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The Nevanlinna parametrization

for some indeterminate Stieltjes moment problems

associated with birth and death processes

Christian Berg and Galliano Valent

Abstract. We consider two indeterminate moment problems: One correspond-
ing to a birth and death process with quartic rates and the other corresponding
to the Al-Salam-Carlitz q-polynomials. Using the Darboux method, we calculate
their Nevanlinna matrices and several families of orthogonality measures.

1. Introduction

The first examples of indeterminate measures were found by Stieltjes in 1894, cf. [25]
and one of his examples reads

∫ ∞

0

xn−log x{1 + λ sin(2π log x)} dx =
√
πe

1
4 (n+1)2 , n = 0, 1, . . . ,

where λ ∈ [−1, 1]. It gives a one-parameter family of absolutely continuous measures
on [0,∞[ which all have the same moments sn =

√
π exp

(
(n+1)2/4

)
. The polynomials

which are orthogonal with respect to this family of measures are a special case of the
Stieltjes-Wigert polynomials, cf. [33] or [10, p. 172].

Generally speaking, polynomials corresponding to an indeterminate Hamburger
moment sequence raise two important problems:

1) The description of all (positive) orthogonality measures ν.
2) The characterization of those orthogonality measures ν for which the polynomials

are dense in L2(ν).
The first problem was solved by Nevanlinna [21], who constructed a matrix of entire

functions (
A(z) C(z)
B(z) D(z)

)
, z ∈ C (1.1)

with determinant identically equal to one, and showed that the Stieltjes transform of
any possible orthogonality measure ν = νϕ is given by

∫
dνϕ(u)

z − u
=
A(z)ϕ(z) − C(z)

B(z)ϕ(z) −D(z)
, z ∈ C r R, (1.2)

where ϕ is a Pick function. See Section 2 for the precise definitions.
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170 BERG AND VALENT

The second problem was solved by Marcel Riesz [22], who proved that the polyno-
mials are dense in L2(ν) precisely when ν is Nevanlinna extremal (short: N-extremal),
i.e., a measure whose corresponding Pick function is constant

ϕ(z) = t, t ∈ R ∪ {∞}.

By 1923, the theory of the indeterminate Hamburger moment problem was essentially
accomplished, but no concrete example of this beautiful piece of work was available
in the literature.

The first measure which was recognized as being N-extremal was pointed out by
Chihara for the q-polynomials of Al-Salam and Carlitz ([2], [10, p. 195]) without use
of (1.2). For further details see [7]. Moak [20], considering q-analogues of Laguerre
polynomials, was the first to express the functions B,D in terms of known functions,
viz. the q-Bessel functions. The q-Laguerre polynomials are essentially the generalized
Stieltjes-Wigert polynomials, cf. [10]. Chihara and Ismail [12] have worked out the full
Nevanlinna matrix (1.1) corresponding to the Al-Salam-Chihara polynomials. More
recently Ismail and Masson [18] obtained the same result for the q-Hermite polyno-
mials, and they have given several examples of N-extremal as well as non-N-extremal
measures in a closed form.

In this paper we shall consider two rather different indeterminate problems. The
first one has to do with the orthogonal polynomials related to a quartic birth and death
process already considered in [29], [28], [7], and the second one with the Al-Salam-
Carlitz q-polynomials [2], [10], [7]. The paper is organized as follows. Section 2 gathers
basic information on indeterminate Hamburger moment problems. The Nevanlinna
parametrization of all the measures is described with emphasis put on the N-extremal
measures. We have included a simple criterion in terms of the Pick parameter ϕ for
the measure νϕ to have a continuous density (cf. 2.1.1, 2.1.2 below).

In the case of a Stieltjes moment sequence, one has to distinguish between deter-
minacy/indeterminacy in the sense of Hamburger and in the sense of Stieltjes, where
indeterminacy in the sense of Stieltjes means that there exist at least two different
measures on the interval [0,∞[ with the same moments. We use the self-explanatory
notation as in [7] to indicate the different cases: det(H), det(S), indet(H), indet(S).
For a moment sequence which is indet(S), we characterize the subclass of positively
supported N-extremal measures νt by t ∈ [α, 0], where the constant α is expressed in
terms of B and D as well as in terms of the recurrence coefficients.

Birth and death processes lead to Stieltjes moment problems, and we have gathered
some useful formulas expressing fundamental quantities in terms of the birth and death
rates (λn), (µn).

This section concludes with a detailed discussion of continuity properties of the
Nevanlinna matrix and the orthogonality measures in terms of parameters on which
the moment sequence depends; these results are needed in Section 4.

In Section 3—as a first example—we consider a birth and death process with quartic
rates. Using generating functions determined in [30], the asymptotic analysis of the
corresponding polynomials is carried through by the Darboux method and leads after
long calculations to the full Nevanlinna matrix. In a preceding paper [7], C and D
were determined in a more elementary way. The order, type, and Phragmén-Lindelöf
indicator are determined for these entire functions, e.g., the order is 1

4 . The present
case seems to be the first, where one of the functions in the Nevanlinna matrix can be
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expressed by elementary functions, namely

D(z) =
4

π
z1/2 sin

(z1/4

2
K0

)
sinh

(z1/4

2
K0

)
, (1.3)

where K0 is a constant.
The equation giving the support of the N-extremal measures is derived; in two

particular cases (corresponding to the endpoints of the interval [α, 0]), it can be solved
in closed form, and the corresponding masses are given. Several examples of non-N-
extremal measures are worked out which exhibit a density and (or) discrete masses.

Using the orthogonality measures, we have expressions for the moments. This
leads to a generating function for the moments already determined in [28]. We find
the asymptotic behaviour of the moments by the Darboux method:

sn =
4(4n+ 1)!

K4n+2
0

(
1 +O

( 1

25n

))
. (1.4)

In Section 4, we consider the Al-Salam-Carlitz q-polynomials with x replaced by
x+ 1 in order to treat them from the point of view of a birth and death process. The
birth and death rates depend on two parameters a > 0 and 0 < q < 1. The regions of
det(H) and indet(H) are invariant under the transformation a 7→ 1/a. We examine
how the orthogonal polynomials and the corresponding entire functions behave under
this transformation. From the general study in Section 2, we know that the entire
functions depend continuously on the parameters (a, q) in the region of indeterminacy.
This is useful in the calculations because the case a = 1 has to be excluded in the
basic calculations because of degeneracy of the formulas. The invariance properties
mentioned also makes it possible to restrict the calculations to a < 1.

Otherwise the procedure resembles that of Section 3. Using generating functions for
Fn given in [2], [7] and for F̃n given in [7], we apply asymptotic analysis to determine
the full Nevanlinna matrix. The calculations in this case are much simpler than the
quartic case because the generating functions are meromorphic, whereas they have
singularities along the cut [1,∞[ in the quartic case. The entire functions of the
Nevanlinna matrix are all of order zero. The support of the N-extremal measures can
be determined explicitly for two values of the parameter t = 0, t = t1, where

t1 = t1(a) = −1/ξ(a), ξ(a) =
[q]∞
a− 1

2φ1

[
1/a, 0

q/a
; q

]
, (1.5)

valid for q < a < 1/q. Here [q]∞ =
∏∞

1 (1− qn). Concerning the basic hypergeometric
series rφs, we refer to Rahman and Gasper [14], but since q is fixed throughout the
paper, we have omitted q and write

rφs

[
a1, . . . , ar
b1, . . . , bs

; z

]
= rφs

[
a1, . . . , ar
b1, . . . , bs

; q, z

]
.

When the problem is indet(S) (1 < a < 1/q) the values t = 0, t = t1 are again the
endpoints of the interval [α, 0]. When the problem is det(S), indet(H) (q < a ≤ 1), we
do not have this interpretation. The two values only agree in the border case a = 1.
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The corresponding measures are

m(a) = [aq]∞

∞∑

n=0

anqn
2

[aq]n[q]n
ε(q−n−1), (1.6)

σ(a) = [q/a]∞

∞∑

n=0

a−nqn
2

[q/a]n[q]n
ε(aq−n−1), (1.7)

where εx denotes the Dirac measure at x. By convex combinations of these measures,
we obtain non-N-extremal discrete measures. We also have calculated a one-parameter
family of orthogonality measures with analytic densities.

For sake of completeness, we have calculated the unique orthogonality measure in
the case det(H). It turns out (cf. Theorem 4.8.1) that (1.6) also gives the orthogonality
measure for 0 < a ≤ q, while (1.7) gives the orthogonality measure for 1/q ≤ a.
Summarizing, we have the following orthogonality measures given by (1.6) and (1.7):

m(a) for 0 < a < 1/q, 0 < q < 1

σ(a) for 0 < q < a, 0 < q < 1.

We remark that σ(a) is concentrated on [0,∞[ precisely when a ≥ 1.

2. The Nevanlinna parametrization

2.1. The Hamburger case. Let us consider an indeterminate probability measure
µ on the real line. The set V of measures τ on R having the same moments as µ, i.e.,

sn =

∫
xn dµ(x) =

∫
xn dτ(x), n = 0, 1, . . . , (2.1)

is a compact convex subset of M1(R), the set of probability measures on R with the
weak topology, i.e., the weakest topology for which the mappings µ 7→

∫
f dµ are

continuous, when f is continuous and vanishes at infinity, cf. [1, p. 31–32].
Nevanlinna [21] showed that V can be parametrized by the one-point compacti-

fication P ∪ {∞} of the space P of Pick functions, i.e., the holomorphic functions
ϕ : C r R → C given by

ϕ(z) = sz + t+

∫
uz + 1

u− z
dσ(u), (2.2)

where s ≥ 0, t ∈ R and σ is a positive finite measure on R. (The Pick functions form a
locally compact subset of the space of holomorphic functions on CrR, cf. [4].) A func-

tion of the form (2.2) clearly satisfies ϕ(z̄) = ϕ(z) and Imϕ(z) ≥ 0 for Im z > 0, and
holomorphic functions in CrR with these two properties have a unique representation
of the form (2.2), cf. [1], [24], [26].

The parametrization is established via a homeomorphism ϕ 7→ νϕ of P ∪{∞} onto
V given by

∫
dνϕ(u)

z − u
=
A(z)ϕ(z) − C(z)

B(z)ϕ(z) −D(z)
, z ∈ C r R, (2.3)

where A,B,C,D are certain entire functions depending only on the moment sequence
(sn)n≥0 (or equivalently on V ), cf. (2.12) below. Detailed proofs can be found in [1],
[9], [24], [26]. We follow the terminology of [1].
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Given ν ∈ V , we find ϕ ∈ P ∪ {∞} so that ν = νϕ by solving the equation

A(z)ϕ(z) − C(z)

B(z)ϕ(z) −D(z)
=

∫
dν(u)

z − u
.

Given ϕ ∈ P ∪ {∞}, we find νϕ ∈ V by the Stieltjes-Perron inversion procedure: We
have

dy(x) := − 1

π
Im

A(z)ϕ(z) − C(z)

B(z)ϕ(z) −D(z)
= Py ∗ νϕ(x) for z = x+ iy , y > 0,

where

Py(x) =
1

π

y

x2 + y2

is the Poisson kernel for the upper half-plane, and it is well-known that limy→0 Py∗νϕ =
νϕ weakly. In other words, the measure with density dy(x) with respect to Lebesgue
measure converges weakly to νϕ. Many standard results about harmonic functions in
the upper half-plane can be applied in this situation. In particular, if νϕ is absolutely
continuous of the form h(x) dx, then limy→0 dy(x) = h(x) for almost all x ∈ R.

In computations, the following is useful.

Proposition 2.1.1. Suppose ϕ ∈ P has boundary values

ϕ(x+) = lim
y→0+

ϕ(x+ iy) for x ∈ I,

where I is an open interval, and the convergence is uniform on compact subsets of I.
If, furthermore, B(x)ϕ(x+) −D(x) 6= 0 for x ∈ I, then νϕ has a continuous density
on I given by

d(x) =
1

π

Imϕ(x+)

|B(x)ϕ(x+) −D(x)|2 .

Proof. Using (2.13) below, we get that limy→0 dy(x) = d(x) uniformly for x in compact
subsets of I and the assertion follows.

