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Equisummability of certain sequences
of Hadamard products of Taylor sections
and interpolatory polynomials

R. Brusck, J. Msller, and A. Sharma

Abstract. In [1, 2] the classical equiconvergence theorem of Walsh was extended
by the application of summability methods in order to enlarg e the disk of equicon-
vergence to regions of equisummability. A further generali zation was achieved in
[3], where sequences of Hadamard products of a xed power ser ies with interpola-
tory polynomials were considered. The aim of this paper is to  continue this work
by investigating commutators of interpolatory polynomial s and Hermite interpo-
latory polynomials.

0. Introduction

Let g be a function holomorphic in the diskDg := f z2 C:jzj <R gfor someR > 1,
let Ln( ;0) be the Lagrange interpolatory polynomial to g in the (n + 1)-st roots of
unity, and denote by S? the n-th partial sum of the power series expansion ofj about
0. Then the classical equiconvergence theorem of J. L. Wals}8, p. 153] states that

lim [La(z;0) S3(2)]=0

compactly in Dg: (i.e., uniformly on compact subsets ofDg2).

In [1, 2] the rst author applied certain summability method s in order to enlarge
the disk of equiconvergence to regions of equisummabilityRoughly speaking, one of
his results may be statgj as follows. IfA is a summability method which sums the
geometric series (z) = 1:0 z to1=(1 z) compactly in an open setS containing
the unit disk D, then the sequence L,( ;g) S? is compactly A-summable to O in
a certain open setE. This set E always contains the diskDg2, and it depends onS
and the singularities of g.

Recently, the rst two authors [3] generalized this result by replacing the \test
function” by an arbitrary power series f, and by considering the sequence
S (Ln(;g) S9) ,where denotes the Hadamard product of two power series.
The aim of this paper is to extend their result in two directions. In [5], Lou

considered commutators of interpolatory polynomials, nanely

D% (z;; ):=Lmz:iLn(;;9) Lnz;iLm(;;9); (0.1)

Received August 23, 1993, revised February 16, 1994.

1991 Mathematics Subject Classi cation : 30E10, 40A30.

Key words and phrases: Walsh equiconvergence, equisummability, Hadamard produ ct, Taylor
sections, interpolatory polynomials.

The rst author was supported by NSERC A3094, and wishes to ex press his thanks to Professor
A. Sharma for his warm hospitality during a visit at the Unive rsity of Alberta in May and June 1992.

270
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where m = q(n + 1) 1 for someq 2 N, ; 2 Dgr, and L,(;;g) de-

notes the Lagrange interpolatory polynomial of g in the roots of the equation
wn+l N+l =0, ie., Lo(w; ;g) = g(w),if 60,and Ly(z;0;9)= S¢(z) (z 2 C).
We will generalize Lou's result by applying summability methods A to the sequence
Si D9,(:: ) . Furthermore, we will generalize a theorem of Cavaretta, Sarma,

and Varga [4] concerning Hermite interpolation.

This paper will be arranged as follows. In the rst part, we give some notations and
preliminaries concerning Hadamard products and summabity methods. In the second
part, we state our main results concerning commutators of iterpolatory polynomials
as considered by Lou [5], and Hermite interpolatory polynonials. The third part
contains the proofs of the main results, and in the fourth pat, we make some remarks
on the existence of summability methods.

1. Notations and preliminaries

b1 Hadamard productpand its properties. For two power seriesF(z) =
1:0 az andG(z) = 1:0 b z with positive radii of convergence R and Rg,
respectively, the Hadamard productF G of F and G is de ned by

b4
(F G)(2):= abz:
=0
Obviously, the radius of convergence ofF G is at least R Rg.

Furthermore, we need the Hadamard multiplication theorem in the version of the
second author [6] which gives a lower estimate for the regioof holomorphy of F  G.
To state his result, we introduce the following notations. For arbitrary sets A;B  C,

2 Candk 2 N, wesetA® = Cr AAB  =fab:a2Ab2Bg, A =f gA,
Ak:=fak:a2 Ag,and A B :=(A° BS° If02 A\ B, then it is easily seen that
02 A B,and \ \

A B= aB = bA:
azA b2B

For open setsA;B C with 0 2 A\ B, the setA B is also open but not necessarily
connected, even ifA and B are so. If 02 A, we denote by A, the component of A
which contains 0. For an open set C, let H () be the topological vector space of
all functions holomorphic in with the usual topology of loc ally uniform convergence.
Let ' 2 H() for some open set Csuchthat02 . Then, for a2 C; r f0Og
(where C; = C[flg )and k 2 Np := N[f Og, we dene ' 5x 2 H(a) (where

1 = C)by

8
K
3 i'd—k uk (u) fora2 C,
Cak(z):= _ Kidu u=z=a
; 51
T () (0)z fora=1.
! -

Finally, we denote by (z) the geometric series
uation 1=(1 2).

