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BEHAVIOR OF GEODESIC-LENGTH FUNCTIONS ON
TEICHM ULLER SPACE

Scott A. Wolpert

Abstract

Let T be the Teichmuller space of marked genusy, n punc-
tured Riemann surfaces with its bordi cation T the augmented Te-
ichmaller space of marked Riemann surfaces with nodes,Abi77 ,
Ber74 ]. Provided with the WP metric, T is a complete CAT (0)
metric space, PWO03 , Wol03 , Yam04 ]. An invariant of a marked
hyperbolic structure is the length ° of the geodesic in a free
homotopy class. A basic feature of Teichmuller theory is the in-
terplay of two-dimensional hyperbolic geometry, Weil-Petersson
(WP) geometry and the behavior of geodesic-length functions.
Our goal is to develop an understanding of the intrinsic local
WP geometry through a study of the gradient and Hessian of
geodesic-length functions. Considerations include expansions for
the WP pairing of gradients, expansions for the Hessian and co-
variant derivative, comparability models for the WP metric, as
well as the behavior of WP geodesics, including a description of
the Alexandrov tangent cone at the augmentation. Approxima-
tions and applications for geodesics close to the augmentation are
developed. An application for xed points of group actions is de-
scribed. Bounding con gurations and functions on the hyperbolic
plane is basic to our approach. Considerations include analyzing
the orbit of a discrete group of isometries and bounding sums of
the inverse square exponential-distance.

1. Introduction

1.1. Background. Collections of geodesic-length functions provide lo-
cal coordinates for Teichmuller space. Gardiner provideda formula for
the di erential of geodesic-length and for the WP gradient of geodesic-
length, [Gar75 ]. In [WoI82 ] a geometric and analytic description of the
deformation vector eld for the in nitesimal Fenchel-Niels en right twist
t revealed the twist-length duality formula 2t = igrad” , [WoI82 ,
Thrm. 2.10]. The formula combines with the calculation of the twist

Received 02/05/2007.

277



278 S.A. WOLPERT

variation of length to give a formula for theXWP Riemannian pairing

hgrad™ ;igrad” i= 2 CoSs p
p2 \

for geodesics; , [Wol83 , Thrm. 3.3]. Hyperbolic trigonometric

formulas were also provided for the Lie derivativet t ©~ and the Lie
bracket [t ;t ], [Wol83 , Thrm. 3.4, Thrm. 4.8]. The convexity of

geodesic-length functions along twist and earthquake pathss a conse-
guence, Ker83 , Wol83 ]. In [Wol87 ] an analytic description of defor-
mation vector elds was applied to nd that geodesic-length functions
are strictly convex along WP geodesics. The WP geodesic coaxity of

Teichmualler space is a consequence.

1.2. The gradient and Hessian of geodesic-length. Riera has pro-
vided a formula for the pairing of geodesic-length gradients [Rie05,
Theorem 2]. LetR be a nite area Riemann surfaceR with uniformiza-
tion group P SL(2;R) acting on the upper half plane H. For closed

geodesics; on R with deck transformations A;B with axes + ~on
H the pairing formula is

hgrad® ;grad’ i = 2@ + X ulogu-'-1
hAin =hBi u 1
for the Kronecker delta , where for C 2 hAin =lBi, u = u(+C (7))
is the cosine of the intersection angle if ~and C(7) intersect and is
otherwise costd(+C (7)); for =  the double-coset of the identity
elegent is omitted from the sum. In Section 3.4 we compare theum
to A =pi © 29, and use a mean value estimate and analysis of the
orbit of to nd the following.

1
2 A

Lemma. The WP pairing of geodesic-length gradients of disjoint
geodesics; satis es

0< hgrad® :grad’ i 2. is O(??):

where for ¢y positive the remainder term constant is uniform for™ ;°
Co. The shortest nontrivial segment onH= connecting and con-
tributes a term of order “2°2 to the pairing.

Further considerations provide an almost sharp general bond for
the norm of the gradient. The expansion is one of several suggting
introduction of the root geodesic-lengths‘1=2 and the root geodesic-
length gradients = grad *** for which h ; i = =+ 0(3).

A description of the deformation vector eld on H was developed from
the Eichler-Shimura isomorphism in WolI87 ]. The description enables
the calculation of a second order deformation beginning frm the har-
monic Beltrami di erential representing the in nitesimal deformation.
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The resulting expressions Wol87 , Lemma 4.2, Coro. 4.3, Lemma 4.4,
Coro. 4.5] are complicated. We show now that the in nite horizon-
tal strip is better suited for the calculation. The resultin g expressions
are simpler and the formulas enable Hessian bounds. In Seoti 3.2 we
present a formula for the Hessian and nd the following.

Corollary. The complex and real Hessians of geodesic-length are uni-
formly comparable
@@ Hess  3@@:
The rst and second derivatives of geodesic-length satisfy
2 °[; 1 2[] 32[] 0 and "~ @ 2@ @ O
for a harmonic Beltrami di erential = *(ds?) ! with equality only for
the elementary' = a(%)2.

We apply the formulas to study geodesic-length and the lengthof
compactly supported geodesic laminations. A geodesic lamation is
a closed subset of a surface which is foliated by complete geesics.
A measured geodesic lamination with compact support is a copact
geodesic lamination with a transverse measure which suppty the lam-
ination. A transverse measure is alternately specied on the space
G of complete geodesics on the upper half plane. For a poinp and a
complete geodesic™ on H the distance d(p; 7) issde ned. We consider
the inverse square expagential-distancé® (p) = e 2de:Id (7). The
integral compares to~ ;e 2(PDdA. The map ! P from ML ¢
measured geodesic laminations with compact support taC(R) is con-
tinuous in the compact-open topology; see Lemma 3.10. In Seioh 3.3
we bound the Hessian of geodesic-length as follows.

Theorem. The Hessian of length of a measured geodesic lamination
is bounded in terms of the WP pairing and the weighP as follows:

h: Pi 3@@[; ] 16h; P
and

h; Pi 3*[; ] 48 Pi
for a harmonic Beltrami di erential. There are positive functi ons ¢;
and ¢, such that

ca(injred)” ;i @; ° C2(inj req)” h; i
for the reduced injectivity radius with cy( ) an increasing function van-

ishing at the origin and c;( ) a decreasing function tending to in nity
at the origin.

In Section 3.4 we separate the contribution of the zeroth roational
term in the collar and apply the Cauchy Integral Formula and Schwarz
Lemma to nd the following elaboration.



280 S.A. WOLPERT

Theorem. The variation of geodesic-length’ satis es
2271 201 3201 is O3k ki)
and
T@'; 1 2@ []@[] is OC%k kiyp)
for a harmonic Beltrami di erential where for ¢y positive the remain-
der term constant is uniform for ° Co.

An intrinsic expansion for covariant di erentiation follo ws from the
direct relation with the Hessian; see Section 3.4. The almdscomplex
structure of Teichmaller space is parallel with respect to WP covariant
di erentiation.

Theorem. The WP covariant derivative D of the root geodesic-length
gradient  satis es

Dy =3 ¥ ;UidJ + O(%*2%kuUk)

for J the almost complex structure andk k the WP norm. For ¢y positive
the remainder term constant is uniform for ° Co.

1.3. The augmentation, WP comparisons and the Alexandrov

tangent cone. The augmentation T is a bordi cation (a partial com-
pacti cation) introduced by extending the range of Fenchel-Nielsen pa-
rameters, [Abi77 , Ber74]. The added points correspond to unions
of marked hyperbolic surfaces with formal pairings of cusps For a
geodesic-length  equal to zero in place of the geodesic, there appears
a pair of cusps; the marking map is a homeomorphism from the caple-
ment of a curve to a union of hyperbolic surfaces. In generafor a collec-
tion  of homotopically non trivial, non peripheral simple closedcurves
the locusT( )=f° =0j 2 g T has codimension twice the car-
dinality of . We show in Corollary 4.10 tBat on T the distance dr()

to the closure of T ( )Psatis esdr() (2 , Y2 and dr(y=
@ 5, )2+o( L, 7.

As a means for understanding the geometry and the drop of dime-
sion at the augmentation we describe a frame for the tangent bndle
of T near T( ) in terms of geodesic-lengths. We rst consider the de-
scription of the bordi cation in terms of representations of groups and
the Chabauty topology. We nd that the pairing hgrad™ ;grad” i is
continuous at T ( ) for closed curves and disjoint from . Then for
p 2 T( ) corresponding to a union of marked hyperbolic surfaces we
de ne a relative length basisas a collection of simple closed curves
disjoint from the elements of such that at p the geodesic-lengths
* ;2 ; provide local coordinates forT( ). We consider the WP
Riemannian pairing matrix P forf ;i ;grad” g 2. 2 where pair-
ings with onf° = 0g are determined by continuity. We show in
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Lemma 4.2 that P is the germ of a continuous map fromT to the gen-
eral linear group GL (R) and in Corollary 4.11 that the pairing satis es
P(q) = P(p) + O(dwp (p;q). The local frames provide for a bundle
extension overT of the tangent bundle of T.

We combine techniques in Section 4.1 to nd comparisons and>g@an-
sions for the WP metric. Comparisons are given in terms of gedesic-
lengths for a partition , a maximal collection of 33 3 + n disjoint
distinct simple non trivial non peripheral free homotopy classes. Com-
parisons are for the Bers region8 = f° cj 2 g The complex

di erentials f@lzzg o provide a global frame for the tangent bundle
of T, [Wol82 , Thrm. 3.7].

Theorem. The WP metric is comparable to a sum of rst and sec-
ond derivatives of geodesic-length functions for a partibn and J the
almost complex structure as follows

X
h; i (d'¥)?2+(d'1? J)? Hess'
2 2
where givency positive there are positive constantsc; and ¢, for the
comparability on the Bers regionB = f° Cj 2 ¢ The WP
metric has the expansions | |
X X '
h:i =2 A2+ (d¥? J)2+0 3 ohi
2 | | 2
X 22 X
- He\ss + 0 2 he g
6 2 2

at the maximal frontier point of T for the partition

The expansions are a counterpart to Masur's original local gpan-
sion, [Mas76]. To date all expansions involves considerations of alge-
braic geometry and the local plumbing family fzw = tg ! fj tj < 1g.
The present formulas are intrinsic to hyperbolic geometry and are valid
on the larger Bers regions. The total geodesic-length of a partition is
uniformly convex on WP geodesics in the Bers region. The ab@/com-
parability on Bers regions provides for local consideratios for Brock's
guasi isometry of the pants complexCp to Teichmuller space with the
WP metic, [Bro03 ]. A Lipschitz model for Teichmaller space can now
be constructed from the pants complexCp and corresponding Bers re-
gions.

In [Wol13 ] we use the current techniques of investigation to develop
a normal form for the WP Riemanninan connection for surfaceswith
short geodesics. The normal form is used to establish appraxation
of geodesics in strata of the bordi cation T. Considerations are then
combined to establish the convexity along WP geodesics of #afunctions
the distance between horocycles for a hyperbolic metric wh cusps.
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In Sections 4.2 and 4.3 we combine techniques to investigatgeodesics
terminating at the augmentation. We consider in Corollary 4.10 the
tangent eld for a geodesic (t) terminating at T( ). The geodesic-

length functions for 2  have one-sidedC? expansions‘lzz( ) =
a t+ O(t>), while the tangent eld pairings have one-sidedC' expan-
sions with h%;\] i bounded asO(t*). Additionally, on a geodesic a
geodesic-length function either vanishes identically or ha positive initial
one-sided derivative. Earlier expansions indicate that themetric tan-
gent cone at the augmentation is singular, PW03 , Wol03 , YamO04 ].
We consider the Alexandrov tangent cone as a generalizatioof the tan-
gent space. SeeHH99 , Chap. 11.3] for the notion of the Alexandrov
angle for CAT (0) metric spaces. A triple of points (p; g; r) has Euclidean
comparison triangle with angle\ (p;q;r) at p determined by the Law of
Cosines. For constant speed geodesicg(t); 1(t) with common initial
point, the comparison angle for ( o(0); 1(t); 1(t9) is a non decreasing
function of t and t® The Alexandrov angle\ ( o; 1) is the limit for t
and t°tending to zero. The Alexandrov tangent coneAC, is the set of
constant speed geodesics beginning atmodulo the equivalence relation
same speed and at zero angle.

We present for an augmentation pointp 2 T () an isometry between

the Alexandrov tangent cone AC,, and the product R’ é TpT( ), with
the rst factor the Euclidean orthant and the second factor t he stra-
tum tangent space with WP metric. The Alexandrov tangent cone is
given the structure of an inner product by the formal relation h o; i =
k Kk $kcos\ ( o; 1). For a relative length basis the mapping for a
WP geodesic (t) beginning at p is given by associating

1=20dL( )
L @2)P=0)
the initial one-sided derivative of L( (t)) = ("% 5. 5 ( (V).

The tuple (‘1:2) 2 provides local coordinates forT ( ) and thus

1=2
(2 )2 d dt( )(0) , denes a tangent vector in TyT (). The follow-

ing is presented in Section 4.3.

Theorem. The mapping from the WP Alexandrov tangent cone

ACp to R g') TpT( ) is an isometry of cones with restrictions of in-
ner products. A WP terminating geodesic with a root geodesic-length

1=2
function initial derivative 2 dt( )(0) vanishing is contained in the stra-

tumf  =0g T() f =09 Geodesics o and ; at zero angle
have comparison anglesd (p; o(t); 1(t)) bounded asO(t).

We present applications of the geometry of the tangent cone.
1.4. The model metric  4dr?+ r8d#? and Fenchel-Nielsen coordi-
nates. Understanding of WP geometry is forwarded by the comparison
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to the model metric 4dr2+ r8d#? for the plane R2. Preliminary forms of
a model metric were presented earlier, W03 , Wol86 , Yam04 ]. We
describe the geometry of the model metric and the comparisobetween
a product of model metrics and WP. The comparison accounts fothe
expansion for the WP connection and recent properties of WP sctional
curvature, as well as the description of the Alexandrov tangnt cone.
We nd that the model metric also provides expansions for the WP
metric in Fenchel-Nielsen coordinates.

Basic properties include the following. The 2-dimensional lhler
model metric is non complete onR? f 0g. Coordinate vector elds
are evaluated with h&; @i = 4; h@, &j =0 and h$,; 8j = rb. The
Riemannian connectionD is determined through the relatlons for vector
elds Dyhv; Wi = lDyV; Wi + h;DyWi and DyV DyU =[U;V].
The formulas for the model connection are

@—0:- @ Q@_- 3@ @ - _3,50.
Degi=0. Dag=Degs and D o vl

The formulas are combined with the derivation property to evaluate the
curvature tensor R(U; V)W = DyDyW DyDyW DyjW. The Lie

bracket of coordinate vector elds [@ @#] vanishes and from the above

evaluations R($; ) &,= J2r* & The 2-plane £ &, has area 2°
and the sectlonal curvature of the model metric is
(@ @
@ 9@# i _ _ 3.
2 2
@r @#k 2r

A comparison of metrics involves the deformation parameterfor the
angle #, and in particular involves counterparts for the vector el d @@#
and the di erential d#. We explain in Section 4.2 that for an increment
of the angle of 2 to correspond to a full rotation (a Dehn right twist in
the mapping class group) the corresponding unit Fenchel-Nisen in ni-
tesimal angle variation isT = (2 ) 1323 =@ ) Y t . The vari-
ation T is the counterpart for @ The de nition of T s intrinsic, not
involving auxiliary choices. A counterpart candidate for the di erential
d# is the di erential of a Fenchel-Nielsen angle; see Section 4. There
are limitations to the selection of the Fenchel-Nielsen angt. The rst
is that the de nition requires the choice of free homotopy classes of two
auxiliary simple closed curves; in fact, arbitrary pairs of disjoint classes
disjoint from the original curve occur. The second is that the dier-
ential geometric properties of the Fenchel-Nielsen angle ofieichmuller
space are not available. In De nition 4.15 we use the FencheNielsen
angle variation and WP pairing to introduce the Fenchel-Nielsen gauge
1-form% =2 (**h ; i) h;J iwhered™ J=nh;J i.The
Fenchel-Nielsen gauge satis es the basic propert$o (T ) = 1 and the
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de nition does not involve auxiliary choices. The di erent ial geomet-
ric properties of Fenchel-Nielsen gauges are presented in irgna 4.16,
including an expansion relating gauges to angles.

