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ON THE EFFECTIVE BLOCK SIZE IN HARPER’S THEOREM

William M. Y. Goh and Jet Wimp

ABSTRACT. Let s be a random set partition of [n] and X, (o) be the random vari-
able marking the total number of blocks in o. By employing a uniform probability
on the sample space of random set partitions of [n], L. Harper proved a central
limit theorem for X, (o).

We determine the effective size of the block size in Harper’s theorem, that
is, the minimal block size for which the conclusion of Harper’s theorem is still
maintained. This size is expressed as a quotient of the roots of two transcendental
equations.

1. Introduction

The notion of effective size appears naturally in many problems in combinatorial
enumeration. To illustrate the point we take the following example. Let o be a random
set partition of [n], where [n] = {1,2,...,n}, the set of first n natural numbers. Let
X, (o) be the total number of blocks in 0. Also let u, be the unique positive root of
ze® = n. Define the random variable

X,(o) — M,
Y. (o) := %, where M,, = " and D, =+/n/u?. (1.1)
n Un,
We assume a uniform probability on the sample space of random set partitions of
[n]. The well-known theorem of Harper [4] states that

1 * 2

Prob(Y, <z) - — e V24t as n— . 1.2
(Vu<a) > o= (1.2
In other words, we have a version of a central limit theorem. The “effective size”
of the blocks is the optimal size k = k(n), so that if we count only those blocks in a
random set partition o of sizes up to k + L, where L, is an arbitrary function that
goes to infinity as n — oo, call this count Xr(Lk) (o), then we still obtain the conclusion

of Harper’s theorem,

x® - M,
Prob(u <z /
D, ~ Vor

To maintain asymptotic normality, it is not necessary to count the total number of
blocks in a random set partition. We just have to count the number of blocks in ¢ of
sizes up to k + L,. We emphasize that in (1.2) and (1.3) the mean M,, and deviation

e /2 gt (1.3)
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D,, are the same. Obviously k is not uniquely determined. Different k’s may differ by
a constant.

One can define the concept of effective size for other combinatorial configurations,
for instance, the effective size of blocks in random ordered set partitions [2] or the
effective size of primes in the Kac-Erdds theorem [5] on the distribution of w(n). Both
are interesting problems to study. This paper deals with the effective block size in a
random set partition of [n]. Our major theorem is the following:

Theorem 1. The effective size k of blocks in a random set partition of [n] is k =
k(n) = wu,/r where r is the unique positive Toot of z/2 —Ilnz — 1 = 0 in the unit
interval (0,1).

A rough estimate for r is 2.4 > 1/r > 2. This means 1/r < e. It is well-known
that the mean of maximum block size of a random partition is ~ elnn, see [7]. Hence
the effective size is smaller than the average maximum block size but the two are of
the same asymptotic order. It is also well-known [6] that w, = Inn — Inlnn + o(1).
Therefore, the second-order term (—1/r) Inlnn of the effective size cannot be dropped.

2. An analytical formulation of the problem

Our strategy for tackling the problem is straightforward. From the block index of
a random set partition we have the following multivariate generating function (see
Chapter 3 of [11]):

B(n) tna™
> = E(tfnltﬁ‘ﬂ---tfw)x":exp(z ) (2.1)

! m!
n>0 m>1

where X,,;(o) is the number of blocks of size i in o, 1 < i < n. Let E(X) denote the
usual expectation of the random variable X, and B(n) the n-th Bell number, i.e., the
total number of set partitions of [n]. In (2.1), set t; =t for 1 <4i <k and ¢t; = 1 for
1> k+ 1. Thus

S OB —en(t © Tes( 3T e

n>0 : 1<m<k m>k+1

where the random variable Ymk = 2521 Xn,; marks the total number of blocks of

sizes up to k.
Introducing Sy, (z) := Y7 (27/;!), the n-th partial sum of e*, and R, 11(x) :=
e® — S, (), the remainder of e* starting with the term 2"*!, we have

Z B(?)E(tyﬂv’c);z:" _ oH(Sk(@)=1) JRisr (x)
n:
n>0

By Cauchy’s integral formula
a1 exp(t(Sk(x) -1)+ Rk+1(x))

where C is any simple closed contour encircling the origin.
Now set t = ef in (2.3), £ real,

BE(tEnr) = da, (2.3)

xn+1

E(efXnk) =

ol i]{ eXp(e5 (Se(z) —1) + Rk+1(a:)) .
c

B(n) 2mi antl
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We normalize X,  the same way as in Harper’s theorem. Thus

)

=€

nlo1 exp (eg/D" (Sk(z) —1) + Rk+1($))
B(n) 2mi 740 antl

Our goal is clear. We must find an optimal k = k(n) so that the right-hand side of
(2.4) approaches /2 as m — co. By the continuity theorem in probability [3] we
then will have proved the theorem. The technique that is required to finish the proof
is very involved. Basically, we apply the saddle point method to approximate the
integral in (2.4). Unfortunately, the integrand is a complicated function of n and .
In such problems, uniformity of the approximation is always a major issue that must
be confronted in the analysis.

