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A general type of weak transform

Anthippi Poulkou

Abstract. The existence of Fourier-type integrals of the formZ
∞

−∞

h(a, x)e−aθ(x) da

as weak functions in the sense of Lighthill [9] and Jones [5] is established, when
θ : R → R is an infinitely differentiable function with everywhere non-vanishing
first-order derivative, and the kernel function h satisfies certain general condi-
tions. Properties concerning the derivatives and the weak limits of the above
weak functions are also obtained.

1. Introduction and statements of results

In mathematical physics, especially diffraction of radio waves, microwave problems,
and optics, a large number of problems deal with the calculation of integrals of the
type

∫∫

S

j(x, y)eikf(x,y)dydx (1.1)

where j and f are real functions and k is real (see, for example, [2, 7]). The integrals of
the form (1.1) and also integral transforms, such as Hankel, Fourier, Laplace, Stieltjes,
and Riemann-Liouville fractional integral transforms, can be viewed as

∫ ∞

0

g(x)k(a, x) dx, (1.2)

where g and the kernel k are locally integrable functions on (0,∞) and a is a positive
parameter. To calculate (1.2), we often use asymptotic techniques [3, 6], provided that,
of course, the integral (1.2) exists in some ordinary sense. If the previous integral
cannot be defined according to the classical theory of convergence, then it may be
regarded as an integral transform of a distribution (generalized function); see [4] or
[8]. Also, the consideration of (1.2) in a generalized sense makes the techniques which
give asymptotic expansions of (1.2) as a → +∞ widely applicable. Mainly, there are
two ways to extend the classical integral transforms to distributions.

The first one is used, for example, by Rudin [11], for the Fourier transform of
tempered distributions and the second by L. Schwartz [12, p. 217], for the generalized
Laplace transform.

In [4], Jones has given a detailed study of the asymptotic behaviour of (1.2) as
a → +∞, defining it as a generalized function (in the terminology of Lighthill [9]

and Jones [5]) when the kernel k is an oscillatory function, such as eiax2

and g is a
generalized function. The presence of a generalized function in the integrand not only
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increases the range of validity of the analysis, but also simplifies the proofs in some
aspects.

In an earlier paper [10], we have examined integrals of the type (1.2), where the
kernel function k belongs to a class wider than the one considered by Jones [4]. We
have also defined (1.2) as weak functions, according to [5], so that the class of functions
represented by (1.2) is larger than that of Jones’ [4]. Another type of weak functions
defined in [10] are integrals of the form

∫ ∞

−∞

h(a, x)e−iax da (1.3)

when the kernel h belongs to a class

H =
⋃

{H(N, c, d) : N ∈ R, 0 < c ≤ 1, 0 ≤ d < 1 } (1.4)

where H(N, c, d) consists of all the infinitely differentiable functions, h : R × R → R

with the property that for each r, s = 0, 1, 2, · · · and each a < b, there exists a constant
Cr,s,a,b such that

∣

∣

∣

∣

∂r+s

∂xr∂as
h(a, x)

∣

∣

∣

∣

≤ Cr,s,a,b(1 + |a|)N−cs+dr

for a ∈ R, x ∈ [a, b] (see Definition 3.1).
The theory of [10] is not sufficiently comprehensive to embrace integrals of a more

general nature, namely integrals of the type
∫ ∞

−∞

h(a, x)e−iaθ(x) da (1.5)

where θ is a smooth monotonic function and the kernel h belongs to the same class
H as in [10], primarily because it rests so heavily upon the class H . Thus, a new
definition has to be introduced. This involves a completely different approach from
that of [10] and is carried out in this article. Of course, instead of (1.5) we can consider
integrals by transforming to the inverse function x(θ) of θ(x), namely integrals of the
form

∫ ∞

−∞

j(a, θ)e−iaθ da.

But some caution is necessary, because the mapping may not be bounded and the
range may be different from the domain.

The present paper deals with a problem suggested to us by Professor D. S. Jones.
Its aim is to define integrals of the type (1.5) as weak functions and study some
properties of them when θ is an infinitely differentiable function such that θ′(x) 6= 0,
for x ∈ R, and the kernel h belongs to a class H as in (1.4). Nevertheless, the class H

of kernel functions is wide and includes functions such as ei(1+a2)vf or y(x(1 + a2)v)
with y a good function (see Remark 3.2). In fact, we prove

Theorem 1 . Let h ∈ H, y a good function such that y(0) = 1, and θ : R → R an

infinitely differentiable function such that θ′(x) 6= 0 for x ∈ R. Then for x ∈ R, the

weak limit

lim
ε→0

∫ ∞

−∞

y(εa)h(a, x)e−iaθ(x) da
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exists. This is denoted by
∫ ∞

−∞

h(a, x)e−iaθ(x) da.