Remark 2.1.2. If ϕ ∈ P has the representation (2.2) with σ = g(u) du and g is a
C1-function satisfying

g′(u) = O

(
1

|u|α
)

for |u| → ∞, α > 3,

then ϕ has continuous boundary values

ϕ(x+) = sx+ τ − πH(h)(x) + iπh(x), x ∈ R

(the limit exists uniformly for x in compact subsets of R), where τ = t−
∫
ug(u) du,

h(u) = (1 + u2)g(u), and H denotes the Hilbert transform

H(h)(x) = lim
δ→0

1

π

∫

|u|>δ

h(x− u)

u
du,

cf. (5) in [4]. Furthermore, Imϕ(x+) = πh(x), so if g(x) > 0, thenB(x)ϕ(x+)−D(x) 6=
0.

To see this, one proceeds as in [4] using standard results about H.
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The four functions in (2.3) can be defined in terms of the orthonormal polynomials
(Pn)n≥0 with respect to µ, and the polynomials (Qn)n≥0 of the second kind given by

Qn(x) =

∫
Pn(x) − Pn(y)

x− y
dµ(y). (2.4)

We stress that Pn is of degree n with positive leading coefficient. This convention
together with orthonormality determines (Pn) uniquely.

The polynomials Pn as well as Qn satisfy the three-term recurrence relation

xPn(x) = bnPn+1(x) + anPn(x) + bn−1Pn−1(x), n ≥ 1 (2.5)

together with the initial conditions

P0(x) = 1, P1(x) =
1

b0
(x− a0), Q0 = 0, Q1(x) =

1

b0
, (2.6)

where

an =

∫
xP 2

n(x) dµ(x), bn =

∫
xPn(x)Pn+1(x) dµ(x), n ≥ 0.

Using (2.5) and (2.6), the following formulas are easily established

An(z, w) = (z − w)

n−1∑

k=0

Qk(z)Qk(w)

= bn−1

(
Qn(z)Qn−1(w) −Qn−1(z)Qn(w)

)
,

Bn(z, w) = −1 + (z − w)

n−1∑

k=0

Pk(z)Qk(w)

= bn−1

(
Pn(z)Qn−1(w) − Pn−1(z)Qn(w)

)
,

Dn(z, w) = (z − w)
n−1∑

k=0

Pk(z)Pk(w)

= bn−1

(
Pn(z)Pn−1(w) − Pn−1(z)Pn(w)

)
,

(2.7)

and these polynomials verify the identity

An(z, w)Dn(z, w) + Bn(z, w)Bn(w, z) = 1. (2.8)

Because of indeterminacy the following series
∞∑

k=0

|Pk(z)|2,
∞∑

k=0

|Qk(z)|2 (2.9)

converge uniformly on compact subsets of C, cf. [1]. By (2.7), the polynomials An,Bn,
and Dn converge uniformly on compact subsets of C × C to the entire functions

A(z, w) = (z − w)

∞∑

k=0

Qk(z)Qk(w),

B(z, w) = −1 + (z − w)

∞∑

k=0

Pk(z)Qk(w), (2.10)

D(z, w) = (z − w)
∞∑

k=0

Pk(z)Pk(w),
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satisfying

A(z, w)D(z, w) + B(z, w)B(w, z) = 1. (2.11)

Setting

A(z) = A(z, 0), B(z) = B(z, 0), C(z) = −B(0, z), D(z) = D(z, 0), (2.12)

we obtain the four entire functions from (2.3). They satisfy

det

(
A(z) C(z)
B(z) D(z)

)
= 1, z ∈ C. (2.13)

The matrix in (2.13) is called the Nevanlinna matrix for the indeterminate moment
problem. Note that there is a change of sign in the functions in (2.10) compared with
[9]. M. Riesz proved (cf. [1]) that each of the four functions f = A,B,C,D is of
minimal exponential type: For any ε > 0, there exists Cε > 0 such that

|f(z)| ≤ Cεe
ε|z|, z ∈ C.

In other words, the order of f is at most one, and if the order is one, then the type of
f is zero.

Recently Berg and Pedersen, cf. [5], have established that the four functions A,B,
C,D have the same order, type, and Phragmén-Lindelöf indicator function.

The solutions (νt)t∈R∪{∞} in V corresponding to ϕ ∈ P ∪ {∞} being a constant
t (including ∞) form a remarkable class of measures called the Nevanlinna extremal
solutions, (short: N-extremal solutions). By a theorem of M. Riesz [22], they are
exactly the measures ν ∈ V for which the polynomials are dense in L2(ν).

The entire function B(z)t−D(z) has only real zeros; they are all simple and form
a countable discrete set Λt ⊆ R. The measure νt is concentrated in Λt, and the mass
at λ ∈ Λt is the residue

A(λ)t − C(λ)

B′(λ)t−D′(λ)
,

which is known to be equal to ρ(λ), where

ρ(z) =
( ∞∑

k=0

|Pk(z)|2
)−1

. (2.14)

The set of measures ν ∈ V for which the polynomials are dense in L1(ν) is precisely
the set of extreme points of the compact convex set V , cf. [1, p. 47]. We stress that V
is one of those infinite dimensional compact convex sets for which the extreme points
are dense in V . For other density results about V , see [4].

A measure ν = νϕ ∈ V is called n-canonical, n = 0, 1, . . . , if ϕ ∈ P ∪ {∞} is a
rational function of degree n. For a rational function ϕ = p/q where p and q are
polynomials without common zeros, the degree of ϕ is the maximum of the degrees
of p and q. The 0-canonical solutions are precisely the N-extremal solutions. By a
theorem due to Buchwalter and Cassier [8], the n-canonical measures are precisely
those ν ∈ V for which the closure of the polynomials in L2(ν) has co-dimension n.

If ϕ ∈ P is a quotient of entire functions ϕ = p/q, in particular if ϕ is rational,
then we get by (2.3) that νϕ is a discrete measure with point masses at the zeros of
Bp−Dq.

If ϕ ∈ P , then Imϕ is a non-negative harmonic function in the upper half-plane,
so by the mean-value property for harmonic functions, either Imϕ ≡ 0 or Imϕ > 0
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everywhere in the upper half-plane. In the first case, ϕ is a real constant, and in the
second case ϕ maps the upper half-plane into itself and, similarly, maps the lower
half-plane into itself. This shows that the class P r R of non-constant Pick functions
is stable under composition. As examples of non-constant Pick functions, we mention
−1/z, zα, 0 < α ≤ 1, and tan z. In particular, if ϕ is a non-constant Pick function,
then so are −(1/ϕ), ϕα, 0 < α ≤ 1, and tanϕ.

We next define an involution ∗ in P ∪ {∞} by

ϕ∗ = − 1

ϕ
, 0∗ = ∞, ∞∗ = 0.

Via the homeomorphism ϕ 7→ νϕ, this yields an involution ∼ in V : ν̃ϕ = νϕ∗ . The
(unique) fixed point under the involution ∗ is the function

ϕ0(z) =

{
i, Im z > 0

−i, Im z < 0.

The corresponding solution νϕ0 ∈ V has an analytic density with respect to Lebesgue
measure, cf. [4]

νϕ0 =
1

π

1

B2(x) +D2(x)
dx. (2.15)

More generally, corresponding to ϕt,γ ∈ P given by

ϕt,γ(z) =

{
t+ iγ, Im z > 0

t− iγ, Im z < 0,
(2.16)

where t ∈ R and γ > 0, we have

νϕt,γ =
γ

π

{(
tB(x) −D(x)

)2
+ γ2B2(x)

}−1
dx, (2.17)

cf. [4]. The representation (2.2) for (2.16) is given by s = 0 and

σ =
γ

π
(1 + u2)−1 du.

We shall now relate the convex structure of V to the structure of P ∪ {∞}. For
ϕ, ψ ∈ P ∪ {∞} and s ∈ [0, 1], there exists g = g(ϕ, ψ, s) ∈ P ∪ {∞} such that

sνϕ + (1 − s)νψ = νg.

Inserting this into (2.3) leads to the following formula after some calculation

g =
ϕψB −

(
sϕ+ (1 − s)ψ

)
D(

(1 − s)ϕ+ sψ
)
B −D

. (2.18)

In particular, using s = 1
2 and constant functions ϕ, ψ, we get

1

2
(νt + ν−t) = νg, g(z) = t2

B(z)

D(z)
, t ∈ R (2.19)

1

2
(νt + ν∞) = νg, g(z) = 2t− D(z)

B(z)
, t ∈ R. (2.20)



NEVANLINNA PARAMETRIZATION 177

This gives a quick proof of the fact that B/D ∈ P , which may otherwise be deduced
from the formula

Im
(
B(z)D(z)

)
= Im(z)

∞∑

k=0

|Pk(z)|2.

2.2. The Stieltjes case. In the sequel, we assume that the moment sequence (2.1)
is a Stieltjes moment sequence, i.e., (2.1) has a solution τ supported by [0,∞[. Since
the zeros of Pn and Qn are located in ]0,∞[ , we see that

Pk(x)Pk(0) > 0, Pk(x)Qk(0) < 0 for x ≤ 0. (2.21)

If

Bn(x) = Bn(x, 0) = −1 + x

n−1∑

k=0

Pk(x)Qk(0)

= bn−1{Qn−1(0)Pn(x) −Qn(0)Pn−1(x)},

Dn(x) = Dn(x, 0) = x
n−1∑

k=0

Pk(x)Pk(0)

= bn−1{Pn−1(0)Pn(x) − Pn(0)Pn−1(x)},

(2.22)

we see that Bn(x) < Bn+1(x) < B(x), Dn(x) > Dn+1(x) > D(x) for x < 0, and in
particular for x ≤ 0:

B(x) ≥ B2(x) = −1 + xQ1(0)P1(x) =
1

b20
x(x − a0) − 1,

D(x) ≤ D1(x) = x.

It follows that the zeros (βn) and (δn) of B and D, respectively, can be arranged in
increasing order β1 < β2 < · · · , δ1 < δ2 < · · · with β1 < 0, δ1 = 0. From [1, p. 114],
we have

B′
n(x)Dn(x) −Bn(x)D

′
n(x) =

n−1∑

k=0

Pk(x)
2, (2.23)

hence

B′(x)D(x) −B(x)D′(x) =

∞∑

k=0

Pk(x)
2, (2.24)

so that

B′(βn)D(βn) > 0, B(δn)D′(δn) < 0,

and it follows that the zeros interlace:

β1 < δ1 = 0 < β2 < δ2 < β3 < δ3 < · · · .
The following result can be obtained combining [26, pp. 600–604] and [11]. We give

an independent proof.

Lemma 2.2.1. The function ϕ(x) = D(x)/B(x) is strictly decreasing in each of the
intervals ]−∞, β1[ , ]β1, β2[ , ]β2, β3[ , . . . with

ϕ(βj−) = −∞, ϕ(βj+) = ∞, j = 1, 2, . . . .
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Furthermore

α := lim
x→−∞

D(x)

B(x)
= lim

n→∞
Pn(0)

Qn(0)
≤ 0. (2.25)

Proof. We get

ϕ′(x) = −
∑∞

k=0 Pk(x)
2

B(x)2
< 0 for x 6= βj , j = 1, 2, . . . ,

and the first assertions are clear. The number

α := lim
x→−∞

D(x)

B(x)

is clearly ≤ 0.
Using (2.23), we similarly see that Dn(x)/Bn(x) is strictly decreasing in the inter-

vals outside the zeros of Bn. By (2.22), we have

αn := lim
x→−∞

Dn(x)

Bn(x)
=
Pn−1(0)

Qn−1(0)
. (2.26)

The sequence (αn) is strictly increasing since

αn+1 − αn =
Pn(0)Qn−1(0) − Pn−1(0)Qn(0)

Qn(0)Qn−1(0)
=

−1

bn−1Qn(0)Qn−1(0)
> 0. (2.27)

Let χ be the smallest zero of B2 and let x < χ. We claim that the sequence
Dn(x)/Bn(x) is strictly increasing. In fact, this is equivalent to

Dn+1(x)

Dn(x)
<
Bn+1(x)

Bn(x)
,

which by (2.22) is equivalent to

Dn(x)

Bn(x)
<
Pn(0)

Qn(0)
,

but this holds by (2.26) and (2.27).
We finally get

α = sup
x<χ

D(x)

B(x)
= sup

x<χ

(
sup
n

Dn(x)

Bn(x)

)
= sup

n

(
sup
x<χ

Dn(x)

Bn(x)

)
= sup

n
αn.

