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Higher-order change of the Hamiltonian (energy) for
nearly homoclinic orbits

Richard Haberman and Eric K. Ho

Dedicated to the memory of Charles Lange.

Abstract. Conservative dynamical systems with a homoclinic orbit are analyzed
under a small dissipative perturbation. The asymptotic exp ansions of a nearly ho-
moclinic orbit are shown to fail as the surrounding saddle re gions are approached.
A weakly nonlinear analysis of the surrounding saddle regio ns is derived assuming
the dissipation can be approximated by linear damping in the neighborhood of the
saddle point. By matching (to su�ciently high order) the asy mptotic expansion
of the nearly homoclinic orbit to the solutions in the surrou nding saddle regions,
the change in the Hamiltonian (the energy dissipation) over a complete nearly
homoclinic orbit is obtained. We show there is a new higher-o rder logarithmic
correction to the well-known Melnikov integral for the chan ge of the Hamiltonian
from one saddle approach to the next. Numerical computation s of this change in
the Hamiltonian for a double-well potential are shown to com pare favorably with
the asymptotic result.

1. Introduction

We analyze Hamiltonian systems with double homoclinic orbits connecting a saddle
point to itself and surrounding two competing centers. Examples include double-well
potentials and the strongly nonlinear Hamiltonian system describing generic weakly
nonlinear 1-1 primary resonance [see, for example, Guckenheimer and Holmes (1983)
and Kevorkian and Cole (1981)]. Other examples are described by Neishtadt (1991)
and Henrard (1993). With a small dissipative perturbation, the method of averaging
is used to describe the long time behavior of weakly damped strongly nonlinear os-
cillations. The method of averaging fails as the solution approaches the unperturbed
homoclinic orbit. Timofeev (1978) showed that the slow passage through an unper-
turbed separatrix (homoclinic orbit) involves a large sequence of nearly homoclinic
orbits. This was generalized by Neishtadt (1986) and Tennyson et al. (1986). Henrard
(1993) summarized, justi�ed, and improved various estimates and illustrated many
signi�cant applications. Bourland and Haberman (1990,1994) showed that the non-
linear oscillations obtained by averaging and the nearly homoclinic orbits could be
connected by the method of matched asymptotic expansions.

The sequence of nearly homoclinic orbits involves a mappingfrom one saddle ap-
proach to the next. It is now well-known (and presumably known by Poincar�e) that
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the change in the energy over one complete nearly homoclinicorbit can be approx-
imated by what we call the Melnikov integral [see, for example, Guckenheimer and
Holmes (1983) and Wiggins (1990)]. The boundaries of the basins of attraction are
the stable manifolds of the saddle point. The boundaries of the basin of attraction
are tightly intertwined, spiral-like, and near the unpertu rbed homoclinic orbit consist
of a large sequence of solitary pulses in which Melnikov-type energy estimates apply.
Bourland and Haberman (1991) obtained accurate asymptoticformulas for the bound-
aries of the basins of attraction for double-well potentials, and a similar result was
obtained by Haberman and Ho (1995a) for the dissipatively perturbed Hamiltonian
system corresponding to primary resonance. The Melnikov integral for the change in
the energy along a nearly homoclinic orbit is also very important in the calculation
of the probability of capture into either stable attractor a s discussed by Neishtadt
(1991).

The usual Melnikov integral is a leading-order approximation to the exact change
of the energy. If the dissipative perturbation to the Hamilt onian system isO(" ), then
the leading-order change of the energy over one nearly homoclinic orbit is O(" ). Here,
we assume the Hamiltonian at each saddle approach isO(" ) since this corresponds to
nearly homoclinic orbits. In the present paper, we analyze conservative systems with
a homoclinic orbit and derive a more accurate expression forthe change of the energy
(the change � H of the Hamiltonian) from one saddle approach to the next along a
nearly homoclinic orbit:

� H � � "M + "2 ln "
� �

k

�� H+ + H �

2"

�
+ � � � (1.1)

where M is the usual Melnikov integral, (H+ + H � )=2 is the average of the leading-
order energies at the saddle regions which surround this nearly homoclinic orbit, � is
the linear damping coe�cient of the perturbation at the sadd le point of the unper-
turbed system, and k is the exponential growth and decay rateat the saddle point.
Thus, this new dissipation is due to linear damping near the saddle point. In (1.1),
(H+ + H � )=2" = O(1) since the Hamiltonians areO(" ).

For double-well potentials, the probability of capture int o the left and right wells
is determined from (1.1), and Haberman and Ho (1995b) show that the probability
of capture is not a�ected by this O("2 ln " ) energy correction. For general perturbed
Hamiltonian systems, Ho (1993) shows that (1.1) is still valid (with appropriate modi-
�cations for the de�nitions of � and k). However, Haberman and Ho (1995b) show that
the probability of capture is changed by O(" ln " ) from the usual Melnikov probabili-
ties when the topology of the double homoclinic orbit is twisted as in the Hamiltonian
system associated with primary resonance.

When the trajectories approach the unperturbed homoclinicorbit (separatrix), the
solution behaves di�erently in di�erent parts of the trajec tory. The region away from
the saddle point, which we call the nearly homoclinic orbit region, is analyzed in
Section 3 with su�ciently high asymptotic accuracy. In Sect ion 4, we do a weakly
nonlinear analysis of the neighborhood of the saddle point.This is valid in the saddle
regions which surround the nearly homoclinic region. The asymptotic expansion for
the nearly homoclinic orbit is matched to the asymptotic expansions of the solution
in the surrounding saddle regions. In this way, the change ofthe energy (1.1) between
two saddle approaches is derived in Section 5. The change in the Hamiltonian (en-
ergy) between successive saddle approaches is computed numerically in Section 6 for a
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speci�c double-well potential and is favorable compared with the asymptotic formula
(1.1) including the new O("2 ln " ) term.

