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Jaume Amor §s, Vicente Mu noz, and Francisco Presas

We prove that the vanishing spheres of the Lefschetz pen-
cils constructed by Donaldson on symplectic manifolds of any
dimension are conjugated under the action of the symplec-
tomorphism group of the ber. More precisely, a number
of generalized Dehn twists may be used to conjugate those
spheres. This implies the non-existence of homologically triv -
ial vanishing spheres in these pencils. To develop the proof,
we discuss some basic topological properties of the space of
asymptotically holomorphic transverse sections.

1. Introduction

In this article we analyze the generic behavior of vanishingspheres in the
symplectic pencils introduced by Donaldson in L0], henceforth referred to as
Donaldson's "-transverse Lefschetz pencil{see Section 2 for precise de ni-
tions), and show it to be similar to the case of Lefschetz perits for complex

projective varieties. Using the pencils as a tool, we start he study of the

symplectic analogue of the dual variety in algebraic geomey, which we

believe will be of interest in symplectic topology.

The property of Lefschetz pencils on projective algebraic arieties that
we seek to extend is classical:

Theorem 1.1 (cf. [18] XVIII, 6.6.2) . Let M be a complex projective man-
ifold, and L ! M an ample line bundle. Fork large enough the pen-
cils associated to quotients of holomorphic sections of théne bundle L~ ¥
have vanishing spheres which are conjugated under the aatiof the group
Di®* (F) of orientation-preserving di®eomorphisms of the generic ber F.
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The main result of this article is a generalization of the previous theo-
rem to the symplectic case. By establishing the irreducibilty of symplectic
analogues to the dual variety, de ned in (1), we will prove a nore precise
version, which replaces the di®eomorphism group oF with its smallest
possible subgroup. For that we need the following

De nition 1.2. Two Lagrangian submanifoldsLo and L1 are Lagrangian
isotopic if there is a continuous family of Lagrangian submaifolds f L 1g;20.1;
connecting them.

Then, we show

Theorem 1.3. For k large enough Donaldson's'-transverse Lefschetz pen-
cils have vanishing spheres that, up to Lagrangian isotopyare conjugated
under the action of the group of symplectomorphisms generd by the Dehn
twists of the "ber along the vanishing spheres of the pencitself.

We point out that the conjugating group of symplectomorphisms of The-
orem 1.3 is not elementary, as Donaldson's pencils exist fdarge k and have
O(k9mM=2) singular bers. Nevertheless, this group may be substantilly
smaller than the full symplectomorphism group of the ber. Note that its
action on the homology of the ber is trivial except in middle degree, while in
many instances, such as products and bundles of symplectic amifolds, there
exist symplectomorphisms acting nontrivially in other cohomology groups.

Finally we will give the following application of theorem 1.3:

Theorem 1.4. For k large enough Donaldson's'-transverse Lefschetz pen-
cils satisfy that all the vanishing spheres are homologidgl hon-trivial.

In the case of dimension 4, I. Smith 16] has already proved that the van-
ishing spheres appearing in the Donaldson's-transverse Lefschetz pencils
are homologically non-trivial for k even. On the other hand, for general
symplectic Lefschetz pencils in 4-manifolds§] gives a lower bound for the
number of homologically non-trivial vanishing spheres.

In the cases of dimension greater than 4, Theorem 1.4 is stil meaningful
result, as homologically trivial Lagrangian spheres are kown to exist in
higher dimensional symplectic manifolds at least in dimen®n 4k + 2 (see
the examples of 17, 3.d] and 2], for instance), and there is great °exibility
in constructing symplectic Lefschetz pencils adapted to gien Lagrangian
submanifolds ([7]).

Theorem 1.1 is a consequence of the irreducibility of thedual variety,
which is the subset of the dual projective space de ned by hyprplanes tan-
gent to an embedded projective variety. It is not too hard to give a de nition
of this variety in the symplectic case, by combining ideas ofl14] and [10].
This dual \symplectic" variety appears as an \asymptotical ly holomorphic"
divisor. The divisor is not smooth and, in particular, has sdf-intersections.
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It is dixcult to control the behavior of self-intersections f or this kind of di-
visor (for an example without known solution see b]). Therefore we have
chosen an alternative route to prove Theorem 1.3. However itnakes sense
to speak in a \rough sense" of the complement of the dual varigy, i.e., the
space of transverse hyperplanes. We will give some topolagil properties of
this space.

