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Hilbernt spaces of entire functions
and polynomials orthogonal on the unit circle

Xian-Jin Li

Abstract. A relation between periodic Hilbert spaces of entire functi ons and
polynomials orthogonal on the unit circle is obtained, and a  result of G. Szeg
on asymptotic limits of orthonormal polynomials on the unit circle is extended
under a positivity condition.

Introduction

By a weight function we mean an analytic function of bounded type in the upper
half-plane, which is continuous and without zeros in the cl@ed upper half-plane. Let
W (z) be a weight function and h a positive number. Assume that the identity

W(z+ h)= W(2)
holds for all z in the upper half-plane.

Let (), n=0;1;:::, be polynomials such that the coecient of " in ,()is
real and positive for every positive integern, and the identéties
Zy
1 e it 1, m=n;
- W t 2 e 2 it=h e 2 it=h dt: ? ’
h o) OF = o ) m ) 0, mén
hold for all nonnegative integersm and n. Call (), n = 0;1;:::, orthonormal

polynomials associated with the weight function W (z).
G. Szege proved [8] that the zeros of all polynomials ,( ) lie in the unit disk, and
the identity

lim " 2(1=)=j(@W(2)

n!l

holds uniformly on compact subsets of the unit disk, where = exp( 2iz=h) and
j (z) = aexp(igz + iz ) for some complex numbera and some real numbersy and
Assume that W (z) has an analytic extension to the half-plane Im@) > 1=2 such
that the function W (z)=W(z + i) has a nonnegative real part in the half-plane. Call
this condition a positivity condition. Then a question, whi ch is analogous to the
Riemann hypothesis, asks whether the zeros of polynomials,( ), n=1;2;:::, lie in
the closed diskj j exp( =h). In this aspect of the problem, L. de Branges believes
that the identity

lim " n(1=)=j(2W(2)

n!l
holds uniformly on compact subset of the diskj j < exp(=h).
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One of the main results of this paper is to conrm L. de Branges belief, whose
precise statement is given in Theorem 4.1. An immediate codtary of this theorem is
that, for any positive number , a positive integer N exists such that the zeros of the
polynomial () lie inside the diskj j< exp( =h)+ whenn N.

| begin by answering another question of L. de Branges, whiclis stated in Theo-
rem 2.2 and Theorem 2.3.

The motivation of this paper is the Riemann hypothesis for function elds, which
was proved by A. Weil in 1940 [9]. The method used there can ndbe extended trivially
to the Riemann hypothesis for number elds, which is still open today. L. de Branges
has developed a systematic theory [1] [2] [3] for studying zes of zeta-functions. One
of the important parts is the Sonine spaces, which are studieé by L. de Branges,
J. Rovnyak and V. Rovnyak [2] [4] [7]. The theme of this paper § to develop analo-
gous Sonine spaces for function elds, which are calledhock-Sonine spacesalthough
no function elds are mentioned later. Throughout this paper, the notation and ter-
minology of [1] are adopted. | wish to thank Louis de Brangesdr his guidance during
the preparation of the manuscript. | am grateful to the referee for pointing out several
inaccuracies and misprints in the original version of the mauscript.

1. Mock-Sonine spaces

Lemma 1.1. Let W(z) be a periodic weight function of periodh in the upper half-
plane. If g is the mean type ofW (z), then the quotientgh=2 ) is an integer.

Proof. Since the function W (z) is of bounded type in the upper half-plane, it has a
factorization of the form

W (z) = B(z)exp( igz)exp G(z)

by [1], Theorem 9, whereB (z) is a Blaschke product and the identity

1Z+1 1+ tz

C@= 7 | T o 2

d (t)+ir

holds for some real number and for some real valued function (t) with

Zoy o
L Wi _

. 1+t 1:

Since the identity
W(z+ h)= W(2)

holds for all complex z in the upper half-plane, we nd that B(z+ h) = B(z) for all
complex z in the half-plane. It follows that
z

h=*t d (t) _

- T a2z h)—gh+2| 1.1)
for some integerl. Put z = iy into the identity (1.1). By Lebesque dominated
convergence theorem, the limit of the left side of the identiy (1.1) is zero wheny ! 1
This completes the proof of the lemma. O
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Let W(z) be a periodic weight function of period h and g its mean type. Consider
the function aW (z)exp(igz), which is denoted by Wy(z), where the constant a is
chosen so that

Tl
= jWo(t)j 2dt=1:
h o
By Lemma 1.1, the function Wy(2) is a periodic weight function of period h.