2. Conservative systems with a homoclinic orbit

We consider conservative systems with a homoclinic orbit under a small dissipative
perturbation:

d2y
dt2 + Vy (y) = � "h (y;

dy
dt

); (2.1)

where V is the potential. We use the corresponding forcef (y) ( f (y) = � Vy (y) or
V = �

R
f (y)dy). The energy of this system isH = 1

2

� dy
dt

� 2
�

R
f (y)dy. A conservative

system with a center and a saddle point and a conservative system with a double-well
potential are examples of unperturbed systems (" = 0) with a homoclinic orbit, whose
phase portraits are sketched in Figure 1. With a dissipativeperturbation, there are
nearly homoclinic orbits, as illustrated in Figure 2. Figure 3 shows a typical time-
dependent nearly homoclinic orbit and the surrounding saddle regions.

We assume the perturbationh(y; dy
dt ) is purely dissipative, by which we mean that

h(y; dy
dt ) is an odd function of dy

dt . Furthermore, we assumeh(y; dy
dt ) is or can be

approximated (using Taylor series) by linear damping, � dy
dt , in the neighborhood of

the saddle point. Later, we show that this assumption of linearity of the damping in
the neighborhood of the saddle point is essential to our calculation of the O("2 ln " )
correction to the energy dissipation.

dy
dt

ys

y

dy
dt

ys

y

Figure 1. Conservative systems with homoclinic orbit (" = 0)

3. Nearly homoclinic orbit

In this section, we consider a nearly homoclinic orbit. Here, the solution of the unper-
turbed system (" = 0) is assumed to be a homoclinic solution, a single solitarypulse
denoted by y0(t). The solution of the perturbed system (" 6= 0) which we call a nearly
homoclinic orbit can be assumed to have the following expansion

y = y0 + "y1 + "2y2 + � � � : (3.1)
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dy
dt

ys

y

Figure 2. Phase portrait of nearly homoclinic orbit

y

� �
t = 0

� +

t

Figure 3. Time-dependent nearly homoclinic orbit

Sincey is neary0, f (y) � f (y0)+( y� y0)f y (y0)+ 1
2 (y� y0)2f yy (y0)+ 1

6 (y� y0)3f yyy (y0)+
� � � , and the system (2.1) becomes:

d2y0

dt2 + "
d2y1

dt2 + "2 d2y2

dt2 + � � �

= f (y0) + [ "y1 + "2y2 + � � � ]f y (y0) +
1
2

("y1 + � � � )2f yy (y0)

� "h (y0; y0t ) � "2[hy (y0; y0t )y1 + y1t hv (y0; y0t )] + � � � ; (3.2)

where hy = @
@yh(y; dy

dt ) and hv = @
@( dy

dt )
h(y; dy

dt ).

To leading order in (3.2):

d2y0

dt2 = f (y0): (3.3)

We assume the leading-order termy0(t) is a homoclinic orbit, approaching the saddle
point y0 ! ys as t ! �1 where ys is de�ned by f (ys) = 0. In addition, we assume
that the center of this homoclinic orbit occurs at t = 0, so that the solution y0(t) is
an even function of t.

To determine part of the asymptotic expansions of the homoclinic orbit, we ap-
proximate its de�ning di�erential equation (3.3) in the nei ghborhood of the saddle
point:

d2(y0 � ys)
dt2 = f y (ys)(y0 � ys) +

1
2

f yy (ys)(y0 � ys)2 + � � � : (3.4)
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As the solution approaches the saddle regions, i.e., ast ! �1 , we insist that there
is no exponentially growing term. Consequently, by solving(3.4), y0 has asymptotic
expansions:

y0 � ys + � 0ekt +
� 2

0f yy (ys)
6k2 e2kt + � � � ; as t ! �1 ; (3.5a)

y0 � ys + � 0e� kt +
� 2

0f yy (ys)
6k2 e� 2kt + � � � ; as t ! 1 ; (3.5b)

where k =
p

f y (ys) is the exponential growth and decay rate corresponding to the
linear analysis around the saddle point (see (3.4)). The asymptotic formula (3.5a)
is valid for the saddle point preceding the homoclinic orbit, while (3.5b) is for the
following saddle point. The symmetry of y0 around t = 0 has been used to obtain
(3.5b) from (3.5a). Since the homoclinic orbit is unique, � 0 is a known constant
which can be determined for a given potential from the integral representation of a
homoclinic orbit (but we do not need its value here).

Higher-order terms satisfy the di�erential equation

d2yi

dt2 � f y (y0)yi = Ri ; i = 1 ; 2; 3; : : : ; (3.6)

where Ri can be determined from (3.2) and is a function ofyj and yj t where j < i .
In order to solve for yi , we use the method of variation of parameters, which requires
two homogeneous solutions, one beingy0t . Sincey0t is a nice function, its asymptotic
expansion can be determined by di�erentiating (3.5b) term-by-term:

y0t � � k� 0e� kt �
� 2

0f yy (ys)
3k

e� 2kt + � � � ; as t ! 1 : (3.7)

Since y0 is even aroundt = 0, y0t is odd around t = 0. The second homogeneous
solution yH can be chosen to be an even function of t since the linear di�erential
operator in (3.6) has no term with the �rst derivative and f y (y0) must be an even
function of t. This second homogeneous solution can be obtained by considering the
Wronskian relationship betweeny0t and yH :

y0t yH t � y0tt yH = 1 : (3.8)

We will only need to notice that yH is even around t = 0 and has the following
important asymptotic expansion (derived in the Appendix),

yH �
� 1

2� 0k2

�
ekt �

� 0f yy (ys)
k2 �

� 2
0

4k
�te � kt

�
+ : : : ; as t ! 1 ; (3.9)

where the parameter

� = f yyy (ys) �
5f yy (ys)

3k2 f yy (ys); (3.10)

represents the e�ect on the system of the nonlinearity of thepotential (quadratic and
cubic nonlinearities of the force) in the neighborhood of the saddle point. The proper
mathematical analysis here and in Section 4 requires the inclusion of the te� kt term.

