JOURNAL OF
SYMPLECTIC GEOMETRY
Volume 3, Number 2, 171-219, 2005

LAGRANGIAN SUBMANIFOLDS AND LEFSCHETZ
PENCILS

DENIS AUROUX, VICENTE MUNOZ, AND FRANCISCO PRESAS

Given a Lagrangian submanifold in a symplectic manifold and a
Morse function on the submanifold, we show that there is an iso-
topic Morse function and a symplectic Lefschetz pencil on the manifold
extending the Morse function to the whole manifold. From this con-
struction, we define a sequence of symplectic invariants classifying the
isotopy classes of Lagrangian spheres in a symplectic 4-manifold.

1. Introduction

For a symplectic manifold (M, ), S. Donaldson has proved in [10] the exis-
tence of symplectic Lefschetz pencils using the recently introduced asymp-
totically holomorphic techniques [2, 9].

To give the definition of a Lefschetz pencil, recall that a chart (,U ),

=(z1,...,zn): U M C" is adapted at a point p M if (p) =0
and  (Jo) is tamed by  (where Jg is the standard complex structure on
C"); equivalently, this means that complex lines in the local coordinates are
symplectic with respect to

Definition 1.1. A symplectic Lefschetz pencil associated to a symplectic
manifold (M, ) consists of the following data:

(i) A codimension 4 symplectic submanifold N .
(ii) A surjective map :M SN 9P1.
(iii) A finite set of points A M S N away from which the map is a
submersion.
Moreover the data satisfy the following local models
(i) For any point p N, there exists an adapted chart (zi,...,2,) for
which the submanifold N has local equation {z; = z, = 0} and such
that (z1,...,2n) = 22/2 1.
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(ii) For any point p A, there exists an adapted chart (23, ..., 2,) in which
we can write (Z1,...,Zp) :Z%+---+Zr2]+c.

The main result of [10] is

Theorem 1.2 (Theorem 2 in [10]). Let (M, ) be a symplectic manifold
such that the cohomology class [ 12 admits an integer lift h in H?(M, Z).
Then there exists a symplectic Lefschetz pencil whose fibers are homologous
to the Poincaré dual of kh, for K large enough.

The Lefschetz pencils obtained by Theorem 1.2 will be called Donald-
son’s Lefschetz pencils. For K fixed large enough, they lie in a distinguished
isotopy class of Lefschetz pencils. Moreover, they enjoy various remarkable
topological and geometric properties (see, e.g., [1]). Our main result relates
the geometry of these pencils to that of Lagrangian submanifolds. More
precisely, the result that we want to prove is

Theorem 1.3. Let (M, ) be an integral symplectic manifold. Let L be a
Lagrangian submanifold of M and let f: L [0,1] be a Morse function.
Then there exists a sequence of Donaldson’s Lefschetz pencils « : M S
Bx  CP! with By and L disjoint, such that, for kK large, (L) is a smooth
embedded arc in CPY. Moreover, there exists a parametrization of this arc
k: 10,1] k(L) in such a way that ( 21 )|L is a Morse function

isotopic to f .

Recall that we mean that two Morse functions are isotopic if they are
isotopic among Morse functions, i.e., there exists a 1-parametric family of
(non-degenerate) Morse functions connecting them.

Statements similar to Theorem 1.3 have been part of the mathematical
folklore for the past few years, after Donaldson suggested such a picture;
however, to our knowledge the details of the statement had not been worked
out, and our proof shows that some rather unexpected technical complica-
tions do occur. It is also worth mentioning the relationship between our
result and the work of Seidel, who showed that if two vanishing cycles of a
Lefschetz pencil can be joined by a “matching path” (see Section 8), then
the total space of the pencil contains a Lagrangian sphere fibered over an
arc in CPY; in the case where L = S" and f is a Morse function with only
two critical points, our result can therefore be thought of as a converse to
Seidel’s construction.

It is possible to adapt our result to St-valued Morse functions. The proof
will follow exactly the same pattern and we do not give the details but leave
them to the careful reader.

The task of the next part of the article is to construct an equivalence of
sets between Hamiltonian isotopy classes of Lagrangian spheres and the set
of matching paths modulo a natural action of the fundamental group of the
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space of Lefschetz pencils. The precise result will be stated in Section 9.
For this we will use a parametric version of Theorem 1.3.

Theorem 1.4. Let (M, ) be an integral symplectic manifold. Let {L +} be
a 1-parametric family of simply connected Lagrangian submanifolds of M ,
and let o and 1 be two sequences of Donaldson pencils obtained using
the construction of Theorem 1.3, adapted to the submanifolds Lo and L1
and two Morse functions fj: L; [0,1] j =0,1). Assume moreover that
fo and f1 are isotopic through a family of Morse functions fy. Then there
exists a sequence of families of Donaldson pencils ¢t adapted to Ly and ft
and coinciding with o and g1 at the ends.

The proof will be an extension of the non-parametric case; both cases
rely on a local Lemma, extending previous results of Donaldson, that will
be proved in Section 7.

Finally, in Section 10, we define the group of automorphisms I'( ) of
a Lefschetz pencil and discuss its properties. In particular, we show the
asymptotic surjectivity as K of a natural homomorphism : T'( )

oSymp(M, ), and exhibit various natural elements of its kernel. We also
discuss the implications for matching paths and the relation with the pro-
jective dual of the discriminant curve of a projection to CP?.

2. Asymptotically holomorphic tools

Let (M, ) be a symplectic manifold such that [/ 2 ] H?(M;R) admits
a lift to an integer cohomology class and let h  H?(M;Z) be one such
lifting. In this case there is an hermitian line bundle L with first Chern
class ¢1(L) = h, and we can equip L with a hermitian connection of
curvature Si

Let J be an almost complex structure on M compatible with  and let
g(u,v) = (u,Jv) be the associated metric. We define the sequence of
rescaled metrics gx = kg with associated distance functions dx. We give the
following.

Definition 2.1. Let Ex be a sequence of hermitian vector bundles with
connection on M. A sequence of sections Sk of Ey is called asymptotically
J-holomorphic if it satisfies the bounds | "sklg, = O(1) for 0 r 3 and
| "Ssylg, =0KY2) for1 r 3.

In this definition and throughout the text, the notation O(1) means that
there exists a bound by a uniform constant depending neither on the point
of M nor on the value of k.

If L is a Lagrangian submanifold of M, then [ ]| = 0 in H?(L,R).
Therefore h|_ is torsion in H2(L,Z) and there exists a positive integer p
such that ph|. = 0. We substitute the symplectic form p for on M, so
that the first Chern class ¢; (L) becomes zero when restricted to L. Therefore
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the line bundle L|_ is topologically trivial, and the connection |  is flat.
Since the holonomy of | | need not be trivial, we cannot expect to find a
parallel section of L K|_. However, by choosing a suitable trivialization of
L X|_, we can ensure that the connection 1-form is bounded by a constant
(w.r.t. the metric g), which gives the following result (Lemma 2 of [6]):

Lemma 2.2. The restriction Qf L K to L admits a section Lk such that
| Lxl=1and| Lklg = O(k>Y2) at every point of L.

Moreover, if we are given a fixed contractible open subset U L , then
we can additionally assume that Lk = 0 at every point of U. Let us fix
sections | g satisfying all these properties once and for all.

We will also need the following lemma:

Lemma 2.3. Letx M. Then there exist Darbouz coordinates with respect
to the symplectic form K , Wyx : Bg, (X,ck¥2)  C" (where ¢ > 0 is a fized
constant independent of X and K) such that: (a) Uyx(X) = 0; (b) (¥kx)
identifies the complex structure Jx of TxM with the standard complex struc-
ture Jo on C"; and (C) Wxx is approvimately isometric, i.e., the map Wi x
satisfies | "Wrx| = O(1) forr = 1,2,3 and | "S1 Uy (2)] = O(kSY?|z|)
forr =1,2,3. Moreover, if X L we can take ¥y x to map the Lagrangian
submanifold to R".

Proof. The first part of this result is Lemma 3 in [3] (see also [9]). In the
case where X lies in the Lagrangian submanifold L of M, we use Weinstein
neighborhood theorem to make the charts ¥y x map L to R". Il

Note that the estimates in Lemmas 2.2 and 2.3 depend on the geometry
of the submanifold L (in particular, its injectivity radius with respect to the
metric g). With the aid of the fixed sections | k, we can give the following
definition.

Definition 2.4. An asymptotically holomorphic sequence Sk of sections of
L X on M will be called real if

skl =fk - Lk
for some non-negative real function fy.
For example, the sections constructed in Lemma 2.6 below are real. We
are interested in this property because we will show later how to preserve it

under the usual local perturbations in asymptotically holomorphic theory.
In particular, we use from [6] the following.

Theorem 2.5. Given a symplectic manifold (M, ) and a Lagrangian sub-
manifold L, there exists an asymptotically holomorphic sequence of sections
Sk: M L K such that

(i) x L, |sk(X)| , for some > 0 independent of K.
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(i) X M, [se(x)] eSdhLS,
(i) x M, such that dg(x,L) 2kY8 we have s¢(x) = 0.
(iv) sk is real.

In order to prove this Theorem, we need the following.

Lemma 2.6. Let X M. There exists a sequence of asymptotically holo-

morphic sections |r(e)f( satisfying the following estimates

€| Le)‘;(y)| %for ally Bg, (X, 1). )

ELEWIH EWI+] 2 B pck(xy))eSHENTS, where p(t)
s a fized real polynomial.

€ Le)f( has support in the ball Bg, (X, 2kY/8).

€ If x L , there is a real non-negative function fy: L R such that

f
il =fk Lk

Proof. The existence of reference sections Le)‘; satisfying the first three prop-

erties follows from Lemma 3 in [2] (see also Proposition 11 in [9]). To get
the last property, consider the Darboux chart Wy x : Bg, (X, ck¥?)  C" pro-
vided by Lemma 2.3, which maps the Lagrangian submanifold to R". Now
we trivialize the positive line bundle L K in Bg. (X, ckV 2) following radial
directions. This trivialization yields a radially parallel local section Slr(, such
that | ( L/ (sX|L))] = O(k®Y?) by Lemma 2.2. The localized sections

obtained in Lemma 3 in [2] are of the form
(2.1) o =177t (jz))sk,

where (X) is a real positive cut-off function which equals 1 in a ball of
gc-radius k¥ ® and 0 outside of a ball of ge-radius 2k¥ . The sections L‘?)f(ﬁo

satisfy all desired properties except that over L they are real multiples of S',‘
instead of | k. However, we can choose a function : Bg, (X, 2kV6) R
such that (i) | |c2 = O(kSY?) and (ii) |k =€ sK|.. Then (i) implies that

Le)'z = Lf’)f('o still satisfies the first three properties, while (ii) implies that

Le; is a positive multiple of | g over L. 0

Remark 2.7. Assume that there exists a neighborhood U of X, containing
Bg. (X, 2kV8), over which J is integrable and standard in local Darboux
coordinates. If X L , assume moreover that | y is covariantly constant

over U L . Then |r(e)f( is J-holomorphic over Bg, (x, k¥ ©).
Let us now sketch a proof of Theorem 2.5.

Proof of Theorem 2.5. Take a set of points Sk of L such that the balls
Bg.(P,1), p Sk, cover L and any point of L belongs to at most N such
balls (where N is a constant depending only on the dimension). Then we
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define a global section
ref

Sk = WJ k,Xj’
X Sk
where ﬁf(j are provided by Lemma 2.6 and w;  C are constants. If we
choose wj = 1, then the sequence is asymptotically holomorphic and satisfies
all the properties listed in the statement of the theorem. O

We also have the usual notion of estimated transversality [2]:

Definition 2.8. A section s¢ of the bundle E L X is -transverse to 0 if,
for every X M such that [Sx(X)] < , sk(X) has a right inverse  such
that | klg, < >t

Lemma 2.9. Let L be a Lagrangian submanifold of M and let  be an
asymptotically holomorphic sequence of complex valued functions (i.e., sec-
tions of the trivial complex bundle) defined in some neighborhoods of L.
Suppose that hy = |L is a map that factors through an immersion of a
curve C C. If hg satisfies the following property (identifying hi (x)
with a linear map TxL TxL =TxL  Th,:9)C Tx C by means of the
metric gk ):

| h(x)|< = hk(x) : TxL  TxL multiplies the length
of vectors by at least

for any x L , then k is | 2-transverse to 0 on a gk-neighborhood of L
of uniform radius.

Proof. For x L ,if | k(X)] < then | hg(X)] < , hence hi (x):
TxL TxL multiplies the length of vectors by at least . But TxM = TxL

J(TxL) and the direct sum is an orthogonal one. Since the Hessian k(X)
is approximately holomorphic, it equals the complexification of hi (x)
up to some error of order O(kSY?2). Therefore, k(X) multiplies the
length of vectors by at least 3/ 4. It can be checked that this property
is equivalent to the 3/ 4-transversality of k in the sense of Definition
2.8. From this it follows the / 2-transversality in a gx-neighborhood of L of
uniform radius. 0

Definition 2.10. Let hy: L C be a sequence of functions factoring
through an immersion of a curve in C. We say that hyg is -transverse
if, for every X L such that | hg(X)| < , the map he(x): TxL  TxL
multiplies the length of vectors by at least

Finally, recall the following result, due to Donaldson [10], which implies
Theorem 1.2:

Proposition 2.11. Given an asymptotically holomorphic sequence of sec-
tions Sﬁ SE of L X L K and given > 0, there exists a sequence of
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sections & % with | L S SJk|C2 , for | = 1,2, satisfying the following
properties:

(i) s -transverse to zero over M, for some uniform > 0.
(i) &  2is -transverse to zero over M .
(iii) Denoting by Zyx, = {p M| K }, the map ( &/ %) is -
transverse to zero in M S Zy .