Let F(Wy) be the Hilbert space of all analytic functions F(z) in the upper half-
plane such that the ratio F(z)=Wy(z) is of bounded type and of nonpositive mean
type in the half-plane, and such that

Z .,
2 def F(t) 2 <1 -
KFKE (wo) L Wo dt< 1:

If the maximal Hilbert space of entire functions, which is catained isometrically
in F(Wop), contains a nonzero element, then an entire functionEq(z) exists by [1],
Theorem 23, such that a spaceH (Ep) exists and is isometrically equal to the maximal
Hilbert space. Because the identity

Wo(z + h) = Wo(2)

holds for all real z, the spaceH (Ey) is periodic of period h. By [1], Problem 197 and
Problem 203, the function E¢(z) can be chosen so thatEg(z  h) = Eg(z)exp( i)
for some real number .

Let w be a complex nhumber such thatEg(w) = 0. Then the function Eq(z)=(w 2)
belongs to the spaceH(Ep). By the de nition of the space H(Ey), the function
Eo(z)=Wp(z) is of bounded type and of nonpositive mean type in the upper hlf-
plane. Since the functionW(z) is bounded type and of zero mean type in the upper
half-plane, Eo(z) is of bounded type and of nonpositive mean type in the half-pane.
Similarly, we can also show that the function E¢(z) is of bounded type and of nonpos-
itive mean type in the upper half-plane. Since the exponentl type of a nonconstant
entire function is always nonnegative, the functionEq(z) is of exponential type and
has zero exponential type by [1], Problem 37. Since the ideity

jEo(z  h)j = JEo(2)]

holds for all real z, the function E((z) is bounded on the real axis. It follows from [1],
Problem 38, that E((z) is a constant. Hence we obtain the following theorem:

Theorem 1.2. The maximal Hilbert space of entire functions, which is conained
isometrically in the spaceF (Wy), contains no nonzero elements.

Let H(E1) be the maximal Hilbert space of entire functions for some etire function
E1(z) such that multiplication by exp( iz=h) is an isometric transformation of the
space intoF (Wp). A similar argument shows that the function E1(z) is of exponential
type and has exponential type at most =h . Let
exp(i [w z]=h) exp( i[w 2z]=h)

2i(w 2)
for some nonreal numberw. Then F (z) is an entire function. The functions

exp(iz=h )F (2)=Wy(2)

F(z)=
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and
exp(iz=h )F (z2)=Wy(2)
are of bounded type and of nonpositive mean type in the upper alf-plane. The
integral
1 Wo(t)
is nite. It follows that F(z) belongs to the spaceH(E:), which implies that
F (z)=E1(z) is of nonpositive mean type in the upper half-plane. The inguality

limsupy YInjF(iy)j limsupy YInjEsi(iy)j O
yl +1 yl +1

dt

holds. This inequality implies that the mean type of E1(z) is at least =h. Therefore,
the function E(z) has exact mean type =h in the upper half-plane.

By [1], Problem 197 and Problem 203, the functionE1(z) can be chosen so that
the identity

Ei(z h)=exp( i )Ei(z)
holds for some real number . Let

f(z)=exp( iz=h)Ei(2):
Then f (z) is of bounded type in the upper half-plane and satis es the dentity f (z
h) = f (z) for all complex z. The above argument shows that the functionf (z) has

exact mean type ( + )=hin the upper half-plane. It follows from the proof of Lemma
l.1that =(21 1) for some integerl. Hence the identity

Ei(z h)= Ei(2)

holds for all complex z.
Since E1(z) has exact exponential type =h and is periodic of period 2, it follows
from [5], Theorem 6.10.1, thatE;(z) can be written in the form

a 1exp IFZ + ap + az exp I?h :

SinceEi(z h)= Ei(2), we deduce thatap = 0. Since E;1(z) has exact mean type
=h in the upper half-plane, we can assume that ; is a positive humber.

Theorem 1.3. Let H be the maximal Hilbert space of entire functions such that miti-
plication by exp(iz=h ) is an isometric transformation of the space intoF (Wy). Then
an entire function E;(z) exists, which has no real zeros and can be written in the form

a; exp IFZ + ag exp IFZ

with a; > 0, such that the spaceH is isometrically equal toH(E1), and such that the
identities
Tkl
= JE()=Wo()j?dt=1
h o
and
zZ, i
exp -t E1(t)jWo(t)j 2dt=0
0
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hold.

