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Dirichlet internal layers
in an excitable reaction-diffusion system

Kunimochi Sakamoto

Abstract. In this paper we consider a singularly perturbed reaction-d iusion
system of excitable media type with Dirichlet boundary cond itions. We show
that there exist multiple equilibrium solutions with inter nal transition and/or

boundary layers. We also study the stability properties of t hese solutions.

1. Introduction

Chemical reactions with diusive transport e ects (Gray et al. [1990]), the devel-
opment of biological structures (Murray [1989]), and many dher pattern formation
phenomena in nature have been studied by using reaction-dusion equation models.
In such models, the interaction and the subtle balance betwen nonlinear reaction
kinetics and di usive e ects are responsible for a variety of spatio-temporal pattern
formations. When a system is described by a two-component nael of reaction-
di usion equations, we frequently encounter situations in which the di usion rate of
one (chemical, biological, or some other kind of) species imuch smaller than that of
the other. In such circumstances, singular perturbation me¢hods provide us with a
powerful tool to mathematically understand pattern format ion mechanisms.

In this paper, we consider the following 1-dimensional reaion-di usion equations
on a nite interval

Ug = 2ug + F(upv
‘ o F(UY) t>0 x2( I (1.1)
Vi = Vgx + g(u; V)
with the Dirichlet boundary conditions
ut bt)y=v( I;t)=0; 1.2)

where > 0 is a small parameter andl > 0 measures the size of the spatial domain.
Both of these are adjustable parameters. The reaction kingts (f;g) is of excitable
media type. A typical and suggestive example we have in mindg

f(uyv)=u(l u)(u a v; O<ac< 1=
guv)=u v > 0 small,
which has been widely used as a prototype of (1.1).
The system (1.1) has been studied rather extensively eitheon an in nite spa-

tial domain or on nite intervals with Neumann boundary cond itions. Under such
circumstances, the system (1.1) is known to have nonconstdrequilibrium solutions

Received November 10, 1993, revised June 15, 1994.
Key words and phrases: transition layer, reaction-di usion equations, singula r perturbation,

stability.
121



122 SAKAMOTO

with internal transition layers in the u-component (see Fife [1977] and Mimura, et al.
[1980]). These solutions are constructed by using two stakl branches of equilibrium
solutionsu = h (v) (see (H2) below) of the ordinary di erential equation u; = f (u; V)
and internal transition layers connecting the stable brandes. Therefore, one can ex-
pect that the stability of these solutions is mainly determined by the local e ect of
the reaction-di usion eld. In fact, Nishiura and Fujii [19 87] and Sakamoto [1990]
rigorously worked out the spectral analysis to determine the stability of such solutions
and gave a local condition which ensures the stability of thee solutions. The stabil-
ity of such solutions, as well as the stability analysis itsdf, is extremely delicate as
was shown by Nishiura and Fujii [1987]. Namely, the critical eigenvalues which de-
termine the stability are very small (of order O( )) and the spectral analysis requires
us to analyse a system of second-order di erential operatar with vanishing second
derivative and discontinuous potential. Despite the subtlety of the stability and the
stability analysis involved, it had been believed that the boundary conditions imposed
on the system would not have much e ect on the stability of the solutions with internal
transition layers.

Motivated by the above, the purpose of this paper is to study whether or not
equilibrium solutions with internal layers are stable under the Dirichlet boundary
conditions. We will show that the system (1.1) has a singulaly perturbed equilibrium
solution with two internal layers (see Figure 4). This solution, however, turns out to
be unstable under the Dirichlet boundary condition (1.2). Although the method of
construction of such solutions as above has been standard isingular perturbation
theories (Fife [1976]; Mimura, et al. [1980]), we will give & alternative way which
employs the Liapunov-Schmidt method. The stability analysis presented in Sections
3 and 5 improves the presentation of the previous paper (Sakaoto [1990]), where the
basic idea of the procedure was not stated clearly.

