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On exponentially small terms
of solutions to nonlinear
ordinary differential equations

A. Tovbis

Abstract. The subject of the paper is exponential asymptotics, or in th e other
terminology, \asymptotics beyond all orders", to solution s of nonlinear ordinary

di erential equations. We present expressions for exponen tial corrections to the

power series asymptotics of solutions under some generic assumptions on a given
equation. We also discuss relations between exponential co rrections and analytic

properties of the Borel transform of the formal asymptotic s eries. In particular,

we consider the Stokes phenomenon and show that the transiti on constant (the
magnitude of the exponentially small \jump") is the same for all solutions which

possess the same power series asymptotics in the consideredregion on the complex
plane.

0. Introduction

We start the exposition with the following example. It is known (see [PRG], [GJ])
that the study of travelling wave solutions to the singularly perturbed fth order
Korteweg-de Vries equation

2uxxxxx + Uyx +6UU+ U =0 (0.2)

is reducible to the study of solutions of the ordinary di erential equation

vO%%) + vOx) + v3(x) = 0; (0.2)
which possess the asymptotics
v(x)= O(x 2); x!1 ; (0.3)

in any closed proper subsector of the upper half-plané of the complex x-plane.

Actually, the problem is to study the asymptotic behavior of v(x) near the real
semiaxes. It turns out that the corresponding asymptotics @ntain respectively expo-
nential terms c;€* and c,€* , where c1:2 2 C. These terms are exponentially small in
any proper subsector of8, but become oscillatory and therefore \detectable" near the
real semiaxes.

It is known that a solitary wave solution to (0.1) consists of the central core of the
wave accompanied by co-propagating trailing oscillations The constantc, ¢;, which
we call the transition constant of the equation (0.2) in S, relates the amplitude and
the phase shift of trailing oscillations and, therefore, isan important characteristic of
the solitary wave solutions to (0.1) ([GJ]).

The main results of the present paper, applied to the equatia (0.2), are as follows:
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58 A. TOVBIS

a) The mappingscy2: ¢ 7! C are global coordinates on the manifold ¢ of the
solutions to (0.2), satisfying (0.3);
b) The transition constant c= ¢, ¢; does not depend orv 2 4;
¢) We present an explicit formula (seex 3.3 for the equation (0.2) and (0.7) for the
general case) for the transition constantc.
These results will be obtained for a system of nonlinear ordiary equations of the
general type

xt "z2%x)= f(x;z); x2C;z2C"; n;r 2N; (0.4)
which possesses a formal power series solution
R
2(X) = zx P: ngp2 N: (0.5)
k= No

Here the vector-valued functionf (x; z) is holomorphic at (1 ;0)2 C C".
In fact the existence of the formal solution (0.5) follows fom a condition of the
type (0.3), namely (see [T2]) from

X} () foaan)= O Fo) x!Ll
where the numberN 2 N depends on the equation (0.4). (Herezg; denotes the rst
N terms of (0.5)).
Once the formal solution (0.5) to (0.4) is xed, one can de ne the characteristic

exponentials of (0.4), related to (0.5) (seex 1.2). For example, the second Painleve
equation (3.10)

VX)) =2Vv3 + xv + ; 2C;

has two characteristic exponentialsx 1*4e @=3%""* yelated to the formal power series
solution (3.1lb with the leading term  =x . The other two characteristic exponen-
tials x 1¥4e 2 273’ gre related to the other formal power series solutions with he
leading terms  #5x* (see [T2],x 4.2).

In this paper we consider the equation (0.4) of the generic tpe, i.e. satisfying the
following assumptions:

a) The equation (0.4) is aone-level equationof some order , i.e. the characteristic

exponentials of (0.4) are of the order (seex 1.2);
b) There exists only one characteristic exponential, whichis decreasing in the con-
sidered sector$ of opening =
In fact, this work is a generalization of [GM] to the case of nalinear equations.

Let s denote the set of the solutionsz(x) of (0.4), which are holomorphic in every
closed subsector of a given open sect@& on the Riemann surface of Irx for su ciently
large jxj, and which have the asymptotic expansionz{x) in every closed subsector of
S. The latter fact is denoted by

z(x) 2(x); x!'1 ;x2S (0.6)
It is known that s is nonempty if the opening of S is less than = ([RS]) and that
either (0.6) is convergent (has a nonzero radius of convergee) or s = ; when the

opening of S is su ciently large. In fact, s is a complex analytic manifold, and
the dimension of s is equal to the number of characteristic exponentials of (&),
decreasing (in modulus) in every closed subsector & asx !'1  ([T2]).
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Let 8 denote a sector, where some characteristic exponentia?®) of (0.4) is de-
creasing asx ! 1 and let x be the leading term of q(x). Then, according to
the assumptions a) and b), the opening of§ is equal to = and the dimension of

& is equal to one. Inx1 we show the existence of two di erent global coordinates
Fi2: & 7! C. Infact, Fl;g(z)he‘*(x), whereh 2 C" is a certain constant vector and
khk = 1, are the exponential terms which appear in the asymptotics of the solution
z2 4 near the boundaries ofS. Inthe case = r, for example, h is the eigenvector
of the Jacobian matrix %fz(l ; 0), corresponding to the eigenvalue . In x2 we show

that the transition function "¢ = F2 F; ! is given by a( )= +c wherec2C
is the transition constant. Usually by the Stokes phenomenonve understand the fact
that ' 4 6 id.