-0 z as well as its analytic contin-

Theorem H ([6]). Let 1, 2 Cbeopensetssuchthd@d2 ;\ 5. Then, forany
F 2 H( 1), there exists a unique continuous linear mapTe: H( 2)! H( 1 2)
such that Te ( ak )(2) = Fak(z) forall z2 4 2, a2Cyir o,andk 2 Ng. In
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particular, Tg (G) = F G in a neighbourhood of0 for all G 2 H( ), and therefore
the power seriesk G admits an analytic continuation into the region ( 1 2)o.

In the following we always write F G instead of Tg (G).

1.2. Summability methods. Let X R,andletx 2 R[flg be an accumula-
tion point of X. Suppose further that A = (an)i., is a sequence of complex-valued
functions on X . A sequence §,)1_, of complex-valued functions de ned in an open
set C is called compactly A- summablem to the function s, if the series

x
(x;2):= @ (X)sn(2)
n=0

converges compactly in (i.e., uniformly on compact subsets of ) for all x 2 X, and
if
lim (x;2) = s(2)
x! x
compactly in . In this case we write
A Iim Sn(z) = s(z) compactly in

Nowave introduce three classes of summability method#\. For that purpose, let
f(z)= o f z Dbean arbitrary power series with positive radius of convergnceR; .

(S) We say that A satis es the condition (S) for some open setS  C containing O,
if the power series

(x;w) = an(x)w"
n=0
converges for allw 2 C and all x 2 X, and if

XIlirr; (x;w) =0 compactly for w2 S:

( ;f) We say that A satis es the condition ( ;f) for some open set C containing 0
and some power serie$, if the power series in two variables

X
F(x;u;w) = an+ (X)f uw" (1.1)
n=0 =0
converges for all g;w) 2 C D, and all x 2 X, and if

Jim f(x;u;w) =0 compactly for (u;w) 2 D;

where D := Dj.

( ;f;p) We say that A satis es the condition ( ;f;p) for some open set C contain-
ing 0, some power serie§ and somep 2 N, if the series

. RN
i (G uw;v) = an+ (X)Fj (v)u w" (1.2)
n=0 =0
converges for all ;w;v) 2 C D C,allx2 X,andj =1;:::;p, where
X 1
Fi(v):= fi+sv® (V2C;j2N; 2 No); (1.3)
s=0
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and if

xIlirr; Jf (X;u;w;v) =0 compactly for (u;w;v) 2 D C

Note that the condition ( ;f; 1) coincides with the condition ( ;f). For the exis-
tence of such summability methods, we refer to Section 4.

2. Statement of results

2.1. Commutators of interpolatory polynomials. Let G C be a region con-
taining the disk Dgr := fz 2 C :jzj < Rgfor someR > 1, and let g 2 H(G).
Furthermore, let

p3
f(z) = fz

=0

be an arbitrary power series with positive radius of convergnceRs. For q 2 N,
n2Ng,m=qgn+1) 1,and; 2 Dg, we set

DS (z; )= S D&.(:: ) (@ (z20);
whereDY,, (z; ; ) is dened by (0.1). Sincem n, we have
D¢, (z:; )=Ln(z;59) Lnz;Lm(;;9) (z2C):
In [5], Lou proved that

n||i1m DJ.(z;; )=0 compactly in Dg;

where
Rl+ q
-~ maxfj % jig’
We will generalize this result by applying summability methods A of the form ( ;f)
to the sequence D9 ( ;; ) . For that purpose, we de ne the sets
\1 \ c k
B = E(G;) = c — ;
k=q c6L
qQ iy ck clg
E = E(G; )= c—- - ;
k=0 1=1 c6
and

E:=EG; )= B\Ey;
where we setc=0:= 1 forc80, 1 K:=1 ,ifk2N,and1 k:=1,if k=0.