The result in the above cautions us to pay close attention to he boundary condi-
tions under which a system is considered. Moreover, due to # development of open
spatial reactors, a variety of experimental results exhibiing spatio-temporal patterns
have been reported in chemistry; and reaction-di usion mockls with the Dirichlet
boundary conditions (re ecting the fact that the system is open) have been numer-
ically, and theoretically to some extent, con rmed realistic and suitable to account
for the phenomena observed (Elezgaray and Arneodo [1991])herefore, our problem
(1.1),(1.2) is not only of mathematical interest, but also will be a stepping stone to
understand di erences between open systems (Dirichlet orhird boundary conditions)
and closed systems (Neumann boundary conditions or in in nie spatial domains).
Dirichlet boundary conditions also allow the system (1.1) to have patterns which can
not exist in closed systems. In fact, we will construct solutons with boundary and
interior transition layers and show that these are stable (®e Figures 5 and 6).

In this paper, we assume the following conditions orf and g (see Figure 1):

(H-1) f and g are smooth functions.

(H-2)  The nulicline of f consists of three piecesC.; C ; Co, where

Ci=f(uv), u=hi(v); v2lig i=0;+,; ;
I =(vo;1); lo=(vo;va); 1+ =(1 ;v1); Vvo<O0<v,
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and h;(v) (i =0;+; ) are smooth functions onl;. The nullcline of g intersects
that of f only at (u;v) = (0 ;0) which lies onC . Moreover g is positive on C.
and on Cy.

H-3) fu(hi(v);v) <O v2lii=+;

(H-4)  There exists a uniqu&v 2 (0;vy) such that J(v ) =0;JYv ) < 0, whereJ(v)
is de ned by J(v) = hh*((vv)) f (s;v)ds.

(H-5) (V) < O;v2 1;i=+; ,wheregi(v)= g(hi(v);v).

(H6) , g (s)ds+ " g.(s)ds> 0.

Figure 1. The nulicline of (f;g).

Under these conditions, we will show that the problem (1.1)(1.2) has steady state
solutions with internal and boundary layers for small > 0. Two types of such
solutions are constructed in this paper. The rst type is a sdution with two internal
transition layers. This solution is symmetric around x = 0. The second type is a
solution with one internal layer and one boundary layer. There are two solutions of
the second type, which are not symmetric aroundx = 0, but one is the symmetric
image of the other.

The equilibrium solutions of (1.1),(1.2) satisfy

0= U +f(UV); 0= vy +g(u;v); u( 1)=0; v( I)=0: (1.3)

+
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In order to construct solutions of (1.3), we rst solve the outer problem,

g (v); v2][vo;v ]

Vix + g (v)=0; x2( LI); v( D=0; g(v)= g+ (v); v2(v;v]:

(1.4)

For problem (1.4), we have the following:

Figure 2. Proles of symmetric outer solution (Us; Vs).

Theorem 1. Under the conditions (H-1) to (H-6) there exist a numberly > 0 and
four functions,

Xs(1) > 0; xa(l) > 0; Vs(x;1); Va(x;1); 12 [lo;1); x2[ LI

such that
(i) Vs is a solution of (1.4), Cl-matched at xs(I) , and satis es
Vix +9 (V)=0; I<x<  Xxs(1); Xs(l) <x<I;
Vix + 8+ (V) =0; Xs(1) <x<x s(I);
V(D=0; W% (0)=0; V( xs(1))=v; V( x)= V()

(i) Va is a solution of (1.4), Ct-matched atx,(l), and satis es

Vix + 9 (V)=0; I<x<x a(l);
Vix + 0 (V)=0; xa(l) <x<I;
V( )=0; VXa)=v;
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Figure 3. Pro les of antisymmetric outer solution (Ug; Va).

(i)  The functions xs(1) and x4(1) are smooth inl 2 (lp; 1 ) and satisfy
Z dv )
v 2 i" g+ (s)ds
\
M xa()=21lm xs()+ v
' ' 0 2 ,°g:(s)ds

i %400

where ¢ 2 (v ;vi) is a unique solution of
Y4

g (s)ds+ 0+ (s)ds=0:
0 \Y

In terms of the functions Vs and V5 , one de nes so-called outer solutions of the
problem (1(.3) given by the pairs Us; Vs); and (Ua;VEl) (see Figures 2, 3), where

h (Vs(X)); xs() < jxj<l Ua(x) = h (Va(x)); I <x<x a(l);
he (Vs(X)); jxj < xs(1); 2 he (Va(x))  Xa(l) <x<lI:
The function Us(x) is smooth except for two jump discontinuities atx =  xg(l) and

satis es the boundary conditions in (1.3). The function U,(x) is also smooth except
for a jump discontinuity at x = X5(I) and does not satisfy the boundary condition in