The characteristic exponential €4*) of (0.4) and the corresponding vectomh could be
derived from the equation (0.4) by some algebraic operatios. However the evaluation
of the transition constant c requires a principally di erent approach, since ¢ depends
transcendentally on the coe cients of f (x;z).

Generally, g(x) is the sum of a polynomial of order and of a logarithmic term bin x,
whereb2 C. However let us assume thatg(x) = x + blnx. This is not a restrictive
assumption since there exists a holomorphic ix * change of the independent variable,
reducingqg(x) binxto x . In x3 we show that

ch=2i lp_(p + L *[x "z()l(p); (0.7)
p!

where L 1 is the inverse -Laplace transform (seex2) of a certain solution z 2 e
Here the constantb and the vector h are uniquely determined by (0.4). The choice of
the root of depends on the sectorS.

Under the assumption a) the inverse -Laplace transform L 'z is holomorphic at
the origin ([T3]). Therefore one can simply use theformal -Borel transform B to
construct L [x Pz(x)]. This remark justi es the evaluation of Stokes constants via
the -Borel summation (which was utilized, for example, in [PRG], [GJ], [HM], etc.)
in the case whenL 1z is holomorphic in the disk jpj < | jl.

1. Boundary behavior

1.1. Prenormalization. In this subsection we derive the linear part of (0.4), which
determines the behavior of solutions atx = 1 (see [T2]). In the following, for any
square matrix B, diagB denotes the diagonal matrix with diagonal entries coincidhg
with those of B.

Let us consider the matrix linear di erential equation

x1 TYYx)= A)Y(X); r2N; (1.1)
where the matrix-valued function A(x) is holomorphic at in nity.

Theorem 1.1 ([KT], [T1]) . There exists somepy 2 N, such that for any 2 N the
equation (1.1) is reducible to
x' "Z29%)=[B(X)+ o(x )]Z(x); x!1 ; (1.2)

by means of the transformationY (x) = T(x)Z(x). Here the matrix B(x) (which
does not depend on ) is upper-triangular and polynomial in x 7P, and the order
of diagB (x) does not exceedpg. The matrix T(x) (depending on ) is polynomial
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in x ¥Po detT(1) 6 0 and we can always assume thaT® (1 )k = 1, where TU)
denotes thej -th column of the matrix T.

The equation (1.2) is called atriangular form of (1.1) . Triangular forms of holo-
morphic matrix-valued functions with respect to similarit y transformations were con-
sidered in [Fr]. Generally, the triangular form (1.2) is not uniquely determined. How-
ever it is easy to show (using, for instance, the theory of famal invariants of (1.1),
see [BJL]) that the collection of diagonal entriesf by (x)gL, of B(x) are uniquely de-
termined modulo O(x "). The following Corollary demonstrates the uniqueness of
diagB (x) under a certain generic assumption.

Corollary 1.1. Forall j 2, let
bi(x) 6 b (x)ymodO(x "): (1.3)

Then the rst diagonal entry by (x) of the triangular form (1.2), and the corresponding
vector T® (1), are uniquely determined.

Proof. Suppose matricesB (x) and B(x) correspond to di erent triangular forms (1.2)
of (1.1), so that by(x) 6 By (x) but by(x) B (x)modO(x "). Then for any there
exists a polynomial inx 17P° matrix T(x), so that T(1 ) is an invertible matrix and

TX)B(X) = B(X)T(x) x* "TYx): (1.4)
The equation for the (n; 1)-th entry of (1.4) is
th1() = x" P B(x) bu(x) ta()+ ofx 7Y

where t,.; denotes the f; 1)-th entry of T. This dierential equation may have a
nontrivial polynomial in x 1o solution only if B,(x) b (x)modO(x "). However,
this contradicts (1.3) and our assumption. So,tp.1 0. By the same arguments we
gett;; Oforallj 2.

Let ;i(x) bi(x) = =x,where 2 C. Then for the (1,1)-th entry of (1.4) we get
91 = t1=x+o(x *' 1). The invertibility of T(1 ) implies t1;1(1 ) 6 0. One can
easily check that =0 is the necessary condition fort;.;(1 ) 6 0. So, Bi(x) by (x).

Let T(x) and T(x) denote the matrices which reduce (1.1) respectively to thetri-
angular forms, considered above. TherT(x) = T(x)T(x). The vector TM (1) is
parallel to T (1 ), since all the o -diagonal entries of T (x) are equal to zero but
TM (1) 60. Now the fact that kT® (1 )k = kT® (1 )k = 1 completes the proof. O

The following example shows that one cannot omit the conditon (1.3) in Corol-
lary 1.1.