3. Lemmas of approximation

This section collects some useful approximations that are relevant to the problem.
Throughout this paper £ is always held fixed. To simplify the matter, we need to

define some notation. Let
dz

I, = Qiﬂ"t ; exp(gn,k(:c))?, (3.1)
where
Ink(z) = &/ Pn (Sk(x) — 1) + Riy1(x) —nlnz
=e® —nlnz+ (e8/Pn —1)Sy(x) — €8/ Pn,
A formal application of the saddle point method yields
Goi(@) = € = =+ (/P — 1Sy (a).
Proposition 1. g, ,(x) as a function of x defined on (0,00) has a unique positive
7008 Py k-
Proof. Define
() = x(e” + (e5/Pn — 1)S)_1 () (3.2)
n (0,00). Differentiating with respect to x yields
k(@) = (Ri(@) + /P Sp_1(2)) + 2 (Ri—1(z) + €%/ P Sj_a(2)). (3.3)

Since each term in the above is positive, h;, ; (z) > 0 on (0,00). Notice that h,, x(0) = 0
and h,, j;(00) = oo. This h,, (z) is a continuous, strictly increasing function that maps
[0,00) to [0,00). Hence, hy, x(x) = n has a unique positive root. O

Recall that u, is the unique positive root of ze* = n. The following proposition
describes the asymptotic behavior of py, .

Proposition 2.

§ Sk—1(pn.k) & Si—1(pnk) 1
b A oo T 0 ) 6

uniformly for all positive integers k.

Pnk — Un =
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Proof. We first show that p,  — u, = o(1) as n — oo, uniformly for all & > 1.
(1) First we assume & > 0. Returning to (3.2), one can easily show that

ze® < hyp(2) < hpoo(z) = e/ Pnpe®.
Hence u,, > pp 1 > v, where v, is the unique positive root of
et/ Prge® = n. (3.5)
Thus
P — tn| < |vn — unl. (3.6)

Observe that v, satisfies v,e’" = ne~¢/Pr. Let u; be the unique positive root of
ze* =t,t > 0. Then in terms of u; we have

Vp = Upe—€/Dn - (37)
Using the formula u, =Int —Inlnt + o(1), we get
Vn = In(ne=Pr) —Inln(ne=¢/Pn) + o(1)

=Ilnn—Inlnn+ o(1). (3.8)
This implies that
Vp — Uy = 0o(1). (3.9)
Combining (3.9) with (3.6), we have
Pnk — Unp =0(1), uniformly in k. (3.10)

(2) The case when £ < 0 can be dealt with similarly.

Now we perform a “bootstrap” computation. Since p, ; is a root of h, x(z) = n,
we have

n = pp(e™* + (e8/Pn — 1)Sk—1(pnk))- (3.11)
Also
n = u,e"". (3.12)
Dividing (3.11) by (3.12) gives

1= —p;;’k e Un (e”"v’“ + (eg/D" — 1)Sk_1(pn,k)).

Taking logarithms, we arrive at

0=1In L;“@ — Uy + prge +I0(1+ (P —1)Sp_1(pnr)e "m"). (3.13)
Note that
n n — Un n — Un n — Un
In 20k = (1 4 Pk = Hny Pk T8 (| Pk Z 2y,
Unp Un, Unp Un,
and 0< M < 1.
epn,k

Thus (3.13) simplifies to

o pn,k — Up
Un

Pn,k — Un
Un

0

+ O( 2) + (Pnk — un)

Sk—l pmk)
+ (e8/Pn — 1)7@5,& +O0(|e/Pr —11%)
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or

0=(pn,k—un)(1+;+0(ulz)> +(iw+0<1712)>’ (3.14)

uniformly for k& > 1.
Solving (3.14) for py, . — u, gives

(=€ Sk_1(pnk) 1 1
= = (gl o)) (105
_E Sk—l(pn k) 1
= — 2 O .
D, i T (Dn lnn>
We can now write pp, k—un = (—&/Dy)(Sk—1(pn.k) /e ™*)+e, withe,, = O(1/D,, Inn).
We plug this into (3.13) and bootstrap again. Finally, we get the desired result,

3 Sk—l(ﬂn,k)+0< 1 ) 0

2
D,u,  ePnrk D, In"n

En =

Proposition 3. (A)

S’;(k’ix) =5+ \/zxc_xl Erfe(Vk() (1 - o(%)) where

1 < 1
§:=<" 0se< , and (= |z —1—Inz|"/? (3.15)
0, z>1
uniformly for x > 0 and
Erfe(o) :2/ e dt, o>0. (3.16)
(B) Let z be in a compact set K of the open unit disk {z € C: |z| < 1}. Then we
have
Sk (kz) 1 z 12k 1
—1- k(1 0(7) : 3.17
ek? V2krl—z (ze™) " k ( )

uniformly for all z € K.

Proof. First we give the proof of (A). Recall that
k

Sp(z) == Z%.
k=0

We can write

n+1 o]
Snp(z) = xn' /O e (1 +t)"dt
< e " dt.
n!

An integration by parts gives
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and
n
Sp(nz) = (n:;') + " Q(n,nx),
in the notation of Temme [9]. The results in that reference give the asymptotic
expansion,
(na)m L1 (e %xe)™ 1 C
Sn(nx)— oy +e ﬁEYfC[&‘\/’EC]‘FW CO+%+E+“'} ,

where

=z —1—-Inz[? c:=sgn(z—1), co= L _ &

’ ' ’ z—1 2¢

This asymptotic expansion is uniform for x > 0. Although there may appear to be a
problem near x = 1, there isn’t, since,

co = % + O[(z —1)].

Using Stirling’s formula on the first term gives

S,;(nrix) _ %Erfc[s\/ﬁd + f/_%(x — - jic) (1 + O(i)) (3.18)

uniformly for z > 0. Now consider Gautschi’s inequality [1, see 7.1.13],

1 1
- - yZO
Y+ Vy?+2 y+ YR +4/T

The usefulness of this inequality lies in its uniformity. We may write
4

1
e, - <
y+ytaly) 0w

For our purposes we rewrite the above result as

<e¥ Erfcy <

e’ Erfcy = a(y) <2, y>0.