\

Us(x) =

(1.3) at x = I: By taking advantage of the small parameter 2 in front of the second
derivative uyy in (1.3), one can construct two solutions of (1.3) for small > 0. One
solution has two internal transition layers of width O( ) near x = xg(I), and the

other has one internal transition layer of width O( ) near x = x4(l) and one boundary
layer at x = |. These two solutions are close, in a sense speci ed later, tthe outer
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solutions (Us(x); Vs(x)) and (Ua(X); Va(Xx)), respectively. More precisely, we have the
following theorem (see Figures 4, 5, and 6).

Theorem 2. Under the conditions (H-1) to (H-6), there is a constant ¢ > 0 such
that for each | > | o, the problem (1.1), (1.2) has two -families of equilibrium solutions
(ug;vg) and (uy;vy) for 2 (0; o] satisfying
(i)

lim jv; (x) Vi (x)i =0

uniformly on [ ;1] for | = s;a;

(iis)

lim jus(x)  Us(x)j =0
uniformly on any compact sets off I; Xs(I)) [ ( Xs(D);xs(D)) [ (Xs(1);1];
(iia)

lim jua(x)  Ua(x)j =0
uniformly on any compact sets off I;xa(1)) [ (Xa(1);1);
(i) for each > 0 small, the set

fx2[ EIL juy(x) Ui g

consists of intervals of widthO( ) as ! O near x = xs(l) (for j = s) or near
X = Xa(l) and x = | (for j = a).

Figure 4. Pro les of symmetric solution (ug; Vs).
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Figure 5. Pro les of antisymmetric solution (u,;V,).

Figure 6. Pro les of antisymmetric solution (u ;v ).
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As for the stability properties of the solutions (ug;vs) and (u,;v,), we have the
following result.

Theorem 3. (i) For > 0 small, the solution (ug;Vs) is an unstable steady state
solution of the parabolic system(1.1),(1.2). More precisely, there is a constant ¢ > 0
such that the eigenvalue problem associated with the linéaation of (1.1),(1.2) around
(ug;vs) has exactly two simple, real eigenvaluesg and , in the region < > 0

and the remaining part of the spectrum is contained in the remn < o: The two
eigenvalues have the following asymptotic expressions:
s= (s*t0l); .= (atol); a ! 0 %<0 %>0;

and the corresponding eigenfunctions are symmetric and argymmetric, respectively.

(i) For > 0 small, the solution (u,; v,) is a stable equilibrium solution of the
parabolic system(1.1), (1.2). In the region < > 0, there is exactly one simple,
real eigenvalue of the eigenvalue problem associated withet linearization of (1.1),

(1.2) around the solution (u,;Vv,). This eigenvalue has the asymptotic expression =

("+0(1)) as ! 0, < 0, and the remaining part of the spectrum is contained in
the region < 0.

If we denote by U ,(x);v (X)) the pair (u,( x);v,( X)), then it is also an equi-
librium solution of (1.1), (1.2) with the same stability pro perty as (u,;v,): Since
the eigenfunction associated with the unstable eigenvaluef the symmetric solution
(ug; vs) is antisymmetric (which corresponds to translation in the limit 111 ), itis
suggested that there are two orbits of (1.1), (1.2) which comect (ug; vg) with (ug;Vv,)
and (u ,;v ,), respectively. See Figure 7a, in whichV ¢ stands for the stable manifold
of (ug;Vvg). This is numerically con rmed, as the pro les in Figure 7b show.

Figure 7a. Phase portrait near Ug;vs) and (U 4V ).
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Figure 7b. Numerical simulation of the orbit connecting (ug; vs) with (U ;v ).