Remark 2.2.2. The number (2.25) is significant. It follows from Lemma 2.2.1 that
supp(νt) ⊆ [0,∞[ for t ∈ [α, 0], and for t /∈ [α, 0] including ∞ then νt has one negative
mass point. If α < 0, then the moment problem is indeterminate in the sense of
Stieltjes. If α = 0, then ν0 is the only N-extremal measure concentrated on [0,∞[,
and it turns out, cf. [11], that the moment problem is determinate in the sense of
Stieltjes in this case.

For results about the density index of νt see [6].
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2.3. Relation to birth and death processes. A birth and death process is defined
by the sequences (λn)n≥0 of birth rates and (µn)n≥0 of death rates, restricted by
λn > 0, µn+1 > 0 for n ≥ 0 and µ0 ≥ 0, cf. [17].

In order to solve Kolmogorov’s equation, one has to study the polynomials Fn(x)
defined by the recurrence

(λn + µn − x)Fn(x) = µn+1Fn+1(x) + λn−1Fn−1(x), n ≥ 0 (2.28)

with the initial conditions

F−1(x) = 0, F0(x) = 1. (2.29)

In addition, we shall need the polynomials F̃n(x) satisfying the same relations (2.28)
and (2.29), but with (λn, µn) replaced by (λn+1, µn+1).

Defining

π0 = 1, πn =
λ0 · · ·λn−1

µ1 · · ·µn
, n ≥ 1 (2.30)

and

an = λn + µn, bn =
√
λnµn+1, n ≥ 0, (2.31)

it is well-known that the polynomials

Pn(x) = (−1)n
1√
πn
Fn(x), Qn(x) =

1

µ1
(−1)n−1 F̃n−1(x)√

πn
(2.32)

satisfy (2.5) and (2.6) corresponding to a Stieltjes moment sequence (2.1).
In the following, we shall always assume µ0 = 0. Using (2.28), it follows easily by

induction that

Fn(0) = πn, n ≥ 0,

F̃n−1(0)

µ1πn
=

n∑

k=1

1

µkπk
, n ≥ 1,

(2.33)

and hence

Pn(0)

Qn(0)
= −

( n∑

k=1

1

µkπk

)−1

,

so by (2.25)

α = −
( ∞∑

k=1

1

µkπk

)−1

. (2.34)

The equations (2.7) can now be written

An(z, w) = λn−1πn−1

(
F̃n−2(z)

µ1πn−1

F̃n−1(w)

µ1πn
− F̃n−1(z)

µ1πn

F̃n−2(w)

µ1πn−1

)

Bn(z, w) = λn−1πn−1

(
Fn(z)

πn

F̃n−2(w)

µ1πn−1
− Fn−1(z)

πn−1

F̃n−1(w)

µ1πn

)

Dn(z, w) = λn−1πn−1

(
Fn−1(z)

πn−1

Fn(w)

πn
− Fn(z)

πn

Fn−1(w)

πn−1

)
.

(2.35)
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To compute the entire functions A,B,D in the indeterminate case, we need the as-
ymptotic behaviour of

λn−1πn−1,
Fn(z)

πn
,

F̃n−1(z)

µ1πn

for n→ ∞. This will be worked out in Sections 3 and 4 for particular rates.

2.4. Parameter-dependent indeterminate problems. Suppose that the moment
sequence (2.1) depends on a parameter γ so that (sn,γ)n≥0 is a normalized indeter-
minate moment sequence for each γ ∈ Γ, where Γ is a subset of a euclidean space or
more generally a metric space. In the sequel, we need a continuity result in γ for the
entire functions in (2.10), and we write Pn,γ(z), Qn,γ(z),Aγ(z, w), etc., for the objects
corresponding to (sn,γ).

Proposition 2.4.1. Suppose that (sn,γ) is a continuous function of γ for each n and
that the series

∞∑

n=0

P 2
n,γ(0),

∞∑

n=0

Q2
n,γ(0) (2.36)

converge uniformly for γ in compact subsets of Γ. Then the functions Aγ, Bγ, Dγ
from (2.10) are continuous on C2 × Γ.

The mapping (ϕ, γ) 7→ νϕ,γ from (P ∪ {∞}) × Γ into M1(R) defined by
∫
dνϕ,γ(u)

z − u
=
Aγ(z)ϕ(z) − Cγ(z)

Bγ(z)ϕ(z) −Dγ(z)
, z ∈ C r R, (2.37)

cf. (2.3), is continuous, and, in particular, the N-extremal measures νt,γ depend con-
tinuously on (t, γ) ∈ (R ∪ {∞}) × Γ.

Proof. It is easy to see that Pn,γ(z), Qn,γ(z) are continuous functions of (z, γ) ∈ C×Γ
for each n by the classical formulas which express Pn and Qn in terms of the moments.
We shall next see that the series

∞∑

n=0

|Pn,γ(z)|2,
∞∑

n=0

|Qn,γ(z)|2 (2.38)

converge uniformly for |z| ≤ R, γ ∈ Γ0 for each R > 0 and each compact subset
Γ0 ⊆ Γ. From this follows the continuity of the functions in (2.38) on C × Γ and of
Aγ(z, w), Bγ(z, w), Dγ(z, w) as functions on C2 × Γ.

The proof that
∑∞

n=0 |Pn,γ(z)|2 converges uniformly in |z| ≤ R, γ ∈ Γ0 is a mod-
ification of the proof in [1, pp. 17–19], but, for completeness, we shall include the
argument.

We shall use the formula

Pn,γ(z) = Pn,γ(0) + z

n−1∑

k=0

an,k(γ)Pk,γ(z), n ≥ 1, (2.39)

where

an,k(γ) = Pk,γ(0)Qn,γ(0) − Pn,γ(0)Qk,γ(0) (2.40)

are the coefficients in the orthogonal expansion of the polynomial

Pn,γ(z) − Pn,γ(0)

z
.
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By (2.40), we get

∞∑

n=N

n−1∑

k=0

a2
n,k(γ) ≤ 2

∞∑

n=N

P 2
n,γ(0)

∞∑

k=0

Q2
k,γ(0) + 2

∞∑

n=N

Q2
n,γ(0)

∞∑

k=0

P 2
k,γ(0),

and since the functions in (2.36) are continuous for γ ∈ Γ and hence bounded on
compact sets, we see that given ε > 0 there exists N0(ε) such that for γ ∈ Γ0

∞∑

n=N0(ε)

P 2
n,γ(0) ≤ ε

2
,

∞∑

n=N0(ε)

n−1∑

k=0

a2
n,k(γ) ≤

ε

2R2
.

For N > N0(ε), |z| ≤ R, γ ∈ Γ0, we then get from (2.39)

N∑

n=N0(ε)

|Pn,γ(z)|2 ≤ 2
N∑

n=N0(ε)

P 2
n,γ(0) + 2|z|2

N∑

n=N0(ε)

∣∣∣
n−1∑

k=0

an,k(γ)Pk,γ(z)
∣∣∣
2

≤ ε+ 2R2
N∑

n=N0(ε)

(n−1∑

k=0

a2
n,k(γ)

)(n−1∑

k=0

|Pk,γ(z)|2
)

≤ ε+ ε
N∑

k=0

|Pk,γ(z)|2,

and hence

(1 − ε)

N∑

n=N0(ε)

|Pn,γ(z)|2 ≤ ε+ ε

N0(ε)−1∑

k=0

|Pk,γ(z)|2. (2.41)

Choosing ε = 1
2 , we get for N > N1 := N0(

1
2 ), |z| ≤ R, γ ∈ Γ0

N∑

n=N1

|Pn,γ(z)|2 ≤ 1 +

N1−1∑

n=0

|Pn,γ(z)|2.

By continuity

K := sup
|z|≤R,γ∈Γ0

N1−1∑

n=0

|Pn,γ(z)|2 <∞,

but this shows that the series
∑

|Pn,γ(z)|2 converges pointwise and satisfies

∞∑

n=0

|Pn,γ(z)|2 =

N1−1∑

n=0

|Pn,γ(z)|2 +

∞∑

n=N1

|Pn,γ(z)|2 ≤ 1 + 2K

for |z| ≤ R, γ ∈ Γ0. By (2.41), we finally get for N > N0(ε)

N∑

n=N0(ε)

|Pn,γ(z)|2 ≤ ε

1 − ε
(2 + 2K) for |z| ≤ R, γ ∈ Γ0,

which shows the uniform convergence for |z| ≤ R, γ ∈ Γ0.
From (2.39), we find

Qn,γ(z) = Qn,γ(0) + z

n−1∑

k=0

an,k(γ)Qk,γ(z),



182 BERG AND VALENT

from which we similarly see that
∑ |Qn,γ(z)|2 converges uniformly for |z| ≤ R, γ ∈ Γ0.

Concerning the last statement, let (ϕn, γn) → (ϕ, γ) in (P ∪ {∞})×Γ and let ν be
a weak accumulation point for the sequence (νϕn,γn). By (2.37), we then have

∫
dν(u)

z − u
=
Aγ(z)ϕ(z) − Cγ(z)

Bγ(z)ϕ(z) −Dγ(z)
, z ∈ C r R,

showing that ν = νϕ,γ by unicity of the Stieltjes transformation. Since any weak
accumulation point for the sequence (νϕn,γn) is equal to νϕ,γ , the latter is the weak
limit of the sequence.

Remark 2.4.2. With the above terminology, the recurrence coefficients from (2.5)
can be written an,γ , bn,γ . To require that sn,γ is continuous in γ for each n is equivalent
to the requirement that an,γ and bn,γ are continuous in γ for each n. Furthermore, if
the moment problem corresponds to a birth and death process with rates λn,γ , µn,γ ,
then continuity in γ of these rates implies continuity of sn,γ for each n by (2.31).

3. A quartic birth and death process

We shall consider the following quartic rates

λn = (4n+ 1)(4n+ 2)2(4n+ 3), µn = (4n− 1)(4n)2(4n+ 1), n ≥ 0, (3.1)

already considered in [19], [28], [29]. Note that µ0 = 0 and

πn =
1

4n+ 1

(
(1/2)n
n!

)2

∼ 1

4π

1

n2
, λn−1πn−1 = µnπn ∼ 64

π
n2, (3.2)

and it follows from known criteria that the corresponding moment problem is indet(S),
cf. [7].

3.1. The generating functions. The polynomials Fn(z), F̃n(z) corresponding to
the rates (3.1) have the generating functions

∞∑

n=0

n!

(1/2)n
Fn(z)wn =

δ1
(
z1/4θ(w1/4)

)

(zw)1/4
, (3.3)

∞∑

n=0

(n+ 1)!

(1/2)n+1

F̃n(z)

µ1
w4n+5 =

1

6

∫ θ(w)

0

t(u)3
δ1

(
z1/4

(
θ(w) − u

))

z1/4
du

+ 2

∫ θ(w)

0

t(u)5
δ3

(
z1/4

(
θ(w) − u

))

z3/4
du, (3.4)

valid for z ∈ C, w ∈ C, |w| < 1. These formulas are special cases of the generating
function (54) in [30]. The first corresponds to c = 0, µ = 0 and the second to c = 1,
µ = 0.