Example 1.1. The di erential equation

0

Yx) = «

2 o Y(X)

has two di erent triangular forms (1.2), where

=x 1+0(x 1)

BO) = 0 =X

Here is either of the two roots of the quadratic equation ( 1) 1=0.
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In order to simplify the following exposition (and without a ny loss of generality)
we will assume both in Theorem 1.1 and in the formal solution Q.5) of (0.4) that the
denominators p; pp are equal to one.

Let deg of a series in negative powers ok denote the exponent of the highest
power of x occurring in the series; we set de@(x) = 1 if a(x) 0. Let us denote

=2n(r +1) + p L where 2 Z* is to be de ned below. Then by the change of
variablesz 7! z+ | “zcx K with z, as in (0.5), we obtain the inequality

degf (x; 0) ( +1)

for the new free termf (x; 0) of (0.4). Now by means of Theorem 1.1 we can assume
that the Jacobian matrix %fzjzzo is in the triangular form B(x) + o(x ), where we
set =(n 1)(r +1)+ 1. This does not a ect deg f (x; 0) sinceT (1 ) is invertible.

The last step of our reduction is given by the so-called \sheging transformation”
z(x) = S(X)y(x) (see [Wa], x19), where

S(X):diag(x n(r+l) ..... X 2n 1)(r+1) ):

Then the equation (0.4) is reduced to

y’= P(X)y + f(xy); (1.5)
and one can directly check that:
a) f(x;y) is holomorphicat (1 ;0)2 C C";
b) degfix; 0) 2;
c) deg%:jyzo 2;
d) the coe cient of any higher order monomial (in entries of t he vectory) of f{x;y)
has degree not more than 2 ;
e) xP (x) is a diagonal matrix which is polynomial in x of order not more thanr.

coe cient of the polynomial (in x 1) diag B(x). We choose the minimal 2 Z*,
such that the entries of the free term ofxP (x) have nonnegative real parts.

The equation (1.5) is called aprenormalized form of the equation (0.4). In what follows
we use the notation s, whenever it does not lead to any confusion, to denote the
corresponding sets of solutions to both the original and theprenormalized equations.

1.2. Volterra-type integral equations. The equation (1.5) can be considered as
a perturbation of the linear equation y°= P (x)y and hence can be written as
z

y(x) = 2™ C+ e POt y) dt (1.6)
(%)
where QYx) = P(x), C 2 C" and ( x) is a collection of n individual contours of
integration for each entry of the vector integrand. The contours 1 (x) of ( x) have
the common endpoint x.
The entries g (x) of the diagonal matrix Q(x) consist of polynomial and logarithmic
parts. Let J denote the set of indiciesj , such that ¢ (x) has a non-trivial polynomial

of g .
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De nition 1.1.  The exponentialse% ), wherej 2 J, are called characteristic expo-
nentials of the equation (0.4).

Denition 1.2.  Aray , issuing from the origin, is called aStokes ray of the equa-
tion (0.4) if <( jx1)=0when x 2

Let S be a sector of opening less thar= , where = max;2; j, in the complex
plane. We assume the boundary rays o5 are not Stokes rays of (0.4). With any
such S in [T2] we associate the subspacé s 2 C" and the collection of contours

s(x)=f ’S(x)gj”:l (which may depend onC 2 Lg, see below), so that the following
statement is true.

Theorem 1.2 ([T2]). a) The set of solutions of (1.6), where C 2 Ls and ( x) =
s(x), coincides with s;
b) The dimension of the manifold s is equal to the number of characteristic ex-
ponentials decreasing inSasx!1 ;
¢) The equation (1.6), where ( x) = s(x) and C 2 Ls are xed, has a unique
solution y(x). This solution can be represented as

X
y(x) = w; (x); (1.7)
j=1

wherew; (X) = yj (X) Yy 1(x), yo(x)Z 0 and

yj(x)= Q™ C+ e QO ty; 1(t) dt : (1.8)
s (x)

The sum (1.7) converges uniformly and absolutely in the su ciently remote part of S.

The assumption a) from the Introduction means thatJ 6 ; and ; = forallj 2 J.
According to the assumption b) and without any loss of generéity we can assume that
the exponential e ** is the only exponential from among thee i* (j 2 J) decreasing
in the sector$ = fx : 0< argx < —g. By S and S we denote small perturbations of
8, such that S is a proper subsector of§ and that S contains the ray argx = 0. We
also assume that the opening ofS is less than = , that S S and that no Stokes
rays are contained in8nS.