Our analysis is carried out in the following way. At first we examine the existence
of the lim

ε→0
F (ε) where

F (ε) =

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

y(εa)h(a, x)e−iaθ(x) dadx (1.6)

when y, h, and θ are as in Theorem 1, and ϕ is a fine function which vanishes outside
[a, b]. Since the inner integral in (1.6) is bounded by

∫ ∞

−∞

|y(εa)|
(

1 + |a|
)N

da,

we have that, so long as N < −1, F (ε) is uniformly convergent on [−p, p], for every
p > 0. It is desirable that this uniform convergence should bear no restriction on N
and consequently on the kernel function h. For this purpose we introduce a suitable
first-order differential operator M on the space of smooth functions (see Definition
3.4). Then the formula of the adjoint K of M is given (see Definition 3.5) and we
show that the convergence of F (ε) depends on the limit behaviour as ε → 0 of the
integral

∫ ∞

−∞

∫ ∞

−∞

K{ϕ(x)y(εa)h(a, x)}e−iaθ(x) dadx (1.7)

(see Proposition 3.6). Next, we prove that K can be replaced by any term of a
sequence (Pv) of suitable operators, also defined on the space of smooth functions (see
Proposition 3.13). The advantage of this fact is that, in this way, the integral (1.7) is
split up into a finite number of integrals (see Definition 3.11 and Theorems 3.8 and
3.10) with simpler convergence properties. Now we are in a position to establish the
convergence of the integral F (ε) (see Theorem 4.1) and therefore give our main result.

From Theorem 1 the following two corollaries are derived. The first one deals with
the weak derivative of the weak function defined in the above theorem and the second
describes a property of the previously mentioned weak function.

Theorem 2 . If h ∈ H and θ : R → R an infinitely differentiable function such that

θ′(x) 6= 0 for every x ∈ R, then

d

dx

∫ ∞

−∞

h(a, x)e−iaθ(x) da =

∫ ∞

−∞

{

∂

∂x
h(a, x) − iaθ′(x)h(a, x)

}

e−iaθ(x) da

for x ∈ R, where the derivative on the left-hand side is a weak one.

Theorem 3 . With the notation of Theorem 2, it holds that for every x ∈ R
∫ ∞

−∞

∂

∂a
h(a, x)e−iaθ(x) da =

∫ ∞

−∞

iθ(x)h(a, x)e−iaθ(x) da.

Finally, an interesting result is obtained (from Theorem 4.1). This concerns the
weak limit of a sequence of weak functions of the same type as in Theorem 1.

Theorem 4 . Let θ : R → R be an infinitely differentiable function with θ′(x) 6= 0 for

every x ∈ R, and (hn) a sequence such that hn : R × R → R and the following three

conditions hold:
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(i) hn ∈ H(N, c, d) for every n ∈ N;

(ii) there exist h ∈ H(N, c, d) and a0 ∈ R such that

lim
n→∞

hn(a0, x) = h(a0, x)

for every x ∈ R;

(iii) for every p ∈ N the sequence
(

∂p

∂aphn

)

as n→ ∞ converges uniformly on R.

Then

lim
n→∞

∫ ∞

−∞

hn(a, x)e−iaθ(x) da =

∫ ∞

−∞

h(a, x)e−iaθ(x) da.

2. Preliminaries and definitions

In this section, we introduce the notation and terminology that we use throughout
this paper. We note that the definitions and propositions we present below can be
found in [5].

A fine function is an infinitely differentiable function which, together with all its
derivatives, vanishes outside a finite interval. Every fine function is bounded.

A sequence of fine functions (ϕn) is called f -regular if, for every fine ϕ,

lim
n→∞

∫ ∞

−∞

ϕn(x)ϕ(x) dx

exists (and is finite). Two f -regular sequences (ϕn) and (ψn) are called f -equivalent

if

lim
n→∞

∫ ∞

−∞

ϕn(x)ϕ(x) dx = lim
n→∞

∫ ∞

−∞

ψn(x)ϕ(x) dx

for every fine ϕ. An f -equivalence class of f -regular sequences is called a weak function.
If w is a weak function and (ϕn) an f -regular sequence that belongs to w, then we
say that (ϕn) defines w and we write

∫ ∞

−∞

w(x)ϕ(x) dx = lim
n→∞

∫ ∞

−∞

ϕn(x)ϕ(x) dx

where ϕ is fine.
If the f -regular sequence (ϕn) defines the weak function w, then the sequence (ϕ′

n)
is also f -regular and defines a weak function which is denoted by w′ and it is called
the weak derivative of w.

If (wn) is a sequence of weak functions and w a weak function, then we say that
the weak limit of (wn)

lim
n→∞

wn

exists and is equal to w if

lim
n→∞

∫ ∞

−∞

wn(x)ϕ(x) dx =

∫ ∞

−∞

w(x)ϕ(x) dx

for every fine ϕ.
Analogous is the definition of limµ→µ0

wµ, where µ is a parameter which runs
through the points of an interval of R and wµ is a weak function for each value of µ.

The space of weak functions is complete under weak limits (cf. [5, p. 447]).
A function y : R → C is called good (cf. also [9]) if it is infinitely differentiable and

lim
|x|→∞

|xry(k)(x)| = 0
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for any integers r, k ≥ 0, where y(k)(x) = dk

dxk y(x) and this notation for the kth
derivative will be used throughout the paper.