Theorem 2.1. If A satis es the condition ( ;f) for some and f, then there holds
for every g2 H(G)

A lim DM (z;; )=0 compactly in E(G; ) :
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Remarks. (i) If Dgo for some R°> 0, then E  Dg, where

1+q
- RRYI 2.1)
maxfj j9;j j9g

and E is an open set. In the special casé = and R® = 1, Theorem 2.1 and
Lemma 4.1 (see Section 4) imply Theorem 3.1 of [1] (in a slight weaker version),
which itself is a generalization of the above mentioned redtiof Lou [5]. Furthermore,
for =0, =1, and gq=1, we obtain Theorem 1 of [3] which generalizes Theorem 1
of [2].
. _ _ Ty T N £9 (5o )=
(iif =0and 60,thenEE=C, E= |, g o(c=)9 ,andD} (z;0; )=
Si (¢ si"(i9)) (z),s0that E Dgogira ja- In particular, for =1, f =
and A being the usual convergence, Theorem 2.1 and Lemma 4.1 implyheorem 1 of
Rivlin [7].
(ii)If =0and 60,then B, = C,E = Ti:chw c(c= )¢ ,andDf9 (z;; 0)=
S (Ln(;;9) Ln(;:;S9)) (2), sothat E Drogi+a=j ja. In particular, for
=1, f = ,and A being the usual convergence, Theorem 2.1 and Lemma 4.1 imply
Theorem 1 of Cavaretta, Sharma, and Varga [4].

(iv) For the existence of summability methods A satisfying the condition ( ;f) we
refer to Lemma 4.2.

Corollary 2.1. If A satis es the condition (S) for some open setS D, and if
0 Cis an open set containing0, then there holds for everyf 2 H( 9 and every
g2 H(G),
H f,g . — : — .o .
A lim D (z:; )=0 compactly in E:= E(G;S; 9;
where \
EG;S; 9= EG; ° S)= ° E(G;S)=  E(G;S) :
12 0
Proof. The assertion follows immediately by combining Lemma 4.2 (se Section 4)
and Theorem 2.1.

Remark. If Dgo Ofor someR%> 0, then E  Dg, where R is de ned by (2.1).
Therefore, Corollary 2.1 also generalizes all results meigned in the remarks after
Theorem 2.1.

2.2. Hermite interpolation. For p2 N and n 2 No, we denote byHyn+1y 1( ;0)
the Hermite interpolatory polynomial of g;¢®:::;g® Y inthe (n+1)-st roots of unity,
ie.,

Hioy 1) = g¥w) (k=0;%::5p 1)
for all w 2 C satisfying w"*! = 1. Then we set

Dgn(z) = Hpin+y 1(2:0) Sg(n+1) 1(2) (z2C)
and

D3R (2) = (Spnupy 1 Df)2) (220)

+
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In [4] Cavaretta, Sharma, and Varga proved that
nI!ilrn Dpn(2) =0 compactly in Dgiua = :

We will generalize this result by applying summability methodsA of the form ( ;f;p)
to the sequence Dgﬁ ). For that purpose, we de ne the set

oWy L ks
Ba = Bu(G) = L(EeP)
k=0 j=1 c2G
(kij )8(0 ;p)
where' j: C! Cisdenedby';(z):= 2.

Theorem 2.2. If A satis es the condition ( ;f;p) for some and f, then there
holds for everyg 2 H(G)

A lim D9 (z)=0 compactly in B4 (G; ) :

Remarks. (i) If Dgo for some R9> 0, then By Dg, where

8
% RR? forp=1,
R(RR)1=P for R % p 2
- %(RORP)HP D for % RO< %, p 2
1
: p O —
ROR for R°< rp' P 2,
and By is an open set. In the special casé = and R® = 1, Theorem 2.2 and

Lemma 4.3 (see Section 4) imply a special version of TheoremX#of [1] which itself is
a generalization of the above mentioned result of CavarettaSharma, and Varga [4].
Furthermore, for p = 1 we obtain Theorem 1 of [3].

(i) For the existence of summability methods A satisfying the condition ( ;f;p), we
refer to Lemma 4.3.