Moreover, after a small perturbation around the critical points we can ensure
that = 5/ & is a symplectic Lefschetz pencil.

3. Deformations of a Morse function

The first step in our proof of Theorem 1.3 is to perturb the given Morse func-
tion f on L to a suitable sequence of functions hx. We need this sequence
to satisfy that hy be transverse to zero in an estimated way. This is a nec-
essary condition to have the functions hy arise as restrictions of Donaldson
pencils (by a converse to Lemma 2.9). There are many ways of achieving
such transversality, however we have to be careful because we will try to
approximate hy by a combination of sections constructed by Lemma 2.6
that needs to be controlled in a precise way. This is the reason of the extra
requirements that we will impose.

Let f be a Morse function on L. Consider a critical point p of f | i.e.,

f(p) = 0. Then for a suitable chart = (X1,...,Xn) : U R" with

(p) = 0 and which is isometric at p, we can write f =c+ X34+ px3
for suitable non-zero real numbers 1,..., n. We start by deforming f in a
neighborhood of each critical point so that we can write f = c+ 1X% 4

nX2, where ; = *1 depending on whether ; is positive or negative. We
call f again this new function. Moreover, for simplicity we also deform the
almost complex structure J in a neighborhood of every critical point so that
it is integrable and standard in Darboux coordinates. Therefore, in such a
neighborhood, J and g have a standard form. Let r1 > 0 be a constant such
that f and J can be written in such a standard way over the entire ball of
radius r1 around each critical point.

By Lemma 2.3 there exists some r > 0 such that all Darboux charts W x
are “approximately isometric” in Bg(X,r2), i.e., the differential of Wy x and
its inverse distort the metric in a controlled manner at any point of the chart
(in the sense of Lemma 2.3). Let ¢y be the minimum of r; and ry. Note that
for a critical point p, ¥y p is actually holomorphic and an isometry, since J
and g are standard in Bg, (p, k¥ 2).

We need the following technical Lemma that will be used to define defor-
mations of a Morse function.
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Lemma 3.1. Let |: R+ R+ be a smooth function with 1 (t) < 0 and
LN (t) S (3/4t) for allt> 0. Then the smooth function F: R" S{ 0}
R" S{0} defined by F(x) =1(|X]) - X satisfies the following properties:
: I (Ix])
dF (x) =1 dxy,...,d —— d dxn, ...,
(1) (X) (lxl)(( Xl Xn)+|(|xl)|xl(xlxl Xl+ +X1Xn Xn

XnX10X1 + --- + Xanan)), i.e., using matriz notation, dF(x) =

I(x[) Id + "D (- xty,

Ix|
(i) det(dF (x)) = I([x])" <1+|X||(I|>(<||);D> |(I>;I) '
(i) [dF 0Ol 1(IX]).

(iv) The minimum eigenvalue of dF (X) is greater or equal to |(|x|)/ 4.

Proof. The first property is a simple computation. The next three prop-
erties follow from the expression for the linear map dF (x), which can be
diagonalized by means of an orthogonal transformation mapping X to the
first coordinate axis. It is then clear that the eigenvalues of dF (x) are I(|X|)
with multiplicity n S 1, and I(|x]) + | (|x|)|X| with multiplicity 1. O

Proposition 3.2. Letf: L  [0,1] be a Morse function and let D > 0 be
a large enough constant. Then there exists a sequence hy: L [0, kY 2] of
deformations of f satisfying (with respect to the metric g over L)

(i) | hel CoD,| hk| Co,
(i)  hg is -transverse to zero, for some > 0 independent of K and D,

(iii) | 3hx] Co/D,
where Cq is a constant independent of K and D .
To prove the main result, we will need to choose a sufficiently large value

of the constant D; this requires a slightly more complicated argument (oth-
erwise one could set = 0 in the formulas below).

Proof. Denote by {pj} the set of critical points of f. We are assuming that
f is of the form

f(X1,...,Xn) =G +Zixi2,

in a neighborhood Bg(p;, Co) of p;. Scaling the coordinates we get that, over
By, (P CokV 2), f is expressed as

f(X1,...,Xn) =G +%Zixi2,

in the chart Wyp . These new coordinates are actually isometric over the
ball Bg, (pj, Cok¥?), because of the choice of almost-complex structure J
made at the beginning of this section. Now define the sequence f = k¥ ?f .
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The derivatives of f| are

1
fr(x1,...,xn) = kY2g +W§ (£x7),
1

2
f(Xt,.. ., Xn) = mz:(idxi dx; ).

So fi satisfies, without any perturbation,

| Tilg. = O(1)
(3.2) | filg, = O(k®Y2).
Now take a cut-off function lg: [0, kY2 [0,kY 4] satisfying the

following properties:

€ I (t) =kY4 fort [0,D].

€ I (t) = (akV4t V2 ) fort [2D,kY2co/ 2], where aand are positive
constants to be adjusted below (a converges to a fixed positive value
as k , while = (k) 0Oask )

€ I (t) =1, for t> 3kY 2o/ 4.

€ In the interval [D, 2D}, Iy is decreasing, |I, (t)] ~ 2k¥4/D and |l (t)|
CKY4D 2 I, (t)] CkY¥4D 3 for constants »,C independent of k.

€ In the interval [KY 2co/ 2, 3kY 2co/ 4], Iy is decreasing, [l (t)]  » KSV2
and [l ()] C k31, I, ()] C kS¥2 for constants 5, C independent

of K.
€ The following inequality holds over (D, 3k 2co/ 4):
() < 1/2
(3.3) 0> k(U S +
L (1) t

We adjust aand  in the following way: the function (akY 4/t ¥2* ) equals
k¥4 for t = (3/2)D and equals 1 for t = 0.7cokY 2. Therefore

1/ 2+
3
a— (a)
2

B In(3D/ 1.4¢o)
~ Ink S 2In(3D/ 1.4c)

The inequality kK (3D/ 1.4¢p)® must hold in order to have 0 < (1/4).
With these choices of a and , it is easy to find a function Iy (t) with the
desired properties; observe in particular that (3.3) automatically holds when
l is of the form I (t) = G(t) - (ak¥ 4/t ¥2* ) for some increasing function G
(by differentiating the identity log Iy = log G S (% + )logt+C).

The following figure gives the shape of Iy (t):
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ak1/4

t1/2+e
k,l/4 &\

Ik (1)

11 \‘7

D 2D 0016‘21/2 360];’1/2 COkl/Q

Note that I (t) - t is an increasing function, and moreover it is a diffeo-
morphism Iy (t) -t: (0, ) (0, ).

Now we define the function Iy (X1,...,Xn) = I(I(X1,...,Xn)]) in a small
neighborhood of the critical points. This implies the following formulae
for ly:

. 1|
| k)] Callyl City
( ) k |X|
- Il 1k
4 2 Cll | +C  Cr—t
3 Il Iyl Ikl
I (X C|l C—-— +C—=5 —

for some uniform constants C1, Co, C3. These are simple computations in the
middle interval and in [D, 2D] and [k¥2co/ 2, 3kY 2co/ 4], using the bounds
on the derivatives of I.

We construct a perturbation of f by setting:

{fk(lk(x) *X), X UBg, (pj, kY %co)
he(x) = j

fr(x), otherwise.

This function is isotopic to the original fy, since I (x) - x: Bg, (p; , kY 2co)
By, (P, kY 2co) is a diffeomorphism isotopic to the identity (relative to the
boundary).
Outside the union of the balls By, (pj, 3kY 2co/ 4), the estimates (3.2)
imply that hy satisfies (i). Moreover, in that region, there is a constant
> 0 independent of k such that | hy|g, , which implies that hy is
-transverse to zero, so (ii) also holds.
In the ball By, (p;, D), we have hy = k¥ 2¢ + S°(x2), so hy satisfies (i)
and (ii).
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Now let us see what happens in the annuli Bg, (pj, 3kY 2co/ 4)S Bg, (pj, D).
We start by computing the derivatives of hy,

35) he(X) = Fr((x)-x) (di(x) X + [ (x) - Id),

he(x) = Fe(lie®) -x)  ((di(X) -x + I (x) -Id)  (dik(x) - x
100 1))+ Fi(i00) - x) (- Tk(x) - x
(3.6) +dig(x) Id+Id dig(x)).

Note that we have, using (3.1),
o 2 - 2
I fi(() 31 = 3 (3) - X = gz k(X DIX]-

Also, consider d(ly (x)-x) = dlg(x) X+l (x)-Id. The function |y satisfies that

[ (t) < 0 and (I, (t)/I(t)) S (3/4t). Hence we may apply Lemma 3.1 to
get that the eigenvalues of d(Ii(x) -x) are in the range [(1/4) L (IX]), I (X])].
By construction, we have, in the region Dt 3cok¥ 2/ 4, that

ClD1/2+ kl/4 L (t CzD1/2+ k1/4
t1/2+ k( t1/2+ !

for some positive constants €1, C; independent of k and D. Therefore equa-
tion (3.5) implies

92 CD1+2
| he(X)] mlk(|x|)|x||k(|x|) XE CoD,

for some uniform Cg > 0. Analogously,
cD1*2 cD*?
IX|2 (CokV/2)2

for some uniform , thus proving (ii). To finish proving (i), we have to bound
the second derivative.

| ()l =] Frllc®) %) ((dic(x) -x +Tc(x) - Id)  (dlk(x) -x
F ) 1)+ Frlfcx) - x)( Te(x) - x
+di(x) Id+Id dig(x))]

| hi(X)]

2 2 [ (]
a0+ D[z 2+ 2]
e (Ix1)?
c K12 Co,

using equation (3.4) and | |||  (3/4) .
Finally we prove (iii) by considering the third derivative of h. If the con-
sidered point is not close to a critical point then fy has not been perturbed,
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i.e., hy = fy and we have | frlg, = O(kgl). To bound hy in a ball
Bg. (P , cok Y 2) around a critical point pj, we compute from equation (3.6),

| hk|:(z fre(Te(x) - X) ((drk(x)-x+rk(x)-1d)
(0O - x +dig(x) Id+1d dfk(x)))

o frli(x) %) ( o) -x+3 Tex) Id)‘

L (IX1) | 2T (1X1) i (Ix1)
IX| KU2 (Cs +3C2) X2

2
3@ |k(|X|)(C2 + 2)

l(IX])*  Co
k/2)x] D’

where > denotes the sum of three terms obtained by cyclic permutation of
the three factorsin T M T M T M. This estimate completes the proof
of the Proposition. O

The purpose of the bound on | 3hy| given in Proposition 3.2 is to let
us control the error produced by replacing hy by its order two Taylor
approximation at a given point. Fix any point X L and consider the
approximately isometric chart ¥y x of Lemma 2.3. Let Py be the degree 2
Taylor polynomial of hg at X in these coordinates. Then we have in partic-
ular |he(y) S Pax(y)] | he( )|ly|3, where is a point of the segment
joining 0 and y; hence, it follows from Proposition 3.2 (iii) that

, 3 C. « & .
| "(hi(y) S Pax(y))] ySx|®, fory L Bg (x,kY2c), i=0,1,2.

ol
4. Transversality in a neighborhood of the Lagrangian

The objective now is to define two asymptotically holomorphic sections
Sﬁ and SE whose quotient approximates hx. This cannot be done directly
because |hi| is not O(1) and therefore if we take the sequence S as given
in Theorem 2.5, then SE = hg -S% will not be bounded. We shall work in a
different way.

Lemma 4.1. Let hy be a sequence of functions satisfying the bounds of
Proposition 3.2. Define the sequences of functions h& and hﬁ by

(hi,hd):L § st
x S (cos(hg (X)), sin(hg(x))).
Then these functions satisfy:
(i) |hk| = O(1), and| Thl| CoD,r =1,2,j = 1,2, where Co> 0 is a

constant independent of K and D .
(ii)  (hi,h2) is -transverse to zero, for some > 0 independent of K.
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(iii) Fiz any point X L and consider the chart Wy x of Lemma 2.3. Let
P2« be_ the degree two Taylor polynomial approzimating hg at x. Then
€ '(hg(y)Scos(Pax () §lySxIP>!, fory L Bg,(x,k¥?co),
i=0,1,2. )
€ '(hf(y)Ssin(Pox(y))l  §lySxI®', fory L Bg,(x,k¥?c),
i=0,1,2.

Proof. The three properties are simple to check by using the chain rule and
the Taylor approximation theorem. O

Proposition 4.2. Fix a sequence of functions hg: L R satisfying the
bounds of Proposition 3.2. Then for any > 0 there are two real asymptot-
ically holomorphic sections S& and Sﬁ of L X, supported over a fized neigh-
borhood of L in M , and such that

_ <« [St+is?
(cos(2hk), sin(2hy)) S (M) N

CQ
The reason why we need a C? approximation is to make sure that the

restriction to L of the pencil that we construct remains a Morse function
isotopic to hy.

Proof. Construct the associated sequence (hi, hZ) = (cos(hy), sin(hk)) which
satisfies the bounds of Lemma 4.1. Let > 0. Assume for a moment that
we have two asymptotically holomorphic sections S(k) and S& defined over M
whose quotient approximates h& with error

(4.1)

Cc?2
Analogously, assume that we have S(k) and Sﬁ whose quotient approximates
hﬁ with error

(4.2)

C2
Assume moreover that (sﬁ/s %)‘L RPL—R {} . Now note that
hi +ihZ _ |
W = (h} +ih2)2 = (cos(2hy), sin(2hy))
and therefore

1 2
« S, +1S
cos(2hy),sin(2hg)) S | X =K
(os(zhi) sin2h)) 8 (SR ) ||
if > 0 is chosen small enough, depending on . Note that since (Sﬁls &)h_
RP?, the term ((sg +is2)/ (st Sis?))|L takes values on the unit circle.
To conclude we just have to find asymptotically holomorphic real sequen-
ces O, st and s? satisfying equations (4.1) and (4.2). The condition of being
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real will ensure that (s2/si)|.  RP!. Let us treat the case of hi, the other
one being analogous.
Let SE be a sequence of asymptotically holomorphic real sections as given
by Theorem 2.5. Recall from Lemma 2.2 that we have a trivializing section
Lk of L K|L. There exists a set of points {Xj}j 3 in L such that the

sequence of sections is
0 _ ref
Sk = ZWJ kX
K

ref are the local sections given by Lemma 2.6 and wj = 1. Remem-

k,X j
ber that the points Xj are chosen in such a way that the balls Bg, (Xj, 1) cover
L and any point of L belongs to at most a fixed number of such balls. Recall

where

that SE is real, and that ‘S(k)h_‘ , for some constant > 0 independent
of K.