We are ready to relate the WP and model geometry. Following tre
lead of existing expansions, we set for a geodesic-length 22 =~ for
which 2'¥2dr = h; i in terms of the root geodesic-length gradient.
The above comparison theorem becomes the following.

Theorem. The WP metric is)<(:omparab|e for a partition  as follows
h;i 4dr? + r59%
2

for the Fenchel-Nielsen gauges where givery positive there are positive
constantsc; and ¢, for the comparability on the Bers regionB = f°
coj 2 ¢g. The WP metric has the expansion

X X ’
h:i= 2  4dr2+r%% +0 8 oh:
2 2

at the maximal frontier point of T for the partition

Again, the comparison is for a larger Bers region. Constantsagree
with earlier expansions, Wol03 , Coro. 4]. P
We are ready to relate the product of model metrics 4dr? +

réd#? to the WP pairing  3h; i. The comparison is based orﬁ@f hav-
ing as analog 32 2 and @% having as analog the Fenchel-Nielsen

angle variation g = (2 ) 12323 Tpe Kahler form for the
model metricis , 2r3dr d# =(4 4 1, ° d d# , which for
the Fenghel-Nielsen angle 2 =" corresponds to the known formula

3% , dd ,[Wol85, Wol07 ]. The above theorem provides
equality of norms modulo the higher order O-term. The above expan-
sion for the pairing h ; i = zi + O(%), the theorem on the WP
connection, and de nitions for 2 ?r?2 = ° and T combine to provide
the following covariant derivative formulas

_ 3
r

and D7 T = 73r5(23=2 Z )+ 00%?

D =0(%*?); D1 (222 )=Dyp2: T T +0(3)

in direct correspondence to the formulas for the model conndion. Re-

latedly the root geodesic-length along a WP geodesic with 2 small is
modeled by the radius function along a geodesic of the model etric.
The principal terms of the derivative of 27> 2 and T correspond to
the derivative of & and &.

We next describe comparisons for curvature. WP sectional cwa-
ture is negative with an upper bound of O( ) and a lower bound
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of O( ~ 1) for * the length of the shortest closed geodesicHuaar ].
Huang describes tangent planes realizing the bounds. In p#cular, in
agreement with the model metric the curvature isO( ~ 1) for a plane
@—(‘«? A @Q#. Huang also shows from thealmost product structure that
planes spanned by an -factor tangent and an %factor tangent have
curvature O( ~ o). Additional planes of small curvature correspond
to components of surfaces represented in the augmentatiorte further
nds that the subset T- . T of surfaces with a xed positive lower
bound for the length of the shortest closed geodesic has a lewbound
for sectional curvature independent of genus and number of gnctures,
[Hua07 ]. The uniform curvature bounds are consistent with a uniform
bound for the magnitude of the C2-norm of the di erence of the WP
and product model metrics.
I would like to thank Sumio Yamada for conversations.

2. Preliminaries

2.1. Collars and cusp regions. A Riemann surface with hyperbolic
metric can be considered as the union of dhick region where the in-
jectivity radius is bounded below by a positive constant, ard the com-
plementary thin region. The totality of all thick regions of Riemann
surfaces of a given topological type forms a compact set of nwc spaces
in the Gromov-Hausdor topology. A thin region is a disjoint union of
collar and cusp regions. We describe basic properties of daks and cusp
regions including bounds for the injectivity radius and segaration.

We follow Buser's presentation Bus92 , Chap. 4]. For a geodesic of
length ©° on a Riemann surface, the collar about the geodesic i§ ) =
fd(p; ) w( )g for the width w( ), sinhw( )sinh® =2 = 1. For H,
the upper half plane with hyperbolic distanced( ; ) a collar is covered by
the regionfd(z;iR*) w( )g H with deck transformations generated
byz! e z. The quotient fd(z;iR*) w( )g=tz! e z embeds into
the Riemann surface. Forz in H the prescribed region is approximately
f> =2 argz © =2g. A cusp region G is covered by the region
f=z 1=2g H with deck transformations generated byz ! z+ 1.
The quotient f=z 1=2g=lz ! z+1i embeds into the Riemann surface.
The boundary of a collar C( ) for © bounded and boundary of a cusp
region G have length approximately 2.

Theorem 2.1. For a Riemann surface of genusg with n punctures,

given pairwise disjoint simple closed geodesicsi;:::; m, there exist
simple closed geodesicSm+1;:::; 3g 3+n SUChthat 1;:::; 39 3+n are
pairwise disjoint. The collars C( j) about ;, 1 j 3g 3+n, and

the cusp regions are mutually pairwise disjoint.

On thin the injectivity radius is bounded below in terms of the dis-
tance into a collar or cusp region. For a pointp of a collar or cusp
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region write inj (p) for the injectivity radius of the Riemann surface
and (p) for the distance to the boundary of the collar or cusp region
The injectivity radius is bounded as follows, Wol92 , Il, Lemma 2.1].

Lemma 2.2. The product inj (p) e (P of injectivity radius and expo-
nential distance to the boundary is bounded below by a posié constant.

Simple in nite geodesics occur as leaves of laminations. Ware in-
terested in the behavior ofinj (p) along a simple complete (in nite or
closed) geodesic. The standard consideration for cusp remis general-
izes as follows.

Lemma 2.3. A simple geodesic is either disjoint from the thin region,
or is the core of an included collar, or crosses at least halfmincluded
collar, or crosses a cusp region.

Proof. On H let A be the deck transformationz ! e z for a collar
andz! z+1 for a cusp. Consider a lift ~ of the simple geodesic with
endpoints by < b, in R[flg . If for a collar either by; by is in nity
or zero, then spirals to and so crosses half the collar; if similarly
the product b by is negative, then intersects and crosses the collar.
If for a cusp either by; by is in nity, then crosses the cusp region. If

does not cross a region then we consider the intervab{; k] and its
translates by A and A 1. If the interval and a translate overlap then
~ intersects either A(™) or A (") interior to H. Since is simple it
follows that the interval [ by; Ip] is contained in a fundamental domain for
A. The extremal position for an interval is given by the con guration
with A(b) = by or with A(kp) = by. For a cusp region the height of ~
is 1=2 and only intersects the boundary of the region. For a collar
(with by > 0) we consider the quadrilateral with verticesby;ibs;iby; by
and vertex angles Q5; 5, 0. The hyperbolic trigonometry of the quadri-
lateral provides the equality sinhd(; )sinh®™ =2 =1, [Bus92, Thrm.
2.3.1]. The geodesic only intersects the boundary of the collar. The
proof is complete.

2.2. Mean value estimates. A mean value estimate provides a sim-
ple method for bounding a function. Our considerations invdve bounds
for holomorphic quadratic di erentials and sums of translates of the
exponential-distance on the upper half plane. Holomorphicdinctions as
well as eigenfunctions with positive eigenvalue of the hypeolic Lapla-

cian satisfy the area mean value property, fay77 , Coro. 1.3]. A holo-
morphic functionor > 0 eigenfunc%ion satis es

f()=c(; ) fdA
B(p:)
on the upper half plane for B a hyperbolic metric ball and dA the
hyperbolic area element. We consider the following speciaations.
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A harmonic Beltrami di erential is given as = *(ds?) ! for ' a
holomorphic quadratic dierential and ds? the hyperbolic metric. A
harmonic Beltrami di erential satis €5 a mean value estimate

jip) c() j jdA

B(p;)
as a consequence of the rotational symmetry of the metric anthe mean
value property for holomorphic functions for circles. Eigenfunctions
with positive eigenvalue satisfy the mean value property. ©r positive
eigenvalue = s(s 1) the rotationally invariant potential about a
point of H is a negative function of distance asymptotic to ce SA(P:d
for large distance, Fay77 , p. 155]. It follows directly for s > 1 that the
comparable function e P9 satis es a mean value estimate. Finally,
for a point in H given in polar form re' , the function u( ) =1 cot
is a positive 2-eigenfunction and satis es the mean value prperty. It
follows directly that min fu( ); u( )g and the comparable functions
sin? = sech? d(p;iR*) and e 2(PiR") satisfy mean value estimates.

We will consider metric balls on the Riemann surfaceR for the mean
value estimate and use the injectivity radius to bound the coering
number from the upper half plane. From the description of colars
and cusp regions the covering number for a xed radius ball inH is
bounded in terms of inj ! with constant determined by the radius
of the ball. We summarize the considerations for a Riemann sdace
R = H=; P SL(2; R) with the following.

Lemma 2.4. Harmonic Beltrami di erentials and the exponential-
distance functionse 24(P:9; sectf d(p; ~) and e 24(P:~) for a geodesic~
satisfy a mean value estimate onH with constant determined by the
radius of the ball. A non negative functionf satisfying a mean value
estimate onH and a subset of the disgrete groufs satisfy

f(A(p) cinj (p) * fdA
A2G [ A2 A(B(p; )

with constant determined by the mean value constant.

2.3. Teichmuller space and geodesic-length functions. Let T be
the Teichmuller space of genusg, n punctured Riemann surfaces with
hyperbolic metrics ds?, [Ahl61 , Bus92, IT92 , Nag88, Tro92 ]. From
Kodaira-Spencer deformation theory the in nitesimal deformations of a
surfaceR are represented by the Beltrami di erentials H(R) harmonic
with respect to the hyperbolic metric, [Ahl61 ]. Also the cotangent
space ofT at R is Q(R), the space of holomorphic quadratic di erentials
with at most simple poles at the punctures of R. The holomorphic
tangent-cotangent pairing is
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for 2H(R)and' 2 Q(R). Elements of H(R) are symmetric tensors
given as*(ds?) ! for ' 2 Q(R) and ds? the hyperbolic metric. The
Weil-Petersson (WP% Hermitian metric and cometrizc are given as

h: inerm = dA and H; igem = ' (ds?) ‘!
R R
for ; 2H(R)and'; 2 Q(R) and dA the hyperbolic area element.
The WP Riemannian metricis h; i = <h; igerm. The WP metric

is Kahler, non complete, with non pinched negative sectioml curva-
ture and determines aCAT (0) geometry, see Ahl61 , Huaar , Nag88,
Tro92 , Wol03 , Wol06 ] for references. Ahlfors found for in nitesimal
deformations de ned by elements ofH(R) that the rst derivatives of
the WP metric tensor initially vanish, [ Ahl61 ]. Equivalently, a basis
for H(R) provides local coordinates forT normal at the origin for the
WP metric. Equivalently to rst order, the WP Levi-Civita con nection
is initially Euclidean for deformations de ned by elements of H(R).

Basic invariants of a hyperbolic metric are the lengths of tre unique
geodesic representatives of the non peripheral free homaqtg classes.
Points of the Teichmuller space T are equivalence classe§(R;f )g of
marked Riemann surfaces with reference homeomorphisnfs: F ! R
from a base surfaceF. For the non peripheral free homotopy class
for F the length of the geodesic representative fof ( ) is the value of
the geodesic-length® at the marked surface. ForR with uniformiza-
tion representation f : 1(F) ! ; PSL(2;R) and correspond-
ing to the conjugacy class of an elementA then cosh®™ =2 = tr A=2.
Traces of collections of elements provide real analytic cadinates for
Teichmuller space; for examples seeAbi80 , Bus92, 1T92 , Kee71l,
Kee73, Thu88 ].

We review the formulas for the di erential of geodesic-lengh, the
gradient of geodesic-length and the WP pairing. Gardiner preided for-
mulas for the di erentials of geodesic-length and length of ameasured
geodesic lamination, zar75, Gar86 ]. In particular for a closed geo-
desic conjugate the group for the geodesic to correspond to the dek
transformation A :z! e z and consider the series

X 2

) V4
B 2hAin

for PAI the cyclic group generated byA. The di erentials of geodesic-
length are given as

. 2 . . 1
(2) d []=-<( ) with @[]=-(;)
for 2 H(). The WP Riemannian dual of the cotangent ' 2 Q()
is the tangent —(ds?) 1 2 H (). Accordingly, the gradient of geodesic-
length is grad® = 2 (ds?) 1. The tangent vector t = 5 grad’
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has the geometric description as the in nitesimal Fenchel-Nelsen right
twist deformation, [Wol82 , display (1.1), Coro. 2.8, Thrm. 2.10]. The
Fenchel-Nielsen twist deformation and geodesic-length areetated by
duality in the WP Kahler form ! (;t )= %d‘ , [Wol82 , Wol07 ]. The
symplectic geometry of twists and lengths was considered ifiWwol83 ,
Thrm. 3.3] and [Gol86 ] including the twist-length cosine formula

X
4 (t ;t)=hgrad™ ; igrad” i =2 COS p:
p2 \

The sum is for transverse intersections of geodesics. In p@ular,
the sum vanishes if the geodesics are disjoint or coincide.nlSec-
tion 3.4 we will consider Riera's length-length formula for the pairing
hgrad™ ;grad” i of geodesic-length gradients, Rie05 ].

3. Variations of geodesic-length

3.1. Harmonic Beltrami di erentials and Eichler integrals. The
WP Riemannian metricis h; i = <h; igerm . TO rst order the WP
Levi-Civita connection is initially Euclidean for deformat ions de ned by
elements ofH (R), [Ahl61 ]. The benet of choosing H(R) as the model
for the tangent space is that expressions involving at most he initial
rst derivatives of the metric are WP intrinsic quantities. For t real,
small and 2 H(R), let R' denote the deformation determined by
the Beltrami di erential t . For z a local conformal coordinate forR,
dw = dz+ dzis the dierential of a local conformal coordinate w for
R' . At t = 0 the family of Riemann surfacesfR! g agrees to second
order with a WP geodesic. Relatedly, for a smooth function dened
in a neighborhood of R in T, OI%h(R‘“) ji=o Is the WP Riemannian
Hessian Hesh, [O'N83 , WolI87 ]. In general for vector elds U;V the
Hessian is given as Heds(U;V) = UV h (DyV)h. In particular, for
;2 H(R) and the family of Riemann surfacesfR! *t° g the WP
covariant derivative D@@@e vanishes at the origin for the tangent elds
@ @ e
@t @t

A deformation of Riemann surfaces can be presented by a quasin-
formal (gc) homeomorphism of the upper half planeH. For R given as
H=, P SL(2;R), a Beltrami di erential 2H(R) with k k; <1
de nes a deformation as follows. There exists a qc self homewrphism
w(z) of H satisfying wz = w ,, [AB60 ]. The map w conjugates to a
discrete groupw w 1 PSL(2;R) uniformizing a homeomorphic
Riemann surfaceR . Homeomorphismsw and w are equivalent pro-
videdw (w ) !is homotopic to a conformal map. The Teichmuller
space is the space of equivalence classes of qc map&offor t real and
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small, we consider the family of qc homeomorphismsvt and corre-
sponding family of surfacesf R g. The initial deformation vector eld
of holomorphic type w = dw! ji-o on H satis es:

1) wy=

2) the coboundary mapA 2 | A (w) w= w(A(2)(AY2) ?

w(z) is the class of the deformation in group cohomology with
coe cients in real quadratic polynomials on H, [Ahl61 , Eic57,
Wei62 ].
The standard approach presentsw_as the singular @potential integral
of , [Ahl61 , AB60 ].

We presented in (Wol87 , Sec. 2] for 2 H(R) a formula for w in
terms of a line integral. The integral is a form of the Eichler-Shimura
isomorphism of 2 above. We i7ntroduced the line integral

=7z
F(2= (z ) ()d
Zp
for ;z;z9 in H, zp xed, and ' 2 Q(). The integral is path inde-
pendent since the integrand is holomorphic. The potential guation
F,=(z 2)% (2)is an immediate property. We established the follow-
ing.
Theorem 3.1. The deformation vector eld for Beltrami di erential
=(z 2% is
Z z Z z
w= (Z )Z() + (z )*()d +q>2
Z0 Zp
where g is a quadratic polynomial with real coe cients.

