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ASYMPTOTIC EXPANSIONS OF THE COEFFICIENTS
IN ASYMPTOTIC SERIES SOLUTIONS
OF LINEAR DIFFERENTIAL EQUATIONS

F. W. J. Olver

ABSTRACT. In the neighborhood of an irregular singularity of rank one at infinity,
a differential equation of the form

2
O+ 102+ gzw =0

has well-known asymptotic solutions of the form

< <

an,1 an,2

eAlzz,u,l - , e)\zzzug Z,,;
n=0 n=0

)

in which A1, A2, g1, and pg are constants. It is proved that for large n, the coef-
ficients an,1, and an,2 can be expanded in asymptotic series of inverse factorials
with explicit coefficients.

1. Introduction

It is well known that the Gamma function has an asymptotic expansion of the form

1 1
~ 2 (1/2) ’”{1 4 - } 1.1
Ln) ~ v2mn® T 1on Tassa T 1)
as n — oo in the sector | phn| < m— 4, where § is an arbitrary positive constant. Now
suppose that a and b are fixed (or bounded) real or complex parameters. Then from
(1.1) it follows that
F(n + a)F(n + b) ~ mnn+a+b—(3/2)e—n i & (12)

F'(n+1) L

in the same circumstances, where ug = 1 and higher coefficients are polynomials in a
and b. It is not difficult to find explicit expressions for the first few, for example,

1
12’
{3 +0?)? — 2(5a® + 3a%b + 3ab® + 5b°)

1
=—(a®>+b* —a—b)+

U1 2(

+2(5a* 4 3ab+ 5b°) — 3(a+b) } + 758"
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but a general formula for u; is unavailable.
In consequence of Stirling’s formula, the expansion (1.2) can be rearranged as a
series of inverse factorials:
F'n+a)T'(n+b
I'n+1)

oo
)NZUjF(n—Fa—Fb—j—l), (1.3)

§=0
again valid when n — oo in |phn| < 7 — §. The interesting feature of this rearrange-
ment is that in contrast to (1.2), the coefficients enjoy a simple general form given
by

(1—a);(1—0);
= (_)J—}' L. (1.4)
Here we have employed Pochhammer’s notation for ascending factorials, given by
(2)o =1 and
(2)j =2(z+1)(z+2)---(z2+j—-1), j>1
The results (1.3) and (1.4) are stated without proof by R. B. Dingle on p. 15 (and
elsewhere) in [2].
An elegant proof of (1.4) has been supplied recently by R. B. Paris in the Appendix

of [9]. Paris’ proof is based on the identity

L(n+a)l'(n+b)
I'n+1)I'(n+a+b—1)
in which

={l-x(n)}2FAl—a,1=-b2—a—-b—n;1), (1.5)

x(n) = sin(ma) sin(wb) cosec(mn + wa) cosec(mn + 7b).
This result is valid when neither n + a nor n + b is a nonpositive integer. If we
let |Imn| — oo with Ren fixed, then x(n) becomes exponentially small and can be
neglected. The coefficients in the required asymptotic expansion are then obtainable
from the power-series expansion for the hypergeometric function in (1.5).!

Paris needed the expansion (1.3) in the construction of exponentially-improved
asymptotic expansions for the confluent hypergeometric function U(a,a—b+1, ), with
large |z|, via Mellin-Barnes integral representations. It was also needed by the present
writer [7] in solving the same problem via the confluent hypergeometric differential
equation.

The first purpose of the present paper is to supply an alternative, and quite simple,
proof of (1.4). This proof serves as a preliminary for the main problem considered in
the paper: the asymptotic nature of the coefficients in asymptotic series solutions of
second-order linear differential equations in the neighborhood of an irregular singular-
ity of unit rank. It transpires that the same method of proof yields some elegant, and
apparently new, results for this more general problem.