For any given point Xj, take an approximately holomorphic chart Wy x, =
(z1,...,2n) given by Lemma 2.3. This chart maps the Lagrangian sub-

manifold to R" R" iR" = C". We consider the second order Taylor
expansion of hy at pj, which we denote by Pyj. This Taylor expansion can
be understood as a real degree 2 polynomial in the real parts of the Darboux
coordinates, but P2 can also be viewed as a complex polynomial (with real
coefficients) in the whole C". Recall that by Lemma 4.1 we have

. . c . ..
(43) | k() S cos(Poj () oIy S %,
We define the section

1 ref
Sc= > W cos(Paj) &,
Xj S

and use S&/SE as a candidate to approximate our sequence of functions
hi. It is easy to check that Si is real (since the sections {f)f(j and the
polynomials Py are real); however, the existence of a uniform bound on
si depends on the growth of the function cos(P2j) away from X;. For this
purpose, note that we may assume from the beginning that |  hg| is very
small, say |  hg| < 1—10, by multiplying hy by a small positive real constant
(independent of k and D), using the estimate of Proposition 3.2. Therefore
for x M, we have

| cos(Pay (x))|  €COPAXX)* dulxx 7 10
and hence by Lemma 2.6,

| COS(PZ,J' (X)) Ir(?;j (X)I p(dk (X, X| ))eCOde(X,Xj)g dy(x,x ;)2/ 10 .

From this it easily follows that Sﬁ is asymptotically holomorphic (with
asymptotically holomorphic bounds depending on D, but this does not mat-
ter). Notice that this loss in the exponential decay only happens close
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to the critical points, since away from them the degree 2 term of Pyj is
O(k>¥2) and so for large k the extra factor cos(Pzj) does not affect the
decay properties of the product.

The C° error made with the approximation S&/S(k) is

. (st 1 S 1 S
hi S <s<|§> L] = eyl S S st = 37w (hi S cos(Pa, ) (5|
Kk k Xj S
c c
(4.4) 5 2 WX S
Xj S

where is the constant provided by Theorem 2.5. Now let us check the
Cl-norm of the error

3 1 5 1. 0&gl. &0
dh§5d<sg)‘:‘dhls %S> Sk

Sk “ (sR)?
L1 o0& o, S
— ?(dhk'sks Sk‘i‘sio' Sk)
k k

1 o~
=(D= w1t S deos(Poy )1 |

- S
+ > 1wy 1nE S cos(Po)l 1 (51|25 S ikl sPl)
k
c_c
D D’

Analogously, one can work out the C2-norm of the error. Choosing D large,
one can make this smaller than any > 0. O

5. Global transversality

In order to prove Theorem 1.3, we use Proposition 3.2 to construct a
sequence of maps hy: L R. Then we use Proposition 4.2 to construct
two sequences of real asymptotically holomorphic sections S& and Sﬁ of L K

such that
e (sﬁ - is§> |
P \stSisz /"t
is a Morse function isotopic to (cos(2hk),sin(2hi)). Here } =stSis2 and
E = S& + isﬁ. Let us check the three transversality properties of Proposition

2.11 for this sequence in a tubular neighborhood of fixed gk-radius of L.
By the property given in the proof of Proposition 4.2,

Lo = [St+is?
i +ind) s (S50

C2
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is small. Therefore | 2| = |st +isZ| | sO|/2 along L. In particular 2 is

transverse to zero along L. Analogously, & and % % are transverse to zero
along L. Thus the first two properties of Proposition 2.11 hold in a tubu-
lar neighborhood of L of some uniform gx-radius. Moreover, the sequence

(hi, h2) is transverse to zero over L, so the sequence  (cos(2h), sin(2h))
is transverse to zero over L. By Lemma 2.9, this implies that ( &/ l%) is
transverse to zero over a tubular neighborhood of L of fixed gg-radius.

The transversality properties of Proposition 2.11 are C?-open (see [3] or
Definition 6.2 below), so we can follow Donaldson’s ideas [10] and perturb
the two sequences &, % in order to achieve transversality over all of M.
However, the condition of L projecting to a curve is neither generic nor
open (generically it projects to an open set of CPl), so we cannot choose
arbitrary Donaldson perturbations. Hence some work has to be done. The
method that we follow is to perturb the quotient

2 st+tis?

b stSis?
using only real perturbations of the sections S& and Sﬁ. Then the require-
ment that the sections be real forces the image of the Lagrangian under the
perturbed map to remain in the unit circle.

An important remark to make at this point is that the property of being
a Lefschetz pencil is invariant under projective automorphisms of CP*, and
hence that the pair of sections (S& S isﬁ, S,% + isﬁ) defines a symplectic Lef-
schetz pencil if and only if the pair of real sections (si,s2) defines a sym-
plectic Lefschetz pencil. Therefore, we only need to show how to perturb S&
and SE among real sections in order to ensure that they define a Lefschetz
pencil.

We proceed as follows. Symplectically identify a neighboorhood U of L
with a neighborhood V of the zero section in T L. We will define a number
of structures over T L, understanding that they translate to U under this
identification. Let e T L T L be the involution of T L defined by
fiberwise multiplication by S1 and denoted by  the canonical Liouville
formon T L. We have e =S |, and therefore e d = Sd . There is a
special class of compatible almost complex structures on T L defined by

J(L)={J J (TL,d)ed=SJ}.

It is simple to check that the set of all these almost complex structures is
contractible and non-empty. Let us call them symmetric almost complex
structures. Construct g(u,v) =d (u,Jv): thene g=g.

So far we have constructed a picture with a Zs-symmetry in T L. Let us
lift it to the bundle L. Over T L we can find a trivialization L K =T Lx C
in which the connection is given by =d+ iAE Sik , where d + iA(k) is a
flat connection such that € (AQ) = A? and |AQ|g, = O(kSY?2) everywhere.
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We can moreover assume that the section | x of L K over L corresponds to
the constant function 1 in this trivialization. Using this trivialization, the
involution e lifts to an anti-complex isomorphism of line bundles

e: Lk S Lk
(xz) S (e(x),2).
The connection induced by € on L Kisd$S jAck) S ik , which differs from
by O(kSY?). Therefore, € () = + O(k>Y2). We say that a complex
bundle E is symmetric if € admits a lift to E preserving its connection and
complex structure. It is simple to check that the tangent bundle and any

bundle obtained from it by tensor operations are symmetric bundles.
From all the previous remarks we get

N

Lemma 5.1. Let E be a symmetric bundle. Let Sy be an asymptotically
holomorphic sequence of sections of the bundles E L ¥ with respect to
a symmetric almost complex structure. Then € (Sx) is also asymptotically
holomorphic.

Moreover, if g is -transverse to zero, then € (Sk) is also -transverse.

Definition 5.2. A section Sk is called symmetric if & (Sx) = sk in U (and
no restriction outside U).

Because we defined € using a trivialization of L K over L such that Lk =
1, we have

Lemma 5.3. A symmetric section of L ¥ is real.

Moreover, just by checking the construction in the proof of Lemma 2.6
we can show

Lemma 5.4. The reference sections constructed in Lemma 2.6 can be chosen
to be symmetric whenever X L if we fix a symmetric almost complex
structure. Moreover, the asymptotically holomorphic sections constructed in
Proposition 4.2 can also be chosen symmetric.

Proof. The reference sections can easily be chosen to be symmetric. Alth-
ough a careful construction directly leads to symmetric sections when X L
the most straightforward way is just to choose reference sections
ref A ref
~ref k,x +€ ( k,x)

kx — 9 E—
that still satisfy all the properties of the Lemma. In fact, we can also use
this method when x L , at the expense of obtaining sections that are
concentrated not only near X but rather near the two points X and e(X) (i.e.,
these sections satisfy suitably modified versions of the second and third
statements in Lemma 2.6).
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The sections S& and sﬁ constructed in Proposition 4.2 are also symmetric.
To check this, one just has to check that the local sections w; cos(P2;j) lr(‘?;j
are symmetric. To make sure that this condition is fulfilled, we just replace

that section by

w; cos(P2j) L?)f(], + € (w; cos(P2;) Leij)
2

which is a section that coincides with the previous one over L and satisfies the
same properties (once again, since X; L and since P2 are real polynomials,
with a careful construction this trick becomes unnecessary). g

From now on we make the following assumptions:

(i) The almost complex structure J is an extension to M of a symmetric
almost-complex structurein U =V T L.

(ii) J is integrable and standard in Darboux coordinates over neighbor-
hoods ng(p,(.‘okllz) of the critical points of f (this assumption was
already made in Section 3).

(iii) | k is covariantly constant over a subset of L containing B, (p, cok¥ ?)
for every critical point of f (see the remark after the statement of
Lemma 2.2).

Moreover, as in Lemma 5.4, we assume that we are dealing with symmetric
sections. In this context, Remark 2.7 still applies to our new symmetric
reference sections near the critical points of f, since under the assumption
that | k is locally parallel the involution € is connection-preserving, so that
averaging with & ( Le)f() does not affect holomorphicity.

In Section 6, we will prove the following result:

Proposition 5.5. Fiz > 0 small enough. There exists an asymptotically
holomorphic sequence of symmetric sections kl k2 such that | kl |<2|C2
and satisfying
(i) S% + kl is -transverse to zero over M, for some uniform > 0 (inde-
pendent of k).
(i) (st+ &) (s2+ 2)is -transverse to zero over M .
(i) ((sE+ 2)! (st+ 1)) is -transverse to zero over the set Zy, =
{p M:st+ } }.

Applying this result to our sequence we get a new sequence that we still
denote by Sﬁ Sﬁ. The quotient of these two sections Sﬁ and Sﬁ or equivalently
the quotient

j st +is?
1 1& 102’
K SiSisg
satisfies the transversality estimates required of a symplectic Lefschetz pen-

cil. Moreover, because the perturbation kl k2 can be chosen symmetric and
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C2-small, the restriction ( 2/ )L remains a (circle-valued) Morse function.
Now we want to perturb the sections &, % in order to make the image of
( 5/ %)h_ an embedded curve and obtain a Morse function isotopic to the
initial hy.

Let Fy = ( &/ }l:L S Then Fy is C2-close to (cos(2hk), sin(2hk)),
therefore it can be written in the form (cos(2hy), sin(2hy)), where the func-
tion hy is C2-close to hx. Extend hx to the whole of M keeping that
|ﬁk|C2,gk = O(k¥?). Then define the pencil

2, ghglk
k.ek

(5.1) Fk = 1
k

This is still asymptotically holomorphic since it is a perturbation by
O(k>Y2) of the previous map Fy, and it still satisfies the required transver-

sality conditions. Moreover, the restriction of Fi to L is equal to

exp <2iﬁk + T) )

which is isotopic to exp(2ihy + hg/K ), i.e., the composition of the initial hy
with the embedding (t) = exp(2it + t/k ) of [0,k¥?] into C. Also, observe
that these successive C?-small perturbations affect in a controlled manner
the critical points of Fy along L, which remain within arbitrarily small gy-
distance of those of hy. )

We now just follow Donaldson’s proof in [10] to show that Fy defines a
symplectic Lefschetz pencil. The proof has three parts:

€ We have to get the three transversality properties appearing in the
statement of Proposition 2.11, either directly for Fy or after composi-
tion with a projective automorphism of CPL.

€ We have to check the local models near the base point set {p
M: {(p)  £(p)=0}.

€ We have to check the local models close to the critical points of the
map. By Donaldson’s argument it automatically follows that the fibers
are symplectic.

Proposition 5.5 covers the first part. The second one follows Donaldson’s
argument without any adaptation. The third one requires some work. We
need the following auxiliary lemma:

Lemma 5.6. Letp L be a critical point of f (or equivalently, of hx). Then
we can arrange that 5/ ,} is J-holomorphic over By, (p,C) for some fized
constant ¢ > 0, with a non-degenerate critical point on L within distance

c/2 of p.
Proof. Let X Byg, (p, cok¥?). If d¢(p,x) < k¥® S ¢, then Remark 2.7 and

the assumptions made above imply that &e)f( is holomorphic over Bg, (p, ©).
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If dc (p, x) > 2kY'8 4 ¢ then the reference section Le)f( vanishes over Bg, (p, C).

Finally, when k¥® S ¢ < dy(p,x) < 2k¥® + ¢, we can modify slightly the
construction of the reference sections in equation (2.1), using a cut-off func-
tion which equals 1 inside a ball of gk-radius %kll 6 and 0 outside of a ball
of ge-radius k¥ ® S 2¢ (instead of the usual distances kY8 and 2k¥ ) this
again ensures the vanishing of Le; over By, (p,C). If we use these refer-
ence sections (and linear combinations of them with polynomial coefficients)
throughout the construction (in particular in Proposition 5.5), then & and
& are automatically holomorphic over By, (p, ©).

