R- resp. the R"-projection. As the mentioned construction
method leads to Lorentzian manifolds with holonomy of uncoyled type,
there are no further obstrucions on a Riemannian holonomy goup to
be the screen holonomy of a Lorentzian holonomy group of unegpled
type. For the coupled types A. Galaev showed recently 20] the fol-
lowing: If h is an indecomposable subalgebra of the parabolic algebra
(possibly of coupled type) and with a Riemannian holonomy atjebra
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as so(n)-projection, then there is a Lorentzian metric with restric ted
holonomy h. Using this we can summarise the results as follows.

Corollary 1.2. LetH % (R* £ SO(n)) nR" 2SO(1;n + 1) be an
indecomposable subgroup an@® = prsomyH. Then H is the restricted
holonomy group of a Lorentzian manifold if and only if G is the holo-
nomy group of a Riemannian manifold.

Regarding the existence of parallel spinors elds on a semisBmann-
ian spin manifold, one has to recall that a parallel spinor dd on a
simply-connected manifold corresponds to a spinor which isrmnihilated
under the spin representation of the holonomy algebra. As son as one
knows the holonomy algebra one may calculate if the manifoldadmits a
parallel spinor “eld. In the case of Riemannian manifolds ths was done
by M. Wang [37] and for irreducible pseudo-Riemannian manifolds by
H. Baum and |. Kath [4]. Since for the Lorentzian manifolds the only
irreducible holonomy group is the full SOy(1; m j 1), the existence of
a parallel spinor eld immediately leads to the non-irreducible case.
In other words: On a Lorentzian manifold, the existence of a arallel
spinor eld implies the existence of a parallel vector eld. If this vector
“eld is time-like, the Lorentzian part in the Wu-decompositio n is °at; if
it is light-like, we are in the case of an indecomposable, norrdieducible
Lorentzian manifold. From Theorem 1.1 and the fact that the holonomy
of a Lorentzian manifold with parallel spinor cannot be of caipled type
one can deduce the following consequence.

Corollary 1.3. Let (M;h) be an indecomposable Lorentzian spin
manifold of dimension (n +2) > 2 with restricted holonomy group H
admitting a parallel spinor eld. Thenitis H = GnR" whereG is
the restricted holonomy group of ann-dimensional Riemannian mani-
fold with parallel spinor, i.e., G is a product of SU(p), Sp(q), G2 or
Spin(7).

This generalises a result of R. L. Bryant in [L2] (see also ]8]) where
it is shown up to n - 9 that the maximal subalgebras of the parabolic
algebra admitting a trivial subrepresentation of the spin representation
are of type (Riemannian holonomynR ". We conclude:

Theorem 1.4. Let (M;h) be a simply connected Lorentzian spin
manifold which admits a parallel spinor. Then(M;h) is isometric to a
product (M%h9 £ (N1;01) £ :::(Nk;gg), where the (N;; g) are °at or
irreducible Riemannian manifolds with a parallel spinor ard (M ¢ h9) is
either (R;j dt) or it is an indecomposable, non-irreducible Lorentzian
manifold of dimension (n +2) > 2 with holonomy GnR" where G is
the holonomy group of a Riemannian manifold with parallel smor.

Finally one should remark that the question for the general brm of
the metric having a prescribed holonomy is still open (up ton - 9 see
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[12], for more detailed results about the local form of the metric in any
dimension see 8]). Of course, the question of completeness, which was
part of Yau's problem, is not touched yet. We should remark that the
result of Theorem 1.1 up ton - 9 was obtained in [L9], by using some
of our results of 26]. Finally, it would be interesting to have a more
conceptual proof of Theorem 1.1.

Methods of the proof and structure of the paper. In Section 2
we recall basic properties of indecomposable, non-irredudie Lorentzian
holonomy groups, in particular the results of [b]. We introduce the
notion of a weak-Berger algebrain contrast to a Berger algebra and
show that the so(n)-projection g of an indecomposable, non-irreducible
Lorentzian holonomy algebra is a weak-Berger algebra, as weals all its
irreducibly acting components. As a consequence, we have tclassify
all irreducibly acting, real weak-Berger algebras. A real Le algebra is
weak-Berger if and only if its complexi cation is weak-Berger, but in
order to switch to the complex situation we have to distinguish two
cases: the Lie algebra acts irreducibly on the complexi ed mdule (the
representation is of real type) or it acts reducibly on the complexi ed
module (the representation is ofnon-real type). Since the Lie algebra
we start with acts completely reducibly it has to be reductive. Thus, in
the “rst case the Lie algebra has to be semisimple. In the secal case
the complexi ed module splits into two irreducible submodules which
are conjugate to each other.

In Section 3 we classify weak-Berger algebras of non-real typeaJsing
a classi cation of complex Lie algebras with non-vanishing rst prolon-
gation by S. Kobayashi and T. Nagano R5] we show that any weak-
Berger algebra which is unitary is a Berger algebra, i.e., tke holonomy
algebra of a Riemannian KAhler manifold.

In Section 4 we consider the case where the representation i ceal
type. Because of the semisimplicity we can use the methods abot
space and weight space decomposition and transform the wedgkerger
property in the language of roots and weights. In Section 5 wetlassify
irreducible, complex, simple weak-Berger algebras and in $&on 6 the
semisimple, non-simple ones. We show for both that they are Bger
algebras, i.e., that they are complexi cations of Riemannan holonomy
algebras.

2. Lorentzian holonomy and weak-Berger algebras

2.1. Indecomposable, non-irreducible Lorentzian holonomy al-

gebras. Let (M;h) be an indecomposable, non-irreducible Lorentzian
manifold with dim M = n+2 > 2. The holonomy group at a point
p2 M acting on ToM has a degenerate invariant subspace. Intersect-
ing this subspace with its orthogonal complement yields a lyht-like,
one-dimensional invariant subspace ¥ which is the bre of a parallel
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distribution ¥. This distribution corresponds to a light-li ke recurrent
vector eld X. The subspace% is holonomy invariant too and the bre
of a parallel distribution ¥ ? of co-dimension 1.

The Lie algebra of the isotropy group of ¥%, can be identi ed with the
parabolic algebra R © so(n)) nR" ¥ so(R"*2:; "), and by xing a basis
of To,M of the form

(1) (x;eq;:::en;Zz) with X 2 ¥p;6 2 ¥g such that h(e;;g) = %
h(z;z) = h(z;g) = h(x;e;) =0and h(x;z)=1;
it can be written in m%trd')ces as followsl: —
< awv 0 - =
(ROson)nR"=_ @0 A jvA-a2R;v2R"A2son) :
' 0d ja :

The holonomy algebra of an indecomposable, non-irreducibleorentzian
manifold, denoted by hol,(M; h), is contained in this Lie algebra. If the
manifold admits not only a recurrent but also a parallel light-like vector
“eld, then the projection of hol,(M;h) on R vanishes.

We setE := span(ey;:::;e,) and write so(n) = so(E; (hp)je). The
main ingredient of such a holonomy algebra is theso(n)-projection.
We call this projection g = preyn)(holy,(M;h) the screen holonomy
of an indecomposable, non-irreducible Lorentzian manifold because it
is equal to the holonomy of the so-calledscreen bundle¥” =¥ | M
(see R9] and [30]). Since g ¥z so(n) acts completely reducibly, g is
reductive, i.e., its Levi decomposition isg = z+ d, wherez is the centre
of g and d = [g; g] the derived Lie algebra, which is semisimple 15].
Choosing a di®erent basis of type (1) corresponds to conjugjan in the
parabolic group. Hence, theso(n)-component is uniquely de ned up to
conjugation in O(n). For the screen holonomy L. Berard-Bergery and
A. lkemakhen proved the following Borel-Lichnerowicz-type property.

Theorem 2.1 ([5]). Let h%2(R© so(n)) nR" be an indecomposably
acting Lie algebra, g := premy (h), and E = Ec©E; © ¢¢¢ &, the
complete decomposition o, i.e., g acts trivially on Eg and irreducibly
on eachE;. If his the holonomy algebra of an indecomposable, non-
irreducible Lorentzian manifold, then also g decomposes into ideals

0= 010¢¢CQ
such that eachg; acts irreducibly on E; and trivially on E; for i 6 j.

9

This theorem has two important consequences making a furtheal-
gebraic investigation of g possible. Irreducibly acting, connected sub-
groups of SO(n) are closed and therefore compact. Now, by the theorem
the group G := prso(n)HoIg(M; h) decomposes into irreducibly acting
subgroups. Thus we have as a rst consequence thab is compact,
although the whole holonomy group must not be compact (for sgh
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examples see also5]). The second consequence is, that it sutces to
study irreducibly acting groups or algebrasg, a fact which is necessary
for trying a classi cation. We shall see this in detail in the following
section.

A further result of [ 5] is the distinction of indecomposable subalgebras
of the parabolic algebra into four types.

Theorem 2.2 ([5]). Let h be a subalgebra of the parabolic algebra
which acts indecomposably orR"*2, g := Prsony(h) = z© d as above.
Then h belongs to one of the following types.

1) If h contains R", then there are three types:

Type 1: hcontainsR. Then h=(R©g)nR".

Type 2: prr(h)=0,ie, h=gnR".

Type 3. Neither Type 1 nor Type 2. In this case there exists a
epimorphism’ :z! R, such that

h=(lodnR";

wherel := graph ' = (' (T); T)jT 2 zg 2R © z. Or written
in_ matrix form:

80 1- 9

< (A vt 0 - =
h= @ 0 A+B v A-A2zB2dv2R" :

' 0 0 i'(A) ’

2) In the case whereh does not containR" we haveType 4: There
exists a non-trivial decompositionR" = RK©R', 0 < k;l < n
and a a epimorphism' :z! R!, such thatg % sok) and h =
(dol)nRK v pwherel := f(' (T);T)jT 2 zg= graph' %R ©z
Or written in matrix form:

3 0 (A 0o = S
_ 0 0 0 i'(A)§: . ' .
h_gg’?o 0O A+B R :AZZ,BZd,szB,
) 0 0 0 0 ;

These four algebraic types give four types of indecomposad| non-
irreducible Lorentzian holonomy groups with the same propeties. These
types are independent of conjugation within the parabolic goup.

2.2. Berger algebras and weak-Berger algebras. Here we will re-
call the notion of weak-Berger algebras which we have introdoed in
[26]. We derive some basic properties, in particular a decompadson
property and the behaviour under complexi cation. Let E be a vector
space over the eldK. For a subalgebrag %2 gl(E) we set

K(g):= fR28%E"- gj R(xy)z+ R(Y;2)x + R(z;x)y = 0g;
g:=spanfR(x;y) j x;y 2 E;R 2K (9)g;
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and for g %2 so(E; h), where h is a quadratic form, not necessarily posi-
tive de nite, we set

Bn(g) := fQ2 E"- gj h(Q(x)y;2z) + h(Q(y)z;x) + h(Q(z2)x;y) =0g;
Oh :=spanfQ(x) jx 2 E;Q 2Bx(9)g:

Both, K(g) and By(g) are spaces ofcurvature endomorphisms For
distinction, one may call By(g) the space ofweak curvature endomor-
phisms Both are g-modules. g and g, are ideals ing (for the weak
curvature endomorphisms seeZ6]).

De nition 2.3. Let g% gl(E) be a subalgebra. Theng is is called
Berger algebraif g = g. If g %2 so(E;h) with g, = g, then we call it
weak-Berger algebra

Equivalent to the (weak-)Berger property is the fact that the re is no
proper ideal h in g such that K(h) = K(g) (resp. Bn(h) = Bn(g)). The
following lemma relates both curvature endomorphism modués to each
other. Its proof is straightforward and can be found in [26].

Lemma 2.4. The vector spaceR(g) spanned byf R(x;:) 2B(g) jR 2
K(g); x 2 Eg is a g-submodule ofBn(g).

This implies g %2 gn, SO we get a justi cation of the nomenclature:

Proposition 2.5. A Berger algebra inso(E; h) is a weak-Berger al-
gebra.

The lemma also implies the following property which we will reed
later on:

(2)  spanfR(xy)+ Q(2)JR 2K(09);Q 2 Bn(9);x;y;Z 2 Eg ¥20h

for g ¥2 so(E;h). For a weak Berger algebra we obtain a statement
similar to the Borel-Lichnerowicz property of Theorem 2.1.

Proposition 2.6. Let g% so(E;h) be a subalgebrah being positive
de nite, and E = Eg© E; © ¢ ¢ ¢ &, the complete decomposition oE,

If gis a weak-Berger algebra, then it decomposes into commutirigeals
g= 0:1©¢¢¢@ such thatg acts irreducibly on E; and trivially on E;.
Each of theg; ¥2s0(E;j; hjg;) is a weak Berger algebra.

Proof. Sinceh is positive de nite, E is completely reducible and de-
composes into irreducible and a trivial subspace as in the mposition.

Bh(9); x; 2 Ejg. g; is by de_nitiqg a weak Berger algebra, and sincey is
a weak-Berger algebra it isg = {zo gi- Now we show that for x; 2 E;
and x; 2 Ej fori & j it holds that Q(xj)x; =0 and Q(xo) = 0 for any
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Q 2 Bn(g). By the Bianchi identity and by the invariance of E; we get
forany y;z2 E:

h(Q(xi)y;2) = h(Q(y)xi;z)i h(Q(2)xi;y):

This gives Q(xp) = 0. Setting z = x; and y = y; also shows that
Q(xj)x; = 0. Hence g; annihilates E;j, which implies gi \ g; = f0g for
i 6 j, and acts irreducibly on E;, for i > 0. g.e.d.

By the Ambrose-Singer holonomy theorem holonomy algebras dbr-
sion free connections | in particular of a Levi-Civita-connec tion | are
Berger algebras. The list of all irreducible Berger algebra is known ([6]
for orthogonal, non-symmetric Berger algebras, T] for orthogonal sym-
metric ones, and B1] in the general atne case). Theso(n)-projection
of an indecomposable, non-irreducible Lorentzian manifolda priori is
no holonomy algebra, and therefore not necessarily a Bergealgebra.
But we can show that it is a weak-Berger algebra.

Theorem 2.7. Let h%: (R©so(n))nR" be an indecomposable, non-
irreducible subalgebra withg = prg,,y(h). Then his a Berger algebra if
and only if g is a weak-Berger algebra. In particular, ifh is the holonomy
algebra of an indecomposable, non irreducible Lorentzian amifold, then
g is a weak-Berger algebra and it decomposes into irreduciblgcting
ideals which are weak-Berger algebras.

Proof. First we suppose thath is a Berger algebra. Hence it is gen-
erated by endomorphisms of the formA = R(U;V); with U;V 2 R"*2
and R 2 K (h). Fixing a basis (X;E 1;:::En;Z) in R"™2 of the form (1)

Prso(n)A = Pre * R(U;V):E for arbitrary U;V 2 R"*?;

i.e., foranY 2 E itis

i ¢ X
PromyA Y = pre (R(U;V)Y) = h(R(U;V)Y; Ex)Ex:
k=1
With respect to the above basis we can writeU = »X + Y1 + 3;Z and

V = mX + Yo+ 3,Z with Y; 2 E, »; 3 2 R, i =1;2. Using the
symmetries of the R we obtain for U;V as above andY 2 E:

h(R(U;V)Y; Ex)
=h(R(Y5;Y2) Y;Ex) + h(R(Z;31Y2i 22Y1) Y Ek):



432 T. LEISTNER

Finally it is
i ¢
PreomA Y = h([R(Y1;Y2) + R(Z;31Y2 22Y1)]Y;Ex)Ex
k=1
= pre (R(Y1; Y2)Y) + pre (R(Z;31Y2i 32Y1)Y)
= R(Y1;Y2)Y + Q(1Y2i 32Y1)Y;
with B
R(:) = Pre+R(5) e 2 "°E°- g
Q() = prexR(Z) .. 2 E-g

The Bianchi identity implies R 2 K(g) and Q 2 By (g). Hence, the gen-
erators ofg, which are so(n)-projections of the generators ofhol,(M; h),
are of the form R(Yy1;Y2) + Q(Y3) with Y; 2 E, R 2 K(g), Q 2 Bn(0Q).
By (2) we obtain g %2 g, i.€., g is a weak-Berger algebra.

For the other direction we refer to the result of [19] who proved that
h % (R©sa(n)) nR" is a Berger algebra ifg := prgyn)(h) is weak Berger
algebra and satis es the Borel-Lichnerowicz decompositiomproperty of
Theorem 2.1. But Proposition 2.6 shows that this property is satis ed
for weak-Berger algebras. Hence, this is no additional condon and
we get the other direction. The remaining statements followfrom the
Ambrose-Singer holonomy theorem 3] and Proposition 2.6. g.e.d.

The “only if'-direction of this theorem we proved in [26]. It ensures
that we are at a similar point as in the Riemannian situation, but reach-
ing it in a di®erent way. This is shown schematically in the fdlowing
diagram:

g= hol

Geometric level: |g= de Rham 9= g10¢eeq;
prso(n)hol with g; = hol;
Ambrose-Singer
and Bianchi id. Thm. 2.7
? ? ?

gi irreducible

' : Thm. 27 .
Algebraic level: o weak. Berger g imed. Berger
weak-Berger

2.3. Real and complex weak-Berger algebras. Because of the
above result we have to classify real weak-Berger algebrasirge we will
use representation theory of complex semisimple Lie algebs we have
to describe the transition of a real weak-Berger algebra to i§ complex-
i cation. First we note that the spaces K(g) and By(g) for g %2 so(E; h)
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can be described by the following exact sequences:

0! K(g ) "~ 2E"-g "~ 3E"-E

0 ! B n(9) ! E°- g "~ SES
where the map, is the skew-symmetrisation and, , the dualisation by h
and the skew-symmetrisation. If we consider a real Lie algelarg acting
orthogonally on a real vector spaceE, then h extends by complexi -
cation to a non-degenerate complex-bilinear formrh® which is invariant
under g©, i.e., g€ Y2 so(E ©; h®). The complexi cation of the above exact
sequences gives
(3) K(@° = K(g)
(4) (Bn(@)© = Bne(d®)

and leads to the following statement.