130 SAKAMOTO

Figure 7b (continued). Numerical simulation of the orbit connecting (ug; vg) with (u 4 v ).
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In this numerical simulation, we used the following nonlinearity
f(uyv)=u(l u)(u a) v;

glu;v)=u v, (15)

with a =0:25; = 0:25, and the layer parameter = 0:01. The symmetric equilib-
rium solution in Figure 7b was obtained by solving the evoluion equation (1.1) with
a symmetric initial function. Note that the symmetric equil ibrium solution is stable
under symmetric perturbations. The numerical integration was carried out until the
pro le settled down. We then added an antisymmetric perturbation to it and contin-
ued the numerical integration further. After a short period of initial relaxation, one
can observe the pro le with a well-de ned layer structure moving slowly towards the
left. As long as the position of the left layer is not close to he boundary, the pro le of
the solution is almost identical to a translation of the symmetric equilibrium solution.
When the position of the left layer comes closer to the boundsy, it speeds up and the
internal layer quickly settles down to the boundary layer. At this stage, the position of
the right layer is still moving slowly towards the left, and t he entire pro le eventually
converges to that of the antisymmetric equilibrium solution (u ;v ).

To understand the meaning of Theorem 3(i) better, let us congler the system (1.1)
under the following boundary conditions

u( ) @ Jw( Dh=0=v(h @ IHw(D;
u+@  ux()=0= v(H+@ Jw(l);
where 0 1. When = 0, the equilibrium solution with transition layers is
stable (Nishiura and Fujii [1987]) and it is unstable when = 1, which we have
shown. Therefore, one may expect that there is a critical vale 2 (0;1) where
the stability property changes when is varied. This statement turns out to be true,
which will be reported in a future publication.
Throughout the paper, we use the following notation.

HO= L?[ I;0]; HI = HI[ I;0];j =1; 2; the usual Soboley, space.

H2 = H?[ [;0] equipped with the weighted normjjujj 2 = jZ:O ji 1du=dx jj:

H3y =fu2H?ju( 1)=0= u(0)g:

H3, = fu2H2Zju( 1)=0= u(0) g.

H 3w =RH 2y equipped with the weighted normk ki .

hu;vi = OI u(x)v(x)dx , the L? inner product.

2. Approximation

In this section, we construct approximate solutions to the problem (1.3) which exhibit

appropriate internal and/or boundary layers. The procedure in this section closely
follows that of Ito [1985] and Sakamoto [1990]. See Mimura,teal. [1980] and Nishiura
and Fujii [1987] for another treatment.

2.1. Outer solutions.  Consider the phase plane o+ g (v) = 0 (see Figure 8).
Let [1( ) be the \time" spent between A and B, and I>( ) the \time" spent between
B and C whereC =( ; 0). We have

z

Zv dv dv
()= 4= = Dol ) = :
0 2, 9 (9)ds+2 | g:(s)ds V.2, 0:(s)ds




132 SAKAMOTO

Figure 8. Phase plane ofvy, + g (v) =0.

for 2 ( o;v1), where ¢ is de ned in Theorem 1 (iii).
The desired solutionVs can be determined by solving;( )+ I2( ) = |. One can verify
1LY )< 0andl,°> 0 duetog. > 0andg.°< 0. Moreover, one has

lim 11 )=1: lim 19 )= 1 ;
! 0 ! 0

0< Imly()<1; 0< lim I3 )<1:
! 0 ! 0

Therefore, one can show that the time magds( ) = 11( )+ I2( ) is monotone decreasing
for near o ( > ). Therefore Is( ) = | has a unique solution = () for
2 ( o;v1) near o andl > 14 for somely, > 0 (see Figure 9). For such a choice of
s(D), xs(1) is given by
ZAN0 dv

Xs(1) = e
v 2" 0 g, (9)ds

To construct V,, one needs to solve 2= 11( ) +215( )+ I3( ) = 214( ), where
I3( ) is the \time" spent between B and D on the phase plane ofv®+ g, (v) =0 in

Figure 8 and given by 2

v dv
ls( ) = 1
0 2, g+ (s)ds
Therefore, arguing as above, the equation 2= 21,( ) has a unique solution = 4(I)

for 2 ( o;v1)closeto o andl>1q. For such choice of 4(1); xa(l) is given by

xa() =1 22 a(1)) 1s( a(l):



DIRICHLET INTERNAL LAYERS 133

Figure 9. Time mapsls( ) and l5( ).