Let us briefly recall the terminology employed above. The formula

θ(w) =

∫ w

0

du√
1 − u4

, (3.5)



NEVANLINNA PARAMETRIZATION 183

defines a conformal mapping of C r
⋃3
k=0 i

k[1,∞[ onto the square with corners ±K0√
2

± iK0√
2
, where

K0√
2

=

∫ 1

0

du√
1 − u4

=
Γ(1

4 )2

4
√

2π
(3.6)

is the complete elliptic integral in the lemniscatic case corresponding to the modulus
k = 1/

√
2. The inverse function is

w = t(θ) =
sd(

√
2θ)√
2

=
1√
2

sn(
√

2θ)

dn(
√

2θ)
, (3.7)

where we follow the terminology of [32] omitting k in the notation.
The trigonometric functions of order 4, cf. [13], are entire and given by

δl(z) =
∞∑

n=0

(−1)n
z4n+l

(4n+ l)!
, l = 0, 1, 2, 3. (3.8)

(Notice that δl here differs from δl in [30] by a factor exp(il π4 ).) Since these functions
play a prominent role in our analysis, let us give their most useful properties. Their
derivatives are

δ′0 = −δ3, δ′1 = δ0, δ′2 = δ1, δ′3 = δ2 (3.9)

from which we deduce δ
(4)
l + δl = 0, l = 0, 1, 2, 3, which explains their name. Putting

j = exp(iπ4 ), one can write the functions as linear combinations of the exponentials
exp(τz), τ ∈ {±j,±j̄}, cf. [30], and the simplest cases are

δ0(z) =
1

4
(ejz + e−jz + ej̄z + e−j̄z) = cos

(
z√
2

)
cosh

(
z√
2

)

=
1

2

(
cosh(jz) + cosh(j̄z)

)
, (3.10)

δ2(z) =
1

4i
(ejz + e−jz − ej̄z − e−j̄z) = sin

(
z√
2

)
sinh

(
z√
2

)

=
1

2i

(
cosh(jz) − cosh(j̄z)

)
. (3.11)

These functions satisfy addition theorems; for instance,

δ0(z + w) = δ0(z)δ0(w) − δ2(z)δ2(w) − δ1(z)δ3(w) − δ3(z)δ1(w), (3.12)

and similar results for l = 1, 2, 3.
Due to the special form of δl it is seen that we do not have to worry about which

branch of the fourth root we are using in (3.3) and (3.4). We shall now transform
these formulas.
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Proposition 3.1.1. The following generating functions hold for z ∈ C, |w| < 1

∞∑

n=0

(4n+ 1)
n!

(1/2)n
Fn(z)w

n =
δ0

(
z1/4θ(w1/4)

)
√

1 − w
, (3.13)

∞∑

n=0

(4n+ 5)
(n+ 1)!

(1/2)n+1

F̃n(z)

µ1
wn+1

=
1√

1 − w

∫ θ(w1/4)

0

δ2
(
z1/4

(
θ(w1/4) − u

))

z1/2

sd(
√

2u)√
2

du.

(3.14)

The right hand side of these equations are holomorphic in C r [1,∞[ .

Proof. Applying the operator w d/dw + 1/4 to (3.3), we get (3.13).
Integrating by parts twice in (3.4) and using the identity

2t(θ)5 = t(θ) − d2

dθ2

(
t(θ)3

3!

)
,

where t(θ) is given by (3.7), we get

∞∑

n=0

(n+ 1)!

(1/2)n+1

F̃n(z)

µ1
w4n+5 =

∫ θ(w)

0

δ3
(
z1/4

(
θ(w) − u

))

z3/4

sd(
√

2u)√
2

du.

Differentiating with respect to w and replacing w4 by w leads to (3.14).

3.2. Asymptotic analysis. The essential tool in the asymptotic analysis of Fn(z),

F̃n(z) for n → ∞ is the Darboux theorem [27, p. 207], which states that the large
n behaviour is controlled by the nearest singularity of the corresponding generating
function, here w = 1, which is the only singularity on |w| = 1.

Let us start with (3.13). The change of variable v = u4/w in (3.5) gives

θ(w1/4) =
w1/4

4

∫ 1

0

dv

v3/4
√

1 − vw
= w1/4

2F1

[
1/2, 1/4

5/4
;w

]
, (3.15)

by Euler’s integral representation of the hypergeometric function. We transform the
hypergeometric function to the variable 1 − w using [15, formula 9.131(2)] and get

θ(w1/4) =
K0√

2
− 1

2
w1/4(1 − w)1/2 2F1

[
1, 3/4

3/2
; 1 − w

]
,

valid for |w| < 1, |1 − w| < 1, and the right-hand side gives the analytic extension of

θ(w1/4) in Cr ]−∞, 1]. Using w1/4 =
(
1 − (1 − w)

)1/4
, we therefore find for w close

to 1

θ(w1/4) =
K0√

2
+ (1 − w)1/2

(
−1

2
− 1

8
(1 − w) + · · ·

)
. (3.16)
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Putting z̃ = z1/4K0/
√

2 and u = z1/4
(
− 1

2 − 1
8 (1 −w) + · · ·

)
, the Taylor expansion of

δ0 in a neighbourhood of z̃ gives

δ0
(
z1/4θ(w1/4)

)
√

1 − w
=

∞∑

k=0

δ
(k)
0 (z̃)

k!
uk(1 − w)(k−1)/2

= (1 − w)−1/2δ0(z̃) + (1 − w)1/2
δ
(2)
0 (z̃)

2!
u2

+ (1 − w)3/2
δ
(4)
0 (z̃)

4!
u4 + · · · + ϕ(w),

where ϕ is the sum corresponding to odd k which is holomorphic in a neighbourhood
of 1. Using the expression for u and (3.9), we find the above is equal to

(1 − w)−1/2δ0(z̃) −
1

8
(1 − w)1/2z1/2δ2(z̃)

− 1

16
(1 − w)3/2

[
z1/2δ2(z̃) +

z

24
δ0(z̃)

]
+ · · · + ϕ(w).

Inserting the expansion

(1 − w)a =

∞∑

n=0

(−a)n
n!

wn

for a = − 1
2 ,

1
2 ,

3
2 and collecting the coefficients to wn, we finally get the following

asymptotic expansion

Fn(z)

πn
= δ0(z̃) +

1/8

2n− 1
z1/2δ2(z̃)

− 3/16

(2n− 1)(2n− 3)

[
z1/2δ2(z̃) +

z

24
δ0(z̃)

]
+O

( 1

n3

)
. (3.17)

In the asymptotic analysis of (3.14), we need the following entire functions

∆l(z) =
K0√

2

∫ 1

0

δl(uz)cn(K0u) du, l = 0, 1, 2, 3. (3.18)

We make the substitution t =
√

2
(
θ(w1/4) − u

)
, put σ = σ(w) = K0 −

√
2θ(w1/4) for

|w| < 1, and transform the right-hand side of (3.14) to

z−
1
2

√
2(1 − w)

∫ K0−σ(w)

0

δ2

(
z1/4 t√

2

)
cn

(
σ(w) + t

)
dt. (3.19)

We next write this as I0 − I1, where

I0 =
z−

1
2

√
2(1 − w)

∫ K0

0

δ2

(
z1/4 t√

2

)
cn

(
σ(w) + t

)
dt

I1 =
z−

1
2

√
2(1 − w)

∫ K0

K0−σ(w)

δ2

(
z1/4 t√

2

)
cn

(
σ(w) + t

)
dt.

From (3.16), we get

σ =
√

2(1 − w)
(1

2
+

1

8
(1 − w) + · · ·

)
. (3.20)
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a) Asymptotic behaviour of I0. We use the Taylor expansion of cn at the point t
and get

I0 =
∞∑

k=0

z−1/2

√
2(1 − w)

σ(w)2k

(2k)!

∫ K0

0

δ2

(
z1/4 t√

2

)
cn(2k)(t) dt+ ϕ1(w)

where the odd powers sum to a function ϕ1 which is holomorphic in a neighbourhood
of 1.

The integrals

ck =

∫ K0

0

δ2

(
z1/4 t√

2

)
cn(2k)(t) dt

can be evaluated by means of the functions ∆l in (3.18) using integration by parts.

Putting z̃ = z1/4K0/
√

2 as before, we find for k = 0, 1, 2, which is enough to get an
expansion which is O(1/n3):

c0 =
√

2∆2(z̃),

c1 = − 1√
2
δ2(z̃) +

z1/2

√
2

∆0(z̃),

c2 = − z1/2

2
√

2
δ0(z̃) −

z

2
√

2
∆2(z̃).

b) Asymptotic behaviour of I1. Defining

H(t) = δ2

(
z1/4 t√

2

)
cn(σ + t) =

∞∑

k=0

cn(k)(t)

k!
σkδ2

(
z1/4 t√

2

)

and using the Taylor series for H at K0, we get

I1 =
z−1/2

√
2(1 − w)

∞∑

j=0

(−1)j
H(j)(K0)

(j + 1)!
σj+1,

where

H(j)(K0) =

∞∑

k=0

σk

k!

j∑

p=0

(
j

p

)
cn(k+p)(K0)δ

(j−p)
2 (z̃)

(
z1/4

√
2

)j−p
.

Now cn(j)(K0) = 0 for j 6≡ 4n + 1, cn′(K0) = −1/
√

2, and we need only consider
even powers ≤ 4 of σ in order to find an expansion which is O(1/n3). After some
calculation, we find

I1 =
z−1/2

√
2(1 − w)

(
− 1

2
√

2
δ2(z̃)σ

2 − z1/2

48
√

2
δ0(z̃)σ

4 + · · ·
)

+ ϕ2(w),

and hence

I0 − I1 = z−1/2(1 − w)−1/2∆2(z̃) +
1

8
(1 − w)1/2∆0(z̃)

+
1

16
(1 − w)3/2

(
∆0(z̃) −

z1/2

24
∆2(z̃)

)
+ · · · + ϕ3(w),

where ϕ2, ϕ3 are holomorphic functions in a neighbourhood of 1.
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Using the expansion of (1 − w)a as before, we finally get

F̃n−1(z)

µ1πn
= z−1/2∆2(z̃) −

1/8

2n− 1
∆0(z̃)

+
3/16

(2n− 1)(2n− 3)

(
∆0(z̃) −

z1/2

24
∆2(z̃)

)
+O

( 1

n3

)
. (3.21)

3.3. The Nevanlinna matrix. Plugging (3.2), (3.17), and (3.21) into (2.35) and
letting n→ ∞ leads after some computation to the following result.

Proposition 3.3.1. The entire functions (2.10) are given for (z, w) ∈ C2 by

A(z, w) =
4

π

(
1√
z
∆2(z̃)∆0(w̃) − ∆0(z̃)

1√
w

∆2(w̃)

)
,

B(z, w) = − 4

π

(
δ0(z̃)∆0(w̃) +

√
z δ2(z̃)

1√
w

∆2(w̃)

)
,

D(z, w) =
4

π

(√
z δ2(z̃)δ0(w̃) − δ0(z̃)

√
wδ2(w̃)

)
,

where, for simplicity,

z̃ =
z1/4

√
2
K0, w̃ =

w1/4

√
2
K0.

(Note that ∆2(z̃)/
√
z and

√
zδ2(z̃) are entire functions in z).

From (3.18), we find

∆0(0) =
1√
2

∫ K0

0

cnu du =
π

4
, (3.22)

ξ := lim
z→0

1√
z
∆2(z̃) =

1

4
√

2

∫ K0

0

u2cnu du ≈ 0.12. (3.23)

Proposition 3.3.2. The Nevanlinna matrix consists of the following entire functions

A(z) =
1√
z
∆2(z̃) −

4

π
ξ∆0(z̃), C(z) =

4

π
∆0(z̃),

B(z) = −δ0(z̃) −
4

π
ξ
√
zδ2(z̃), D(z) =

4

π

√
zδ2(z̃),

where z̃ = z1/4K0/
√

2.

They are all of order 1/4 and type K0/
√

2, and they have the common Phragmén-
Lindelöf indicator

h(θ) =
K0

2

(∣∣∣cos
θ

4

∣∣∣ +
∣∣∣sin θ

4

∣∣∣
)
, θ ∈ R. (3.24)

For D we have the following expressions

D(z) =
4

π

√
z sin

(z1/4

2
K0

)
sinh

(z1/4

2
K0

)
=
K2

0

π
z

∞∏

n=1

(
1 − z

(2nπ/K0)4

)
. (3.25)

Proof. It has been proved in [5] that all four functions in a Nevanlinna matrix have
the same order, type, and indicator. Therefore, it is sufficient to study the simplest of
them, namely D. Using the formula (3.11) for δ2 and the canonical products for sin
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and sinh, we find (3.25). It follows that the order ρD of D is equal to the exponent of
convergence of the zeros (2nπ/K0)

4, i.e., the smallest number τ > 0 such that

∞∑

n=1

1

(2nπ/K0)4τ
<∞.

Hence, we conclude that ρD = 1
4 . In order to get the type, it is easier to compute first

the indicator function hD defined by

hD(θ) = lim sup
r→∞

log |D(reiθ)|
rρD

.