2. The Gamma-function ratio

Let n be a nonnegative integer, and for n > —Rea and n > — Reb define

_ T(n+4a)l'(n+0)
n = ol . (2.1)
Then a,, satisfies the recurrence relation
na,=Mn+a—1)(n+b—1)a,_1. (2.2)

L Another proof of (1.3) and (1.4) will be found in [8]. This proof is based on contour integration.
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Motivated by (1.3), we substitute the following generalized asymptotic expansions into
this relation

anNZij(nJraerfjfl),
7= (2.3)

ap_1 NZij(nJraer —j—2).
j=0

We seek to determine the unknown coefficients v;. As a preliminary, we rearrange the
coefficients in (2.2) as linear combinations of descending factorials; thus
n=Mm+a+b—j—1)+(G+1—a-0),
and
m+a—-1n+b—-1)=(n+a+db—j—1)(n+a+b—j—2)
+2j+1—a—-b)n+a+b—37—2)
+(+1=a)(j+1-0b).
On substituting (2.3) into (2.2), we derive

S uln+a+b—j)+Y (j+1—-a—buyTn+atb—j—1)
j=0 =0

~> vt at+b—7)+ Y (2j+1—a—bu,T(n+a+b—j—1)
§=0 j=0

o0
+> G +1-a)+1-byl(n+a+b—j—2).
7=0
Upon reduction, this asymptotic identity becomes

oo

Z]UJ (n+a+b—j7—-1) NfZ]fa (j—=bvj_1T'(n+a+b—j—1),
j=1 j=1

and, equating coeflicients, we find that

__G—a—b
q;j = - Ujfl.
J

For the first coeflicient we have, from (2.1) and (2.3),

vo = lim I'n+a)T(n+0b)

=1
n—oon!T'(n+a+b—1)

The required result (1.4) follows immediately.?

2t is only the formula for v; that is at issue. By restricting n to be a nonnegative integer in the
present section, we do not impair the overall region of validity |phn| < 7 — ¢ of (1.3).
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3. Linear differential equations

The asymptotic theory of the general homogeneous linear differential equation of the
second order with an irregular singularity of rank one is given in [6], Chapter 7.
Without loss of generality we may suppose the singularity is at infinity. The main
features of the theory are as follows. The differential equation has the form

2
% + f(z)% +g(z)w =0, (3.1)
in which the functions f(z) and g(z) can be expanded in power series
o f o s
=31 g =32 (3.2)
5=0 5=0

that converge in a neighborhood of z = co. Furthermore, not all of the coefficients fj,
go, and g1 vanish (otherwise, infinity would be a regular singularity). We may also
suppose, without loss of generality, that

13 # 4go; (3.3)
cf. [6], Chapter 7, §1.3. Let A\; and Ay be the roots of the characteristic equation
)\2 + fo)\ + g0 =0. (34)
In consequence of (3.3), we have \; # Ag. Also define
fidi+ ¢ J1da + g1
_ = D2ton 3.5
S v P Vi (3:9)
Then (3.1) has unique solutions ws(z) and wa(z) such that
~eMEL( N — A M1 Gn,1 3.6
w(z) ~ e *{(A2 — A1)z} nZ:O o (3.6)
as z — oo in the sector | ph(Aa — A1)z| < %7‘(‘ — 0, and
~ pr27 Ao — )\ K2 %7’2 3.7
wa(z) ~ e {(A2 — A1)z} nz:% o (3.7)

as z — oo in the sector —%w +0 <ph(A2 — A1)z < %w — §. Here ¢ again denotes an
arbitrary positive constant, and the coefficients are given by ag,; = ap2 = 1 and, for
n>1,

(M = A)nans =(n—pm)(n—1—p1)an—1,1

+Y {Mferrgorn — (n—s—p)fotan-c1, (3.8

s=1

(A2 = A)nans =(n — p2)(n — 1 — po)an—1,2

n
+ Z{)\Qferl + gs+1 — (TL -5 N?)fs}anfs,% (39)
s=1
The main objective of this paper is to derive asymptotic expansions for a,; and
an,2 as n — oo. This type of problem has been studied before. Indeed, the asymptotic
forms of the coefficients in formal series solutions of more general differential equations
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are well known; see [1], [3], [4], [10] and [11]. In the case of (3.1) itself, it is known
how to construct asymptotic expansions for a, ; and a, 2 in descending powers of n.
However, the determination of the coefficients of the successive powers is cumbersome
and no general formula is available. We shall show that by employing inverse factorial
series instead, the coefficients can be expressed in simple explicit forms. It should
be noted that Dingle [2, Chapters 13 and 24] also used inverse factorial series for
expanding the late coefficients of asymptotic series. However, he did not consider the
present problem (except in the special case mentioned in §1); furthermore, his analyses
are of a formal character.