Proposition 2.8. g ¥ so(E;h) is a (weak) Berger algebra if and
only if g© % so(EC;hC) is a (weak) Berger algebra.

Thus complexi cation preserves the weak-Berger as well as tnBerger
property. But irreducibility is a property which is not preserved under
complexi cation. In order to deal with this problem one recalls the
following de nition, distinguishing two cases for an irreducible module
of a real Lie algebra.

De nition 2.9. Let g be a real Lie algebra. Irreducible realg-
modulesE for which E€ is irreducible and irreducible complex modules
V for which Vg is reducible are called ofreal type. Irreducible real g-
modulesE for which EC is reducible and irreducible complex modules
V for which VR is irreducible are called ofnon-real type.

In the original papers of Cartan [14] and Iwahori [23], see also21],
where these distinction is introduced, a representation ofreal type is
called \representation of rst type" and a representation of non-real
type is called of \second type". The above notation makes sese because
the complexi cation of a real module of real type is of real type | recall
that (E°)g is a reducibleg-module | and the reelli cation of a complex
module of non-real type is of non-real type. The notation corresponds
to the distinction of complex irreducible g-modules into real, complex
and quaternionic ones: A complexg moduleV is of real type if and only
if it is self-conjugate and the invariant anti-linear bijecti on J satis es
J2=id. V is called ofquaternionic type if and only if it is self-conjugate
with J2 = j id, and it is called of complex typeif V is not self conjugate.
Obviously, a complex g-module is of non-real type if and only if it is
of complex or quaternionic type. For unitary g we recall the following
equivalences 9].
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Proposition 2.10. If g% gl(V) is unitary w.r.t. a positive de nite
form, then V is

1) of real type if and only if it is orthogonal,
2) of complex type if and only if it is not self-dual,
3) of quaternionic type if and only if it is symplectic.

Before we make further remarks on real and non-real type modals,
we consider the transition from the real Lie algebrag ¥z gl(E) to the
complexi ed Lie algebrag® 2 gl(E°) represented on the complex mod-
ule W := EC. Obviously, this transition preserves irreducibility:

Lemma 2.11. Let g % gl(W) be the complexi cation ofg ¥ gl(W)
with a complexg-module W. Then it holds that:

1) g is irreducible if and only if g© is irreducible.
2) g% so(W;H) if and only if g€ %2so(W;H), whereH is a symmet-
ric bilinear form.

2.3.1. Representations of non-real type. (See again 14], [23], also
[21] and the appendix of 8] or [29] for more details.) Suppose that
g ¥2 so(E) is of non-real type. In this case the complexi ed module
EC splits into two submodulesE€ = V © V, whereV is the g-module
which is conjugated to V according to the conjugation induced by the
real subspaceE ¥ EC. Of course,E is isomorphic to the g-module Vg

which is the reellication of V or of V. If we start with g % so(E;h),

where h is positive de nite, the fact that V is a g-module which is of
non-real type implies by Proposition 2.10 the following resit, which

will be of importance later on.

Proposition 2.12. Let g % so(E;h) be a real Lie algebra,E a g-
module of non-real type, i.e.,EC = V@V, and suppose that is positive
de nite. Then g %2 gl(V) is unitary with respect to a positive de nite
Hermitian form and not orthogonal.

This means that the complexi ed symmetric form h® gives a pairing
betweenV and V and vanishes onV £ V. Since we shall switch to the
complex Lie algebra we should remark that the decompositionE€ =
V ©V is alsogC-invariant.

2.3.2. Weak-Berger algebras of real type. Before we start to clas-
sify weak-Berger algebras of real type in Section 4, 5 and 6 weake to
make some observation and remarks.

Let go be a real Lie algebra andE a real irreducible module of real
type. Furthermore we supposego ¥2 so(E;h), now h not necessarily
positive de'nite. Then EC is an irreducible go-module (also of real
type) and go ¥2 so(E €; h€). Now we may extendh to a Hermitian form
i on EC, which is invariant under go. Thus, go ¥ u(V; ') and p" has
the same signature ash.
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Subalgebras ofso(E; h) which act completely reducibly are reductive
[15]. If h is positive de nite, then gy is even compact. In any case
its Levi-decomposition is gg = 29 © dp, with centre zy and semisimple
derived algebradyg. Thus g§ = z© d is also reductive. But since it is
irreducible by assumption, the Schur lemma implies that thecentre z is
C Id or zero, and by g§ Y2 so(E©; h®) it is zero. Henceg is semisimple.
Resuming all this, Proposition 2.8 can be reformulated as fibows.

Proposition 2.13. If gp ¥2s0o(E; h) is a weak-Berger algebra of real
type, then g§ %2 so(E©; h®) is an irreducible complex weak-Berger alge-
bra. E€ is a go-module of real type andgS is semisimple.

Let g% so(V;H) be a semisimple complex Lie algebra with a complex
g-module V of real type. Theng has a real formgg, V = E with a real
go-module E of real type, go is unitary with respect to a Hermitian form
M and go ¥2 so(E; h) where the signatures oh and p are equal. For the
compact real form of g the quadratic form h is positive de nite. If g is
in addition a weak-Berger algebra, thengy is a weak-Berger too.

Proof. The rst direction follows directly from Proposition 2.8 and
the above de nitions. Sinceg is semisimple it has a compact real form
do. If V is a go-module of real type then itis V = EC, and gg %2 gI(V)
iS unitary since it is orthogonal, both w.r.t. the same signaure. Then
the proposition follows by Proposition 2.8. (For details of the proof see
appendix of [29] or [28].) g.e.d.

Considering the four di®erent types of indecomposable, neimreduc-
ible holonomy algebras from Theorem 2.2, the above propositn already
yields the following observation.

Corollary 2.14. Let g % so(n) be the so(n)-projection of an inde-
composable, non-irreducible Lorentzian holonomy algebravhich is sup-
posed to be of coupled typ8 or 4. Then at least one of the irreducibly
acting ideals of g %2 so(n) is of non-real type.

Remark 2.15. We have to make a remark about the de nition of
holonomy up to conjugation. The SO(n)-component of an indecompos-
able, non-irreducible Lorentzian manifold was de ned modub conjuga-
tion in O(n). Hence we shall not distinguish between subalgebras of
gl(n; C) which are isomorphic under Ad: where' is an element from
O(n; C) and Ad the adjoint action in of GI(n; C) on gl(n; C). We say that
an orthogonal representation- ; of a complex semisimple Lie algebray
is congruent to an orthogonal representation - , if there is an element
' 2 O(n; C) such that the following equivalence ofg{representations is
valid: -1 » Ad- +. 5. Hence we have to classify semisimple, orthogonal,
irreducibly acting, complex weak-Berger algebras of real tpe up to this
congruence of representations.
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If the automorphism Ad- is inner, then the representations are equiv-
alent; if it is outer then only congruent. For semisimple Lie algebras
it holds that Out(g) := Aut(g)=Inn(g) counts the connection compo-
nents of Aut (g), and Out(g) is isomorphic to the automorphism of the
fundamental system, i.e., symmetries of the Dynkin diagram(see for
example B6]). This will become relevant in case ofso(8; C) where the
symmetries of the Dynkin diagram generate the symmetric grop Sz,
i.e., Out(so(8; C)) = S3 and it contains the so-called \triality automor-
phism" which interchanges vector and spin representationsof so(8; C)
without "xing one. We shall use that the automorphism which inter-
changes the vector representation with one spinor represeation and
“xes the second spinor representation resp. interchangese spinor rep-
resentations and xes the vector representation comes fronAd: with
' 2 O(n; C). Hence the vector and the spinor representations 0$0(8; C)
are congruent to one another.

Finally, we should remark that compact real forms equivaler to a
given one correspond to inner automorphism ofg. Hence the corre-
sponding representations are equivalent.

3. Weak-Berger algebras of non-real type

In this section we shall classify real weak-Berger algebrasa(r.t. a
positive de nite quadratic form h) of non-real type, by showing that
they are Berger algebras. We will use the classi cation of st pro-
longations of irreducible complex Lie algebras and shall stw that the
complexi cation of the spaceBy(go) is isomorphic to the rst prolonga-
tion of the complexi ed Lie algebra.

Throughout this section go is a real Lie algebra andE a real go-
module of non-real type, i.e., W := E¢ = V ©V is not irreducible.
Furthermore we assumegy ¥2 so(E; h) with h positive de nite and set
H := hC.

We de ne the following complex Lie algebra:

n — (0}
(5) g:= Ay A2g§%soVOV;h®) ¥gl(V):

Since the symmetric bilinear form we start with is positive de nite,
g %2 gl(V) is unitary but not orthogonal by Proposition 2.12.

In g§ as well as ing we have a conjugation™ with respect to go and
(9o)jv respectively. SinceA 2 go acts onV ©V by A(v+ W) = Av + Aw
we have foriA 2 g§ that iA (v+ W) = i(Av + Aw) = (iAv + j iIAw): So
we write the action of A 2 g§ with the help of the conjugation in g:

(6) A(V+ W) = Av + Aw:
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This gives the following Lie algebra isomorphism

g5 g

A T Ay

It is injective because forA;, = B;y itholds that A(v+ W) = Av+ Aw =
Bv + Bw = B(v+ W) for all v;w 2 V, ie., A = B. By denition it is
surjective and ' i 1 is given by

7) "iLA) v+ w 7] Av+ Aw  forall A2g

These notations are needed to show the relation to the rst polongation.

3.1. The rst prolongation of a weak-Berger algebra of non-
real type. Given a Lie algebrag ¥z gl(V), the g-module

(8) g = fQ2V"- gjQu)v= Q(v)ug:

is called rst prolongation of g % gl(V). Furthermore we set

g = spanfQ(u)2gjQ2gP;u2Vgrg
Now we describe the spac®y (g5) with the help of g.

Proposition 3.1. Let E be agp-module of non-real type, orthogonal
with respect to a positive de nite scalar producth, E¢ = V © V the
correspondingg$ invariant decomposition, and g de ned as in (5). Then
there is an isomorphism

A Bu(d) o
Q 7' Qjvev:

Proof. For the proof we will use the go{invariant Hermitian form
on V which is given by p(u;v) = h®(u; V), where ~ is the conjugation in
EC = V ©V with respect to E. The linearity of Ais clear. We have to
show the following:

A'is well-dened, i.e., for Q 2 By (gf) itis Qjvev 2 g For every
u:viw 2 V and H = h€ it holds

HQ(U)V;w) = h%(Q(u)v;w)
= ihSQMWY) i SR
since h$;, =0 (Proposition 2.12)
= h%QV)u;w)
= HQ(V)u;w);
i.e., Q(u)v = Q(v)u which means that Qjy¢y 2 g¥.

The homomorphismA is injective: Let Q; and Q; be in By (g§) with
(Qujvev = (Q2)jvev. Then
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a) (Q)vev = (Q2)ye v, since Qu(V = Qi(u)v = Qz(u)v =
Q2()Vv;
b) (Ql)ngv = (QZ)jVEVs since
H(Q1(T)v; w) h®(Qa(m)v; W) i hS(v; Qu(m)w) =
= hS(v; Qx(u)w) h©(Q2(u)v; w) H(Q2(T)V; w):

C) (Ql)jV£V = (Qz)jVEV’ by b) with the same argument as in a).

The homomorphismA is surjective: For Q 2 g@ we de'ne Ai L using" ,
: /
(A TQ)(u) =" T"HQ(u)) and (AT'Q)w):="'""* Q(u) 2gI(E®):

It is (A 1Q)(T;v) = (Al 1Q)(u;v). Then obviously A+ Al = id, since
A'AYQ) = A YQ)vev = Q. By the symmetry of Q and recalling
that Hjygyv =0, a direct calculation gives (A Q) 2 By (g§).  g.e.d.

The proof of this proposition relies on the fact that V is not orthog-
onal, which was due to Proposition 2.12. An analogous resultan be
proven for the spaceK(g) (see R6]). We obtain two corollaries.

Corollary 3.2. Let hy %2 go % so(E ©; h®) be subalgebras of non-real
type, h and g dened as above. Ifh® = g®; then (h§)n = (5w -
i.e., if in g there exists a proper subalgebra which has the same rst
prolongation and a compact real form ingp of non-real type, then g§
and therefore go cannot be weak-Berger algebras.

Proof. Because ofQ 2 By (h§) ' h® = g® ' B y(gS) we have
Q(u) 2 (gS)w if and only if Q(u) 2 (h§)H. g.e.d.

Corollary 3.3. Let gg ¥2s0(EC; H) be a Lie algebra of non-real type,
and g de ned as above. Then(g§)n = d§ (i.e., @ is a weak-Berger-
algebrg if and only if g= @.

Proof. First we show the sutciency: Let A 2 g§ be arbitrary. g= g
gives w.l.o.g. that' (A) = Q(u) with Q2 g® and u 2 V. But then:

(A Q) PE iy = e A = A

with (A 1Q) 2 By (¢f), i.e., A2 (g§)H -

Now we show the necessity: IfA 2 g, the assumption g§ = (g§)n
gives w.l.o.g. that' i 1(A) = Q(u + v) with Q 2 By (gS), u 2 V and
v 2 V. By Proposition 3.1 there is aQ 2 g¥ such that

"THA)Y = Qu+ vy = (A QYU+ v) = THQU) + T HQ(V):
But this means that A = P{(Zu? + P{(Zv; 2¢ie,0%g. g.e.d.

SR
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Analogous results can be obtained for Berger algebras leautj | with
the same reasoning as below | to a classi cation of irreducible Berger
algebras of non-real type 26].

As a result of the previous and this section we have to investate
complex irreducible representations of complex Lie algelas with non-
vanishing rst prolongation. Only their real forms of non-re al type may
be candidates for weak-Berger algebras.

3.2. Lie algebras with non-trivial “rst prolongation. There are
only a few complex Lie algebras irreducibly contained ingl(V)which
have non vanishing rst prolongation. The classi cation can be found
in [13] and [25]. We collect them in two tables, following [33].

Table 1. Complex Lie-groups and algebras withg® 6 0 and
@ g vo
g 8 VvV™

1. SlI(n; C) sl(n; C) C" n, 2| (V-7 V9,
2. Gl(n; C) gl(n; C) c", n, 1 V-7 o2y
3. Sp(n; C) sp(n; C) C™, n, 2 T 3y®
4.|C"£ Sp(n;C) | COsp(n;C), |C*™, n, 2 A

Table 2. Complex Lie-groups and algebras with rst prolongation
1) = e
g = v

G g \%
1. CO(n; C) can; C) C" ) n, 3
2. Gl(n; C) gl(n; C) “2C",n, 2
3. Gl(n; C) gl(n; C) A2C" n, 5
4.| Gl(n; C) ¢GI(m; C) [sl(gl(n;C)© gl(m;C)) |[IC"- C™, m;n, 2
5.| C"¢Spin(10;C) C © spin(10; C) ¢, C®
6. C" ¢Eg COes c?’

For a details of these representations se€l].

3.2.1. The algebras of Table 1.  Regarding Table 1, its rst three en-
tries are complexi cations of the Riemannian holonomy algéras su(n),
u(n) acting on R?" and sp(n) acting on R*", which are Berger algebras.
The fourth has the compact real form so(2) © sp(n) acting irreducibly
on R*". Since the representation ofsp(n) on R*" is of non-real type,
we are in the situation of Corollary 3.2, because Cld © sp(n; C))® =
sp(n; C)M. Henceso(2) © sp(2n) is not a weak-Berger algebra.

3.2.2. The algebras of Table 2.  Looking at the unique compact real
form of the Lie algebras and the reelli cation of the represatations in
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Table 2, one sees that they correspond to the holonomy represtations
of Riemannian symmetric spaces which are KAhlerian (for a etailed
proof see the appendix of 26]).

Proposition 3.4. The compact real forms of the algebras in Tabl
and the reelli cation of the representations are equivalehto the holo-
nomy representations of the Riemannian, KAhlerian symmeic spaces,
i.e., the symmetric spaces of typeBDI , CI, DIIl , Alll , EIll and
EVII.

3.3. The result for weak-Berger algebras of non-real type. The

conclusion from the previous section is: every real Lie aldg®a go of non-

real type, i.e., contained in u(n), which is a weak-Berger algebra is a
Berger algebra. Furthermore, each of these Lie algebras isié holonomy

algebra of a Riemannian manifold, the rst three entries of Table 1 of

non-symmetric ones, and the entries of Table 2 of symmetric oes.

Theorem 3.5. Let g be a Lie algebra ance an irreducible g{module
of non-real type. If g %2 so(E;h) is a weak-Berger algebra, wherd is
positive de nite, then it is a Berger algebra, in particular a Riemannian
holonomy algebra.

Before we we apply this to the irreducible components of the areen
holonomy algebra of an indecomposable, non-irreducible Lentzian
manifold, we prove a lemma to get the result in full generalit.