The �rst correction y1 to the homoclinic orbit due to the purely dissipative pertur -
bation satis�es the following equation:

d2y1

dt2 � f y (y0)y1 = � h(y0;
dy0

dt
): (3.11)
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By the method of variation of parameters, y1 can be represented by

y1 =
�
� 1 �

Z t

0
h(y0; y0t̂ )y0t̂ dt̂

�
yH +

�
� 1 +

Z t

0
h(y0; y0t̂ )yH dt̂

�
y0t ; (3.12)

where � 1 and � 1 are arbitrary constants (multiples of the homogeneous solutions).
Since y0 is even, the variable coe�cient in the linear di�erential eq uation (3.11) is
even aroundt = 0. Because h is odd aroundt = 0, there exists a particular solution
of (3.11) which is odd around t = 0. The solution of (3.11) given by (3.12) is odd
around t = 0, except for the homogeneous solution� 1yH which is even.

To approximate y1 asymptotically in the neighborhood of the saddle point, we
note that by our earlier assumption h(y0; y0t ) can be approximated by � dy 0

dt , and
hence h(y0; y0t ) � � dy 0

dt = O(e� 2kt ). To approximate the following term in (3.12)
asymptotically as the saddle point is approached, we use theasymptotic behavior of
y0 (3.6), yH (3.9), and h(y; dy

dt ):

y0t

Z t

0
h(y0; y0t̂ )yH dt̂ = y0t

Z t

0
�y 0t̂ yH dt̂ + y0t

Z t

0

n
[h(y0; y0t̂ ) � �y 0t̂ ] yH

o
dt̂

� �
�� 0

2
te� kt + O(e� kt ); as t ! 1 : (3.13)

Later we will show that te� kt will generate O("
3
2 ln " ) terms in the saddle region be-

cause the saddle time variable will be shown to be just a logarithmic shift of the
homoclinic time variable. These terms are very important and essential to our cal-
culation of O("2 ln " ) terms for the change of the energy. By (3.12), (3.13), and the
asymptotic expansion ofyH (3.9), y1 has an asymptotic expansion as the subsequent
saddle point is approached:

y1 =
� Q

2k2� 0

�
ekt �

� 0f yy (ys)
k2

�
�

�
� 0�

2
�

� 0Q�
8k3

�
te� kt + O(e� kt ); as t ! 1 ; (3.14)

where we have introducedQ as follows

Q = � 1 �
Z 1

0
h(y0; y0t )y0t dt: (3.15)

Later, we will show that "Q is the leading-order energy at the subsequent saddle
approach. We also introduce the Melnikov integralM ,

M = 2
Z 1

0
h(y0; y0t )y0t dt; (3.16)

which represents the well-known leading-order change of the energy over a homoclinic
orbit. From (3.15) and (3.16), we have

Q = � 1 �
1
2

M: (3.17)

Similarly, y1 has an asymptotic expansion as the preceding saddle point isap-
proached. Because of the homogeneous solution,y1 has di�erent asymptotic expan-
sions ast ! �1 and t ! + 1 . From (3.12) ast ! �1 , the term � 1 � 1

2 M is replaced



452 HABERMAN AND HO

by � 1 + 1
2 M = Q + M . Thus,

y1 =
� (Q + M )

2k2� 0

�
e� kt �

� 0f yy (ys)
k2

�

�
�

� 0�
2

�
� 0(Q + M )�

8k3

�
tekt + O(ekt ); as t ! �1 : (3.18)

For the next-order term in the nearly homoclinic solution y2, the O("2) terms of
(3.2) must be considered:

d2y2

dt2 � f y (y0)y2 = R2 = � y1hy (y0; y0t ) � y1t hv (y0; y0t ) +
1
2

y2
1 f yy (y0):

By the method of variation of parameters, y2 can be represented by

y2 =
�

� 2 +
Z t

0
R2(t̂)y0t dt̂

�
yH +

�
� 2 �

Z t

0
R2(t̂)yH dt̂

�
y0t ; (3.19)

where� 2 and � 2 are arbitrary constants multiplying the homogeneous solutions. Parts
of y2 are even and parts are odd, and thusy2 has di�erent asymptotic expansions as
t ! �1 and t ! + 1 . By the method of undetermined coe�cients and the asymptoti c
behavior of y0 (3.5) and y1 (3.14) and (3.18), we obtain the asymptotic expansions of
y2 as the surrounding saddles are approached:

y2 �
Q2f yy (ys)

24� 2
0k6 e2kt +

�
�Q

4k2� 0
+

Q2�
16k5� 0

�
tekt + � � � as t ! 1 ; (3.20a)

y2 �
(Q + M )2f yy (ys)

24� 2
0k6 e� 2kt +

�
� (Q + M )

4k2� 0
+

(Q + M )2�
16k5� 0

�
te� kt + � � �

as t ! �1 : (3.20b)

In conclusion, as the solution approaches the subsequent saddle point, i.e., as t ! 1 ,
the nearly homoclinic orbit has the asymptotic expansion:

y � ys + � 0e� kt +
� 2

0f yy (ys)
6k2 e� 2kt

� "
�

Q
2k2� 0

�
ekt �

� 0f yy (ys)
k2

�
+

�
�� 0

2
�

� 0Q�
8k3

�
te� kt

�

+ "2
�

Q2

24� 0
2k6 f yy (ys)e2kt +

�
�Q

4k2� 0
+

Q2�
16k5� 0

�
tekt + � � �

�

+ � � � as t ! 1 : (3.21a)