Using (3.25), we find for z = reiθ , θ ∈ [0, 2π[

|D(reiθ)| =
4

π

√
r
(
(sinh2 u+ sin2 v)(sinh2 v + sin2 u)

)1/2
,

where u =
1

2
K0r

1/4 sin
θ

4
, v =

1

2
K0r

1/4 cos
θ

4
, and we get

hD(θ) =
1

2
K0

(
sin

θ

4
+ cos

θ

4

)
, θ ∈ [0, 2π[ ,

which shows that hD as periodic function with period 2π is given by (3.24). Therefore,
the type σD is

σD = sup
θ
hD(θ) =

K0√
2
.

Corollary 3.3.3. The numbers ξ, α given by (3.23) and (2.25) are connected by

αξ = −1,

which leads to the formula

4F3

[
1, 1, 1, 3/4

3/2, 3/2, 7/4
; 1

]
=

3√
2

∫ K0

0

u2cnu du (= 12ξ). (3.26)

Proof. We have

B(z)

D(z)
= −ξ − π

4
√
z

δ0(z̃)

δ2(z̃)
,

and for z = −x, x > 0, this leads by (3.10) and (3.11) to

B(−x)
D(−x) = −ξ +

π

4
√
x
i
δ0(jx̃)

δ2(jx̃)
= −ξ +

π

4
√
x

cosh(x̃) + cos(x̃)

cosh(x̃) − cos(x̃)

with x̃ = x1/4
√

2
K0, and we get

1

α
= lim

x→∞
B(−x)
D(−x) = −ξ.

From (2.34), we have

ξ = − 1

α
=

∞∑

k=1

1

µkπk

which by (3.1) and (3.2) leads to (3.26).
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Remark 3.3.4. The formula (3.26) can be established directly using twice the inte-
gral formula [15, 7.512(12)] which expresses p+1Fq+1 as an integral of pFq. This relates
the 4F3 to a special 2F1 which is known

2F1

[
1, 1

3/2
;x

]
=
Arcsin

√
x√

x(1 − x)
0 ≤ x < 1.

An interchange of the order of integration followed by an integration by parts leads
to relation (3.26).

We do not know any formula which expresses ξ in terms of classical constants.
However, using the trigonometric series for cnu (cf. [15, 8.146(2)]) and integrating
termwise, one gets

ξ =
K2

0

4

(
β1 −

2

π2
β3

)
,

where

βj =

∞∑

n=1

(−1)n−1

(n− 1/2)j cosh
(
π(n− 1/2)

) , j = 1, 3.

Here β1 = π/4, cf. [23], but we do not know a similar simple evaluation of β3.
By (2.24), we have

∞∑

k=0

P 2
k (z) = B′(z)D(z) −B(z)D′(z), z ∈ C

which can be reduced to

∞∑

k=0

P 2
k (z) =

K2
0

4π

( sinu

u
+

sinhu

u
+ 2

sinu

u

sinhu

u

)
, u = z1/4K0. (3.27)

This gives, in particular, the function 1/ρ(x) for x ∈ R, cf. (2.14).
The identity (2.13) reduces to

δ0(z̃)∆0(z̃) + δ2(z̃)∆2(z̃) =
π

4
, (3.28)

a rather remarkable relation for which we now give a direct proof. To this end, we
integrate f(z)cnz along the boundary of the rectangle with vertices ±K0, ±K0+2iK0,
where f is an arbitrary entire function. There is a simple pole at z = iK0, and the
residue theorem gives

∫ K0

−K0

[
f(x) + f(x+ 2iK0) + f

(
K0 + i(K0 + x)

)
+ f

(
−K0 + i(K0 + x)

)]
cnx dx

= 2
√

2 πf(iK0).

The choice of f(z) = exp
(
jp(z−iK0)

)
, p ∈ C, j = exp(iπ/4) and use of the relation

(3.10) gives

∫ K0

−K0

δ0
(
p(x+ iK0)

)
cnx dx =

π√
2
.
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By the addition formula (3.12) for δ0 and omitting zero contributions from odd func-
tions, we find

1√
2

∫ K0

0

(
δ0(pK0)δ0(px) + δ2(pK0)δ2(px)

)
cnx dx =

π

4
,

which is (3.28) with p = z1/4/
√

2.

3.4. The Nevanlinna parametrization. By Theorem 3.3.2, we have

A(z) =
1√
z
∆2(z̃) − ξC(z), B(z) = −δ0(z̃) − ξD(z)

so using the transformation

ϕ♯ = − 4

π

(
ξ +

1

ϕ

)
, (3.29)

we see that the Nevanlinna parametrization (2.3) takes the simple form
∫
dνϕ(u)

z − u
=

1√
z
∆2(z̃) + ϕ♯(z)∆0(z̃)

−δ0(z̃) + ϕ♯(z)
√
zδ2(z̃)

, (3.30)

and the density d(x) from Proposition 2.1.1 can be written

d(x) =
1

4

Imϕ♯(x+)

|δ0(x̃) − ϕ♯(x+)
√
xδ2(x̃)|2

, (3.31)

where
√
x = i

√
|x|, x̃ = j|x|1/4K0/

√
2 if x < 0. Note that (3.29) defines a homeomor-

phism of P ∪ {∞} for which the interval [− 1
ξ , 0] corresponds to [0,∞].

The N-extremal solutions νt corresponding to ϕ ≡ t ∈ R∪{∞} are discrete measures
concentrated at the zeros of the denominator in (3.30), i.e., the solution z ∈ C to the
equation

√
z
δ2(z̃)

δ0(z̃)
=

1

t♯

which by (3.10) and (3.11) are given by

f(z) =
√
z tan

(
z1/4K0

2

)
tanh

(
z1/4K0

2

)
=

1

t♯
= −π

4

1

ξ + 1
t

. (3.32)

It is known from the general theory that (3.32) has only real solutions. There are two
cases for which the equation can be solved explicitly, namely for t = 0, (t♯ = ∞) and
t = −1/ξ (t♯ = 0).

In the first case, the solutions are given by

zn =
(2nπ

K0

)4

, n = 0, 1, . . .

and the corresponding masses are

ρ(z0) =
π

K2
0

, ρ(zn) =
4π

K2
0

2nπ

sinh(2nπ)
, n = 1, 2, . . . ,

where ρ is given by (3.27).
In the second case, t = −1/ξ, we find

zn =

(
(2n+ 1)π

K0

)4

, ρ(zn) =
4π

K2
0

(2n+ 1)π

sinh
(
(2n+ 1)π

) , n = 0, 1, . . . .
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Summarizing, we have proved:

Proposition 3.4.1. The N-extremal measures ν0 and ν−1/ξ are given by

ν0 =
π

K2
0

εx0 +
4π

K2
0

∞∑

n=1

2nπ

sinh(2nπ)
εxn , xn =

(2nπ

K0

)4

,

ν−1/ξ =
4π

K2
0

∞∑

n=0

(2n+ 1)π

sinh
(
(2n+ 1)π

)εxn , xn =

(
(2n+ 1)π

K0

)4

.

Remark 3.4.2. The two measures above are in agreement with the measures derived
in [28], but their N-extremal character is now established. We note that it was proved
by another method in [7] that ν0 is N-extremal.

From Remark 2.2.2, we know that supp(νt) ⊆ [0,∞[ for t ∈ [−1/ξ, 0], and for
t /∈ [−1/ξ, 0] the measure νt has one negative point in the support. This is in agreement
with (3.32) because the function f(z) is strictly increasing from −∞ to ∞ in each of
the intervals ]−∞, (π/K0)

4[ , ]((2n− 1)π/K0)
4, ((2n+ 1)π/K0)

4[ , n = 1, 2, . . . . For
z = −x, x > 0, one can express f(z) as

f(z) =
√
x

cos(x̃) − cosh(x̃)

cos(x̃) + cosh(x̃)
, x̃ =

x1/4

√
2
K0.

Remark 3.4.3. The mass of ν0 at xn = (2nπ/K0)
4 is also equal to the residue of

(3.30) at xn which leads to

∆0

(
2nπ√

2

)
=
π

4

(−1)n

cosh(nπ)
, n ≥ 0.

Similarly, we find

∆2

(
(2n+ 1)π√

2

)
=
π

4

(−1)n

sinh(n+ 1
2 )π

, n ≥ 0.

3.5. Examples of non-N-extremal measures. The simplest way to obtain ex-
amples of measures in V which are not N-extremal is to use the convexity of V .
Starting from ν0 and ν−1/ξ, we may take the convex combination with s = (1 − a)/2,
a ∈ [−1, 1]. This gives the one-parameter family

ν(a) =
1 − a

2
ν−1/ξ +

1 + a

2
ν0, −1 ≤ a ≤ 1,

and using the explicit form of these measures, we find

ν(a) =
(1 + a)

2K2
0

πεx0 +
2π2

K2
0

∞∑

n=1

n

sinh(nπ)

(
1 + a(−1)n

)
εxn (3.33)

with xn = (nπ/K0)
4, n = 0, 1, . . . .

The corresponding function ϕa ∈ P follows from the relation (2.18) and is given by

1

ϕa(z)
+ ξ =

π

4

1 + a

1 − a

δ0(z̃)√
zδ2(z̃)

.

For a 6= ±1, this gives a simple example of a non-N-extremal measure, which was first
derived in [28] using a different approach.
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From (2.17), we get an example of an absolutely continuous measure

νϕt,γ =
γ

π

dx
(
tB(x) −D(x)

)2
+ γ2B(x)2

,

with support equal to the whole real axis. Here t ∈ R and γ > 0 are parameters.
When t and γ are related by the equation

γ2 = − t

ξ
− t2, t ∈ ]−1/ξ, 0[

the parameter

p =
4

π

γ

t2 + γ2
=

4

π
ξ

√
−1 − 1

tξ

can attain any value in ]0,∞[, and the above density can be expressed

νϕp =
p

4

dx

δ20(x̃) + p2xδ22(x̃)
, x̃ =

x1/4

√
2
K0. (3.34)

The corresponding ϕp ∈ P is given by ϕp(z) = t+ iγ, Im(z) > 0.
Using (3.10) and (3.11), the denominator in (3.34) can be reduced to the following

expression




cos2 u cosh2 u+ p2
( 2u

K0

)4

sin2 u sinh2 u, for x ≥ 0,

(cosu+ coshu

2

)2

+ p2
( 2u

K0

)4(cosu− coshu

2

)2

, for x < 0,

(3.35)

where u = |x|1/4K0/2.
When ϕ♯(z) = −1/

√
z, then νϕ has a discrete component with masses at the zeros

of δ0(z̃) + δ2(z̃), and an absolutely continuous component concentrated on ]−∞, 0[ .
The zeros are the numbers zn = (2un/K0)

4, where un are the solutions of

tanun tanhun = −1, un ∈ ](n− 1/2)π, nπ[, n ≥ 1.

The density d(x) is easily calculated using (3.31), and we find

d(x) =
K2

0

4

1

v2(cos2 v + cosh2 v)
, v = (−x)1/4K0√

2
, x < 0. (3.36)

To conclude let us present an example where both the absolutely continuous and
discrete component can be given explicitly. We take

ϕ♯(z) = −K
2
0γ

4
cot

(
z̃√
2

)
, γ > 0

for which
∫
dνϕ(x)

z − x
=

∆2(z̃)/
√
z − 1

4K
2
0γ∆0(z̃) cot(z̃/

√
2)

− cos(z̃/
√

2){cosh(z̃/
√

2) + γ(z̃/
√

2)2 sinh(z̃/
√

2)}
. (3.37)

The denominator has zeros at z
(1)
n =

(
(2n+ 1)π/K0

)4
, n ≥ 0. The residue of (3.37)

at z
(1)
n can be calculated using Remark 3.4.3, and putting un = (n+ 1

2 )π, we find

αn = Res(z = z(1)
n ) =

4π

K2
0

un
sinhun(coshun + γu2

n sinhun)
.
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The numerator has poles at z
(2)
n = (2nπ/K0)

4, n ≥ 0, and, as above, the residue of

(3.37) at z
(2)
n can be calculated, and putting vn = nπ, we find

βn = Res(z = z(2)
n ) =

4π

K2
0

γv3
n

cosh vn(cosh vn + γv2
n sinh vn)

.

Note that β0 = 0 so that there is in fact no pole at z
(2)
0 = 0.