Proof. It has been shown thatE;(z) can be written in the form
i i
— + _
ai exp hz ap exp hz
with a3 > 0. Write E1(2) = A1(z) iB1(z) with A1(z) and B1(z) real for real z. Let
a, b, c and d be real numbers such thatad bc=1. Put
_ . a b 1
E(Z) - Al(z)r Bl(z) c d |

Then
E(z)=(a bi)A(z)+(c di)Bi(2):

It will be now shown that the quotient
z h i . z h i

exp —t Ag(t)jWo(t)j 2dt exp —
0 h 0 h

is not a real number. Argue by contradiction, assuming that it is a real number. Set

h

- 2i ©2 gt
| = n ; exp Tt jWo(t)j “dt:

t By(t)jWo(t)j 2dt

Since the identities

i i
2A1(z) = (a1 + ao)exp T2 + (a1 + ag)exp i

and

2B1(z) = i(a ao)exp IFZ +i( a+ ag)exp IFZ
hold, the quotient
(a1 + @)l + (a1 + ao)
(a1 ag)l +( a1+ a)
is a pure imaginary number. Let
J=[(ar+ a)l +(ar+ a)] [(ar ao)l +( a1+ ao)l:
Then J + J = 0. By computation, we nd
J+J3=2(1 Il)(apa a3):

Becausejlj < 1, we must haveap = a; exp(i ) for some real number . Hence
; i

E1(z) = a1 exp IFZ +exp(i )exp IFZ

It follows that E;(z) = exp( i )Ei(z). This contradicts the requirement that
jE1(2)] < jE1(2)j for Im(z) > 0. Therefore, the previously stated quotient is not
a real number. It follows that there exist real numbersa, b, cand d with ad bc=1
such that

exp -t E (t)jWo(t)j 2dt=0:

0

If we divide E(z) by a some constant, the stated result follows. This compleg¢s the
proof of the theorem. O
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Let H, be the maximal Hilbert space of entire functions such that mdtiplica-
tion by exp(n iz=h ) is an isometric transformation of the space intoF (Wy). By [1],
Theorem 23, an entire function E,(z) exists such that a spaceH (E,) exists and is
isometrically equal to H,. The spaceH, is called the n-th mock-Sonine spacefor
every positive integern. Write E,(z) = An(z) iBn(2) with A,(z) and B, (z) real
for real z.

A similar argument made before Theorem 1.3 shows thaEy (z) can be chosen such
that the identity

En(z h)=( 1"En(2)

holds for all complex z. Furthermore, it can be written in the form

X ji
En(z) = a jexp TZ
i n
with a, > 0, where the summation is either over odd integers if n is odd or over even
integersj if n is even. It is clear that H(E,) is contained isometrically in H(E,) for
every positive integern. SinceEq(z) has no real zeros, it follows from [1], Theorem 33,
that a spaceH (M) exists such that the identity

An(2);Bn(2) = A1(2);B1(z) Mn(2)

holds for all complex z. If E,(Xp) = O for some real xq, then E1(Xp) = 0 because
Mn (Xo) has determinant one. This is not possible. It follows that E,,(z) has no real
zeros for every positive integem. Multiplying E,(z) by some constant, we can assume
that
Zy
1 . — 2 —
n JEn(O=Wo()i"dt=1
0

and that
En(z) =exp(niz=h)a, "+ + ao]
with a, > 0, where =exp( 2iz=h).

2. Periodic spaces

By [1], Theorem 40, there exists a family of space#i(E(t)), 0 <t< 1, and a
nondecreasing, matrix-valued function

RCERG)
mO=w

whose entries are continuous, real valued functions de nedh the interval (0; 1 ) with
these properties:
(1) E(=h;z) = Ea(2);
(2) E(t;2) is a continuous function of t for every complexz and
Zy
A(b;2);B(b;2) I A(a;z);B(a;2) | = z A(t;2);B(t;z) dm(t)
a
1

whenever O<a<b< 1, wherel = (1) 0 ;
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(3) E(a;z) has no real zeros andH E(a) is contained isometrically in L?( ) when
a is regular with respect to m(t), where
z t
()= jWo(x)j 2dx:
0

Assume thatt is the largest nondecreasing function such tham(t) itl is nonde-
creasing in (Q1 ). Since the identity

(b+h) (@a+hy= (b ()

holds for all real a and b, it follows from [1], Theorem 49, that (t), (t) and (t)
are linear functions oft in any interval (n 1) =h;n=h for all positive integers n.
Since mYt) has determinant one for allt in (0;1 ), the spaceH E(a) is contained
isometrically in L?( ) for every positive number a.