Recall that by adjusting the parameter in Propositions 4.2 and 5.5, we
can assume that ( 2/ {),. is arbitrarily C2-close to (cos(2hy), sin(2hy)). In
particular, because we have a uniform estimate on the Hessian of hy at its
critical points, by choosing small enough in these two propositions we can
ensure that the critical points of ( 2/ {);. are non-degenerate and lie within
distance ¢/2 of those of h. O

With the above understood, if p is a critical point of hy then &/ & =

Fk(z) is holomorphic around p. So, when we perturb Fy in order to make
the image of L an embedded curve, we can choose the function ﬁk in equa-
tion (5.1) (with controlled C2-norm, taking real values over L, and such
that F = (cos(2hy), sin(2hy)) over L) to be holomorphic in a neighborhood
of uniform gg-radius of every critical point. This means that throughout
our construction we have preserved holomorphicity near the critical points
which lie on L.

The last part of Donaldson’s argument [10] involves a perturbation of the
pencil map near its critical points in order to achieve the correct (holomor-
phic quadratic) local model. However, we have already ensured holomor-
phicity near the critical points in L (any critical point of Fr along L is also
a critical point of F]k and hence lies close to a critical point of f ). Hence,
this perturbation is only needed at those critical points which lie outside of
L. Because hg is -transverse to zero over L we can find a uniform lower
bound on the gk-distance between such a critical point and L. Therefore
the required perturbation can be carried out without affecting the behavior
of Fy along L, thus completing the proof of Theorem 1.3.

6. Globalization preserving symmetry: proof of Proposition 5.5.

6.1. Proof of the first part of Proposition 5.5. We have to follow
Donaldson’s ideas in [9]. Let us review how to make a section Sy transverse
to zero. The steps to follow are
(i) Given a point X M, we use the chart ¥y x provided by Lemma 2.3 to
trivialize in an approximately holomorphic way a neighborhood of fixed
gk-radius of X. We also trivialize the bundle L ¥ in that neighborhood
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using the section Le)t given by Lemma 2.6. This allows us to construct

an asymptotically holomorphic function
fkx:B(0,1) C" S C
g Sk(Wiex (V)
S e gSIyn
k,x (\Ilk,x (y))
We perturb the function to a new one which is transverse to zero by

adding a small constant w (this amounts to adding w [ to sy). The
precise result is

y

Lemma 6.1 (Donaldson). There exists an integer p depending only on
the dimension n, with the following property: let be a constant with

0< < 12and = (log( °1))SP. Letf:B(0,11/10) C" C
satisfy

L P I A O I
Then there exists a compler number W with |w| , such that f Sw

is -transverse to zero in the unit ball of C".

The third part of the argument consists of a method to achieve
transversality in the entire manifold from the local transversality argu-
ment. We start by fixing a covering of the manifold by a finite number
of Darboux charts {Uj}!\; . It is enough to know how to get transver-
sality in one of them. For we can start by perturbing Sk to some
Sﬁ =Sk + & which is j-transverse to zero in U1 and then we perturb
every Sik to SL+1 = SL + |'(+1 which is j-transverse to zero in Uj;1 . If SL
is j-transverse to zero in }:1 Uj and the perturbation is small enough
then SL+1 is still j/2-transverse to zero in }:1 Uj. This is because

transversality is a Cl-open property, in the following sense:

Definition 6.2. A property P (,X ) of a sequence of sections Sx: M
Ek is C'-open if there exists a uniform constant ¢y > 0 such that if s
has the property P(,x) then any S, such that |si(x) S Sy (X)|ler o
has the property P (/ 2,Xx).
Choosing j+1 = min{ /2, i}, S'k+1 IS j+1-transverse to zero in
JH:& U.

The difficult part is to get transversality in a single Darboux chart.
Take the lattice (cZ)2" R2", for some small ¢ > 0. The image
of the lattice in M will be denoted by I'. We perturb our section
Sk with sections centered at the different points of the lattice I'. An
argument of Donaldson [9] shows a way of doing this which yields
uniform transversality over the entire Darboux chart, with a transver-
sality amount independent of Kk, in spite of the increasing number of
lattice points needed to cover the rescaled Darboux chart. The crucial
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ingredients here are: (a) transversality is an open property and (b)
the sections Le)‘; decay exponentially away from X. These two features
make it possible to keep track of the mutual interference created by
different perturbations. We do not provide the details, which can be
found in [9].

In our case, we have to adapt the argument to perturb an asymptotically
holomorphic sequence of symmetric sections S& to make it transverse to zero.
This means that we want the construction to be invariant by the involution é.

As above, we start by covering the manifold by a finite number of Darboux
balls Uj, chosen in such a way that the Darboux balls which intersect the
Lagrangian submanifold L satisfy e(U;) = U;. As before, we need to get
transversality for a single chart. If U; does not intersect L then we use
Donaldson’s argument without modification. If the chart intersects L then
we have to be more careful. We will get transversality in pairs of small balls
V and e(V) at the same time. Let us review the adaptations needed in each
of the three parts of the argument:

(i) For the first part, there is no change. We trivialize our section s} in a

neighborhood of a point X, using the trivializing section Le)f( to obtain
a complex-valued function f defined by

S

ref

k,x

f =

(ii) We also follow the structure of the second part. Now, the section

w [ +we [ is symmetric for any complex number w and can there-

ref

fore be used to locally perturb S&. After division by replacing s&

k,x?
by st Sw Le)f( Swe Le)f( corresponds to a perturbation of f to the new
function
A f
€ ix

Now we apply the following

Proposition 6.3. Let C > 0, > 0. There exists an integer p and a
fixed o> 0 (depending only on C, and the dimension) verifying the
following property: for 0< < o, let = (log( S1))SP. Letf, h be
two complez-valued functions defined over the ballB* = B (0, %) ch
satisfying the following bounds over B,

L P I E I A
lhp 1S, |dh] C, |h| , | hj

Then there exists W C with |W| <  such that f SwS wh is -
transverse to 0 over the unit ball in C". The same result holds for
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1-parameter families of functions f¢, hy depending continuously on t
[0, 1], where we obtain a continuous path Wy — C, with |w;| <

The proof of this Proposition will be given in Section 7; it is essen-
tially a careful modification of Donaldson’s local Lemma.

Recall from the beginning of Section 5 that the desired transversality
property already holds over a neighborhood of L of uniform gx-radius,
say > 0, and will automatically be preserved by all perturbations of
S& that are sufficiently Cl-small. Therefore, in the construction, we
only need to consider the case where X is at distance at least from L,
and rescaling the coordinates by a constant factor if necessary we can
assume that the ball B* does not intersect the (/ 2)-neighborhood of
L. This implies that h = & ( Le)‘; ) Le)f( satisfies a bound of the form
[Nl 1S over B* for a uniform constant > 0, thus allowing us to
apply Proposition 6.3.

Then the new section St S w Le)‘; S we ( Le)f() is -transverse to zero
in a ball By of fixed radius around X. Moreover, it is symmetric as
desired, and therefore by symmetry it is also -transverse to zero over
e(Bx).

(iii) The third part remains unchanged except for the fact that we choose
the lattice I' to be e-invariant, and the transversality is obtained simul-
taneously over pairs of balls centered at points X, €(X), for all x T’
which lie at gg-distance at least from L (while transversality already
holds over the -neighborhood of L by assumption).

6.2. Proof of the second part of Proposition 5.5. Now we have to
get transversality for the sequence Sﬁ Sﬁ while preserving e-invariance.
Instead of using the generalization of the local transversality Lemma 6.1 to
maps from C" to C" with r > 1 obtained by Donaldson in [10], we shall
adapt the ideas of [2] to our e-invariant setting. This is because we have not
developed the extension of Proposition 6.3 for maps from C" to C". Such
a result should hold, but it is easier for the purposes of this article just to
carefully use the case r = 1.

Because of the transversality of the sequence Si achieved by means of a
symmetric perturbation in Subsection 6.1, the zero set Z (Sﬁ) of the section
S& is a symplectic submanifold for k large enough, and the tangent spaces to
Z (st) are within O(k>¥2) of being complex subspaces of (TM,J ). We per-
turb s2 in order to make its restriction to the submanifold Z (S}) transverse
to zero. The argument is similar to the one used to get transversality of S&
all over M , however, some details concerning the fact that the submanifold
Z (si) changes with k have to be taken into account. We refer the reader to
[2] for more details. In our case, the only required adaptation is to impose
symmetry for all the perturbations. However, this works exactly in the same
way as in Subsection 6.1 and only requires us to use Proposition 6.3.
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Once we have perturbed the sequence SE into one that is -transverse to
zero on Z (S&), we conclude with the following linear algebra lemma:

Lemma 6.4 (Subsection 3.6 in [2]). Let st S2 be an asymptotically holo-
morphic sequence of sections of the bundles Ex = (E5 C) L K. Assume
that S& is -transverse to zero on an open set U. Assume that Sﬁ s -
transverse to zero on Z(S&) U. Then Sﬁ Sﬁ 18 -transverse to zero over
U, where > 0 depends only on and the uniform bound on | (S& SE)|,
but not on K.

6.3. Proof of the third part of Proposition 5.5. From the previous
steps of the argument, we may assume that there exists an uniform > 0
for which

€ Sﬁ SE is -transverse to zero over M .
€ S% is -transverse to zero over M .
€ SE is -transverse to zero over M .

So, our only remaining task is to modify S& SE by symmetric perturbations
in order to achieve transversality of the sequence (Sﬁls +) over the set Zy, .
As in Subsection 6.1, the C?-openness of this condition (see Definition 6.2)
makes it possible to reduce the problem to a fixed Darboux chart U; if
U does not intersect the Lagrangian submanifold L, then we just refer to
the standard proof in [10]. In the other case, let U be a Darboux chart
intersecting L, such that e(U) = U, and fix a set of sections { j}jn=1 of
the topologically trivial bundle (T U)%C, defining an orthonormal basis at
every point of U. Note that we do not impose any integrability condition
on the sections. Define the line subbundles Ay = C (T U)L0, and
the corresponding filtration Ej = @}-; Ar. The decomposition (T U)10 =
E, = @le A; allows us to define projection operators : Ej A, and

r: En E;. We consider the section (Sﬁ/S &)|U: U Ej, and introduce
the following definition:

Definition 6.5. A section st s2 of C2 L K'is (,E)-sharp at a point
X U if the section  (( (S2/s})) of E is -transverse to zero at X.

Note that this property is C?-open as defined in Definition 6.2. This
allows us to use the three step process described in Subsection 6.1 to achieve
sharpness at every point of U Zy . Moreover, En-sharpness is equivalent
to transversality to zero for (Sﬁ/S &) and Eg-sharpness is a void condition.

The scheme of the proof is to assume ( , E ; )-sharpness and then manage to
achieve ( , Er+1)-sharpness. Denote by Wy, the zero set of ( (s2/si)),
which is a symplectic submanifold for k large enough. We proceed by making
the following definition:
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Definition 6.6. A section st sZ is (,Ar+1)-sharp at a point X U Wy,
if the restriction to Wy of the section 41 ( (S2/Si)) of Ar4q is -transverse
to zero at X.

This is again a C?-open property under the assumption of E-sharpness
(because Wy, then depends continuously on st s2). By Lemma 6.4, we
know that Er+1-sharpness on U follows from A+1-sharpness on Wy, U.

We analyze the three steps needed for the argument:

(i) Fix a point X ~ Wy ,. We use Lemma 2.3 to define a Darboux chart
Uy x centered at X. After applying a linear transformation in U(n), we
can ensure that, at the point X,

i () = (Wx (2))(X).

Also, recall from the beginning of Section 5 that we can assume X lies
at a gk-distance bigger than a uniform constant from L (indeed, the
desired tranversality property over a small tubular neighborhood of L
follows from the estimates achieved in Section 4). This implies the
existence of a uniform lower bound on at least one of the coordinates
at e(x), say zj,. Let x =¥, ,(z,)(e(x)), and forw C define

2 2 s S 2 f
Sk:(w) = Sk + W\I/k,x (Zf+1 (1 S X 12]0) ) lr<e,}x-

Since we have a uniform upper bound on )(Sl, the perturbations we add
to Sﬁ are asymptotically holomorphic and have uniform exponential
decay away from X, as required for the general construction. For small
enough values of W the submanifold Wy .y ={ r( (Sﬁ;(w)/s 1) =0}
is a small deformation of Wy, and can be viewed as the image by the
exponential map of the graph of a section of the normal bundle to W .
With this understood, we can define

2
kx = r+l Sk;(W) |W
X W |W=O S]k_ k,r;(w)

Observe that kx(X) = ( r+1(X) |r(e)f( (X)/s£(x)) is uniformly bounded
from below, and so there is a uniform radius > 0 such that
is bounded from below by a uniform constant over Wy, Bg, (X, ).
Moreover, by construction, the perturbation we add to SE vanishes up
to order 2 at €(X), so kx(€(X)) = 0. Hence, decreasing if necessary
(but preserving uniformity) we can assume that a bound of the form
& kx| (1S )| kx| holds at all points of Wy, Bg, (X, ).

Finally, recall from [2] that, decreasing if necessary, we can triv-
ialize the submanifold Wy in the ball of radius 2 around X. More
precisely, using Lemma 4 of [2] we can get an approximately holomor-

phic chart @y x: B (0, %) C"S" Wy, . Using these trivializations,
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we can introduce a function fy ,+1: B (0, %) cnsr C, defined by
s2/st
frrer = Py i (Hl( (Si k))>
k,x

describing the restriction to Wy of the component of (s2/s}) along
r+1 and satisfying asymptotically holomorphic estimates.

(ii) If x lies on L or within a small tubular neighborhood of uniform gx-
radius, then the transversality estimates obtained on L at the begin-
ning of Section 5 imply the desired result, and no work is required.
Otherwise, we apply Proposition 6.3 to get a constant w such that

. < é K,
frrst(w) = frrer SWS WO, < (k X)>
X

is -transverse to zero over the unit ball. Now we define

2=,z (1S $7,)) &
(6.1) +e (Wl (za (18 $'7,)2) &),

Clearly, the new sequence St (s2 S 2) corresponds to the desired
perturbation (i.e., replacing fyr+1 with fi 41,0y in the trivialization),
up to higher order terms (bounded by O(w?)), which are negligible,
i.e., much smaller than (recall that = (log( 1))>P is the constant
appearing in Proposition 6.3). This gives us (, A r+1 )-sharpness over a
ball of fixed g¢-radius in Wy ;. Also, by construction, the perturbation
(6.1) is é-invariant.