The organization of this paper is as follows. In Section 2 we ige the
de nitions and results introduced in [9, 10] needed to carry out the proofs.
In Section 3 we establish our symplectic analogue to the irrgucibility of the
dual variety, on which the whole paper rests. A discussion othe topology
of the set of \transverse" sections is carried out in Section4. Using this,
Theorems 1.3 and 1.4 are proved in Section 5. Finally, in Seitin 6 we brie°y
discuss the possibility of obtaining a symplectic invariart from the space of
transverse sections.

Acknowledments.  Some of the results contained in Section 4 are the re-
sult of conversations between D. Auroux and the third author. In particular,
the statement of Theorem 4.2 was suggested by him to us. We thak Uni-
versidad Autinoma de Madrid for its hospitality to the rst author during
the elaboration of this work. We are also grateful to L. Katzarkov and I.
Smith for useful comments.

2. Donaldson's asymptotically holomorphic theory

Let (M;! ) be a symplectic manifold of integer class, i.e., satisfyig that
[! [=2%admits an integer lift to H?(M;Z). We dene L to be a hermitian
bundle with connection whose curvature isR. = j i' . Moreover xing a
compatible almost complex structure J, this de nes a Riemannian metric
g(u;v) = ! (u;Jv) on M. We also consider the sequences of metrigg = kg,
k , 1. The following de nitions are needed.

Denition 2.1. A sequence of sections, of the bundlesL" ¥ hasC3-bounds
c if it satis es the following bounds (in gx-metric)

jski- ¢ gr"sj- ¢ (r=1;23); jr'@g- cki 2 (r=1;2):

De nition 2.2. A sequence of sectionsy of the hermitian bundles Ey is
"-transverse to zero at the pointx 2 M if one the two following conditions
is ful Tled
) jsk()j, "
i) rsg:TxM ! (E)x is surjective and it admits a right inverse of norm
bounded by "i 1, using the norm g in M.

The sequence is said to be transverse to zero in a set if it is transverse
to zero at every point of the set.
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We need to introduce notations to control 1-parametric families of sec-
tions. In particular ( Jt)iz[o:1; Will denote a 1-parametric family of almost
complex structures compatible with ! . We can associate to this family a
sequence of families of metricg.;. A family of sequences of sections
has C3-boundsc if sy has C3-bounds ¢ with respect to the almost complex
structure J; and the metric gy for eacht 2 [0;1]. (Note that such a family
is a continuous path in the space of sections of - kK with the C3-topology.)
The same remark must be applied for families of -transverse sequences.

There exist local objects that are close to being holomorpld, as given by
the following two lemmas

Lemma 2.3 (Lemma 3 in [4]). Let x; 2 M, t 2 [0;1], be a path inM .

Then there exist complex Darboux coordinates depending ctinuously on

t, © : Bg (Xx;k¥™?) I Bcn(0;k¥2), ©(xt) = 0 such that the inverse
3 =0 1 of the coordinate map is nearly pseudo-holomorphic with resct
to the almost complex structureJ; on M and the canonical complex struc-
ture on C". Namely, the map? ; satisesjr '@ {j= O(1) forr =1;2;3 and

j@ ((2)j = O(ki ¥2jzj), and jr '@ +j = O(ki ¥*2) for r = 1;2.

We also have

Lemma 2.4 (Lemma 3 in [3]). There exist constants, > 0 and cs > 0 such
that, given any continuous pathx; : [0;1] ! M, and large k, there exist

sectionssrke;f(t of L- ¥ over M with the following properties:

i) The sectionssrkej(t have C3-bounds with respect taJ;, independent oft.
ii) They depend continuously ort.

i) The boundjs[(e;f(tj > cs holds over the ball ofg,-radius 1 around x;.
: ref

iv) jsk;xt(q)j - exp(j .d k(xt;q)z), where di is the distance associated to
Ok -

V) srke;f(t is supported in a ball aroundx; of g-radius ck=® for some con-
stant c.