Corollary 2.2. If A satis es the condition (S) for some open setS D, and if
0 Cis an open set containing0, then there holds for everyf 2 H( 9 and every
g2 H(G)

A lim D9 (z2)=0 compactly in By = B4 (G;S; 9;
where

\
Bi(G:S; 9:=Ea(G; ° S)= ° En(G;S)= 'E4i(G;S) :

1620

Proof. The assertion follows immediately by combining Lemma 4.3 (se Section 4)
and Theorem 2.2.

Remark. If Dgo 0 for someR® > 0, then By Dy, where R := RR1=P,
Therefore, Corollary 2.2 also generalizes all results meigned in the remarks after
Theorem 2.2.
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3. Proofs of main theorems

We recall the well-known intgrpolation formula of Hermite
1 g(t) tn +1 Zn+l

Ln(z;:9)= 27 e b z tn+l n+1 dt
1 Z 1 X
jti=r =0
wherej j<r <R . Therefore,
z
f .. - 1 1 X n
Shn La(:59) (2= 57 jtj_rg(t)m t" f oz dt
= =0
z
1 ¢z tn+t dt _
ks jtj:rg(t)Sn rRTE T (z2 C): (3.2)
In particular, we obtain for =0 Z
s, N@= 7~  aws, 2L @20 (33)
21 jti=r t t

Proof of Theorem 2.1. We divide the proof into several steps.

Step 1. At rst we derive an integral representation for D9 ( ; ; ). For that pur-
pose, let maxj j;j jg<r<R . Then we have by (3.1)
z
gy L gy "
Lm(z:9)= 55 @ owa Uz dt
jtj=r =0
4 1
_ 1 g(t) X* e ¢ k(n+1 :
=57 wmoowr 2O MMzdt z20);
=r k=0 =0
and therefore,
4 1
1 gy X X
Lo zibm(559) = 57 e k(n+d) = gm o k(+D) 7 gt
Jt=r k=0 =0
1 g(t) tm+l m+1 tn+l Zn+1 .
2i ijer t Z tm+1 m+1 tn+l n+l dt (z2C): (3.4)
Subtraction of (3.4) from (3.1) yields
o _ 1 g(t) m+1 m+1 tn+l Zn+1 .
D3.(z;; )= 3 etz g —rdt (z2C):

Proceeding as in the proof of (%.2), we obtain

DB @ )= 5 g0Sh L Kanltis IS (z20)
21 jti=r ' t

where (note thatm= q(n+1) 1)
tn+1 ( m+1 m+1 )

Kq?“(t; , ):: (tm+l m+1)(tn+l n+1):
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h3
(x;2):=  an(X)DM8(z;; )

Step 2. Setting

n=0
we see that (x; ) is an entire function for every x 2 X and
z
1 XX z dt
(x;2) = 5+ g(t) an(X)f - Kgn(t;; )—
21 jgj=r h=0 =0 t t
z
1 X X z dt
= 27 . g(t) an (X)f 1 Kq;n (t; )T
itj=r =0 n=
z
1 X X z dt
= o g(t) an+ ()F — Kgnse (5 )— (z2C): (3.5
21 jti=r -0 n=0 t t

Now we write

o _ 1 (:t )m+l (:t )m+l
Kan(t s )= 1 (=t)+ 1 (=t)m*+1
h m+1 m+1i X k(n+1) hs j(m+1)
t t ko j=0
X X (k+ q)(n+1) jo (n+1)
k=0 j=0 t
x R k(n+1) (i +1) a(n+1)
T T ; (3.6)
k=0 j=0
and we set, fork;j 2 No,
1 k ia z k ia k ja dt
Ty (x;2) = =— - — "xxz- - - - = @37
4 (62)= o m-z,g() t ot “T T t ot v @D
where (x;u;w) is given by (1.1). Putting (3.5), (3.6), and (3.7) together, we obtain
R X 1R
(x;2)=  Two(x;2) Ty (x;2):
k=g k=0 j=1

Step 3. Now we consider a compact subse€ of E. We have

Keog
— T<1 forall k 2 N;

t
and
K o .
- - — <1 forallk2 Ng; j2N:
t t r
Let :=maxfjzj:z 2 Cg, and choose > 0 such that D . Then there exists
N 2 N su ciently large such that N g,
k