For any xg 2 S we introduce a closed subregion

SXo = ! Xo (S);
where the transformations ,,u> 0,and , 2 C, are de ned by
ul X7 XY X T X+

For an arbitrary point x 2 S the j-th contour ~I (x) of the collection { x) = s(X)
is de ned as a ray, issuing fromx, such that 7 (x) Sy, and e 4 is decreasing
along ~J(x). In this case Ls = f0g, and (1.6) has a unigue solution. It is clear
that the directions of contours = (x) can be slightly changed preserving the values
of corresponding integrals. Then, since the opening of is less then = , one can
directly show the existence of some > 0, such that for any xo 2 S, x 2 S, and any

Xj > jxojs jtj> X (1.9)
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LetnowXxg 2 S, X 2 Sx,. Then we de ne the collection ( x) as coinciding with T x)
except for the contour (x). (Note that we can deform any contour ¥ (x), j > 1 so
that 7 (x) Sy,.) The exponentiale %) is increasing in the whole$, and therefore
~1(x) is to be a nite contour. We choose it as the segment %o; x] (see [Wa], x14.3
for details). The subspacel g is spanned by the rst coordinate vector. According
to the theorem of analytic dependence on the initial data andto the assertion a) of
Theorem 1.2, the rstentry C;) of the vector C is a local coordinate on the manifold

s in a neighborhood of the solution to the corresponding equabn (1.6).

1.3. Boundary curves. The objective of x1 is to study the behavior of solutions
of 4 onthe boundary Stokes ray . The following simple example illustrates some
di culties related to this problem.

The functions y(x) i and y(x) =tan( x+ c), wherec 2 C, represent all solutions
of the scalar equationy%(x) = 1+ y?(x) of order = 1. Any solution y(x), except
y(x) i, admits the asymptotic expansion

y(x) i x!1 ;x28§;

so it belongs to 4. However in the casec 2 R the function tan(x + c) has in nitely
many poles, which are accumulating tox = 1 , on both Stokes rays argx = 0 and
argx =
This example shows that generally a solutiony 2 ¢ may have very complicated
behavior on the boundary Stokes ray arg« = 0. Granting this fact, our approach is
to study the asymptotics of y 2 ¢ along a certain curve, such that argx ! 0 as
xj'1T ,x2°.
For any given M > 0; 0 we de ne the curve™ = “( ;M ) by the equation
jefh(x)j = Mjxj ; (1.10)
where argx is assumed to be bounded. Let us represent
Xt
w(x)= 1x + € x K+ a Inx
k=1

where ¢ 0,0 k<2 ,a 2 C. Moreover, ;= ij 1j sincee®™ is decreasing in
8. Then (1.10) can be represented as i (x) = In M <Inx or

X 1
i 1 sin o+ « Kcos( k) + ¢ +(<a + )In =a InM =0;
k=1

wherex = e' . The assumption that is bounded implies lim ; = 0. Then for
su ciently large  we get

P

_ k:11 K n"cosk+(<a+ )In InM

i1+ (k) ok Ksing+=a

which implies = O( ')as !1 . (Moreover, if all the coe cients of the polyno-

mial part of qu(x) are purely imaginary, then = O('“—) as !'1 )
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1.4. Behavior of solutions along *. Let S denote the part of S which is bounded
by = “(M; ) from below (we assume™ S), xo 2 S and S, = S, [ S. Then for
any x 2 Sy, the collection of contours s(x) is de ned as coinciding with T x) except
for the rst contour %(x). This contour is chosen as the union of: the segment of
~1(x) from the point x to the point (x) = ~Y(x)\ °; the part of the curve ~ from

(x) to in nity. The following Theorem 1.3 is in a sense an extenson of Theorem 1.2
to the curvilinear sector S.

Theorem 1.3. Forany M > Oand 2 (0;1) the equation (1.6), where ( X) = s(X)
and C 2 Lg is xed, has a unique solutiony(x), which possesses the asymptotics

y(x) eQ®Cc=0(x 1); x!1 ;x2S: (1.11)
Moreover, this solution can be represented by1.7), (1.8). For any su ciently remote
point xo 2 S the sum (1.7) converges uniformly and absolutely inSy, .

Proof. The properties of the integral operator, occurring in (1.6), were studied in [Wa],
x14. Using Lemma 14.2 from there and the property (1.5), b), weget
kwi(X)k<Bjxj ; X2 Sx;

for somexgo 2 S, where jXoj is a su ciently large number. Here w;(x), j 2 N, are
de ned by (1.8) and B = 2M (kCK).
The assertion of the theorem is a consequence of the estimate

w1 (0K j%.kw,- (ki X 2 Sy (1.12)

which holds for someK, xg 2 S and all j 2 N. We prove (1.12) by induction using
the properties of f~and the following known statement.
Statement 1.1. Let h(x): C" 7! C" be a holomorphic mapping in a neighborhood

of 0 2 C" and let h(x) contain no constant and linear terms. Then there exists
adiskV = fx 2 C" : kxk < g, where > 0, and a matrix-valued function

H(y;z): V27! C" so that H (y; 2) is holomorphic in V2 and for any y;z 2 V

h(y) h(z)= H(y;2)(y 2):
MoreoverkH (y;z)k! Oas 1! O uniformly forall y;z2 V |, where ;<
Let k 2 N and let (1.12) hold for any positive integerj < k . Without any loss of
generality we can assume thafixoj > 2K 1, soky; (x)k < 2Bjxj  for any x 2 Sy,.
Then by virtue of Statement 1.1 the estimate

Ocy) Fooyy Ok SEkwk ki x2 S (1.13)

follows from the properties (1.5), a)-d). Here the constantK ; > 0 depends onB but
does not depend onjxpj, asjxpj!1 and argxg = const.