From now on, we denoten =h by , for all nonnegative integern. By [1], Problem
198, the function

M(t;z)=cos(tz , 1z) my)Isin(tz » 12)

is the unique matrix valued function of t in ( n 1; n) such that

M(a;z)l | =z : M (t;z) dm(t)

n 1

foreveryain ( n 1; n). It follows inductively from [1], Problem 141, that the ide ntity
h i
A(n;2):B(n;2) = A(n 1;2);B(n 1;2) cos Hz m? nT | sin ﬁz
(2.2)

holds forn=2;3;:::. Put mqn=h)= . Then a,c, I =1. The identity

L

an

o

(2.1) can be written as _
i

2E( h;2)= 2co0s —z i(ah + ¢cy)sin —z E(n 1;2)

h h
(lan, icy, +2by)sin ﬁz E(n 1;2):
p__
0 1=" ¢,
If we denote pq m:pq by P, then

cos(=zh) sin( =zh)

. _ 1
I 'sin -z =P, sin(=zh) cos(=zh)

Pn:

It follows that
1 Ch 0
A( 1:2):B( n:2) P2
(ni2iBlnd) Pad P b bonn Com

cos(=zh) sin( =zh)

= A( n 1;2);8( n 1;2) Pn ! Sin( :Zh) COS(=Zh)

If we replaceE( n;z) by the function

A(n;2);B(n;2) P 7

+
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which is still denoted by E( ,;z), then the spaceH E( ,) remains unchanged and
the identity

P e exp 'Fz E(n 1:2)=(Cn+ Grot +[bs1 G BhCosa J)E( n52)
+(Ch Ch+r [h+1Chn G+ JI)E( n;2)
holds forn =2;3;:::. Put
n()=exp( inz)E(n;2);
where =exp( 2iz=h). De ne
n()= " a@=):
Then the identity
P 0 1()=(6+ G +[Bhs1 G BGraa 1) o) (2.2)
+(Ch Gl [bh+1Cn bnCnsa i) n( )

holds. Let k, be the coecient of " in ,( ) and |, the constant term of ().
Then the identities

ln(Ch + Cns1 +[bherCn BhCnsa]i)+ Kn(Ch  Coer [BherCn bhGrsa]i)=0 (2.3)
and
P GGk 1= Kn(Co + vt +[Brea G bnGost Ji) (2.4)
+1h(Ch Cvr [DhsaCn bBnChsr]i)
hold. Solve the equations (2.3) and (2.4). It follows from (22) that the identity

i | n0F 2 =k () @ 40)
n 1

holds. Let , be a sequence of complex numbers such thét =  are positive numbers,
and such that

.

B0 E(a)=Wo()i*dt =1

0
ReplacingE( n;2z) by E( n;z)= n, which is denoted still by E,( 1;z), and using the
same notationk, for the coe cient of " in the correspondingly obtained new function
n( ), we obtain the identity

ki i n(0)?

for all positive integers n.
From the recurrence relations of functions ,( ) we see that functions ,( ) depend

n 1() _
K =kn n() 00 ()

n 1

only on numbersh and g, j =1;2;:::,if 1( ) is given.
Let Q, = ':” g’“ ,h=1;2;:::, be a sequence of matrices of determinant one
n n

with real entries. Assume that my(t) is a continuous, matrix valued function de ned
on (0; 1 ) such that

mi(t) = Q, 'mY)(Q, )
fortin( n 1; n). Replacing m(t) by my(t) at the beginning, we still obtain a family
of spaces H E(t) ,0<t< 1 , which is contained isometrically in L2( ), such that
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E(=h;z) = E1(2). If we choose the sequence of matrice®,, n = 1;2;:::, so that
the identities

ki j n(0)i®=ki 1
and
Zy
exp( i nt)E( n;t)jWo(t)j 2dt=0
0

hold, then the identities

Kn 1 n 1()=ka n() a0 ,();
Zh

i n(e 2™ )2 jW(t)j 2dt=1
0

Sl

and
Zy
n(e 2" )jWo(t)j *dt=0
0
are satis ed.
Sincek; is positive by Theorem 1.3, the leading coe cient k, of ,( ) is positive
for every positive integer n, and E( »;z) has exact mean typen =h in the upper

half-plane.
Let (), n=0;1;:::, be a system of polynomials with the following properties:
(1) n()is a polynomial of precise degrea in which the coe cient k, of " is real
and positive;
(2) the system is orthonormal, that is,
zZ, .
1 it it 1, ifm=n;
- W t P2 e 2it=h e 2 it=h dt: ' !
hOJo()J n( ) m( ) 0 ifmén
form;n=0;1;:::.
Lemma 2.1. We have the identity
x: ) 0@ 0 ()

@ 0s —

and the recurrence formulas

Kn 1 n 1()=kn n() n(0) ()
and

Kn 1 n()=Kkn n2()+ n(0) , ()

by Theorem 11.4.2of [8]. Let
Zy

1 . 1+ exp(2it=h
DO)=em & Wi —goi)

1 exp(2it=h )

for j j < 1. The identity
nI!llrn k, = D(0)

+
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holds by (12.3.15)and Theorem 11.3.30of [8], and the identity

Im ()= D()

holds uniformly for in any compact subset of the unit disk by{8], (12.3.16).