Lemma 3.6. Let g ¥2 u(n) ¥2 so(2n) be a Lie algebra with the de-
composition property of Theorem2.1, i.e., there exist decompositions of
R?" into orthogonal subspaces and of into ideals

R = EOE,©¢¢¢@&, and g= g1 ©¢¢C @,

whereg acts trivially on Eo, g acts irreducibly on E; and gi(E;) = fOg
for i 6 j. Then g % u(n) implies dim E; = 2kj and g; ¥2 u(k;) for
=210,

Proof. Let R?" = C" and p be the positive de nite Hermitian form
on C". Let E; be an invariant subspace on whichg acts irreducibly.
If E; = V,{ for a complex vector spaceV', then we can restrict p to
V. Becauseyp is positive denite it is non-degenerate onV' | since
u(v;v) > 0Oforvé0|wegetthat g “u(V';p),ie., g¥%u(k). Hence,
we have to consider a subspac&; which is not the reelli cation of a
complex vector space. Let] be the complex structure on R?". We
consider the real vector spacelE;, which is invariant under g, sinceJ
commutes with g. Then the spaceJE;\ E; is contained in E; as well as
in JE; and invariant under g. Becauseg acts irreducibly on E; we get
two cases. The rstisE;\ JE; = E; = JE;, but this was excluded since
E; was not a reelli cation. The second isgj\ JE; = f0g. So we have
two invariant irreducible subspaces on whichg acts simultaneously, i.e.,
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A(x;Jy) = (Ax;AJy), but this is not possible because of the Borel-
Lichnerowicz decomposition property from Theorem 2.1. g.4l.

By this lemma and by Theorem 3.5 we get the conclusion.

Theorem 3.7. Let (M; h) be an indecomposable, non-irreducible
(n+2) -dimensional Lorentzian manifold and setg := prgynyhol,(M; h).
Then every irreducible componentg; of g (due to Theorem2.1) which is
unitary, i.e., g ¥2u(di=2), for d; the dimension of E;, is the holonomy
algebra of a Riemannian manifold. In particular, if g% u(n) %2 so(2n),
then g is the holonomy algebra of a Riemannian manifold.

4. Semisimple complex weak-Berger algebras

Due to the arguments of Section 2.3.2, in order to classify r&l weak-
Berger algebras of real type we have to classify irreduciblecomplex,
semisimple weak-Berger algebras. The tools for doing this waill ex-
plain in this section. The argumentation here and in the following sec-
tions is analogous to the reasoning in33], [32] and [31].

4.1. Irreducible, complex, orthogonal, semisimple Lie alge-
bras. In the following, V will be a complex vector space equipped with
a non-degenerate symmetric bilinear 2{formH. g is an irreducibly act-
ing, complex, semisimple subalgebra o$o(V;H). Thus, we may use all
the tools provided by roots and weights. Lett be the Cartan subalgebra
of g, ¢ % t" be the roots ofg, and set ¢¢ := ¢ [f Og. g decomposes
into its root spacesgp ;= fﬁ/lz g[T;A]l= &T)¢A forall T 2 tg6 fOg:
g= Oe, Wheregp = t.
®2¢ ¢
Let - Y% t° be the weights ofg %2 so(V;H). Then V decomposes into
weight spacesV: = fv2 VjT(v) :I\/Il (T)ev forall T2tg#$ fOg,
V = AV/ B
192.

As g %2 so(V; H), the weight spaces are related as follows.

Proposition 4.1. Let g %2 so(V;H) be a complex, semisimple Lie

algebra with weight space decomposition. Thew:?V if and only if
., 6 j 1. In particular, if 1 is a weight, thenj ! too.

Proof. Forany T 2t,u2 V. andv 2V we have
O=H(Tu;v)+ HU;Tv) = (1 (T)+ ,(T)) H(u;Vv):

If , 6 j1,thereisaT such that1(T)+ ,(T) 6 0. But this implies

V. ?Vi. On the other hand V: ? V, » would imply Vi ?V, which contra-
dicts the non-degeneracy oH. This also implies that 1 2 t° is a weight
if and only if j * is a weight. g.e.d.
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4.2. Irreducible complex weak-Berger algebras. If gis a weak-
Berger algebra, thenBy(g) is a non-zerog{module. If we denote by |
its weights, it decomposes into weigl\r}lt spaces

Bh (9) = Ba:
A2!
Now we d(e_ne a subset oft”,
N A A2 andthereisan u2 W
a ~and aQ 2 B4 such that Q(u) 6 0
which is contained in ¢ g:

Lemma 4.2. | Y% ¢Cy.

¥ t®:

Proof. For t 2 - and A 2 ! we consider weight elements Q4 2 B4
andu: 2 V. with 0 8 Q4(u:). Then, by recalling how g acts onBy (g),

[T;Qa(u)] = (TQa)(ur)+ QA(T(u:))
= (A(T)+ 3(T)) Qa(u:)
forevery T 2 t. i.e.,, A+ ! is a root or zero. g.e.d.

For weak-Berger algebras the other inclusion is true.

Proposition 4.3. If g % so(V;h) is an irreducible, semisimple Lie
algebra which is weak-Berger, then = ¢ .

Proof. The decomposition ofBy (g) and V into weight spaces and the
fact that Qa(u:) 2 ga+: imply the following inclusion:

on = spanfQa(uw:)jA+12ig% g
-

L
Butif g= ¢, e is weak-Berger it follows that g 2 gy and thus
M M M
G2 g % Je:
®2¢ o T2i ®2¢ o

This implies j = ¢ . g.e.d.
For a root ®2 ¢ we denote by - @ the following subset of -:
-p=f,2-j],+®2-9:
Then ®+ - @ are the weights ofgeV .

Proposition 4.4. Let g be a semisimple Lie algebra with rootst
and ¢ o =¢ [f Og. Let g% so(V;H) be irreducible, weak-Berger with
weights- . Then the following properties are satis ed:

(Pl): Thereisa?! 2 - and a hyperplaneU % t” such that
9) - Yeft+ ) 2¢g[ Ui *+ ] 2¢00:
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(PIN):  For every®2 ¢ thereis alg?2 - such that
(10) -e%flei ®+ j 2¢og[fi et | 2 Cog:

Proof. If g is a weak-Berger algebra, then | = ¢o. We use this
property for 0 2 ¢ ¢ as well as for every® 2 ¢.

(Pl): Byj=¢ othereareA2 !'and * 2 -suchthat 0 = A+
with Q 2Bz andu 2 V: such that 06 Q(u) 2 t,i.e., A= 12! We
"X such u;Q and . For arbitrary , 2 - the following case may occur:

Casel. Thereis av: 2 V such that Q(v+) 6 Oorav, 2V,
such that Q(v; ) 6 0. Thisimplies j * + 2 ¢gorjtj , 2 ¢y, ie,
L2fr+ ] 2¢0g[fi *+ ] 2Co0

Case2. Forallv2 V ©V, itholds Q(v) =0. Then the Bianchi
identity implies for v. 2V andv; 2V, that0= , (Q(u))H(v+;v;):
Now one can choose&. andv; such that H(v+;v; ) 6 0. This implies
. 2 Q(u)? = U and we get (PI).

(Pll): Let®2 ¢. j=¢ g implies the existence ofA2 land 1¢2 -
suchthat ®= A+1gwith Q 2Bsandu 2 Vi, suchthat 06 Q(u) 2 ge.
We x Q and u for ® Hence®i = A2 !is a weight of By.

Now, let | be aweightin - @, i.e.,, + ®is also a weight. Hencg , | ®
is a weight. If v2 V. then Q(u)v 2 V .e. SinceH is non-degenerate,
there isaw 2 V, ; @ such that H (Q(u)v;w) 6 0. Since Q 2 By (g), the
Bianchi identity gives

0= H(Q(u)v;w) + H(Q(v)w;u) + H(Q(w)u;Vv);
i.e., at least one of Q(v) or Q(w) has to be non-zero. Hence we have
two cases for, 2 - @:
Casel. Q(v) 6 0. This implies jte+ ®+ , 2 ¢, and thus , 2
flei ®+ j 2 ¢o0
Case2. Q(w) 6 0. Thisimplies j 1@+ ®j , | ®=jlei , 2 ¢y,
ie.,, 2fi 1o+ | 2 ¢oQ g.e.d.

Of course, it is desirable to nd weights! and ! g which are extremal
in order to handle criteria (PI) and (PII).

Lemma 4.5. Let g% so(V;H) be an irreducible, complex semisimple
Lie algebra withBy (g) 6 0. Then for any extremal weight vectoru 2 Vg
there is a weight elementQ 2 By (g) such thatQ(u) 6 0.

Proof. Let u 2 Vs bel_extremal with Q(u) = 0 for every weight ele-
ment Q. SinceBy (g) = A21 Bas the assumption impliesQ(u) = 0 for
all Q 2 By (g). This gives for every A 2 g and every weight elementQ
that

Q(AW) = [A;Q(U)] i (ALQ)(W) =0:

2By (9)
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On the other hand, V is irreducible and thus generated as vector space
by elements of the formA; ¢::: ¢Ax ¢u with A; 2 gand k 2 N (see
for example B4]). Successive application ofg to u yields Q(v) = 0 for
every weight elementQ and every weight vectorv. HenceQ(v) = 0 for
all Q 2By (g) and everyv 2 V, i.e., B4 (g) = 0. g.e.d.

Proposition 4.6. Let g% so(V;H) be an irreducibly acting, semisim-
ple weak-Berger algebra with root€ , ¢ o = ¢ [f Ogand weights- . Then
there is a partial order of ¢ (i.e., a set of simple rootg such that the
following holds: If & is the highest weight ofg ¥2 so(V; H) with respect
to this partial order, then

(Qh): Thereisaz2 ¢, [f Og and a hyperplaneU %2 t” such that
(11) - Yfoj 2+ ) 2¢og[ U[fi =+ £+ | 2 ¢oQ0:

If + cannot be chosen to be zero, then
(QIN): Thereisan®2 ¢ such that

(12) -pfo ®+ |

2¢og[fi =+ jJ 2¢oQ0:

Proof. We consider the extremal weights of the representation. Sice
these cannot lie in the same hyper plane, by (PI) of Propositbn 4.4,
thereisat! 2 - and an extremal weight s withe+ 1 2 ¢goraj 1 2 ¢ .
We x @ and choose a fundamental root system, i.e., a partial ader
on the roots, such that @ is the highest weight. With respect to this
fundamental root system the roots split into positive and negative roots
¢=¢ , [ ¢,;. This implies

(13) 1 ="+ with 2 ¢, and" = §1.

Then for arbitrary | 2 -itholds , 2 U= Q(u)” or, +1 2 ¢qor
i 12 ¢ Butwith (13) this implies thatwe nda 2 ¢ such that
,=8(mj ¥+  with = 2 ¢ (. Thisis (QIl). Note that we are still free
to choose @ orj = as highest weight.

Now we suppose that+ cannot be chosen to be zero. Lev 2 V, or
v 2 V; « be a highest weight vector. By the proof of Proposition 4.4, or
all weight elementsQ 2 By(g) it holds Q(v) 2 ge for an ® 2 ¢. Since
g is weak-BergerBy (g) is non-zero. Thus we get by Lemma 4.5 that
there is a weight elementQ such that 0 6 Q(v) 2 ge and we are done
(possibly by making j = to the highest weight). g.e.d.

Example 4.7. Representations ofsl(2; C). To illustrate how these
criteria. will work we apply them to irreducible representations of
sl(2; C).

Proposition 4.8. Let V be an irreducible, complex, orthogonal
sl(2; C){module of highest weighta. If it is weak-Berger, then o 2

f2;4q.
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Proof. Let sl(2;C) ¥ so(N; C) be an irreducible representation of
highest weight =. l.e., &(H) = | 2 N for sl(2;C) = span(H;X;Y )
where X has the root ®. Since the representation is orthogonal] must
be even (see for example3B]) and 0O is a weight. The hypersurfaceU
is the point 0. Now property (9) ensures thatl 2 f2;4;6g9. If t =&
we obtain | 2 f2;4g. If * 6 = we can apply (QIl): We have that
-@=- nfagand -, e =- nfi ag. Then (QIl) implies | 2 f 2; 4g.
g.e.d.

So we get the rst result:

Corollary 4.9. Let su(2) ¥2so(E; h) be a real irreducible weak-Berger
algebra of real type. Then it is a Berger algebra. In particuhr it is
equivalent to the Riemannian holonomy representations 060(3;R) on
R3 or of the symmetric space of typeAl, i.e., su(3)=so(3;R) in the
compact case orsl(3; R)=s0o(3; R) in the non-compact case.

4.3. Berger algebras, weak-Berger algebras, and spanning
triples. In this section we shall describe a result of 32], [33], where
holonomy groups of torsion free connections are classi edSometimes
we shall we refer to the unpublished B2], since some of its results are
not contained in the published [33]. We shall describe our results in
their language such that we can use a partial result of33].

For a Berger algebra it holds that for every®2 ¢  there is a weight
elementR 2 K (g) and weight vectorsu; 2 Vi, and uz 2 Vi, such that
06 R(ug;uy) 2 ge. Choosinguy;u, such that 06 R(ug;up) 2 t, by the
Bianchi identity one gets forany , 2 -and v 2 V that

. (R(ugjuz))v = R(v;uz)us + R(ua;v)uz:
This implies , 2 (R(u1;uz))? %t° or V. % gVi, © gVs,, and hence
(RI): There are weights? 1;1, 2 - such that
- Yefty+ o 2¢Cog[ ULf 12+ ] 2¢00

If one choosesus;u, such that 0 6 R(uz;u2) = Ag 2 ge With ® 2 ¢,
for, 2 - we getthat AgV Y“%gV:, ©gV:,. Hence, the weights ofAgV.
are contained infl;+ jJ 2 ¢og[f to+ | 2 ¢o0

(RIN): For every ®2 ¢ there are weights 1 1;1 5 2 - such that

-e¥efly) ®+ ] 2¢og[f i) ®+ j 2¢o0

Of course (PI) is a special case of (RI) witht; = j 5. (PIl) is not a
special case of (RIl) sincet ¢ + ® is not a weight, a priori .

To describe this situation further, in [ 32] and [33] the following de ni-
tions are made. We point out that here - @ does not denote the weights
of geV but the weights , of V such that , + ®is a weight.

De nition 4.10. Let g% End(V) be an irreducibly acting complex
Lie algebra, ¢ be the roots and zero of the semisimple part o, - the
weights of g and - @ as above.
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1) Atriple (11;12;®) 2 - £ - £ ¢ is called spanning triple if

-e¥%flyi ®+ j 2Cog[flzj ®+ j 2¢o0:

2) A spanning triple (*1;2;®) is called extremal if 1, and 1, are
extremal.

3) A triple extremal weights 1; and ',, and an atne hyperplane
U %t is called planar spanning triple if every extremal weight

di®erent from!, and !, is contained in U and
- Yefty+ T T 2¢0g[ U[f 12+ )T 2 ¢og:
In [32] the following conclusion is deduced from (RI) and (RII).

Proposition 4.11  ([32, Proposition 3.13]). Let g %2 End(V) be an
irreducible complex Berger algebra. Then, for every roo®2 ¢ there is
a spanning triple. Furthermore there is an extremal spanniry triple or
a planar spanning triple.

Returning to weak-Berger algebras we reformulate Propositin 4.6:

Proposition 4.12. Let g% so(V;H) be an irreducible complex weak-
Berger algebra. Then there is an extremal weight such that one of the
following properties is satis ed.

(S): There is a planar spanning triple of the form (o ;i =;U).

(SI): Thereisan®2 ¢ such that- @ 2faj ®+ | 2¢og]

fi a+ ] 2¢og:
There is a fundamental system such that the extremal weight i(SI) and
(SHl) is the highest weight.

Proof. The proof is analogous the one of Proposition 4.6. If there
is an ® 2 ¢ such that the corresponding ! g is extremal we are done.
Otherwise it is Q(u) 2 t” for every extremal weight vectoru 2 V., and
every weight elementQ 2 Bs. By Lemma 4.5 there is aQ such that
06 Q(u) 2 t°. As before this implies

- Yefa+ T j2¢og[ U[fi m+ j 2¢,0

To ensure that (=; o;U) is a planar spanning triple we have to verify
that every extremal weight , di®erent from © and j & is contained in
U= Q(u)’. Let , be extremal and di®erent from @ andj &, vs 2 Vs

and u 2 V.. SinceQ(vg) 2 t°, the Bianchi identity gives

0 = H(QUvs;v; )+ H(Q(v+)v; ;u) + H(Q(v; Ju;v+)
=, (Q(w) "'ﬂgi}n l (Q(v+)) H(v; ;u) o ( Q) H(u;v+?:

=0 since u is neither in V. norin V,

Hence,, 2 U. g.e.d.

Obviously we are in a slightly di®erent situation than in the Berger
case sincg ©+ ®is not necessarily a weight and in case it is a weight,
it is not necessarily extremal.
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5. Classi cation of simple complex weak-Berger algebras

In this section we apply the result of Proposition 4.12 to sinple com-
plex irreducibly acting Lie algebras. We shall do this step ly step under
the following special conditions:

1) The highest weight of the representation is a root.

2) The representation satis es (Sl), i.e., admits a planar panning

triple (= ;i =;U).

3) The representation satis es (Sll) and has weight zero.

4) The representation satis es (Sll) and does not have weighzero.