Now, to get the estimate (1.12) forj = k one needs to combine (1.13) with
Lemma 14.2, [Wa]. Let us however note that the integral along (x) needs a special
consideration since it is not the subject of Lemma 14.2. Accaling to (1.10) and (1.13)
the integral along ~ from (x) to 1 times e®(X) does not exceed

2K 1 kw; (X)K
1 eI/
This remark together with (1.9) completes the proof. O
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Remark 1.1. Theorem 1.3 is true under various weakenings of the restrigbns a), b)
from the Introduction. For instance, a) can be simply dropped. However this causes
a considerable complication of the proof.

Remark 1.2. For a given 2 (0;1) the constant K = K (B) in (1.12) is completely
determined by B. So, the estimate (1.12) is uniform for equations (1.6), whee ( x) =
s(X);C2Lg andkCk 2

W.

Remark 1.3. Letus rrgpresent the vectorC from (1.6) as the sum of some absolutely
convergent seriesC = i1 Gj. We can introducew; = ¥; ¥ 1, whereypy 0 and
hyi z i

y = e C+ e Oty 1(t) dt; j> L (1.14)

P, k=1 (x)
Then the series ] -, kw; (x)k converges uniformly inSy, B)r some su cu?gtly remote
point xo 2 S, and their sum is equal to (1.7). Moreover 11 1 Wi (x) =1 W (x).

The corresponding assertion can be extended to an arbitrargontractive operator in
a Banach space.

Remark 1.4. The contour %(x) is de ned via the boundary curve “(;M ). However
for a given C 2 L4 the solution of (1.6) does not depend on the particular choies of
M > 0and 2 (0;1). Indeed, according to (1.12) the variation of %(x), caused by
the corresponding variation ofM and , does not a ect the terms w; (x) of (1.7) (but

may increase the corresponding value ofoj).

Theorem 1.4. The set of solutions of (1.6), where ( x) = s(x) and C 2 Lg,
coincides with .

Proof. Let y(x) satisfy (1.6) for someC 2 Lg and (x) = s(x). Then y(x) is also
the solution of (1.6), where (x) = (x) and C = C 2 Lg. Here the collection of
contours ( x) is determined by som%su ciently remote point xo 2 S, and

Cy=Cop+ e afy (ty)dt; (1.15)
35 (xo0)
where a subindex in brackets here and henceforth means the wesponding entry of a
vector. Hence, according to Theorem 1.2y(x) 2 .
To prove the opposite inclusion let us assume thaty(x) is the solution of (1.6),
where (x) = (x)and C = C 2 Lg. Then, according to Theorem 1.2,y(x) can be
formally represented azs (1.7), where

z
yj(x)= e*™ C+ e QOf(ty; 1)dt + e YOf(Ly; 1)dt ;
(x)  s(x) s(x)
(1.16)
or as (1.14), Wheregr: y; and
Cy = e Ot w 1) Fltw 2)gdt; k> 1 (1.17)

(x)  s(x)
So, according to Remagk 1.3, it remains to show the existencef the integrals (1.17)
and the convergence of ,_, Cx, vahere

C;=C+ e Wt 0)dt: (1.18)
(x)  s(x)
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Let B =2M kCk and K = K(B), and let jxoj be so large that

K 1

where =1+ 1. Under these assumptions, by induction we can easily prove

J

kw +1 (X)k Bjxoj ; J 2N;x2S,; (1.20)

Xol
where the w; are de ned in Remark 1.3. Indeed, by virtue of (1.9), in the sane way
as in Theorem 1.3 we get

kwi(x)k  BjXoj : (1.212)

Let now k 2 N and let (1.20) be true for all j < k . Then (1.19) implies ky; (x)k
2Bjxoj foranyx 2 Sy,. Therefore the estimate (1.12) is applicable to both integals
in (1.16), so

K K
kwicer (X)k ——kw (Xo)k + — kw (X)k: 1.22
k1 (X) xol « (Xo) ixi k (X) (1.22)

The inequality (1.20) for j = k and thus for all j 2 Z* follows from (1.9), (1.21),
(1.22) and the inductive hypothesis.

The egimate (1.20) implies the existence of the integralsn (1.16) and the conver-
gence of ﬁ:l Ck.

Let us return to the assumption (1.19). The solution y(x) of (1.6), where (x) =
(x)and C = C 2 Lg, satises e ®(o)yq (xo) = Cyy. Hence, the constantCy;y =
Cu) (xo0) may increase exponentially as the pointx, is directed to in nity within S,
and therefore may cause the corresponding increase &f(B). To avoid this di culty
let us vary the curve * = ° M (Xg); , where the constantM (Xxg) is determined by
M (xo)kC(xo)k = B.