2.2. Inner approximation for symmetric solutions. In order to construct the

symmetric solutions (ug; V), we work on the half interval [ I; 0]. The outer solution

Us has a jump discontinuity at x = Xg(l) which can be smoothed out by an inner
solution. The inner solution is obtained as follows. Consiér the problem

Py + f (U; Vs(x)) =0

By changing variablesu = H (Vs(x))z + h (Vs(x)) with H(v) = his(v) h (v), and
introducing a stretched variable y = (x + x5(1))=, the above equation becomes

Hz+2Hyz+ 2(Hxxz"'(h ) )+ F(Hz+h ;Vs(y xs(1)))=0;

where z_means the derivative of z with respect to y and the functions H and h
are evaluated atVs(y  xs(l)). Substituting the expression z(y) = zo(y) + z1(y) in
the above and equating the coe cient of each power of separately to zero, we have
equations forzy and z;:

H(v)zo+ f(H(v)zo+h (v);v)=0; y2(1 ;1); (2.1)

Hv )z + fuHV )ze + FuHAY )zo(y) + h Av )1+ fu(1) Vex (v )y
+ HAV )2o(y)Vex (v )y + 2HAV )zo(y)Vex (v ) = 0; (2.2)

wheref(]) and f(]) are evaluated at (u;v) =(H(v )zo+ h (v ); v ). Itis easy to
show that the above equations have solutions satisfying

lim zo(y)=1; lim 2zo(y)=0; [lim z,( y)=0;
y'l y'l y'1

with the convergence being at an exponential rate (see Haleral Sakamoto [1988]).
Let Z(y) = zo(y)+ zi(y). We glue the outer solution Us and the inner solution Z (y)
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together. Using smooth cut-o functions o(x), 1(x) satisfying

o(x) =1 for jxj o(X) =0 for jxj 0 oX) 1,

_t _1
axs(1)’ 2xs(1 )’
1(x)=1  o(x)forx 0O; 1(x)=0for x< 0
we de ne a tentative approximation for u as
h [
X + xs(1)
Ur(x) = H(Vs(X)) Z(———) olx+ xs(1)) + 1(x+ xs(1)) +h (Vs(x)):
A tedious computation shows that (U ;Vs) satis es the rst equation of (1.3) within
the order of O( 2) except at the point x = xs(l). On the other hand, the same pair
of functions have only C*-regularity. Besides having discontinuous second derivates
at x =  xs(I), the pair (U;;Vs) cannot be a good approximation to a solution of
(1.3), since we only have
J(Vs)xx + g(UT;Vs)le = 0(1):
To remedy this defect, we add an appropriate correction toVs. Let us dene S (y)
by
Z y Z, h
S (y)= g(Ur (s xs(1));Vs(s  xs(1))
( xs)=( I+xs(1)= i
g(Us(s xs(1);Vs(s xs(l))) dsdt;
Zx,= £ x;0)=h
S« (y) = g(Ur (s xs(1));Vs(s  xs(1))
y t

i
g(Us(s  xs(1)); V(s xs(1))) dsdt;

and S(y) by 8 H i
3S(y) S O+ysS () ofy) y O
S(y) = 3 h i

“Se(y) Sc(O)*+ySi(0) o(y); ¥y O
We then de ne V, by

Vo (x) = V() + 28 XX

A direct computation similar to that given in Hale and Sakamoto [1988], Sakamoto
[1990] shows thatV,, is of C2?-class, and

Mok * 9(Ur; Vo)i: = O():
By using this, we dene V and U by
V (x) = Vi (X) + Vo (X)

and _
_ "X+ xs() ! |
U (X)=H(V (X)) Z(—) olx+ xs()) + 1(x+ xs(1)) +h (V (x));
where V; will be chosen so that

Vixk + 9(U ;V)=0 (2.3)
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is satis ed. To see that this is possible, letU, be de ned by

h [

x + Xs(I)
Up(x) = H(Vo (X)) Z(22y o+ xe() + 1(x+ xs(1)) +h (Vo (X))
and Dy U, by
h i
DuUp(9) = HAVo () Z( 22y ik e+ 2+ xs(1)) + h YV ()

Then equation (2.3) becomes

MoVy +[Voxx + 9(Up: Vo)l + G (V1) =0; (2.4)
where
MoV = Vi +[9u(Ug; Vo )DvUg + 6y (Ug; Vo)IVy
G (Vi)=9g(U:V) 9(Uo;Vo) [9u(Uo;Vo)DvUg + gv(Uo; Vo)IVy
= O(jV1 *):
Lemma 1. The operator My : H3, ! HP? has an inverse whose norm is bounded

uniformly in = 2 (0; o], 1 2 (Ip;1).