Throughout this section the considered Lie algebra is suppsed to be
di®erent from sl(2; C). Before we start with this approach we have to
recall some basic properties of root systems. Let ¢ be a rootystem in
the Euclidean vector space E; h;:i), i.e., ¢ spans E, forany ®; 2 ¢,

the number 221 is an integer, and the re’ectionsg : ' 7! ' | 221

maps ¢ onto itself. For root systems, the following properties hold true
(for a proof, see 4, pp. 149)).

Proposition 5.1. Let ¢ be a reduced root system in(E; h;:i).

1) If ®2 ¢, then the only root which is proportional to® is | ®.

2) If ®~ 2 ¢, then 2S1 2 £0;81;,82,83g. If ¢ is one of the
indecomposable root systems§ 3 occurs only for the root system
G». If both roots are non proportional, then 8 2 only occurs for
Bn;Cn;F4 or Ga. -

3) If ®and  are non proportional in ¢ andk k - k ®k, then zilék—@)zl 2
f0; 8§ 1g.

4) Lletbe®; 2¢. If®; i >0 then®; 2¢. If ®;, i <0,
then®+ 2 ¢. le., if neither ®; 2 ¢ nor ®+ 2 ¢, then
h®; i =0.

5) The subset of¢ de ned byf + k®2 ¢ [f Ogjk 2 Zg is called ®{
string through . It has no gaps, i.e., +k®2 ¢ forj p- k- ¢
with p;g, Oand it holdspj = %@}. The maximal length of
such a string is given bymaxe;2¢ 2o’ +1, i.e., it contains at
most four roots.

5.1. Representations with roots as highest weight.

Proposition 5.2.  Let g %2 so(N; C) be an irreducibly acting, complex
simple Lie algebra, di®erent fromsl(2; C) and satisfying (SI) or (SlI). If
we suppose in addition that there is an extremal weight with & = a’
foraroot © 2 ¢ and a > 0, then the following holds true:

1) If © is along root, thena =1, i.e., the representation is the adjoint

one.

2) If ¢ has roots of di®erent length and is a short root, then:
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a)lf ¢= B, or G, thena=1;2
b) If ¢= C, or F4thena=1.

Proof. Leta= a” with ©~ 2 ¢, a2 R. W.l.o.g. we may suppose that
a js the extremal weight in the properties (SI) and (SlI). Fir st we show

o= a  is the highest weight we get thathe;%i = ah;%i 2 N for all i.
a 62\ would imply that H;%i, 2 for all i with h;%i & 0. This holds
only for the root system C, where o = 1 ; = % . But this representa-
tion is symplectic, not orthogonal. (For an explicit formul ation of this
criterion see B6].) So we geta 2 N. Now we consider two cases.

Casel: ~ is a long root. In this case the root system of long roots,
denoted by ¢, is the orbit of © under the Weyl group. Hencea ¢¢ | are
the extremal weights and ¢ % -. This implies 0 2 - ¢ for every® 2 ¢.

Furthermore, it holds that ad®¢ %2 -. This is true because we can nd
a short root such that " | ~ 2 ¢ 5. On the other hand it is %2—' . 4,
i.e.,a(" i ) 2 -. Applying the Weyl group to this weight we get the
property for all short roots. Now we check (SI) and (SlI).

(SI) Let = satisfy (Sl), i.e., @ and j @ de ne a planar spanning triple
(=;j =;U). This would imply that every long root di®erent from ~ lies
in the hyperplane U. This is only possible for the the root systemC,,,
because all other root systems have an indecomposable systeof long
roots. For C, holds that ¢ | = A1 £¢ ¢ ¢ £A,. But we have still a root —
| possibly a short one | suchthat ~— 62U and  not proportional to ~
This implies- 3a =o+ °=a +°o0or- 3a =joe+°=ja +°
with ° 2 ¢ o. Then Proposition 5.1 impliesa = 1.

(SII) Let us suppose that = satis es (Sll), i.e., there is an® 2 ¢ such
that - @ 2 fo | ®+ | 2 ¢og[fi 2+ | 2 ¢og. 02 - g implies

O=oj ®+ =a j®+ or0=jo+ =jia + with 2¢y.
The second is not possible and the rst implies by Propositim 5.1 that
a=lora=2and = ® Inthe second case we nd a root° 6»®

such that i*;®i < 0, hence 2 2 - . Since 2 | 2® 62¢ it has to be
2° = ®+ , but this is prevented by i;®i < 0 and Proposition 5.1.

Of course, if” is a long root the representation is the adjoint one.

Case2: “ is a short root. Let us denote by ¢ the root system of short
roots. Clearly, ¢ s ¥2- and ad¢ g are the extremal weights in -. For the
root system B,, the root system of short roots ¢5 equalsA1 £¢ ¢ ¢ £A 4,
otherwise it is indecomposable. Furthermore, the followig holds: If
a, 2then ¢ % -. To verify this, we consider a long root = 2 ¢,

with the property that h;" i > 0. Such a always exists. Then we
have ZET' > zkh_;k -, 1. This implies 2 j ~ 2 ¢ (see Prqposition 5.1).

On the other hand, a, 2 ensuresthat- 3 s-(2°)=2 7 %}_
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Hence the long root 2 |  is a weight. Applying the Weyl group to
shows that every long root is a weight.

(SI) We suppose that there is a planar spanning triple (g; i @;U), i.e.,
a lies in the hyperplane U if — is a short root. This is only possible
for B,, because all other systems of short roots are indecomposablin
case ofB, we can at least nd a long root ® which is not in U. Since
the long roots are weights, we have® = a" + ° or ® = j a” + ° with
° 2 ¢ . But this implies for B, that a- 2.

(SIl) Since ¢ % -,itis0 2-gforal ® 0=ja +°with®°2¢y,
would give a= 1. Hence,a, 2 implies
(14) 0=a i ®+°:

Thus we have to deal with the following cases:
(@ ®="anda=2. _
(b) ®6»" and by 5 of Proposition 5.1a - 2;'%—' - 3. le,ifa, 2,®

is a long root.
We exclude the rst case for any root system di®erent fromB,,. Set
a=2and ®= ". If ¢ 6 By the short roots are indecomposable, i.e.,

there is a short root  such that  6» andh;” i < 0. Hence, 2 2 - -
and + 2 ¢.

The existence of a spanning triple implies2 = "+°or2 =2 +°
with ° 2 ¢ 4. The second case is impossible because of Proposition 5.1.
The rstimplies2 | ~ 2 ¢. Again, this is not possible by Proposition
5.1 andh;” i < 0. Hence case (a) is excluded.

Now we consider case (b). First we show thata = 3 is not possible.
Seta = 3. We notice that H;®i > 0 implies 2$5k®' . 1 and hence
3 | 3®2 - . Thus we have the alternative 3 | 3®=3" | ®+ ° or
3 i 3®=j3 +° with ° 2 ¢y The rstimplies 2® 2 ¢ and the
second 6 | 3®2 ¢. Both are not true, hence a = 3 is impossible.

We continue with case (b) and have that® is a long root with

2 ; ®i

k k2 *
From now on we suppose that the root system is di®erent fronG,.
Then we have

2 ie,2j ®2¢.

2h'; ®i

k™ k2
In a next step we show that under these conditions there is no h®ort
root  with

(16) T 2¢swith®;, i<0;h;"i<0and 6»":

Suppose that there is such a . Then the rst condition implies that
2 2-gandhence?2 =2 ®+°or2 =j2 +°with °2¢g. The

(15) =2:
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latter is not possible. The second implies the following usig (15):
2h; i 2§ ®;i N 270 —og 2070
Kk2 — kk k'k2 K k2

i2, 2¢
Hence,j 4, %zl which is impossible.
Now by the Proposition 5.1 there is such a . Hence, for every re-
maining root system di®erent from G, and di®erent from B,, we have
that a = 1.

All in all we have shown, that for a long root it holds a =1 and that
for a short root a=2 implies ¢ = By or Ga. g.e.d.

Corollary 5.3. Let g %2 so(N; C) be an irreducible complex simple
weak-Berger algebra di®erent fronsl(2; C) and with the additional prop-
erty that the highest weight is of the fornre = a” foraroot ” 2 ¢ . Then
g is complexi cation of a holonomy algebra of a Riemannian maifold
or the representation with highest weigh®?! 1 of Go.

Proof. If ~ is a long root the representation is the adjoint one, i.e.,
the complexi cation of a holonomy representation of a Lie goup with
positive de nite bi-invariant metric. For a short root ~ we get the
following:

Bn; a = 1 : This is the standard representation of so(2n + 1;C)
on C?"*1 and hence the complexi cation of the generic Riemannian
holonomy representation.

Bn; a=2: This is the representation of highest weight 2 ;. This is
the complexi ed isotropy representation of the Riemannian symmetric
space of typeAl , i.e., of the symmetric spacesU(2n+1) =SO(2n+1; R),
respectively SL(2n + 1; R)=S0O(2n + 1; R).

Cnh; a=1:(for n, 3)Thisis the representation of highest weight! ».
It is the complexi ed isotropy representation of the Riemannian sym-
metric space of typeAll , i.e., of the symmetric spacesSU(2n)=Spn),
respectively SL(2n; R)=Sg(n).

F4; a = 1 : This is the representation of highest weight! ;. It is
the complexi ed isotropy representation of the Riemannian symmetric
space of typeEIV , i.e., of the symmetric spacesEgs=F4, respectively
Ee(; 26)=Fa-

Gy; a=1: This is the representation of highest weight! 1. It is the
representation of G, on C’, i.e., the complexi cation of the holonomy
representation of a RiemannianG,{manifold.

Gy; a = 2 : This is the representation 2! ; of G,. It is a 27-
dimensional representation ofG, isomorphic to Sym3C’, where C’ de-
notes the standard module ofG, and Sym3C’ its symmetric, trace free
(2; 0){tensors. This is the exception, because there is no Rienmnian
manifold with this complexi ed holonomy representation. g.e.d.



ON THE CLASSIFICATION OF LORENTZIAN HOLONOMY GROUPS 451

5.2. Representations with planar spanning triples. Now we con-
sider representations of a simple Lie algebra under the corition that
there is a planar spanning triple. For these we get the followng proposi-
tion, its proof follows the proof of a similar proposition in [32, Proposi-
tion 3.20] under usage of the additional properties of our ghnar spanning
triple.

Proposition 5.4. Let g %2 so(N; C) be an irreducibly acting, complex
simple Lie algebra di®erent fromsl(2; C) and satisfying (SI), i.e., with
a planar spanning triple of the form (= ;j ©;U). If there is no root ®
with & = a®, then g is of type D, with n , 3 and the representation is
congruent to the one with highest weight ; or 2! ;.

Proof. Since © 6 a® there is no root such thatj =& = sg(r). Hence,
the existence of a planar spanning triple impliessg(®) 2 U, for any
®2 ¢ such that he;® & 0. If we set U = T?, then

k®k2
2 ®)

Following the lines of reasoning in B2], we prove various claims to get
the wanted result.

(17) for ®2 ¢ with h®;=i & 0 it holds h®;Ti =

ke TiGO:

Claim 1. For any non-proportional ®; 2 ¢ with he;® & 0 and
he; i & 0 it holds that h®; i =0 or both have the same length.

To show this we prove that two such roots are orthogonal orte; sg i
= he;s-® =0. Supposehe;sg i6 0. Then by (17):

K k2 = ksg K?
= ﬁcnuh;s@‘im@‘;ﬁ C .
- hu;2Ti ¢ ;i zlg;r;;@ ¢ RiTi Z%Qr@;ﬂ
H — - =
:2¢u%k2ih®;_i rrz;—c_@:‘h@_i EC_@: :z(;zz+ 2%(—;2 :

Subtracting k™ k? and multiplying by the denominators gives
' ¢
0=H®; i 'K k2hm; @2+ k&k?ha;Ti2| 2h:®iha;®ha; i

This gives the following pair of equations
3

0=H®; i fk_kha;®i 4{-Zk®<m;_i);i sz®kk_li£— h; ®igh€1;®ih0;_i

.0 >0
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| |

0=m®; i (K khe;@ijk ®khe; i)%+2 (k&K kih ~®i)he;®ha; i
(Cumisif som: 2 o)

N >

This implies ®; i =0 or he;®iha; i =0, but this was excluded. This
argument is symmetric in® and  hence we get the same result fos-®.
Thus we have proved thatr;se i = hr;s-® =0 or M®; i =0.

Now hr;sg i = he;s-®i = 0 implies ;@ = 5oL ¢2200 ¢ ;@i

Sincehe; ® was supposed to be non zero we have th ®|;(_‘ ¢—2_2|:E@|;(_‘ =

which implies | since both factors are in Z | that k®&k? = k™ k?. This
holds if ®; i & 0.

Claim 2. All roots in ¢ have the same length.

Suppose we have short and long roots. Then we can write a long
root ® as the sum of two short ones, let's say® =+ °. This implies
h®; i & 0 and h®;°i & 0. Since ®is long and and ° are short, we
have by the rst claim that he;®i ¢he; i =0 and he;®i ¢ he;°i =0.
Now he;® = he; i+ he;°i gives that he;® = 0 for every long root.
But this is impossible. Hence all roots have the same lengthrad w.l.0.g.
we can suppose for non-proportional roots that

2h®; i

(18) k@2

210;1;i 1g:

Claim 3. There is ana 2 R such that for any root ® it holds he; ®i 2
f0; 8 ag. ais less or equal than the square of the length of the roots.

We consider® 2 ¢ with he;® & 0 and set a := ha;®. Then we
de ne the vector spaceA := spanf 2 ¢ jho; i = §ag %t°. We show
that every root ° with he;°i 62 f0; 8 ag is orthogonal to A and hence
that A = t°. To verify A = t" we show that every root is either in A
orin A?. First consider ® 2 ¢ with he;°i = 0. Ifitis notin A? then
there are roots” 2 A and £ 62A such that ° = = + £ But this implies
O=he;°i=hr; i+he;+H = 8a+ ha;+i. Hencex 2 A and therefore
° 2 A which is a contradiction. Thus ° 2 A”. Now we consider a root
° with he;°i 62 f0;8ag. Then for any — with he; i = §a we have
because of (18) thathe;s-°i = ha;°i§8 a6 0. Because of the proof of
Claim 1 this givesh;° i = 0. Hence ® 2 A?. Since the root system is
indecomposable we have thatA = t°. Furthermore we have shown that
any root with he;°i 62 f0; § ag is orthogonal to A = t°. Thus, the “rst
part of Claim 3 is proved.

Now we suppose thata > ¢ where c denotes the square of the length
of the roots. We consider an® 2 ¢ with he;®i = a. se(?) =& | %a®
is an extremal weight in U. Then a > c implies & j 2® 2 - but not in
U. Then the existence of the planar spanning triple (5 @;U) implies
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oj 2®=jo+ fora 2 ¢. Hence,
2ha; i -1+ 2h®; |:2
c c
and thereforehe; i = a and a = c¢ which is a contradiction.
Now we consider for any®2 ¢ theset¢ 2 :=f 2 ¢ jh®; i =0g %
¢. This set is a root system, reduced but not necessarily indeompos-
able. But we can make the following claim.

Claim 4. Let ® 2 ¢ with he;® & 0. Then one of the following
cases holds:
1) ¢ 2 is orthogonal to @ or
2) there is a unique™ 2 ¢ 3 with he; i & 0 such that
a) a= 8§ &(®+ ") where cis the lengths of the roots, and

b) ¢ 2 is decomposable with a direct summandA; = f§ ~g.

Suppose that the st alternative is false, i.e., there is a”~ 2 ¢ 2
with he; i & 0. W.l.o.g. we can suppose thathe; i = he;® = §a.
h®; i =0 then implies

Ses-(@) = 8 " A(@+);

Now we show with the help of (17) that sgs—(®) is not in U:

. L 2e®@ . 2m i
|’S®S (Q),T| - I’F',TI WI’@,TI Wh,T|
= "ho;Ti&O0:

But this implies | @ = sgs—(0) = o § %a(®+ ). By this equation ®
determines™ uniquely.
We still have to show that such ~ is orthogonal to all other roots in
¢ E’R). For° 6» in¢ E’@ uniqueness of implies he;°i =0, and hence
R AL
he;s-°i = E{ZJ' Whﬂ, i
=0

Again the uniqueness of  implies that ~ is orthogonal to ¢ 3.
Claim 5. The root system ofg is of type A, or Dy,.

The only root system with roots of equal length where the rootsystem
¢ ¢ is decomposable for a root® is D,,. Hence for every root system
di®erent from D,, we have that ¢ 3? = by Claim 4. Any root system
di®erent from A, satis es that span(¢ 2) = ® . Both together imply
that for any root system di®erent from D, and A, we have that® = o
but this was excluded.

To nd the representations of A,, and D, which obey the above claims
we introduce a fundamental system | = ( Ya;:::;%) which makes ©
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19 the highest weight of the representation. Then we have thao =
E=1 my! x with my 2 N[f Og and! \ the fundamental representations.
N i, %i = & impliesm; = ha;%i 2f 0,ag. Then we get

Claim 6. The root system is of type D, and the representation has
highest weight & = al ;. b b

Applying = to the roop  -; ¥ gives _; mx = a. Applying = to
any of the % gives that  ;_; my = m; for any i.