—~+| N

T forjti=r jzj ;k N;
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and

- forjtj=r jzj ; k 2No;j N:

Setting M (r; g) := max fj g(t)j : jtj = r g and

z k ia
t

(x):=max | Tocuw)jijup o jw Fmaxtj jij g
we obtainforz2 C
X 1x
Tko(X;2) Ty (x;2)
k=N k:()]:N
Rk XIR g
Mg e o4
k=N k=0 j=N
r
——— 1 0 ! : 3.8
TR (x! x) (3.8)

"(x)M (r; 9)

Step 4. Finally, it suces to consider a single term T (x;z) for xed k;j 2
f1;:::;N 1g. For simplicity, we assume that 6 0 and 6 O, because the other
cases can be handled similarly. We set

E:=f ': 62 g[f Og

and consider

n i (0]

Ik I ja
K= 12C:! — — 2CE

Since 02 , E is acompact set, and therefore, it is easy to see that alsié is a compact
set. We show thatK  G. For that purpose let ¢ 62G. Then z 2 ¢(c= )*(c= )9 for
allz2 C, or (z=9( =c)*(=c)i@ 2 forall z2 C. By the de nition of E this implies
(c=2)(c= )*(c= )9 62E for all z 2 C, or ¢(c= )¥(c= )19 62C E which yields ¢ 62K .
Therefore, we can choose a cycle such that

1 for! 2K [ Dy, .

nd (=0 for1 6.

Then, replacing the path of integration in (3.7) by does not change the value of the
integral. From the construction of it follows that
Nz k ja 0
B= - — — 1z2Cit2
t ot t

is a compact subset of . Setting M :=maxfjg(t)j:t2 g, and
n o}
o0 =max joGuw)u2 Biwi - max i g ;
we obtain
max Ty (X; 2)j iM length() J—J ‘ J—J o x)r 0o (x! x): (3.9
22¢ 0 WD 2r r r B ' ' '
From (3.8) and (3.9) it follows that

i (x:2)i! I
rZT12aCXj (x;2)j! 0 (x! x)

which completes the proof.
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Proof of Theorem 2.2. Let 1 <r <R . Then it is well-known that

o) (" P (@ P

1
Hom+y 1(z;0) = o

jti=r 2 @+l 1)p
Z
1T 9w e
2i iti=r (tn+l 1)p j=1 J
j(nxl) 1_
gD 17 gt (z2 C):
=0
Therefore,
S;(nﬂ) 1 Hpm+ny 1(59) (2
Z j(nyl) 1
= i pr p ( 1)p j f tj(n+1) 12 dt
21 itj=r (tn+t 1)P j=1 J -0
Z
! 9(t) X p j i f z dt
= — - ! 1thJ(n+l)S‘ £t 792 C):
20 =y (012 1)"].:l i (1 j(n+1) 1 7 g ( )
(3.10)

Now we obtain from (3.3) and (3.10)
Z

Dig (2) = % g(t)K;n(z;t)$ (z2C);

jtji=r
where

KT (2:1) = 1 X p 1P ¢ (n+D) &f sf
on(Z;1) = I - (DRt j(n+D) 1§ p(n+1) 1

j=1
9(1
= % P i 2
n+ i
(t 1)Pj:1 t
tp(n+1) f z
(tn+1 1)p 1 Sp(n+1) 1 f :
We write
1 X prk o1 1
1 - K 1)’
(tn+ 1)p ‘o k t(k+p)(n+1)
and we set
+k 1 -
ag= " D
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Then we have

X X 1j(nxl) 1 1 7
f ) — .
Ken(2i0) = % [ DD T 1
k=0 j=1 =0
+>4 p(nxl) 1a 1 f 7
kP Sk(n+1) N
k=1 =0 t(n ) t
XX j(nxl) 1 1
= & P f e
k=0 j=1 =0
(kij )8(0 ;p)
. P XX . .
For abbreviation, we write ki instead of in the following. Setting
k=0 j=1
(kij )86(0 ;p)

R
(xiz;t):=  an (K[, (Z1);

n=0
we obtain
X X1y 1 1
(xzH=  ag L CTRLCER
K;j n=0 =0
X X X z 1
= aW(f T e e
k;j =0 n=[ 5]
X xR z 1
= _ & an+{ = 1(X)f t  tk+p D(n+ 5 1+
k;j =0 n=0