As the solution approaches the prior saddle region, the nearly homoclinic orbit has
the following asymptotic expansion:

y � ys + � 0ekt +
� 0

2f yy (ys)
6k2 e2kt

� "
�

Q + M
2k2� 0

�
e� kt �

� 0f yy (ys)
k2

�
+

�
�� 0

2
�

� 0(Q + M )�
8k3

�
tekt

�

+ "2
�

(Q + M )2

24� 0
2k6 f yy (ys)e� 2kt +

�
� (Q + M )

4k2� 0
+

(Q + M )2�
16k5� 0

�
te� kt + � � �

�

+ � � � as t ! �1 : (3.21b)
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We use these asymptotic expansions as the outer (nearly homoclinic orbit) solution in
the matching process between the nearly homoclinic orbit region and the surrounding
saddle regions.

4. Solution in successive saddle regions

For the nearly homoclinic orbit, the solution spends a long time in the neighborhood
of the surrounding saddle points. As shown in the last section, the asymptotic behav-
ior can be represented by (3.21). The leading-order term of the asymptotic expansion
of the nearly homoclinic orbit (outer) exponentially decays to ys as t ! �1 . From
(3.21a) and (3.21b), theO(" ) term exponentially grows ast ! �1 . Thus, the expan-
sions fail ast ! �1 . In this section, we show that di�erent asymptotic expansions
are necessary in the neighborhood of the surrounding saddlepoints. We determine
the di�erential equations valid in the surrounding saddle regions by rescaling the so-
lutions based on (3.21). This is the fundamental idea behindthe method of matched
asymptotic expansions.

First, we consider the failure ast ! + 1 . The correct scale is derived by assuming
e� kt = O("ekt ) as t ! 1 . This type of failure of an asymptotic expansion corresponds
to shifting the time variable [Lange (1983)] by a logarithmically large amount, � 1

2k ln "
[Haberman (1983)]. The correct time variable in the saddle region after the nearly
homoclinic orbit is � + :

� + = t +
1
2k

ln ": (4.1a)

Note that ekt = " � 1
2 ek� + and e� kt = "

1
2 e� k� + . When � + is O(1), e� kt = O("

1
2 ) is

small so that y is near ys verifying that this region corresponds to being near the
saddle point. Note also that ekt = O(" � 1

2 ) is large. The two limits associated with
this matching correspond to �xing � + and letting " ! 0, in which case from (4.1a)
t ! + 1 , and �xing t and letting " ! 0, in which case from (4.1a)� + ! �1 .

The asymptotic expansion of the nearly homoclinic orbit also fails ast ! �1 . In
a similar way, the appropriate time variable in the saddle region before the nearly
homoclinic orbit is � � :

� � = t �
1
2k

ln ": (4.1b)

By using the outer (nearly homoclinic) asymptotic expansion and the relationships
between the inner and outer time variables (4.1a,b), we are able to determine the form
of the asymptotic expansion in the saddle region (inner expansion). For example, the
term e� kt in the outer expansion (3.21a), yields anO("

1
2 ) term in the inner expansion.

Furthermore, it is important to notice that under the shifti ng of the time variable
(4.1a), logarithmic terms are introduced in the following way:

te� kt =
�

� + �
1
2k

ln "
�

"
1
2 e� k� + ;

tekt =
�

� + �
1
2k

ln "
�

" � 1
2 ek� + :

Thus the terms "te � kt and "2tekt yield O("
3
2 ln " ) terms. By these observations, the

method of matched asymptotic expansions implies that the asymptotic expansions in
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both saddle regions that surround the nearly homoclinic orbit have the same asymp-
totic form:

y = ys + "
1
2 ~y 1

2
+ " ~y1 + "

3
2 ln " ~y� + "

3
2 ~y 3

2
+ � � � : (4.2)

We will need the energy at successive saddle approaches. TheO("
3
2 ) term will not

a�ect the energy to the order we wish to analyze. However, theO("
3
2 ) term will show

the weakly nonlinear interaction between the quadratic andcubic nonlinearity in the
neighborhood of the saddle point. In the saddle region afterthe homoclinic orbit, the
time variable is � + , and in the region before the homoclinic orbit, the time variable is
� � . To avoid repetitive algebra in this paper, we use� as the time variable in the saddle
region, keeping in mind that this represents two di�erent regions de�ned by (4.1a) and
(4.1b). Successive saddle regions are essentially the same. Time for successive saddle
approaches are shifted, and the solutions of the di�erential equations (the constants
of integration) are di�erent.

The leading-order terms in the di�erential equation in the n eighborhood of the sad-
dle point are O("

1
2 ). The dissipative perturbation � "h is O("

3
2 ) in the neighborhood of

the saddle point, since we have assumed the dissipative perturbation is approximately
linear in the neighborhood of the saddle point,h(y; dy

dt ) � � dy
dt . The dissipation in the

neighborhood of the saddle point is very important. However, if we are careful, the
e�ect we are looking for is O("

3
2 ln " ) and the O("

3
2 ) term can be neglected. Including

the O("
3
2 ) terms, the system (2.1) can be written as

"
1
2

d2 ~y 1
2

d� 2 + "
d2 ~y1

d� 2 + "
3
2 ln "

d2 ~y�

d� 2 + "
3
2

d2 ~y 3
2

d� 2 + � � �

=
h
"

1
2 ~y 1

2
+ " ~y1 + "

3
2 ln " ~y� + "

3
2 ~y 3

2
+ � � �

i
f y (ys)

+ "
�

1
2

�
~y2

1
2

+ 2 "
1
2 ~y 1

2
~y1

�
f yy (ys) + � � �

�

+ "
3
2

�
1
6

~y3
1
2
f yyy (ys) + � � �

�
+ � � � � "