Now we consider the root systemA,. n = 1 was excluded from the
beginning. RecallingAs' D3 we can also excludeAz. Now we impose
the condition that the representation is orthogonal. This forcesn to be

odd and & = a! »2» wherea has to be 2 When% is odd. Thus we can

2
suppose thatn > 3. Now we consider the root E=1 Ve = €17 €1
for which holds that he;” i = a. Hence, by Claim 4 we have that ¢” is
orthogonal to a. On the otherhand ¢ 7 = f§ (i )j2- i<j - ng

with n > 3 is not orthogonal to al nu = a e+ ¢CC€ enn . This
2 2

yields a contradiction.

Finally, we show that only the representations of D, given in the
proposition satisfy the derived properties. The fundamentl represen-
tations of D, are given by!; = e1+ ¢¢é ¢ fori =1:::nj 2 and
li= 3(e1+ ¢¢€ e, 18 &) fori=nj Ln Thenha!i;%i = a On
the other hand, for the Iarge(st root” = e; + e it holds

a : i=1;nj I;n
2a : 2-i-nj 2

Hence, the representation ofa! j with 2 - i - nj 2 does not satisfy
Claim 3. Now we consider forn > 4 the representations & = %(e1+ cece
€n; 18 €y). Forthe root ®= ey; 18 ey it holds that he;® = a6 0. The
roots = e j e and® := e; + e3 both satisfy ha; i = he;°i = aand
h®; i = h®;°i = 0. But this is a violation of the uniqueness property
in Claim 4. Hencen = 4. For D4 it holds that ! 3 and w, are congruent
to ! 1, i.e., there is an involutive automorphism of the Dynkin diagram
which interchanges! ; with ! 3 respectively! ; with ! 4. For D3 ' As
only the representations! , and 2! , are orthogonal. g.e.d.

I’H!i;'i =

Corollary 5.5. Every representation of a Lie algebra which satis es
the conditions of Proposition 5.4 is the complexi cation of a Riemannian
holonomy representation.

Proof. The representation with highest weight ! ; of D, is the stan-
dard representation of so(2n; C) on C?". Hence it is the holonomy
representation of a generic Riemannian manifold. The reprgenta-
tion with highest weight 2! ; is the complexi ed holonomy represen-
tation of a symmetric space of type Al for even dimensions, i.e., of
SU(2n)=S0O(2n; R) respectively SI(2n; R)=SO(2n; R). g.e.d.
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5.3. Representations with the property (SIl) and weight zero.
First we have to nd out which representations admit zero as aweight.

Lemma 5.6. Let g %2 so(N; C) be a irreducible representation of a
simple Lie algebra with weights . If 02 - then either

1) ¢ Y%-, or

2) the extremal weights are short roots, or

3) ¢ = C, and the representation has highest weighty, for k , 2.

Proof. 0 2 - implies that thereisa , 2 -and an ~ 2 ¢ such that
0=, ",i.e, = . If " is along root, the long and the short roots
are weights. Thus, let us suppose that is a short root. In this case we
have to show that one long root is a weight if* is not extremal or that
we are in the case of theC, with the above representations. If” is not
extremal then there exists an® 2 ¢ suchthat "+ ®2 -and " | ®2 -.
We x this ® and consider the following cases.

CaseA: ®= “,ie, 2 2-.1f¢ 6 G, we nd along root such
that ZIf—kzl = | 2. This implies that ~— + 2" is a long root but also a

weight. In case of G, we nd a short root = with h; i < 0 and such
that 2" + 2 ¢ along root. This long root is also in - since H; i < 0.

CaseB: ®6» and ®; i 6 0. W.l.o.g. we suppose thath®;"i < 0.

First we consider the case where® is a long root, i.e., 2|£®—k2' = 2
Then ®+ ~ is a short root and by assumption a weight. One easily
veri es that ®+ 2" is a long root, but also a weight: Since” | ®is a

weight and

2H | ®; + ®i k®k2
L =22 L
@K K K
2%
=K K2

we getthat " | ®+ " + ®=2" is a weight. Hence 2 + ® is a weight.

Now we consider the case wher® is a short root too. ®+ ~ is a root.
If it is long, we are done, because its a weight. If it is short v are left
with the cases where the root system i<C,,, F4 or G, (see the appendix
of [24]). For G this implies that * | ® is a root which is long, and we
are done in this case. ForC, and F,4 one easily sees that there is a root
° suchthat” j ®+ ° is a weight and a long root.

CaseC: ®; i =0 and ¢ 6 C,. For G this implies that ® is a long
root and that = + ®is two times a short root. Then we can proceed as
above to get the result.

If ¢ is di®erent from G, we consider the root system ¢ of roots
orthogonal to © which contains ®. In case of C,, this root system is
equal to A1 £ Cp; 2 and in the cases we are considering | B, and F4
| itis equal to Bp; 1 resp. Bs. Now we show that there is a short root
® in ¢ 7 suchthat” + ® 2 -. If ®is short this is trivial and if ® is
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long we write ® = ®; + ® with two orthogonal short roots from ¢ 7.
Then H + ®;®i > 0 and thus” + ®; 2 -. On the other hand there is
a short root ° 2 ¢ ? such that ~ + ° is a long root. Applying the Weyl

group of ¢7 on” + ° we get that * + ®, is a long root. In case ofC,
this argument does not apply since® spans theA; factor of ¢ 7.

Hence we have veri ed ¢ % - in the cases A, B and C. For ¢ = C,

and h®;"i = 0 one veri es directly that, if ~ is not an extremal weight,
it holds that either ¢ Yz -, or the representation of C, is the one with
highest weight ! 5 with k | 2. g.e.d.

Proposition 5.7. Let g% so(N; C) be an irreducibly acting, complex
simple Lie algebra di®erent fromsl(2; C) and satisfying (SIl). If 02 -,
then there is a root ® such that for the extremal weight from property
(SIl) it holds = = a® or the representation is congruent to one of the
following:

1) ¢ = C4 with highest weight! 4.
2) ¢ = D, with highest weight2! ;.

Proof. Let = and ®be the extremal weight and the root from property
(SI1). We suppose that @ is not the multiple of a root, i.e., case (2)
of the previous lemma, where the extremal weight were shortaots is
excluded. Hence, in this situation the only case where ®2- @ occurs
when ¢ = C,, o= 1,5 with k, 2and®is a long root. We shall treat
this case at the end of the proof and suppose now that @ - . (SII)
givesthat0=j e+ | which was excluded |[orO=&a | ®; . The
latter gives that ®+  is not a root which implies that ®; i, 0. We
consider three cases.

Casel: ¢ = G. In this case the fact that @ is not proportional to a
root implies ®; i > 0 and® and must have di®erent length. Thus,
we can chose a long roof not proportional neither to ® nor to  and
such that ®;°i < 0 and h;° i < 0 which implies ® 2 - @ as well as
°2--.(Sll)implies°j 2¢or °j ®2¢or °+®+ 2¢. The
“Ist two cases are not possible because of Proposition 5.1.0F the third
case we suppose tha® is the long root and get that %2@ =0 by
analyzing the root diagram of G,. Hence,® + ®+  cannot be a root.

Case2: ¢ 6 G, andh®; i > 0. This implies®; 2 ¢. We consider

the number k := 22% 1 =24+ 2% 1 3 SinceG, was excluded we

have that k 2 f 3;49. Hence®+ | k® =" (kj 1) ®2 - . Then
property (Sll) implies —j (ki 1)®= i ®j + ° with ° 2 ¢y, i.e,
27 i (ki 2®2 ¢. At rst this implies k = 3 and thus % = 1.
Secondly we must have%;l = 2, therefore k®&? = 2k k2, i.e., ® as
well as 2 | ®are long roots while” and | ® are short ones.
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This implies Zh;i_fg‘;_i = 2("_'&2-"'(‘2@“2) = j 2. Hence®+ +2( | ®) =
3§ ®2 - and since MT?(?;LS—'zzi 3=j1litholds ® 3 2 - 6.
Then (Sll) gives®j 3 = j °or®j 3 = | ®+ ° with °2 ¢y

But none of these equations can be true.

Case3: M®; i =0 and ¢ 6 G,. Since®+ is not the multiple of
a root, the rank of ¢ has to be greater than 3 oritis ¢ = D, and
o=2g,ie., a=2w;. Inthe second case we are done and we exclude
this representation in the following. We can supposek¢ ., 4. Recall

that the weight @ and the root ® were de ned by the property (Sll). In
this situation we prove the following lemma.

Lemma 5.8. Letrk¢ ., 4andleta= ®+ be an extremal weight
of a representation satisfying property(Sll) with & and ®, and let be a
root such thath®; i =0 and ®+  not the multiple of a root. Then ¢
is a root system with roots of the same length ot = C, and ® and —
are two short roots.

Proof. Suppose that ¢ has roots of di®erent length. First we assume
that ~ is a long root. We consider the root system ¢, which contains
~. We note that ~ lies not in the A, factor of ¢(?@ because otherwise
®+ would be the multiple of a root. Since is long we nd a short

root ° 2 ¢ 2 such that 2 W‘ = j 2. Hence®+ ~ +2° 2 - and |
smce%ﬁ—' 2|itis | ® i 2° 2 - . But this contradicts

property (SlI).

Now we suppose that® is a long root. Here we consider the root
system ¢2 which contains ®. Again ® lies not in the A, factor of ¢ 2
because otherwis&®+ — would be the multiple of a root. Since®is long

we nd a short root ° 2 ¢ 2 such that 2€51 = ; 2. Hence,®+ ~+2° 2

k° K2
-. Now we have that =5 = j 1 and thereforeX®% 2"l =2 1 =1,
Thus i ®] | 2° 2 - . Again this contradicts (SlI).

If ® and ~— are short and orthogonal and the root system is notC,,,
e., itis B, or Fg4, then the sum of two orthogonal short roots is the
multiple of a root. g.e.d.

Now we prove a second claim.
Lemma 5.9. The assumptions of the previous lemma imply that there
isno° 2 ¢ such that
2h;° i
ke k2

(19) h®;°i =0 and =1:

Proof. Let us suppose that there is @ 2 ¢ such that h®;°i =0 and

zkhTz— 1. In case of C, ° is a short root. We note that both together
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imply that neither ®+ ° nor ®; ° isaroot. But °j  is aroot, in case
of C,, a short one. Furthermore & j ° 2 -. Hence,
2hej %0 0 2@+ g % .
ki Kk ki k"
andthus @ °+2(° 7)= ® ~+°2- Now 2B 700 =5
ie, i®+ | ° 2 - (SIl) impliesthat i ®+ | ° = + xor
i ®+ j °=j® +xfor+2 ¢ (. But both options are not possible
since®+ ° is not a root and because® is short. g.e.d.

We conclude that Lemma 5.8 leaves us with representations of\p,,
Dn, Eg; E7; Eg or C, where & is the sum of two orthogonal (short)
roots but not a root.

Now one easily veri es that Lemma 5.9 impliesn - 4 and ¢ 6 Ay,.
Hence the remaining representations are'2;, 2! 3 and 2! 4 of D4, which
are congruent to each other, andw, of Cj,.

To nish the proof we have to consider the representation of ighest
weight ! 5 (with k , 2) of C, supposing®is a long root. 02 - implies
that the short roots are weights. Let  be a short root with H®; i < 0,

i.e., 2 -@ (Sl)thengives = !xi ®+ xor = !, xfora
+ 2 ¢ (. Analysing roots and fundamental weights of C,, we get that
(SH) implies k=2 and ®=2¢ for1- i- 4. Butfor n> 4 Lemma 5.9

applies analogously. The remaining representation i$ 4 of C4. qg.e.d.

Corollary 5.10. Let g %2 so(N; C) be an orthogonal algebra of real
type di®erent from sl(2; C) and satisfying (SIl). If 02 -, in particular
if ¢ = Gy;F4 or Eg, then it is the complexi cation of a Riemannian
holonomy representation with the exception oz, in Corollary 5.3.

Proof. If & is the multiple of a root then we are in the situation of
Corollary 5.3. For D, the remaining representations are those which
appear in Corollary 5.5. The representation of highest weigt ! 4 of C4
is the complexi cation of the holonomy representation of the Riemann-
ian symmetric space of typeEl, i.e., of Ee=Sp(4) resp. Ege)=Sp4).
Analysing the roots and fundamental representations of theexceptional
algebras we notice that every representation ofs,, F4 and Eg contains
Zero as weight. g.e.d.

5.4. Representations with the property (SlIl) where zero is no
weight. Again we start with a lemma.

— Lemma 5.11. If 0 62-, then there is a weight, 6 0, such that

—2h;®i—
Tz 1for every root ®@.

Proof. In order to prove this indirectly, we x a 0 6 , 2 - with
minimal length, i.e., k, k - k *kforall0 6 * 2 -. If the proposition were
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2h;®i

not true we could nd a root ® 2 ¢ such that T > 2. Since 062,
itis , 6 ® and we can consider the non-zero weight .= , | ® 6 0.

For the square of its length we get
0< kik?=k k?j 2h;®i+ k@k? -k , k?jk ®K?>< k, k:

This is a contradiction to the minimality of | . g.e.d.

Proposition 5.12. Let g %2so(N; C) be an irreducibly acting complex
simple Lie algebra- di®erent fromsl(2;C), with 0 62- and satisfying
(Sll). Then 221 3for all roots ~ 2 ¢ .

Proof. Let ® be in ¢ with the property (SlIl). By the previous lemma
there is a, 2 - such that _2%}_- 1 for all roots — 2 ¢. Applying the
Weyl group one can choose such that h;®i < 0, i.e.,, 2 - @ Hence

(SIl) gives, =a j ®j °or, = jwa+ ° with ° 2 ¢4 Since we have
excluded G, the_second_case gives for every 2_¢
:Zhi; - :Zh’_; ', :2h°_; 'z 3
k k2 k k2 k k2

Thus we have to consider the rst case @ =, + ®+ ° with ° 2 ¢
and it is to verify that. _

2 Ti— 20T 2T 2T i

— = LA + = .
(20) k k2 k™ k2 k k2 k k2 3
for all roots ~— 2 ¢.
For = §®this is satis ed:
2he ;i 2h; ®i 2K ® . 2 ; ®i
= 2+ ——— ="18§2+ — .
k®k? 8 k®k? 8 k®k? 8 k®k?

Hence, we have to show (20) for all 2 ¢ with =~ 6»®. For this we
consider three cases. - -

Case1l: All roots have the same length.This implies _%i_- 1 for

all roots which are not proportional to each other. Thus we gé (20) for
all — 6»°: _ _ _ _

27— 2h; T i 2=, 2T -

— . Tt + ——= -3
k k2 k k2 k k2 k k2 3
For = §° we have
2he; i 2h;° i _ 2h®;°i
= . ’ 2:
k° k2 8 ke k2 8 k° k2 8
This has absolute value, 4 only if h;°i > 0 and h®;°i > 0. This

implies that ®j ° is a root. But for this root it holds ﬂ‘lﬁék@' =

kgr:’;®k'2 i kzor;,;gkuz = 2 since all roots have the same length. This is a

contradiction to the choice of | .
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Case 2: There are long and short roots and is a long root. This
implies again WT—' 1 for all ~ which are not proportional to °. This

implies (20) in this case.
For = 8° we argue as above, taking into account thatk°k ,

2h i ® _ 2hri . 2h®i 2h° i, 2h@i
k ®( k (ﬂ( We 0bta|n 0 ®K2 - koi ®k2| koi ®K2 > k° K2 | k®kZ >

2 WhICh is a contradiction to the choice of,

Case3: There are long and short roots and is a short root. First we
consider the case where = 8 °. Again (20) is not satis ed only if h;;° i
and h®; °i are non zero and have the same sign, lets say +. ®is a short
root too, then, because of® °i & 0,1, Proposition 5.1 gives that ®; °

i® _ 2h;°i . 2h;®i _ 2h;°i, 2h;®i _
also a short root. Hence,?" e g@kz S ekl ek - KR keRe 2
yields a contradiction.

If ®is a long root, then° j ® has to be a short one and we get again

s g, 200 i ® _ 2hci . 2h®@i 2h;° i, 2h;®i
a contradiction: g = g | i ®k2 . kokz i ok 2
= Bx® 2/ _ 2h;” 2m;i 2K
Now suppose that™ 6»°. Then 55, = S + T=5 + 755 has

absolute value, 4 only if all three right hand side terms are, 0 or
0 | lets say they are , 0| and at least one of the last two terms
has absolute value greater than one, i.e.y or ® is a long root. If ®

is a long root then ®  is a short one and ‘arguing as above gives
the contradiction. If ® is a short root then k k2l >0andh®; i >0
implies by Proposition 5.1 that | ® is a short root. Again, we get a

2h; i ® _ 2h; i . 2h;®i _ 2h; i, 2h®i _
Ki®k2 ~— kjekZ! kjekZ~ Kk | kek? =2. g.e.d.

Proposition 5.13. Under the same assumptions as in the previous

proposition it holds that Wzl_- 2 for all long roots ~

contradiction:

Proof. Let o and ® be the extremal weight and the root from property
(SI1). We suppose that there is a long root” with
2he; i
k™ k2
and derive a contradiction considering di®erent cases.