(iii) The final step (patching together the various local perturbations to
achieve sharpness globally) is the same as before: we again choose the
lattice I' to be e-invariant and in order to be able to apply Proposition
6.3 we discard those points of I which lie inside the small neighborhood
of L over which the initially given sections already satisfy all desired
properties.

7. The parametric case

Theorem 1.4 is proved using the same strategy as Theorem 1.3, replacing
all the objects in the above argument by families indexed by the parameter
t [0,1]. The existence of families of Darboux charts Wyt and reference
sections L?)f(,t that depend continuously on t, as well as 1-parameter versions
of the various standard results in approximately holomorphic geometry, are
well-known [2, 10]. It is worth noting that since the isotopy (Lt); [o,1] is
Hamiltonian and hence induced by a family of global symplectomorphisms ¢
of M, after pullback via { we can assume that the Lagrangian submanifold
is fixed (while all the other auxiliary data in the construction depend on t).
Although the standard results can be used to achieve transversality along
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submanifolds that depend on t (see, e.g., the arguments in [2]), keeping L
fixed makes it easier to adapt the argument to the parametric case.

In any case, all that is required is to check that, at every stage of the
construction of adapted pencils (throughout Sections 3-6), it is possible to
interpolate between the choices of sections and perturbations which lead to
the given pencils o, k1 via l-parameter families of objects that depend
continuously on t. The two places in the argument where the adaptation
to the parametric case is not completely straightforward are the existence
of the real trivialization | x (Lemma 2.2), and the possibility of achieving
estimated transversality via symmetric perturbations (Proposition 6.3).

The existence of a continuous family of sections |,k of L K over L which
satisfy the properties of Lemma 2.2 and extend the given choices for t = 0
and t = 1 is guaranteed by the requirement that 1(Lt{) = 1. This ensures
that the non-vanishing sections |,k and |,k used to build the pencils

ko and k1 belong to the same homotopy class. Even if 1(Lt) =1, The-
orem 1.4 still holds when the isotopy {L (}o ¢ 1 is generated by a family
of global symplectomorphisms of M, provided that the linking numbers of
the fibers of the pencil with all closed loops on the Lagrangian submanifold
are assumed to be equal for o and k1 (or equivalently, assuming that

Lok and |,k are homotopic). Note that, if the isotopy {L {} is not gen-
erated by global symplectomorphisms, then Stokes’ theorem precludes the
existence of a continuous family of non-vanishing sections |,k such that
| Lt,kl :O(k51/2)'

Finally, concerning Proposition 6.3, we give below a proof that adapts
easily to the parametric case (in the non-parametric case it would be easier
to follow the argument in [9] and show that w can be chosen real).

Proof of Proposition 6.3. As in [2, 9], we can approximate f and h by
polynomials p and q such that

If Splc: ¢, deg(p) clog( SY,
IhSqlc: ¢, deg(@ clog( 5%,

in the unit ball, for ¢ > 0 a constant. Now define the function

(7.1)

s(z,w) =p(z) SwS wq(z).

For small enough (choosing o appropriately), we get that |gf 1S 3.

Therefore B

S « . W
—=SIS — -q
W w

is an invertible matrix (here s/wW means the Jacobian matrix of the func-
tion S with respect to the two variables Re(w), Im(w)). Its inverse satisfies

(2)"

(7.2) 2 SL,
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We can apply the implicit function theorem to S(z,w) to obtain a (unique)
function w = w(z) such that s(z,w(z)) = 0. This function is defined over B
and, taking derivatives, we get

S s dw

dw ( s >31 s
bty S =
dz w z
along the graph of w = w(z). This implies that
dw
dz
Recall that s/ z is the Jacobian matrix of the partial derivatives of s with

respect to Re(z) and Im(z), which we evaluate along the graph of w = w(z).
Now consider the set

So

(7.3) ‘ 2 S1i(z)), wherel(z):;(z,w(z)).

Y, ={z B:ll@l ).

Given constants €1, C2 > 0, denote by N¢, (W(Yjc, )) the ¢2 -neighborhood
of the image W(Y¢, ) C. Suppose that wp is a point outside of this
neighborhood. Let us see that s(z,wp) is g -transverse to zero over B, for
some constant Cg > 0.

Take a point z B with |s(z,wo) S s(z,w(2))| = |s(z,wo)| < 3 C2
Then |W(z) S Wp| < C2 by equation (7.2). Therefore z is not in Yjc, and
so |I(z)] c¢1 . This is rewritten as

S
—(z,w(z))| c1.
z
At this point we apply the bound
2
S d
— |5 c+1
zZw dz

for  small enough. Decreasing ¢y if necessary we can assume that ¢; >
2(C 4+ 1)cp, and then

S = C

Therefore s(z,Wp) is Cp -transverse to zero with ¢p = min{ %Cl, % C2}.
Finally, recall that transversality is a Cl-open property, and that (assum-
ing |Wo| < 1) the bounds (7.1) imply that |s(z, Wo)S (f SWoSWo h)|c:  2¢ .
Since S(z,Wp) is Co -transverse to zero, it follows that f SwoSwohis co / 2-
transverse to zero if the constant ¢y is large enough compared to C.
It remains to see that there are points in B(0, )S N¢ (w(Y;c )) for C a
large constant. For this we use the following result (Proposition 25 of [9]):
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Lemma 7.1. Let F: R™ R be a polynomial function of degree d, and let
S()={x R™: x| 1, F(X) 14+ }. Then for arbitrarily small > 0
there exist constants C and  depending only on the dimension m such that
S(0) may be decomposed into pieces S(0) =S; -+  Sa, where A Cd ,
i such a way that any pair of points in the same piece Sy can be joined by
a path in S( ) of length less than Cd .

Now it is necessary to give a more explicit description of the function
W(z). Since it solves the equation p(z) = w(z) + W(z) q(z), we have
_ pSpq
1S|qP
Therefore w(z)(1 S |g|?) is a polynomial function of the 2n real vari-

ables Re(zj),Im(z;). Hence the condition |I(z)] C can be rewritten as
1(2)]?(1S]9?)? C? ?(1S]|0?)?, which is equivalent to

dq
dz
Let F be the polynomial on the left hand side of equation (7.4), so that
S(0) is Yic . By Lemma 7.1, there is a polynomial P (d) such that S(0)
can be decomposed into at most P (d) subsets, such that two points in the
same subset can be joined by a path of length at most P (d) inside Y] 2c
(choose =3C2% 2 2[4 3C? 2(1S|q?)?, since (1S]q|?)2> ?2/4). Using
the bound (7.3) on |dw/dz|, this implies that the image N¢ (w(Y|c )) is
contained in the union of P (d) discs of radius at most (4 S'P(d) + 1)C
(see the argument in [2, p. 976-977]). This proves that for some large
fixed p > 0, if = (log( ®1))SP, then there is a connected component
of B(0, )S N¢c (W(Yic )) of area more than 0.9 2. This is enough to
finish the proof. The argument also applies in the parametric case, as shown
in [2].

. dp ~ . « 2. .
(4) 18192 8 (S|P wz) | SC? 218|gP?+1 1.

8. From matching paths to Lagrangian submanifolds

Theorem 1.3 shows how to place a Lagrangian submanifold in special posi-
tion with respect to a Lefschetz pencil. In the converse direction, it is natural
to ask when it is possible to reconstruct a Lagrangian submanifold from a
given Lefschetz pencil and a given path in the base CP'. We will restrict
the discussion to the case of Lagrangian spheres, following arguments due
to Donaldson and Seidel. Many of the ideas can be adapted for general
Lagrangian submanifolds, but some technicalities are involved.

According to Theorem 1.3, a Lagrangian sphere can be realized as the
lift of a path joining two critical points. But there may also be exotic
spheres appearing in this way. To be precise, a compact smooth n-manifold
admitting a Morse function with only one minimum and one maximum is the
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result of gluing two n-discs by a diffeomorphism of its boundary S"S*. These
manifolds are called twisted spheres (the twist is the gluing diffeomorphism
of S”Sl). In particular, they are homotopy equivalent to the n-sphere. In
dimensions N 5, a result of Reeb [12] establishes that such a manifold is
homeomorphic to the n-sphere.

In dimensions N 7, all exotic spheres are twisted [15]. In dimensions
n 6, N = 4, there are no exotic spheres, so the only twisted sphere is
S". In dimension n = 4, there may be exotic spheres, but the only twisted
sphere is the standard 4-sphere. This is a result of Cerf [8].

Recall that, outside of the base points and critical points, a symplectic Lef-
schetz pencil carries a natural horizontal distribution given by the symplec-
tic orthogonal to the fiber. Parallel transport along an arc : [0,1]  CP!
which avoids the critical values induce a symplectomorphism between the
smooth fibers above the endpoints. However, if one of the endpoints (0) is
a critical value, then one can associate to a Lagrangian “vanishing disc”
D M (also called “Lefschetz thimble”), which is the set of all the points
in the fibers above for which parallel transport converges to the critical
point in the fiber above (0). The boundary S = D is a Lagrangian sphere
in the fiber above (1), called the vanishing cycle associated to

Vanishing cycles are actually framed Lagrangian spheres [13, Section 2].
Namely, the fact that S bounds the disc D determines a diffeomorphism
f.gnst S up to equivalence (two diffeomorphisms f,f are said to be
equivalent if f S1f is isotopic to an element of O(n)  Diff(S"SY)); forn 7
the framing contains additional information. With this understood, we give
the following

Definition 8.1. A matching path for a symplectic pencil is an embedded
curve :[0,1]  CP! such that:

(i) the only critical values of the pencil which lie on the curve are the
endpoints (0) and (1); )
(ii) the vanishing cycles Sp, S1 S (%)) associated with the arcs
ljo,721 and |21 are Hamiltonian isotopic as framed Lagrangian
submanifolds of the fiber S1( (%)) through a Hamiltonian isotopy
with support away from the base point set.

If Sp, S1 are Hamiltonian isotopic as Lagrangian submanifolds but may carry
inequivalent framings, then we say that is a twisted matching path.

Recall that, viewing the framed Lagrangian spheres Sp, S; as the images
of Lagrangian embeddings ig,i1: S"S1 S (%)), we say that Sp, S; are
Hamiltonian isotopic if ig,i; are Hamiltonian isotopic Lagrangian embed-
dings up to composition by an element of O(n).

A (twisted) matching path can be used to construct a smoothly embedded

(twisted) n-sphere S M in the following manner. Let (¥s)s 01 be a
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Hamiltonian isotopy in the fiber S( (%)) connecting Sp and S; (so o = Id

and ¥1(Sp) = S1), and let :[0,1] [0, 1] be a smooth function such that
lo,y3 = 0 and [zy31 = 1. Fort [0,1], denote by Py:  S( (%))
S1( (1)) the map induced by parallel transport along . Then we let S =

Ut 0.17Pt(¥ (5(So)). It is easy to check that S is a standard n-sphere if

and only if the framings of W1(Sp) and S; are equivalent, i.e., if and only if
is a true matching path.

Although the (twisted) sphere S obtained in this way coincides with
the vanishing discs Do and D1 near its extremities, it is in general not
Lagrangian (except if Sg = Sj, in which case we can choose Us = Id and
S =Do Dj is Lagrangian).

Remark 8.2. Any path isotopic to a (twisted) matching path through an
isotopy fixing the endpoints in CP! and avoiding the critical points is also a
(twisted) matching path. This is because the symplectic connection associ-
ated to the pencil is Hamiltonian (i.e., parallel transport along contractible
loops generates Hamiltonian isotopies).

Definition 8.3. Suppose that we have a family of Lefschetz pencils
{ t}t oy and a family of paths CP! such that the endpoints of
are critical values of (. We say that the paths o and 1 are homotopic
with respect to the family { (} if the arcs { pass through critical values of

t only for a finite number of values of the parameter t, and if whenever ¢,
passes through a point zj = +¢;(Sp) crit( ;) with 0 <sg < 1, the van-
ishing cycles S and S associated to the arcs ,|jgs,2) and t,|[sy/2,5,] can
be made mutually disjoint by compactly supported Hamiltonian isotopies
inside £ *( t,(Sof 2)).

Consider two homotopic paths ¢ and 1, joined by a family  as in the
definition. Assume that ¢ is a (twisted) matching path: then 1 is also a
(twisted) matching path. This can be seen by considering the families of
vanishing cycles Sto, St1 Xt = t51( t(%)), 0 t 1. More precisely, to
handle the situation where  passes through a critical value of ¢, we need to
consider not just parallel transport but also Hamiltonian isotopies  inside
the fibers above {( ) and (1S ) for some small > 0; St o is then defined
by taking parallel transport along t|j, ], then applying t, and then parallel
transport along | 1/2) (and similarly for S; ;). Definition 8.3 implies that,
by choosing  suitably, we can ensure that the perturbed vanishing disks
avoid the critical values of ¢ for all t, and hence define Lagrangian spheres
St 0» St 1 that depend continuously on t and are Hamiltonian isotopic to the
vanishing cycles for all t (we can also assume o = 1 = Id). With this
understood, by assumption Sy g is isotopic to Sy 1, s0 S; g and S; ; are mutu-
ally isotopic for all t, and even Hamiltonian isotopic because of exactness.
In fact, we can find a family of exact symplectomorphisms identifying the
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symplectic submanifolds ¥; with each other, and the Hamiltonian isotopy
between 51,0 and 81,1 can then be realized by juxtaposition of the families
of exact Lagrangian spheres (S;540)o t 1, (Sgs)o s 1, and (Sg1)o t 1.