For the proof of this lemma, see Lemma 3.3 of Sakamoto [1990].

Lemma 1 implies that the equation (2.4) has a unique solutionV; with the property
kV; kg2 = O( ). We choose U ;V ) to be our approximate solution to the problem
(1.3) and seek a true solution nearby. It turns out to be convaient to change variables
in (1.3) for the subsequent analyses. By introducing a new geof variables (u;v) via

u=U +u+DyUvVv;, v=V +vy; (2.5)

where

h i
DU ()= HAV () 2220y ok xam)+ a0+ xs(l)) + RO (V (0);

the equation (1.3) for the new variablesu; v becomes (after dropping the underlines)

Lu+Nv+R;+ F(u;v)=0;

2.6
M v+ g,v+t R, + Fy(u;v) =0; (2.6)
whereL : H3y ! HO N :H3y ! H% andM :H3, ! HP° are second-order
di erential operators de ned by
Lu= 2Zuy + fy(U;V)u; (2.7)
Nv=L (DyUV)+ f,(U;V)y; (2.8)
M V= v +[gu(U;V)DWU +g(U;V )y, (2.9)

and g, = gu(U ;V ). The terms R;, R, are residues:

Ri= 2Uy, +f(U;V); Ry=V,+glU;V) O (2.10)
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A computation similar to that given in Hale and Sakamoto [1988] shows thatkR ko =
O( ?). The terms F,, F, are higher-order ones in (; V), and given by

Fi(uyv)=f(U +u+DUV;V +v) f(U;V) fy(U;V)u
[fu(U;V )DWU +fy(U;V )]y

Fo(u;v)=g(U +u+ DU V;V +v) gU;V) gu(U;V)u
[u(U ;V )DyU + gu(U ;V )]v:

We will show that the problem (2.6) is solvable near {;v) = (0 ;0). For this purpose,
some properties of the linear operatord. , M , N will be studied in the next section.

2.3. Inner approximation for antisymmetric solutions. In order to construct
antisymmetric solutions (u,;v,), we follow the procedure of the previous subsection.
The outer solution U, has a jump discontinuity at X = x,(l) and fails to satisfy the
boundary condition at x = I. The jump discontinuity can be smoothed out in the
same manner as in the previous subsection, while a boundartgyer correction will
make the boundary condition satised at x = |.

Let us start with the boundary-layer correction. Consider the equation

2Uye + (U;Va(x) =0:

Using a stretched variabley = (x 1)=, and substituting u = u8+ u?, we obtain the
following problems for u§ and u}:

g+ f(udiVa(1))=0; ug(0)=0; ug(1 )= Ua(l);
U? + fu(UB:VaU))Ulf + fv(UB:VaU) )WVax (1)y = 0;
u?0)=0; ud(1 )=o0:

These problems have a unique solution, andi§(y) Ua(l) and ub(y) decay exponen-
tially at y= 1 (see Fife [1976]). We now let

Up(y) = ug(y) + ub(y):

We now turn to an internal-layer correction. This is almost identical to the previous
subsection. Changing variables fromu to z via u = H (Va(X)) z+ h (Va(x)) and
introducing a stretched variabley = (x  Xx4(l)) =, one obtains an internal correction

Z (y)= 2o(y) + za(y);
where
lim zo(y)=1; lim zo(y)=0; lim z( y)=0;
y'l y'l y'l

with the convergence being at an exponential rate. In order ¢ glue U, U,, and Z
together, we choose smooth cut-o functions o, 1, satisfying

R i L
o(x)=1; for jx; A o(x)=0; for jxj 2, 0 o) I

wherel; =limp; (I xa(l)), and

1(xX)=1 o(X); forx 0; 1(x)=0 for x< O:
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By using these, we de ne a tentative approximation for u as

h [
Ur00 = HOG0) 22D o0 s+ a0 xalh)

h X | |
+ Uy(——) Ua(l) o(x 1)+ h (Va(x)):
We dene S (y), and Sp(y) by
Z, Z,
S (y)= [9(Ur (s + xa(l)); Va(s + xa(1)))
C1xa= (1 xa(l)=
g(Ua('s + xa(l)); Va('s + xa(l)))] dsdt;
Z( xay=2 £ ( xa()=2
S:(y) = t [9(Ur (s + xa(l)); Va('s + xa(l)))
y
g(Ua('s + xa(l)); Va('s + xa(1)))] dsdt;
y Z