Analogous to the definition of the weak function is that of the generalized function

which is defined as an equivalence class of regular sequences of good functions.
Any generalized function is necessarily a weak function but the converse is not true.

Remark 2.1. There is complete equivalence between the meaning of weak functions
and the meaning of distributions (defined by means of linear functionals of fine func-
tions) given by L. Schwartz in [13]. For more details we refer to [5, p. 495].

The definition of generalized functions given by L. Schwartz in [13] uses a different
approach. The space of good functions is denoted by G. The dual G′ of G is the space
of generalized functions which are called in [13] tempered distributions or distributions
of slow growth. For a detailed explanation we refer to [5, p. 58].

3. Kernel functions and operators

In this section, we define the classH , where the kernel function h belongs (in (3.1)) and
we give some examples of elements of H (in (3.2)). Then we introduce the operator
M (in (3.4)), the formula of the adjoint K of M (in (3.5)), and by means of K and
M we get the form that the Fourier-type integrals can take (in (3.6)). Finally, we
show that K can be replaced by any term of a sequence (Pv) of suitable operators (in
(3.13)). Throughout our analysis, it will be assumed that a and x are real.

Definition 3.1. Let N ∈ R, 0 < c ≤ 1, 0 ≤ d < 1. The class H(N, c, d) consists of
all functions h : R × R → R such that
(i) h is infinitely differentiable;
(ii) for each r, s = 0, 1, 2, . . . , and each a < b, there exists a constant Cr,s,a,b such

that
∣

∣

∣

∣

∂r+s

∂xr∂as
h(a, x)

∣

∣

∣

∣

≤ Cr,s,a,b(1 + |a|)N−cs+dr

for a ∈ R, x ∈ [a, b].

Finally we write H =
⋃

{H(N, c, d) : N ∈ R, 0 < c ≤ 1, 0 ≤ d < 1 }.

Remark 3.2. Some examples of functions which are in H (for proper constants
N, c, d) are given below (see also [10]), in a way that the class H ends up to be
a quite rich class of functions. Consequently we have

1. h(a, x) = {(1 + a2)1/2 + (l + x2)1/2}−1 H(−1, 1, 0)

2. h(a, x) = ei(1+a2)1/4x H(0, 1
2 ,

1
2 )

3. h(a, x) = ei(1+a2)vf(x) (f : R → R, smooth, 0 ≤ v < 1
2 ) H(0, 1 − 2v, 2v)

4. h(a, x) = y{x(1 + a2)v} (y good, 0 ≤ v < 1
2 ) H(0, 1 − 2v, 2v)

It should be noted that all the above examples of h can be handled similarly by
induction.

The following Proposition enables us to define our operators.
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Proposition 3.3. If n is a fixed positive number and χ : R → R a fine function such

that χ(a) = 1 for a ∈ [−n, n], then for every k, s = 0, 1, 2, . . . , there exists a constant

C such that
∣

∣

∣

∣

dk

dak

(

1 − χ(a)

a

)s∣
∣

∣

∣

≤ C(1 + |a|)−(s+k)

for every a ∈ R.

Proof. We use induction and the following arguments. There exists p > 0 such that
χ(a) = 0 for |a| ≥ n+ p. Hence, if (1 − χ(a))/a = χ1(a), we have

|χ1(a)| = 0, for |a| ≤ n,

|χ1(a)| ≤
1 + |χ(a)|

|a|
= C1, for n < |a| < n+ p,

|χ1(a)| =
1

|a|
, for |a| ≥ n+ p.

With the above information at our disposal we give

Definition 3.4. Let θ : R → R be a function such that (i) θ is infinitely differentiable
and (ii) θ′(x) 6= 0 for every x ∈ R, n be a fixed positive number and χ : R → R a fine
function such that χ(a) = 1 for −n ≤ a ≤ n. We set

{M(ϕ)}(a, x) =
i{1 − χ(a)}{a2θ(x) ∂

∂aϕ(a, x) + aθ′(x) ∂
∂xϕ(a, x)}

a2{θ2(x) + θ′2(x)}
+ χ(a)ϕ(a, x),

for (a, x) ∈ R × R and ϕ : R × R → R an infinitely differentiable function.

Definition 3.5. Let θ, χ, ϕ be as in Definition 3.4. We set for (a, x) ∈ R × R,

{K1(ϕ)}(a, x) = −i
θ(x)

θ2(x) + θ′2(x)

∂

∂a
ϕ(a, x),

{K2(ϕ)}(a, x) = −i
1 − χ(a)

a

∂

∂x

{

θ′(x)

θ2(x) + θ′2(x)
ϕ(a, x)

}

,

{K3(ϕ)}(a, x) =

{

1 −
θ2(x)

θ2(x) + θ′2(x)

}

χ(a)ϕ(a, x),

{K(ϕ)}(a, x) = {K1(ϕ)}(a, x) + {K2(ϕ)}(a, x) + {K3(ϕ)}(a, x).