3
2 �

d~y 1
2

d�
+ � � � : (4.3)

In order to analyze the solution in each saddle region up to the order with which we
will be concerned, we have to solve for ~y 1

2
, ~y1, ~y� , and ~y 3

2
directly from the di�erential

equation (4.3). For ~y 1
2
, we consider theO("

1
2 ) terms of (4.3),

d2 ~y 1
2

d� 2 � f y (ys)~y 1
2

= 0 : (4.4)

This corresponds to the leading-order terms in the neighborhood of each saddle. By
solving the above di�erential equation, ~y 1

2
can be represented by

~y 1
2

= Ae� k� + Bek� ; (4.5)

where k =
p

f y (ys). A and B are the integration constants associated with a speci�c
saddle region. These constants will be di�erent in the saddle regions immediately
before and after the nearly homoclinic orbit. The constantsin the region before can
be determined by matching as� � ! + 1 with the asymptotic expansion of the nearly
homoclinic orbit solution as t ! �1 . The constants in the region after can be
determined by matching as � + ! �1 with the asymptotic expansion of the nearly
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homoclinic orbit solution as t ! + 1 . The solution to this order in each saddle region
is given exactly by (4.5), which is the same as its asymptoticexpansion.

For ~y1, we consider theO(" ) terms of (4.3)

d2 ~y1

d� 2 � k2 ~y1 =
1
2

~y2
1
2
f yy (ys): (4.6a)

This term accounts for the possible quadratic nonlinearity of the force in the neigh-
borhood of any saddle point. Using (4.5) for ~y 1

2
, the above equation becomes

d2 ~y1

d� 2 � k2 ~y1 =
1
2

(A2e� 2k� + 2 AB + B 2e2k� )f yy (ys): (4.6b)

We solve for ~y1 in the saddle regions before and after the nearly homoclinicorbit by
the method of undetermined coe�cients:

~y1 =
1

6k2 f yy (ys)
�
A2e� 2k� � 6AB + B 2e2k� �

: (4.7)

The method of matched asymptotic expansions implies that there are no homogeneous
solutions e� k� at this order because, for example, there are no terms ofO("3=2ekt ) or
O("5=2e� kt ) in (3.21a). A similar observation is necessary in (3.21b).

The next order, O("3=2 ln " ), solution ~y� satis�es the following linear homogeneous
di�erential equation:

d2 ~y�

d� 2 � k2 ~y� = 0 : (4.8)

Similar to the calculation for ~y 1
2
, ~y� can be represented by

~y� = A � e� k� + B � ek� : (4.9)

At order O("
3
2 ), the solution ~y 3

2
satis�es the following linear nonhomogeneous dif-

ferential equation corresponding to the interaction of thequadratic and cubic nonlin-
earities:

d2 ~y 3
2

d� 2 � k2 ~y 3
2

= ~y 1
2

~y1f yy (ys) +
1
6

~y3
1
2
f yyy (ys) � �

d~y 1
2

d�

=
�
2

�
A2Be� k� + AB 2ek� �

+ k�
�
Ae� k� � Bek� �

+ O
�
e3k� ; e� 3k� �

; (4.10)

where � is de�ned by (3.10) and O(e3k� , e� 3k� ) represents terms we can calculate but
do not need. Exponentially resonant terms contribute to the solution

~y 3
2

= A 3
2
e� k� + B 3

2
ek� �

�
�
4k

A2B +
�
2

A
�

�e � k�

+
�

�
4k

AB 2 �
�
2

B
�

�ek� + O(e3k� ; e� 3k� ): (4.11)
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In conclusion, the expansion of each saddle solution (up to the order in which we
are interested) is

y = ys + "
1
2 (Ae� k� + Bek� ) + "

1
6k2 f yy (ys)[A2e� 2k� � 6AB + B 2e2k� ]

+ "
3
2 ln " (A � e� k� + B � ek� )

+ "
3
2

"

A 3
2
e� k� + B 3

2
ek� �

�
�
4k

A2B +
�
2

A
�

�e � k�

+
�

�
4k

AB 2 �
�
2

B
�

�ek� + O(e3k� ; e� 3k� )

#

+ � � � : (4.12)

The constants in each saddle region can be determined by matching (� ! �1 and
t ! �1 ) to the nearly homoclinic orbit.

5. Matching between the saddle region and the nearly homocli nic orbit

In order to �nd the change in the energy from one saddle approach to the next, we
match the asymptotic solutions in both saddle regions to thenearly homoclinic or-
bit between them. As t ! �1 (� � ! 1 ), the nearly homoclinic orbit approaches
the preceding saddle region, and ast ! 1 (� + ! �1 ), the nearly homoclinic or-
bit approaches the following saddle region. According to (3.21a) and (3.21b), the
corresponding asymptotic expansions for the saddle approach prior to the nearly ho-
moclinic orbit ( t ! �1 ) and for the saddle approach after the nearly homoclinic orbit
(t ! 1 ) can be determined by matching to the saddle solution (4.12)as � � ! 1 and
� + ! �1 .