Casel: All roots have the same length By applylng the Weyl group
2he O@i

(21) =i3

we nd an extremal weight ©°such that a := @z = i 3. Firstly, we
nd a root ~ with
2R); i 2l
k_k2 =1 and K k2 i 2
This is obvious: We 'nd a = such that = 2h® L=, 0f W‘ .i 1then
we consider the root®; . It satis es zkrgi—®_‘k21 =1 and we have
2eC®; i 2™
———— = i3 —=5 i Z
k®j k2 k®i k2
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Hence we have @+ k 2 -for0 - k - 2 and &%+ k® 2 - for
0- k- 3. Furthermore,
2%+ @i 2he O @i
’ = . ’ = + I
K@K2 i3 (@e T3
But this gives
2% k®@+ [ 2-gfor0- k- 20- k+1- 2

Among others (Sll) implies the existence of°; and  from ¢ ¢ for i =
0; 1; 2 such that the following alternatives must hold:

(22) 2+ ® = o+ °, or a0 = o+ 4
(23) a%+3® = o+ °; o 8% 2@ = jo+ 4
(24) % ®+27 = o+ °, or 8%27 = o+ &

First we suppose that the st alternative of (22) holds, i.e 1%+ ® =
g+ °y. Sincea = j 3 and both @ and =% are extremal we have that
® 6 | °o. Hence the rst case of (23) cannot be true and we have
a0+ 2®= j o+ #. We consider now (24): The left side of (22) gives
that e 0+ 27 + ® = a+ °5+2 . If the left side of (24) were true,
we would have®°y = j . Hence @+ 2 - and on the other hand
- 3% ®=o | ~ which contradicts the extremality of a. Thus the
right hand side of (24) must be satis ed. From e%42®= j a+ 4 follows
00427 = ja+ 5 +2(7 | ® and therefore+; = | (T | ®). Again we
haveja+( j ® 2-and j&i ( i ® 2 -which contradicts the
extremality of o.

If one starts with the right hand side of (22) one may proceed aalo-
gously and get a contradiction in the case where all roots has the same
length.

Case?2. The roots have di®erent length an® is a short root. On one
hand we nd a short root ~ which is orthogonal to ® and ®+ ~ is a long
root, and on the other we can nd an extremal weight a0 such that

2@+ Ti 3
k+ k2 '
Since®? we have
2(mlai+ e ) 1" omle 2wl
i 3= _ = _ + _ .
k®k?2 + k k2 2 k®k?2 k™ k2

Because of the previous proposition we get

2(%@ _ 2(he% 7

e - kke i3
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Hence &+ k®+ 1~ 2 -for0 - k;| - 3 and therefore &+ k®+ |~ 2 -

forO- k- 2and 0- |- 3. (Sll) implies the following alternatives:
(25) 2+ ® = o+ °3 or el = o+ 4
(26) =%+ ®+37 = @+ °; or a0+37 = jo+ 4
(27) =%+2®@+37 = &+ °, or 0%+ ®+37 = jo+
(28) ©%+3®+27 = o+ °3 or e%42@®+7) = o+ 4
(29) 29%43®+37 = @+ °, or 8% 2@+37 = o+ #

If the left hand side of the rst alternative is valid then the left hand
sides of the remaining four cannot be satis ed: For (26) we wold have
3 = °1i °o which is not possible. (27) would imply 3 + ®= °5j °g
which is by Proposition 5.1 a contradiction since®6 |  and°p 6 | ®.
(28) would imply 2(®+ ) = °3j °o. Since®+ s along root this would
give°g=j (®+ )and°3= ®+ andthusa (®+ )and o+ ®+
would be weights. But this is a contradiction to the extremality of =,
(29) would give 2+ 3 = °4j ° which also is not possible.

Thus for the last four equations the right hand side must hold Taking
everything together we would get®= +,j #; = #4j ,and = & 3.
This gives 2= ;| #; and thus

2hty; ®  2hty; @ 4k®K?

kek2 ' TkekZ T kek?

The extremality of & prevents that ® = = | ;. Hencex; and %, are
long roots, in particular

2nt4;®  2hky; ®

4:

=2
k&2 ' kek?
For again = #; = j #3 cannot hold by the extremality of = and we
have
0= 2h;®i _ 2hy;®  2hts; @i _o 2ht3; ®i
- - |

k&k2 ~  k@k2 ' Kk&K? k@k2

which forces 3 to be a long root too. Now we have a contradiction

because the short root is the sum of two long roots. This is impossible.
If we start with the right hand side of the "rst alternative on e proceeds

analogously.

Case3. The roots have di®erent length and® is a long root. In this
case we nd an extremal weight & such that %@ = j 3. Now we can
write ® = ®; + ®, with ®? ®, two short roots. As above we get
20l @i 2l @i

ok kel
Again this implies %+ k®; + I® 2 - for 0 - k;| - 3 and therefore
a0+ k@ + 1®, 2 - @ for 0- k;I - 2. Now (SIl) implies the existence of

(30)
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have to be true:

(L) (R)
(31) al+ @+ ® =8+ °y or 0= o+ 4
(32) a% 2@+ ®» =8+ °; or al+ @ =jo+
(33) 2% 3®+® =8+ °, or p04+2@, = j o+ 1
(34) e+ @ +2® =8+ °3 or a0+ ® = o+ 4
(35) v+ ®+3® =8+ °, or 204 2@, = j o+ &
(36) ©v%+2@ +2@® =0+ °5 or ¥+ @+ ®= o+ i

(37) =%+2@ +3® =+ °5 or a0+ @ +2®, = j o+
(38) 0% 3@ +2® =8+ °; or 8%+2@® +® = o+
(39) ©%+3@® +3® =ua+ °g or ©l+2@ +2®, = o+ 4y

g &

In the following we denote the left hand side formulas with an.L and
the right hand side formulas with an .R. Again we suppose that(31.L)
is satis'ed, i.e., 8%+ ® + ® = o+ °(. Under this assumption at rst
(39.L) can be excluded: It would imply 2(® + ®) = 2® = °gj °o.
Since ® is a long root this is not possible for°g 6 ®. But if °g = ®
then (39.L) is equivalent to @ = a %+ 2®, + 2®,. Hence ©§ ® would
be a weight, i.e., @ would not be extremal. Secondly, (38.L) an not be
true: It implies 2®, + ® = °7i °o. Recalling that we are dealing with
the root system B, or C, this can only be true if °7 is equal to ® or
equal to ®;. Again one deduces a contradiction to the extremality of o.
Analogously (37.L) can be excluded.

Hence (31.L) implies (39.R),(38.R) and (37.R). Using thesehree rela-
tions one can exclude (32.R), (33.R), (34.R) and (35.R), e.g (35.R) im-
plies 28y ®, = 47i #4,thus &y = ® or & = ®;j ®,, which contradicts
to the extremality of a. Hence we get that (32.L), (33.L), (34.L) and
(35.L) must hold true. But in this case (36.L) gives 28, +2®, = °,j °4
which is again impossible because = is extremal.

Hence we conclude that (36.R) must be true implying®, = & 4 =
gi tsand ® = 33| 45 = 43 *7. But analysing the root systemsB,
and C, one concludes that this is not possible.

If we start with the right hand side of the rst alternative on e proceeds
analogously.

All in all we have shown that the assumption of a long root with (21)
leads to a contradiction. g.e.d.

Now we are in a position that we can use results of33] explicitly.
First we cite them.
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Proposition 5.14.  [33, Propositions 3.16 and 3.17].et g %2 so(N; C)
be an irreducible representation of real type of a complex siple Lie
algebra di®erent fromsl(2; C). Then it holds:

1) If there is an extremal spanning triple (= 1; @,; ®), then there is no
weight, for which exists a pair of orthogonal long roots’ ; and " »
such that B 41 7=2.

2) If furthermore all roots have the same length, then there is o
weight, for which exists a triple of orthogonal roots” 1? " 2? "3? "1

—2h; 1i—_ —2h;" 2i—_ —2h; 3i—_
such that v =2 and T =1.

Now we shall show that the existence of such a pair or triple ofoots
implies that (SIl) de nes an extremal spanning pair.

Proposition 5.15. Let g %2 so(N; C) be an irreducible representation
of real type of a complex simple Lie algebra di®erent frorsl(2; C), with
062 and satisfying (Sll). Then-it holds: If there is a pair of orthogonal
long roots "1 and ", such that _2%;_: 2 for the extremal weighto
from the property (Sll), then & | ® is an extremal weight, i.e., (Sll)
de nes an extremal spanning triple.

Proof. Again we argue indirectly considering three di®erent casem®r
the root ® from the property (Sll)

Case 1: All roots have the same length o® is a long root. Again
by applying the Weyl group the indirect assumption implies that there
is an extremal weight ° and a root long ~ orthogonal to ® such that

zli’z@ki?z %z i 2. This gives that a%+ k®+ I~ 2 -for0 - k;I - 2
and hence @+ k®+ I~ 2 -gfor0- k- 1;0- |- 2 Among others
(SI1) implies the existence of°; and 1 from ¢ o for i = 0;:::;3 such
that the following alternatives must hold true:
(L) (R)

(40) 2%+ ® = o+ °5 or a0 = jo+ 4
(41) 6%42® = @+ °; or 2% ® = o+ 4
(42) =v%+ ®+27 = @B+ °, or 20427 = jo+ b
(43) 2%+2®@+27 = o+ °3 or 8% ®+27 = o+ &

Supposing again (40.L) we conclude that (42.L) and (43.L) canot hold
because is long and the extremality of @. Hence (42.R) and (43.R)
must be satis ed. Again the extremality of & prevents that (4 1.R) can
be valid. Hence we have (41.L). Now (40.L) gives that

2he;® _ 2kl @i oy 200 0;® 2P ;@
k®k2 ~  k@KZ b Tkekz T kek?
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by assumption. On the other hand (40.L) together with (41.L) and
(42.R) and (43.R) implies ® = °1 i °g = %3 #». We note that °g
cannot be equal to 0 and®; not equalto®. If °g= j ®and °; = 0 then
o=gn %+ 2®. Then (42.R) and (43.R) imply

2 C @ + 2 kek?
2% @i + 3kek?

0 and
k®k2:

ht2;®i
ht; ®i

Since® is long this entails -, = 0 and #3 = ®. Taking now (40.L) and
(42.R) together we get @ = ®j . But this forces 0 2 - which was
excluded. Thus we have® = °1j °o with non-proportionality. But this

implies, since® is long, that zﬂé’f' = ;1 and hencezli‘(;—lf?' = 1. But
this means that o | ® is an extremal weight.

Case2: There are roots with di®erent length and® is a short root. By

assumption there is a short root® such that®°? ®and” := ®+° is a long
root and an extremal weight % and a long root ~ such that zi'?k; L=
2ha 07

Sk = i 2. Analogously to the previous theorem the orthogonality of
® and ° gives

. 1" omla | omlei
'TT 2 kek? k° k2
Hence we have to consider three cases:
0.®yi 0.0 ;
(@) Tae = T i 2
0-®R)j .0
(b) o2 =i 3and2nsl 1,
0-R) 0.0 ;
(c) %?—'z i land%z—'i 3.
Then an easy calculation shows thati®; i = K; i = 0 in each case.

We shall treat the cases (a),(b) and (c) separately.

Case(a): Here we can proceed completely analogously to the Case
1. We have that a%+ k®+ I~ 2 -gfor0- k- 1,0- |- 2 leading
to the same set of equations (40) | (43) and the same implications
since is long again. The proportional case is excluded as above and
we get that ® = °1j °p non proportional. At least one has to be a
short root and Pg;® < 0 and i 1;® > 0. On the other hand we have

e = Arod and 2RO = 2TUB 42 py (40.L) and (41.L). But
2 ®i _

this implies that both are short and 4> = 1 which is the proposition.
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Case(b): %@ = j 3impliesthat a %+ k®+ 1" 2 - gfor0- k;l - 2.

(SI) then implies:
(L) (R)

(44) 2+ ® = o+ °y or e = o+ 4
(45) a4+ 2® = @O+ °7 or a%+ ® = o+ &
(46) a+3® = o+ °, or al+2® = o+ b
(47) 8%42®+27 = o+ °3 or 0% @®+27 = jo+x
(48) a%+3®+27 = o+ °4 or 8%42@+27 = o+ 4

Supposing (44.L) excludes (47.L) and (48.L) because is long. Hence,
(47.R) and (48.R) are valid and exclude (45.R) and (46.L). Hence (45.L)
and (46.L) are satis ed. This gives® = °, i °1 = °1j °o with °g
di®erent from 0 and ®, °; di®erent from 0 and® and °, di®erent
from §®. Hence®+ §41; is a long root with ®? +;. But this gives

2he @ _ 2l a4 . : ;
Tz = ke t4=1lie, o | ®is an extremal weight.

Case(c): Here we have that e®+ k° + |~ 2 -gfor0- k - 3 and
2O+ k° + M@ i

0- I 2since=—5>—— = i 1. The equations implied by (SlI) lead
easily to a contradiction:

(L) (R)
(49) 0%+ ®=o+ °0 or a0= o+ 4
(50) al+ ®+3° =+ °;  or a0+3° =0+ 4
(51) a% ®+27+3°=m+ °, or 8% 27+3°= o+

Supposing (49.L) excludes (50.L) and (51.L). Hence (50.R) rd (51.R)
are valid but contradict to each other because is long. g.e.d.

Proposition 5.16. Let g ¥ so(N; C) be an irreducible representa-
tion of real type of a complex simple Lie algebra di®erent frm sl(2; C),
with 0 62- and satisfying (Sll). If furthermore all roots have the same
length, and—f there is a tripte of orthogonal roots” 1? " 2? "3? "1 such

—2ha i —_ —2ha ;i —_ 2y g —_ .
that oK =2 and e T e =1, then either

1) & ®is an extremal weight, i.e.,(SllI) de nes an extremal spanning
triple, or
2) o= ®+ (" + °) with roots @ ?°?®,

Proof. Let ® be the root determined by (SIl). The assumption implies
that there is an extremal weight ©%and roots — and ° such that
2ha 8 @i
k®k2

2he; i 2meCi
=i 2 and 2 T ek =i L
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Then e% k®+ 1+ m° 2 - for k;I:m =0;1. Hence (Sll) implies again:

(L) (R)
(52) al+ ®=o+ °5 or al= o+ 4
(53) a®+2®=0o+ °; or al+ ®@= o+ 4
(54) 0%+ ®+ " =o+ °5 or a0y = = o+
(55) a%+2®+ " =g+ °3 or a0+ @+ "= jo+ 4
(56) 00+ ®+° =o+ °4 or 00+°=i0++_4
(57) a0+ 2®+°=o+ ° or 00+ ®+ ° = o+ 4
(58) ©%+ ®+ +°=o+ °5 or 0% T+ °= | o+ 4
(59) 8% 2®+ " +°=m+ °; or 8% @+ +°=o+ 4

Supposing (52.L) excludes (59.R) because the roots are orbigonal.

Thus (59.R) holds true. Now we consider two cases:

Casel: iPq; i = Hg;°i =0. This excludes (54.L), (56.L) and (58.L)
and implies therefore (54.R), (56.R) and (58.R). The latter together with
(59.R) gives® = ;| 15. Sincet; 6 0 this implies ®; i > 0. On the
other hand (59.R) and the assumption gives that%(?—i = %?—i > 0. If
®6 + we are done. Butt; = ®impliesa% "+ ° = j o= ja% ® °g
and hencej 2 =2 2j Zf?@—kz‘)' i.e., °o = | ®. Taking everything together
we get 20 =2®; ( + °).

Case2: ;i or IPg;°i not equal to zero. This implies°y 6 §®
and thus % = % = 81 or zero. Now (53.L) would imply
®=°1j °p,i.e., h®;°%i < 0 which is the proposition.

Hence we suppose (53.R). This together with the starting pait (52.L)
gives

1
= Z(ti °) and
a 2(11 0) an
1
s = j®+ E(il‘*oo):

Using the assumption, the second equation implies 1®;# + °gi = 0.
For the length of both extremal weights it holds then

- ¢
kak? = %Ikilk2+ kook? i 2hty: ° o

ko %2

; ¢
K2 j h®; 3+ °°i + % "k k2 + k2 ok? + 2 hiy: o
=0

This gives 0 = k®? + hty; °oi. Since all roots have the same length this
implies +1 = | °o. Hence @ is a root. But this was excluded. g.e.d.

Now using the Proposition 5.14 of SchwachhAfer we get a cdlary.
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Corollary 5.17. Let g %2 so(N; C) be an irreducible representation
of real type of a complex simple Lie algebra di®erent frorsl(2; C), with
062 and satisfying (Sll). Then it holds:

1) There is no pair of orthogonal long roots "1 and ", such that

_2%51_: 2 for the extremal weighta from the property (SllI).

2) If furthermore all roots have the same length, and if there isa
triple_of orthoganal roats “1? "»? "3? "1 such that _thfal;ké'_ =2
and _2%_= _2%?_= 1 theno = ®+ (" + °) with roots
®? ?°?®.

Before we apply this corollary we have to deal with the remairing
exception in the second point.

Lemma 5.18. If the representation of a simple Lie algebra with roots
of the same length has an extremal weight such thata = ®+ %(_+ °)
with roots ®? ?°? ®, then it holds

1) There is no root + such thatht; i =0, ht;°i &0 and +6»°, i.e.,
¢ 2 has the direct summandf§ °g.

2) The root system isD,, and the representation has one of the fol-
lowing highest weights:! 3 for n > 3, or 1+ I gor !+ 14 for
n=4,

Proof. The rst point is easy to see: If there is such at then we have

2he;H  2h®4d 1210+ 2h®4 | 1

e - ke T ke kae 3 0%

This is a contradiction.
For the second point one veri es directly that the fact that ¢ 2

contains a direct A; summand leaves us with ¢ = D,,. Hence we
have to deal with representations of D,. Now we consider the dif-
ferent root systems with roots of constant length. If ® = ¢ § g,
= ey8egand® = e § es with all indices di®erent from each other, then

%gi is not an integer. Thus we are left with two cases. The st is
+° =etegtei eg=2¢e andhencen =g § g + g, This leads to
o= lzgforn> 3. Thesecondis®= g+¢, =ej ¢ and® = g8 e
For n > 4 we found a roote, + es which leads to a contradiction by
applying the Tst point. For n =4 we have = 3 + 1 (g + €, § &)
But this yields the remaining representations. g.e.d.