The connection between the above defined operatorsM and K as well as a property
of M are demonstrated by the following result.

Proposition 3.6. If h ∈ H, ϕ is a fine function, γ a good function and θ : R → R

an infinitely differentiable function such that θ′(x) 6= 0 for every x ∈ R, we set

F =

∫ ∞

−∞

∫ ∞

−∞

ϕ(x)γ(εa)h(a, x)e−iaθ(x) dadx,

for all finite ε ∈ R. Then

F =

∫ ∞

−∞

∫ ∞

−∞

ϕ(x)γ(εa)h(a, x)M{e−iaθ(x)} dadx

=

∫ ∞

−∞

∫ ∞

−∞

K{ϕ(x)γ(εa)h(a, x)}e−iaθ(x) dadx

(where M and K are defined in (3.4) and (3.5) respectively).
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Proof. The first wanted equality is obtained by Definition 3.4 and also

F = I + J +

∫ ∞

−∞

∫ ∞

−∞

{

1 −
θ2(x)

θ2(x) + θ′2(x)

}

χ(a)ϕ(x)γ(εa)h(a, x)e−iaθ(x) dadx

(3.1)

where

I = i

∫ ∞

−∞

θ(x)

θ2(x) + θ′2(x)
ϕ(x)

∫ ∞

−∞

γ(εa)h(a, x)
∂

∂a
e−iaθ(x) dadx,

and

J = i

∫ ∞

−∞

θ′x)

θ2(x) + θ′2(x)
ϕ(x)

∫ ∞

−∞

1 − χ(a)

a
γ(εa)h(a, x)

∂

∂x
e−iaθ(x) dadx.

After an integration by parts J can be written as

J = −i

∫ ∞

−∞

{

θ′(x)

θ2(x) + θ′2(x)
ϕ(x)

}′ ∫ ∞

−∞

1 − χ(a)

a
γ(εa)h(a, x)e−iaθ(x) dadx

− i

∫ ∞

−∞

θ′(x)

θ2(x) + θ′2(x)
ϕ(x)

∫ ∞

−∞

1 − χ(a)

a
γ(εa)

∂

∂x
h(a, x)e−iaθ(x) dadx, (3.2)

since the function
(

θ′(x)/(θ2(x) + θ′2(x))
)

ϕ(x) is fine and the integral
∫ ∞

−∞

1 − χ(a)

a
γ(εa)h(a, x)e−iaθ(x) da

finite (for the latter see Proposition 3.3 and note that γ is good and h ∈ H). Therefore
from (3.1), because of (3.2) and an integration by parts of the inner integral of I, the
conclusion follows.

It is easily understood along the lines of the proof of the above proposition that
if, in F , we apply the operator M on e−iaθ(x) for a second time and use the same
procedure as before, we shall obtain the operator K applied on K(ϕγh). So, by a
repetition of the process, we can get an idea as to the form the integral F may take.
Thus, we now have the following definition.

Definition 3.7. Let ψ : R × R → R be an infinitely differentiable function and v =
1, 2, . . . . We set for (a, x) ∈ R × R,

{Lv(ψ)}(a, x) =
{

{K1(ψ) +K2(ψ)}v
}

(a, x)

where K1 and K2 are as in Definition 3.5.

Theorem 3.8. With the notation of Definition 3.7, it holds that, for all integers τ ,
µ, j with

0 ≤ τ ≤ v − 1, 1 ≤ µ ≤ v − τ, 1 ≤ j ≤ µ, (3.3)

there exist constants vbτ,µ,j,
vcτ,µ such that

Lv(ψ) = vA(ψ) +
∑

τ,µ,j

vbτ,µ,j
vBτ,µ,j(ψ) +

∑

τ,µ

vcτ,µ
vCτ,µ(ψ) (3.4)



A GENERAL TYPE OF WEAK TRANSFORM 29

where

{vA(ψ)}(a, x) = (−i)vΘv(x)
∂v

∂av
ψ(a, x),

{vBτ,µ,j(ψ)}(a, x) = (−i)v

{

{1 − χ(a)

a

}µ
}(v−τ−µ)

× {Θµ
1 (x)Θv−µ(x)}(µ−j) ∂τ+j

∂aτ∂xj
ψ(a, x),

{vCτ,µ(ψ)}(a, x) = (−i)v

{

{1 − χ(a)

a

}µ
}(v−τ−µ)

×
{

Θv−τ−µ(x){Θµ
1 (x)Θτ (x)}′

}(µ−1) ∂τ

∂aτ
ψ(a, x),

(3.5)

and

Θ(x) =
θ(x)

θ2(x) + θ′2(x)
, Θ1(x) =

θ′(x)

θ2(x) + θ′2(x)
.

Proof. We use induction. It is obvious that for v = 1, (3.4) holds with 1b0,1,1 = 1c0,1 =
1. The proof of the next step of the induction is a matter of routine by using simple
differentiation rules.