P e _ aly)
e —(2y—|—b(y))Efy, b(y) " y2+a(y)7 y > 0.

We see that

0<b(y) < V2.

The second term may be written

f;;fl(x:—gg(lw(;))

FErfc[fd( )(2f<+b f<>)(1+0(1))
}Erfc[fd( =) f<+ W) o(4)
[R]{\/Zg_xl Z=+o(5)} (319)
There are two cases to consider, ¢ = 1 and ¢ = —1. For the latter, we use the fact

that
Erfcy + Erfe(—y) = /7.
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Accounting for each case and putting (3.19) in (3.18) gives the final result,

% —6a \/ngxl Erfc(\/ﬁg)<1 +O(\/15)>,

uniformly for x > 0, where

5 1, 0<z<1;
o 0, =z>1.

Note that since
|z —1|
C =
V2
the lead term above is continuous at « = 1, and yields, in fact, 1/2.

(B) follows from (A) when z > 0. The proof for a complex z can be found in [§],
[10]. O

(14+0(z —1)),

The following proposition is needed in Section 4.

Proposition 4.

uniformly for x > 1.

Proof. Let ¢ = |z — 1 — Inz|'/2, Fy(z) := 2 Erfc(Vk(), and H(z) := \/2/7¢/(x — 1).

By Proposition 3, we have

Ske(f”f) — H(z)Fy(x) (1 + o(\}%)) (3.20)

It is easy to prove that H(z) is a decreasing function on [1,00). Our immediate goal is

to prove that there exists a ko such that for all k > ko, Fj(z) is a decreasing function
of z on [1,00).

Now
VE e
F/(z) = Erfc(VEC) — SH () kS (3.21)
Note that
Erfc(a) - / e*ﬂ dt S 670-2 T 67(U+1)2 + 67(0+2)2 .
o , o0 ) " ) [e’] -
—e Ty e <eT T Y e (3.22)
=0 =0
Since H(z) is decreasing on [1,00), using (3.21) and (3.22), we have
/ —k¢? - -2 \/E — k(2
Fi(x) <e jgoe J 72H(1)e < 0.

Thus there exists a ko such that for all &k > kg Fy(x) is strictly decreasing on [1,00).
This implies H(x)Fy(z) is decreasing on [1,00). Returning to (3.20), we see

S’;(,fzx) < H(l)Fk(l)(l + O(\}E)) (3.23)
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The proposition follows from observing that H(1)Fj(1) = 1/2. O
Recall the random variable Yn,k = Z§=1 Xp,; which marks the total number of

blocks of sizes up to k.

Proposition 5. For the value of the expectation, we have

E(Xo k) = Siun) + 0(5’“(“”)), (3.24)

Unp
uniformly for k < v/2u,.

Proof. Differentiating (2.3) with respect to ¢ followed by setting ¢t = 1, we have
— nl 1 dx

EXpk) = —— %Cexp(em —nlnz)(Sk(z) — 1) -

B 20 (3.25)

From this point on we follow deBruijn closely (see [6]). We shall use Szegd’s approxi-
mation to tame the behavior of Si(z). Let h(zx) = e* —nlnx. The saddle points are
roots of h/(x) = 0, i.e., roots of xe® = n. Thus u,, is a saddle point. The difficulty in
proving the statement arises from non-uniformity and the unboundedness of S (uy,).
In the sequel, we shall show the contribution from all other saddle points is negligible.
We may replace the integration contour C by a segment of the vertical line through w,,,
and complete it to a closed contour by adding a large semi-circle. And if we make the
radius R of the semi-circle tend to infinity, its contribution to the integral (3.25) tends
to zero, the factor Si(x)/z"*! being O(R¥~"~1) whereas expe” is bounded in the

Uy +100

half-plane Rex < u,. Therefore, the integral in (3.25) may be replaced by [ ™" .
Writing « = u,, + iy, we obtain

— n! >

E(X _ Up—n Inu,
(Xnk) 2weB(n) exp(e )/

— 00

Sk(un + Zy) —1
Up + 1Y

exp(w(w) Jan. G20)

where
Y(y) =" ((e" — 1) — u, In(1 +dyuy, ).
Notice that |exp v (y)| = exp(Re(y)). We have to study
Ret(y) = e"" (=1 + cosy — uy, In(1 + y2u;2)1/2). (3.27)

We now show that in (3.26) we can restrict ourselves essentially to the interval [—m, 7.
First, we estimate the contribution for y > w. The situation when y < —x can be
dealt with similarly.

If 7 < y < up, then we have In(1 + y?/u2) > 1y?/u? and |Sk(u, + iy) — 1| <
25k (v/2u,) and therefore

Un Sk(uy +iy) — 1 2y, 9
PRI T dy| < —2— exp(—ne"n /(4us, 2u,,).
/7r exXpY(y) = dy| < exp(—m?e"" /(4un)) Sk(V2un)
Note that Sg(x) < e® for all x > 0 and all k. Thus

/un exp¢(y)w dy’ = O(exp(_ﬁ%un/(4un) + ﬂun))

= O(exp(—€"" fuy)). (3.28)
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If y > up, we use 1+ y?/u? > 2y/u,. Putting y = u,z, we get

= Sk (up +1iy) — 1 e ey, In(22)\ [Sk(un (1 + ix)
/ expw(y)wdy‘ SQ/l eXp( 2 >| ((1+a:2)1/2 i

n

(3.29)
We now use (A) in Proposition 3
1Sk (un (1 +iz))| < Sp(unv/1+22) =
\/7 vz CunVITa? Erfc(\/Eg) <1 n O(\}%)) (3.30)