The polynomial corresponds to an in nitesimal P SL(2; R) conjuga-
tion. We observe that for the quadratic di erential ' given by a suitably
convergent series the integrals may be computed term-by-term

We now specialize the formulas for the situation of conjugated to
contain the transformation z! z; > 1 and the mapsw' xing
0 and in nity ( w is O(jzj) at the origin and o(jzj?) at in nity.) The
normalization provides that w(z) ! w(z) is a multiple of z (in fact
z since '=w!' (z)=w! (z)) and consequently

(3) W= z22<A + z2<B +2<C + bz
where z, . z,
Al 1= 'd + d
Zp %z 129
B[']= 2 "d
ZZ % ZZo
Crl=  2d + d;
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[Wol87 , see (4.1)]. The Eichler integral operatorsA ;B and C de ne
endomorphisms on the space Hold{) of functions holomorphic on H
and the operators have forrﬂal properties of group cohomolog Hejhal's
variational formula —= 2 * 120 'd is a consequenceHej78 ]. The
functions A[' ] and C[' ] are weighted equivariant forz! z acting on
Holo(H) by composition: A(z)= A(z)and C(z)= C (2).

3.2. The deformation vector eld on the horizontal strip. It is
natural to introduce a model for the hyperbolic plane preseting the
transformation z! z as a translation. The in nite horizontal strip
S is a suitable model. We present formulas for the deformationvector
eld on S. We then apply the formulas to study the rst and second
variation of geodesic-length.

The upper half planeH and in nite horizontal strip S=f jO< = <

g are related by the map = log z. We consider now for 2 H ()
the family w! of gc homeomorphisms oH satisfying Wti =tw s, w
xing 0 ;1 and in nity, [ AB60 ]. The homeomorphismw! conjugates
the transformation z! z to atransformation xing 0 and in nity with
multiplier . The family w' is conjugated by =log z to a family of
gc homeomorphismsg! of S. The homeomorphismg' conjugates the
translaton ! + °, " =log , to a translation by ‘! =log . We
have from the translation equivariance equation

g( +)=d0)+ %
the expansion int
2

g()= +ta)+ el )+ O

and from the Beltrami equation the perturbation relation
2

tg-+ %gu: t (1+tq)

provides that - = andg =2 g, [AB60]. We chooseF = f 2
Sj0 < < gas a fundamental domain for the translation. The
following presents the rst and second variation of *! as integrals of the
deformation vector eld g.

Lemma 3.2. For 2H() andg' the family of gc homeomorphisms
of the strip S,
5 Z 4 z
= —< dE and *= —< g dE
F F
for dE the Euclidean area element.

Proof. Ahlfors and Bers showed that the solutiong' of the Beltrami
equation varies real analytically in the Banach space with orm the sum
of the Helder norm and LP norm of the rst distributional derivatives,
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[AB60 ]. For smooth Beltrami di erentials it follows immediately from
elliptic regularity that the t-derivatives of g' are smooth, [GT0O1 , Chap.
6].
We write = x+ iy, g= u+ iv and begin with
Z.
TEuCy) dOy)= udx

and for the nt" derivative at t =0
Z - Z

M= yMdx and M= 1 u{Mdx:
0 F
The map g' preserves the boundary ofS and thus =g' is constant on

the boundary while =g(™ vanishes on the boundary. It follows that
Z

0=vW(x; ) viV(x0)=  v{"dy:
0

The general formula
z

= 2. @umge

F

is now a consequence and the argument is completed with the laion
gﬁz) =29 D The proof is complete.

Gardiner's formula (2) for the di erential of geodesic-length follows
since for =log z, (d )2 = (%)2 and F maps to the half annylus A =
fljz<; =7 OgP H, [Gar75]. As always the pairing , (dz—z)2
can befoldedto A2 on A (dz—z)2 whereF is now a fundamental
domain for the group and g is the cyclic subgroup generatedby ! z.

We are ready to calculate the deformation vector eld quantity g on
S. Vector elds on the upper half plane and the strip are related for

=log z by &= z& and in particular w&,= wz *& = g&. And we
have for the coe cients @g = z&(wz !). Lemma 3.2 above and the
changeFQf variables = log z combine to give Theorem 3.2 of WoI87 ]
Y= A<,z 18wz YdE.

We are ready to considerg_and the term-by-term contributions for
a series expansion of the quadratic di erential' . We begin with (3)

W= z22<A + z2<B +2<C + bz

and nd
(4) g = z—@évlz h=z2<A z '2<C
@
sinceA;B;C 2 Holo(H) with A°=" B%= 2z' and C%= z* . We

now nd the contribution of an individual term z (dz—z)2 for = n,
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=2:-"=Jog andn2Z
n 2# n 2#
d 1 d 1
A 2 - z Y and cz ¥ = z "1
z 1 +1
n 2# n 2#
dz dz 1 1
A == 1 = = =
B) zA z - z C z - 1 1 z
S 1+ 2
and for = x+ iy =log z
n # n Et
dz 2 dz 2
(6) zA z i zc 2z &
z z
e e 5. 2c0sy 2 sinZy_.
- 1 +1 - 1+j j2 '

The right hand sides of (5) and (6) will be paired below with ' .
The quadratic di erential ' on H is invariant with respectto z! z
and admits the expansion
X 2 X n
@ = anz" % with integral  zA[ [= = nZ -

n n

We can considerzA[' ] and z C[' ] as O-tensors since the quantities
are coe cients for the -derivative of the vector eld g. The O-tensors
are expressed ort by a change of variable. We introduce a Hermitian
pairing for suitable "-translation i?variant functions on S

Q(; )= ~sinydE

F

with F a fundamental domain for “-translation. We observe for =
logz, z2 H; 2 Sthe Euclidean area elements satis JEZJ(ZZ = dE()
with =z = jzjsin= . The pairing is also given as

RGIT L e

for A the image of F by z = e and ; the compositions with =
logz. We include formula (2) in the following statement of variational
formulas.

Theorem 3.3. The rst variation of geodesic-length is given as
+1= 4 <a

and the second variation as

;1= iz<Q(zA;zA) 1—6<Q(zA;ﬁ)
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for Hermitian pairing Q and a harmonic Beltrami di erential =(z
7)2~, ' 2 Q() , with zeroth coe cient ag, and integral A = A[ ].

Proof. We combine Lemma 3.2 with formula (4) to nd for =
4sirPy* and = X+ iy that
16,

= “((zA z 'C)+(zA z C))sinydE:

F

The Beltrami di erential is bounded and as noted Ahlfors and Bers
established that g is in LP. The series expansion for; A and C
converge uniformly on compacta and consequently we can coitler term-
by-term contributions.

The orthogonality of exponentials for x-integration for x + iy = =
logz provides simpli cations. The weight n term z™, = 2L in the
expansion for — only has a nonzerox-integral when paired with the
weight n term of (zA  z 1C). The contribution from (5) is

z" z"
2 sin’y dE:
c n 1 n 1 y
The weight n term z" in the expansion for*~ only has a nonzerox-
integral when paired with the weight n term of (zZA' z 1C). The
contribution from (6) is |
Z 2n o )
__ cos+ £1sin N
2 zZn ¥ 5 » z " sin’ydE
= 1+(5)2

and with trigonometric integrals in y
Z

_ z" z " .5 )
= n 1 - 1smydE.
The desired conclusion now follows from the expansion (7). Té proof
is complete.
We rst consider immediate consequences for the geometry ofe-
ichmaller space. A form of the following based on WoI87 ] was given
by Yeung, [YeuO3 , Proposition 1].

Corollary 3.4. The complex Hessian of geodesic-length is given as
_ 16
@l[; 1= —Q(zA;zA)

for =(z 27" 2Q() andintegral A = A[' ]. The complex and
real Hessians are uniformly comparable
@@ Hess 3@@:
The rst and second derivatives of geodesic-length satisfy
2 ] 2] 32%i] 0 and ‘@ 2@@ O
with equality only for the elementary' = a(%)2.
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Proof. The rst two statements are consequences of the observation
that Q(zA;zA) is a Hermitian form, Q(zA;zA) is a complex bilin-
ear form and the inequality jQ(zA;zA)j Q (zA;zA). From the
given formula the contribution of the weight zero term ao(dz—z)2 to *
is 8 (<ap)?+24 (=ap)? and to @@ is 8 jaoj®. The inequality for deriva-
tives follows from formula (2) and that * is a positive de nite quadratic
form and @@ 'a positive de nite Hermitian form on the coe cients of
' . The proof is complete.

Example 3.5. Convexity for geodesic-length functions.

For closed curves i1;:::; n the geodesic-length sum | + +
satises: (*, + + )% is strictly convex along WP geodesics,
logC ,+ + ) is strictly plurisubharmonic, and (* ,+ + ) 1!
is strictly plurisuperharmonic.

We consider the Teichmuller space of the annulus as an exanig
that foreshadows the behavior of the WP metric for surfaces th short
geodesics.

Example 3.6. The Teichmuller space of the annulus.

The annulus with geodesic of length’ is given as the quotientH=hAi
for the cyclic group generated byz ! e z. Geodesic-length provides a
global coordinate for the real one-dimensional Teichmalle space. The
spaceQ(hAi) of quadratic di erentials is tfg{e span over R of (dz—z)z. The

norm of = (=2)2(%)2ish; ipem = , OA = 5 for A=fl<
jzj < ; =z > 0g. From formula (2) we observe that grad''™ =
5 (=2)%(%)2 with hgrad(2" )*?;grad(2 " )¥% = 1. The parame-
ter (2 ° )72 is the WP unit-speed parameterization of the Teichmaller
space. Correspondingly from Corollary 3.4 andfi ] = 0 the Hessian

of (2" )2 vanishes and the vector eld grad(2" ) is WP parallel,
[O'N83 .

3.3. Bounding the Hessian of geodesic-length. We bound the Her-
mitian form Q(zA;zA) in terms of the WP pairing and a geometrically
de ned weight function. The weight function given in the uni versal
cover is the sum of the inverse square of exponential-distamcfrom a
point to the components of the lift of the geodesic. The desdption pro-
vides the approach for considering the weight function of a measured
geodesic lamination. The weight is the corresponding inte@l on the
space of leaves of the lamination for the distance from the pat to the
leaves of the lamination. Gardiner established that the rst variation
formula for geodesic-length generalizes to a formula for théength of a
measured geodesic laminationGar86 ]. Overall we nd that the Hes-
sian of length of a measured geodesic lamination is comparkbto the
product of the length and the WP pairing with constants depending
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on the reduced injectivity radius of the surface. The lengthis always
strictly convex along WP geodesics.

Considerations for bounding the Hessian begin with the horontal
strip model S, the integral A[' ] and a second Hermitian pairing for
suitable "-translation invariant funEtions on S

QS(; )= “sin*ydE
F
for F a fundamental domain for "-translation.

Lemma 3.7. The Hermitian forms Q and QS are bounded as

QS(;" ) 3Q(AT LAl'D) 4QS(i" )
for a holomorphic quadratic di erential ' 2 Q() with integral A[' ].

Proof. The quantities' and zA[ ] considered onS are given as sums
(7) of exponentials z" = e"**¥): x + iy =logz; = 2. The or-
thogonality of exponentials for x-integration provides that Q and QS
are diagonalized by the expansions. It is su cient to consider the con-
tribution of individual terms. The weight n term z" (dz—z)2 contributes

to Q the ter?

z
e . jz"j?sinydxdy = MiETT e 21 siny dy
where fora = j jn by [EMOT53 , pg. 12, formula (29)]
_ @ e
4 a(az+1)2°

The weight n term z" (dz—z)2 contributes to QS the term
z z

jz"i?sin*ydxdy = ° e 31V sintydy
F 0
where by EMOT53 , pg. 12, formula (29)]

3 (@ e?®)
T da@+1)(aZ+4)’

The desired inequalities now follow from the observation that (1
e 22)a lis positive for all real a and the elementary inequality (a2 +
4) 1 (a®+1) ' 4@%*+4) 1 The proofis complete.

We next express the pairingQS as an integral onH with the weight
of inverse square exponential-distance to the given geodesiA geodesic
on the hyperbolic plane determines a projection of the planeto the
geodesic. We writed( ; ) for hyperbolic distance and dA for the area
element of the hyperbolic plane.

Lemma 3.8. The Hessian of geodesic-length is bounded as

QE(; ) 3@@'[; ] 16QE(; )
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for 7
QE(; )= j% 2 7dA
A
for  the geodesic corresponding to the deck transformatioz ! z
with axis ~ with fundamental domain A = f1 j zj< ; =z > 0g and
2H(R).

Proof. We begin with the Hermitian form QS given for the strip S
and the change of variables toH. As already noted for = log z, we
have that €& = dE( ) and =z = jzjsin= . We have that

izj
Z 2
X (=2)*
QS = anz" 2 15
A, jzj?
and recall that the Beltrami di erential = 4(=2)% to obtain
z =z ? 1 z =z ?
QS= jj® = @H == i =
AJJ 12) (@) 16AJJ 12)

The next matter is to relate (%)2 to hyperbolic distance. For the

variable z of H given in polar form re the hyperbolic distance to the
imaginary axis, the axis of the transformation, is logjcsc + jcot jj and
e 2CiR")  gin2 = ()7 4e 2 iR") " The bound for the Hessian
now follows from Corollary 3.4, Lemma 3.7 and the inequality The
proof is complete.

We now proceed to obtain a general description of the Hessiaim
terms of a weight function P and the WP pairing. The above descrip-
tion provides an approach for both closed geodesics and maagd geo-
desic laminations. Convexity will be bounded in terms of themaximum
and minimum of the weight function P on the complement of horoball
neighborhoods of any possible cusps. We continue with cordgrations
for hyperbolic geometry.

A geodesic ~on the hyperbolic plane determines a projection and a
distance function d( ; ~). Both the projection and distance considered
in the compact-open topology on the plane depend continuouglon the
geodesic ~ A Riemann surface R with cusps contains disjoint area
two standard horoball neighborhoods of the cusps, see Theem 2.1 or
[Leu67]. The reduced surfaceR,eq is de ned as the complement in
R of the unit area horoball neighborhoods of cusps. The injegtity
radius inj eg and diameter diam,eq Of Rieq are nite positive and are
determined from the lengths of closed geodesics. Geodesarsthe upper
half plane H are determined by their endpoints. For the upper half plane
with boundary R = R[flg the space of unoriented complete geodesics
is given as the Mebius bandG= R Rnfdiagonalg=f interchangeg.

A geodesic laminationfor R = H= is a closed subset which is foli-
ated by complete geodesics (se®pn01 ] for background on measured
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geodesic laminations; the following is summarized from Boahon's pre-
sentation.) A measured geodesic lamination with compact support is
a compact geodesic lamination ( ) together with a transverse invariant
positive measure with support ( ). A measured geodesic lamination
can be considered as a locally nite Borel measure on the spacf unori-
ented geodesics omd with the measure invariant. The space ML ¢ of
measured geodesic laminations with compact support is egoped with
the weak -topology for the space of invariant measures. An arc is gener
with respect to simple geodesics if it is transverse to evergimple geo-
desic ofR. Every arc can be approximated by generic arcs. For a generic
arc each measured geodesic lamination de nes a measure on for h
a continuous function on rand a measured geodesic lamination asso-
ciate the integral (h) = hd . A nite system q;:::; x of generic
arcs exists such that the map ofML o to R dened by ! ( ( j))is
a homeomorphism to its (piecewise linear) image. The weigled simple
closed curves form a dense subset 8L . From Lemma 2.3, measured
geodesic laminations are disjoint from the area two horobdlneighbor-
hoods of cusps.

The length™ of a measured geodesic lamination is de ned in terms
of a nite family of generic arcs 1;:::; , [Bon0O1l]. The components
of () I[ ]!(21 j are geodesic segments of nite length characterized be

either of their endpointsin [ ¥_; j. The measure de nedby on[f.; j

provides a measure on the space of components of ) [ }‘:1 j- The
length * is de ned as the integral of the segment lengths with respect
to the measure de ned by . Length is a continuous function on ML .