A point xg 2 S belongs to the sectorS, determined by the curve™ M (Xxo); ,ifand
only if jem0)j M (xo)jXoj . This inequality is equivalent to kyg (Xo)k jXoj B,
which for any su ciently remote point xo 2 S follows from (1.11). Soy(x) satis es
(1.6), where the contour %(x) is determined by the corresponding curve M (Xo);

It follows now that Remark 1.4 completes the proof. O

2. Transition function

2.1. Stokes phenomenon for nonlinear equations. Let us consider a sectorS,
bounded by two successive Stokes rayg and », which corresponds to the exponential
e (¥) et e®(X) be decreasing inS and let the curves"; and *, be de ned by (1.10),
whereM > 0 and 2 (0;1), with respect to the rays ; and » correspondingly.

Corollary 2.1. There exist two one-to-one correspondence@,» gl Ls,j =152
such that

y(x)= e*®F (y)+ O(x 1); x!1 ;x2§S: (2.1)

Here S;., is a closed sectorial region, bounded by;., from below (above) and by an
arbitrary inner ray of $ from above (below).

+
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This corollary is a direct consequence of Theorems 1.3 and4.. Let F; = PFj,
where P : C" 7! L4 is the projector orthogonal to all but the rst coordinate ve ctors
of C". The functions F; can be considered as global coordinates ong, i.e. they
present \natural" parametrizations of .

Let us de ne the transition function ' ¢: C! Chby's=F, F;' Itis possible

to show that the fact that ' ¢ id for all €%, j 2 J in all corresponding sectors$ is
equivalent to the convergence of the formal power series agion (0.5) of (0.4).

Statement 2.1.  The transition function ' 4(c) is a linear function.

Proof. Let us rst show the analyticity of F; 1j =1;2, at an arbitrary point c2 C.

For F; 1(c) this fact can be shown by applying Theorem 1.3 to the equatio (1.6), after
(1.6) has been di erentiated with respect to the parameterc = C;y. The analyticity of
F; follows from the analyticity and univalence of F, ! (we consider the local coordinate

on 4 given by (1.6) with somexo 2 S; ( x) = ( x), seexl for notations). Then the
statement follows from Corollary 2.1 and from the fact that linear functions are the
only entire schlicht functions. O

The free term c of the transition function
"a(z)=az+c (2.2)

is called the transition constant of (1.5) in the sector S. In this section we show that
a =1 and give an explicit formula for the transition constant c.

2.2. Evaluation of ¢ by means of the ir&verse Laplace transforms. Let ;x be
the leading terms ofg (x), j 2 J,andlet ;= ;j** @9 i ). By U we denote
the complex p-plane with the cuts from points —jeﬁ, j2J,k=0;::; 1,
in the directions argp= % arg i +(2k 1) respectively.

In what follows we use the standard direct and inverse -Laplace transforms de ned
by the formulas

z 1
LY )= e*’p 'Y (p) dp (2.3)
Y4
L y(x) (p) = > e X x  ly(x)dx (2.4)
0
respectively. Here the contour ¢ = - (=), where ~is a vertical line in the right

halfplane and ,(x) = x'. Note that L ! = Lll are the usual direct and inverse
Laplace transforms.

Let S be an arbitrary sector with opening more than = andy 2 . Then by
L 'y we mean the integral (2.4) along the contour o, turned around the origin in
such a way that ¢ S.

Theorem 2.1 ([T3]). Let (0.4) be a one-level equation of the order andy 2 .
Then Y(p) =[L y](p) is holomorphic in U.

Remark 2.1. The fact that Y (p) is holomorphic at p = 0 implies Y (p) = [B ¥(p),
whereB is the formal -Borel transform. HenceY (p) does not depend on the choice
of S.



68 A. TOVBIS

Remark 2.2. In what follows for the sake of simplicity we assume thatq(x) =
1X +dinx, whered= b+ n(r +1)+ . This is a non-restrictive assumption which
can always be achieved by an appropriate change of the indepdent variable x.

Theorem 2.2. Let (1.5) be a prenormalized form of the one level equatioif0.4) of
order , and let the characteristic exponentiale®(®) be decreasing in the sectod of
opening —. Then the corresponding transition constant can be given as

c= 2i " lim (P + )Y (P); (2.5)

whereY(y (p) = [L Ix dy(l) (X)](p), and the limit in (%.5) is taken along any direction
which is nontangent to the cut issuing from the point =~ ;. Here and henceforth the
choice of the root is determined by the secto8.

Proof. Lety2 4. Then Theorems 1.%, 1.3 and Corollary 2.1 imply
Faly) Fi(y)= e 't %y (ty)dt (2.6)

where the contour consists of the part of "1 from in nity to some xed point ;2 4,
followed by a path from ; to some ; 2 *, and then along ", to in nity.
Now the assumptionF1(y) = 0, according to (2.2) and (2.6), implies

c= Fay)= o D) 2.7)

z
ap) = €'t Yy ty)dt (2.8)

where

On the other hand the assumptionF;(y) = 0 implies y 2 <, whereS $ and the
opening of S is greater than —. Then y(x) satis es the integral equation (1.6), where
(x)= s(x)and C =0, and so

x yq (x) = e e 9y (ty) dt:
S

Applying the transformation L ! in the sector S we get after some calculations

P+ DYo@E=L Tt *fuyEy)lp: (2.9)
(For the sake of transparency in what folg)ws we assume thatS is bisected by the
positive real semiaxis. Then 1> 0and ~ =] 1) )
Theorem 2.1 asserts the hob)morphy of the right hand side ofZ.9) in %:)me region,
which contains the interval (O; 7). Let us show that for any pp 2 [0; 1]
2i . + ~
= Jimo LT ()R = o(po); (2.10)

arg( p po)=
where 2 (0; ).
Indeed, the assumptionF;(y) = 0 together with the properties (1.5), b){d) and
Theorem 1.3 imply
fty)= O(x ?); x!1 ;x2S[S; (2.11)

where the closed sectorial regiors is bounded by the curve and is situated on the
right of