So(y) = [9(Ur (s +1);Va(s +1)
(I+xa()=2  ( xa(1))=2

g(Ua('s + 1); Va('s + 1))] dsdt:

Note that the upper limits in the de nition of S, (y) and the lower limits in the
de nition of Sy(y) in the above are specied as they appear to makeS (x) (to be
de ned below) C2-matched at x = (|1 + x,(1))=2. We also de ne S(y), Sp(y) by

8

sw) <S (y) S 0+ysS(0) o(y); y O
y)=.
"Si(y) S:(0)+ySi(0) o(y) Yy O
So(y) = So(y) So(0) o(Y); y O
By using these,S is de ned by

s (0= s Xy, g 1y,

and Vy, is de ned by
Voa(X) = Va(x) + 2S (x):
One should notice that V,, is of C2-class, and that
J(Moa)xx + 9(Ur i Voa)iL: = O():
We nally de ne V, and U, by
Va (X) = Via(X) + Vpa(x)

and

h [
U0 =V 00) 22D 660 xa+ a0 xa)

h X [ |
+ Upy(——) Ua(l) olx D+ h (Va(x));

where V;, will be chosen so that
(Vadxx + 9(Ua; Vo) =0
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is satis ed. The remaining part follows from the same line ofarguments as the previous

subsection, and we arrive at
L.u+ N,v+ R, + F,,(u;v)=0;
a a la 1a( ) (2.11)
MaV+ guV + R2a + F2a(U;V) = 0;

whereL,: H35 [ 110 HO[ LI, Na:H3 [ LI1Y HO[ 1], and M i H35 [ 1;1]
I HO[ [;1] are the second-order di erential operators de ned by

Lu= 2ux + fu(Uy; Vy)u; (2.12)
N,v=L,(DyU,Vv)+ fy,(Uy; Vo)V, (2.13)
MaV= Vxx +[QU(Ua;Va)DVUa+ gV(Ua;Va)]V (2-14)

and g, = gu(U,; V,). The terms Ry,, Ry, are residues:
Rla = 2Uaxx + f(Ua;Va); R2a = Vaxx + g(Ua;Va) 0: (2'15)

A computation similar to that given in Hale and Sakamoto [1988] showskR Ko 1] =
O( 2). Fy,, F,, are higher-order terms given by formulas similar to those ofF;, F,.

3. Linear analysis

In the previous section, the existence of transition-layersolutions was reduced to
showing the solvability of the equations (2.6) or (2.11) on gpropriate function spaces.
The key in this setting is detailed information on the linear operatorsL , etc.

3.1. Analysis for symmetric solutions. In this subsection, we consider the oper-
atorsL , M , and N with the two sets of boundary conditions

(DN) u( N=0= uyx(0); v( 1)=0= v (0)
and
(DD) u¢ D=0= u(); v( I)=0= v(0):

All the results in this subsection are valid for both of theseboundary conditions unless
stated otherwise. We refer the reader to Sakamoto [1990] foproofs of Lemmas 2, 3,
4, and 6.

Lemma 2. Letf ; ,gi, be a system of complete orthornomal eigenpairs of the
operator L .

(i) There exist ¢ > 0, o> O such that ; 0, for 2 (0; o).

(i) Iimo o =0 uniformly in 12 (lp;1 ).

iii) There are constantsk > 0, > 0 such that

i 000 ki ol xs()jexp — X XsOI

(iv) If the eigenfunction | is normalized so that ,(0) > O, then we have

p- .
oly xs()! KH(V)zly); as ! 0 inCi(1 ;1)
uniformly in 12 (lp;1 ), whereK !is
S =
<1

K '= ) iH (v )zo(y)j2dy:
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(v) The following limit exists.

Iilmo—°= K23%v )WVex ( xs(1)) =2 o

Lemma 3. There exists a constant ; > 0 such that the principal eigenvalue , of
M :H3, (or H3;)! HO%satises o< ifor 2(0; oJand!2 (lo;1).

In order to solve the eigenvalue problem (3.1) below, we needome estimates on
operators obtained fromM and N .