We are ready to introduce the -invariant weight function on H for
a measured geodesic lamination.

De nition 3.9.  The inverse square exponential-distance is de ned
for a measured geodesic Iami%ation as

P (= e2®)d ()
G

For the case of given by a closed geodesic on R corresponding to
a deck transformation A with axis ~, the integral can be expressed as a
sum. The support of the lamination in H is the union [ gonain B 1(~).

Provided convergence the integral is the sum ofe 24(PB *(-) =
e 2d(B(P):~) over the union. In particular, for m( ) the mass of a single
intersection with  the integral over Gis m( )P for the series

B 2hAin

Lemma 3.10. The inverse square exponential-distance is bounded
in terms of the length ™ of the measured geodesic lamination and the
injectivity radius of the reduced surface: ¢1(inj req )" P on R,y and
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P co(inj req)” on R. Furthermore, the map ! P from ML ¢ to
C(R) is continuous for the compact-open topology orC(R).

Proof. First lift  to the upper half plane and consider forq2 H the
intersection ( d) = B(g;2diamrq)\ , for B thg hyperbolic ball, and
consider the local contribution to length L(q) = (a d’. The func-
tion L is -invariant. Basic properties of and L are as follows. For
d2 Rreq, the lift of Rreq, ( ) contains in B (q;diameq) a representa-
tive of each point of R,eq, and for g in a horoball neighborhood of area
e 2diamrea of g cusp, (q)is empty. It follows from the characterization
of the half-radius ball B(q) = B (q;diam ¢q) that given a point on a leaf
of the lamination H there exists aB 2 such that ( B(q)) con-
tains the point and a segment of the leaf of length at least 2dimeq. In
particular, L(q)=2diamq is an upper bound for the mass of the leaves
intersecting B(Q).

We compare the integral P over G to a sum over the orbit of the
point p in H. The comparison is in terms of groupings of projected im-
ages ofp to the leaves of . For a reference pointgy 2 Req the projected
images are contained in the union[ g2 B(B(gp)) with the projected
points of B(B(gp)) at distance at least d(g; B(qp)) 2diamq from
p. As noted, the leaves of intersecting B(B(gp)) have mass at most
L (qo)=2diamq . It now follows that the projected points contained in
B(B (qp)) contribute at most e 2(d(%:B (%)) 2diam weq )| (q;)=2 diameq tO
the integral for P . The next step is to bound L(qy). The covering
number for the map from B (qp; 2diameq) ! Ryreq IS bounded in terms
of diameg and inj eq. Since the diameter is bounded in terms of the
injectivity radius, L(q) is bounded above asc(inj req)” . Next from
Lemma 2.4 we have thate 2d(%:2) satis es a mean value estimate, and

consequently 5

e 2d@B@)  ¢(inj oq) e 2d(p2) 4A:
B2 B (B (00);inj red )

Gathering the bounds we have chatP is bounded by

c(inj reg)” € 24P2) gA;
H

For the unit disc model for the hyperbolic plane ds?® = (%T))2 and

d(0;2) = log ﬁ‘i} The comparison integral converges and the upper
bound for P is established.

The lower bound is obtained by considering the projected paits in
a single ball. Considerp 2 Rieq. The points of B (p;2diameq) are at
distance at most 2 diamyeq to p and thuse 24(P:) e 2damed | egves
of the lamination in B (p;2 diamq) have length at most 4 diam,eq and
thus the mass of the leaves intersecting the ball is at leadt (p)=4diam,egq .
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The half-radius ball B surjects to Req, Which contains the lamina-
tion and thus L(p) > °~ . The contribution of projected points in
B(p;2diamq) to P is bounded below by cinj eq)” . The lower
bound is established.

The last matter is to consider the continuity of ! P . It is equiva-
lent to show that the map is continuous to C(H) with the compact-open
topology. Given a compact setK in H the contribution to P from pro-
jected points in the exterior of B(K; ), large, is bounded from the
above by the tail of a convergent integral and™ . For su ciently large
the exterior contribution is su ciently small. The remainin g interior
integral is supported on a compact set and is straightforwad to bound.
The proof is complete.

Length functions of measured geodesic laminations are reanalytic
and Gardiner has provided a formula for the di erential d* , [Gar86 ].
The formula provides that the map ! d° from ML ¢ to Q(R) is
continuous.

Theorem 3.11. The Hessian of length of a measured geodesic lam-
ination is bounded in terms of the WP pairing and the weighP as
follows

h; Pi 3@@[; ] 16h; P
and
h; Pi 3*[; ] 48 Pi
for a harmonic Beltrami di erential. There are positive functi ons c;
and ¢, such that

ci(injreq)” ;i @ ° Co(inj req)” h; i
for the reduced injectivity radius with ci( ) an increasing function van-

ishing at the origin and c;( ) a decreasing function tending to in nity
at the origin.

A bound for P independent of injectivity radius is provided in Lemma
3.16 below.

Proof of Theorem. The matter is to bound the Hessian in terms of the
WP pairing with weight P . From Corollary 3.4 we can consider the real
or complex Hessian. From Lemma 3.8 for a glpsed geodesiavith mass
m( ) the Hessian is bounded by the integral , j j%e 24 dA for the
geodesic corresponding to the deck transformationA with fundamen-
tal domain A and axis ~ The integral is folded by rst expressing A =
[ B2nain B(F) for F a fundamental domain anq:)then changing vari-

ables in the integrand to obtain the integral of j 2 gopa, € 9B (PN
over F. As noted following De nition 3.9, the product of the mass m( )
and the sum is the integral P for the measured geodesic lamination

=(;m()). The bound h; P i 3°; ] 481 Piisnow
established for simple closed curve laminations.
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Since simple closed curves are dense ML g, it su ces to establish
the bound for limits in ML ¢. The bound for limits is a property of
functions of one variable as follows. Consider a WP geodesic with
arc length parametert and a sequence of weighted simple closed curves
( j»m;j) converging to the measured geodesic lamination. The func-

tions m;" ; restricted to convergeC! to * , [BonOl1, Gar86]. As

above, at the initial point of  the increasing functionsf; (t) = m; 5(t)
have rst derivatives bounded in terms of h j; P, .m;)i. We select a
convergent subsequence from the sequence of bounded posgitideriva-
tives ffjo?t)g and nd that the initial value of * (t) is bounded in terms
of the limit of initial values lim fjo(t). The desired bound now follows
from the continuity of the map ! P of ML ¢ to C(R).

The nal matter is to show that the lower bound for P on R4 pro-
vides a lower bound for the pairing L | j2P dA. It su ces to show that
the mass off j20nR Ryeq is bounded in terms of the mass orReq . It
is enough to consider the mass on a horoball for a single cusjgor z the
standard coordinate for a cusp the hyperbolic metric isds? = ( -1%2._)2

izjlogjzj
with jzj the cusp region for = log . For the harmonic Beltrami
di erential = *(ds?) !the holomorphic quadratic di erential ' has at

most a simple pole at the origin. The product'z 2 is holomorphic on the
coordinate chart and vanishes at the origin. From the Schwaz Lemma
the product satises j'z 3] ¢z maX,j= 'z 2j, and on multiplying by
log?jzj we nd the bound j j  cYzjlog?jzjmaxy= j j. For a suit-
able valuejzj = is contained in Rg and the maximum is bounded
by Lemma 2.4. The bound on mass in the cusps is established and
from Lemma 3.10 we have the overall boundcy(inj eq)” h ; P

C2(inj req)” . The proof is complete.
3.4. The gradient and Hessian for small geodesic-length. We

present expansions and bounds for the WP pairing of gradierst and
Hessian of geodesic-length. The rst consideration is Riera formula
for gradients, [Rie05 ], followed by consideration of the integral pairings
bounding the Hessian. Bounds are developed by comparing theum
of inverse square exponential-distance to thentegral of inverse square
exponential-distance.

We begin with Riera's length-length formula for the WP pairin g of
geodesic-length gradients, Rie05]. A less explicit formula was pre-
sented in Wol86 ]. For closed geodesics,  with corresponding deck

transformations A; B with %orresponding axes ~ 7, L

X
u+l 5 A

hgrad® ;grad’ i = 2@ + ulog
hAin =hBi u

for the Kronecker delta , where for C 2 hAin =hBi, u= u(=C (7))
is the cosine of the intersection angle if ~and C(7) intersect, and is
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otherwise coshd(=C (7)); for = the double-coset of the identity
element is omitted from the sum, Rie05 , Theorem 2]. We are interested
in the expansion for™ ;~ small, in which case axes are disjoint and at

large distance. Foru > 1 the positive summand has the expansion for
u large

u+1l 2
I 2=u %1+ y:
ulog — gy @+ O(u 7))
dthus for™ ;° bounded the double-coset sum is bounded in terms of
gn

main =g € 29 the sum of inverse square exponential-distances between
axes. The above formula enables an improvement of the prior dund
for pairing gradients, [Wol92 , Il, Lemmas 2.3 and 2.4].

Lemma 3.12. The WP pairing of geodesic-length gradients of dis-
joint geodesics ;  satis es

0< hgrad™ ;grad’ i 2. is O(2?)

where for ¢y positive the remainder term constant is uniform for™ ;°
Co. The shortest nontrivial segment onH= connecting and con-
tributes a term of order *2°2 to the pairing.

Proof. The pairing formula summand is positive and the rst inequal-
ity is immediatq;, The approach follows the considgrations 6r Lemma
3.10. The sum e 2 js compared to the integral e 29dA by intro-
ducing comparison balls about projected nearest points. Tk projected
points will be determined in H approximately on the collar boundaries.
To begin, the axis ~has a unique (projected) nearest point on each axis
C(") for C2 =Bi;for = the coset of the identity element is not
included. Double-coset representatives are chosen so thahé nearest
points for C(™) for C 2 hAin =fBi lie in a fundamental domain A for
the action of PAi on H; for = the double-coset of the identity is not
included. From the description of collars for ™ ;° Co We can set a
positive constant ¢c; such that points in the collars at distance ¢; from
a boundary have injectivity radius at least c;. We arrange that c; is at
most the ;  collar half-width. For an axes pair we now introduce a
secondary projected point along the minimal connecting gedesic seg-
ment. In particular for ~ C () the secondary point is inside the collar
about C(7) on the ~to C(™) minimal connecting segment at distance
c; from the C(7) boundary. We introduce the c;-radius ball B(C(7))
about the secondary point. The collars about the distinct axesC( ") are
disjoint and consequently the ballsB for distinct axes are disjoint. Now
from the mean value property the double-coset sum of inverseguiare
exponential-distance of ~to the secondary points is bounded by the
integral of e 24 ) dA over the union of the balls. We next describe a
region containing the unionU = [ yain =giB(C( 7)) of balls.
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We specialize the situation for A the transformation z! e z with
axis ~ the imaginary axis, fundamental domainA = f1 j zj<e =z
> 0Og for PAi and collar (~) = f1 j zj<e :sinhd(z;~)sinh> =2
1g. The secondary points are determined inA; since and collars
are disjoint the secondary points are determined inA C (~) at least
distance ¢; from C(~). By speci cation at a secondary point the region
R=fe jzj € ;sinhd(z;~)sinh® =2 1g contains the c;-ball
about the point. The region R contains the union U. And as already
noted the inverse square exgonential-distance to is bounded by sirf .
The comparison integral is sin? dA is O(2). As the last step we
observe that a minimal connecting segment from ~to C(~) consists
of a segment from ~to the secondary point and a segment from the
secondary point to C(7). The second segment has lengtlw ¢4, for
w the half-width of the  collar. In particular, e ?¥ *2% is bounded
in terms of “2. The sum for distances between axes is now bounded in
terms of 2°2 the desired bound.

The shortest segment on the surface connecting and consists of a
half-width segment crossing the collar, a segment in the complement
of the and collars, and a half-width segment crossing the collar.
For the corresponding component lengthsw ;wg, and w the segment
contributes “2°%e %o to the inverse square exponential-distance sum.
The proof is complete.

We begin considerations for the Hessian with the closed geedic
with corresponding deck transformation A given asz! e zforz 2 H,
with fundamental domain A = f1 j zj<e ;=z > 0Ogfor bAi and with
acollarC(~)= f1 jzj<e ;° argz g about the axis of
A. Consider further a holomorphic quadratic di erential * 2 Q() with
expansion (7) and zeroth coe cient ag(' ). Introduce the alteration

= e (B2

The linear functional ' ! < ag(' ) by Theorem 3.3 is represented by

= (4 ) lgrad® considered as an element of the duaQ() . By
Lemma 3.12 the WP norm of  has magnitude" 122 and thus by the
Cauchy-Schwarz inequalityj<ag(' )j = jh';  ij is bounded in terms of
* 21 kwe for © bounded.

We introduce supplementary Hermitian pairings for = su ciently
small, for the subcollarSQ~) = f1 j zj<e ;2  argz 2 g
and z in H given in polar form re'

Z
QScollar () = j jZSinZ (dsz) !
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and 7

Qscomp( )= ] ]'ZSin2 (dSZ) L

ASC (~)

In Theorem 3.15 below we bound Hess in terms of the pairings
QScoliar (' 1) and QScomp(' [). As the rst step in Lemma 3.13 we bound
QScomp(' I) by rstreplacing ' ['with ' and then considering theL* and
mean value estimate for a series similar ta® . As the second step in
Lemma 3.14 we boundQScoar (' 1) by introducing the quotient H=hAi,
applying the Cauchy Integral Formula to represent’ [ and applying the
Schwarz Lemma (using that the zeroth coe cient vanishes.) We nd
that ' [ is small in the core of the collar.

Lemma 3.13. The Hermitian pairing Q Scomp (' [) is uniformly
O("2k' k&) for * su ciently small.

Proof. We rst consider relplacing ‘[ py ' . The pairing
dz 2 Z2 Ze
Qscomp - =2 sin* dd logr
z 0 1

has magnitude'® and as noted abovgao(' )j? has magnitude™ k' k3,p .
It follows that QScomp(' ) = QScomp(' [) + O(°k' k§,p) and that it is
su cient to bound QScomp(' )-

We next introduce the characteristic function 5( ) of the subinterval
[a; a] in the interval (0; ) and consider the series

X

S(z) = s(B(z)) for s(w)=(1 a(argw)) sin?argw:
B 2hAin

For f abounded -invariant function on H and F a fundamental domain
for the p%iring with ZS can be unfolded as follows

SfdA = S(B(2))f dA
F F .
><B 2hA2 7
- S(B(2)fdA =  sfdA;
B2hAin  B(F) A

r f identically unity we have that the L!-norm of S is the integral
A SOA=2a" .

The next matter is to bound the location of points in A SC (~)
with a given distance to thick, the lift of the thick region of H=. The
geodesic segment irA from z to ~ necessarily entersthick . It follows
that the distance (z) of a point z to thick is at most d(z;~) w for
w the half-width of the  collar. From the formula for the distance to
~ and the description of the collar, it follows that e @~ cscargz or
equivalently that sinargz * e (@. It further follows that points of
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A SC (~) at a given distance to thick are contained inR = fz 2

Ajargz 2 e or 2 e argzg.
We now proceed for® su ciently small to bound the value of S for
a point z at distance to thick. For = minfi; inj (2)g the larger

regionR ; contains disjoint ballg of radius about the PAin -orbit of
zin A SC (~). It follows that B (z: )SdA is bounded by £%e by

choosinga=2e" e for the above unfolding. The function s satis es
a mean value estimate and thus from Lemma 2.4 the value o6 at z is
now bounded in terms of*?e inj (z) 1. Finally, from Lemma 2.2 the
L1 -norm of S is bounded in terms of*?, the desired overall bound for
S. And for the selection above off = j' (ds?) lj?anda=2" we have
that d

QScomp(' )= Sj' (ds?) j?dA k Ski k' k§p:
F
The proof is complete.