Writing = mj + s, with m2 Npands2f0;1;:::;j 1g, yields
X Xix %

Z m+s 1
xzh=  ay nem(X)fmj+s ¢ W DT me)
k;j s=0 n=0 m=0
_ X 1 X‘ ){' Z Zj m 1
A ferp T Gem()Fmi T o5 e pn
K;j n=0 m=0
X 1 z 1z

. & tkep T 0 Npepkep 10t
il

where Jf (x;u;w;v) and Fry are given by (1.2) and (1.3), respectively. Finally, setting

X
(x;2):=  an(x)DfE (2);
n=0
and
a z 1 bd 1z dt
ooy f .
Tkj (X,Z) = 2—J ? T’

g(t)tk+pj j X;tk+p;tk+p K

jitj=r



EQUISUMMABILITY OF CERTAIN SEQUENCES 281
we see that (x; ) is an entire function for every x 2 X, and

XX
(x;2) = Ty (X; 2):
k=0 j=1
(kij )8(0 ;p)
Now the assertion follows by proceeding as in Steps 3 and 4 ofi¢ proof of Theo-
rem 2.1 with some simple modi cations.

4. Some remarks on the existence of summability methods

Finally, we state some results on the existence of summabfli methods considered
in Section 1.2. At rst, we remark that most of the classical summability methods

for analytic continuation of power series (Euler's methods Borel's method, Lindebf's

method, etc.) satisfy the condition (S) for certain regions S which contain the unit

disk D, and which are star-shaped with respect to 0. The next two lermas can be
deduced from the proof of the lemma in [3].

Lemma 4.1. If A satis es the condition (S), and if D S, then A also satis es the
condition (S; ).

Lemma 4.2. If A satis es the condition (S),if D S, andif f 2 H( 9 for some
open set © Csuchthat02 © then A also satis es the condition ( © S;f).

We remark that © S = S,if 9= Cr fig, orif 9= Cr [1;1) and S'is
star-shaped with respect to 0.

Furthermore, there is no converse of Lemma 4.2, i.e., therexést summability meth-
ods A satisfying the condition ( ;f) for some and some f such that A does not
satisfy any condition (S). For example, if we setX :=(0;1 ), x =1, and

x forx> 0andn =0,

an(X) =
n(X) 0 otherwise,

then f(x;u;w) O for every power series with f (0) = 0, so that A satis es the
condition (C;f). But A does not satisfy any condition ), since (x;w) x!1
(x! x).

The last result in this section gives a su cient condition fo r a summability method
A to satisfy the condition ( ;f;p), and it generalizes Lemma 4.2.

Lemma 4.3. If A satis es the condition (S),if D S, andif f 2 H( 9 for some
open set © Csuchthat02 © then A also satis es the condition ( ,;f;p) for any
p 2 N, where

\P Nt j
p= (0 S and (= ' 0 (2N
j:l k=0
Proof. We use the notations (1.1), (1.2), and (1.3). It su ces to prove that for j 2 N

Iimx Jf(x;u;w;v)=0 compactly for (u;w;v) 2 ( 8) S) D C: 4.1)

x!

We set

X
Fi(2) = Fj(z;v) = Fi Wz :
=0
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These power series have radii of convergence at leaR% , and

TGwv = R (W) (4.2)
Now we show thatFj 2 H( §,). We have
X1 X1
Fi(z) = fjesv® z = gs (z)v%;

=0 s=0 s=0

where
X
gs (2) = fjrsz:
=0

Then, for w 6 0, we consider

. . * .

Gjs (W) := gis (W) = firsw! =w s fj.owl™s:
=0 =0
Setting
. x s
sw)y:=  wls=w  wl =—1W =
=0 =0 w

we observe that js is holomorphicin j := Cr fe?*J :k=0;1:::;j 1g and

WGjs (W) = (f js )(w):
By Theorem H,f s is holomorphicin © ;= }_1e2*i 0 and therefore,Gjs 2

H(® j)fors=0;L:::5) 1. Thisimpliesgs 2 H( §)) for s=0;1:::5) 1,
and thus Fj 2 H(' {},).

Finally, the assertion (4.1) easily follows from (4.2) and Theorem H which completes
the proof.
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