Up V1 + 22 —
where
c= Up V' 1+ 22 1 lnun\/l—i—ac2 1/2
=Tl

It is well-known that
1 1
Erfc(o) = —e” o <1+O( )) as o — 0.
2 o

Hence there exists an absolute constant A so that

A
Erfc(o) < e e forall o> 0. (3.31)

Putting o = v/k( in the above, we have

Up V1 + 22 1
Erfe(VEC) < Aexp( —un/1+ 22 + k + k1 : 32
rfc(VEC) < exp( u +22+k+kln ’ )1+\/EC (3.32)

uniformly for & < V2u,, and and z > 1.
Combining (3.29), (3.30), and (3.32) and using the estimate V1 4 22 < 2z for all
x > 1 we have

e Sy (uy, +iy) — 1
/equﬁ(y)Wdy‘:

e 1
O <6k+klzl(un/k) / exp((—2eunun + k) ln(2m)> da:) . (3.33)
1

It is easily seen that [°(22)7Pdx = O(e"?/?) (p > 2) and kIn(u,/k) < u,/e, for
all positive k. Therefore

n

> S n + ] -1 —n/5
| ewo 2t dy\ — 0(e). (3:3)

n

Returning to (3.26) and making use of the fact [6] that

nl “Z*l\/m<l i O(u1)>’ (3.35)

B(n) exp(etr — 1)
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we have
~ oy Un . ou, oz [ Sk(un +1iy) — 1 1
B(X0) = e /([ o) L) (14 0( 1)
o Un oy, ovi2f [ Sk(un +iy) — 1 1
= m(e +n/uz) (/_ﬂeXp(w@))unJriy dy 1+O(un) ,
(3.36)
uniformly for k& < V2u,.
Now consider the difference
(" Se(un +iy) — 1 S (un) /ﬂ
D:= /4 exp(¥(y)) PR - exp(¢(y)) dy
7 un(Sk(un +iy) — Sk(un)) — iySk (un)
_ /_ ) ot dy. (3.37)
Take C to be the contour {z : |z — u,| = 27 } and consider
Sk ( Jr‘)fS(u)*L]{S(z) 1 - dz
kUn T4 R = o c k z— (up+1y) z—uy
_ Y dz
“o Sk(2) T Fr——t (3.38)
We have
, Y|
_ <
S (un + i) = S (un)| < = Max |y (2)]
= MSk(un + 27). (3.39)
s
Using (3.39) to estimate the difference D in (3.37), we have
T tn, (Jy[Sk (un + 27) /) + |y| Sk (un)
D < /_W exp (Re(w(y))) el — ) dy
2S5k (up + 2m) [T
< m /_Tr exp(Re(w(y))>|y\ dy
_ 4Sk(up + 2m) /”
S exp(Re(1/J(y)))ydy. (3.40)

Recall from (3.27) that Ret(y) = e%" (—1 + cosy — u, In(1 + y?u;;2)'/2). Hence
/ exp(Re(w(y)))ydy §/ exp(eun(flJrcosy))ydy
0 0

s

/2
:/ exp(e“"(—l—l—cosy))ydy—i—/ (%) dy
0 w/2

/2
:/0 exp(e*" (=14 cosy))ydy + O(exp(—e)). (3.41)
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We write
/2
/ exp(e“"(flJrcosy))ydy
0

m/2
' Y
w un(_1 ————dy.
/0 e (—smy)eXp(e ( COSy))eun(—siny) Y

Integration by parts provides the estimate

/077/2 exp((e*")(—1+cosy))ydy = O(e™""). (3.42)
Combining (3.41) and (3.42) gives
/07T exp(Ret(y))ydy = O(e™ ). (3.43)
By using (3.43), the integral in (3.40) may be estimated
D= O(We_“”), (3.44)

uniformly for k > 1.
We will require the following three equations:

/_7T exp(¢(y)) dy = (27refu")1/’2(1 + O(uyh)), (3.45)
/_ ' exp(w(w)undf e (2me™ ") 2 (14 O(uy, 1)), (3.46)
Sk(ty +27) < Si(un) €™, (3.47)

where (3.45) can be found in [6] (see (6.2.4) in [6]), (3.46) can be established the same
way as the previous result, and (3.47) can be proved by observing that

Uy +27 Sk:—l (.Z‘)

In Sk (un + 27) — In Sk (uy,) = /

Uy Sk (:23’)
Up+27
< / 1dx = 2m. (3.48)
Using this gives
Sk (un
D= 0(’““‘)6—%)7 (3.49)
Un,

uniformly for k£ > 1.
Putting (3.45), (3.46), and (3.49) into (3.36), we have

E(X k) = Si(un) + O (516(%)> 7

U,
uniformly for & < V2uy,. O

The following proposition deals with the saddle point approximation to the integral
I, in (3.1). The uniformity in k& is the major concern. The usual saddle point method
ignores the question of uniformity. Recall equation (3.1) and the definition of the
saddle point py,, , (see Proposition 1).
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Proposition 6.