Lemma 3.14. The Hermitian pairing Q Scoar (' !) is uniformly
O("2k' k&,p) for * su ciently small.

Proof. We rst bound ' near the collar boundaries and then con-
sider' in the annulus model for H=hAi. Consider the collar C(~) for
the axis of A. For ~ su ciently small the injectivity radius of H= is
bounded away from zeroontheraysarg=2" ; 2 . Itfollows from
the mean value estimate Lemma 2.4 that on the two rays the quatity
i j(ds?) 1 is uniformly bounded in terms of k' kwp ; for *  su ciently
small j' [j(ds?) 1 is similarly bounded. The quotient annulus H=hAi is
described by setting

N

2i

W = e\—logz

forzinH; < jwj<land =e

and has hyperbolic metric

. . 2 2
dw
2 _ . .
= __csc— | el
ds > csc2 ogjwj W
We set
dw 2
L= s
(W) w
and note that the rays argz = 2" ; 2" correspond to the circles

jwj = e 4;e*  where on W % (ds?) ! is approximately (4 )2 for
su ciently small. It follows that on the circles jwj= e * ; e&* the
function f (w) is bounded in terms ofk' kwp, the desired bound.

We next apply the Cauchy Integral Formula and write

f(w)=F(w) + G(w)
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for

z z
Fw)= — W 4u and Gw)= - UG
21 jyjze s U W 21 jujzet U W

du:

The function F(w) is hplomorphic in jwj < e 4 and vanishes at the

origin sinceF (0) = % @ du is the zeroth coe cient of ' [. From the
above paragraph onjwj e & the function F is bounded in terms of
k' kwp . It follows from the Schwarz Lemma that jF (w)j cjwjk' kwp
onjwj e 8 the desired bound. The integral for G(w) is rst trans-

formed by the change of variableuv =

st 1@ w15 iy
- 21 jvize 4 ¥ w V2_ 2i jvi=e 4 \ ™ v
The function G(w) is holomorphic in the quantity  for jj e 8,

vanishes at the origin and from the Schwarz Lemma satis egG(w)j
Gojk' kwp onj-j e 8, the desired bound.

We apply the bounds forF and G to bound the pairing QScgjar - The
estimate is demonstrated by clonsidering

2

dw
Qscollar F —
Z . 22
dw
_ . 2 .. 2y 1
= sin° ——logjwj F — (ds?)
sQ-) 2 w
Z 2 .
ck' k2 p — sin* — logjwj jdw;j?
sq-) 2
and substituting jsin j | j
Z 2
k' K2p o log'jwijdwj® K Kiyp;

jwj e 8 2
the desired bound. The estimate forG is obtained in the same manner.
The proof is complete.
We are now ready to present the overall bound for the Hessian.

Theorem 3.15. The variation of geodesic-length’ satis es
2% 1 A1 3Ei ] is OC%k ki)
and _ _
‘@l; ] 2@[]@] is O(%k kip)
for a harmonic Beltrami di erential 2 H (R) where for ¢y positive the
remainder term constant is uniform for ° Co.

Proof. The speci ed variation of geodesic-length is bounded by a con
stant multiple of © QS(' [;' ) for =(z 2)*7,' 2 Q(R), from Corol-
lary 3.4 and Lemma 3.8. By Lemmas 3.13 and 3.14 the pairin@S is
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bounded by the pairing sumQScojiar + QScomp With the sum uniformly
O(" 2Kk k&p) for © suciently small. It only remains to bound the
pairing QS for ° C1, €1 a universal constant. Givencg > ¢ it suf-
ces from the considerations of Theorem 3.11 to bound the sées P
for ° Co- An appropriate bound is provided in the following Lemma.
The proof is complete.

A general bound for the seriesP provides a general bound for the
gradient grad" , as well as for the Hessian Hess .

Lemma 3.16. The seriesP and gradient of geodesic-length for a
simple geodesic are bounded as follows

P cl+ e @ and hgrad® ;grad i ¢ + ‘2e )
for a universal positive constantc.

Proof. The approach follows the considerations for the serie§ in the
proof of Lemma 3.13. We consider the geodesic corresponding to the
deck transformation A with axis ~ the imaginary axis, and fundamental

domain A. As noted in the proof of Lemma 3.8,e 247 sin?
4e 24 for z in H in polar foggn z = re' . The function e 2% has
L1-norm bounded in terms of A sin® dA = ° and satis es a mean

value estimate. Furthermore, the injectivity radius is bounded below
on thick by a positive constant and, by Lemma 2.3, is bounded below
in terms of minf* ;e =2g on collars that intersects. It follows from
Lemma 2.4 that on thick and collars that intersects the seriesP is
bounded in terms of 1+ e =2, a desired bound.

It remains to bound the series on the components ofhin disjoint from

. We proceed and consider in the universal cover the locationf points
z of A with distance (2) to thick , the lift of the thick region of H=.
Since is disjoint from the remaining thin components, the geodesic
segment fromz to ~ enters thick and consequently (z) d(z;~) and
sin 2e (@ We have that points of A at a given positive distance
to thick are contained in the regionR®= fz2 Aj argz  Cor 0
argzg for °=minf2e ;5g. The larger regionR? ; contains disjoint
balls of radius minf 1;inj (z)gmabout the bAin -orbit of z ig A. It now
follows from the formula for , sdA of Lemma 3.13 that B(z ) P dA

is bounded in terms of e . It then follows from Lemma 2.4 that
P (2) is bounded in terms of > e inj (z) . The desired bound now
follows from Lemma 2.2. In combination with the bound of the above
paragraph we have thatP is bounded by 1+ e 2, the desired bound.
We next bound the gradient of geodesic-length. From the ineqality
(%2)2 (ds?) ! = sin? 4e 24(z7) and remarks following De nition
3.9 we have that (ds?) T 4P . From formula (2) the gradient
grad” is represented by2  and the abovelL! and L' bounds for P
provide the desired bound for the inner product. The proof iscomplete.
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4. WP geometry

4.1. Comparisons for the WP metric. Let T be the Teichmuller
space of genugy, n punctured Riemann surfaces withF the reference
topological surface for the markings, [T92 , Nag88]. The points of T
are equivalence classes(R;f )g of surfaces with reference homeomor-
phismsf : F ! R. The complex of curvesC(F) is de ned as follows.
The vertices of C(F) are the free homotopy classes of homotopically
nontrivial, non peripheral, simple closed curves onF. An edge of the
complex consists of a pair of homotopy classes of disjoint miple closed
curves. Ak-simplex consists ofk + 1 homotopy classes of mutually dis-
joint simple closed curves. A maximal set of mutually disjont simple
closed curves, goartition, has 33 3+ n elements. The mapping class
group Mod acts on the complexC(F).

The Fenchel-Nielsen coordinates foil are given in terms of geodesic-
lengths and lengths of auxiliary geodesic segmentsApi80 , Bus92,

poses the reference surfacé into 2g 2+ n components, each homeo-
morphic to a sphere with a combination of three discs or poins removed.
A marked Riemann surface R;f) is likewise decomposed into pants by
the geodesics representing the elements ¢f. Each component pants,
relative to its hyperbolic metric, has a combination of three geodesic
boundaries and cusps. For each component pants the shortegieodesic
segments connecting boundaries determine designated pdénon each
boundary. For each geodesic in the pants decomposition of R a pa-
rameter is de ned as the displacement along the geodesic between
designated points, one for each side of the geodesic. For nkad Rie-
mann surfaces close to an initial reference marked Riemanrugface, the
displacement s the distance between the designated points; in gen-
eral the displacement is the analytic continuation (the lifting) of the
distance measurement. For in P de ne the Fenchel-Nielsen angleby
# =2 = . The Fenchel-Nielsen coordinates for Teichmualler space
3g 3+n;# 3g 3+n)' The co-
ordinates provide a real analytic equivalence off to (R R)39 3*n,
[Abi8O , Bus92, IT92 , Mas01 , Wol82 ].

A bordi cation (a partial compacti cation) of Teichmulle r space is
introduced by extending the range of the Fenchel-Nielsen pameters.
The added points correspond to unions of hyperbolic surfacewith for-
mal pairings of cusps. The interpretation of length vanishingis the
key ingredient. For an = equal to zero, the angle# is not de ned
and in place of the geodesic for there appears a pair of cusps; the
reference mapf is now a homeomorphism ofF to a union of hyper-
bolic surfaces (curves parallel to map to loops encircling the cusps).
The parameter space for a pair { ;# ) will be the identi cation space
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R o R=f(0;y) (0;y9g. More generally, for the pants decomposition
P a frontier set Fp is added to the Teichmuller space by extending the
Fenchel-Nielsen parameter ranges: for each 2 P, extend the range of

to include the value 0, with # not de ned for © = 0. The points of
Fp parameterize unions of Riemann surfaces with each =0; 2P;
specifying a pair of cusps. The points ofFp are Riemann surfaces with
nodes in the sense of BersBer74 ]. For asimplex P ,denethe -
null stratum, a subset of Fp,asT( )= fRj~ (R)=0i 2 0. Null
strata are given as products of lower dimensional Teichmder spaces.
The frontier set Fp is the union of the -null strata for the sub sim-
plices of P. Neighborhood bases for points oFp T [F p are spec-
ied by the condition thatéor each simpleb P the projection
(C # ), ):T[T()! » (R+ R) > (R o) is continuous.
For a simplex contained in partitions P and P °the speci ed neighbor-
hood systems forT [T ( ) are equivalent. The augmented Teichmuller
spaceT = T | 2c(r) T( ) is the resulting strati ed topological space,
[Abi77 , Ber74]. T is not locally compact since points of the frontier
do not have relatively compact neighborhoods; the neighbdrood bases
are unrestricted in the # parameters for a -null. The action of Mod
on T extends to an action by homeomorphisms orT (the action on T
is not properly discontinuous) and the quotient T=Mod is topologically
the compacti ed moduli space of stable curves, Abi77 , see Math. Rev.
56 #679].

We present an alternate description of the frontier points in terms of
representations of groups and the Chabauty topology. A Riemann sur-
face with punctures and hyperbolic metric is uniformized by a co nite
subgroup PSL(2;R). A puncture corresponds to the -conjugacy
class of a maximal parabolic subgroup. In general, a Riemansurface
with punctures corresponds to theP SL(2; R) conjugacy class of a tuple

a labeling for punctures is a labeling for conjugacy classes A Rie-
mann surface with nodesR®is a nite collection of PSL(2;R) con-

of certain maximal parabolic classes. The conjugacy classf@ tuple
is called a part of R2 The unpaired maximal parabolic classes are
the punctures of R and the genus ofR® is de ned by the relation
Totalarea=2 (2g 2+ n). Aconite PSL(2;R) injective representa-
tion of the fundamental group of a surface is topologically dowable pro-
vided peripheral elements correspond to peripheral elemes A point
of the Teichmuller space T is given by the P SL(2; R) conjugacy class of
a topologically allowable injective co nite representation of the funda-
mental group 1(F)! PSL(2;R). For a simplex apointof T( )
is given by a collectionf( ;h oi;:::5h o, i)g of tuples with: a bi-
jection between and the paired maximal parabolic classes; a bijection
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between the componentd Fj g of F and the conjugacy classes of parts

ically allowable isomorphisms {(Fj) ! I, [Abi77 , Ber74]. We are
interested in geodesic-lengths for a sequence of points ®f converging
to a point of T( ). The convergence of hyperbolic metrics provides
that for closed curves of F disjoint from  geodesic-lengths converge,
while closed curves with essential intersections have geodesic-lengths
tending to in nity, [ Ber74 , Wol90 ].

We refer to the Chabauty topology to describe the convergene for
the PSL(2;R) representations. Chabauty introduced a topology for
the space of discrete subgroups of a locally compact groupCha50]. A
neighborhood of P SL(2;R) is speci ed by a neighborhoodU of the
identity in PSL(2;R) and a compact subsetK P SL(2;R). A discrete
group Yis in the neighborhoodN ( ;U;K) provided ©°\ K U and

\ K U. The setsN ( ;U;K) provide a neighborhood basis for the
topology. We consider a sequence of points of converging to a point
of T( ) corresponding tof( ;h oqi;:::;h o, 1)g. Important for the
present considerations is the following property. Given a squence of
points of T converging to a point of T ( ) and a componentF; of F :
there exist PSL(2;R) conjugations such that restricted to 1(F;) the
corresponding representations converge elementwise toy(Fj) ! I
[Har74 , Thrm. 2].

We continue for a simplex to consider geodesic-length functions in a
neighborhood of an augmentation pointpof T( ) T. For the follow-
ing considerations we refer to the elements of as the short geodesics.
We are interested in collections of geodesic-length functiws giving co-
ordinates in a neighborhood ofp.

De nition 4.1. A relative length basis for a point p of T( ) is a
collection  of vertices of C(F) disjoint from the elements of such
that at p the gradientsfgrad™ g » provide the germ of a frame over
R for the tangent spaceTT ( ).

Examples of relative length bases are given as the union of aaptition
and a dual partition for R , see Bus92, Chap. 3 Secs. 3 & 4],
[MMOO , markings in Sec. 2.5] and YWol82 , Thrm. 3.4]. The lengths
of the elements of a relative length basis are necessarily baded on
a neighborhood in T. We consider below for a geodesic the root

geodesic-length 12 and gradient = grad ™. We also introduce the
convention that the pairing hgrad™ ;grad” i vanishes for geodesics
on distinct components (parts) of a Riemann surface with nods.

Lemma4.2. The WP pairing of geodesic-length gradientshgrad™ ;

grad” i is continuous in a neighborhood of a pointp of T( ) T
for and disjoint from the simplex . The matrix of WP pairings
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for a combined short and relative length basi$§ ;i ;grad” g 2. »
determines a germ atp of a continuous map fromT into a real general
linear group GL (R). The matrix of WP Hermitian pairings for the basis
f g, ofor Oa partition containing  determines a germ atp of a
continuous map into a complex general linear groupsL (C).

Proof. We consider a sequence il converging to the point p. Con-
jugate the representations to arrange for each that has the imaginary
axis ~ as a lift. Use the representations to label the elements of ta
discrete groups. We suppress subscripts and write for a grap in the
sequence. FohAi the stabilizer of ~ , the group bAi acts on the lifts
of . Select a lift “of at minimal distance from ~ and with nearest
point projectionto ~ in |1 = fiyjl1 y<e g H. Either the selected
lifts ~ have distance to ~tending to in nity, or for a subsequence the
lifts converge. In denote the stabilizer of ~ by HBi and select double-
coset representatives with the nearest point forC(~), C 2 hAin =hBi
alsoinl.

We rst consider the xed number of double-cosets for whichC( ™) in-
tersects ~in | . The corresponding transformationsCBC ! have trans-
lation length = and axes intersecting a relatively compact set. The
Chabauty convergence of groups provides that the contribuions of the
double-cosets converges. We next consider the double-cosébs the non
intersecting axes ~and C(7). As in the proof of Lemma 3.12, intro-
duce balls about the secondary points on the minimal geodesisegments
connecting C(~) to ~. The balls are contained in the collars about the
distinct axes C( ™), and consequently the balls for distinct axes are dis-
joint. Now from the mean value property the hAin =hBi double-coset
sum of f (u) = qugﬂLl1 2 for u = d(=C (7)) is bounded by the
corresponding integral. Furthermore, if the summands are aanged in
order of increasing distance thgn a uniform majorant for thesum is
given in terms of the integrals B(q;r)f(u) dA. Accordingly the limit
of the double-coset sum as representations tend to a Riemanrugace
with nodes is the sum of the term-by-term limits. We consider the term
limits.

Let 9be a part of p containing the limit of the stabilizer hAi. For
Chabauty convergence deck transformations correspondingp  either
limit to elements of ©or have axes with distance from ~tending to
in nity. In the latter case, since f(u) e 29 the limiting contribution
to the sum is zero. For the former case each deck transformain of °
corresponding to is a limit of deck transformations with contributions
converging. The pairing hgrad™ ;grad’ i is continuous relative to the
Chabauty topology.
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The considerations for the point p involve the pairing hgrad™ ;
i grad™ i only for the circumstance of disjoint from . The twist-
length formula of [WoI83 , Thrm. 3.3] provides that the pairing vanishes
in this situation. The non zero pairings are all of the form hgrad™ ;
grad” i.