+
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Let us x some p which is su ciently close to pp and with arg(p po) 2 (O; ).
Let us divide the corresponding contour o from (2.4) into two parts o= o[ o,
where ,  SnS, ; S (here only the in nite parts of the contours are considered)
Then, according to (2.11), the contours and ¢ of the integrals (2.8) and (2.9) can be
deformed into = [ "2, preserving the values of the integrals. Then (2.10) follows
from the dominated convergence theorem.

Now, (2.7) - (2.10) and Theorem 2.1 imply

c(Po) = 2i(po+ 1)Yq (Po); (2.12)
where po 2 [0; P ). Accor(zjng to Remark 1.4 we can always assume that .
Then lim,, P—c(po) = ¢ 1) follows from the inequality je ** j j €PoX j

whenx 2 . Then (2.10) also holds when =
We can ngw choose anothey 2 4 so that F»(y) = 0 and similarly show that
Fi(y) = ¢~ 1) and that (2.10) holds for 2 [; 2 ). Then (2.5) follows from
(2.7), (2.10). O

Let us de ne the asymptotic dierence gyq) (X) of yu (x) in the sector 8§ as the
di erence in asymptotics of y(;) (x) along the curves™; and ";.

Corollary 2.2. Forany y 2 g the asymptotic dierence gy (X) = eX)c. That
is to say, the transition function ' 4(z)= z+ c.

Indeed, Corollary 2.2 follows from the fact that F,(y) = 0 implies Fi(y) = c(see
the end of the proof of Theorem 2.2).
Remark 2.3. Forany dsuchthat<d 0, the limit (2.10), where f{y) (t;y) is replaced
by fTt;y), exists and is equal to the corresponding constant (deperidg on pg) vector.

3. Evaluation of Stokes constants.

3.1. Formulae for Stokes constants. Let 2(x) be the formal solution of the original
equation (0.4) and let Y\x) be the formal solution of the corresponding prenormalized
equation (1.5). Then

X
2(x) zx K= T(X)S(X)9(X); (3.1)
k=1
where the number and the matrices T (x) and S(x) were de ned in x1.
Lety 2 4 be a solution of (1.5). Then

X
2() = zx “+ TOSM)Y(X) 3-2)
k=1

is a proper solution of (0.4) admitting the asymptotics 2(x) in S. According to (2.1),
the asymptotic di erence

2() = TEOSRW[Fyy) Fay)]l+ O(x "D 1)
= cTO(x)em™) + o(x "+ 1y (3.3)

where ¢ is the corresponding transition constant and T® (x) is the rst column of
T (x). According to Remark 2.2,

(x)= a(x) [(r+1)+ Jinx= 1x +blinx; (3.4)

+
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where by is de ned in (1.5), e). So
az(x)= C+o(l) x™e ™ +O(x "D 1y (3.5)

whereC = ¢T® (1 ) = ch, and khk = 1, see Theorem 1.1. Moreover, according to the
assumption b) from the Introduction and to Corollary 1.1, both b and h are uniquely
determined.

Denition 3.1.  The vector C = Col( Cy;:::;Cy) is called the vector of Stokes con-
stants of the solution z(x) of (0.4) in the sector S.

According to (1.10)
xPe X = O(x "D ), x11 ;x2 12

Since 2 (0;1), the exponential term Cx™e 1* is the leading term of sZ(X) near
the boundaries™;., of Sasx !1

P
Remark 3.1. The change of variablesz(x) 7! z(x) + E':l z«x ¥, whereN 2 N, in
the equation (0.4) does not a ect the exponential term Cx™ e 1% .

For a scalar function u(x), holomorphic in some sectorS of opening more than =
we introduce the operator

Ru= 2i 'l (p + oL *ul(p);
p! 1
where the limit is taken in the %\Eof Theorem 2.2. It is cleathat Ry =0if L 'y

exists and is continuous atp = 1.

Theorem 3.1. Let the characteristic exponente™ () be decreasing in the secto of
opening = . Then the vector of Stokes constants of the solutioa(x) in S is given by

C = R[x Pz(x)]: (3.6)

Remark 3.2. According to Remark 3.1, we can always assume the existencef o
Rx Pz(x)]

The following Lemmas precede the proof.
Lemma 3.1. If Ry exists, thenR(y=x ) =0 for any > O.