As in §2, our derivation of the new expansions for a, 1 and a, o is based directly on
the recurrence relations satisfied by these coefficients and we employ only elementary
analysis. An alternative, and somewhat shorter, proof based on some new integral
representations for a, 1 and a,2 will be found in [5]. An advantage of the present
approach is that it is applicable to more general recurrence relations for which an
integral representation of the solution may be unavailable.

4. Main result

Theorem 4.1. Let J be an arbitrary nonnegative fixed integer. Then as n — oo

J-1
1 ; .
ot = r =) [Al J'zz:o aj2(A1 — X))’ T(n 4 po — p1 — j)

FONm == D}, ()

J—1
1 ; .
An,2 = m [A2 Zaj,l()\z - )\l)jr(n + p1 — 2 _])

j=0
+ O{T(n + p1 — p2 —J)}}, (4.2)

where A1 and Ay are constants.

This theorem is proved in the next two sections. At this stage we make the following
observations:

(i) Actual values of the constants A; and Ay are not derived in the present paper
for the general case.® However, in [5] it is shown that

Al = —ie(“?_ﬂl)ﬂ'icl/(Zﬂ'), A2 = iCQ/(ZTF),
where C1, Cy are the coefficients in the connection formulas
wy(2) = 2w (ze7 ™) + CLwy(2),
wa(2) = e 2™ 12y (2€2™) + Cowy (2).
See also [1], [3].
(i) As in the case of (1.3), the expansions (4.1) and (4.2) are generalized asymp-
totic expansions. Numerically their character resembles that of ordinary Poincaré

expansions, since the successive Gamma functions decrease asymptotically by a factor
n.

3In [5] it is assumed that (3.1) has been normalized in such a way that A2 — A1 = 1. This
normalization is not assumed in the formulas given here.
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5. Proof of Theorem 4.1: The first approximation
Our objective in this section is to prove that
ap,1 = ()\1 — Ag)_"F(n + ug — Nl){Al + O(’I’L_l)} (51)

as n — oo. This result is a special case of known results; see, for example, [4]. However,
for the sake of completeness and simplicity, we furnish a direct and elementary proof.

The underlying idea of the proof is as follows. In the recurrence relation (3.8), the
first term on the right-hand side and the term in the sum for s = 1 can be combined.
In this way we obtain

()\1 — )\g)nan,l = (n — 1 — cl)(n — 1 — Cg)an_Ll
+> {Mferi+gon —(n—s—p)fstan—1, (5.2)
s=2

again valid when n > 1.* Here c1, o are constants that satisfy

catca=2m+ fi-1, ccx=pm(p+ fi—1)+Afa+go. (5.3)
We note that, in passing,

p1+ p2 = —fi (5.4)
(cf. (3.5)); in consequence, the first of (5.3) is equivalent to
c1+co=p1 — po — 1. (5.5)

If we neglect the sum on the right-hand side of (5.2), we obtain
(M —=X)nap1=n—1—c1)(n—1—ca)an—1,1-
Since ap,; = 1, this recurrence relation has the exact solution
P 1 T(n—c1)l'(n—co)
' D(—c1)T(=c2) (A1 — A2)™n!

In consequence of (5.5) and Stirling’s formula, the right-hand sides of (5.1) and (5.6)
share the same asymptotic form; more precisely

I'(n—c)T'(n—c2) _ T(n+ po — 1)
(/\1 — )\2)"71' (/\1 — )\2)"
Thus our essential object in this section is to show that the sum in (5.2) can be treated
as a perturbation, whose effect is absorbable in the error term O(n=1) in (5.1).