To calculate the absolutely continuous part on the negative half-axis, we put

v = (−x)1/4K0√
2

for x < 0

and find the density

h(x) =
K2

0

4

γ sinh v

(cosh v − cos v)
{
(cos v + cosh v − 1

2γv
2 sin v)2 + (1

2γv
2 sinh v)2

} .

To summarize, the measure νϕ from (3.37) is given by

νϕ =
∞∑

n=0

αnεz(1)n
+

∞∑

n=0

βnεz(2)n
+ 1]−∞,0](x)h(x) dx. (3.38)

3.6. Asymptotic behaviour of the moments. Using the measure ν(a) in (3.33)
for a = 0, we get the following formula for the moments

sn =
π

2K2
0

δn0 +
2π2

K2
0

∞∑

k=1

k

sinh(kπ)

( kπ
K0

)4n

, n = 0, 1, . . . , (3.39)

and the fact that all the measures ν(a) have the same moments leads to the equations
∞∑

k=1

(−1)kk4n+1

sinh(kπ)
= − 1

4π
δn0, n = 0, 1, . . . , (3.40)

which have a long history, cf. [28]. Using (3.39), it was proved in [28, formula (49)]
that we have the following generating function for the moments

ϕ(x) =
cn(

√
2x)

dn2(
√

2x)
=

∞∑

n=0

(−1)nsn
x4n

(4n)!
. (3.41)

The function ϕ has double poles at the zeros of dn(
√

2x), i.e., at the points

x =
K0√

2
(2n+ 1) + i

K0√
2
(2m+ 1), n,m ∈ Z.

The radius of convergence of (3.41) is, therefore, K0 and the Hadamard formula for
the radius of convergence gives

lim sup
n→∞

4n
√
sn
n

=
4

K0e
. (3.42)

By the Darboux method, we can obtain more precise information.

Proposition 3.6.1. The moments satisfy

sn =
4(4n+ 1)!

K4n+2
0

(
1 +O

( 1

25n

))
.
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Proof. Putting j = exp(iπ4 ), we have

ϕ(jK0 + x) = 2i
cn(

√
2x)

sn2(
√

2x)
,

and using

cnx

sn2x
=

1

x2
− 3

40
x2 + · · ·

in a neighbourhood of zero, the principal part of ϕ corresponding to the pole x = jK0

is i(x−jK0)
−2. The principal part corresponding to the remaining poles −jK0, ±j̄K0

can be found in a similar way, and the sum s(x) of the four principal parts has the
following power series expansion for |x| < K0

∞∑

n=0

(−1)n
4(4n+ 1)

K4n+2
0

x4n.

The function ϕ(x) − s(x) is holomorphic for |x| <
√

5K0 with 8 double poles on the

circle |x| =
√

5K0, and therefore we get

(−1)n
sn

(4n)!
= (−1)n

4(4n+ 1)

K4n+2
0

+O

(
n

(
√

5K0)4n

)
,

which proves the assertion.

4. Al-Salam-Carlitz q-polynomials

These polynomials, Vn = V
(a)
n (x; q), were introduced in [2]. They are connected to

the birth and death process with rates

λn = aq−n; µn = q−n − 1, n ≥ 0, (4.1)

by the formula

Fn(x) = σnVn(1 + x); σn = (−1)n
qn(n+1)/2

[q]n
, (4.2)

cf. [7], where Fn = F
(a)
n (x; q) are defined by (2.28), (2.29). We always restrict the

parameters a, q to the domain

Ω = { (a, q) | a > 0, 0 < q < 1 } (4.3)

for which λn > 0, µn+1 > 0 when n ≥ 0 and µ0 = 0. Since we only consider one fixed
value of q, we use the simplified notation [z]n instead of (z; q)n, i.e.,

[z]n = (z; q)n =

n∏

j=1

(1 − zqj−1), z ∈ C, n = 0, 1, . . . ,∞ (4.4)

(with [z]0 = 1). By (2.30), we get

πn = π(a)
n (q) =

(aq)n

[q]n
; λn−1πn−1 =

an

[q]n−1
(4.5)



NEVANLINNA PARAMETRIZATION 195

and, concerning determinacy, we have, cf. [11], [7]:

indet(H) ⇔ q < a < q−1,

indet(S) ⇔ 1 < a < q−1,

indet(H), det(S) ⇔ q < a ≤ 1.

(4.6)

det (H)det (H)

indet (H)

indet (S)det (S)

(1,1)

(1,0)

aq =1

a

q

Figure 1. Domains of determinacy/indeterminacy

Al-Salam and Carlitz found the following discrete solution of the corresponding
moment problem

β(a) = K

∞∑

n=0

anqn
2

[aq]n[q]n
ε(q−n−1),

which is a positive measure for aq < 1. The constant K was evaluated later by
Ismail [16] who found K = [aq]∞. Below, we shall deduce this once more as well as

finding orthogonality measures for the remaining parameter values.

4.1. Invariance properties under the transformation a 7→ 1/a. Dividing the

equation (2.28) by an+1 and using the fact that F
(a)
n (x; q) is uniquely determined by

(2.28) together with the initial conditions (2.29), we find

F (1/a)
n (x; q) = a−nF (a)

n

(
(1 + x)a− 1; q

)
, (a, q) ∈ Ω; x ∈ C. (4.7)

The same equation holds for F̃n.
Using (2.32), we get the following invariance for the corresponding orthonormal

polynomials P
(a)
n (x; q) and the polynomials Q

(a)
n (x; q) of the second kind,

P
(1/a)
n (x; q) = P

(a)
n

(
(1 + x)a− 1; q

)

Q
(1/a)
n (x; q) = aQ

(a)
n

(
(1 + x)a− 1; q

)



 , (a, q) ∈ Ω, x ∈ C. (4.8)

The domain

Γ =
{
(a, q) ∈ Ω | q < a <

1

q

}
(4.9)

of indeterminacy in the sense of Hamburger is invariant under a 7→ 1/a. We shall
next show that the assumptions of Proposition 2.4.1 are verified for Γ and shall

examine the invariance of the entire functions A(a)(z, w; q), . . . from (2.10). In the
following, we omit q in the notation.
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Proposition 4.1.1. The functions A, B, D from (2.10) are continuous on C2 × Γ
and have the invariance properties

A(1/a)(z, w) = aA(a)
(
(1 + z)a− 1, (1 + w)a − 1

)
,

B(1/a)(z, w) = B(a)
(
(1 + z)a− 1, (1 + w)a − 1

)
,

D(1/a)(z, w) =
1

a
D(a)

(
(1 + z)a− 1, (1 + w)a − 1

)
,

for (z, w) ∈ C2, (a, q) ∈ Γ.

Proof. Since the rates λn, µn depend continuously on (a, q), we only have to verify
the uniform convergence of the series in (2.36) on a fixed compact subset Γ0 ⊆ Γ, cf.
Remark 2.4.2, and for this it suffices to find convergent majorant series.
We have

(
P (a)
n (0; q)

)2
= π(a)

n (q) =
(aq)n

[q]n
≤ rn

[q]n
,

where r = maxΓ0(aq) < 1, which settles the question for the first series. Putting
maxΓ0(q) = q0, maxΓ0(q/a) = s, we have q0 < 1, s < 1, and

(
Q(a)
n (0; q)

)2
=

(aq)n

[q]n

( n∑

k=1

[q]k−1

ak

)2

≤ n2

(
max(r, s)

)n

[q0]n
,

where we use

n∑

k=1

[q]k−1

ak
≤




n, if a ≥ 1,

n

an
, if a < 1.

The invariance formulas for A, B, and D are easy consequences of (4.8) and (2.10).

For the explicit determination of the functions A, B, D, it will suffice to carry
through the calculations for a < 1 and then use the above properties.

4.2. The generating functions. The starting point of the asymptotic analysis in
the indeterminate case is the two generating functions

F (z, w) =

∞∑

n=0

Fn(z)wn =
[(1 + z)qw]∞
[qw]∞[aqw]∞

, (4.10)

1

µ1
F̃ (z, w) =

∞∑

n=0

F̃n(z)

µ1
wn

=
q

(1 − qw)(1 − aqw)
3φ2

[
(1 + z)qw, q, 0

q2w, aq2w
; q

]
, (4.11)

valid for z ∈ C, |w| ≤ 1 when the moment problem is indet(H), cf. [7]. Here 3φ2 is
the basic hypergeometric series as defined in [14] and evaluated at q. The basic q is

omitted in the notation.
The right-hand sides of (4.10) and (4.11) are meromorphic functions of w for each

z ∈ C with poles

w(1)
n =

1

qn
, w(2)

n =
1

aqn
, n = 1, 2, . . . . (4.12)
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Reasoning backwards, one can verify that the power series expansions (4.10), (4.11)

in w of these functions are given by polynomial coefficients Fn(z), (1/µ1)F̃n(z)
satisfying (2.28), (2.29). We therefore conclude that (4.10) and (4.11) hold for

(a, q) ∈ Ω, z ∈ C and |w| < R, where R is the distance from the origin to the closest
pole.

We remark in passing that the generating functions F, F̃ both have the following
invariance property

f (1/a)(z, aw) = f (a)
(
(1 + z)a− 1, w

)
, (4.13)

where we have omitted q in the notation.

4.3. Asymptotic analysis. We restrict the calculation to the case 0 < q < a < 1.
We note that the poles (4.12) are simple in this case and verify

1

q
<

1

aq
<

1

q2
<

1

aq2
< · · · .

The principal parts of F (z, w) corresponding to the poles w = 1/q and w = 1/(aq)
are

[1 + z]∞
[a]∞[q]∞(1 − qw)

,
[(1 + z)/a]∞

[1/a]∞[q]∞(1 − aqw)
,

respectively, and it follows that F (z, w) minus these expressions is holomorphic for
|w| < 1/q2. By (4.10), this gives

Fn(z) =
qn

[q]∞

[1 + z]∞
[a]∞

+
(aq)n

[q]∞

[(1 + z)/a]∞
[1/a]∞

+O(q2n). (4.14)

The principal parts of (1/µ1)F̃ (z, w) corresponding to the poles w = 1/q and
w = 1/(aq) are

q

(1 − a)(1 − qw)
2φ1

[
1 + z, 0

aq
; q

]
,

q

(1 − 1/a)(1 − aqw)
2φ1

[
(1 + z)/a, 0

q/a
; q

]
,

respectively, from which we deduce

1

µ1
F̃n−1(z) =

qn

1 − a
2φ1

[
1 + z, 0

aq
; q

]
− (aq)n

1 − a
2φ1

[
(1 + z)/a, 0

q/a
; q

]
+O(q2n).

(4.15)

Plugging (4.5), (4.14), and (4.15) in (2.35), we get after some calculation the
following formulas:
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Proposition 4.3.1. The entire functions A, B, D from (2.10) are given by

A(a)(z, w) =
[q]∞
1 − a

{
2φ1

[
1 + z, 0

aq
; q

]
2φ1

[
(1 + w)/a, 0

q/a
; q

]

− 2φ1

[
(1 + z)/a, 0

q/a
; q

]
2φ1

[
1 + w, 0

aq
; q

]}
,

B(a)(z, w) =
1

1 − a

{
a[(1 + z)/a]∞

[q/a]∞
2φ1

[
1 + w, 0

aq
; q

]

− [1 + z]∞
[qa]∞

2φ1

[
(1 + w)/a, 0

q/a
; q

]}
,

D(a)(z, w) =
a

(1 − a)[q]∞[aq]∞[q/a]∞

{
[1 + z]∞[(1 + w)/a]∞

− [(1 + z)/a]∞[1 + w]∞
}
,

for (z, w) ∈ C
2 and (a, q) ∈ Γ, a 6= 1.

Remark 4.3.2. In the first place, we get the formulas only for a < 1, but noting that
the right-hand sides in the formulas have the same invariance properties as A, B, D
in Proposition 4.1.1, we conclude that the above formulas hold for (a, q) ∈ Γ, a 6= 1.
Since we know that A, B, D are continuous functions of the parameters, we find A(1),
B(1), D(1) by taking the limit of the above expressions for a → 1. This leads to quite
complicated expressions, so we shall not give the formulas.