Recall from [10]:

De nition 2.5. A symplectic Lefschetz pencil on M;! ) is a surjective map
A:Mj N! CP! with N a codimension 4 symplectic submanifold, such
that every point p 2 M has a complex{valued coordinate neighbourhood
A:U%M ! C"sendingpto (0;:::;0), the standard symplectic structure
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The main result of [10] is

Theorem 2.6 (Theorem 2 in [10]). Given a symplectic manifold (M;! )
such that the cohomology clasfl ]=2%:has an integer lift to H?(M; Z), there
exists a symplectic Lefschetz pencil whose ber is homolag®to the Poincarg
dual of K[! |=2v4 for k large enough.

Donaldson's proof of Theorem 2.6 goes through the followindgwo steps:

L
Proposition 2.7.  Given a sequence of sectionst ©sZ of L- X~ L~ ¥ which
has C3-boundsc, then for any + > 0, there exists" > 0 and a sequence of
sections %} © % such that the following conditions are satis ed fork large

) sl i %dc: - + forj =1;2
i) % is "-transverse to zero overM .
i) ¥ © 3§ is "-transverse to zero overM . i ¢
iv) Denoting by Zy» = fp 2 M : j%j - "g, the map @ ¥%=3} is "-
transverse to zero inM | Zy..

Moreover, given a 1-parametric family of sequences of sectionst,, © s2,,

t 2 [0;1], of L~ ¥~ L- X which haveC3-boundsc, then there exists a family
of sequences of section?/%;t © %f;t satisfying the properties above for each
t 2 [0;1]. The result also holds for continuous families of sequencesf

sections parametrized byt 2 S?.

The second step in the proof is

Proposition 2.8. Given ¥ >0 and a sequence of sectionsi@sﬁ satisfying
the last three properties of Proposition2.7, then the maps

A:Mj Z(stos2)! CP?

are well de ned and fork large enough there exists a perturbation producing
a map A, which deTes a symplectic Lefschetz pencil and veri ekAy
Akal;gk <1

The same result holds for continuous families of sequenced gections
Skt © Sk, t 2 [0;1] or t 2 S?, satisfying the conditions of Proposition 2.7.

For proofs of these results we refer the reader tol0]. The 1-parametric
version with parameter spaceS? follows easily from the version with param-
eter space [01].

We will call Donaldson's"-transverse Lefschetz pencilshe Lefschetz pen-
cils yielded by Proposition 2.8. The 1-parametric part of Prgposition 2.8
shows that the symplectic Lefschetz pencils obtained by ths procedure are
all isotopic for any given k large enough.
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3. Vanishing spheres for symplectic Lefschetz pencils

After blowing-up the symplectic submanifold N, any pencil becomes a -
bration M ! CP!. We can de ne a canonical symplectic connection outside
the critical points in this bration using the symplectic or thogonal of the
tangent space to the ber as the horizontal subspace. The pallel trans-
port and geometric monodromy so de ned act by symplectomorpisms in
the bers (cf. [13, Lemma 6.18]).

It is possible to de ne a parallel transport ending in a singdar ber, and
the local computation of the Picard{Lefschetz formula in algebraic manifolds
(see L, Vol. 2, Ch. 1]) shows that in this case Lagrangian spheres irthe
regular bers contract to the singular point, forming a Lagrangian disk in
the manifold M . These spheres are called theagrangian vanishing spheres
in the regular ber.

For a basepoint regular valuew 2 CP!, a Lagrangian vanishing sphere in
the "ber F = pi 1(w) is determined by every path fromw to a critical value

F that, together with a choice of isotopy from the product of monodromies
around all critical values to identity, determine the di®eomorphism type of
the pencil, in particular of the total space M ([12]).

Lefschetz pencils on a projective manifoldM ,! CPN are dened by lines
in the dual projective spaceCP* 2 | ¥ (CPY)® intersecting the dual variety
M © transversely at smooth points. The hyperplane sections dened by the
line | cover M, are smooth outside the nite intersectionl\ M “, where they
consist of a hyperplane section with an ordinary quadratic sngularity (see
[18] XVII, XVIII for a complete discussion).

The conjugacy modulo di®eomorphism of Theorem 1.1 followsdm the
irreducibility of the dual variety M *“ for high k: its smooth points form a
connected open setU Y2 M®, and given two critical values w;;w; of the
pencil, a path connecting them inU de nes a smooth family of hyperplane
sections ofM whose parallel transport induces the conjugacy of vanishig
spheres.