. exp(eg/D" (Sk(png) — 1) + Rk+1(Pn-,k)) (14 0(1)) (3.50)
n,k = ’ 7 .
P /2790 (i)

uniformly for %hln <k < mnb/12,

Proof. Decompose I, ) as follows:

I 1 dzx

k= i - eXP(Qn,k(Cﬁpn,k)) o
=1 + I, (3.51)
where
1 dx
I = — exp (gnk (TPn.k)) —
2 Jyoi<n ( e
and
1 dx
I, = 27% exp(gn,k(mpn,k))—.
T Jn<||<n z
Here we choose 7 = n~5/12. We shall show that I; gives the major contribution. First
of all
L[ i0
I, = o exp(gnyk(e Pn,k)) db. (3.52)
T J—n

The Taylor expansion of g, i (zpnk) at z =1 is

Pi,k(z - 1)2 + (Z - 1)3 % gn,k(gpmk)
2 2mi Jo, (C—2)(C—1)

where (5 is an appropriate contour encircling 1, and z is in the interior of Cs. Letting

z = €' in the above gives

Ink(2Pnk) = Gk (Pnk) + gg,k(pn,k) 3 d¢,

292

7 pn,k:
9o (€ pue) = g (k) — ot i (Prke) 5 R(0), (3.53)

" 2 ] 0 _ 3
R(6) = W((ew —1)? 4+ 92) + C 27ri1) fé‘z (C gneﬁg)c(pgf)lp dg.

Substituting (3.53) into (3.52), we have

1 n
L = exp(gn k(pnk)) 5 / exp(—gn k(Pn) 5 10°/2) exp(R(6)) db. (3.54)

=
To estimate R(f), we use Proposition 2. Note that g ; (pnk) = e +n/p.. ; +
(e¢/Prn —1)Sk_2(pn.). Thus

gii,k(pn,k)pi,k

5 ((e" = 1)2 +6%)| = O(0*nu,) = O(n~Y*u,), (3.55)
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uniformly for & > 1. We now choose the contour Co = {¢ : |¢ — 1] = 1/12},

(e — 1) Ik (CPrnk) ‘ _ 0(93 gun(Coui)l )
2mi %Cz (€—e?)¢=1)° “|= 74(—1=1/12 ¢ —e?[I¢ =1 |d<|( | )
3.56

Since gk (Cpn,k) = € —n1n(Cpp ) + (e P =1) Sk (Cpn ) /P, on [(=1] = 1/12
we have

(9,1 (Con )| < €1374/12 4 O(nInlnn) + O(e*0+/12/ Dy
— 0(613un/12) — O(nl3/12). (357)
Using (3.57), we have from (3.56) that

(eiHQ;il)?) 7& < in;(ggfgﬁ)l):% | = O(n_5/4n13/12) _ O(n—1/6)7 (3.58)

uniformly for k£ > 1.
Combining (3.55) and (3.58) gives

[R(6)] = O(n'°), (3.59)

uniformly in k.
Returning to (3.54), we get

1 n
I = exp(gn,k(/)n,k))g/ exp(—gn i (pnk)P5 107 /2) d6 (1+O(n~1/%)).  (3.60)
-n

Observe that g;:,k(pnyk)pfhk ~ e%ru2 uniformly in k and n = n=5/12 > n=1/2, By
the classical Laplace method, we obtain

1 n _1/92 /6
g/ exp(—gi i (pn,k) i 107 /2) dO = (279, 1. (Pnk) 0o 1) / (1+0(e /2))-
-7
(3.61)
Substituting (3.61) into (3.60) gives

§/Dn —
o exp(e (Sk(pni) —1) + Rk“(p”’k)) (1+ O(nfl/ﬁ)) (3.62)
pZTkl 27Tg;’:,k(pn,k)

uniformly for k£ > 1.
Next, we shall show that I is negligible compared with I;. We have

1

L= —
2T Jy<io)<n

exp(gnk (" pni)) db.

It follows that

1
o] < 3 exp(gnk(Pn,k)) Sup
n<|6|<m

< ’exp(gn,k(eiepn,k)) | )

exp(gn,k(Pn,k))

1 exp(Re(gn k(" pni))
=~ exp(gnk(pn,k)) Sup ( )

2 n<|0|<m G‘Xp(gmk(ﬂn,k))

(3.63)
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Recall equation (3.1). We have

exp (Re(gnacn0)
Sup
n<|f|<m eXp(gn,k(pn,k))

= Sup exp{eg/D"(ReSk(ei‘gpn,k)—Sk(pn,k))
n<|0|<m

+ (Re Ri1(e®pi) — Rig1(pni)) }

< Sup exp{—eg/D" (Sk(Pn,k) —Re Sk(empn,k))}
n<|0|<m

< exp{feé/D" (Sk(pnk) — Re Sk(e”pnk)) }- (3.64)

To proceed further, we need some lower estimates:

k R k .27
, 1 — cos(jn=%/12) . sin on5/12))
Sipn) — Re Se(cVp, ) = 3 LU0 i 03 /@),

J=0

Since j/(2n°/1?) < /2, by Jordan’s inequality (sinz > 2z/m for 0 < z < 7/2), we
have

E .27
) 2\2 1 2 J Pk
Selpn) = Re S o) = 2(2) (5mam) 2o
=0

> S0 Si(p)

> %n_wﬁsk(un -1 (use Proposition 2)

> %n_wﬁsk(un)e_l

> %n_5/6SL(lnn)/2J (un), (3.65)

where |(Inn)/2] denotes the integer part of (Inn)/2.
By (A) of Proposition 3, we find

S| nny2) (un) > n08465, (3.66)

Combining (3.65) and (3.66), we get

) 2 _ 2
St(pnr) — Re Si(epn i) > ﬁno.s%‘s 5/6 > Qno.owl. (3.67)

Putting (3.67) into (3.64) gives

exp(Re(gn, (eiepn, )
. (Re(gnr(cpus)))

n<|o|<n eXp(Qn,k(Pn,k))

< exp(feg/D"%no'Ol?’l), (3.68)
em

which shows that I5 is negligible compared to I. O
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4. Determination of the effective block size