Proof. Assume that =1. The existence of Ry means

R
YO = et 0 e 0t Bl
whereY = L ly. Then we need to show
Jlime e+ DY (P P =0 (37)
Let us x some small " 2 C and represent the convolution as
hZ p " z p i
Y(p) p *= oot Y()p ) ‘dt
-

It is easy to check that only the second integral is actually & interest here .
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Without any loss of generality one can assume that ;"> 0,p2 (0; ). Let
= ( 1+ p)> 0. Then in fact (3.7) follows from
+" 1

lim
10 +

This assertion is a consequence of the estimates@ + ") !jIn2 j in the case 1
and 2 jIn2 jinthe case 2 (0;1).
The case 6 1 can be reduced to the considered one. O

Lemma 3.2. If j 81, thenRy(;) =0.

Proof. The solution 'y 2 5. Hencey()(x), j 2 f1,:::;ng, satises the integral

equation
q z

yi)(x) = e 1x *a 00 e 11 SO (Ly)dt; (3.8)

L0

S
wheregr(x) is a polynomial of degree less than , which may also contain a logarithmic
term. The equation (3.8) can be represented

- jX+jX qqx J‘X+jX qo(x)
Vi) (x) = e r* T o gx T ' e ﬂ()W'(X)
= A(x) + Az(x);
(3.9)

where | (x) denotes the integral in (3.8).
Now, by means of integration by parts we get

L A= (p+ )L 'xP 5y
Then, according to Remark 2.3,j 6 1 implies RA; = 0. The factthat RA, = 0 follows

from Lemma 3.1 since deg%x) < 1. Finally, the remark Ry(j) = RA1+ RA2 =0
completes the proof. O

Proof of Theorem 3.1. Using Remark 3.1 and Lemma 3.2 we get from (3.2)
Rix ™z(x)]= R[x "T(x)S()y()] = RIT® (x)x * "Dy (x)]:
Then, according to Remark 2.2, Lemma 3.1 and Theorem 2.2,
Rx "z(x)]= TO 1 )R[x Yyq(x)]=C: O
Remark 3.3. By the same technique one can evaluate the higher order termsf 4z.

3.2. Stokes constants for Painleve II. Let us consider the well-known second
Painleve equation

vOIx) =2v3+ xv + (3.10)

where 2 C is a parameter. There exist three di erent formal power seres solutions
of (3.10). We consider here one of them, given by
L2002y, o

¥(x) = = — ; 3.11
(x) @ < kX (3.11)
where the coe cients vk are polynomials in

It is known (and one can easily check) that (3.10) is a one-le®l equation of order

= 3=2, and that the linear part of (3.10), corresponding to the farmal solution (3.11),

+
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is the well-known Airy equation v®{x) = xv. The Stokes rays of the Airy equation are
given by

+

wIN
ko)

argx = k 2z

w|

The characteristic exponential x 1=*e 57 of the Airy equation is decreasing in
the sector § = fx : jargxj < 30 Letv2 4. Itis known (see, for instance, [T2],
x4.2), that the exponential corrections of the asymptoticsv{x) near the boundaries of
$ are proportional to the Airy function Ai (x), i.e. of the type cx e 23°7" Then,
according to Theorem 3.1, the Stokes constant of the solution v(x) in $ is given by

c= 2i lm p? ngl[xi‘v(X)](p):

p(2)F

Here L3:12[x E4y(x)](p) is equal to the formal %-Borel transform Bs-, of the series

x1=4¢(x), which is de ned by

where denotes the gamma-function. (Equivalently we can sippose that F1(v) =0
and evaluateL ,5[x **v(x)](p) in the corresponding sector.)
Then

c= 2i lim p fW(p); (3.12)
pr(2)%

. P . 2
where the power seriesW (p) = ﬁzo wkp%" has radius of convergenc%% Here
W = 2 Vi W = Vk
2k 3R Kk+ Ly VAL T ke Dy
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In the particular case =0 the Stokes constantc = 0. This demonstrates that if a
solution v(x) 2 4 (i.e. if v(x) Qin 8), then it has the same exponential corrections
on both rays argx = 5.

3.3. Other examples. The \asymptotics beyond all orders" approach, currently
developed by M. D. Kruskal and H. Segur (see [KS]), yields a nmber of interesting
problems requiring the calculation of Stokes constants. Leus return to the equa-
tion (0.1), which describes the trailing oscillations of the singularly perturbed fth
order Korteweg de-Vries equation ([GJ]).

The equation (0.1) is a one-level equation of order 1, which &ve characteristic
exponentialse ™. This equation possesses a formal power series solution

_ 6,9 — * 2.
¥(x) = 2 + o = VX <<
k=1
Let
v(x) ¥(x); x!1 ; jargxj<: (3.13)

What are the exponential corrections to the asymptotics (313) with respect to the
rays argx = ? It can be shown directly that they are of the formc e * (see also
[GJ)]), so according to Theorem 3.1

c = 2i pI,imi(lo DV (p);

P
whereV(p)= ., (Z‘I("—kl)!p2k 1 Itis easy to check thatc, = ¢ andc, is a purely
imaginary number. The evaluation of ¢ is discussed in [GJ].
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