Since the series (3.2) are assumed to converge in a neighborhood of z = co, there
exist constants F' and p such that

Ifs| < Fp®,  |gs| < Fp®, (5.8)

(5.6)

{1+0(n™h}, n— . (5.7)

for all s. Without loss of generality, we may suppose that p > 1. From these inequali-
ties, it follows that for all positive values of the integer n and all s such that 1 < s < n,
we have

M fs1+gs41 — (n—s— ) fs| < G(n+p)p®, (5.9)
where G is another assignable constant.

4As usual, empty sums are interpreted as zero.
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Let v1 = Recy, 72 = Recy, and take N to be a fixed positive integer that satisfies
all of the following inequalities:

pIAL = A(N+1) 1
N >v, N >, < -, 5.10
" (NN ) 2 (5.10)
and
N>y/A+v)1+v)—-1  when  (1+7)(1+72)>0. (5.11)

(Obviously such an integer always exists.) When n > N, we substitute into (5.2) by
means of the equation
T'(n—c1)T'(n — co)

n,1 = n- 5.12
n.1 ()\1 — )\2)” n! @ ( )
This leads to the following recurrence relation for the quantities a,:
n—N
Oy = Qp_1 + Z hs(m)ay,—s + K(n), n>N-+1, (5.13)
s=2
in which
he(n) _Mfer A gsr — (n— s — ) f (A — Ae)*!
3 n—1—-c)n—2-c) - (n—s—rc1)
" n—-1)n-2)---(n—s+1) ’ (5.14)
(n—1—-c)(n—2—co) - (n—5—c2)
and
— )" n—1)!
K(n) _ ()‘1 >‘2) (n )
I'(n—c)'(n —c2)
X Z AMforr +gss1— (n—s—p1)fstan—s1. (5.15)
s=n—N+1
In consequence of (5.9) and (5.10), we have
|hs(n)] < Hg(n), 2<s<n-—N, (5.16)
where
s _ s—1
m=1-m)(n=2-m) - (n—s5-—m)
—D(n=2)(n — 1
x (=Din=2-n=-s+l) (5.17)
m=1=7)(n=2-7)(n-s—"7)
We now introduce a majorizing sequence {3, } for {a,}, defined by
By = max(|ay]|,1) (5.18)
and
n—N
B =1+ Y Hi(n)Bus+ K@), n>N+1. (5.19)
s=2
Obviously

lan] < Bn, n>N. (5.20)
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The next step is to prove that 3, tends to a limit as n — co. Suppose now that
n > N + 3. From the definition (5.17), we have

Hoo) = eln—s)
Hg(n) m—s—1-m)n—s—1-—")’

2<s<n—-—N-1.

Let y
) = v=—1-m)v—1-172) vzN+1
Then
dw) A+ +y) — 12

o) vl—1l-m)v-—1-7)
In consequence of the assumed conditions (5.10), (5.11), we see that ¢'(v) < 0 when
v > N + 1. Thus as s increases the sequence of ratios {H;11(n)/Hs(n)} is nonde-
creasing; accordingly

Hgy1(n) < H,_n(n) _ pIAL = Ao (N + 1)

1
Hon) = Howa(n) (N )N ) = 2 20
cf. again (5.10). Hence
H,(n) <2°7°Hy(n), 2<s<n-—N. (5.22)
From (5.19), it is obvious that the sequence By, Bn+1, ON+2,. .. is increasing. With

the aid of (5.18), (5.19), and (5.22) we derive
/Bn = 57171(]- + en)a

where

(K (n)]
ﬂn—l
From (5.17) with s = 2, we see that Ha(n) = O(n™2) as n — oo. Further-

more, since the only unknown coefficients that appear in the sum in (5.15) are
ap1,0411,---,aN—1,1, it follows from Stirling’s approximation and (5.9) that
(JA1 = Aglep)”

n—N
0n] < > Hy(n) + < 2Hs(n) + |K (n)].