Note that the effective size maintains the expectation of the total number of blocks,
i.e., the M, in (1.1) must be at least asymptotic to the E(X, ) in Proposition 5.
According to Proposition 5, the effective size k must be such that Si(u,) ~ M,,. By
Proposition 4, the effective size k cannot be less than or equal to u,, hence k > w,,.
In summary, we can say that the effective size k must satisfy

k> tn, (4.1)
Si(un) =" (14 0(1)). (4.2)
We shall find that the constraint k < 7n%/12 is sufficient to allow us to analyze the

problem. With this constraint on k we are in a position to use Proposition 6. From
(2.4) and (3.1), we have

y k — M, n!
E ( Amk = Hn ") = e Mn/Dn __p 43
({5252 ) = e i )
For clarity, we introduce the notation
Sk(pn,k) Sk=1(Pn,k) -
Py =1+ En,k> Py =1+ En,k- (44)

Because of Proposition 2 and (4.2), both ¢, ; and &, j are o(1) uniformly for k > w,,.
To simplify (4.3), we use (3.35) and Proposition 6. Rearranging factors in (4.3), we
have

D Pk [2mgy 1 (Pnk)

21 (eun + nup 2)

. u Un "
exp(epn,k —e n)( )
pn,k

X exp(Sk(pnyk)(eg/D" — 1)) exp(1 — eg/D")(l +0(1)).

(4.5)
Also we have
Un— 14 0(1), (4.6)
Pn.k
21 (et + nup2)
=1+o0(1), (4.7)
27Tg1/;,k(pn,k)
exp(l — e¥/Pn)y =14 0(1). (4.8)
Putting (4.6), (4.7), and (4.8) into (4.5) gives
Yn,k - Mn
E(exp (giDn ))
= e P exp(ernt — ) () exp(Sy (o) (/7 = 1)) 1+ 0(1),
n,k
(4.9)

uniformly for 7n®/12 > k > u,,.
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Observe the following;:

epn,k _ eun — _eun(l _ eﬂn,k*un)
1 (4.10)
=e"" (pn,k - U'n) + ieun (pn,k - un)2 + O(eun ‘pTL,k - un|3)

(u—n) = exp( —nln p"—k) = exp(—nln(l + pnk_un))
Pk Un Un

B n n 2 n 3
- exp( - E(pn,k - un) + ﬁ%(pn,k: - un) + O(ﬁ|pn,k - un| ))
(4.11)
Substituting (4.10) and (4.11) in (4.9), we have

(e )
et

_ n
= ¢ $Mn/Dn eXp(T(pn,k - un)2 + (pn,k - un)2 + 0(1)) (412)

2uz
x exp(Sk(pnx) (€77 — 1)) (1+ o(1)).

Now using Proposition 2 and (4.4), we have

5 k= )+ g (o = ) + 0(1)
= %"52(1 + k) — (1 +0(1)) + %52(1 +0(1)) +o(1)
_Un .9  Un .o 1.,

Similarly, we have

Sk(pni) (€8P — 1)
2
— (epn,k + ep""kfn,k) <5 + li + O<1)>

D, 2D2 D3
£ 18 1 § 1
— pPrk [ > —_ > _ Pn,k > —
¢ (Dn+2D$L+O(D;°;) e ek Dn+O(Dg)
eun 9 _ 1 9 9 ) 13 1
= E—unl (1 +En k) + sunl™ + & +0(1) +elbep | =— + O(—Q)
D, 2 D, 2

These expressions hold uniformly for 7n%/12 > k > wu,.
Putting (4.13) and (4.14) in (4.12) gives

)

= exp <—;Un§2€n,k + %52 + ep”*kan,k (Dg + O(.D12>>> (1 + 0(1)).

n

We summarize our findings in the following proposition.
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Proposition 7. The Laplace transform of the random variable (X, . — My,)/Dy, i.e.,
E(exp(&(X i — My)/Dy)) is equal to

1 1
exp (—Qunc%n,k + € el ey ( D§ + O( D2 ))) (1+0(1)), (4.15)
uniformly for mn®/'? > k > w,,, where Eni and ey, are defined in (4.4).

The presence of the term %52 is an indication of the asymptotic normality of the
distribution. It is clear that the effective size k must make

1 2~ Pk 5 o
7§un§ 5n,k+€ 5n,k(D +O(D2)> —0(1)

Proposition 8. Ifmn°/'?2 > k > u,, and liminf(u,/k) > 3/4, then E(exp(g(yn,;g -
does not converge to €772,
Proof. We know already that S (pn k)/e’™* =1+ ¢, , where &, = o(1). But this is

not strong enough to force the conclusion. We need more detailed information about
€n,k- Using Proposition 2 gives

ePn.k - eun+o(1/Dn) ’

By an argument similar to (3.48), one can show that
1
S (un +0(Dn)> = Sp(un)eP ).

Silpn) _ Selwn) ) o )p ) =

Hence

S’;SZ") +0(1/D,). (4.16)

ePn.k
By (A) of Proposition 3 we find that

SZT“:: \/> T B WC)(HO(\[)) (4.17)

where z = u,/k<land ( =]z —1— lnac|1/2
Plugging (4.17) into (4.16) gives

Cx
\f Erfe( fo(uo(\f)) +O(1/Dy). (4.18)
Observe that €, , = o(1), (l/D ) =0(1) and that ¢/(z — 1) is bounded. Hence

Erfc(VEC) = o(1). (4.19)
This implies
VkC — 00 as k — oo. (4.20)

Once we are guaranteed that the argument o of Erfc(o) tends to co, we can use the
traditional asymptotics,

Erfe(o) = %6_02 (14+0(1/c%)) as o — oo. (4.21)