We give now the following definition, which will be useful in our calculations.

Definition 3.9. Let ψ : R × R → R be an infinitely differentiable function and v =
1, 2, · · · . For (a, x) ∈ R × R, we set

{Mv(ψ)}(a, x) =
{

K3

v−1
∑

i=0

{K1(ψ) +K2(ψ)}i
}

(a, x)

where K1, K2, and K3 are defined in (3.5).

A consequence of the preceding definition and of Theorem 3.8 is

Theorem 3.10. With the notation of Definition 3.9, it holds that for all integers

σ, ρ, q, λ with

0 ≤ σ ≤ λ− 2, 1 ≤ ρ ≤ λ− 1 − σ, 1 ≤ q ≤ ρ, 2 ≤ λ ≤ v (3.6)

there exist constants λbσ,ρ,q,
λcσ,ρ such that

Mv(ϕ) = χ(1 − θΘ)
v−1
∑

k=0

kA(ψ) + (1 − p)χ(1 − θΘ)

×

v
∑

λ=2

(−i)λ−1

{

∑

σ,ρ,q

λbσ,ρ,q
λ−1Bσ,ρ,q(ψ) +

∑

σ,ρ

λcσ,ρ
λ−1Cσ,ρ(ψ)

}

,

where p = 1 for v = 1 and p = 0 for v ≥ 2 and Θ, kA, λ−1Bσ,ρ,q,
λ−1Cσ,ρ are defined

in the same way as in (3.5).

Proof. We use induction on v and we can easily see that the theorem holds from the
very definitions.

We are now in a position to give the following definition.
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Definition 3.11. Let ψ : R × R → R be an infinitely differentiable function and v =
1, 2, · · · . We set for (a, x) ∈ R × R,

{Pv(ψ)}(a, x) = {Lv(ψ) +Mv(ψ)}(a, x)

where Lv and Mv are defined in Definitions 3.7 and 3.9, respectively.

We shall need the following lemma.

Lemma 3.12. Let Lv be as in Definition 3.7. For every v = 1, 2, . . . , we have that

Lv{ϕ(x)γ(εa)h(a, x)} =
∑

j,λ,σ

ϕj(x)γλ(εa)hσ(a, x),

where the integers j, λ, σ = 0, . . . , v and ϕ,ϕj are fine functions, γ, γλ are good

functions, and h, hσ ∈ H.

Proof. This is an immediate result of Theorem 3.8 by using Leibniz’s Theorem and
Proposition 3.3. (We have also used the substitution εa = ρ.)

A consequence of the above lemma is the following proposition of which the proof,
done by induction and being trivial, is omitted.

Proposition 3.13. If F is as in Proposition 3.6 and Pv as in Definition 3.11, then

for every v = 1, 2, . . . , it holds that

F =

∫ ∞

−∞

∫ ∞

−∞

Pv{ϕ(x)γ(εa)h(a, x)}e−iaθ(x) dadx.

The following remark is proved by Proposition 3.13.

Remark 3.14. Let F be as in Proposition 3.6. Then for every v = 1, 2, . . . , we obtain

F = (−i)vI0 + (−i)v
∑

τ,µ,j

j
∑

i=0

(

j

i

)

vbτ,µ,jI1 + (−i)v
∑

τ,µ

vcτ,µI2 +
v−1
∑

k=0

(−i)kI3

+ (1 − p)

v
∑

λ=2

∑

σ,ρ,q

q
∑

m=0

(−i)λ−1

(

q

m

)

λbσ,ρ,qI4

+ (1 − p)

v
∑

λ=2

∑

σ,ρ

(−i)λ−1 λcσ,ρI5, (3.7)
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with the integers τ , µ, and j satisfying (3.3) and σ, ρ, q as in (3.6), p = 1 for v = 1,
p = 0 for v ≥ 2, and

I0 =

∫ ∞

−∞

Θv(x)ϕ(x)

∫ ∞

−∞

∂v

∂av
{γ(εa)h(a, x)}e−iaθ(x) dadx,

I1 =

∫ ∞

−∞

{Θµ
1 (x)Θv−µ(x)}(µ−j)ϕ(i)(x)

×

∫ ∞

−∞

{{

1 − χ(a)

a

}µ}(v−τ−µ)

∂τ+j−1

∂aτ∂xj−i
{γ(εa)h(a, x)}e−iaθ(x) dadx,

I2 =

∫ ∞

−∞

{

Θv−τ−µ(x){Θµ
1 (x)Θτ (x)}′

}(µ−1)
ϕ(x)

×

∫ ∞

−∞

{{

1 − χ(a)

a

}µ}(v−τ−µ)

∂τ

∂aτ
{γ(εa)h(a, x)}e−iaθ(x) dadx,

I3 =

∫ ∞

−∞

{1 − θ(x)Θ(x)}Θk(x)ϕ(x)

∫ ∞

−∞

χ(a)
∂k

∂ak
{γ(εa)h(a, x)}e−iaθ(x) dadx,

I4 =

∫ ∞

−∞

{1 − θ(x)Θ(x)}{Θρ(x)Θλ−1−ρ(x)}(ρ−q)ϕ(m)(x)