The matrix P of WP pairings for a combined short and relative length
basis is a Chabauty continuous matrix-valued function. The desired con-
clusion follows from Lemma 3.12 provided the determinant isnon zero
at p. Let V be the span for the short geodesics basis ;i g, and
VObe the span for the relative length basisfgrad™ g » . By hypothe-
sis the pairing matrix P for V° has non zero determinant atp. From
Lemma 3.12 and the twist-length formula the limit of the pairi ng matrix
for V at each pointof T( ) is Zil and for V with VCis the null matrix.
We have atp that det(P)=(2 ) 9mVdet(P9, the desired property.

The matrix P of WP Hermitian pairings for f g » ois a Chabauty
continuous matrix-valued function. The conclusion followsprovided the
determinant is non zero. LetV be the span for the short geodesics basis
f g, andVObe the span for the basisf g, o for completing

a partition. The complex di erentials f@lzzg 2 o provide a global
frame over C for the tangent space ofT ( ), [Wol82 , Thrm. 3.7]. The
pairing matrix P°for VOhas non zero determinant atp. As above, the
limit of the pairing matrix for V is Zil and for V with VCis the null
matrix. We have at p that det(P) = (2 ) 9™V det(PY. The proof is
complete.

We are ready to present expressions comparable to the WP me.
Bers showed that a rough fundamental domain forMod acting on T
is provided in terms of bounded length partitions. For suitable posi-
tive constants cg:n a rough fundamental domain is the union of regions
f Cgn; 0 # 2 j 2 gfor ranging over the nite number
of homotopically distinct partitions, [ Ber74 , Bus92]. Theorem 3.11
already provides that Hess is comparable to the weighted WP pair-
ing h; Pi. We write f g for tensors, provided there exist positive
constantsc® c®such that g f  c°9 for all evaluations. We have the
following comparability for bounded length partitions.

Theorem 4.3. The WP metric is comparable to a sum of rst and
second derivatives of geodesic-length functions for a patibn and J
the almost complex structure as follows X

h; i (d'¥)2+(d'12 J)? Hess'
2 2
where givency positive there are positive constantsc; and ¢, for the
comparability on the Bers regionB = f~ Cj 2 g

Proof. There are a nite number of distinct partitions modulo the

action of Mod. It is enough to establish the existence ofc; and ¢,
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depending oncy and the choice of . The rst comparability is equiva-
lent to the boundedness inGL (C) of the Hermitian pairing matrix for
f@™g , . The partiton and pairing matrix h@*% @*3i yerm
are invariant under the group Twist( ) of Dehn twists about the ele-
ments of . It is enough to consider the pairing matrix on the product
of punctured discs B=Twist( ). WP metric balls provide a system of
relatively compact neighborhoods of 8 B )=Twist( ) T=Twist( ).
Lemma 4.2 provides for the boundedness on su ciently small tosed
metric balls. The region B=Twist( ) is compact and a nite collection

of suitable metric balls is selected to coverB B )=Twist( ). The com-

plex di erentials f@lzzg 2 also provide a global frame overC for the
tangent bundle of T, [Wol82 , Thrm. 3.7]. The pairing is bounded in
GL (C) on the complement of the nite collection. The rst compara -
bility is established.

The second comparability is a consequence of the bounds foln¢ Hes-
sian. From Corollary 3.4 the real and complex Hessians are uformly
comparable with 8@*?@¥? @®. From Theorem 3.15 the Hessian
@'is uniformly bounded in terms of  j@"7j2 and the WP metric
for bounded geodesic-lengths. The proof is complete.

From Lemma 3.12, the twist-length vanishing, and Theorem 3.5 we
nd the following.

Corollary 4.4. The WP metric has the geodesic-length di erential
and Hessian expansions

X B B X
h:i=2 A2+ (d? J)2+0 3 ohyi
2 I | 2

X Hoss? w !
= = e\ss L0 2 h
2 2

at the maximal frontier point of T for the partition

We present a local form of the comparability for a relative length
basis.

Corollary 4.5. The WP metric is comparable to a sum of di eren-
tials of geodesic-length functions for a simplex of short geodesics and
corresponding relative length basis as follows

X _ ~ X
h, i (d‘l—2)2+(d‘1—2 J)2+ (d‘ )2
2 2

where givenp2 T ( ) and ; there is a neighborhoodJ of pin T T
and positive constantsc; and c, for the comparability.



314 S.A. WOLPERT

We sketch an application for the compacti ed moduli space ofstable
curvesM = T=Mod. The compacti ed moduli space is a complexV -
manifold and projective variety, [DM69 ]. The quotient M = T=Mod
is the classical moduli space of curves and the compacti cabn locus
D =M M s the divisor of noded stable curves. The divisorD is
strati ed corresponding to the Mod-orbits of the augmentation locus
of T. A point of D has a neighborhood with a local manifold cover
given as the product of an open set in a stratumT ( ) and parameters
for the transverse to D. A point of T( ) has nodes labeled by the
elements of . For each node of a stable curve a local plumbing family
fzw = tg ! fj tj < 1g contributes a parametert for the transverse.
Let D( ) be a stratum of D represented by a stratumT( ) T. The
complex tangent bundle of D( ) M has a local extension as follows.
Let N( ) be the subbundle of the tangent bundle ofM with frame
f :J g, . As noted above for a partition © the complex

di erentials f@lzzg 2 o provide a local frame for the tangent bundle
of M. The complex tangent bundle of D( ) is characterized as the
restriction of the orthogonal complementN ( )? to the locus D( ). We
write h; iy )> for the restriction of the WP metric to N ( )?. The
restriction of the WP metric to the tangent space of D( ) coincides with
the lower dimensional WP metric of T ( ), [Mas76, Wol03 ]. The WP
metric for N ( )? is an extension of the lower dimensional WP metric.
The expansion® =2 ?( logjt j) 1+ O((logjt j) 2) for the geodesic-
length in terms of the pIuering parameter |LW°|90 , Example 4.3] and
the expansiondr( ) = (2 , )2+ 0( , P for the distance
to T( ) (see Corollary 4.10 below) suggest the following.

Corollary 4.6. The geodesic-length functions for the simplex pro-
vide an expansion for the WP Kahler potential for the transvese to
D( ) M. The WP metric has the expansion

| |
_X X '
hii=h;iy(yp+ @@ ~ +0O 2 ohy
2 2
in a local manifold cover for a neighborhood of a point oD ( ) where for
Co positive the remainder term constant is uniform for ° Co, 2

Proof. We consider the orthogonal decompositionN ( ) N( ).
The considerations for Corollary 4.4 provide for the expan®n h; iy )

= 5 J@ 7+ O h; i). Theorem 3.15 provides for the
expansion 8@*%j2= @ + O('2h; i). The proof is complete.
The expansion for™ also suggests consideration o@@ ~ !). The

complex Hessian is positive de nite by Corollary 3.4, and by Theorem
3.15 is bounded by the WP metric and a constant uniform for" Co.
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4.2. A formula for the WP connection. We present an expansion
for the WP covariant derivative of gradients of geodesic-legth functions.
The formula enables further study of gradients of geodesicength func-
tions, calculation of their Lie brackets and an examination of geodesics
ending at the augmentation T T . To show the formal nature of the
connection for geodesic-length functions we continue and vite J for the
almost complex structure of T, and for a geodesic for the hyperbolic

surface we write = grad 1% for the root geodesic-length gradient.
The Riemannian Hessian is directly related to covariant di erentiation
Hessh(U;V) = WDy gradh; Vi for vector elds U;V, [O'N83 ].

Theorem 4.7. The WP covariant derivative D of the root geodesic-
length gradient  satis es

Dy =3 ¥n :UiJ + O(>?kUk)

in terms of the WP norm k k where for cy positive the remainder term
constant is uniform for ° Co.

Proof. We have from Theorem 3.15 that
Hess ¥2(U; V) = %‘ 3=2(_ 3)%+ O("3kUkkV k)
=3 ¥ ;uihd Vi + O(C¥):

The conclusion now follows from the characterization ofDy gradh as
the dual in the inner product of the linear functional HessH (U; V) of
V. The proof is complete.

We use the formula to study the covariant derivative and behavior
of WP geodesics in a neighborhood of a poinpof T( ) T for the
simplex . Basic properties of a Kahler metric include that J is orthog-
onal, that J is parallel DyJV = JDyV, and the commutator relation
[U;V]= DyV DyU. We continue following De nition 4.1 and consider
S=1f g, forthe short geodesic-lengths anR = fgrad™ g , fora
relative length basis. The collectionf ;J ;grad’ g 2. 2 provides
a local tangent frame for T in a neighborhood ofp. Lemma 3.12 de-
scribes the inner products of elements of the frame. We furthr consider
the behavior of the frame.

The elements ofJ S have the geometric description as the in nites-
imal Fenchel-Nielsen right twist deformations, [Wol82 , display (1.1),
Coro. 2.8, Thrm. 2.10]. In particular 22123 =3 grad® = 2t
and J =~ 2t for the in nitesimal right twist normalized for
the hyperbolic distance between the designated referenceopnts hav-
ing unit derivative. The Lie bracket for the rescaled twist deformations
f =4'%sinh> J  has the structure of a Lie algebra over the inte-
gers, Wol83 , Thrm. 4.8]. For Fenchel-Nielsen coordinates the angle is
denedas# =2 =" with an increment of 2 corresponding to a
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full rotation (a Dehn twist.) The corresponding Fenchel-Nielsen in n-
itesimal angle variation is given asT =(2 ) V%23 =@ ) 1t
for which # has unit derivative. From Lemma 3.12 the norm kT Kk is
bounded asO(‘3:2). We abbreviate notation for the simplex and write
A =fT g, forthe Fenchel-Nielsen angle variationsS=f g , for
the short geodesic root length gradients, andR = fgrad™ g for the
relative length basis gradients. The elements of are disjoint and the
angle variations T ; 2 commute.

Corollary 4.8. The Lie brackets of the elements o§ and R on T

in a neighborhood ofp2 T( ) T are bounded as follows:[T ; o]
is O(3 + 3232, [T ;grad” 1is OC¥?), [ ; o is OC* 2+ %),
[ ; 1isOC¥2+ *Hand[ ; JisO(C 2+ 9 for ; 02
and : 92 . On T the elements ofS havri\:,covariant derivatives with
projections onto the span ofS bounded asO( ‘3:2). For ¢y positive
all constants are uniform for = ;° C, 2 and 2

Proof. We beginwith [T ; o =Dt o D ,T where from The-
orem 4.7 and the de nition of T

Dr 0=3 P T iJ o+ OC¥23)
=32 ) ¥ oT%h o i3 0 O(F
and
D ;T =@ )% o3 +(2 ) V¥ ,
=32 ) h o iJ +(@2 ) Y*iD ,

The desired bound for [T ; o] now follows from Lemma 3.12 and the
twist-length vanishing, [Wol83 , Thrm. 3.3]. The bound for [T ;grad’ ]

follows similarly from Theorem 4.7 and Lemma 3.12. The bound for
[ ; ] follow from Theorem 4.7, Lemma 3.12 and the twist-length
vanishing. For the covariant derivatives of elements ofS we consider
Du =3 ™ ;Uiprojsd + O(*?kUKk) and note that the pro-

jection projgJ  onto the span of S vanishes by the twist-length van-
ishing. The proof is complete.

We are ready to consider geodesics that end at the augmentain
point pin T( ) T. Yamada discovered that the augmented Te-
ichmuller space is a completeCAT (0) metric space with strata T( )
forming convex subsets, DW03 , MW02 , Wol03 , Yam04 ]. A closed
convex set in aCAT (0) metric space is the base of a distance non in-
creasing projection, BH99 , Chap. 1.2, Prop. 2.4]. Accordingly, there
is a projection projy of T onto the closure of T( ). The unique geo-

desic fromq2 T to projr ¢ y(q) realizes distance from its points to the
closure of T ( ).
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De nition 4.9. A terminating WP geodesic has endpoint on a stra-
tum T( ). A projecting WP geodesic realizes distance between its
points and a stratum T ( ).

We consider geodesic-length functions and tangent elds forunit-
speed geodesics of T ending at the augmentation point p. Such WP
geodesics are parameterized int forO t towith (0) = p. For the
topology of T and geodesics on the hyperbolic surface not transversely
intersecting the short geodesics; 2 , the geodesic-length functions

are continuous on and real analytic for 0<t tg. Furthermore, by
Corollary 3.4 the root geodesic-length functions =2 are convex along

. It follows that on  the functions ** have one-sided derivatives at
t = 0. And as noted above the collectionS[ JS[R provides a local
tangent frame for T in a neighborhood ofp2 T( ) T. We have the
following description of the tangent eld of a terminating g eodesic.

Corollary 4.10. A geodesic that terminates at p has t%pgent eld
& almost in the span ofS[R as follows: k proj;s dkisot , %P
for small t and proj;s the projection onto the span ofJS. On a ter-
minating geodesic a geodesic-length function™ ; 2 , either is

<1=2 —
identically zero or satis es dT(t) = a + Ot 3'2) for small t with

~1=2
a = %(O*) nonzero.
A unit-speed projecting geodesic& has tangent eld almost constant

in the span of S as follows:

d X X

G=@) a  +o )

t 2 2
for small t with (2 )**?k(a )keucia =1 in terms of the Euclidean norm.
The distancedr( y on T to the closure of T( ) satis es

X X
dT( ) (2 * )1:2 and dT( ) - (2 ~ )1:2 + O( \5:2):
2 2 )
For co positive all constants are uniform for ° Co, 2

Proof. The rst matter is the estimate for the pairing h ;J%i for a
terminating geodesic. We introduce the functionf (t) = hgrad'?;J %i
for which f {t) = D il grad'2;J di = Hess2(§;J ). From Lemma
3.12 we note that f (O) 0. From Theorem 3.15 we observe that
Hess'2 has principal term 127 (h ; &ih ;3 &i+ ;&b ;350)
vanishing, and consequently Hes%* is bounded asO( ®). Since is
increasing in t it follows on integration in t that f (t) is bounded as
O(t' 3) and since grad'2 = 2°%2 it further follows that h :J3di is

dt
bounded asO(t’ 3:2) the rst conclusion. It then follows from Theo-

rem 4.7 that Hess = 2(dt, dt) is bounded asO( ) and on integration
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~1=2 _
that - "(t) = a + O(t *?) for a the initial one-sided derivative of

172 we pose that the derivative is nonzero provided™ is not iden-
tically zero. Proceeding by contradiction, if a = 0 then 172 satis es
the description of g(t) increasing with g(0) = 0 and | g—? j Ctg(t)3.
Integration provides g(to) 2 9(t1) 2 C(t2 t3) which implies g(t) 2

is bounded ast tends to zero in contradiction to g(0) = 0, as desired.
1=2 — _
A further integration of dT provides that a4+ O(t2‘3'2) and

X
(2 =2 )%k(a keudia t+ O(tF "3P)
2 2
for the Euclidean norm of the vector (@ ) » .

We further considg,r the projecting ggodesic& We recall the prior ex-
pansiondr( y = (2 , )2+ 0( , °?)for the distance to the
stratum T( ), [Wol03 , Coro. 21]. Specialize by restrictingdy ( ) to the
unit-speed projecting geodesi&for which dr ( y(&t)) = t and substitute
the expansion from the above paragraph to derive the unity egation
1=(2 )¥%k(a )kgydig - The expansion fordy () is established. The in-
equality for disﬁance and geodesic-length follows since ofithe functions
dr(yand (2 »  )¥? have the same initial derivative with the for-
mer linear and thg latter convex. Finally, we consider the vetor eld
v=2 (2)' , a alongé& Noting that & is parallel along

the geodesic and applying Theorem 4.7 with the bOLFJ)nd thathJ ;%i

is O(t’ 3:2) we observe thatD 4 V is bounded asO(t , " ) and on

dt
integration that V is bounded asO(t? 5 ), the nal bound. The
proof is complete.
We now apply the considerations to give an improvement for Lenma
4.2. We adopt the convention that at an augmentation point the WP
pairings with andJ are determined by continuity.