So being a (twisted) matching path is a property that depends only on
the relative homotopy type of the path and not on a particular realization.

The following lemma is an unpublished result of Donaldson. We thank
Paul Seidel for communicating it to us. We give the parametric version for
completeness.

Lemma 8.4. Let  be a 1-parametric family of (twisted) matching paths in
a family of symplectic pencils , t [0,1] (of large enough degree). Then
there exists a continuous family of Lagrangian (twisted) spheres S; in M
such that each of them is smoothly isotopic to S ,.

Moreover, if for j = 0,1 the vanishing cycles Sj o0 and Sj 1 coincide over
the reference fiber, then the family of Lagrangian (twisted) spheres S; can be
chosen in such a way that Sy =S ; forj =0, 1.

Proof. We first assume that the isotopy does not cross critical points.
Remove a fiber tS 1(Zt) from each of the pencils {, where the point z; lies
outside of the image of (. After composition with a projective automor-
phism of CP* = C {} , we can assume that zz = and (1/2) = 0. The
fiber above infinity is the zero set of an asymptotically holomorphic section
St, of which we may assume without loss of generality that it is transverse to
zero provided K is large enough (see [1] for details of how to get transversal-
ity in a generic fiber of a Donaldson pencil). From now on, we will consider
the restrictions of the pencils { to the open manifolds My, still denoted by
t- Mt C.
We are going to perturb the symplectic form in the fibers of { over
tly28 , 72, where > 0 is a small constant, in order to change the
symplectic connection and make the two vanishing cycles match. After
reparametrizing , we can assume that the interval over which we perturb
the symplectic form is [0, 1] instead of [3 S , 3]. Identify small closed neigh-
borhoods of ([0,1]) in CP* with D = [0,1] x [S1,1], in such a way that
t([0,1]) is mapped to [0, 1] x{ 0}. Then we can construct a family of charts

:DxFS SYD) My

where F is an open symplectic (in fact Stein) fiber of ¢, by identifying
symplectically all the fibers of ; above D in such a way that parallel trans-
port along [0, 1] x{ 0} is horizontal. Hence, calling (X,y) the coordinates on
D =[0,1] x [S1,1],

D ()= t+ ¢ dx+ ¢ dy+fedx dy,

where = is the pullback of a symplectic form on F, constant over D
and independent of t (it follows from Moser’s argument that the fibers of
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the various pencils { are mutually symplectomorphic), while {(X,y) and
t(X,y) are 1-forms in the fibers, with (X, 0) 0, and f¢(X,y) is a positive
function. The closedness of imposes the following relations:

d=0, d{=0, dy=—5—,
X y
where the exterior differentials are only applied to the fiber directions (the X
and y coordinates are treated as parameters). Choose a vector v = (v1,V2)
TD. The unique horizontal lifting of v is a vector (v, Xy), where Xy TF
is determined by the equation

ix, =Vi t+V2 t.

In particular, the lifting of the segment [0, 1] x{ 0} gives rise to a vector field
with X, = 0.

Let Uis be a compactly supported Hamiltonian isotopy of the fiber F
sending the vanishing sphere Sy to St 1 (recall that t parametrizes the
family and s is the time parameter for the Hamiltonian flow of each member
of the family). We want to change the symplectic connection (changing
the symplectic form) in such a way that the horizontal lift of the segment
[0,1] x{ 0} generates U;g instead of the identity map. Let H¢s be a family
of Hamiltonian functions generating Wis. Without loss of generality we may
assume that Hys vanishes identically for allt [0, ] [1S , 1], for some
small > 0. We define a function over [%, %} x{0}x F D x F by the
formula Fy(x, 0,p) = H 2(xs1/4)(P). Extend F¢ to all of D x F in such a way
that it vanishes outside of [%,2] x [S1,1)x F. Define , = {+ dF; and

f,=1S %, and consider the new 2-form
t= + ¢ dx+ ¢ dy+f.dx dy.

The closed 2-form , = ®, ( )+d(F; dx) coincides with ®, ( ) in a neighbor-
hood of the boundary of F X D, therefore we can extend  to a closed 2-form
over M, coinciding with  outside of F X D. Moreover, by construction the
horizontal lift of the segment [0, 1] x{ 0} with respect to the symplectic con-
nection induced by ; generates the flow W;s, so that the vanishing cycles
now coincide. In general, although ; is vertically non-degenerate, it need
not be symplectic. We construct a new family of forms

t= ¢+ ((Cedx dy),

where C; is a positive real constant. For C; large enough the family ¢
is symplectic. Moreover, if Wig = W1 = Id, then o = ;| = and
the continuous family of constants C; can be chosen to satisfy Co = C; = 0.
Recall that "t and ; generate the same symplectic connection and therefore
the (twisted) matching paths ¢ generate Lagrangian (twisted) spheres S
for the symplectic structure ;.
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There is a biparametric family of exact symplectic structures “ts such
that {0 = "t and "t1 = . To construct it we first shrink to zero the
perturbation in ; and then we shrink to zero the constant Ci (the order
is important to keep all the forms non-degenerate). Hence, each of these
forms can be written as “ys = + ags d(Ffdx) +Cs ((dx dy), for some
as, Crs 0. By applying Moser’s trick to the family of forms { “ts}s [0,
we can find a family of diffeomorphisms s/, defined over open subsets of
M¢, such that (s/s(7ts) = Tts+s. In the case where ¥os = ¥y = Id,
we have (¢ s = 1s,s = 1d. Now, we want to push-forward S using the
flow ts/s in order to obtain a family of Lagrangian (twisted) spheres for
the initial symplectic structure . However, since M; is an open manifold,

ts’,s is not necessarily well defined everywhere.

This difficulty can be avoided by using the exactness of the symplectic
forms “ts on M¢, and the existence of a Liouville vector field vs transverse
to the boundary. More precisely, recall that over My we can write =d ¢,
where Sk ¢ is the imaginary part of the connection 1-form of L ¥ in the
trivialization given by the defining section s; of the fiber at infinity. In other
terms, = S%Im(s?l st). The vector field v; such that (vi, ) = ¢ is then
a Liouville vector field for , and since S is asymptotically holomorphic and
transverse to 0, near the boundary of Mt this vector field points everywhere
outwards, in fact, near the boundary V¢ coincides up to O(k>Y?2) with the
gradient vector field of S%log [st]. When we perturb the symplectic form
to Tts the existence of a Liouville vector field is preserved: we can write
Tts = dNt,s, where

ts = t T as Fdx + %Ct,s ¢ (xdy S ydx).

The corresponding Liouville vector field Vi s (defined by “¢s(Vis, ) = ts) is
still pointing outwards near the boundary of M, as can be seen by checking
that ts “ts has the required positivity property (here one uses the fact
that the first perturbation term Frdx is supported inside a compact subset
of M{ and, more importantly, the non-negativity of Cis).

Denote ks the flow generated by integrating SV;s over a time ; this
flow is well-defined everywhere and pushes inwards near the boundary of
Mt¢. It is easy to construct two families of open sets Dy1 Dtz My with
the following properties:

(i) S D1
(ii) There is a small > 0 (independent of t and S by compactness) for
which ¢ s(Dt1) Dt2; assume | = 1 N

(iii) There is a > 0 such that kis, ,(Dt2) Dy for all s,t.

In the case where Wos = W15 = Id, we can choose Dj 1 = Dj2and j =0
forj { 0,1}.
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Observe that the flow kis , preserves the property of being Lagrangian
with respect to “ts. Therefore, we can proceed as follows. Start with
Sto=St,andlet Sy1 =ky . , . 0(Sto). By construction St1 Dy1. We
can then repeat the process, defining

Stivt =Kegen . . 6 (St

At the end we get a family of Lagrangian (twisted) spheres §t,| with respect
to the initial symplectic structure , which completes the proof in the case
where the isotopy does not cross any critical point of .

In the general case, the argument remains the same. The only important
observation is that, by definition, suitably chosen Hamiltonian isotopies in
the fibers can be used to ensure that the spheres we consider stay away
from the vanishing cycles at the critical points hit by the family of (twisted)
matching paths . Hence, we can still find a family of Hamiltonian isotopies
Wys in the fibers of 1, sending the vanishing sphere S; o to St 1, and with
support in a compact subset of My disjoint from the support of the general-
ized Dehn twists arising as monodromies around the different critical values
encountered by . O

Remark 8.5. The above construction does not provide a canonical (twisted)
sphere associated to the (twisted) matching path. However, all the possible
choices are Lagrangian (and hence Hamiltonian) isotopic. This is because
the spaces of choices that appear in the proof are all path connected.

9. Isotopies of Lagrangian submanifolds

The above results allow us to tentatively identify Lagrangian spheres (resp.
twisted spheres) with matching paths (resp. twisted matching paths). By
Theorem 1.3 we know that, given any Lagrangian (twisted) sphere, there
exists a pencil for which it fibers above a (twisted) matching path. Con-
versely, by Lemma 8.4 we know that a (twisted) matching path gives rise
to a Lagrangian (twisted) sphere up to isotopy. It is therefore natural to
look for a general result identifying homotopy classes of (twisted) matching
paths and Lagrangian (twisted) spheres. For this purpose, we now study
more carefully the behavior of our construction in the presence of isotopic
Lagrangian (twisted) spheres (which will correspond to homotopic paths, cf.
Remark 8.2).

Consider a fixed sequence of Donaldson pencils 8, and introduce the
following

Definition 9.1. A sequence of (twisted) matching paths g for the sequence
of Donaldson pencils (k), associated to Lagrangian (twisted) spheres in the
same Hamiltonian isotopy class for all k, is called asymptotically stable if for

large k there exists a family ( kt)o t 1 of Donaldson pencils with 0 = o,
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such that the path | is homotopic via the family ¢ to the path

0,1 § cP?
t S g2k /2t k=12t

and the Lagrangian (twisted) sphere associated to the (twisted) matching
path "y arises from the construction described in the proof of Theorem 1.3
(this implies in particular a number of transversality conditions on 1 near
the Lagrangian (twisted) sphere).

Remark 9.2. The sequences generated by Theorem 1.3 are asymptotically
stable sequences once we isotope the resulting family of pencils § to the

fixed family E. In fact, these are the only computable examples.

The following result is a direct corollary of Theorem 1.4 and Definition 9.1:

Theorem 9.3. Let Sg and Si be two Hamiltonian isotopic Lagrangian
(twisted) spheres, associated to asymptotically stable sequences of (twisted)

matching paths o and g1 in the pencils E. Then, for large enough K,

there exists a family of Lefschetz pencils ( kt)o t 1, with o= k1= E,
such that the (twisted) matching path o is homotopic to 1 via the family

k.t -

Considering all asymptotically stable sequences of matching paths, define
M ={[ «]: «k is an asymptotically stable sequence for E, k large enough},
where [ k] denotes the homotopy class of the matching path . Define sim-
ilarly a set M ' by considering asymptotically stable sequences of twisted
matching paths up to homotopy. Define the set

Pen = {{ «}: « is a sequence of Donaldson pencils}.
There is a natural action
(9.1) 1(Pen,{ J})xMSM |

defined by transport along a family of pencils (and similarly for M ). Then
we have:

Theorem 9.4. The set of Hamiltonian isotopy classes of Lagrangian spheres
(resp. twisted spheres) in the symplectic manifold (M, ) is in one-to-one
correspondence with the set M| 1(Pen,{ 2}) (resp. MY/ 1(Pen,{ 9})).

In principle, this result reduces (at least in dimension 4) the problem of the
classification of Lagrangian spheres in a symplectic manifold to the purely
algebro-combinatorial problem of classifying matching paths in a sequence
of pencils. However, the notion of asymptotic stability of matching paths is
a very unnatural one and makes things much less practical.

To eliminate this requirement, and to simplify the discussion, one should
consider the behavior of pencils and matching paths under degree doubling,
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i.e., upon passing from sections of L K to sections of L 2. In general,
this requires an understanding of the “degree doubling” process (see, e.g.,
[7, 16]). For simplicity, we restrict ourselves to the algebraic case, where
estimated transversality is not needed. Recall that, in that case, there is
a natural way of inducing a sequence of matching paths in a sequence E
of pencils (k = 2'kg, I N), built as follows: starting from a given pencil

E = Sﬁlsﬁ, construct a new pencil gk = S%kls %k whose defining sections
are arbitrarily small generic perturbations of %k = S& Sﬁ and %k = S& SE.
Repeating the process we get a sequence of pencils E’ k = ko2'. It is easy
to check that the set of critical values of (k) identifies naturally with a subset
of the critical values of gk' More precisely, there is a diffeomorphism from
an open ball B(0,R) of CP! to itself which takes the critical values of E
to critical values of (2)k7 and such that the rest of the critical values of (z)k
remain outside that ball; in fact, the monodromy of (k) naturally “embeds”
into that of 8k [7, 16]. This makes it possible to build from a matching
path , for EO a sequence of matching paths g for E, for all k = 2'ko.
It is easy to check that the Lagrangian sphere associated to each element
of the family is always the same up to Hamiltonian isotopy. We will call
“natural sequence” the sequence of matching paths obtained in this manner

from a given matching path. Then Theorem 9.4 can be reformulated as

Theorem 9.5. The set of natural sequences of (twisted) matching paths in
a family of Lefschetz pencils (k) on a projective manifold up to the action of
1(Pen, { (k)}) 1s in bijection with the set of Hamiltonian isotopy classes of

Lagrangian (twisted) spheres.

10. Pencil automorphisms, symplectomorphisms, and matching
paths

In this section, we discuss the connection between automorphisms of the
monodromy data of a Lefschetz pencil and symplectomorphisms of the total
space of the pencil; most of the discussion follows ideas of Donaldson and
Seidel (see in particular Section (1d) of [14]).