As t ! 1 (equivalent by matching to � + ! �1 ), the asymptotic expansion of the
nearly homoclinic orbit (3.21a) expressed in terms of the saddle variables is

y � ys + "
1
2 � 0

�
1 + " ln "

�
�
4k

�
Q�

16k4

��
e� k� +

� "
1
2

Q
2k2� 0

�
1 + " ln "

�
�
4k

+
Q�

16k4

��
ek� + + � � � (5.1)

By matched asymptotic expansions, (5.1) should be the same as the asymptotic ex-
pansion of the corresponding saddle solution (4.12). By comparing this to the solution
in the saddle region after the nearly homoclinic orbit, we determine the constants of
that saddle region:

A = � 0;

B = �
Q

2k2� 0
;

A � =
� 0�
4k

�
Q�� 0

16k4 ;

B � = �
Q�

8k3� 0
�

Q2�
32k6� 0

:

(5.2)

We can determine these coe�cients by comparison with the homoclinic expansion
(3.21a) if we note that t ) � 1

2k ln " .
In the saddle region before the nearly homoclinic orbit, thetime variable � � is

simply the nearly homoclinic time variable t shifted backwards by � 1
2k ln " , � � =
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t � 1
2k ln " . It is important to notice that under this shifting of the tim e variable,

logarithmic terms are introduced in the following way :

te� kt =
�

� � +
1
2k

ln "
�

" � 1
2 e� k� � ;

tekt =
�

� � +
1
2k

ln "
�

"
1
2 ek� � :

(5.3)

Thus, as t ! �1 (� � ! + 1 ), the asymptotic expansion of the nearly homoclinic
orbit (3.21b) has the following asymptotic expansion in terms of the saddle variables:

y � ys + "
1
2 � 0

�
1 + " ln "

�
(Q + M )�

16k4 �
�
4k

��
ek� �

�
"

1
2

2k2� 0

�
(Q + M ) + " ln "

�
�

(Q + M )�
4k

�
(Q + M )2�

16k4

��
e� k� � + � � � : (5.4)

By matched asymptotic expansions, (5.4) should be the same as the asymptotic expan-
sion of the saddle solution preceding the nearly homoclinicorbit. By comparing this
to the solution in the saddle region before the nearly homoclinic orbit, we determine
the constants of that saddle region:

B = � 0;

A = �
Q + M
2k2� 0

;

� B � =
� 0�
4k

�
(Q + M )�� 0

16k4 ;

� A � = �
(Q + M )�

8k3� 0
�

(Q + M )2�
32k6� 0

:

(5.5)

By matching, we have shown that the parameters in two consecutive saddle regions
are related by (5.2) and (5.5).

6. Change of the energy between two consecutive saddle appro aches

The preceding sections showed a detailed calculation of a nearly homoclinic orbit and
the saddle approaches that surround it. We now show the relationship between the
time dependent solution and its energy. The formula for the energy in saddle regions
is unchanged,

H =
1
2

�
dy
dt

� 2

�
Z y

yS

f (ŷ)dŷ =
1
2

�
dy
d�

� 2

�
Z y

yS

f (ŷ)dŷ; (6.1)

since in the saddle region time is shifted and thereforedt = d� .
We now �nd an approximate expression for the energy in any saddle region. Using

the Taylor expansion of f (y) and noting that at the saddle f (ys) = 0, yields

H =
1
2

�
dy
d�

� 2

�
�

1
2

f y (ys)(y � ys)2 +
1
6

f yy (ys)(y � ys)3 + O
�
(y � ys)4�

�
: (6.2)

Since (4.12) represents the solution in any saddle region including the O("
3
2 ) terms,

by substituting (4.12) into (6.2) we will obtain the asympto tic expansion of the energy
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in the saddle region,

H = � 2k2["AB + "2 ln " (AB � + BA � )] + � � � : (6.3)

Since (6.3) is valid in the entire saddle region, we concludethat the energy is nearly
constant (up to this order) everywhere in each saddle region. Time-dependence in the
expression of H occurs only in those terms ofO("2) or higher. Equation (6.3) is very
convenient to compare the di�erence in the energy between two consecutive saddle
approaches up toO("2 ln " ), because the result will be the same if we compare any
two points in the corresponding saddle regions. As shown in the next section, this
conclusion is particularly convenient when we compare the numerical solution to this
theory.

From (5.5) and (6.3), the energy at the saddle region (H � ) before the nearly ho-
moclinic orbit has the asymptotic expansion

H � = "(Q + M ) + "2 ln "
� � (Q + M )

2k
+ � � � : (6.4)

At the next saddle region immediately after the nearly homoclinic orbit, the energy
(H+ ) is determined from (5.2) and (6.3):

H+ = "Q + "2 ln "
�Q
2k

+ � � � : (6.5)

By comparing the energies at two consecutive saddle regions, (6.4) and (6.5), we
determine the change in the energy from one saddle approach to the next:

� H � H+ � H � � � "M + "2 ln "
�

�
k

� �
Q +

M
2

�
+ � � � : (6.6)

To leading order, it is well-known that the change in the energy over a nearly
homoclinic orbit is � "M , where M is the usual Melnikov integral

M = 2
Z 1

0
h(y0; y0t )y0t dt =

I
h

�
y0; �

p
� 2V(y0)

�
dy0: (6.7)

The O("2 ln " ) terms in (6.6) represent anO(" ln " ) percentage correction to the well-
known leading-order change of the energy. According to (6.6), this O("2 ln " ) correction
depends onQ where, according to (6.5),"Q is the leading-order energy at the saddle
region after the nearly homoclinic orbit,

� H � � "M + "2 ln "
�

�
k

� �
H+

"
+

M
2

�
+ � � � : (6.8)

In fact, the O("2 ln " ) correction is proportional to Q + M
2 which is the average of

the leading-order energies at the saddle regions before andafter the nearly homoclinic
orbit,

� H � � "M + "2 ln "
�

�
k

� �
H+ + H �

2"

�
+ � � � : (6.9)

Furthermore, the correction to the change in the energy is also proportional to the
ratio of the linear damping coe�cient of the perturbation at the saddle point of the
unperturbed system (� = hv (ys; 0)) to the linear exponential growth and decay rate
(k) at the saddle point. Even though the detailed calculationsof the nearly homoclinic
orbit require the nonlinear e�ect ( � ) of the saddle point, the O("2 ln " ) correction to
the energy change does not depend on the higher-order nonlinearities of the potential
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function at the saddle point. If the damping is not linear around the saddle point (with
nonlinearities smaller than the size of linear terms), then� = 0 in this analysis and the
O("2 ln " ) terms vanish, in which case correction to the leading-order dissipation of the
energy will be smaller than O("2 ln " ). (If the damping is locally larger than linear,
then the e�ect will be larger than O("2 ln " )). It can be seen that theseO("2 ln " )
corrections are due to thete� kt terms in (3.21) with the amplitude factor t replaced
by � 1

2k ln " , depending on whether the saddle approach occurs before or after the
nearly homoclinic orbit.