If 1( ) is given, the orthonormal polynomials ,( ) are uniquely determined by
the following three relations:

kn 1 n 1()=kn n() n(0) n();
h

= j on(e 2™ )=Wo(t)j?dt = 1;
0

and
T
n n(e 2™ )jWo(t)j 2dt=0:
0

Combining Theorem 1.3 and the above argument, we obtain thedllowing theorem:

Theorem 2.2. There exists a family of Hilbert spaces of entire functionsH E(t) ,
0<t< 1 ,which are contained isometrically in the spacd.?( ), such thatE( =h;z) =
E1(z) and such that

n (0]

n( ) =exp %z E nT;z; =exp ZTIZ andn=0;1;:::

forms a system of orthonormal polynomials, where ¢( ) is some constant.

Theorem 2.3. The n-th mock-Sonine spaceH (E,) is isometrically equal to the space
H E( n) for every positive integern.

Proof. By ordering theorem [1], Theorem 35, eitherH(E,) contains H E( ,) or
H E(n) containsH(Ey).

First, we assume thatH E( ,) contains H(E,). By [1], Theorem 33, a space
H (M) exists such that

A(n;2);B(n;2) = An(2);Bn(z) M(2):
SinceEn(z h)=( 1D"En(z)andE( n;z h)=( 1"E( n;2), the identity
A(n;2);B(n;z) = An(z);Bn(z) M (2)
holds, whereM (z) = M(z h). By [1], Theorem 28, a spaceH(M ) exists. It
follows from [1], Problem 100, thatM (z  h) = M (z). According to [1], Problem 128

and Problem 37, entries ofM (z) are of exponential type. Let

_ A2 B(2)
M@= ¢ b
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and =exp( 2iz=h). By [5], Theorem 6.10.1, and [1], Problem 128, there exist @
integer J and complex numbersp;, ¢, rj andsj,j =0;1;:::;J, such that

X . .
A= @ '+p ')
j=0
X _ _
B(z)= (g'+q ')
j=0
X _ _
cC@= (s'+s )
j=0
and
X _ _
D)= ('+r ')
i=0
Then
X . .
A(z) B(z)= f(y ig) '+ (p+ig) 'g
j=0
and
X . .
D(z)+ iC(z) = f(ri+isj) P+ (rj isj) 'o
j=0

Let C( n;2) and D( n;z) be entire functions, which are real for realz, such that

An(z) Bn(2) A(n;2) B(n;2)
Bn(z) An(2) C(n:z) D(n:2)

It follows from the proof of [1], Theorem 33, that identities

E(n;2) 1+ D(n;2)+1iC(n;2)
En(2) E(n:2)

M (z) =

A(z) B(z)+ D(z2)+iC(2)=

and
E( n;2) 1 D(n;2)+iC(n;2)
En(2) E(n:2)
hold for all complex z. By the proof of [1], Theorem 27, a real numberr exists such
that the identity

D(n;2)+iC(ni2) _ ., 1441 En(t) * 1+tz ot
E(n:2) "N T L E(an @O 2)

holds for all complex z in the upper half-plane. Write

exp inz E(n;2)=h "+ +hy

A(z) iB(z) D(z) iC(2)=

and

exp nle En(z)=a, "+ + ap:
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Then aga, 6 0 and
exp %z En(2)=a "+ + aa:
By comparing asymptotic behaviors whenz = iy with y ! +1 , we deduce that
pi igp =0andrj +is; =0for j =1;:::;J. It follows that the identities
X .
A(z) B(z)=a+2 p !
j=1
and
X _
D(z)+ iC(z)= b+2 rji !
j=1
hold for some constantsa and b. Since the inequalities
jA(z) B(2)] | A(z) B (2)]
and
iD(z2)+iC(2)j ] D(2)+iC(2)j

Therefore, M (z) is a matrix of determinant one, whose entries are real numbes. It
follows that spacesH E( ,) and H(E,) are isometrically equal.

We can also treat the second case similarly because the furich E( ,;z) does not
vanish in the closed upper half-plane. This completes the grof of the theorem. O

SinceWy(z) is a periodic function of period h and has zero mean type in the upper
half-plane, we can write
X_ .
Wo(z) = ap+  anexp ZnT'Z
n=1
for z in the closed upper half-plane. After some computation, we nd

Zn .

; 1 . d+exp 2i (z t)=h
W = : — In jWo(t
ofz)=e ' exp , N o(Mi7 exp 21 (Z 1)=h

h dt

for some real number . By Lemma 2.1 and Theorem 2.2, the identity
ni
h

holds uniformly for z in any region of the upper half-plane such that exp(2iz=h)
belongs to a compact subset of the unit disk.