×

∫ ∞

−∞

χ(a)

{{

1 − χ(a)

a

}ρ}(λ−1−σ−ρ)

∂σ+q−m

∂aσ∂xq−m
{γ(εa)h(a, x)}e−iaθ(x)dadx,

I5 =

∫ ∞

−∞

{1 − θ(x)Θ(x)}
{

Θλ−1−σ−ρ(x){Θρ
1(x)Θ

σ(x)}′
}(ρ−1)

ϕ(x)

×

∫ ∞

−∞

χ(a)

{{

1 − χ(a)

a

}ρ}(λ−1−σ−ρ)

∂σ

∂aσ
{γ(εa)h(a, x)}e−iaθ(x) dadx.

4. The weak transform

The kernel function h(a, x) introduced in the preceding section, as well as the use
of operators defined above, enable us to investigate the uniform convergence of the
integral F of Proposition 3.6 and therefore prove our main result (Theorem 1) which
defines the considered Fourier-type integrals as weak functions. So, we can show the
following result.

Theorem 4.1. If h ∈ H, ϕ is a fine function, γ a good function, and θ : R → R an

infinitely differentiable function such that θ′(x) 6= 0 for every x ∈ R, then the integral

F (ε) =

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

γ(εa)h(a, x)e−iaθ(x) dadx (4.1)

converges uniformly on the interval [−p, p] for every p > 0.

Proof. By Remark 3.14, from the type of the integrand of the integrals I3, I4, and I5,
we observe that these can be written as

∫ ∞

−∞

ϕ0(x)

∫ ∞

−∞

χ(a)ψε(a, x)e
−iaθ(x) dadx,
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where ϕ0, χ are fine functions and ψε is an infinitely differentiable function. Therefore
the integrals I3(ε), I4(ε), I5(ε) converge uniformly on the interval [−p, p] for every
p > 0, since both their inner and outer integrals are, in fact, over finite intervals.

We consider the following cases for h ∈ H(N, c, d):

(i) c + d ≤ 1. By the definition of I0 (see Remark 3.14) and Definition 3.1, we
obtain

I0(ε) = vF1(ε) +

v
∑

j=1

(

v

j

)

F2(ε) (4.2)

where

F1(ε) =

∫ ∞

−∞

ϕ1(x)

∫ ∞

−∞

γ(εa)hv(a, x)e
−iaθ(x)dadx,

F2(ε) =

∫ ∞

−∞

ϕ1(x)

∫ ∞

−∞

∂j

∂aj
γ(εa)hv−j(a, x)e

−iaθ(x) dadx,

(4.3)

and by ϕ1 we denote the fine function Θvϕ such that ϕ1(x) = 0 for every x /∈ [a, b], with
[a, b] the interval for which (ii) of Definition 3.1 holds and also hv ∈ H(N − cv, c, d),
and hv−j ∈ H(N − c(v − j), c, d), j = 1, 2, . . . , v. Similarly, and by using Proposition
3.3 for the integrals I1 and I2, we get

I1(ε) = I2(ε) = F1(ε) (for τ = 0),

I1(ε) = I2(ε) = F1(ε) +

τ
∑

k=1

(

τ

k

)

F2(ε) (for 1 ≤ τ ≤ v − 1).
(4.4)

But from (4.3), for the inner integral of F1(ε), it holds that for every a < b there exists
a constant C such that

∣

∣

∣

∣

∫ ∞

−∞

γ(εa)hv(a, x)e
−iaθ(χ) da

∣

∣

∣

∣

≤ C

∫ ∞

−∞

|γ(εa)| (1 + |a|)N−cv da

for every x ∈ [a, b], a ∈ R. For a given N we can choose v so that N − cv < −1.
Hence the integral on the right of the above inequality is finite, since γ, being good,
is bounded [cf. 5]. Therefore the inner integral of F1(ε) converges uniformly on the
interval [−p, p] for every p > 0. The same holds for the inner integral of F2(ε) because
it can be bounded by C0

∫ ∞

−∞
(|ε|+|y|)j−1γ(j)(y) dy, where y = εa. Hence F1(ε), F2(ε),

and consequently (by (4.2) and (4.4)) I0(ε), I1(ε), and I2(ε) are uniformly convergent
on [−p, p] for every p > 0.

(ii) c+ d > 1. Similarly to the above by replacing c by 1 − d.

Gathering our conclusions, we have that the integral F (ε) is split up into a finite
number of integrals which are uniformly convergent on the interval [−p, p] for every
p > 0 and every h ∈ H . The proof of the theorem is complete.

We now have all the pieces of information that are necessary to prove the main
result of this paper.

Theorem 1 . Let h ∈ H, γ a good function such that γ(0) = 1, and θ : R → R an

infinitely differentiable function with θ′(x) 6= 0 for x ∈ R. Then for x ∈ R, the weak
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limit

lim
ε→0

∫ ∞

−∞

γ(εa)h(a, x)e−iaθ(x) da

exists. This is denoted by
∫ ∞

−∞

h(a, x)e−iaθ(x) da.