M,)/Dy))
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Thus

Bife(VRQ) = e (1+0(3))

1 Up, Un
> - k(2 —1—-In—2 ,
_3exp( k(k 1—1In k)) (4.22)
for n large.

Substituting (4.18) and (4.22) into the term e’™*¢, /D), gives

epn lcg k 6pnk Up,
’_3\[‘33_1 exp(—k(k—l—l k))-zn, (4.23)

where |l,,| = O(eP»*/D2) = O(Inn).
Note that |Cx/(ac —1)| is non-zero and bounded. Using Proposition 2, we have

e;": exp (—k(ukn —1—1In L;:))

= ( 1+1 — flnT+lnun+O(1/D ))

1
> exp ( (1+1n5/8) —%Jrlnun) (use liminf u,, /k > 3/4)

> exp(un(0.5299 — 0.5) + Inu,, )
= exp(u,(0.0299) + Inuy,). (4.24)

From (4.23) and (4.24), it is clear that |e’nke, /D,| > €%02%8n: the asymptotic
magnitude is much larger than that of —u, /2¢%&, , which is O(Inn). Hence

1 5. . £
—Eung Enk +€° ”“%,k(D +O(D2)>

is not o(1). By Proposition 7, Proposition 8 is proved. O

According to Proposition 8, the possible effective size k must be such that u,/k <
3/4. We shall use Proposition 3 to find it. We have

Si(k]ix) =1- \/21167 1 f x(acel—x)k (1 + O(;)) (4.25)

uniformly for 0 < z < 3/4.
Let = pp, /k in (4.25). We have

Pn .k 1
Su(pna) = et = ST @) (140(7)): (4.26)
k
Comparing (4.26) with (4.4) shows

ePrk g 1
Pn,k _ _ 1-z\k 1 O —
e =~ =g we ) ( + (k))

- _\/% 1 f . exp(pmk + kln(ze' ™) — h;k) (1+O(1/k)). (4.27)
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Thus
ePrke, 1 1 T ( 1— Ink Inn
=== ex kln(ze ™) — — — — lnu)
D Jor 1= O\ pnk FkIn(ze ™) = 5= = == + Inu,
x (14 0(1/k)). (4.28)

We must force e’ *e,, 1,/ D,, to be o(1). Because, in general, e’ *¢e, /Dy, > unép i,
when this is done the term —Ju,£%E, ) also simultaneously becomes o(1). Then, by
Proposition 7, the asymptotic normality of the random variable (X, — M,,)/D,, will
follow. We now use Proposition 2 to simplify (4.28),

ePrken 1 T Ink Inn

- —k1 1 L L 1
D, ml_xexp( kElnk+ klnwu, +k 5 5 + Inu, + o(1))
x (1+0(1/k)). (4.29)
The optimal choice for k£ must satisfy
Ink 1
—klnk+klnun+k—%—%+mun:o. (4.30)

We emphasize that (4.30) is the equation for the effective size k. It is obvious from
the expression (4.30) that if we replace k by k + L, where L, — o0 as n — oo,

then efr*re, /D, is o(1). Consequently the random variable (X, — M,)/D, is
asymptotically normal.

5. Asymptotics for the effective size and the transitional distributions

To study equation (4.30), we first must investigate the positive roots of the equation

1
fulz) = 3 on — (5.1)
where f,(2) := —zlnz+ zlnu, +z— 3 Inz.
Proposition 9. For all sufficiently large n, fn(z) = %lnn — Inwu, has three positive

roots. The relative mazimum of f,(z) occurs approximately at w,,.
The proof uses only elementary calculus, and we omit it.

Denote by p, the largest positive root of (5.1). Hence py, > w, o fiy, is the effective
block size of the problem. In order to study the asymptotics of p,,, we make a change
of variable, ¥, = uy,/uy. Plugging this into (5.1) we have

1 n 1
unlnynJrun—iynan— :yn(ilnnflnun). (5.2)

Let hy,(y) = u,Iny + up, — 2yIn(u,/y) — y(3Inn — Inw,). By Proposition 9 the
function h,(y) has a unique positive root y, in the interval (0,1) provided that n is
sufficiently large.

Proposition 10. vy, admits the asymptotic approximation
2
r*In(1l/r) 1 1
yn:r+7(/)—+o<—), (5.3)
2—1r U, Up,

where r is the unique positive root of %z —Inz—1=0in (0,1).
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Proof. The main issue here is to show y,, has a limit. Its asymptotics are obtained by
the same bootstrap method as used previously,

1 1 1
hn(1/2) = up(l —1n2) — 1 In(2u,,) — 1 Inn+ 3 Inu,.

Since 1 —In2 > 1/4, h,(1/2) > 0 if n is large. Similarly, h,(1/3) < 0 if n is large.
Hence

1 1
3 < Yp < 3 for all large n. (5.4)
Let 7 := limsup y,. We have
1 1
- <7< —. .
S ST (5.5)
Because the logarithm is a continuous function on (0,1), we have
limsuplny, =In7. (5.6)
Now consider the equation satisfied by y,:
lyp . up 1lnn Ilnwu,
Iyn +1= 520 2% gy, (D20 - B, 5.7
o E 2unll%z+y 2 up Un (&1)
Taking limsup in (5.7), we get
1y, n 11 Inu,
limsup(Iny, + 1) = lim sup fy—lnu——i—yn(fﬁ _ ) . (5.8)
2Un  Yn 2 up U,

To simplify (5.8), we observe that lim sup(a,, + b,) = limsup a,, + limsup b,, if b, is a
null sequence or a constant sequence. Notice that

1 11 1
iz—ZmZ—: =o(1) and hm(i%: - r;:") =1/2.
We have
1
In7+1= 5?. (5.9)

That is, 7 satisfies z/2 —Inz — 1 = 0. Similarly, one shows that lim inf y,, also satisfies
z/2—Inz—1=0. Since z/2 —Inz — 1 = 0 has a unique root 7 in (0,1), we find that
limy, =r.