Thus 6, = O(n~2). In consequence, the infinite product

oo

IT a+6.)

n=N+1

converges, and so (3, tends to a finite limit 3, say, as n — oc.
Finally, from (5.13), (5.16), (5.20), and (5.22), we see that

n—N
1
2—s o
|t — an1| < 8 ZQ 227" Hy(n) + | K (n)| = O( =), (5.24)
s=
as before. Hence «,, approaches a finite limit A7, say; furthermore

an =M +0(n"), n— oo (5.25)
In combination with (5.12) and (5.7), this establishes (5.1).
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6. Proof of Theorem 4.1: Higher approximations

We now propose to extend the asymptotic approximation (5.1) into the desired as-
ymptotic expansion (4.1). We first observe from (5.14) that in the relation (5.13), the
functions hg(n) can be expanded in convergent series of the form
1 = hjs
hs(n) = pory Z Y (6.1)
7=0
when n is large; the coeflicients h; s depend on fs, fot1, gs+1, A1, A2, g1, 1, and ca.
Assume that n > N + 3. Then we have

n)an_s + K(n <5ZQ3 * Hy )+|K(n)|:0<%);

cf. (5.16), (5.17) (with s = 3), (5.21) and (5.23). Hence from (5.13) we have

n

cf. (5.25) and (6.1) (with s = 2). Accordingly, from the expansion

ap, = A1 + Z as+1

we derive

anzAl—’TJrO(i

2
n
Continuing the resubstitutions, we easily see that

), n — Q.

w3,
§=0
where the coefficients u; are constants that depend on A, the coefficients in the
expansions (3.2) for f(z) and g(z), and the Bernoulli numbers.’
In consequence, from (5.12) we have

T(n— c))l(n — ¢2) f’: uj (6.2)

B PV B P A

In turn, this expansion may be rearranged in the form

an,l”ﬁzw (n+4p2 —p1 —j), n— oo, (6.3)
where vg, v1,ve, ... comprise another sequence of constants; cf. again (5.7).

In (6.3) it is clear that vg = ug = A;. We shall find vy, vs,... by substituting into
(3.8) by means of (6.3) and equating coefficients. We first need to overcome a difficulty
stemming from the fact that the number of terms in the sum in (3.8) increases with
n. This is achieved by truncating the sum at a fixed number of terms and estimating
the remainder, as follows:

5Compare [6], p. 292, Example 3.2.
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Lemma 6.1. If M is any fized nonnegative integer, then as n — oo

n

Z {Alfs-i-l + gs+1_(n - S — ,ul)fs}an—s,l

s=M+1
r o —
- o{ (n JE;i{ )\’:l)n M)}. (6.4)
Proof. Define My to be the least nonnegative integer such that
Re(Mo + po — p1) > 0 and | Mo + pa — pa| > 2p|A1 — Mg, (6.5)
where p is defined as in (5.8). From (5.1) it follows that
|as,1| < A[(A = A2) T (s + p2 — pa)|, s = Mo, (6.6)

where A is assignable independently of s.
From (5.9) and (6.6), we derive

< Kg(n), 1<s<n— M,

{1 fot1 + g1 — (n— s — 1) fstan—s 1
where
Ky(n) = AG(n+ p)p°|(A — A2)* "I'(n — s + pa — p1)|.
When 1 < s <n— My—1, we have

Kopa(n) _ plAL = Ao e PRl 1
Kin)  In—s+po—p— 1 = [Mo+p2—pa| = 2
cf. (6.5). Hence
n—M, n—M,
> {Mfor+ 9o = (n—s—p)fdan—sa| < Y 2MTIT Ky (n)
s=M+1 s=M+1
< 2Kp41(n)
L(n+4po — 1 — M)
of g o

In the remaining part of the sum in (6.4), the only a’s that appear are ag 1, a1,1, - - -,
ang,—1,1- With the aid, again, of (5.9), we see that
n

> MM feritgsn — (0 —s— ) fodan—sa

s=n—Mop+1

= O(np") = O{ ()\1 — )\2)n

(cf. also (5.15) and (5.23).) Combination of (6.7) and (6.8) completes the proof of the
lemma.