10.1. The group of pencil automorphisms. To any Lefschetz pencil one
can attach a group of “pencil automorphisms”, which can be viewed either
geometrically (a pencil automorphism is then a homeomorphism which lifts
to a diffeomorphism of the corresponding Lefschetz fibration on the blown-
up manifold, mapping fibers to fibers and inducing fiberwise symplectomor-
phisms), or (taking isotopy classes) combinatorially in terms of monodromy
data. We will adopt the combinatorial point of view here.
Recall that the monodromy of a symplectic Lefschetz pencil : M SN

CP! is defined by fixing a base point o CP! and considering the iso-
topy classes of the symplectomorphisms of the reference fiber Yo = S1( o)
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induced by parallel transport along loops in CP! S crit( ). The monodromy
morphism takes values in the symplectic mapping class group of the fiber
relatively to the base points. More precisely, let

Map(20,N) = ofg Symp(Zo, | ,)| P N, g(p)=panddg(p) =Id}.

Then, after removing a neighborhood of a smooth fiber ¥ of the pencil,
we obtain a fibration over a large disc A containing all the critical values of
, whose monodromy is given by a morphism

1(AScrit( ), 0)S Map(Xo,N).

Let r be the number of critical points of , which we assume to all lie in
distinct fibers, and let A = crit( ) A CP! be the set of critical values.
For simplicity, we assume that the base point ¢ lies on the boundary of
A. Choosing a set of geometric generators 1,..., r of 1(ASA, o) (each
encircling one of the critical values), each ( i) is a Dehn twist about an
(exact) Lagrangian sphere Lj 9 S N (the vanishing cycle associated to

i). Any loop in 1(ASA, o) that bounds a disc containing exactly one
critical value can be written in the form g1 ;g and is mapped by to a Dehn
twist about the Lagrangian sphere (g)(L;i). Recall moreover from Section 8
that each vanishing cycle carries a natural framing, i.e., a parametrization
(up to equivalence) as a Lagrangian embedding of S"S1into Xo.

Definition 10.1. Let M be the set of all pairs (,L ) where : 1(AS
A, o) Map(Xo,N) is a group homomorphism and L is a map from
the set IT of all conjugates of geometric generators in 1(ASA, o) to the

set of Hamiltonian isotopy classes of (exact) framed Lagrangian spheres in
Y0 S N, such that: (i) I1, () is the Dehn twist about L ( ); (ii)

I, g 1(ASA, o), L (¢®g)= (@)L ().

Then we can associate to the Lefschetz pencil —an element = (,L )
M , where is the monodromy morphism and L is characterized by the
property that L (i) = [Li]. When dim M = 4, one can recover the van-
ishing cycles from the monodromy morphism (using the exactness property
to determine the Hamiltonian isotopy class), so in that case " contains no
more information than ; in higher dimensions it is unknown whether
determines .

It is a result of Gompf [11] that the “enhanced” monodromy morphism
determines the topology of the Lefschetz pencil over a large disc containing
all the critical values of , and up to a choice in 1Symp(Xo,N) (describ-
ing the attaching map near the fiber at infinity), the symplectic manifold
(M, ) up to symplectic isotopy. This result relies on the fact that the fibers
of the pencil are Poincaré dual to a multiple of [ ]: in general, applying
Thurston’s argument to a Lefschetz fibration yields symplectic forms that
are only canonical up to deformation equivalence, but in the case of a pencil,
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after blowing down the exceptional divisor all these forms become isotopic
up to scaling by a constant factor.
We will also consider the group

B(X0,N)= ofg Symp(¥o, | ,)|9(N)=N}.
This group acts on Map(3o, N ) by conjugation, and given an element g
B(X0, N ) we denote by g the corresponding automorphism of Map(3g, N ).
Combining this with the natural action of B(Xg,N) on the set of isotopy
classes of framed Lagrangian spheres, we obtain an action of B(Xg,N) on
M, givenbyg:(,L ) (g9 .9 L)

When M is a 4-manifold, let h be the genus of ¥y and n the number of
base points: then Map(3o,N) = Mapy,, is the mapping class group of a
genus h surface with n boundary components, and B(Xp,N) = B is the
braid group on n strings on a genus h surface.

Finally, denote by B, the classical braid group on r strings, which can
be viewed either as the fundamental group of the configuration space of r
distinct points in the disc (By = 1(Conf,(A),A)) or in terms of isotopy
classes of compactly supported orientation-preserving diffeomorphisms of A
mapping A to itself. The latter description lets us associate to any braid
b B, an automorphism b of 1(ASA, o). Hence there is a natural right
action of By on M (by composition). With the above notations, we can
make the following definition:

Definition 10.2. The group of combinatorial automorphisms of is

I'()={(b,9 BrxB(Xo,N)| b =g()}

In other words, () is the stabilizer of the monodromy data M for the
natural actions of the braid group (by Hurwitz moves) and automorphisms
of the fiber (by conjugation).

There is a natural homomorphism : I'( ) oSymp(M, ), which can
be described as follows. Given an element (b,g) I'( ), choose a geometric
representative of the braid binside a cylinder Ax [0,1]  CP!x [0, 1], and use
it to build a 1-parameter family of Lefschetz pencils  (each having the same
total space M and the same monodromy, but with critical values depending
ont [0, 1] as prescribed by the braid b). By identifying the two ends of the
cylinder, we can close the braid band obtain a link in Ax ST CP'x S1. The
equality b =g (A) makes it possible to identify the Lefschetz pencils o =

and 1 by means of a fiberwise symplectomorphism in the isotopy class
g B (3o,N), up to a symplectic isotopy (using Gompf’s characterization
of symplectic structures on Lefschetz pencils [11]). This yields a family of
symplectic Lefschetz pencils parametrized by elements of S, whose total
space W carries a structure of symplectic fiber bundle (M, ) W  S1;
its monodromy is the element of oSymp(M, ) naturally associated to the
automorphism (b, g).
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The following asymptotic surjectivity result is a direct consequence of
Donaldson’s result of uniqueness up to isotopy [10]:

Proposition 10.3. Let M SNy  CPL, k 0 be a sequence of Don-
aldson’s symplectic Lefschetz pencils. Then for every oSymp(M, )
there exists an integer K( ) such that belongs to the image of the natural
homomorphism :T'( k) oSymp(M, ) for allk k().

Proof. Let = be a symplectomorphism in the isotopy class , and equip
M with -compatible almost-complex structures (Jt); [o,1) such that Jo =
" (J1). By identifying the boundaries of M x [0, 1] via the symplectomor-
phism ~, we can build a symplectic fiber bundle over S with fiber (M, ) and
monodromy . Donaldson’s construction of Lefschetz pencils [10] applies to
this 1-parameter family and provides, for k 0, a family of symplectic
Lefschetz pencils Nk,ti M S N CP! such that ~k,1 = Nk,o ~ (in [10]
the case where the parameter is in t [0, 1] is used to prove uniqueness up
to isotopy; the case where the parameter belongs to St is exactly identical).
We can also easily require the critical values of ~k,t to remain distinct for
all values of t. The monodromy of the family ~k|t can then naturally be
expressed as an element (b,g) T'( ko) by considering the motion of the
critical values as t varies in S' (which gives the braid b) and the isotopy
class of the induced symplectomorphism of a generic fiber (which gives g);
by construction we have (b,g) = . Finally, it is known that the Donaldson
pencils ~k,0 and g are mutually isotopic for large enough k [10], so that we
can naturally identify T'( i o) with T( ). O

It is an interesting question to ask whether there is a value of kK for which
the morphism is surjective. A positive answer might follow from a better
understanding of the behavior of the group of pencil automorphisms under
stabilization by degree doubling.

10.2. Matching paths, Dehn twists, and trivial automorphisms.
Matching paths provide an explicit way to view Dehn twists along
Lagrangian spheres in M in this context. We begin with some terminology.
Let :[0,1] A CP! be an embedded arc meeting A only at its end-
points (0) and (1). Then the positive half-twist along is the braid Br
which exchanges the two points (0) and (1) by a 180-degree counterclock-
wise rotation in a small neighborhood of ([0, 1]). Also, choose an arc in
AS (A ) joining the base point ¢ to the point (0);let be the oriented
boundary of a small tubular neighborhood of , and let  be the image of

by the half-twist . Then , IT are conjugates of geometric generators
of 1(ASA, o); the pair ( , ) is called a supporting pair for the arc
and is unique up to simultaneous conjugation ( , ) (g°! g¢,¢°! g@)in

1(ASA, o). In particular, the pair of vanishing cycles (L ( ),L ( ))is
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uniquely determined up to simultaneous action of an automorphism in the

monodromy group (L (- ),L () ( (@)L (), (@)L ( ).

Proposition 10.4. Let : [0,1] A CP! be a matching path for the
Lefschetz pencil , corresponding to a Lagrangian sphere S M. Then
( ,1) I'() and ( ,1)=[s,], where s, isthe Dehn twist along S .

Proof. Let ( , ) be a supporting pair for . By choosing geometric gener-
ators for the complement of ( ) in A, we can complete the pair ( , )
to an ordered collection of generators ( j)1 i r of 1(ASA, o) such that
i = foralli 3. Then the action of on 1(A SA, o) is given by
()=, ()= ( )Y and ()= jforalli 3.
By definition of a matching path, the vanishing cycles associated to
and are Hamiltonian isotopic as framed Lagrangian sub}nanifolds, ie.,

L ( )=L (). This implies immediately that = ( ) = ,ie., ( ,1)is
an automorphism of the pencil.
Construct a family of pencils ( ) whose monodromy is g = ( ,1) by

choosing a representative of the braid  in Ax [0, 1] and identifying the two
ends of the cylinder t = 0 and t = 1, as explained above. Because the
braid has a representative supported in a small neighborhood U of the
matching path |, and because is trivial over U away from the vanishing
cycle, it is easy to see that the isotopy class g admits a representative which
coincides with Id outside of a small neighborhood of the sphere S . The
argument can therefore be completed by considering a universal local model
for the family of pencils { over a neighborhood of S . The existence of such
a standard model relies on the fact that the framings of the vanishing cycles
at both extremities of are isotopic, which allows us to patch together the
local models for the two critical points of .
Consider the map F = (Fy,F2): C"*1  C? defined by

F(ziy. . Zne1) = (22 + ...+ 2241, Zne1 ).

For t = e, the restriction of F to the hypersurface Xy = FP2(t) = {2} +
.-+ 2%, =t} induces a Lefschetz fibration Fa: X{ C, whose generic
fiber F231(u) is a smooth quadric in C" x { u}, defined by the equation
Zf + -+ +2z2 =t S u? There are two singular fibers, and the corresponding
critical values are the two square roots of t. The straight line segment
between the two critical values #t¥2 is a matching path for F», and the
corresponding Lagrangian sphere is Sy = Xy (e'/ 2R)"*1. As varies from
0 to 2 , the two critical values of F» are exchanged by a half-twist along
the matching path.

On the other hand, F1: C"*1 C provides a local model for a neighbor-
hood of a critical point of a Lefschetz fibration in complex dimension n + 1.
Therefore, the monodromy of the family of symplectic manifolds Xi= exp(i )



212 D. AUROUX, V. MUNOZ, AND F. PRESAS

as varies from 0 to 2 is the Dehn twist along the vanishing cycle asso-
ciated to the singular fiber X of F1; this vanishing cycle is precisely the
Lagrangian sphere X~ R"™! =S and so we have (, 1)=[s,]. O

It is also possible to construct explicitly many elements in the kernel
of the morphism : T'( ) oSymp(M, ) (i.e., “trivial” pencil automor-
phisms). Let :[0,1] A be an embedded arc with endpoints in A, choose
a supporting pair ( , ), andlet S,S Yo be Lagrangian spheres in the
isotopy classes L ( )and L ( ).

Proposition 10.5. (a) IfS and S are disjoint, then ( 2,1) T( ) and
(2,1)=1.
(b) IfS andS intersect transversely in a single point, then ( 3,1) T( )
and ( 3,1)=1.

Proof. The structure of the argument is the same as for the previous propo-
sition. We start by completing ( , ) to an ordered collection of generators
(i)t i rof 1(ASA, o) such that ; = fori 3. In the case where

S and S are disjoint, observe that 2 maps to ~ = ( )Sl, and

to 7 = ( )®Y( )®!, while the other generators are preserved.
Since ( )= s~| has a representative supported in a neighborhood of S ,
it acts trivially on S. Therefore L () = ( )SYL ( )) =1L ( ), and
similarly L (") = ( )Y ( )YL ( ))) =L ( ), which implies that
(21) I().

To see that the isotopy class ( 2, 1) is trivial, observe that the automor-
phism ( 2,1) corresponds to the monodromy of a S-family of pencils where
two of the critical values simply move around each other. Because the two
vanishing cycles S and S are mutually disjoint, this S-family of pencils
bounds a D 2-family of symplectic Lefschetz pencils on M (one of which has
two critical points in the same fiber, but this is not a problem since the
vanishing cycles are disjoint). This implies that the monodromy is trivial,
ie, (2,1)=1.

In the case where S and S intersect transversely in a single point, we
consider the actionof 3on 1(ASA, o), whichmaps to( ) ( )St
and  to ( ) ( )51, The fact that ( 3,1) belongs to I'( ) then
follows directly from the observation that s/ s~(S ) is Hamiltonian isotopic
toS and sv /(S ) is Hamiltonian isotopic to S (the geometric property
underlying the braid relation (SN SYS (SN S”)-

The isotopy class ( 3,1) admits a representative with support contained
in the preimage of a small neighborhood U of , and because is trivial over
U away from the vanishing cycles, we can again consider a universal local
model for a neighborhood of the configuration of vanishing cycles. Consider
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the map F = (Fy,F2): C"*1  C2 defined by
F(z1, ... 2Zn01) = (21,2041 S 321201 + 25+ -+ + 27).