Conversely, assume thatf (t) > 0 is a continuous function of period 2, which
satis es the Lipschitz - Dini condition

jf(t+ ) f®i<Lijlogj*

lim exp Z E(n;2)= € Wo(2)

wherelL and are xed positive numbers. Let

n(); n=0;L ; =exp( it);
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be a system of orthonormal polynomials, that is,
z

: . 1, ifm=n;
— f(t I Ddt= ’
5 (t) n(e ") m(e ") 0. ifmén

for all nonnegative integersm and n. Put
z

Wi (2) = exp 4i nf (2t Pzt 4

1 exp(z it) '

The function W1(z) is of bounded type and of zero mean type in the upper half-plae,
satis es the identity Wy(z+2 ) = W;(z) for all complex z in the upper half-plane,
and is continuous and without zero in the closed half-plane.Let H(E,) be the n-th
mock-Sonine space associated with the weight functioW(z). Then E,(z) can be
chosen such that

ni :
exp 7z En(z)= n(e ?)

for all positive integers n.

3. Positivity conditions

By [1], Problem 37, every element of then-th mock-Sonine spaceH, is of exponential
type and has exponential type at most ,, for every positive integer n. Since Wy(2)
is continuous on the real axis and satis es the identity Wo(z + h) = Wy(z) for all
complex z, every element ofH, is square integrable on the real axis. Lef (z) belong
to H,. By [1], Theorem 17, there exists a functionf (t) in L2( ,; ) such that
z
2F (2)= f(t)e @ dt:

Conversely, every function of this form belongs toH,. We see that the function
F(z + i) belongs to the spaceH, wheneverF(z) does, and that the spaceH, is
contained isometrically in H,, whenevern m.

From now on, we assume that the given weight functionW (z) has an analytic
extension to the half-plane Im(z) > 1=2, and that W (z)=W(z+ i) has a nonnegative
real part in the half-plane. It is clear that the function Wy(z) has the same properties.

For every elementF (z) of F(W;), by the Paley-Wiener theorem [6], x4.8, there
exists a function f (t) in L?(0;1 ) such that

Fiz) _“°
Wo(z) o

f (t)e dt

for Im(z) > 0, and such that
z 1
KF k2 (Wo) =2 . jf (1)j2 dt:

Since Wy(z + h) = Wp(z) for all complex z, F(z + i) as a function of z belongs to
F (Wp) wheneverF (z) does.

The following theorem is a weak form of a theorem in [2], whichis su cient for the
present purpose. For the convenience of readers, we sketchpaoof here.



38 X.-J. Ll

Lemma 3.1. Let W(z) be nonconstant weight function of bounded type in the upper
half-plane such thatjW (z + h)j = jw (z)j for all complex z in the half-plane. Assume
that W(z) has an analytic extension to the half-plandm(z) > 1=2 so that the real
part of W(z)=W(z + i) is nonnegative in the half-plane. Then the real part of

hF(2);F(z+ 1)iFw)
is nonnegative for every element (z) of F(W).

Proof. Let

W(Z)W(w)

2i(w 2)°

Since the real part of W (z)=W(z+ i) is nonnegative for Im(z) > 1=2, the expression
K(w;z+ i)+ K(w+ i;z) is positive-de nite for w and z in the upper half-plane. By
the assumption, F(z + i) belongs to F (W) for every elementF (z) of F(W), and a
constant c exists such that the transformation of F (W) into itself, which takes every
elementF (z) into F(z + i), is bounded byc. Let F(z) be an element ofF (W) and

a small positive number. Then there exist a positive integern and complex numbers

(w;2) =

an (Z) F (Z)kF (W) <
where
X
Fa(2)= g K(w;2):
j=1
It follows that the inequality
jhFn(2);Fn(z+ D)ipw) h F(2);F(z+ 1)iew)]
ckFn(z) F(2)kr (w) KFn(2)Kr (w) + KF (2)Kr (w)
holds, which implies that the real part of
hF(z);F(z+ 1)iFw)
is nonnegative. This completes the proof of the Lemma. O

4. Asymptotic limits

Let F(z) be an element of the n-th mock-Sonine spackl,,. Then the function f (z) =
exp(n iz=h )F (z) belongs to F (Wp). By Lemma 3.1, the real part of

 (2);F (2 + Die o)
is nonnegative. Since the identity

F(2):F (2 + Din, =exp © W@ 2+ Dir qwo;

holds, the real part of
hF(z);F(z+i)in,
is nonnegative for every element (z) of H,.
Put
E(ni2)E(n;w) E(ni2)E(n;W),

Kn(w:2) = 2i(w 2
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Theorem 4.1. The identity
lim exp(i n2)E( n;2) = e Wo(2)

holds uniformly for z in any region of the half-planeIm(z) > 1=2 such that =
exp(2iz=h) belongs to a compact subset of the digkj < exp(=h), where is some
real number.