In the symplectic case, instead of considering families of gncils inter-
preted as lines in the dual projective space, we consider théamilies in
abstract. The result we want to prove is

Proposition 3.1. The sequences of pencils provided by Theorei6 satisfy,

for k large enough, that all Lagrangian vanishing spheres of a geric ber

are equivalent under the action of an orientation-preseruig di®eomorphism
of the ber.

Proof. Choose a sequence of sectionsg = sﬁ © sﬁ satisfying the conditions
of Proposition 2.7, and let A, = s2=s be the associated maps toCP!.
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For each k select critical points pp and p; of the map @A. From [10] we
know that these points will become the critical points of the pencil after
the perturbation performed in Proposition 2.8. Now choose gath p; in M
joining po and p;. We can choose this path to avoid ac*neighborhood of
Z(st) for some uniform c% since by [L0] the "-transversality implies that po
and p; are away from ac®neighborhood on(s&), for large k. Also we may
suppose thatpy is stationary in [0; ] and [1j ; 1], for some small > 0.
Also let | = Ac(pt), which is a uniformly bounded path in C.

Choose a family of sectionsi&f, of L™ ¥ satisfying the properties of Lemma

2.4 for the path p;. We use these sections to trivializeL" ¥ in a neighborhood
Uy of xed g-radius O(1) of p;. The map Ay is given by

fk U ! C
S2

7' X(q):

q S‘%(q)

which has C3-boundsc; ¢ (with the obvious adapted de nition) where s has
C3-bounds c and ¢; > 0 is a constant depending only on the geometry of
the manifold (not depending onk, the initial sections, etc).

By Lemma 2.3, we may trivialize the neighborhoodU; by a chart ©; :
Ben(0;1)! U, ©(0) = pt, and

flot = fc£© : Ben (0;1) ! C

hasC3-boundsc;cin the unit ball of C". Moreover@\k;j is "=cp-transverse to
zero forj = 0;1. Again the constant c; > O depends only on the geometry
of the manifold M. Identifying the tangent space at the origin to C" we
dene fixj, j = 0;1, as the quadratic form on C" associated to@ @; (0).
Moreover, it is possible to construct a path of non-degenera quadratic
forms i, starting and ending at the two previous quadratic forms. Also
the eigenvalues of the quadratic forms of the path can be bouhed below
and above by the eigenvalues of the two initial quadratic foms. We can
assume that the path i is stationary in [0; "] and [1j ~ 1]. Again @
is "=cz-transverse to zero andﬁk;t has C3-bounds csc on Ben (0; 1), where
¢z > 0 only depends on the geometry of the manifold. On the other had,
note that iy is naturally dened all over C". Now we de e the following
section to the trivialized bundle ©f 'L koL K onBen(0; 1):

f\k;t =1, ¢+ ﬁk;t):

The goal now is to go back to the manifold. First, note that by Lemma
2.3 the chart ©;, may be extended as

© : Ben (0;k¥2) 1
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where V; is a neighborhood ofp; of gg-radius O(k'*2), p; 2 U; % ;. Also
srkelg‘)t is supported in a ball of g¢-radius O(k**). Then

8 -

t t . _
% Lo+ =(fot©hY) - s ; t2[0;7]
Ut = _ (e x0f Ny - sl t2[: 1 ]

tip 1+ 1jt - =
(i + Lo(fixoih) - s t2[1; 1]

is a well-de ned section ofL" ¥ © L- X, It is easy to check that uy; has C3-
bounds c4c, where c4 depends only on the geometry of the manifold, using
that j@x(z)j = O(ki ¥%jzj) and that sicp, has Gaussian decay. Now in a
small neighborhood ofp; the map

(i )si+isige( ot o). = L2[0;1]
, (11 1)Sl+ 1Srke£
A = kit _ A i 1. o, -
Ak;t_uﬁ = Ltt N xQ t2[;1i ]
t
¢ 1)e2 4+ 1 il
% (Li 2)sg+tsi (1+ A1z} ) 121t (0]

(i t)st+ 1sfke,f)
is well-de ned, @At has a zero inp; and is "=c4-transverse to zero in that
small neighborhood. This is clear in the second interval. Inthe rst and
third intervals it is easy to check if we have previously normalized sref to
be a positive real multiple of s} at the point p;. Note that s} is unn‘ormly
bounded below since we are working o® a neighborhood Zf(sﬁ)

Now we apply Proposition 2.7 to the family uy.; choosing+ = min f- i 2g
We obtain a new family & which satis es the required transversality condl-