Proof. From Remark 3.14 and using the same calculations as for the integrals I0, I1,
and I2 in the proof of Theorem 4.1, we observe that the integrals I3, I4, and I5 are of
the form

I(ε) =

v−1
∑

k=0

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

χ(a)γ(εa)hk(a, x)e−iaθ(x) dadx,

J(ε) =
v−1
∑

k=0

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

χ(a)
∂ρ

∂aρ
γ(εa)hk−ρ(a, x)e

−iaθ(x) dadx,

(4.5)

where ρ = 1, . . . , k, hi ∈ H(N − ci, c, d) for i = k, k − ρ. Therefore the integral
F (ε) given by (4.1) is split up into a finite number of integrals of the form F1(ε),
F2(ε) and I(ε), J(ε), given by (4.3) and (4.5), respectively, which are continuous
functions on the interval [−p, p] for every p > 0, because of their uniform convergence.
The limits of F1(ε) and I(ε) as ε → 0 are obtained by replacing γ(εa) by 1 in their
integrands. Also, for the integrals F2(ε) and J(ε), we make the substitution y = εa

which gives ∂k

∂ak γ(εa) = εkγ(k)(y), k = 1, 2, . . . , v, and we consider εk outside the two
signs of integration. Then the inner integrals of F2(ε) and J(ε) are finite (since for
that of F2(ε) we have chosen suitable v) and their outer integrals are independent of
ε. Therefore the limits of F2(ε) and J(ε) as ε → 0 are equal to zero. Consequently,
we arrive at

lim
ε→0

F (ε) = G, (4.6)

where G is the right-hand side of (3.7) with 1 instead of γ(εa) (in the integrands of I0
up to I5). Hence (by (4.1)),

lim
ε→0

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

γ(εa)h(a, x)e−iaθ(x) dadx

exists for every fine function ϕ. Also

wε(x) =

∫ ∞

−∞

γ(εa)h(a, x)e−iaθ(x) da (4.7)

is an infinitely differentiable function of x ∈ R for each value of ε which runs through
the points of an interval of R. In fact, let x0 ∈ R and choose a < b such that x0 ∈ (a, b).
By Definition 3.1, for every a < b there exists a constant C such that

∣

∣

∣

∣

∫ ∞

−∞

γ(εa)h(a, x)e−iaθ(x) da

∣

∣

∣

∣

≤ C

∫ ∞

−∞

|γ(εa)| (1 + |a|)N da

for every ε, x ∈ [a, b] and the integral on the right of the above inequality is finite (and
independent of x). Consequently from [5, Theorem 11.2] there exists a weak function
which equals the weak limit lim

ε→0
wε(x) for x ∈ R.
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5. Some properties of the transform

In this section, we obtain the weak derivative of the weak function defined in Theorem 1
and we also note a property of the above weak function. Accordingly, we state

Theorem 2 . If h ∈ H and θ : R → R is an infinitely differentiable function such

that θ′(x) 6= 0 for every x ∈ R, then

d

dx

∫ ∞

−∞

h(a, x)e−iaθ(x) da =

∫ ∞

−∞

{

∂

∂x
h(a, x) − iaθ′(x)h(a, x)

}

e−iaθ(x) da (5.1)

for x ∈ R, where the derivative on the left-hand side is a weak one.

Proof. By Theorem 1 and [5, Theorem 11.4], we have that the left-hand side of (5.1)
equals

lim
ε→0

d

dx

∫ ∞

−∞

γ(εα)h(α, x)e−iaθ(x) da

for x ∈ R (where γ is a good function such that γ(0) = 1). But, using the same
arguments as for (4.7), the above weak limit is, in fact,

lim
ε→0

∫ ∞

−∞

γ(εa)

{

∂

∂x
h(a, x) − iaθ′(x)h(a, x)

}

e−iaθ(x) da

which exists for x ∈ R (since ∂h
∂x − iaθ′(x)h ∈ H(N + 1, c, d)) and is denoted by the

right-hand side of (5.1).

Theorem 3 . With the notation of Theorem 2, it holds that for every x ∈ R
∫ ∞

−∞

∂

∂a
h(a, x)e−iaθ(x) da =

∫ ∞

−∞

iθ(x)h(a, x)e−iaθ(x) da

Proof. If γ is a good function, an integration by parts gives

lim
ε→0

∫ ∞

−∞

γ(εa)
∂

∂a
{h(a, x)e−iaθ(x)} da

= lim
ε→0

{

−

∫ ∞

−∞

∂

∂a
γ(εa)h(a, x)e−iaθ(x) da

}

. (5.2)

It holds that
lim
ε→0

P (ε) = 0,

where

P (ε) =

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

∂

∂a
γ(εa)h(a, x)e−iaθ(x) dadx

and ϕ is any fine function, for the following reason.
We substitute εa by y in the integrand of P and we consider ε outside the two

integral signs. Then by (4.1), P is F with γ′ instead of γ and by Theorem 1, P is
equal to a finite number of integrals of the form (4.3) and (4.5) with γ′ in place γ, the
limits of which as ε→ 0 are zero.