Proof. Let be a small positive number. Put

n()=exp( i n2)E(ni2); =exp %z:

Step 1. It will be shown that the inequality

i n(0)j cexp( o[l 2])

holds whenn 3, where
1%
c=1l+exp n InjWo(t)jdt :
0

Argue by contradiction, assuming that this inequality is not true for some larger
integer n. It will be then shown that zeros of E( ;z) must lie in the half-plane
Im(z) 1=2+ . Write

A
n()=kn ()

j=1
Then the inequality
j (@) knexp( a[l 2])

holds. By Lemma 2.1, the limit
Zy

lim kn, =exp 1 In jWo(1)j dt
nil h

holds. It follows that the inequality

i n(0)j cexp( W[l 2])

holds whenn 3. This is a contradiction.
Let w be a zero ofE( n;z) such that Im(w) > 1=2+ . By Theorem 2.2 and the
rst identity of Lemma 2.1, the identity

Kn+1 (W; 2) = exp IF[W z] Kn(w;2) (4.2)
holds. Rewrite it as
Kna (W2)=exp W 2] Ko(w2)+ Ca(w;2);

where
exp(i [w z]=h) exp( i[w 2z]=h)

Cn(w:2) = 2i w2

E( n;WE( n;2):

Since the real part of
hE()F(t+0)in,.,

+
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is nonnegative for every element (z) of Hy41 , the inequality

exp —w ] Kn(Wt);Kna (Wit+1i)
D I n+l E
+ exp F[W i t] Kn(w;t+i);Kne (w;t)
n+l
4 exp IF[W i w] ReKnp(w;w+ i)ReKpg (W;w+ i)

holds by the Schwarz inequality. It follows that
L exp(i w t=h)Kn (w;t); Co (Wit + i)

exp i—[w iow] 4.2)

2exp(i [w i w]=h)ReK,(w;w+ i) h
The identity
D i E
exp F[W tDKn(w;t); Ca(w;t+ i)
= JECowien £ i w 3

Z+1 E(n;t)E( ot i)exp@i[w+i tl=h) 1

v (Eow(t woi) 4 ZJE( n+131)j?

holds. By the second identity of Lemma 2.1, we have

i
knexp —z E(n;2)= kn+1E( n+1:2) n+1 (0)E( n+1;2):

h
It follows that the integral on the right side of (4.3) can be written as
koot 2°1 exp2i[w+i tI=h) 1 exp( it=h )E( it i) g O
Kn 1 42t w)(t w i) E( n+1:t) kn
(4.4)
where
241 exp( 2iw i tl=h) 1 exp(it=h )E( o:t ) 4.

1 42t w)(t wti) E(n+1st)

By the Cauchy formula of the upper half-plane [1], Theorem 12we have =0. Itis
permissible to move the line of integration so that the rstt erm of (4.4) is equal to

kne1 1 exp(2i w+ i  wl=h)ygexp( i w=h)E( n;w i)

Kn 2i(w i w) E( n+1 W) (4.5)
Lk C7T ep@iW U e ith) E(an
Kn 1 4 2(t w+i)(t w) E( n+rit+i)

Sincew i and w are in the lower half-plane, the second term of (4.5) is equato

o 2E s ke 241 oxp( 3it=h )E( i) dt
P h K . 72t W WHDE(nmit+i)

(4.6)

Put
E(n;t)=knexp( i nt)[1+a; + +ap "]
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and
1 h x i
I=E( n+1;t+ )= ——exp(i naa[t+i])) 1+ b/
I(n+1 j=1
where =exp(2 it=h ). Then (4.6) is equal to

2i 1 exp( 2it=h)

e " exp TW gt = L1 oexp( 20w i w]=h):