. . . 02, . -
tions with a constant "°depending on+. The map Ak;t = EEL is well de ned
k;t

outside Z (Ox.t). It is clear that there is a path of zeroes of@k;t which is
CO-close top;. Moreover, choosing® > 0 small, we de ne the family

8 .
® t t
o0+ =00 t 2 [O; ®
% o Skt glkoi [0; ®)]
Sk;t=§ Ok;lt'i2®®; t2 [®;1i @
tji 1+® 1t
© —— 81+ ——Oe1; t2[1;i ®:1
o Skt —m Ok [1 ]

This de nes a family of sections that are min('%")-transverse to zero in the
sense that they satisfy the various properties of Proposithn 2.7.
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Therefore the points pp and p; are joined by a path of zeroes of@:,
where A is the map associated tosg;. After applying Proposition 2.8,
this path becomes a path of critical points of the family of Lefschetz pen-
cils. By the same arguments as in the algebraic case the vathi;ig spheres
associated to the two critical points are conjugated throudh the action of
an orientation-preserving di®eomorphism. The last point isto recall that
the C3-bounds and the estimated transversality constants obtaind along
the way are independent of the chosen pointgy and p;. This implies that
the constructions begin to work for a givenk for all possible pairs of points.
This concludes the proof. a

Remark 3.2. The above argument may be continued to prove that the
Lagrangian vanishing spheres are conjugated by symplectoomphisms of the
“ber. To check this, it suxces to use the parallel transport de ned by the
symplectic orthogonal horizontal space in the family of Lefchetz pencils
on M. We skip this re nement to prove directly the stronger statement of
Theorem 1.3.

4. Topology of the space of "-transverse sections

In the case of a complex projective manifold, where Lefschetpencils arise
from lines in the dual projective space, the embedding into ti of the dual
variety has a further property that facilitates the study of its complement:

Theorem 4.1 (Lefschetz hyperplane section theorem, Hamm{Le&, se€lfl]).
Let M ,! CPN be a complex projective manifoldM® | (CPN)? its dual
variety, and let H ¥ (CPN)® be a generic linear subvariety of complex di-
mension d. Then the homotopy group morphisms¥%(H i (H\ M?)) !
Y4((CPN)® i M®) induced by the natural inclusion of spaces are isomor-
phisms fori<d, and an epimorphism fori = d.

We are specially interested in the symplectic version of a pdicular case
of Theorem 4.1 in this paper. whether the fundamental group 6 the space
of regular values of a Lefschetz pencil generates the fundaental group of
the complement of the dual variety. Our Theorem 4.2 is somewhat weaker
than that, due to dixculties arising from the nature of the sy mplectic dual
variety (see Question 6.1).

Let M be a symplectic manifold of integer class and leL ! M be the
associated line bundle. For a compatible almost complex strcture J, " > 0,
and k large enough, de ne

(1)

Mfk.J =fs:M ! L X:sis"-transverse,s has C3-bounds 1 (forJ)g;

with the natural C3-topology. Observe that M.* kj V2 M.? kg for o, Mo
Note rst that the isotopy result of [ 3] shows that for k Iarge enough (how
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large depending on"), the zero sets of the sectionsy, 2 M.5..; have isotopic
zero setsWy = Z(sk).

Now we aim to understand better the fundamental group of the paces
M5 - We will study a suitably modi ed version of it. Let j s(L- Ky denote
the subspace of sections of.~ ¥ whose zero locus is a smooth symplectic
submanifold of M, and let Pj s(L" ¥) be its projectivization. Therefore the
spaceM..‘?k;J is an open subset of the space (L™ X). We denote by Ye.; :
MZ.; ! Pis(L™¥) the natural map and set

(2) Yays = (Yoxd )u(l/‘l(M"'?k;J )) Y2Ya(Pi s(L” k)):

Denote Map(W) = Di® * (W,)=Di® (W) the mapping class group of the
“ber, i.e. its oriented di®eomorphisms modulo isotopies. A in the algebraic
case there is a geometric monodromy map

3) LiYa(Miyye) - Map(Wy)

which factors through (Y23 )s, thus de ning a map %3 ! Map(W).
The proposed way for studying the topology ofM..‘;‘k;J is by means of

a Lefschetz hyperplane theorem that allows a nite dimensimal reduction.