The identities (2.8) or (2.13) reduce to

[1 + z]∞
[a]∞

2φ1

[
(1 + z)/a, 0

q/a
; q

]
+

[(1 + z)/a]∞
[1/a]∞

2φ1

[
1 + z, 0

aq
; q

]
= 1,

which is a particular case of (2.10.13) in [14].

4.4. The Nevanlinna matrix.

Theorem 4.4.1. For (a, q) ∈ Γ, a 6= 1, the Nevanlinna matrix consists of the follow-
ing entire functions

A(a)(z) =
[q]∞
a− 1

{
2φ1

[
(1 + z)/a, 0

q/a
; q

]
− 2φ1

[
1/a, 0

q/a
; q

]
2φ1

[
1 + z, 0

aq
; q

]}
,

B(a)(z) =
1

a− 1

{
[1 + z]∞
[qa]∞

2φ1

[
1/a, 0

q/a
; q

]
− a[(1 + z)/a]∞

[q/a]∞

}
,

C(a)(z) = 2φ1

[
1 + z, 0

aq
; q

]
,

D(a)(z) = − [1 + z]∞
[q]∞[aq]∞

.

They are all of order 0. The functions A(1)(z), . . . , D(1)(z) are obtained for a→ 1.

Proof. This follows immediately from Proposition 4.3.1 and (2.12). Since they all have
the same order, it suffices to determine the order of D(a), which is clearly 0, since the
zeros zn = q−n − 1 have exponent of convergence equal to zero.
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Defining the constant

ξ(a) =
[q]∞
a− 1

2φ1

[
1/a, 0

q/a
; q

]
for q < a <

1

q
, a 6= 1, (4.16)

we see that

A(a)(z) =
[q]∞
a− 1

2φ1

[
(1 + z)/a, 0

q/a
; q

]
− ξ(a)C(a)(z),

B(a)(z) = − a

a− 1

[(1 + z)/a]∞
[q/a]∞

− ξ(a)D(a)(z),

(4.17)

which is similar in structure to the Nevanlinna matrix in the quartic case. The
expression for ξ(a) can be simplified to

ξ(a) = [q]∞

∞∑

n=0

qn

(a− qn)[q]n
for a ∈ ]q, 1/q[ r {1}. (4.18)

Lemma 4.4.2. The function ξ is strictly decreasing in each of the intervals ]q, 1[ ,
]1, 1/q[ with

ξ(q+) = ∞, ξ(1−) = −∞, ξ(1+) = ∞, ξ(1/q−) = 1 − [q]∞.

For 1 < a < 1/q, in which case the problem is indet(S), the constant α = α(a) from
(2.25) is given by

α(a) = − 1

ξ(a)
.

Proof. Formula (4.18) shows that ξ is strictly decreasing with the above limits at
a = q, 1 and

ξ(1/q−) = [q]∞

∞∑

n=0

qn+1

[q]n+1
= 1 − [q]∞

by the q-binomial Theorem.
For 1 < a < 1/q, we have by (2.34),

− 1

α
=

∞∑

n=0

[q]n
an+1

=
1

a
2φ1

[ q, q
0

; 1/a
]
,

and using Heine’s transformation for 2φ1 (see [14, (1.4.1)]), we get −1/α = ξ(a).

Another quantity of interest is the function ρ = ρ(a)( · ; q) given by

1/ρ(z) =
∞∑

n=0

|Pn(z)|2, z ∈ C,

cf. (2.14). Differentiating D(a)(z, w) with respect to z and setting z = w = x gives
1/ρ(x) for x ∈ R, cf. (2.10). Using

h∞(z) := [z]′∞ = −[zq]∞ 2φ1

[
z, q

zq
; q

]
(4.19)
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we find for a 6= 1, x ∈ R

1

ρ(x)
=
a[q(1 + x)]∞[q(1 + x)/a]∞
(a− 1)[q]∞[qa]∞[q/a]∞

{(
1 − 1 + x

a

)
2φ1

[
1 + x, q

q(1 + x)
; q

]

+
x

a
2φ1

[
(1 + x)/a, q

q(1 + x)/a
; q

]}
.

(4.20)

A formula valid for x ∈ C can be obtained using the generating function (1.17) in [2]

∞∑

n=0

Φ(a)
n (z)Φ(b)

n (w)
ζn

[q]n
=

[azζ]∞[bwζ]∞
[ζ]∞[zζ]∞[wζ]∞

3φ2

[
a, b, ζ

azζ, bwζ
; zwζ

]
.

Here Φ
(a)
n is related to V

(a)
n by the formula

V (a)
n (x) = (−1)nq−

1
2n(n−1)Φ(x/a)

n (a),

(which is (4.7) in [2], corrected), and replacing a by z/a, b by w/b, z by a, w by b, we
get

∞∑

n=0

qn(n−1)V (a)
n (z)V (b)

n (w)
ζn

[q]n
=

[zζ]∞[wζ]∞
[ζ]∞[aζ]∞[bζ]∞

3φ2

[
z/a, w/b, ζ

zζ, wζ
; abζ

]
.

Finally, for a = b, ζ = q/a, we get by (4.2), (4.5), and (2.32)

∞∑

n=0

P (a)
n (z)P (a)

n (w) =
[q(1 + z)/a]∞[q(1 + w)/a]∞

[q/a]∞[q]2∞

× 3φ2

[
(1 + z)/a, (1 + w)/a, q/a

q(1 + z)/a, q(1 + w)/a
; aq

]
.

(4.21)

For w = z̄, we get for (a, q) ∈ Γ, z ∈ C:

1

ρ(a)(z)
=

∣∣[q(1 + z)/a]∞
∣∣2

[q/a]∞[q]2∞
3φ2

[
(1 + z)/a, (1 + z̄)/a, q/a

q(1 + z)/a, q(1 + z̄)/a
; qa

]
. (4.22)

The function ρ(z) = ρ(a)(z; q) has the invariance property

ρ(1/a)
(1 + z

a
− 1

)
= ρ(a)(z), (4.23)

which follows immediately from (4.8), and this permits the transformation of (4.22)
to the following

1

ρ(a)(z)
=

∣∣[q(1 + z)]∞
∣∣2

[qa]∞[q]2∞
3φ2

[
1 + z, 1 + z̄, qa

q(1 + z), q(1 + z̄)
; q/a

]
, (4.24)

which will be useful later on.

4.5. The Nevanlinna parametrization. If we introduce the transformation
analogous to (3.29)

ϕ# = −
(
ξ(a) +

1

ϕ

)
(4.25)
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and use (4.17), we see that the Nevanlinna parametrization takes the form

∫
dν

(a)
ϕ (u)

z − u
=

[q]∞
a− 1

2φ1

[
(1 + z)/a, 0

q/a
; q

]
+ ϕ#(z) 2φ1

[
1 + z, 0

aq
; q

]

− a

a− 1

[(1 + z)/a]∞
[q/a]∞

− ϕ#(z)
[1 + z]∞
[q]∞[aq]∞

. (4.26)

The N-extremal measures ν
(a)
t , t ∈ R ∪ {∞} have mass-points at the zeros of the

denominator. As in the quartic case, only for two particular values of t is it possible
to find the zeros explicitly.

For t = 0, it is the zeros of [1 + z]∞ which are zn = q−n − 1, n ≥ 0. The masses m
(a)
n

are given by the residues at zn, and for the derivative h∞(z) of [z]∞, it is easy to
calculate

h∞(q−n) = (−1)n+1q−n(n−1)/2[q]∞[q]n, n ≥ 0. (4.27)

Using

2φ1

[
q−n, 0

c
; q

]
= (−1)n

cnq
1
2n(n−1)

[c]n
, (4.28)

which follows from (1.5.3) in [14] by taking the limit b→ 0, we find

m(a)
n = [aq]∞

anqn
2

[aq]n[q]n
, (4.29)

in agreement with [7], [2].
For t = −1/ξ(a), the zeros of the denominator in (4.26) are determined by

[(1 + z)/a]∞ = 0 so they are zn = aq−n − 1, n ≥ 0, and the corresponding masses

σ
(a)
n can be calculated as residues using (4.27) and (4.28), and we find

σ(a)
n = [q/a]∞

a−nqn
2

[q/a]n[q]n
. (4.30)

Proposition 4.5.1. For (a, q) ∈ Γ, a 6= 1, we have the following N-extremal measures

ν
(a)
0 =

∞∑

n=0

m(a)
n ε(q−n−1),

ν
(a)
−1/ξ(a) =

∞∑

n=0

σ(a)
n ε(aq−n−1).

For 1 < a < 1/q, in case of which the problem is indet(S), both measures are concen-
trated on [0,∞[ .

For q < a < 1, in which case the problem is det(S), the measure ν
(a)
0 is the unique

solution to the moment problem supported by [0,∞[ , and the measure ν
(a)
−1/ξ(a) has one

negative point a− 1 in the support.
In the case a = 1, which is det(S), the unique measure supported by [0,∞[ is

ν
(1)
0 =

∑
[q]∞

qn
2

[q]2n
ε(q−n−1).
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Remark 4.5.2. For the last part of the proposition, we use Proposition 2.4.1 to
conclude that

lim
a→1

ν
(a)
0 = lim

a→1
ν

(a)
−1/ξ(a) = ν

(1)
0 weakly.

The fact that ν
(a)
0 and ν

(a)
−1/ξ(a) are probability measures leads to the equation

∞∑

n=0

anqn
2

[aq]n[q]n
=

1

[aq]∞
, (4.31)

in the first place for q < a < 1/q, but by holomorphic continuation (4.31) is valid for
|a| < 1/q.

Remark 4.5.3. The jumps of the N-extremal measure ν
(a)
0 can also be found depart-

ing from (4.24). Using the definition of 3φ2, we get

1

ρ(a)(z)
=

1

[aq]∞[q]2∞

∞∑

k=0

( q
a

)k [aq]k
[q]k

∣∣[1 + z]k[(1 + z)qk+1]∞
∣∣2 ,

so for zn = q−n − 1, n ≥ 0, all terms in the series vanish except for k 6= n, and we get

1

ρ(a)(zn)
=

[q]n[aq]n
anqn2 [aq]∞

, n ≥ 0,

in agreement with (4.29). Similarly, the jumps of ν
(a)
−1/ξ(a) can be found using (4.22).

4.6. Examples of non-N-extremal measures. The simplest explicit examples of

this type are obtained for a 6= 1 by taking convex combinations of ν
(a)
0 and ν

(a)
−1/ξ(a).

The corresponding Pick functions are given by (2.18). In particular, we get

[(1 + z)/a]∞
[1 + z]∞

∈ P for 1 ≤ a ≤ 1

q
,

[1 + z]∞
[(1 + z)/a]∞

∈ P for q ≤ a ≤ 1,

so we have found the following examples of Pick functions [zλ]∞/[z]∞, [z]∞/[z/λ]∞
for q ≤ λ ≤ 1.

The Pick function ϕt,γ given by (2.16) leads to the absolutely continuous measure
(2.17). As in the quartic case, we get a simpler expression if we assume that γ > 0
and ξ(a) are related by γ2 = −t

(
1/ξ(a) + t

)
, where t belongs to the interval with

endpoints 0 and −1/ξ(a). The parameter p = γ/(t2 + γ2) can attain any value in
]0,∞[ and the corresponding Pick function ϕp leads to the measure

νϕp =
p

π

{(
a

a− 1

[(1 + x)/a]∞
[q/a]∞

)2

+ p2

(
[1 + x]∞
[q]∞[aq]∞

)2}−1

dx.

This leads to the following

Proposition 4.6.1. For q < a < 1/q, a 6= 1, we have the following one-parameter
family of analytic densities for the corresponding moment problem

ν(x; a, ρ) = c(a)
ρ

[(1 + x)/a]2∞ + ρ2[1 + x]2∞
, 0 < ρ <∞,

where

c(a) =
|a− 1|
πa

[q]∞[aq]∞[q/a]∞.
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Remark 4.6.2. For a → 1 and ρ > 0 fixed, the measures ν(x; a, ρ) dx converge

weakly to ν
(1)
0 from Proposition 4.5.1. In fact, since |ξ(a)| → ∞ by Lemma 4.4.2, the

parameters t and γ tend to zero, so the Pick function corresponding to ν(x; a, ρ) dx
tends to 0 in P , and we can apply Proposition 2.4.1.