4 2(t w)(t w+i) 2i(w 0w

4.7)
By the third identity of Lemma 2.1, We have
kk“ exp IFW E( n+1;W) = E( n;w):
n+l
Putting (4.4){(4.7) into (4.3), we obtain
exp W 1] Ko(WiD;Ca(Wit+ 1) >,
_exp(ifw i wl=h) exp( i[w i w]=h)
- 2i(w i w)
[E( nsWE(n;w i) e "JE( n;w)°L:
Since
. ECniw DE(nwW),
Kn(Wiw+ )= =T 1w
it follows from (4.2) that
1.1 2 1 exp( 2 [2y+1]=h) exp(_ n)iE( ;W)
2t 2P v+l 4 @2y +1) ReK (W, w + 1) (4.8)
exp( [2y+1);
wherey = Im( w). Since the identityZ
1 . . H
. Kn(w; )Kn(w;t + 1)
Kn(w,w+i)= dt
D T W We(®
holds, there exists a constantc; depending only on the function Wy(z) such that
zZ, L
ReKn(W;w+ i)  GjE( n;w)j? E n;t |§ dt:
0
In addition,
Zh i 2 X
e E it L Cdt=h jajfexp =
0 2 =0 h
where
) ; 2i
exp(i nz)E( n;2)= al;  =exp 2
j=0
Sincen Sandjanj=j n(0)j cexp( n[1 2]), we have
exp( n)JE( n;W)j? 1 4n 3.
ReK,(w;w+ i) c2c; exp( h )< % (4.9)
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Putting (4.9) into (4.8), we obtain a contradiction. Theref ore, we must have Im{v)
1=2+ , and then all the zeros ofE ( ,;z) lie in the half-plane Im(z) 1=2+ .1t
follows from the rst limit of Lemma 2.1 that

i n(Q)j cexp( W[l 2])

whenn 3. This completes the proof of Step 1.

Step 2. Since the identity
0 kr21+1 kr21 =j ne (0)j2

holds, it follows inductively from Lemma 2.1 that there exists a constantc( ) and a
positive integer N () depending only on and Wy(z) such that

h i
C

exp( n[1 2])

whenn N()andj j< 1.

Step 3. It will now be shown that there exists a positive integer N;( ) depending
only on and Wy(z) such that the real part of

exp(i n2)E( n;2)
exp(i n[z+ i)E( n;z2+1)

is greater than negative one forz in the half-plane Im(z) > 1=2+2 whenn Nq().
Lety =Im( 2) 1=2+2 . It follows from Step 2 that

jexp( 2i nz+i n[z+IiDE( n;z )]

c() :
T exp( fy+a=h P ¥ 2D
which tends to zeroasn ! 1 . In addition, the identity

2i(z i 2)Kn(z;z+ 1)
jexp( n[z+iDE( niz+0)j2
exp(i n2)E( n;2)
jexp( n[z+ iDE( n;z+ i)

expli nlz+i 2)) (4.10)

= f(2)

exp( 2i nz+in[z+i)E(n;z i)

holds, where

exp(i nZ)E( n;2)
exp(i n[z+ iDE(n;z+1i)

Since the left side of the identity (4.10) has a nonnegative eal part when Im(z) >

1=2, and since the second term of the right side of (4.10) tendsot zero uniformly for
z in the half-plane Im(z) 1=2+2 asn!1 |, itfollows that there exists a positive
integer N1( ) depending only on and Wy(z) such that the real part of

f(z) =

exp(i n2)E( n;2)
exp(i n[z+ i)E( n;z+1)

is greater than negative one forz in the half-plane Im(z) 1=2+2 whenn Ny().
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Step 4. Finally, we are going to complete the proof of the theorem. Lé

exp(i n[z+2i i=2)E( n;z+2i i=2)

exp(i n[z+2i +i=2)E( n;z+2i +i=2)

Then Re' (2) 1 for Im(2) 0. By Poisson representation [1], Theorem 4, a
nonnegative numberp, and a real number |, exist such that

a2 1. _ 140 1+ tz a1
— =i, ipnz+ — €
n(z)+1 o @)t 2) n(t) +1
for Im(z) > 0. Since the left side of the identity (4.11) is bounded by oneén the upper
half-plane, we deduce thatp, = 0. The inequality

a2 1 +1Z+1 i1+ tzj

"n(z)=2+

d  (4.11)

"n(2)+1 1 @A+ )jt 7]
holds for z in the upper half-plane and for all positive integersn.
Vitali's convergence theorem says: Lef,(z), n =1;2;:::, be a sequence of analytic

functions de ned in a region D such that jf,(z)j M for every n and for all z in D,
where M is a xed positive number. Assume that f,(z) tend to a limit, as n!1
at a set of points having a limit inside D. Then f,(z) tends uniformly to a limit in
any region bounded by a contour interior to D, the limit being, therefore, an analytic
function of z.

Since the limit

S _ N .

n|!|1m n(2)=2+ Wy z+2i 5 =Wp z+2i +2
holds asn ! 1 when Im(z) > 1=2, Vitali's convergence theorem implies that the
limit

. ni e
nI!llrn exp Tz E(n;2)= € Wp(2)

holds uniformly for z in the half-plane Im(z) 1=2 + 3 for some real . This
completes the proof of the theorem. O
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