To continue the preparation of (3.8) for substitution by means of (6.3), we rearrange
the coefficients as descending factorials (as in §2). Thus we set
no= (n+p2—p—j)+ (p— p2+7J),
m—pm)n—1—pm) = (ntpz—pm—j)n+p—pm—j—1)
+20 —p2)(ntp2 —pa —j—1)
+pz(pz — 1) + (1= 2p2)j + 5,
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and

Mfsyr+gsy1—(n—s—p1)fs = —fs(n+po—p1 —j—5)+ (2 = J) fs + A foqr1 + gsg1-
We then find that

(A= 22)" H{(M = Ao)nany = (n = pa)(n =1 = p1)an—1.1}

o0

~ Y (w1 +p2 = )v;l(n+ p2 — pa — j)
=0
- Z{#z(MQ = 1)+ (1= 2p2)j + 5o, T(n 4 po — iy — j = 1), (6.9)
=0
and
M
()\1 - )\2)n71 Z{)\lferl + gs+1 — (TL -5 ﬂl)fs}anfs,l
s=1

FsOa =2 MY o T(n4po — i —j—s+1)
=0

2
M=

@
Il
—_

(A =22 ™) {2 = ) fs + Mforr + gspr JT(n + p — i — 5 — ).
=0

B

+

I
-

S

(6.10)

Bearing in mind Lemma 6.1, we may equate coefficients in the right members in (6.9)
and (6.10) up to (but excluding) the terms in I'(n + g2 — g1 — M). From the leading
terms, we derive

(11 + p2)vo = — frvo,
in agreement with (5.4).

Next, on equating coefficients of T'(n+ uo — 1 —m), with 1 <m < M — 1, we have

(11 + p2 = m)vm — {p2(pa = 1) + (1= 2u9)(m — 1) + (m = 1)* Jop
m—+1

= - Z fs()\l - )\2)8_1Umfs+l
s=1

+ Z{(MQ —m+8)fs + A foy1 + gs+1}(/\1 = X2)* s
s=1

Upon rearrangement and use once again of (5.4), the last equation reduces to

—mup, =(m — pi2)(m — 1 = pi2)vm 1

m

+ Z{/\2fs+1 + gs41 — (m— s — p2) fs } (A — A2)* Mo
s=1

From (3.9) it is easily verified that this is exactly the same as the recurrence relation
satisfied by (A1 — A2)™@m,2. And since ap2 = 1, we conclude that

Um = (Al — )\Q)mamyg’l}().
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This result has been derived on the assumption that m < M — 1, but since M is
arbitrary it becomes valid for all m. Substituting this result into (6.3), and recalling
that vg = A1, we derive the required result (4.1).

The companion result (4.2) is proved in a similar manner, or we can appeal to
symmetry. This completes the proof of Theorem 4.1.

7. Summary

In §§1 and 2, we discussed the problem of constructing asymptotic expansions for a
ratio of Gamma functions, and gave a new proof of the expansion

Fn+a)l(n+b) =, ;(1—a);(1-0b); .
Tt 1) ~j§::0(—) S et b 1) (T)

asm —ooin |phn| <7 —4§ (< 7).

In §§3 to 6, we used a similar method of proof to obtain new asymptotic expansions,
again in series of inverse factorials, for the coefficients in asymptotic series solutions
of homogeneous linear differential equations of the second order in the neighborhood
of an irregular singularity of rank one. The results are summarized by Theorem 4.1.

It is easily verified that if Theorem 4.1 is applied to the following form of the
confluent hypergeometric differential equation:

d*w a—b+1 dw a

—_— <7—1)——7w:0,

dz? dz =z

then the expansion (7.1) results. Thus (7.1) may be regarded as a special case of
Theorem 4.1. Apart from obvious analytical and computational interests, the new
expansions are of importance in the general theory of exponentially-improved asymp-
totic solutions of ordinary linear differential equations [5], just as the expansion (7.1)
arises in the corresponding theory for the confluent hypergeometric equation [7], [9].

z
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