The idea is to restrict ourselves to a linear subspace of ni¢ dimension.

and let Vi.n be their linear span. Then one may ask whether there is an
isomorphism%; (Vicn \ Miy.5) 2 %(M.5,.; ) for j below the middle dimension

as in Theorem 4.1. In the case of the fundamental group we coider a

symplectic Lefschetz pencilA = s2=s., which de'nes a natural map:

2 tCPYif pyinipg 1 Pis(LTX)
[n; ] 7' [onsEi cesid
wherepy;:::;p 2 CP! are the images of the critical points.

Theorem 4.2. Let " > 0 be small enough. Then there existgy such that
for any k , kg the image of the geometric monodromy map

L %My ) ! Map(Wk)

lies in the subgroup ofMap(Wy) generated by the positive generalized Dehn
twists of a single Donaldson's Lefschetz pencify, : M j Ny ! CPL.

Proof. First we need to introduce some de nitions. Abusing notation we
will denote by L the pull-back of the bundle L to the manifold M £ St
Then we can de ne C3-bounds of a sequence of sections af K1 M £ St
just by requiring that the restriction to each ber of ¥%: M £ S!St satisfy
these bounds. In the same way the sectios : M £ St L~ X is"-transverse
to zero if the restriction to the ber ¥4 1(z) is "-transverse for anyz 2 St,
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We X, once for all, as a base point, a sectionsf.q 2 M2,.; , that exists
by [9] for some small" > 0. Take an elementA 2 1/4(M..‘?k;J ;SE;O). Fix a
representative®: St | M..‘?k;J , i.e., [®] = A. The map ® de nes canonically
a sections? of L~ k1 M £ S by the formula

SE(X; e21/4it) — ( ®(e21/4it))(x):

with the base point condition that sZ(¢;1) = sZ,. It is clear that sZ has
C3-bounds 1 and it is"-transverse to zero. Now, choose anothér-transverse
sections; of L~¥ I M such that s} © sZ, is a section of L~k © L™ ¥ with

C3-bounds 1 for allt 2 S*. Moreover we may also assume thasy © sf; is
already an "-transverse Lefschetz pencil (for" small enough), forj = 0; 1.

Denote again bys; the pull-back of the section to M £ S!. Applying the

St-parametric version of Propositions 2.7 and 2.8 we perturbs} © sZ into

¥4 © ¥, a new section that de nes aS!-family of "“transverse Lefschetz
pencils, for some"%< " .

Note that in the process of Proposition 2.7 it is necessary t@erturb only
st This is because the condition (ii) is already satised bysj., = si, the
condition (iv) is obtained in [ 10] only perturbing sﬁ;t and the proof of the
condition (iii) can be changed using the alternative proof written in [ 3] that
does not need to perturbst. So% = si. Moreover, the perturbation in
st can be very small so that the sequence of section¥, is isotopic to
the previous one. Also we may assume thaf%%;j = sﬁ;j for j =0;1, since
sk © %, are already Lefschetz pencils.

Now we want to compute the monodromy associated to the zero $eof
%%, which is the same as the one of2.

For each Tber M £f e?itg we know that the images of the critical points
of the associated Lefschetz pencily.; are a nite number of disjoint points.
For the whole family of pencils overS? the critical values describe a braid in
CP!, so we can choose a continuous family of pathg; : [0;1]! CP? joining
0 with 1 , such that each, ; avoids the critical values of the pencil A..;.

Now, the disk bounded by3/§;t, , 0, , 1 and the constant path s denes a
base-pointed homotopy between the Ioop§/§;t and , 51 ¢, 1. The latter loop
is contained in the regular values of the Lefschetz pencifyo = [si; %.q].
therefore the monodromy of the family of sections oM over it is a product
of direct generalized Dehn twists.

As "% depends on", we may nd k- only dependent on" such that, for
any k , k-, all "%transverse pencils are isotopic. Furthermore the isotopy
between two pencils §;; sf.o] and [¥4; st.] of M may be achieved by a family
of pencils that keeps xed the sectionsﬁ;o. Thus the image of the geometric
monodromy map* is contained in the subgroup of MapWy) generated by
a single pencil, which may be assumed to bé-transverse. a
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2
Skit

Figure 1. Homotopy between%f;t and , iol ¢ 11N M..‘?k;J .