Now we bootstrap. Let y, = r + &, with &, = 0o(1) and plug this into (5.7),

1r+e, Up, llnn Inu,
1 I 1 - n(f—— ):0. 5.10
n(r+en) + 2 up nr—l—sn (r+en) 2 un, U ( )

To simplify (5.10), we use the following:
Inn  Inu, 1 Inu, (5.11)
Uy, Up 2 2uy, '
R A WL
2U, r+en 2uy, T 2U, r

En Unp En En
S e 1 (1 —). 12
2unnr+2unn +r (5.12)

We plug (5.11) and (5.12) in (5.10) to get

z—:n(% - %) - iln% +O(5i)+0(5nlnun> =0
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or
1 1\-1
€HN<,”) rin/r) o
r 2 2u,
That is
21n(1 1 1
enzL(/T)—Jro(—). 0 (5.13)
2—r u, Unp,

Theorem 2. The effective size

un  In(1/7)
L=t BT ). 5.14
r 2—r +o(l) (5.14)
Proof. Use Proposition 10 and the fact that g, = u,/yn- O

The effective size u,, has the property that it is optimal and guarantees the random
variable (X, ., +r, — M,)/D, is asymptotically normal for all L, satisfying L, —
oo as n — oo. If L, is a bounded sequence, then the corresponding behavior of

(Xn,pn+L, — My)/D,, is called the transitional behavior. Let
k= pn] + Ln, (5.15)

where |L,| < M is a bounded integer sequence.
To study the transitional behavior, we return to (4.29)

elrkep, 1€ & T Ink Inn
= -kl 1 - = —+1 1
D, \/ﬂl—xeXp< klnk+klnu, + k 5 5 + Inwu, + of ))
x (1+O0(1/k)) (5.16)
where = p,, ,/k. Using (5.15) to simplify (5.16) gives
Ink 1
“klnk+klnu, +k— HT - % FInup = (Ln — {ga)Inr +0(1),  (5.17)
where {u,} denotes the fractional part of p,. Furthermore
T r
= — 1). 1
Tz 1 W (5.18)
Substituting (5.17) and (5.18) into (5.16) gives
efrken kg § T Le—{un)
kS = n= i (14 0(1)). 1
D, 1 (1+0(1)) (5.19)

Put (5.19) in (4.15) of Proposition 7 and observe that —2u,£2&, ), = o(1). Thus

X = Ma\\ _ (& T ) Lo
E(exp<§ D, )) —exp< \/ﬂl—rr " )exp(2£ —|—0(1))(1—|—0(1)).
This implies that

where
TLn+1 _{Un}

M, =M, — —————D
Vom(l—r)

(5.20)

Thus we have proved the following:
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Theorem 3 (The transitional distribution). If k = |, | + L,, where L,, is a bounded
integer sequence, then the random variable (X, — My)/D, is still asymptotically
normal, where M, is defined in (5.20).

Remark. The transitional distribution is still normal, but the mean M,, is different
from M,. More interestingly, the mean M, is an oscillatory function of n due to the
following.

Proposition 11. The sequence {p,} is dense in [0,1].

Proof. Let t be a large positive number, and let u; be the unique positive root of
ze® = t. Thus when t is an integer n, u; is reduced to u,,. Consider the equation in z

1 1
—zlnz—|—zlnut—|—z—§lnz:§lnt—lnut. (5.21)

Let u(t) be the largest positive root of (5.21). Thus when ¢ is an integer n, u(t) is
reduced to p,. To proceed we mention the following simple facts:

(a) w(t) is well-defined for all sufficiently large ¢.
(b) wu(t) is a differentiable function of ¢.
(c) Since uy satisfies ze* = t, we have

up = (e + )7t (5.22)

To show p(t) is a strictly increasing function, we differentiate the equation below with
respect to t:

—u(t) In pu(t) + p(t) Inwuy + p(t) — %ln u(t) = %lnt — Inuy.

Thus
1 1 14 p(t)
") —Inp(t) +1 - == - — . 5.23
O~ ) 4 - 50 ) = 5 - R (5:23)
Since p(t) > ug, we have
1
—lnp(t)+nu; — —— < 0. (5.24)

2p(t)
By Theorem 1 (when n is replaced by ¢ the same conclusion still holds) we see

1+ p(t) 1 - 1
t+tu,  tr ot
This implies that

11
L_l+e® (5.25)
2t t+ tuy

Hence p/(t) > 0 for all sufficiently large ¢ so u(t) is a continuous, strictly increasing
function of ¢ that tends to infinity as ¢ — co. Let K(t) be its inverse so that

(K@) = K(u)) =t. (5.26)
Applying Theorem 1 to (5.23), we get
w(t) — 0" as t— oo. (5.27)
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Hence
1
K'(t) = — 00 as t— oo. (5.28)
W (K (1))

Now given any a and b such that 0 < a < b < 1, by the mean value theorem we have

Kb+1)—K(a+1)=K'(&)(b—a) for some £ between a + [ and b+ .

By (5.28) K'(§) — oo as I — oo. Hence there exist integers ng and [y such that

K(b+l0) > ng >K(a+lo).

This implies p(K (b + lo)) > p(ng) > p(K(a+1o)), and b+ 1ly > pn, > a + lo.
Consequently {n,} € (a,b). O

N =

10.

11
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