It is well-known that the leading-order change of the energyalong a nearly homo-
clinic orbit is a constant, the Melnikov integral. However, the O("2 ln " ) correction
depends on the energy at the saddle region. Thus, if we consider a sequence of nearly
homoclinic orbits, then this correction is di�erent for each nearly homoclinic orbit.
This recursive e�ect has been analyzed in Haberman and Ho (1995b), where a cal-
culation was performed on the boundary of the basin of attraction which requires a
sequence of nearly homoclinic orbits.

7. Numerical comparison for a speci�c double-well potentia l

As a simple illustration, the one-dimensional motion of a particle in a speci�c double-
well potential is considered:

d2y
dt2 + ( y3 � y2 � 2y) = � "2

dy
dt

; (7.1)

with a small purely dissipative perturbation, � 2" dy
dt . The system consists of two

competing equilibria (left and right) and one saddle point in between at ys = 0. The
energyH is

H =
1
2

�
dy
dt

� 2

+ V (y); (7.2)

where V (y) = 1
4 y4 � 1

3 y3 � y2 is the potential energy and is not symmetric (around
y = 0).

In the last section, the change of the energy between two consecutive saddle ap-
proaches for the left nearly homoclinic orbit is given by (6.6):

� H = � "M L + "2 ln "
�
k

�
H0

"
+

1
2

M L

�
; (7.3)

where M L stands for the Melnikov integral for the left homoclinic orbit and H0 is
the energy at the preceding saddle. We are interested in comparing this to the
change in the energy between saddle approaches produced by numerically integrat-
ing the time-dependent di�erential equation, (7.1). Here, we verify (7.3) including
the coe�cient of the O("2 ln " ) term by computing numerically the change in the en-
ergy. For this particular example, � = 2, k =

p
2, M L = 3 :565721510024: : : , and

M R = 16:72981910456: : : . With these values of the parameters, the coe�cient of
the O("2 ln " ) for the change of the energy can be determined with the givenenergy
H0 at the preceding saddle approach. Since we are considering the nearly homoclinic
orbit, H0 must be O(" ). Furthermore, since the leading-order change of the energy is
negative, in order to compare two consecutive saddle approaches before the trajectory
gets captured, the initial energy must be at least" (M R + M L ). With this constraint in
mind, we choose the initial condition to be H0 = 22" , so that the asymptotic formula
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"1 "1=2 � H (1) ("1) � H (1) ("1=2) C� C2

1:0000e� 4 5:0000e� 5 � 3:72521e� 6 � 9:89929e� 7 3:38324e+ 1 � 6:09129e+ 1
5:0000e� 5 2:5000e� 5 � 9:89929e� 7 � 2:62120e� 7 3:37883e+ 1 � 6:13491e+ 1
2:5000e� 5 1:2500e� 5 � 2:62120e� 7 � 6:91854e� 8 3:37517e+ 1 � 6:17375e+ 1
1:2500e� 5 6:2500e� 6 � 6:91854e� 8 � 1:82094e� 8 3:37210e+ 1 � 6:20845e+ 1
6:2500e� 6 3:1250e� 6 � 1:82094e� 8 � 4:78044e� 9 3:36974e+ 1 � 6:23665e+ 1
3:1250e� 6 1:5625e� 6 � 4:78044e� 9 � 1:25209e� 9 3:36174e+ 1 � 6:27426e+ 1
1:5625e� 6 7:8125e� 7 � 1:25209e� 9 � 3:27244e� 10 3:33680e+ 1 � 6:34160e+ 1
7:8125e� 7 3:9063e� 7 � 3:27244e� 10 � 8:53401e� 11 3:24259e+ 1 � 6:69226e+ 1
3:9063e� 7 1:9531e� 7 � 8:53401e� 11 � 2:21924e� 11 3:49303e+ 1 � 8:08243e+ 1

Table 1. Coe�cient of O("2 ln " ) term for the change of the energy
(H0 = 22").

for the higher-order change of the energy, �H (1) , from one saddle approach to the
next is

� H (1) = � H + "M L = 33:6341"2 ln " + � � � : (7.4)

The correction to the change of the energy theoretically contains not just the
O("2 ln " ) term but also higher-order terms. A term of O("2) should be included
in a numerical comparison because it is not much smaller thanthe O("2 ln " ) term:

� H (1) � � H + "M L = C� "2 ln " + C2"2 + � � � ; (7.5)

where C� is the coe�cient we want to compare with the analytical resul t. To �nd C�

(and C2), we use Richardson extrapolation. We evaluate �H 1(" ) with two di�erent
values of" and approximate the coe�cient of the O("2 ln " ) term by using (7.5). With
two di�erent " , "1 and "1=2, C� can be expressed as

C� =
1

("1)2 ln(2)

h
� H (1) ("1) � 4� H (1)

� "1

2

�i
+ � � � : (7.6)

In Table 1, numerical data is given for a left nearly homoclinic orbit with energy
at the preceding saddle,H0 = 22" . According to Table 1, when " decreases from
10� 4 to 10� 6, the numerical approximations of C� converge to the analytical result
33:6341: : : . Moreover, the numerical approximation of C� = 33:6174: : : in the 6th
row is the closest approximation. The small di�erence between the analytical and
numerical result, � C� � 1:7 � 10� 2, is caused by higher-order terms in (7.5). The
percent error for C� is very small, showing the accuracy of the analytical result(7.3)
for the saddle-to-saddle change of the energy. We note that the numerical results
reported in Table 1 are not reliable when" is too small (probably due to the round-o�
error of O(10� 14) in the numerical integration over one complete homoclinicorbit),
in which case the analytical formula may (of course) still beused.