Now using all these properties we nd the representations wihout
weight zero and satisfying (SII).

Proposition 5.19. Let g %2 so(N; C) be an irreducibly acting complex
simple Lie algebra di®erent fromsl(2; C), with 0 62- and satisfying
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(SI). Then the root system and the highest weight of the represeation
is one of the following(modulo congruencg:

1) Ap: l4forn=7.

2) Bp: 'y forn=3;4;7.

3) Dp: !4, 2 1 for arbitrary nand! g for n =8.

Proof. We apply Proposition 5.13 and Corollary 5.17 to the remainirg
representations with 062, i.e., representations of An; Bn; Cn; Dn; Eg
and Ez. We use a fundamental system such that the, extremal weight

o determined by (SlII) is the highest weight, i.e., 8= [_, my! ¢ with
mg 2 N[f Og.
An: Proposition 5.13 gives for the largest root
2, —z::;_?llen_'_e;;y = mih ;erj enri = my:
k=1 k=1
Since the representation has to be self dual we have than; = mp+q1; .
First we consider the case that @ =1 + ! 41, . For n> 2 we get in

casei > 1that ha;exj eni = 2. But (e en)?(eri en+1) gives a
contradiction to 1 of Corollary 5.17. For n , 2 it has to be
a=l1+!1,=2e+ e+ CC& =€ €1:
This is the adjoint representation with 0 2 -.
Now we consider the case thain + 1 is even. The case a = 2 41

2
is excluded because of point 1 of Corollary 5.17: it idw;ex | eni =
ha;epj ens1i =2 for n> 2. Thus we have to study the case & =! n41 .

2
This representation is orthogonal if % is even. The weights of this
representation are given by%(§ e, 8¢ ¢ ¢® ., )wherethe§8's are meant

2

to be independent of each other. We show that (SlI) impliesn - 7. We
have to consider two cases fo® of (Sll). The rstisthat ®= g | g
with1 - i~ ML <j . n+1. W.lo.g. we take ®= €ns1 | €ns,y and
consider the weight

, = et ¢¢@n+71i gt €y T enn, tenn gl
h;®i < 0implies, 2-@. Then, | (rj ® 2¢Cpor, +a 2 ¢y We
check the rst alternative: o | ®= e; + ¢¢@n;11 1T €nn ., implies

2 2
(B B Cn gt Cunt ot By F Cnpt g

But this is not a root. For the second alternative we get

5

+o= g+ C¢C¢ e%ig,i e%ﬂl iCCCjens:

This is not a root if 3% > 4,i.e.,n> 7.
For the second type of root®= ¢ j g with1l - i<j - % and
2L <i<j - n+1 one derives analogously thatn - 5.
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Hence for o = ! neL the property (Sll) can only be ful'lled if n- 7.

These representations are orthogonal fom = 7 and n = 3. Az is
isomorphic to D3 and the representation with highest weight! , of A3
is equivalent to the one with ! 1 of Ds.

Bn: Proposition 5.13 gives for the largest root

2he; e + eoi )
5 W— m1+2m2+ ¢¢m‘nni1+ mn.
The only representations with 0 62- have &= = ! 1+ !, and the spin

representation @ = ! ;. There is no possibility to apply the rst point of
Corollary 5.17. But we verify that fora = 11+ !, (SlIl) implies n - 2,
and for the spin representation @ = ! , (SlI) implies n - 7.

The spin representations: We showghat (Sll) implies n - 7. The
spin representation has weights - = %("1e1+ ¢cce "ney)j"i = 81 .
We have to consider three types for the root®. ® = g, ®= ¢ + g and
®=¢gi §.

For the rstwe can assume w.l.o.g. that® = e;. Then- @ = f%(i e+
"2e+ CC€ "nen)j" = 8§1g. Itisa | ®= I(j e+ ex+ ¢¢€ e,). Hence
for , 2 - @ we have

1
g ® , = 5((11 "2)e2+ CC€(1j "n)en) and

B

1
at, = S(@+")e+ ¢Ce(d+ "n)en):

If (SII) is satis ed one of these expression has to be aroot. 8tif n, 7
we can choose'(;;:::",) such that none of them is a root.

The second type of root is w.l.o.g.® = e; | €. In this case -@ =
fl(ier+ e+ "se3+ ¢C€ "hen)j"i = §lgand o ®= J(j eg+2e+
est+ ¢C€ey). If N, 4 we canchoose 2 - g such that neithera | ®; ,
nor e+ _ is a root.

Now we consider the last type of root,®= e; + €. - @ = f%(i €1
e+ "ze3+ "nen)j"i = §lgand o ®= 3(j e1j e+ e3+ CCECCEe,).
If n, 8 we can choose 2 - @ such that neither o j ®; , nora+ | is
a root. Hence if (Sll) is satis ed, it has to ben - 7 and forn = 7 the
pair of property (Sll) is of the shape (a;e; + ). Butfor n=2, n=5
and n = 6 the spin representations are symplectic but not orthogoral.

The representations ofe = 11+ 1, = %el + %(82 +¢¢¢ e). The

weights are given by 3(ag, + "26, + ¢¢ ¢ "ne ) with a2 f§ 1;§3g
and " = 8 1. For these one shows analogously that (SIl) implies - 2.
For n = 2 this representation is symplectic.

Ch: For the largest root we get
2Iﬂp;zeli—)@mh'ei—)@m'
s TLomuz kIt k; €1l = k-
k2e1k k=1 k=1
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If mj =2 and all others are zero then 02 -. Hence we suppose that
o= 1lij+!;fori 6 j.Ifi> 1we getforthe root 2, which is orthogonal

to 2e; that % = 2. Thus by 1 of Corollary 5.17 we havei = 1.

a= 11+ 1;is only orthogonal if i is odd, but if i is odd we have that
02 -. Hence = = ;. This is orthogonal if i is even, but in this case it
is again 02 -.

n. Here we get for the largest root

2he; e + e

: kel + k2 =mp+2my+ ¢CCE€2mp; 2+ Mp; 1+ Mp:

First we consider the representation where this number is egal to 2. For
the representations 2 , and 2! ; 1 it is 0 2 -. For the representations
a=ly+lpanda =11+ 1,1 we getthat n = 4 or there is no
triple as in the second point of Proposition 5.17. Thus suppee in this
casen > 4. We have thathe; e; + e;i = 2 and for the orthogonal roots
ho;ep i exi = ha;e3 8§ e4i = 1. But this contradicts Proposition 5.17,1.

Fora= 1, 1+!hp=e+ ¢CC& ey 1,062 implies nj 1even. The
“rst point of Corollary 5.17 gives for n > 4 that 2 = he;e3+ e4i which is
impossible. Hencen - 4, and 1 = ha; e3 8 e4i together with the second
point of Corollary 5.17 impliesn - 3.

Now suppose thata=1!; for2- i - nj 2. We apply the rst point
of Corollary 5.17. If n , 4 we getthath ;;e3+ e;i =2for i , 4 butthis
was excluded. Hence - 3. In the casen =3 only ! , is an orthogonal
representation. But for this is 0 2 -.

Thus, to get the assertion of the proposition we have to show lat

1) For the spin representations & = !, 1 and & = !, (Sll) implies
n- 8

2) o = 1 3 does not satisfy (Sll),

ym="1ls+1lzand! 1+ !4 for n =4 do not satisfy (SlI).

The spin representations: Because we are interested in the repre-
sentations modulo congruence it suxces to consider the spimepre-
ntation of highest weight & = %(el + ¢Cé& e,) with weighis - =
%("1e1+ ¢¢¢ "hey)j"i=81and"; = j 1 for an even number. Ana-

logously as forB, we get for two types of roots® = g+ g and®= g g
that (Sll) implies n - 8. (We have to admit one dimension higher be-
cause of the sign restriction of the weights.) Now forn odd the spin
representation is not self dual, and forn = 6 not orthogonal. For n =4

it is congruent to ! 1.

o= lz=e+e+es Hereitis-= f("16,+ "2, + "36,]"i = 8§19
f§ gg. For n =3 and n = 4 this is a spin representation. Hence suppose
n, 5. For®= e +ewegetoj ®=e3. Set, = jete+e?2-ep.
Hencenj ®j , = e3+e1j e4j esand o+ , = ex+ e3+ e4+ e5. None
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isaroot, i.e.,!3forn, 5 does not satisfy (Sll). For®= e;j e we get
the same.

a=li;+!lgand!1+ !4 for n =4. These are congruent to each
other and as above it can be shown that they do not satisfy (SI).

Es and E7:. For these we refer to B3]. There is shown that under
the conclusions of Proposition 5.13 and 5.14 | which is our situation
because of Lemma 5.18 | the only remaining representations ae the
standard representations ofEg and E;. But the rst is not self dual and
the latter symplectic but not orthogonal. g.e.d.

5.5. Consequences for simple weak-Berger algebras of real
type. Before we get the result we have to exclude both exceptions.

Lemma 5.20. The spin representation ofB; and the representation
of G, with two times a short root as highest weight are not weak-Bger.

Proof. 1) Suppose that the spin representation oB7 is weak-Berger.
We have shown that it does not satisfy the property (Sl). Hene it obeys
(SI). Let (= ;®) be the pair of (SIl). We choose a fundamental system
such that @ = ! 7 is the highest weight. In the proof of Proposition 5.19
we have shown that in this case® = g + g

Let now Q4 be the weight element from By (g) and us. 2 Vs such
that Qa(Un) = Ag+e 2 Qe+e - SiINCEQA(Un) 2 Gara this implies that
A= e+ ¢ i oisaweight of B4(g). HenceA= j 3(e1+ ¢C& & 1|
g+e+ +CCEeg;1i § + 641+ CCE e)is also an extremal weight
of V and we can consider a weight vectoru; 4 2 V; 4. For this we
get Qa(u; 4) 2 t. In case it does not vanish it would de ne a planar
spanning triple (A;; A;(Qa(u; 4))7), i.e., (SI) would be satised. But
this was not possible, and thusQ4(u; 4) = 0.

On the other hand we have that 06 Q4(u«)u; A 2 Ve and thus there
isav 2V, such that H(Qa(Ua)u; A;v) 6 0. Now the Bianchi identity
gives

0= H(Qa(Ua)u; A;V) + ri(QA(U{Z&)v;un)i+H(QA(V)un;ui Al V):
=0

Hence 06 QA(V) 2 Qi o. But Aj o= j(e;+ ¢Cé g, 1+ €41 +
CCe€ g, 1+ g+ + CCE e)is notaroot, hencegs « = fOg. This is a
contradiction.

2) Suppose that the representation ofG, with two times a short root
as highest weight is weak-Berger. We shall argue analogoushs forB,.
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In the picture we see the weight lat- B=2"
tice of this representation. Obvi-
ously there is no planar spanning
triple, because there is no hyper-
surface which contains all but two
extremal weight (see also proof of
Proposition 5.2). The weak-Berger
property implies that there is a pair
(=;®) such that (Sll) is satis ed.
We choose a fundamental system
such that @ = 2° is the maximal
weight.

Using the realisation of G, from the appendix of [24] we have that
" = e3j e. Now we have to determine the roots for which (Sll) is
satis ed.

In the picture one can see that
the long roots ® and = sat-
isfy (SI). (We illustrate the
situation in detail only for ®.)
Contemplating the picture for
a moment, one sees that there
are no short roots and no
other long root for which (SlII)
can be valid.

Now ® and ~ are the only
roots with he;® > 0 and
ha; i > 0. Hence® = 2e3 |
e1i ezand = j 2e+ e+ e

We consider the case where (p®) satis es (Sll). There is a weight
element Q4 from By (@) such that Qa(Un) = Aoe;j 61 e 1€, A=2e5j
€1i &j @ = epj e;. Butthisis a short root and therefore a weight. Thus
we consideru; 4 2= V; 4. Then Qa(u; 4) 2 t. Since there is no planar
spanning triple it has to be zero. As above, the Bianchi idenity gives
that Aj @ hastobe aroot. But Aj 8 = e e1j 2e3+2e = 3ej 2e3i €1
is no root. For  one proceeds analogously. g.e.d.

Now we can draw the conclusions from the previous sections.f la
Lie algebra acts irreducible of real type then it is semisimfe and obeys
the properties (SI) or (SlI). The simple Lie algebras with (SI) or (SII)
we have listed above. Thus we have proven that an irreduciblyact-
ing, complex, simple weak-Berger algebra is the complexi d#on of an
irreducible holonomy representation of a Riemannian manibld, which
implies Theorem 1.1 in the case that the irreducibly acting deals are
simple and of real type.
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6. Classi cation of semisimple complex weak-Berger algebras

In this section we complete the proof of Theorem 1.1 by provig the
following statement. We shall use several results of the pngous section.

Proposition 6.1.  Any irreducibly acting, semisimple, non-simple
complex weak-Berger algebra of real type is the complexi tan of an
irreducible Riemannian holonomy algebra.

6.1. Semisimple, non-simple weak-Berger algebras. From now
on, let g be a complex semisimple, non-simple Lie algebra, irreducipl
represented on a complex vector spac¥. To a decomposition ofg into
idealsg = g1©g;, corresponds a decomposition of the irreducible module
V into factors V = Vi - V, which are irreducible g;- resp. g>-modules.
X = (X1;X>2) 2 g acts as follows: X ¢(vy - v2) = (X1 ¢vy) - vo t
vi - X2 - Vo. The Cartan subalgebrat of g is the sum of the Cartan
subalgebras ofg; and g,. If ¢ are the roots of gand ¢! the roots of g;
then ¢ = ¢ 1[ ¢ 2. For the weights it holds - =- 1+- 2. Analogously
we denote for®2 ¢ ' the set - k.

Lemma 6.2. Let g = g1 © g be a semisimple Lie algebra with an
irreducible moduleV = Vi - V,. If ®2 ¢ 1, then

(60) -e=- gt- 2

Proof. For, 2 -gwe have - 3, + ®= 1+ ®+ > with ,; 2 - ;.
Hence, 1+ ®2 - 1. If otherwise 1+ ®2 - L then .1+ 2+ ®2 -, i.e.,
1t ,22-@. g.e.d.

Assuming the weak-Berger property this implies a second lemi

Lemma 6.3. Let g= g1 © g, be a semisimple Lie algebra with irre-
ducible moduleV = V; - V, which is weak-Berger. If the dimensions of
V; and V, are greater than 2, then for any ®2 ¢ ' the set- & contains
at most 2 elements.

Proof. Suppose thatdimV,, 3,ie.,# 2, 3. Let®2¢?!; ;2-}
and , 22 -2 ie.,,1+,22 -%. Now, from the property (Pll) follows
that there isalg=: 13+ 122 -suchthat 1+ ,,=1g] ®+ or
1t .2=ite+ with 2¢o=¢1[ ¢?[f Og. Ifnow# 2,  3and
#- &, 3, then we can choosg 16 1} ® ,16 jtiand,,6 §13.
This gives a contradiction. g.e.d.

Now we can use a result of33].

Proposition 6.4 ([33, Lemma 3.22]) Let g %2 gl(n; C) be an irre-
ducibly acting, semisimple Lie algebra. If for some® the set- @ contains
at most two elements, theng is conjugate to one of the following repre-
sentations:

1) sl(n; C) acting on C"; in this case - @ is a singleton for all®2 ¢ .
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2) sao(n; C) acting on C"; in this case - ¢ contains two elements for
all ®2 ¢, and their sum equals toj ®.

3) sp(n; C) acting on C2"; in this case - @ contains two elements if
® 2 ¢ is short, and their sum equals toj ®, and - @ = fj %®g if
® is long.

From this result we obtain the following corollary, proving Proposition
6.1 if the dimensions of the factors ofV are greater than 2.

Corollary 6.5. Let g ¥2 so(V;h) be a complex, semisimple, non-
simple, irreducibly acting weak-Berger algebra. Ifg decomposes into
g = 01©g, such that for the corresponding decomposition o/ = Vi- V,
it holds that dim V; , 3 for i = 1;2, then it holds: g = so(n;C) ©
so(m; C) acting on C" - C™, or g = sp(n; C) © sp(m;C) acting on
C2" - C?M, |n particular g is the complexi cation of a Riemannian
holonomy representation of a symmetric space of type BDI rgs CII.

Proof. By Lemma 6.3 it must hold #- & - 2 for both summands. So
we have to build sums of the Lie algebras of Proposition 6.4. Bt only
the sum of two orthogonal Lie algebras, or a sum of two symplde Lie
algebras acts orthogonally. g.e.d.

By this result we are left with semisimple Lie algebras wherethe
irreducible representation of one summand is two-dimensioal, i.e., g =
sl(2;C) © g, and V = C?- V,. Since we are interested ing ¥ so(V; h)
and sl(2; C) acts symplectically on C? the representation ofg, on V» has
to be symplectic too. In this situation we prove the following fact.