Therefore, the weak limit on the left-hand side of (5.2) exists and is equal to zero.
Hence, by Theorem 1, we conclude that

∫ ∞

−∞

∂

∂a
{h(a, x)e−iaθ(x)} da = 0

and the theorem is proved.
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6. Weak limits

The following result is useful in calculating the weak functions defined in Theorem 1.

Theorem 4 . Let θ : R → R be an infinitely differentiable function with θ′(x) 6= 0 for

every x ∈ R, and (hn) a sequence such that hn : R × R → R and the following three

conditions hold:

(i) hn ∈ (N, c, d) for every n ∈ N;

(ii) there exist h ∈ H(N, c, d) and a0 ∈ R such that

lim
n→∞

hn(a0, x) = h(a0, x)

for every x ∈ R;

(iii) for every p ∈ N the sequence
(

∂p

∂aphn

)

converges uniformly on R as n→ ∞.

Then

lim
n→∞

∫ ∞

−∞

hn(a, x)e−iaθ(x) da =

∫ ∞

−∞

h(a, x)e−iaθ(x) da.

Proof. From (4.6), with hn instead of h, we obtain that for every fine ϕ,

lim
ε→0

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

γ(εa)hn(a, x)e−iaθ(x) dadx = K(n),

where K(n) is the right-hand side of (3.7) with 1 instead of γ(εa) and hn in place of
h. Therefore, by Theorem 1, we arrive at

lim
n→0

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

hn(a, x)e−iaθ(x) dadx = lim
n→∞

K(n) (6.1)

Let K0(n) up to K5(n) denote the integrals I0 up to I5, respectively, of Remark 3.14
with 1 instead of γ(εa) and hn instead of h. We observe that the inner integrals of
K0(n), K1(n), and K2(n) are bounded by

∫ ∞

−∞

(1 + |a|)N−cv da,

when c+ d ≤ 1, and by
∫ ∞

−∞

(1 + |a|)N+dv−v da,

when c+ d > 1, which are finite integrals since we have chosen a suitable v such that
N − cv < −1 and N +dv− v < −1, respectively, for each case. Therefore the integrals
K0(n), K1(n), and K2(n) converge uniformly on N. The same holds for the integrals
K3(n), K4(n) and K5(n). Hence we can take the limit as n→ ∞ under both integral
signs, in order to calculate their limits.

It can be proved by induction that for every p = 0, 1, 2, . . . ,

∂p+λ

∂xp∂aλ
hn(a, x)e−iaθ(x) =

p
∑

q=0

(−1)q

(

p

q

)

∂p−q

∂xp−q

{

∂λ

∂aλ
hn(a, x)

∂q

∂xq
e−iaθ(x)

}

.

Consequently, by also using Leibniz’s Theorem for the derivative of an integral [1]
(since the conditions for the exchange of derivative and integral are fulfilled by con-
tinuity and uniform convergence) and integrating by parts j − i− r times in K1 and
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q −m− s times in K4, we obtain

K1(n) =

j−i
∑

r=0

(−1)j−i

(

j − i

r

)
∫ ∞

−∞

ψ(j−i−r)(x)

∫ ∞

−∞

{{

1 − χ(a)

a

}µ}(v−τ−µ)

×
∂τ

∂aτ
hn(a, x)

∂r

∂xr
e−iaθ(x) dadx (6.2)

and

K4(n) =

q−m
∑

s=0

(−1)q−m

(

q −m

s

)
∫ ∞

−∞

ω(q−m−s)(x) (6.3)

×

∫ ∞

−∞

χ(a)

{{

1 − χ(a)

a

}ρ}(λ−1−σ−ρ)

∂σ

∂aσ
hn(a, x)

∂s

∂xs
e−iaθ(x) dadx.

where the fine functions

ψ(x) = {Θµ
1 (x)Θv−µ(x)}(µ−j)ϕ(i)(x),

ω(x) = {1 − θ(x)Θ(x)}{Θρ
1(x)Θ

λ−1−ρ(x)}(ρ−q)ϕ(m)(x).

On account of the assumptions of the theorem (see also interchange of limit and
derivative in [1]), we observe that the limits as n → ∞ of the integrands of K0(n)

up to K5(n) are obtained by replacing the function ∂phn

∂ap by ∂ph
∂ap with p = 0, 1, . . . , v.

Therefore because of (6.2), (6.3) and the definitions of K0(n), K2(n), K3(n), K5(n),
it follows that

lim
n→∞

K(n) = G,

where G is defined by (4.6). Hence the left-hand side of (6.1) equals

lim
ε→0

∫ ∞

−∞

ϕ(x)

∫ ∞

−∞

γ(εa)h(a, x)e−iaθ(x) dadx

for every fine ϕ. By using Theorem 1 we complete the proof.
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