5. Nontriviality of the vanishing spheres

Now we will prove Theorems 1.3 and 1.4. The rst one is an immette
consequence of Theorem 4.2.

Proof of Theorem 1.3. Recalling the proof of Theorem 1.1, take two van-
ishing spheresSp, S; in a ber of a Donaldson Lefschetz pencil and join
them by a path of Lagrangian spheresS; such that S; %2 W2 where W is a
family of “bers in a family of pencils Ac. This means that W2 = Z(s:),
Skit 2 M..‘;‘k;;l . We can suppose thatsy.o = Sk.1 IS the base point. Now
Skt can be homotoped, by Theorem 4.2, to a path inside a Lefschetgencil
whose zero set we denote bW;. As usual, parallel transport along the path
generates a family of symplectomorphismsi.s : W; ! Wy, s. The symplec-
tomorphism Ay, is generated by the composition of the generalized Dehn
twists associated to the critical points of the pencil bounced by the path.
However Sy is not, in general, preserved byAy.;. Denote by Si.s = A (St).
Then we have that the continuous family S;.1; ¢ provides a Lagrangian iso-
topy in Wo = W3 betweenS; = S;.0 and Sp:1. This shows that the spheres
So and S; are conjugated byAq1, up to Lagrangian isotopy. a

Remark 5.1. The spheres are conjugated only up to Lagrangian isotopy.
We can also claim that they are conjugated up to Hamiltonian isotopy be-
cause the obstruction of a Lagrangian isotopy to be lifted toa Hamiltonian
isotopy lies in the family of groups H(L+) (cf. Exercise 6.1.A in [15]). This
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is an in nitesimal condition to be ful lled for each member of the family.
In our case this cohomology groups vanish in the case of dimsion strictly
bigger than 4. In dimension 4, we can check that the spheres ahe start-
ing and end points of the family are exact (using the local moels close to
critical points) and this is enough to get a Hamiltonian isotopy (recall that
in dimension 4 the bers are Riemann surfaces).

Theorem 1.3 admits an extension from the symplectomorphisngroup of
the Dber to that of the total space.

Theorem 5.2. For a Donaldson's pencil on M with k large enough, X
a generic ber W. If Sp;S; Y2 W are Lagrangian spheres that appear as
vanishing cycles of the pencil then there exists a symplectmrphism ©
M ! M such that ©W) = W and ©(Sg) equalsS; up to Lagrangian
isotopy in the ber W.

Proof. It follows from Proposition 3.1 that there exists a loop of approxi-
mately holomorphic sectionssi.; such that for t = 0; 1 the zero setZ (sx.1) =
W, and there is a family of Lagrangian spheres; in Wy = Z(sk.t) connecting
the two given vanishing spheres.

Now by Proposition 4 in [3], there is a continuous family of symplectomor-
phismsA; : M | M such that A((Wp) = W;. Again, we cannot assume that
St is preserved by the family. However, if we constructSy.s = As(St) Y2 Wi+ s,
we have that the family S;.1; + de nes a Lagrangian isotopy inW1 = Wy be-
tween S; and Sp.1 = A1(Sp). So, we have shown, up to Lagrangian isotopy
in the "ber, that A is the required symplectic map. a

Proof of Theorem 1.4. The proof of Theorem 1.4 works looking for a con-
tradiction. Theorem 1.3 implies that all the vanishing spheres are either
homologically trivial or homologically non-trivial. Let us suppose that they
are homologically trivial.

Let Ac M j Ng! CP! be the Lefschetz pencil obtained from Theorem
2.6 for k large, and denote byFy a regular ber. We blow-up the manifold
M along Ny to obtain a “bration A : M ! CPL

Now let us compute the (growth of the) Betti numbers of Nfy. First, by
B, Proeosmon 5], A(F) = (i 1)"i Tvol(M)K" + O(k"i 1), where vol(M) =

v 2, - Now the Lefschetz hyperplane theorem3] implies that b (Fy) =
b(M), WhICh is uniformly bounded for i<n j 1 (i.e., independently of k).
By Poincar® duality, bpyn; 2; i(Fk) is also uniformly bounded. Therefore

(4) bh; 1(Fk) = vol( M )K" + O(k"i 1y:

A handlebody decomposition of M is obtained as follows: take a tubular
neighbourhood® (Fy) of a smooth “ber Fy of A, and attach n-handles along
(nj 1)-spheres embedded in the boundar@{F,) = Fx£ St as the vanishing
cycles at di®erent bers. Since all of these spheres are hotogically trivial,
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the homology group Hy; 1 does not change. SdH,; 1(M | Fx £ D?) 2
Hn; 1(Fx). Finally, we have to attach Fy £ D2 to get M. We have a
Mayer-Vietoris exact sequence

Hni 1(FKE SY) ! Hp 1(Myi Fx£ D?)©Hyp, 1(FK£ D?)!
I Hn; 1(M) ! Hin 2(Fk £ SY)

Using that by, 2(Fx £ S?) is uniformly bounded, that Hy, 1(Fx £ St) !
Hn; 1(Fx £ D?) is surjective with kernel uniformly bounded and (4), we get

®) bu; (V) = voI( M )K" + O(K™ 1):
Analogously to the computation of Fy, and using that
A(Nk) =(i 1)ni Z(n i 1)vol(M )kn + o(kni 1);

we get that all the Betti numbers of N are bounded except forb,; 2(Nk) =
(nj 1)vol(M)k"+ O(k"i 1). In the blow up Nry, the exceptional divisor N
is a “bration over N, by CP. There is a spectral sequence withtE,-term
Ha(Nk) - Ho(S?) and abutting to Ho(N). This gives that all b(Ny) are
bounded, fori 6 nj 2;n, and that by; 2(Nk) = by(Nk) =(ni 1)vol(M)k"+
O(kMi 1y,

Consider the following pieces of long exact sequences in hagy,

Hni 1N #° Hiy 1(NT) i Hni 1(My; Ny) i@ Hn; 2(N)
# # # #

Hoi 1(Nk) 1" Hppa(M)  #° Hap 1(M;Ny) 1@ Hn; 2(Nk)

The kernel of i, is uniformly bounded, sinceby; 1(N) is so. Also imj& =

ker@ Y2 ker@ = im jq is uniformly bounded. Therefore, b,; 1(Nfy) is uni-
formly bounded. This is a contradiction with (5). a

6. Towards a symplectic invariant

In the case of complex projective manifolds, the topology othe space of
smooth sections of the ample bundld. ! M is governed by the hyperplane
section theorem of Hamm{L& (Theorem 4.1), which in particuar shows how
the monodromy of generic families of dimension 1 or 2 of hyp@tane sections
capture the geometric monodromy of all families of sections

In order to extend these properties from the complex algebriz to the
symplectic case and de ne a new set of symplectic invariantshe next nat-
ural step is to prove that the groups %..; de ned in (2), are independent
of J and of " for k large enough. The authors have not been able to prove
this, thus can only pose the following

Question 6.1 (symplectic Hamm{Le hyperplane sections) Does the mor-
phism %(CP'\ Pj s(L" %)) I %(Pj s(L" ¥)) induce an isomorphism¥4(CP \
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Pis(L"K) ! (Y )a74(M.5y.;) for I <j and an epimorphism forl = j, for
a (j +1)-dimensional \generic" family of Donaldson's "-transverse sections?

An atrmative answer would yield a family of invariants, the "{transverse
homotopy groups of the complementM ..‘;‘k;J of the dual variety, which would
be an extension of the Auroux and Katzarkov invariants of ]. It must be
warned that the only evidence available for an atrmative answver is the case
of complex algebraic manifolds, and the authors have been &b to make
only a modest extension to the general symplectic case:

Corollary 6.2. For "> 0 small andk large enough, we have
(Y2:x:3 )=(H l(M'F;lk;J )) = Z=mZ %2H(Pj s(L~ k));

where m is a divisor of the number ny of singular bers in the Lefschetz
pencil Ac : M j Ny ! CPL

Proof. By Theorem 4.2 the image ofH 1(M..‘?k;J ) is generated by some com-
positions of monodromies around critical points of a singleDonaldson's Lef-
schetz pencil. But the proof of Proposition 3.1 shows that dl the loops
around di®erent critical points are freely homotopic. Thetefore this abelian
group is cyclic, generated by the 1-cycle€ bounding a small diskD around
a critical value of the pencil.

The inclusion of the regular values of any Donaldson's Lefseetz pencil in
Pi s(L™ ¥) induces a homologyny® » 0. o

The \natural" value for m above should be the numbemy.
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