Proposition 6.6. Let g = sl(2;C) © g, be a semisimple, complex
weak-Berger algebra, acting irreducibly onC? - V,. Then g, % sp(V2)
satis es the following properties:

(PIIl):  Thereis a! 2 -2 and an atne hyperplane A % t5 such

that © a
(61) -2% 1+ T jT2¢3 [ A[fi tg:
(PIV): Thereisatl 2 -2 such that .
(62) 2y T2ed [ e 263

Proof. Sinceg is weak-Berger it satis es the properties (PI) and (PI1).
We draw the consequences from both fog = sl(2;C) © g,. For the
representation of sl(2; C) on C? we have that -1 = fa;j ag. Let ® 2
¢ 1= f®;; ®y be the positive root of sl(2; C). Hence -} = fj g, since
jo=0 j ®.

(PIIl) g satis"es the property (PI) with a hyperplane U := (Ty+ To)”?
and a weight* = 11+ 15 Let, =11+ 52 -be aweight of g. If
. lies in a hyperplane oft = t; ©7 ty, then 0 = K 1; T1i + h 2; Tai, i.e.,
, 2 lies in an atne hyperplane oft. If , =1+ =1;+1,+ | then
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,2=1o+ with ~2¢2 If, =j1+ =j15j 1+ ,then” has
tobein ¢! and, , = 1, Hence,g, ¥ sp(V) satis es (PlII).

(PIV) g satis es the property (PIl). Suppose that ® is the positive
root of sl(2;C). Then -} = fj agand - = fi @g[ - 2. Now let
,2-?ie,ja+ ,2-@ By(Pll)thereisa 1= 11+ 12 such that

o+ =lgj® orja+ K =jle+t with 2¢y=¢1[ ¢2[f Og.
Since!; = §uthis implies |, 2f1,+ | 2 ¢3g[fi 2+ | 2 ¢3g,
i.e., (PIV) is satis ed. g.e.d.

Example 6.7. We setg, = sl(2; C) and check ifg = sl(2; C)©sl(2; C)
acting on C2- Vs, is a weak-Berger algebra. This is to check whether
sl(2; C) acting on V, satis es (PIll) and (PIV) and is symplectic. To
be symplectic means that the representation has an even nundr of
weights, (PIV) implies that V., has at most 6 weights but (PIIl) implies
that V, has at most 4 weights. Hence the only weak-Berger algebras
with the structure of sI(2;C) © sl(2; C) are those acting onC* and on
C2- symg C2 = C8. Both are of course complexi cations of Riemannian
holonomy representations, the rst of SO(4) on R* and the second of
the 8-dimensional symmetric space of type Gl, i.e.G,=SU(2) ¢SU(2).

Now we try to reduce the problem in a way that we only have to dea
with simple Lie algebras.

Lemma 6.8. Let g ¥z gl(V) be a semisimple, complex Lie algebra
acting irreducibly on V, satisfying the property (PIV) . Then g is simple
or there is a g, acting on V- such thatg = sl(2; C)©g, acting on C?- V5.

Proof. Suppose thatg = g:©g, andthat#- 1 3. Let! = 1.+1,be

the weight from the property (PI1V). We consider aweight , = [ 1+, 22
-=- Y4+-2with ,; 6 §1. Then (PIV) implies that ,, = 1, or
.2= ity ie,# 2. 2. This implies the statement of the lemma.
g.e.d.

Lemma 6.9. Let g = sl(2;C)©sl(2; C) © gz be a semisimple complex
Lie algebra, acting irreducibly onC2- C2- V3 and satisfying the property
(PIl) . Then for any root ® 2 ¢ 2 of g3 holds#- & - 2.

Proof. Let ®2 ¢3andt}+ 12+ 13 be the weight from the property
(PIl). Then - @=- 1+- 2+- 233 11+12+ with , 2 - 2 arbitrary.
Again (PIl) implies , =13 ®or, =j13,ie,# 3. 2 g.e.d.

Both lemmata give the following result.

Proposition 6.10. Let g = sl(2;C) © g» be a semisimple, com-
plex Lie algebra, acting irreducibly onC? - V, which is supposed to
be weak-Berger. Theng, is simple, acts irreducibly and symplectic on
V, satisfying (PIIl) and (PIV), or g = sl(2;C) ©sl(2;C) © sa(n; C) =
so(4; C) © so(n; C) acting irreducibly on C*- C".
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Proof. The proof is obvious by Lemma 6.8 and Lemma 6.9 and the
result of Proposition 6.4 keeping in mind that g is orthogonal, henceg,
is symplectic and gz has to be orthogonal again. g.e.d.

Of course, the representation ofso(4;C) © so(n;C) on C*- C" is
the complexi cation of a Riemannian holonomy representaton of the
symmetric space of type BDI.

6.2. Simple Lie algebras satisfying (PIIl) and (PIV). In this
section we deal with the remaining problem to classify commx, simple
irreducibly acting symplectic Lie algebras with the property (PIIl) and
(PIV).

Proposition 6.11. Let g ¥ sp(V) be simple, irreducibly acting and
satisfying (PIV) . Then it satis es (SlI).

Proof. First we note that the fact that the representation is symplec-
tic leaves us with the simple Lie algebras with root systemsA,;Bn; Ch;
D, and E7. In particular, the Lie algebra of type G,1is excluded. This

implies that for two roots ® and it holds that 4%}—2 f§ 1,81;09 a
fact which we shall use several times in the following proof.
Let 1 be the weight from the property (PIV). We consider two cases.

Case l: ' is not an extremal weight. In this case there is a root
®2 ¢ such that * + ®= g is extremal. We show indirectly that (SlII)
is satis ed with the triple (= ;i 2;®), i.e., we suppose that there is a

., 2 - Y% -such that neither , =a | ®+ nor, = jo+ fora
~2¢. ,2-and , +®2-givesby (PIV)that , = j &+ ®+ with
2 ¢and ®+ 62¢ o, aswellas, = o j 2®+ ° with ° 2 ¢ and
®j ° 62¢ . By properties of root systems this implies thath®; i, 0
and h®; °i - 0. Furthermore it is

(63) 20=3®+ | °:

Now it is Zl%;(@i =3+ % i % . 3, entailing @ j 3® 2 -. Since
agj 360 | ®+ +tfora+x2 ¢ (PIV)giveso | 3®6 | o+ ®+ 4, i.e,,
(64) 20 =4 ®+ %

with £6 | ®. (63) and (64) give

(65) 0=®+ £+ °j :

Now suppose thatzkl@;(@? =3,ie., h;®i = I*;® = 0. In this case
(64) gives %@— = j 2 and thereforezli"'—;k;f—i = j 3. This implies that
B +3+2 -, but this is together with (64) is a contradiction to (PIV).

Now suppose that%(?—' =4, ie., h;®k'<‘£k°;®' = 1. Then (65) implies

h®;4 =0. @ | 4®2 - implies by (PIV) and 3 ®62¢ that 28 =5 ®+ ",
i.e., ®j 2 £ Sincel®;4 = 0 this implies that ® and £ are short roots
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kxk? k®k?

o . _ 1 L
and ® xis along one, e e =~ maE - 3 But this gives that
2hk®j +i _ 5 . . L.

*@ &z = 2» Which is a contradiction.

Finally suppose that % ., b. Hence,%—®k2i i % ., 2. On the

other hand, @ j 5®2 - and by (PIV) 2 ®; +2 ¢. This implies that

Zkrgfi , 2. But both inequalities are a contradiction to (65).

Case2. ' := o is an extremal weight. To proceed analogously as
in the “rst case we X a root ® 2 ¢, which is supposed to be long in
case of root systems with roots of di®erent length, and we skoagain
indirectly that (Sll) is satis ed for the triple (2 ;i =;®). Suppose there

isa, 2 -@Y%-suchthat neither , =a j| ®+ nor, = jo+ for
a 2¢ ,2-and , +®2 -gives by (PIV) that , ==+ — with
~2¢and ®+  62¢o, aswellas, = j& i ®+ ° with ° 2 ¢ and
®j ° 62¢ (. By properties of root systems this implies thath®; i, 0

angl_ ®;°i - 0. Since_® is supposed to be a long root this the same as
o s 2t0;1gand %2 2 f 1;0g. Furthermore it is

(66) 20= i ®j +°
and henceZ 3 %(?—i =1 %ﬁ} + %(E} = a-j 1. Then, of course
a2fi 2;i 1g.

First suppose that a = j 1. In this case it is r®;__i = M®;°i = 0.
Then, because ofZ 3 %z—'z i 1+ Ei—k}andZB %—'z i 1+ t—k} it

must hold that E:—k} and E—k} are integers. But this can only be true if
~and ° are both long and short. This is impossible.

Now suppose thata = 2, i.e., ;7 = 1 and [=3 = i 1. Then
oj 202 - i.e., by (PIV) we get that
(67) 20= | 20+ +
with +2 ¢ o with £ 6 § ® because otherwise we would gead = j 1 or
a = j 3. Now, the existence of a root" with the property kzk - k "k
would give a contradiction since
2t 20;"i he; i
= + :
Z3 (o T et ke

|z} [z}
2z 6Z

This implies that + is a long root in the root system of type C,. In Cy,

the system of long roots equals toA1 £ ¢ ¢ ¢ £A;. By this %} = % and
h®;°i 1

implies that = and ° are short roots recalling that ® was

kekZ ~ 132

supposed to be a long one. But then by (66) we get

2he; i m®; i hgei . 1kek? hyei h;°i
ke e e i gcetice 1T ime °F
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since  and ° are short. But this is a contradiction. g.e.d.

As a consequence of this proposition we only have to check wther
irreducible representations of simple Lie algebras satigf(Sll) | done
in Section 5 | and then to add the condition that the represent ations
are symplectic instead of orthogonal. We obtain the followhg result.

Proposition 6.12. Let g% sp(V) be a complex, simple, irreducibly
and symplectic acting Lie algebra satisfying(PIll) and (PIV) and dif-
ferent from sl(2; C). Then the root system and the highest weight of the
representation are one of the following:

1) As: ! 3, i.e., g= sl(6;C) acting on ~3CS.

2) Cn: !4, i.e., g= sp(n; C) acting on C?".

3) C3: ! 3, i.e., g= sp(3;C) acting on C*.

4) Dg: !g, i.e., g= so(12; C) acting on C3? as spin representation.

5) E7: ! 1, i.e., the standard representation of E; of dimension 56.

Proof. (PIV) implies (Sll), so we use former results checking whetlker
the Lie algebras satisfying (Sll) are symplectic. For this we consider two
cases. First we suppose that @ -. In Proposition 5.7 and Corollary
5.10 of Section 5 it is proved that any such representation with satis es
(SI) and is self-dual is orthogonal. Hence if 0 is a weight, nesymplectic
representation satis es (Sll).

Now suppose that 062-. In the proof of Proposition 5.19 of Section
5 we have shown that the representations of the following Liealgebras
with 0 62- satisfy (SIl). Now we check if these are symplectic and in
some cases if they satisfy (PIll) and (PIV).

Ap with n - 7 odd, @ = ! va . The only representation of these

which is symplectic is the one fozrn =5.

Bn: 'y for n - 7 the spin representations, and! ; + ! , for n = 2.
The latter is symplectic and the the former is symplectic forn = 5;6.
(B2 ' C, we shall study in the next point.) Now we show that these
remaining representations does not satisfy (PIIl) or (PIV). Of course
the representation of B, with highest weighta = 1+ 1 , = %el + %ez
cannot satisfy (PIV) because it has 12 weights whileB, has only 8 roots.
The spin representation forn = 6 cannot obey (PIV): W.l.o.g we may
assume that @ from (PIV) is the highest weight & = %(el + CC¢ o).
But then for the weight | = %(e1+ e+ e3j e €5 €g) it holds neither
aj,2¢Conora+ | 2 ¢o The spin representation forn = 5 does
satisfy (PIV) but not (PII1) since all the weights (8 e; § ¢ ¢ ¢ &s) with
3 minus signs can not lie on the same atne hyper plane. Hencepone of
the symplectic representations satisfying (SllI) satisfy @IIl) and (PIV).

Chwithe= 11+ 1;0ro=1; These are symplectic fori even in
the rst case and for i odd in the second case. Again we have to put
the condition (P1V) on both. First we consider the representation with
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highest weight a=1; = e;+ ¢¢C¢ e. Hence, -= f§ g, 8§¢¢ ¢ & g[
f8 e, 8¢CC &y, ,g[¢CC[f8 &g From this one sees that (PIV) can
not be satis ed if n , 5. With analogous considerations we exclude the
case where a =! { + !'; with i even.

D with e = !, and n - 8. But these are only symplectic for
n =6 and n = 2. The latter is excluded since D, = A; £ A1, a case
which is handled in the previous subsection. ForE; remains only the
representation given in the proposition. g.e.d.

Combining the results of this and the previous subsection wejet a -
nal corollary, which | together with Corollary 6.5 | proves p  roposition
6.1 and therefore Theorem 1.1.

Corollary 6.13. Let g = sl(2;C) © g» be a semisimple, complex
weak-Berger algebra acting orC?- V,. Then it is the complexi cation
of a Riemannian holonomy representation, in particular the complexi -
cation of the holonomy representation of a non-symmetricSp(1) ¢Sp(n)-
manifold or of the following Riemannian symmetric spacegwe list only
the compact symmetric spacg

1) Type EIl : Eg=SU(2) ¢SU(6),

2) Type CIl : Sp(n +1)=Sp1) ¢Sp(n),

3) Type Fl: F4=SU(2) ¢Sp(3),

4) Type EVI: E7=SU(2) ¢Spin(12),

5) Type EIX : Eg=SU(2) CE-,

6) Type Gl , i.e., G2=SU(2) ¢SU(2).

7. Conclusions

7.1. Conclusions for the holonomy problem. By the previous sec-
tions we have proven Theorem 1.1 and the “only if' direction ofCorollary
1.2 from the Introduction. Concerning the four types of indecomposable,
non-irreducible Lorentzian holonomy algebras due to Theore 2.2, The-
orem 1.1 gives the following consequence: I is the holonomy algebra
of an indecomposable, non-irreducible rf + 2)-dimensional Lorentzian
manifold, then h=(R©g)nR" or gnR", where g is a Riemannian
holonomy algebra, orh is of coupled type type 3 or 4, in which case
g = Prsn)h is @ Riemannian holonomy algebra with at least one irre-
ducible factor equal to a Riemannian holonomy algebra with entre, i.e.,
equal to so(2) acting on R?, so(2) © so(n) acting on R?", so(2) © so(10)
acting on R3? as the reelli cation of the complex spinor module of di-
mension 16,50(2) © g acting on R>*, u(n) acting on R?" or on R"("i 1),
In order to nd out which of these algebras actually can be redised
as holonomy algebras of Lorentzian manifolds, rst we note hat our
result enables us to classify indecomposable, non-irredude Lorentzian
Berger algebras: An indecomposablé 2 (R © so(n)) £ R" is a Berger
algebra if and only if g := prg,ny(h) is a Berger algebra. For realising
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the Berger algebras ofuncoupled typeas holonomy algebras we recall
the following construction method, which we proved in R7], and in [29]
in a slightly more general version.

Proposition 7.1. Let (N;g) be ann-dimensional Riemannian man-
ifold with holonomy algebrag, 1 a closed form onN, and g a function
on N £ R?, the latter suzciently general. Then

(M = N £ R>h=2dxdz + q dZ + p dz+ g)

is a Lorentzian manifold with holonomy (R© g) nR " if q depends onx
or gnR" if q does not depend orx.

Obviously, this proposition gives the "if' direction of Corollary 1.2 for
the uncoupled types. For indecomposable algebras of the cpled types
3 and 4 we refer to the construction given recently in 0], but also to
the results in [8, Th&orgme 3.1V.3 and Corollaire 3.1V.3].

7.2. Consequences for parallel spinors. Finally we want to draw
the conclusions for the existence of parallel spinor elds o Lorentzian
manifolds. The existence of a parallel spinor eld on a Loretzian spin
manifold (M;h) implies the existence of a parallel vector eld in the
following way: To a spinor eld ' , one may associate a vector eldX: ,
de ned by the the equation h(V- ;U) = hU ¢;' i forany U 2 TM,
where h;:i is the inner product on the spin bundle and¢is the Cli®ord
multiplication. Now, the vector "eld associated to a spinor in this way is
light-like or time-like. If the spinor eld is parallel, so is t he vector eld.
In the case where it is time-like, the manifold splits by the deRham
decomposition theorem into a factor R; dt?) and Riemannian factors
which are °at or irreducible with a parallel spinor, i.e., with holonomy
f1lg; Go; Spin(7); Sp(k) or SU(K).

In the case where the parallel vector "eld is light-like we hae a
Lorentzian factor which is indecomposable, but with parallel light-like
vector “eld (and parallel spinor) and °at or irreducible Rie mannian
manifolds with parallel spinors. Hence, in this case one haso know
which indecomposable Lorentzian manifolds admit a paralle spinor.
The existence of the light-like parallel vector “eld forces the holonomy
of such a manifold with parallel spinor to be contained inso(n) nR"
i.e., to be of type 2 or 4.

Furthermore, the spin representation of so(n)-projection g ¥ so(n)
must admit a trivial subrepresentation. In fact, the dimension of the
space of parallel spinor elds is equal to the dimension of th space of
spinors which are annihilated by g % so(n) [27]. But if this space is
non-trivial a direct calculation shows that the screen holoromy cannot
have a center, i.e., noso(2)-component (see also 16]). This excludes
the coupled type 4 and yields Corollary 1.3 and consequentlyrheorem
1.4 of the Introduction.
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