Corollary 4.11.

The WP pairing matrix P for the frame f ;J ;grad” gfor 2
; 2 satises P(g) = P(p)+ O(d(p;g) in a neighborhood of the
point p .

Proof. First, the twist{length vanishing provides that the vector s
fJ g . areorthogonaltof ;grad” g . » . Second, Lemma 3.12
and Corollary 4.10 provide that the pairingsh ; o andh ;grad’ i
have an expansion with anO(d(p; 9)®) remainder. Third, to analyze
hgrad™ ;grad” o we consider its derivative along the geodesic connect-
ing pto g and apply Theorem 4.7 to estimate the covariant derivatives
The geodesic-lengths™ g > are bounded in a neighborhood and conse-
qguently the derivative of the pairing is bounded. The proof is complete.

We now use properties of geodesics to describe families ofrfaces
with hgrad™ ;grad’ i e 2 in comparison to Lemma 3.16. Begin
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with the family of hyperbolic pants with two boundaries with a com-
mon length and combine the boundaries to form a one-holed tors with
a re ection symmetry xing the combined geodesic . Let T be the
marked family of one-holed tori with re ection. Let  be the geodesic
which crosses the collar and intersects orthogonally. In general con-
sider a sub locus of Teichmualler space of surfaces with re etion con-
taining the family of tori T as marked subsurfaces. Further consider a
terminating geodesic in the sub locus with unit-speed paramir t and
tending to zero. From the description of collars and the Gronov-
Hausdor compactness of the thick regions it follows that along the
geodesic’ = 2logl=" + O(1). From the above corollary it follows
for the geodesic that™ = ct? + O(t%). From convexity and the mean

value theorem it follows that the derivative dd—t is comparableto 1=tor

equivalently comparable to 2 We have from the relation between
and > that (%-)? is comparable toe = as proposed.

4.3. The Alexandrov tangent cone at the augmentation. We
consider the in nitesimal structure in a neighborhood of the augmenta-
tion. The augmentation locus has codimension at least 2 witmeighbor-
hoods not locally compact. We nd that the Alexandrov tangent cone is
suited to describe the behavior of geodesics terminating athe augmen-
tation. In Theorem 4.18 we present an isometry from the Alexandrov
tangent cone to the product of a Euclidean orthant and the tangent
space of the stratum with WP metric. The Alexandrov tangent cone
has the structure of a cone in an inner product space. The isostry is
in terms of root geodesic-length functions. The analysis cotrines the
Euclidean geometry of Fenchel-Nielsen angle variations aha disjoint

geodesics, the expansion of the WP pairing for root geodeslengths, the
expansion for the WP connection and basic properties for aCAT (0)

geometry. Throughout the following discussion we considethe short

geodesic root Iengthsf‘lzzg 2 and following De nition 4.1 a relative
length basisf™ g » .

De nition 4.12. A length number for an augmentation point p of
T( )isatuple L = (212 ,. , of root geodesic-length functions
for the short geodesics and a relative length basis . A length number
variation for the point p is the tuple of gradients ( ; ) 2. 2 .

In the following, without distinguishing the index sets and we may
write (" ¥2;>¥?) to denote length numbers and ( ; ) to denote length
numbers variation; we may also write (1:2) and ( ) for the tuples. Be-
ginning properties are as follows. Fenchel-Nielsen anglesrea de ned
by introducing a partition containing . Length numbers (1:2; ‘1:2) in
combination with a partial collection (# ) » of Fenchel-Nielsen angles
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provide local coordinates at the point p. Equivalently, the length num-
bers (1:2; ‘1:2) determine the corresponding Riemann surface modulo
the Fenchel-Nielsen angles for 2 , [Abi80 , Bus92, IT92 , Mas01 ,
WoI82 ]. Let j j denote the number of short geodesics andrlow( )
the Lie group isomorphic to Rl I of Fenchel-Nielsen angle variations.
The Flow( ) invariant neighborhoods of the point p provide a neigh-
borhood basis. For aFlow( ) invariant neighborhood N length num-

bers ¢ ;" 1*2) provide coordinates for the di erentiable manifold with
boundary N =Flow( ). As already notedf™ = 0gis locally a product of
lower dimensional Teichmuller spaces. For,=("*7) , 2 RIMT 2 |,
the length number (° 1=2, ‘1:2) image of N is a neighborhood of (0 p)
in RJ’ é RAMT 2 j
Given WP geodesics ¢; 1 terminating at p, we will introduce 2-

parameter families to interpolate between the pair. The interpolation
is based on the observation from Corollary 4.10 that on a ternmating
geodesic the short geodesic-lengths are almost linear in WPralength.
The rst family will interpolate o to a curve  with length numbers
matching 1. The second family will interpolate the Fenchel-Nielsen
angles of and 1. Begin with the convex combination of length num-
bers F(s;t) = (1  s)L( o(t)) + sL( 1(t)), 0 s 1, contained in
Ry RIMT 20 From the above fort suciently smal, 0 s 1,
the family F (s;t) lies in the range ofL on N =Flow( ). The inverse im-
ageL (F(s;t)) is a di erentiable 2-parameter family in N =Flow( ) or
equivalently F = L (F(s;t)) T isa2+j j-parameter di erentiable
family parameterized by 0 s 1;0<t t%and Rl i. Points qin the
family F are characterized byL(g) = F(s;t) forsome 0 s 1 and
0 t t% We parameterize the mapF for the parameter vector eld

@@Sto push forward to the orthogonal complement offJ g » . Below
we introduce a second vector eld on the mapF. We now assume that

o(t) and (t) satisfy the generic condition that each‘lzz; 2 ; re-
stricted to the geodesics is not identically zero and thus byCorollary
4.10 has non zero initial derivative. The condition ensuresthat for t
positive the WP geodesic segments and image &f lie interiorto T.

P

De nition 4.13.  The pseudo geodesic variation eldQ = [ 3 k
satises Q"7 =(L( 1(t) L (o)W, Q2?3 , 2 ,t> Oforthe
short geodesics , the relative length basis and j™ tuple component.

The generic condition ensures that fort positive the image of F lies
interiorto T and that there is a ow of Q beginning at . On an integral
curve of Q the length numbers have a constant derivativeL ( 1(t ))

L( o(t )) for some valuet . The ow of ¢(t) is a 2-parameter smooth
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family (s;t) satisfying

©® (s0=p ©O0= ot); gs(s;t)?J 2
andL( (si0)=(1  s)L( o)+ sL( 1(t))

for O s 1 and suciently small positive t. The family (s;t)
interpolates o(t) to a dierentiable curve  (t) with length numbers
coinciding with  1(t), in particular L( (t)) = L( 1(t)).

Lemma 4.14. The pseudo geodesic variation eldQ on the family
(s;t);0 s L 0<t<t %s bounded as followsQ, [Q; ;I;j 2 [
and [Q;J ]; 2 are O(t9 for the short geodesics and relative

length basis .

Proof. ThE derivatives of the root geodesic-lengths byQ are given
as Q‘jl:2 =  ahy; ji. From De nition 4.13 on the family (s;t)
the coe cient vector is given as (ax) = P 3(L( 1(t)) L ( oft))) for the
pairing matrix P = (h j; ki). From Lemma 4.2, the inverseP ! is con-
tinuous at the point p. From Corollary 3.4, geodesic-lengths are convex
along geodesicsl is initially one-sided di erentiable and consequently
(ax) and Q are suitably bounded. Next from Corollary 4.8 the Lie brack-
ets [ «; jland [ «;J ] are bounded. To show that ghe Lie brackets
with Q are suitably bounded, it is enough sinceQ = ax g to show
that jax andJ a are bounded asO(t). Since (ax) = P LL( 1(1)
L( o(t))), the desired bound will follow provided the derivatives of P 1
are bounded and the derivatives of L( 1(t)) L ( o(t))) are bounded
as O(t).

The pairing matrix P provides a continuous map into GL (R) with
a bound for the derivative of P providing a bound for the derivative
of the inverse. To consider a derivativeVh n; ki = WDy m; ki +
hm;Dyv ki for V.=  orJ , apply Theorem 4.7 and consider for
example Dy m = 3 m 2N m:Vid m + OCS2kVK). The principal
term has direction J . Either m 2 and by twist-length vanishing
the pairing hJ n,; ¢ vanishes orm 2 and *m™2 is bounded in a
neighborhood of the pointp. The derivative Dy ; i and derivatives
of P are bounded.

We consider the derivatives ofL. As already noted, the derivatives
fJ g » arethein nitesimal Fenchel-Nielsen twist deformations which
stabilize L. In particular, the evaluation dL(J ) is zero. It remains
to consider the ; derivative of the di erence of L values in particular
hij, «i( 2(t)) h ; «i( o(t)). The dierence is O(t) from Corollary
4.11. The proof is complete.

The de nition of geodesic-length is intrinsic. A Fenchel-Nielsen angle
is given in terms of the hyperbolic distance between designad points,
which are determined only after a partition is xed, [ Abi80 , Bus92,
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IT92 , Mas01, Wol82 ]. The dierential of Fenchel-Nielsen angles is
characterized by d# (T o) = o for the in nitesimal angle variations
and % = 0 for Fenchel-Nielsen coordinates { o;# o) with the de ni-

tion of & requiring the data of the selected partition and designated
points.

We seek to bound the di erential of angle and variation of ande along
terminating WP geodesics. For this purpose, we introduce a gantity
closely related to the Fenchel-Nielsen angle and considerstdi erential
geometric properties. The intrinsically de ned Fenchel-Nielsen angle

variation T =(2 ) 1323 satis es d# (T ) =1 for the geodesic .

De nition 4.15.  The Fenchel-Nielsen gauge is the di erential 1-form
% =2 (Cn ; i) h;J i

The gauge satises% (T ) = 1. We expect that the gauge is not a
closed 1-form and consider its exterior derivatived% (U; V) = U% (V)
V%(U) % ([U;V]) for vector elds U;V. The exterior derivative is a
tensor and is determined by evaluation on a basis of tangent ectors.

Lemma 4.16. The Fenchel-Nielsen gauges satisfy

X X
%= (d#)® projera 1+O0  °°

2 2 2
for the orthogonal projection projke, g ONto the kernel of the di erential
of length numberL. The Fenchel-Nielsen gauge exterior derivatives are
bounded as:jd% (T o; ;)jis O %> *?), andjd%( ;; «)jis OC *?)
for ; 92 ;j;k 2 [ for the short geodesics and relative length
basis .

Proof. We consider rst the relation between gauges and angles. The
length number L and angles ¢ ) » combine to provide local coordi-
nates at p where from twist-length vanishing fT g » annihilate the
dierential dL. It follows that the kernel of dL has dimensionj |j
and is spanned by the vectorsf T g » . It follows from the de ning
properties of Fenchel-Nielsen angles, angle variations andauges that
d# (T o) = oand % (T ) = 1. It follows from Lemma 3.12 for 6 ©
that % (T o) is bounded asO(" ** %?). The expansion follows.

We consider the exterior derivative of a gauge. From twist-legth
vanishing, it follows that % ( j) =0;j 2 [ and consequently that
d%(To; )= j%(To %(To ], d%(j; &)= %( ;)
for ; %2 andj:k 2 [ . Itfollows directly from the de nition of
gauge and Corollary 4.8 that% ([T o; ;]) is bounded asO('*y" %)
and % ([ j; «]) is bounded asO( 3:2). It only remains to bound the

i derivative of % (T o) = “%> *?h ; i h ; . The derivative
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. . . \3=2+ =2
is zero for = © We continue and consider the term ;( 323 ) =

30 ¥hj; o 3% %h;; iandthetermh ; i th ; .
By Lemma 3.12 for 6 O the product of terms is smaller than
0( %2 ¥2), the desired bound.

We next consider the derivative

it(h 5 i th ; W)= 2h ; i2D, ; ih ; o

+h ; i YD o +h ;D o)
Again, by twist-length vanishing the principal term of D ,  vanishes
and the covariant derivative is bounded as O(‘3:2). The derivative
i(h ; i h ; )is bounded asO(">7 + **?). The bound for
j % (T o) now follows. The proof is complete.

We review the notion of Alexandrov angle for CAT (0) metric spaces;
see BH99 , Chaps. 1.1, 1.2, 1.3, esp. Chap. 1.3, Prop. 3.1] for prope-
ties of angles in metric spaces. A triple of points §; g;r) has Euclidean
comparison triangle with angle \ (p;qg;r) at p valued in the interval
[0; ] determined by the Law of Cosines @(p; ) d(p;r)cos\ (p;q;r) =
d(p; 9?2 + d(p;r)2 d(qg;r)2. For constant speed geodesicso(t); 1(t)
with common initial point from the CAT (0) inequality, the comparison
angle for ( 9(0); o(t); 1(t9) is a non decreasing function oft and t®
see BH99 , Chap. 1I.3, Prop. 3.1]. The Alexandrov angle between the

constant speed geodesicsy and ; with initial point p is de ned by the
limit

i ’

d(p; o(t))2+ d(p; 1(t)% d( oft); 1(1)?.
2d(p; o(t)) d(p; 1(t)) '

The Alexandrov angle for a triple of points (p; g;r) is de ned in terms of
the geodesics connecting to g and r. The Alexandrov angle (p;q;r) !
\ (p;q;r) is upper semi continuous. Geodesics at zero angle are said
to de ne the same direction At zero angle provides an equivalence
relation on the geodesics beginning at a pointp with the Alexandrov
angle providing a metric on the space of directions. The Aleandrov
tangent cone AC, is the set of constant speed geodesics beginning pt
modulo the equivalence relation same speed and at zero angle

We will compare Fenchel-Nielsen angles for terminating geogbics in
terms of the geometry of level sets of the length number varigon dL
and the length number L. A level set of dL over a level set ofL (with
each™ positive) has the formal structure of aj j-fold product of bun-
dlesR ! R with R acting independently by translation on the ber
and the base. The structure is explicit in terms of the local @ordi-

nates @ :"*2;°%%) ,. , for a neighborhood of the augmentation

point p with (# ) 2 a partial collection of Fenchel-Nielsen angles,
the short geodesics and a relative length basis. In particular for a

cos\ (g; 1)= IHn0
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tangent vector V at a point q the level set of the pairdL (V) over L(q)
is mapped to the pair (d# )(V) 2 R I over (# )(q) 2 R I with the
Lie group Flow( ) acting by translation on the level set of L and the
Lie algebra of Flow( ) acting by (d# }(V + T o) =(d# )(V)+( o).
Points g and r in a common level set ofL are related by the element
of Flow( ) givenas & (9 # (r)) 2 . Curves (t) and 1(t) with
common length numbersL( (t)) = L( 1(t)) are related by a family of
elements ofFlow( )givenas @ ( (t)) # ( 1(t))) 2 with t-derivative
(d# )( %t)) (d# )( Xt)). We are ready to apply the above consider-
ations to the Fenchel-Nielsen angle di erence.

The 2-parameter family (s;t);0 s 1,0 t t%interpolates
between o(t) = (0;t) and the terminating di erentiable curve  (t) =

(1;1) satisfying L( (1)) = L( 1(t)). We continue with the generic
condition that each ~ ; 2 ; is non trivial on o(t) and on 1(t).

Lemma 4.17. The geodesic ; and terminating curve  have com-
parison angle\ (p; 1(t); (t)) bounded asO(t). The angle is bounded
as O(t?log 1=t) for o and 1 with coinciding initial derivatives for L.