Here, H0 is the initial energy, "1 and "1=2 are the two epsilons used in the Richard-
son extrapolation, � H (1) ("1) and � H (1) ("1=2) are the numerical results of the higher-
order change of the energy corresponding to"1 and "1=2, C� and C2 are the coe�cients
of the O("2 ln " ) and the O("2) terms predicted by Richardson extrapolation.
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Appendix. Asymptotic expansion of the second homogeneous s olution

In this appendix, we derive the second homogeneous solutionyH for the following
di�erential equation arising from analyzing nearly homoclinic orbits:

d2yH

dt2 � f y (y0)yH = 0 ; (A.1)

wherey0 is a homoclinic orbit which we have de�ned to be an even function of t (around
t = 0). Furthermore, we also derive the asymptotic behavior of yH as t ! + 1 . Due
to the translation invariance of (3.3), one of the homogeneous solutions of (A.1) can
be de�ned as y0t , which is an odd function of t. The second homogeneous solution
can be de�ned to be the unique even solution of the Wronskian relation:

y0t yH t � y0tt yH = 1 : (A.2)

We can derive an explicit formula for yH (without singular integrals),

yH (t) = y0t

Z t

0

�
(y0t )

� 2 � f (y� )� 2t � 2�
dt �

f (y� )� 2

t
y0t ; (A.3)

where y� = y0(0) is the maximum value of y associated with the homoclinic orbit.
However, we will use (A.2) instead to obtain the needed asymptotic behavior of yH

as t ! + 1 .
Since yH is a solution of (A.1) and f y (y0) � k2 as t ! 1 , yH satis�es to leading

order ast ! + 1 ,

d2yH

dt2 � (k2 + � � � )yH = 0 : (A.4)

Sincey0 exponentially decays, from (A.2) yH exponentially grows ast ! + 1

yH � Eekt + g(t) + � � � ; as t ! + 1 ; (A.5)

where we are particularly interested in obtaining higher-order terms than just the
simple growing exponential. By substituting the expansions of yH and y0t from (A.5)
and (3.7), respectively, into the Wronskian relationship (A.2), we obtain

� 2� 0k2E �
� 2

0f yy (ys)E
3

e� kt � � 0kg0e� kt

�
2� 2

0f yy (ys)E
3

e� kt � g(t)� 0k2e� kt + � � � = 1 : (A.6)

By considering the O(1) terms of (A.6), it follows that E = � 1=2� 0k2.
The largest term that remains in (A.6) is O(e� kt ) which must be balanced by the

(g0+ kg)e� kt terms. Thus g0+ kg = O(1) or g(t) = O(1), ignoring the exponentially
small homogeneous solutions. From (A.6), we obtain

g(t) =
f yy (ys)

2k4 :

Therefore, the asymptotic expansion ofyH as t ! 1 is of the form

yH �
� 1

2� 0k2

h
ekt �

� 0f yy (ys)
k2 + R

i
; (A.7)

where R represents the next term.
However, if yH has a term of O(te� kt ), it will contribute in the matching due

to the logarithmic time shift from the center to the saddle point. Consequently, a
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higher-order calculation of yH is needed. It is simpler to determine the next term by
considering the di�erential equation for yH directly near the saddle point. By using
(3.5b), the asymptotic expansion ofy0, (A.1) becomes

yH tt �
�

k2 +
�

� 0e� kt +
� 2

0f yy (ys)
6k2 e� 2kt

�
f yy (ys)

+
1
2

� 2
0e� 2kt f yyy (ys) + � � �

�
yH = 0 : (A.8)

Since the di�erential equation (A.8) for yH is linear, it is particularly easy to obtain
the next term R. By substituting expansion (A.7) into (A.8), we obtain

� 1
2� 0k2

�
k2ekt + Rtt

�
�

�
k2 + � 0e� kt f yy (ys) +

� 2
0

2

�
f yyy (ys) +

f 2
yy (ys)

3k2

�
e� 2kt

�

�
� 1

2� 0k2

�
ekt �

� 0f yy (ys)
k2 + R

�
= 0 : (A.9)

By considering the most important exponentially small terms, R satis�es the following
di�erential equation:

Rtt � k2R =
� 2

0

2

"

f yyy (ys) �
5f 2

yy (ys)

3k2

#

e� kt :

Sincee� kt is a homogeneous solution of the above di�erential equation, the particular
solution will be O(te� kt ). By using the method of undetermined coe�cients, the
particular solution is

R =
� � 2

0

4k

 

f yyy (ys) �
5f 2

yy (ys)

3k2

!

te� kt : (A.10)

Since we assumeR is the next higher-order term in the expansion (A.7), we can ignore
the homogeneous solution of R which involvesO(ekt ). The O(e� kt ) homogeneous
solutions are asymptotically smaller than (A.10). Moreover, this O(te� kt ) term will
contribute to the logarithmic terms in the saddle solution because of the logarithmic
time shift. By combining (A.10) and (A.7), we derive that yH has an asymptotic
expansion

yH �
� 1

2� 0k2

�
ekt �

� 0f yy (ys)
k2 �

� 2
0

4k
�te � kt

�
; as t ! + 1 ; (A.11)

where � = f yyy (ys) � 5f 2
yy (ys)=3k2, which was important in the asymptotic analysis

in this paper.
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