Fort = ¢, the restriction of F to the hypersurface X = Ffl(t)v: {t}x C"
induces a Lefschetz fibration Fp: Xy C, whose generic fiber F51(u) is the
smooth hypersurface z3,; S 3tzp+y +23 +...+22 =0 in {t} x C". There
are two singular fibers, corresponding to the critical values +2t¥2. It is a
classical fact that the two vanishing cycles intersect transversely in a single
point (F2: X  C is a Morsification of an Ay singularity).

As wvaries from 0 to 2 , the two critical values of F;, are exchanged by the
braid 2, where is the half-twist along the straight line segment joining
the critical values. Therefore, by definition ( 2,1) is the monodromy of
the trivial fibration Fy: C"*1 C around the origin, hence ( 3,1) = 1.
In other words, an S-family of symplectic Lefschetz pencils on M realizing
the cube of the half-twist along the arc  has trivial monodromy because
it bounds a D?-family of CP-valued maps on M, one of which presents
a degenerate critical point of type Az (this corresponds to t = 0 in the
local model). O

Our last construction of elements in Ker( ) is easier to describe in the
special case of 4-manifolds. Assume that dimM =4, and let :[0,1] %o
be an embedded arc with endpoints in N. Let B (X0,N) be the half-
twist exchanging the two base points (0) and (1) along the arc . Finally,
let :[0,1] A CP!be an arc with endpoints in A, with a supporting
pair ( , ), and denote by S, S the corresponding vanishing cycles.

Proposition 10.6. Assume that the vanishing cycles S |, S YoSN satisfy
the following properties: (1) S intersects in exactly one point; (i) S s
Hamiltonian isotopic to  (S). Then ( , ) T'( )and ( , )=1.

Note that, since  represents the trivial element in the mapping class
group of Yo, the two vanishing cycles S ;S are actually Hamiltonian isotopic
in Yo (but not in o9 S N). In fact, is not a matching path for , but it
is a matching path for the blown up Lefschetz fibration, and the homology
class of the associated Lagrangian sphere in the blowup M is the difference
between the exceptional classes of the blowups at the base points (0) and

(1).

Proof. The actionof on 1(ASA, o)maps to ,and to ( )L
To prove that ( , ) T'( ), it is sufficient to check that L (  ( )) =
[S]= (L ( )), which follows from assumption (i), and L (  ( )) =
SS,,l([S )= (L ( )). In other terms, we have to check that SS,,l(S) and

(S ) are mutually Hamiltonian isotopic. This is easily accomplished, either
by drawing a picture or by observing that 2 is a Dehn twist and using the
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so-called lantern relation in the mapping class group of a sphere with four
punctures to show that gv( 2(S)) is isotopic to S .

A local model for the automorphism ( , ) is given by a family of pencils
Fi (t = €' ) defined over a neighborhood of the origin in C? by Fi(X,y) =
(x24+y?St)/x . The pencil Fy has two base points (0, # t¥?), and two critical
points (2itY2,0), associated to critical values +2itY2. The smooth fibers
are conics in C?, while the singular fibers (x itY?2)24+y? = 0 are unions of
two lines, each containing one of the two base points; a closer examination
shows that the roles of the two base points are exchanged when passing
from one singular fiber to the other, so that the vanishing cycles differ by a
half-twist in the fiber, as required.

When varies from 0 to 2 , the critical values of F gyp(j ) are exchanged
by a half-twist; moreover, if we consider a reference fiber Ft81( ) = {x%+
y2St = x} for| | > 2 Y2, the monodromy as varies from 0 to 2 is trivial
if one forgets the base points, but exchanges the two base points (0, £ tV/ 2)
by a half-twist in the fiber. Therefore, the family of pencils (F exp(i )) is
indeed a local model for the situation at hand. Since the monodromy of
this family is trivial, we conclude that ( , ) = 1. In other words, an
S™-family of symplectic Lefschetz pencils on M realizing the automorphism
(, ) has trivial monodromy because it bounds a D ?-family of CP}-valued
maps, one of which possesses a degenerate base locus (for t = 0, the fibers
of Ft intersect at the origin with multiplicity 2). O

Proposition 10.6 has a natural generalization in higher dimensions. Recall

that, inside Y, the base locus N represents a class Poincaré dual to a
multiple of the symplectic class. By varying N inside a pencil, we can obtain
families of pencils on M in which the base locus changes by a Dehn twist
(a transposition exchanging two points in the case dimN = 0 considered
above). More precisely, assume o contains a Darboux ball B C"S? inside
which N is the hypersurface 22 + - -+ 4+ 225, = , with 0 < 1. Choose a
constant  such that 1 and a smooth cut-off function :[0, )
[0, ] with support in [0,2 ] and equal to  over the interval [0, |. Then
(Z1,...,Zn81) (e (ZDzq, ... e 2Dz 51) is a symplectomorphism of Yo,
and admits a Cl-small perturbation which maps N to itself via a Dehn twist
along the (NS 2)-sphere N R"S! thus defining an isotopy class in B(3g, N ).
This construction can be thought of as a “symplectic half-twist” of ¥ along
a Lagrangian disc with boundary in N. As in the 4-dimensional case, there
are natural situations where the kernel of : T'( ) oSymp(M, ) contains
elements of the form (, ), where B, is a half-twist and is of the form
we just described (see the next section).

10.3. Matching paths and projective duality. One of the main moti-
vations for understanding “trivial” pencil automorphisms (the kernel of ),
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besides clarifying the relationship between pencil automorphisms and iso-
topy classes of symplectomorphisms, is to optimize the search for matching
paths in a symplectic Lefschetz pencil. Indeed, we have the following obvious
statement:

Proposition 10.7. If : [0,1] A is a matching path for the pencil
associated to a Lagrangian sphere S M, and if (b,g) T'( ), thenb ()
is also a matching path, and the corresponding Lagrangian sphere Sy ( y is
isotopic to (b,g)(S ).

In particular, the action of the braids b B, for which there exists g
B(Xo, N ) such that (b,g) Ker( ) defines an equivalence relation on the set
of embedded arcs in A with endpoints in A. Any arc equivalent to a given
matching path is also a matching path, and the corresponding Lagrangian
spheres are mutually isotopic.

From now on, we assume for simplicity that M is Kéhler. A triple of
generic holomorphic sections of a sufficiently ample line bundle L ¥, k 0,
determines a CP?-valued map f with generic local models, defined outside of
a complex codimension 3 base locus Z M. (When M is a complex surface,
Z is empty and f: M CP? is a branched covering). The discriminant
curve D = crit(f) CP? is a complex plane curve with cusp and node
singularities. For a generic point p CP?, the pencil of lines through p
determines a Lefschetz pencil structure on M (by composition with f ); the
fibers are the preimages by f of the lines in the pencil, and the singular
fibers correspond to those lines through p that are tangent to the curve D.

Introduce the dual projective plane (CPZ) , which is the set of all projec-
tive lines in CP?, and let D (CP?) be the dual curve of D, consisting of
all the lines tangent to D in CP?. Generically the only singularities of D
are again nodes (corresponding to lines that are tangent to D in two points)
and cusps (corresponding to inflection points of D). A point p in (CP?)
defines a hyperplane section Y = fSI(Lp) M, where Lpx  CP? is the
line dual to p . This hyperplane section is smooth if and only if the point
p lies outside of D . A line (CP?) defines a pencil of hyperplane
sections (the preimages by f of the pencil of lines through the point dual to

in CPZ), whose singular fibers correspond to the points of D (while
the smooth fibers correspond to the other points of ). This is a Lefschetz
pencil (in the sense of Definition 1.1) if and only if  intersects D trans-
versely at smooth points of D ; otherwise the map to cp! corresponding to

presents non-generic singularities.

If we consider a 1-parameter family of lines ; (CP?) ,t S, such that
each line , is transverse to D , then we obtain a family of Lefschetz pencils

t,t S whose monodromy gives an element (b,g) T'( o) by considering
the motion of the critical values of ¢ ast varies along S*. Since the family
of maps  can be thought of as a map from M x S! to CP! (defined outside
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of the base loci), it is clear that the induced symplectomorphism of M is
trivial, i.e., (b,g Ker( ).

Since the critical values of  correspond to the points of ; D , the
braid b By is simply the braid monodromy of the degree r plane curve D
with respect to the family of lines ;. More precisely, assume for simplicity
that the lines , all pass through a generic point gg  (CP?) S D , and
consider a linear projection : (CP?) S {qo} CP! with pole ¢p. Let
A CP! be the set of critical values of |D*» i.e., the set of those fibers of
which pass through the singular points of D or fail to be transverse to D .
Restricting ourselves to an affine subset C ~ CP! over which the fibration
is trivial, we can define the braid monodromy of D , p-: 1(CSA) By,
in the following manner: given a loop :S! C SA, for each t St the
intersection D S1( (1)) is a configuration of r points in S1( (t)) C;
the motion of these r points as t varies determines a braid p«( ) By (see
e.g., [17] or [4] for more details). Now, if we consider the pencils associated
to a family of lines ; = SI( (t)) (CP?) for some loop :S' CSA,
then by definition we have b= p=«( ).

As a corollary of Proposition 10.7 and the above remarks, the image of
any matching path for o under the action of any element of the monodromy
group Im( p+) By is also a matching path for ¢, and the corresponding
Lagrangian spheres are mutually isotopic. Recall that the inclusion i: | S
(o D) (CP? SD induces a surjective homomorphism on fundamental
groups, and by the Zariski-van Kampen theorem, the kernel of i is generated
by relations of the form g b (g) for all g (oS (o D)) and all
b Im( p-) By. The corresponding statement for matching paths is the
following: if two embedded arcs in  with endpointsin o D are isotopic
as arcs in (CP?) with endpoints in D , and if one of them is a matching
path for o, then the other one is also a matching path. (Another way
to see this result is to consider a universal family of hyperplane sections
over (CP?) , and observe that with respect to this universal fibration the
notion of matching path makes sense for arcs in (CP?) with endpoints in
D ). Hence the problem of classifying matching paths up to the equivalence
relation introduced at the beginning of this section reduces to the space of
isotopy classes of arcs in (CP?) with endpoints in D .

In this context, the braid monodromy of D does not yield any new types
of elements in the kernel of : T'( ¢) oSymp(M, ), but rather provides a
geometric way of obtaining kernel elements of the form described in Propo-
sitions 10.5 and 10.6. Namely, a node of D corresponds to a line in CP?
that is tangent to D in two points, i.e., a hyperplane section of M with two
ordinary double points, indicative of the presence of two mutually disjoint
vanishing cycles in the pencil ; the braid monodromy of D around (the
image by of) a node is the square of a half-twist, and corresponds to the
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situation described in Proposition 10.5 (a). Similarly, a cusp of D corre-
sponds to a line in CP? that is tangent to D at an inflection point, i.e.,
a hyperplane section of M with an Ay (cusp) singularity, obtained from a
smooth hyperplane section by collapsing two vanishing cycles that intersect
transversely once; the braid monodromy of D around a cusp is the cube
of a half-twist, which corresponds to the situation described in Proposition
10.5 (b). Finally, a line in (CP?) which is tangent to D corresponds to
a pencil of lines in CP? passing through a point p of D, i.e., to a pencil of
hyperplane sections in M whose base locus f S1(p) presents an ordinary dou-
ble point (or, when M is a complex surface, a base point with multiplicity
2); the braid monodromy around a tangency of D with the fibers of is a
half-twist, and corresponds to the situation discussed in Proposition 10.6.

The above discussion should extend to the case of arbitrary symplectic
manifolds, using approximately holomorphic maps f : M CP? determined
by triples of sections of L X (cf. [4]) satisfying suitable additional transver-
sality conditions. Although in this context the discriminant curve D CP?
is no longer a complex curve, a “dual curve” D may still be defined by con-
sidering suitable expressions involving the pseudoholomorphic part of the jet
of the map f . Tt follows from a general result about estimated transversality
for approximately holomorphic jets [5] that we can impose conditions on the
map f which ensure that D is a well-defined symplectic curve in (CP?)
presenting complex cusps and nodes of either orientation as its only singu-
larities. While the duality between D and D now only holds in a much
weaker sense as in the complex case, it is still reasonable to expect that
the braid monodromy of D should give useful information about matching
paths.

To finish the discussion, we mention the following

Conjecture 10.8. For pencils of sufficiently large degree (K 0), the kernel
of the homomorphism : T'( k) oSymp(M, ) is generated by the three
types of elements described in Propositions 10.5 and 10.6.

Motivation for this conjecture comes from the observation that an Si-
family of holomorphic pencils on a complex projective manifold M CPN
can be described by the motion of a line inside the dual projective space
(CPN) , and hence is related to the braid monodromy of the dual variety
M (CPN) ; however, using Lefschetz hyperplane-type arguments, one
can check that the braid monodromy of M is generated by that of the
intersection D =M  (CP?) for a generic plane (CP?)  (CPV) . Also, in
general, an S'-family of Lefschetz pencils on M whose monodromy belongs
to the identity component in Symp(M, ) should extend to a D2-family of
CPY-valued maps, in which individual members may have singularities worse
than those allowed in Lefschetz pencils: the phenomena that are expected to
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occur in complex codimension 1 are precisely those mentioned in the above
discussion.
Finally, we would like to offer the speculation that a stronger form of
Proposition 10.3 should hold for many symplectic manifolds, for instance if
oSymp(M, ) is finitely generated: namely there may exist an integer Ko
such that is surjective for all kK Kg. In that case, by combining Proposi-
tion 10.3 with Conjecture 10.8 one would obtain a complete description of
oSymp(M, ) in terms of pencil monodromy, and hence reduce in principle
the problem of classifying isotopy classes of symplectomorphisms to a (prob-
ably inaccessible) combinatorial question, similarly to what can be expected
from Theorem 1.3 for isotopy classes of Lagrangian spheres.
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