Proof. We rst use the family (s;t) to bound the Fenchel-Nielsen
gauge on (t). To this purpose consider Stoke's Theorem for the dif-
ferential 1-form % and the rectangle: (s;t);0 s 1;t%° t t°
We bound the integral of d% over the rectangle and the integral of
% on the three boundaries: (0;t) = o(t);t%° t t% (s;t% and

(s;t9:0 s 1 to obtain a bound for % on (t);t% t t% The
gauge% on o(t) is bounded asO(t) by Corollary 4.10 and by orthog-
onality of Q to fJ g the gauge% vanishes on (s;t% and (s;1t9,
0 s 1. The sum of the three boundary integrals is bounded as
O(tYt° t%). The 2-dimensional integrand isd% (&,; &, ). The deriv-
ative @@S is the pseudo geodesic variation eldQ which by Lemma 4.14
is bounded in norm asO(t) and as O(t?) for ¢ and 1 with coinciding
initial derivatives for L. The derivative @@t is the Q- ow of the deriv-
ative 8(t) and from Lemma 4.14 the norm ofk@@t k is bounded. Now

from Lemma 4.16, the evaluationd% (&,; &, ) is bounded asO(t' 32y

and asO(t% 3:2) for coinciding initial derivatives of L. Upon integrat-
ing in s, it follows that the integral of d% over the rectangle is bounded
by the integral of t *?0ont® t t°and by the integral of t2° 3% on
t% t  t9for coinciding initial derivatives of L. The generic condition
for gand i, Corollary 4.10 and (8) provide that *1*2is bounded below
by a positive multiple of t. In summary, it follows that the integral of
the gauge on (t) for t% t t%is bounded by the integral oft 2 on
t% t t%and by the integral of t 1 ont® t t%for coinciding initial
derivatives of L. By the mean value theorem,% is bounded asO(t 2)
and asO(t 1) for coinciding initial derivatives of L.
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We next introduce a second family to bound the angle displaceent
from . to . As described the family in the Lie group, Flow( ) is
givenas @ ( (1) # ( 1(t)) 2 inthe parametert. The di erential
1-form d# is closed and consequently the integrals afi# on (t) and

1(t) for t%° t  t9bound the di erence of the t%and t° displacement
GO @) # () # @Y # (1(t9). Infact, the dis-
placement is contained jin KerdL ||3, which caseFfrom LemmaA.16, we
have the comparability ~ j%j ( %) d#?) 12 jo# j.
We now combine the Corollary 4.10 bound for the gauge on 1(t) with
the above bound for the gauge on (t). In total, the di erence of the
t%and t®displacement inFlow( ) from ;to is bounded asO(t% 1)
in general and asO(log 1=t% for coinciding initial derivatives of L.

We are ready to bound tie WP lengthof the displacement from (%9
to (t%. Again, the sums jd# jand j%j are comparable; the WP
metric on a level set ofL is comparable to ‘3:2j%j from De nition
4.15 with ¥ bounded asO(t%. Combining estimates the WP length of
the displacement is bounded a®(t%?) and O(t°® log 1=t for coinciding
initial derivatives of L. The nal item is to bound d(p; (t)) from below
by a positive multiple of t. A bound follows from the Corollary 4.10
expansion for the distancedr ( y and the lower bound for 2 in terms
oft. The bounds for the comparison angle follow. The proof is comlete.

We are now ready to describe for the augmentation pointp an isom-
etry between the Alexandrov tangent coneAC, and the product R’ é
TpT () with the rst factor the Euclidean orthant and the second fa ctor

the stratum tangent space with WP metric. The mapping for a geo-
desic (t) terminating at pis given by associating for the length numbers

L( () =(C"%% 5. 5 ( (1) the initial one-sided derivative

——(0):
By the selection of the relative length basis, the tuple (1=2) 2 provides
local coordinates atp for the stratum T( ) and thus,

1 2( )
(2)F 2@ ) OA

2

de nes a vector in the tangent spaceTpT ( ) with WP inner prod-

uct. The positive orthant R' | Rl J is considered with the Eu-
clidean inner product. The Alexandrov tangent cone is giventhe struc-
ture of a cone in an inner product space through the formal redtion
ho; 1i = k §kk Jkcos\ ( o; 1). We present the main result.
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Theorem 4.18. The mapping from the WP Alexandrov tangent

cone AC,, to R b TpT( ) is an isometry of cones with restrictions
of inner products. A WP terminating geodesic with a root geodesic-

<1=2
length function initial derivative d dt( )(O) vanishing is contained in the

stratumf° =0g; T( ) f ~ =0g. Geodesics o and ; at zero angle
have comparison angles (p; o(t); 1(t)) bounded asO(t).

Proof. The primary matter is the expansions for the arc length of
segments o(t); (1) for0 t tPand (s;tYfor0 s 1. The
goal is to express quantities in an appropriate formct + O(t%). By
Corollary 4.10, the projection of the tangent eld §(t) onto the span
of fJ g, is bounded asO(t*). From the proof of Lemma 4.17, the
evaluation % ( °(t)) is bounded asO(t 2), and from De nition 4.15, the
projection of the tangent eld 9(t) onto fJ g » is bounded asO(t)
with resulting contribution O(t®) to the length of . The bounds for
h $J jiandh $;J ;i combined with Theorem 4.7 also provide that the

t-derivative of h §; ji andh % i =h$; ;i are bounded. The tangent
elds of the curves ( and satis es the desired form h t); jiih =
h 40); ;i + O(t). The curves o; ,and are contained in a radiust

neighborhood of the pointp. From Corollary 4.11, the matrix of pairings
P =(hj; «i) has an expansion of the formct + O(t?). Similarly the
length numbers L( o(t)); L(a(t)) and L( (t)), as well as the pseudo
geodesic variation eldQ = a, g for(a) = P Y(L( 1(t)) L ( o(t))
all have expansions of the formct + O(t?). It now follows that the
arc lengths of o; , and are given modulo terms of orderO(t?) by
evaluating initial tangents in the WP pairing matrix at p. It further
follows that the mapping is length preserving and that the c oe cient
for the principal term for the arc length of is given by the length of
( o) ( )inthe tangent space of the cone. It further follows that
the principal terms for the distance d( ¢(t%; (t9) and the arc length
of (s;t9 coincide. In conclusion from Lemma 4.17, the mapping is
an isometry of length and angle on the set of geodesics withlal™ g »
non trivial.

The considerations provide that is length preserving for all ele-
ments of the Alexandrov tangent cone. It now follows from thetrian-
gle inequality for Alexandrov angle that is an isometry on i ts do-
main, [BH99 , Chap. 1.1, Prop. 1.14]. To show that is a surjec-
tion, consider the Taylor expansion for the length number. I follows
from Theorem 4.7 and Corollary 4.10 that on a geodesic, L(t) =
L) + LY0)t + O(t?k k) with a uniform constant for the remain-
der. We consider ((t) L (0))t 1= LY0) + O(tk k) and observe that
sincelL is an open map the left hand side limits to a surjective map to
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R'§ ToT( ). And nally, Corollary 4.10 provides for the strata and ini -
tial geodesic-length derivative behavior for terminating geodesics. The
proof is complete.

The structure of ACp, provides simple invariants for the point p. The
dimension dimAC, of the cone and the dimension dinil () of the max-
imal vector subspace are intrinsic. Additionally, the representation of
an orthant as a product of half lines is unique modulo permutdion of
factors. We now observe that a pair ofT closed strata are either disjoint
or one contained in the other or intersect orthogonally. In particular,
for a component of a proper intersection of closed strat&; and S, there
are simple free homotopy classes; and » with 1 a -null for S; but
not for S, and , a -null for S; but not for S;. At a point p of the
intersection the half lines for | and , are tangents to S; and Sy in
AC, and are orthogonal.

An important property for non positively curved Riemannian mani-
folds is that the exponential map is distance non decreasingAn inverse
exponential mapexp, .71 AC, is de ned by associatingtoq 2 T the
unique geodesic connecting to q with speedd(p; ). The map is not an
injection since geodesics at zero angle with common speedeamapped
to a common element ofAC,. The map is distance non increasing as
follows. From the CAT (0) inequality and de nition of the Alexandrov
angle points on geodesics beginning gt have distance satisfying

d( o(t); 1(t)? d(p; o(t)? + d(p; 1(t))?
2d(p; o(t)) d(p; 1(t))cos\ ( o; 1):

For equality for a single value oft the Flat Triangle Lemma [BH99 ,
Chap. 1.2 Prop. 2.9] provides that the geodesics are contaied in a at
subspace ofT . The at subspaces were characterized in\[Vol03 , Prop.
16].
A further feature of the Alexandrov angle is a rst variation formula

for the distance from a point to a geodesic. For a unit-speed galesic

(t) beginning at p the distanced( (t);q) to a point not on the geodesic
is convex with initial one-sided derivative satisfying

d .
G40 0907 = cos\ (5 po)

for pq the geodesic connecting to g, [BH99 , Chap. 11.3, Coro. 3.6].
We consider simple applications of the variational formula
The rst is Yamada's observed non refraction of WP geodesics on
T: a length minimizing path at most changes strata at its endpants,
[DWO03 , Wol03 ]. Speci cally, consider a pair of unit-speed geodesics
o(t); 1(t) with initial point p such that the reverse path along ¢ fol-
lowed by ; is length minimizing. The Alexandrov angle between the
tangents atpis . Speci cally, the comparison distanced( o(t); 1(t))is
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at least that of the path from o(t) to pto 1(t) and thus lim¢ od( o(t);

1(t))=2t = 1 and the angle is . Elements of AC, at angle neces-
sarily lie in the subspaceT,T ( ) and from the Theorem are tangent to
paths contained in T ( ). It further follows that the geodesics are seg-
ments on a single geodesic. The second application concerpsjecting
geodesics; see De nition 4.9. A projecting geodesit) with initial point
p has tangent in AC,, orthogonal to the subspaceACp(ﬁ) as follows.
An element of the Alexandrov tangent cone of T ( ) is represented by
geodesics (t9 beginning at p and contained in the stratum. Minimizing
the distance to the stratum provides that d(&t);p)  d(&t); (t9) for
all t;t® From the variational formula, it follows that \ (&;) =2,
Orthogonality now follows from two observations. A pair of vectors in a
positive Euclidean orthant form an angle of at most = 2. The orthogo-
nal complement in AC,, of the Euclidean orthant is the linear subspace
of geodesics containingp as an interior point.

The third application concerns limits of geodesics, Bro05 ].

Example 4.19. Length-minimizing concatenations of geodesics.

A characterization of limits in terms of concatenations of geodesic
segments is provided in YWol03 , Sec. 7]. The resulting concatena-
tions were found to be the unique length-minimizing paths comecting
an initial and terminal point and intersecting a prescribed sequence of
closures of strata. We apply the above variational formula b show that
such concatenation paths satisfy a strong form of the claseal angle of
incidence and re ection equality. To this purpose consider a pair of
geodesics o and 1 each with initial point ponT( ), o with endpoint
g and 1 with endpoint r. Consider that the concatenation ¢+ 1 is
a length-minimizing path connecting g and r to a point of T( ). A
geodesic beginning at p contained in T ( ) provides a variation of the
con guration. The initial derivative of distance d(qg;p + d(r; p) along
is cos\ (o; ) cos\( 1; ). The geodesics beginning ap contained
in T( ) Il out the Alexandrov tangent cone AC,(T( )). It follows
that the sum in AC, of the initial tangents of o and 1 has vanishing
projection onto the subconeAC(T ( )), the rst conclusion.

<1=2 <1=2
Equality at p of the initial derivatives d dt( ) and ¢ dt( 1 js the
further property of concatenations resulting as limits of geodesics ofT .
The basic observation is that along a geodesic(t) the projection of the

tangent onto the span off ;J g has square normf (t) = h ;%i2 +

h %iz a Lipschitz function with small constant. In particular, fr om
Theorem 4.7 thet-derivative of f (t) has vanishing principal term and
is consequently bounded a@(‘3:2). On a segment of (t) with =2

Co, the function f (t) is Lipschitz with constant O(cd). We consider
a sequence of segments of geodesics converging to the coecation,
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[WolI03 , Sec. 7]. The segments converge togg+ 1 in the compact-open
topology of T with h ;i and ;i converging correspondingly.
We combine the expansionsh ;%i =a(j)+Ot3=2),j =12,
hJ ;%i = O(t 2=2) of Corollary 4.10 for g and 1 with the Lipschitz

bound for f (t) for "' cyto ndthat a ( o)2= a ( 1)+ O(c}). The
conclusion follows.

We describe an application for homomorphic group actions bysome-
tries. Farb and Masur [FM98 ], Bestvina and Fujiwara [BF02 ], as well
as Hamenstadt HamO06 ] have important general results on the nite-
ness of group homomorph images into the mapping class group.

Example 4.20. Combinatorial harmonic maps.

Wang [Wan98 , WanO00 ], followed by Izeki and Nayatani [INO5 ] have
studied equivariant energy minimizing maps from simplicid complexes
to complete CAT (0) spaces. This is the setting for Margulis superrigid-
ity for lattices in semisimple algebraic groups overp-adic elds. Wang
formulated a notion of energy for an equivariant map, provided the tar-
get is locally compact and the group action is reductive. A citerion
for existence of a energy minimizing map in a homotopy classsipre-
sented in terms of a Poincae-type inequality for maps of thelinks of
vertices to the target tangent cones. lzeki and Nayatani exended the
approach of Wang to include non locally compatCAT (0) spaces and to
remove the hypothesis for a reductive group action. We now pesent the
Izeki and Nayatani results INO5 , Thrms. 1.1 and 1.2] for the setting
of the augmented Teichmuller space and describe exampled simplicial
complexes with suitable group actions.

Theorem 4.21. Let X be a connected simplicial complex with con-
nected links of vertices. Let be a nitely generated group acting prop-
erly discontinuously by automorphisms ofX with compact quotient. As-
sume for the link of each vertex oX that the rst non zero eigenvalue of
the Laplacian is greater than1=2. Further let Y be a completeCAT (0)
space with each Alexandrov tangent cone isometric to a clodeconvex
cone in a Hilbert space. Then an isometric action of onY has a xed
point.

The augmented Teichmuller spaceT provides an example of a suitable
target space with the WP isometry group the extended mappingclass
group [BMO7 , MW02 , Wol03 ]. The xed points of WP isometries
are understood PWO03 , Wol03 ]. A WP isometry xing a point of T
is realized as a conformal automorphism of the correspondmRiemann
surface. A WP isometry xing a pointof T T is reducible pseudoperi-
odic ( xes a simplex of curves with a power having periodic conponent
mappings) in the sense of Thurston, Thu88 ]. A group xing a point of
T T isrealized as an extension of the conformal automorphismsfdhe



330 S.A. WOLPERT

corresponding Riemann surface with nodes. The extension sy a group
of Dehn twists about the curves in the simplex for the null stratum of
the xed point.

Examples of source spaces with group actions are provided tsuitable
Euclidean buildings and Ballman-Swatkowski complexes, [NO5 , Ex-
amples 1 and 2]. A building is a simplicial complex that can beexpressed
as a union of subcomplexes (called apartments) satisfying aertain set
of axioms. A building is Euclidean if its apartments are isonorphic to
a Euclidean Coxeter complex. The quotient spaceX = PGL(n;Qp)=
PGL(n; Zp) is the vertex set of a Euclidean building for p a prime, Qp
the p-adic number eld and Z,-the p-adic integers. Forn = 3, X is
a two-dimensional simplicial complex with links of vertices all isomor-
phic to a common regular bipartite graph with rst non zero ei genvalue
of the Laplacian greater than 1=2. Examples of suitable groups are
provided by cocompact lattices inP GL(3; Qp).

Ballman and Swatkowski described contractible two{dimensional
simplicial complexes with links of vertices all isomorphic They con-
sidered a nite group H with a set S of non trivial generators and the
Cayley graph Cof H with respect to S. Provided the minimal number of
edges of a closed circuit inCis at least 6 there exists a two-dimensional
simplicial complex X with all links of vertices isomorphic to C. Pro-
vided H has a presentationhS j Ri then the group with presentation
KS[f g jR[f 2g[f (s )®js2 Sgi acts properly discontinuously by au-
tomorphisms onX with compact quotient. Sarnak has described Cayley
graphs of nite groups with rst non zero eigenvalue of the Laplacian
greater than 1=2, [Sar90, Chap. 3].
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