4.7. The case a = 1. We shall give explicit formulas for the functions in the
Nevanlinna matrix when a = 1. The formulas are obtained from Theorem 4.4.1 by

letting a→ 1. The calculations of A(1) and B(1) are obtained by differentiation with
the respect to a, and therefore it is convenient to introduce the functions

hn(z) = [z]′n = −gn(z)[z]n, n = 0, 1, . . . ,∞ (4.32)

with

gn(z) =

n−1∑

j=0

qj

1 − zqj
. (4.33)

Note that

g∞(z) =

∞∑

j=0

qj

1 − zqj
=

1

1 − z
2φ1

[
z, q

zq
; q

]
.

Theorem 4.7.1. When a = 1, the Nevanlinna matrix is given by

A(1)(z) = −[q]∞

∞∑

n=1

(
(1 + z)hn(1 + z) + 2q[1 + z]ngn(q)

) qn
[q]2n

− aq[q]∞C
(1)(z),

B(1)(z) =
1

[q]∞
(1 + z)h∞(1 + z) − ξ0D

(1)(z),

C(1)(z) = 2φ1

[
1 + z, 0

q
; q

]
, D(1)(z) = − [1 + z]∞

[q]2∞
,

where

aq =

∞∑

n=0

qn

[q]∞(1 − qn)
=

q

(1 − q)2
3φ2

[
q, q, 0

q2, q2
; q

]
,

ξ0 = [q]∞
(
aq + 2qg∞(q) − 1

)
.

For t = −1/ξ0, the corresponding N-extremal measure ν
(1)
t is concentrated in the

zeros of (1 + z)h∞(1 + z), which are x−1 = −1 and (xn − 1)n≥0, where xn is the
unique zero in

]
q−n, q−n−1

[
of the function g∞. It does not seem possible to find xn

explicitly.
In analogy with Proposition 4.6.1, we get:

Proposition 4.7.2. For a = 1, we have the following one-parameter family of ana-
lytic densities for the corresponding moment problem

ν(x; ρ) =
[q]3∞
π

ρ
(
(1 + x)h∞(1 + x)

)2
+ ρ2[1 + x]2∞

, 0 < ρ <∞.
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4.8. The determinate case. The parameter range in the determinate case
consists of two disjoint regions

1. a ≤ q,
2. 1/q ≤ a,

and we shall find the orthogonality measure ν(a) in the two cases.
Let us first consider the case a ≤ q. The generating functions (4.10), (4.11) have a

simple pole at w = 1/q, and this is the singularity closest to zero; the second closest
is 1/q2 which is a simple pole if a < q and a double pole if a = q. By considering the

principal part of the generating functions, we find as in Section 4.3

Fn(z) =
qn

[q]∞

[1 + z]∞
[a]∞

+O(nq2n),

1

µ1
F̃n−1(z) =

qn

1 − a
2φ1

[
1 + z, 0

aq
; q

]
+O(nq2n),

(4.34)

where O(nq2n) can be replaced by O(q2n) if a < q. By Markov’s Theorem (cf. [31],
[3]), we know that

∫
dν(a)(u)

z − u
= lim

n→∞
Qn(z)

Pn(z)
= − lim

n→∞
1

µ1

F̃n−1(z)

Fn(z)
for z ∈ C r R,

and by (4.34) we find
∫
dν(a)(u)

z − u
= − [q]∞[aq]∞

[1 + z]∞
2φ1

[
1 + z, 0

aq
; q

]
, (4.35)

which is precisely the same expression as (4.26) with ϕ = 0, but with a, q in another
parameter range. The computation of ν(a) is therefore exactly as the computation of

ν
(a)
0 in Section 4.5 and leads to the same formula.

In case (2), a similar computation leads to the desired measure, but we can also use

the invariance properties (4.7) of F
(a)
n and F̃

(a)
n under the transformation a 7→ 1/a.

This gives for 1/a ≤ q, z ∈ C r R:

∫
dν(a)(u)

z − u
= − lim

n→∞
1

µ1

F̃
(a)
n−1(z)

F
(a)
n (z)

= − lim
n→∞

1

µ1

an−1F̃
(1/a)
n−1

(
(1 + z)/a− 1

)

anF
(1/a)
n

(
(1 + z)/a− 1

)

= −1

a

[q]∞[q/a]∞
[(1 + z)/a]∞

2φ1

[
(1 + z)/a, 0

q/a
; q

]
,

which is precisely the same expression as (4.26) with ϕ = −1/ξ(a), so ν(a) is formally

the same as ν
(a)
−1/ξ(a), but for a in another parameter range.

Summing up, we have

Theorem 4.8.1. In the determinate case the unique orthogonality measure is given
by

m(a) = [aq]∞

∞∑

n=0

anqn
2

[aq]n[q]n
ε(q−n−1) for a ≤ q,
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and by

σ(a) = [q/a]∞

∞∑

n=0

a−nqn
2

[q/a]n[q]n
ε(aq−n−1) for 1/q ≤ a.

4.9. The moments. For 0 < q < 1, let Gn(a) = Gn(a; q) be the polynomial in a of
degree n determined by the recursion

Gn+1(a) = (1 + a)Gn(a) − a(1 − q−n)Gn−1(a), n ≥ 0, (4.36)

and the initial conditions

G−1 = 0, G0 = 1. (4.37)

As shown in [2], we have

Gn(a) =

n∑

k=0

[
n
k

]
qk(k−n)ak, (4.38)

where
[
n
k

]
=

[q]n
[q]k[q]n−k

.

Al-Salam and Carlitz noticed in [2] that

u∗n(a) =

∞∑

k=0

q−nkqk
2

ak

[aq]k[q]k
, n ≥ 0, (4.39)

satisfies (4.36). In fact, u∗n(a) is well-defined for a 6= q−n, n ≥ 1, and for these a we
find

u∗n+1(a) − (1 + a)u∗n(a) + a(1 − q−n)u∗n−1(a)

=

∞∑

k=0

q−nkqk
2

ak

[aq]k[q]k

{
q−k(1 − qk)(1 − aqk) − aq−n+k

}
= 0.

Furthermore, it can be proved by induction that

n∑

k=0

qk(k−1) − (1 + a)qk
2

[aq]k[q]k
ak = −q

n(n+1)an+1

[aq]n[q]n
, n ≥ 0,

which for n→ ∞ yields u∗1(a) = (1 + a)u∗0(a) since the right-hand side tends to zero.
It follows that

u∗n(a) = u∗0(a)Gn(a), n ≥ 0.

From Proposition 4.5.1 and Theorem 4.8.1, we know that u∗0(a) = 1/[aq]∞ when
0 < a < 1/q, thereby showing that the measure

m(a) ∗ ε1 = [aq]∞

∞∑

k=0

akqk
2

[aq]k[q]k
εq−k , 0 < a < 1/q (4.40)

has the moment sequence
(
Gn(a)

)
n≥0

. The measure (4.40) is the translation of (1.6)

by 1.
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As noticed in [2], the translation of (1.7)

σ(a) ∗ ε1 = [q/a]∞

∞∑

k=0

a−kqk
2

[q/a]k[q]k
εaq−k , q < a (4.41)

also has the moment sequence
(
Gn(a)

)
n≥0

. In fact, the n-th moment of σ(a) ∗ ε1 is

an[q/a]∞

∞∑

k=0

q−nkqk
2

a−k

[q/a]k[q]k
= an

∫
xn d(m(1/a) ∗ ε1)(x)

= anGn(1/a) = Gn(a).

Let sn(a) = sn(a; q) denote the n-th moment corresponding to the birth and death
rates (4.1) for 0 < q < 1, 0 < a. By (4.40) and (4.41), the moments sn(a) and Gn(a)

are connected via the formulas

Gn(a) =

n∑

k=0

(
n

k

)
sk(a), sn(a) =

n∑

k=0

(
n

k

)
(−1)n−kGk(a). (4.42)

Lemma 4.9.1. For a > 0 and 0 < q < 1, we have

(i) n
√
sn(a) ≤ n

√
Gn(a) ≤ n

√
sn(a) + 1,

(ii) q1/4
√
aq−n/4 ≤ n

√
Gn(a) ≤ (1 + a)q−n/4.

Proof. From Hölder’s inequality we get

sk(a) ≤ sn(a)
k/n for 0 ≤ k ≤ n,

so, by the first equation in (4.42), we obtain

sn(a) ≤ Gn(a) ≤
n∑

k=0

(
n

k

)
sn(a)

k/n ≤
(
1 + n

√
sn(a)

)n
,

which shows (i).
To see the first inequality in (ii), we use (4.38). For n = 2p, we have

G2p(a) ≥
[

2p
p

]
q−p

2

ap ≥ q−n
2/4an/2,

and for n = 2p+ 1,

G2p+1(a) ≥
[
2p+ 1
p

]
q−p(p+1)ap +

[
2p+ 1
p+ 1

]
q−p(p+1)ap+1

≥ q(1−n
2)/4an/2

1 + a√
a

≥ 2q1/4q−n
2/4an/2.

For the second inequality in (ii), we use

qk(k−n) ≤ q−n
2/4 and

[
n
k

]
≤

(
n

k

)
for 0 ≤ k ≤ n,

and find from (4.38)

Gn(a) ≤ q−n
2/4

n∑

k=0

(
n

k

)
ak = (1 + a)nq−n

2/4.
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Corollary 4.9.2. The Carleman series
∞∑

n=0

1
2n
√
sn(a)

<∞

for all a > 0 and 0 < q < 1.

Remark 4.9.3. The above Corollary shows that Carleman’s criterion is too rough to
distinguish between determinacy and indeterminacy in the parameter domain Ω.

The Darboux method can be used to obtain precise information about the
asymptotic behaviour of Gn(a) because of the following generating function for

G2
n(a)

∞∑

n=0

(−1)nqn(n+1)/2G2
n(a)

wn

[q]n
=

[qw]∞[aqw]2∞[a2qw]∞
[qa2w2]∞

. (4.43)

This formula is a special case of (1.10) in [2]. The function ϕ(w) on the right-hand
side is meromorphic, and the singularities with smallest absolute value are

w = ±(a
√
q)−1 with

Res

(
ϕ,± 1

a
√
q

)
=

[±√
q/a]∞[±√

q]2∞[±a√q]∞
±2a

√
q[q]∞

.

The point w = −(a
√
q)−1 is a simple pole, but if a = qn+1/2 for some n ∈ Z, then

w = (a
√
q)−1 is a removable singularity.

By the Darboux method, we get

Gn(a) =
an/2q−n

2/4

√
[qn+1]∞

ρn
(
1 +O(qn/2)

)
, (4.44)

where ρn > 0 is given by

2ρ2
n =

[
−
√
q

a

]

∞
[−√

q ]2∞[−a√q ]∞ + (−1)n
[√

q

a

]

∞
[
√
q ]2∞[a

√
q ]∞.
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13. A. Erdélyi et al, Higher Transcendental Functions, 3, McGraw Hill, New York, 1953.
14. G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cam-

bridge, 1990.
15. I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, Academic Press,

Orlando, 1980.
16. M. E. H. Ismail, A queueing model and a set of orthogonal polynomials, J. Math. Anal. Appl.

108 (1985), 575–594.
17. M. E. H. Ismail, J. Letessier, D. Masson, and G. Valent, Birth and death processes and orthogonal

polynomials. In: Orthogonal Polynomials: Theory and Practice, 229–255, NATO ASI series C
294, Kluwer Academic Publishers, The Netherlands, 1990.

18. M. E. H. Ismail and D. Masson, Q-Hermite polynomials, biorthogonal rational functions and

Q-beta integrals, Memoirs Amer. Math. Soc. (1994), to appear.
19. J. Letessier and G. Valent, Some exact solutions of the Kolmogorov boundary value problem,

J. Approx. Theor. Appl. 4 (1988), 97–117.
20. D. Moak, The q-analogue of the Laguerre polynomials, J. Math. Anal. Appl. 81 (1981), 20–47.
21. R. Nevanlinna, Asymptotische Entwicklungen beschränkter Funktionen und das Stieltjessche Mo-

mentenproblem, Ann. Acad. Sci. Fenn. Ser. A (5) 18 (1922), 52.
22. M. Riesz, Sur le problème des moments et le théorème de Parseval correspondant, Acta Sci.
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