Lemma 4. The following statements are valid as ! 0, uniformly in | 2 (lp;1 ),
and< > 1.

M NM )b .=00)

i) M ) g .. =0

i) N(M ) g o 4= O0)

(iv), (M ) IN O(p "), where N is the adjoint of N .

We consider the following eigenvalue problem.

H21 H2

L N W w
g, M z =z
For this problem, we have

. W;Z2 H3y (3.1)

Lemma 5. Let o =min( o; 1). The eigenvalue problem(3.1) has a unique, simple,
real eigenvalue in the region< > 0. Moreover, has the asymptotic expression

= + 0o(); where <0

Proof. Lemma 2 implies that the second equation of the eigenvalue mblem (3.1) can
be solved inz as
z= M ) lgow= (M ) g,( o+ wi); where hwi; 4i=0
for < > o- Substituting this into the rst equation, one obtains
(o0 ) hM ) 'au( ot wi);N 4i=0
(L Jwi QN (M ) fgwi= QN (M ) "o o
where Q is the orthogonal projection onto the complement of the spanof , in H°.

By Lemma 3(iii), the second equati)?n in the above can be solain w; as

wi= K’ o Kiu= (L )fNM ) g "u

n 0

Therefore, in the region< > o is an eigenvalue of the problem (3.1) if and only
if

(o ) hM ) "gu( 0+ K ohiN =0
is satis ed. The operator K * satis es the following

Lemma 6. The statements(a), (b), and (c) below are valid uniformly in 2 (0; o],
12 (lp;1),and < > 0-

(@ K :H%!I HJ, (or HEp ) is bounded.

(b) kK okyo=0O().

) M ) g, K o . = O().
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Therefore = O( ) follows, so that one can put = + o( ). We now compute
’ 1 1 . .
o =lm ZhM( +0()) gy oify oi:
The limit in the last equation can be rewritten as
1 1 - p- p-.
im=hM  ( +0() ‘g oify ol =MHM ) TG, o= ify o= |

: p-
= Il!mohz fy o= 0

where
- 1, P-
z = ( M ) Qu o= -
In order to evaluate the last limit, the following lemma is essential. One should keep
in mind that z 2 H3, here.

Lemma 7. (a) Foreach 2H?,

imh:t 2= K IW) ( xs(l):
(b) As ! 0, the function z has a limit z in H! which satis es
z( ) (D) hz; xi+Bz; i=KJg() g (v)] ( xs(l)); for 2HY

whereB = g qVs(x)):

For the proof of this lemma, see Nishiura and Fujii [1987].
From this lemma, we know

imte f, =i = K I )z ( xs(l)):

If one takes = Vg as a test function in Lemma 7(b), and uses the fact thatVeyux +
B Vsx = 0 other than the point x = Xxg(l), then one nds, by using integration by
parts, that
Z (O)Vsux (0) + 2, ( 1)Vesx (1)
)= K V I :
z ( XS( )) SX( XS( )) g+ (V ) g (V )
Therefore, recalling o= K2JYv )V ( xs(1)), we have
z,( DVsx( 1)+ z (0)Vsxx (0)
g(v) g (v)
Taking =1 as a test function in (b) of Lemma 7, one obtains,

z,( )+ lB (x)z ()dx =K [g:(v) g (v)]>0
|

=K Jqv)

Sincez satisesz, + B (xX)z =0for x6 xs(I), if z,( 1)> 0,thenz (x) > Qs
true for x 6 |, which contradicts the relationship in the above. Hence,z (0) < 0
and z,( 1) < 0 follow. Also, an easy comparison argument implies

cosh(x s())
sinh( (I xs(1)))

where and are constants satisfying

jz( 1) iz (0);

0< < min jB (X)j; > max jB (x)j:
I x 0 I x 0
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Thereforejz,( 1)j5z (0)j! Oasl!1l . Moreover,0<Vg( I)! Oasl!l and
Vsxx (0) < 0 is bounded away from zero a$!1 . Therefore for largel, sayl > 1 o,
is negative (see Figure 10). The simplicity of the eigenvala in Lemma 5 can be proved

Figure 10. Proles of z and V.

in a manner similar to Sakamoto [1990] by using Lemma 4 (iv). This completes the
proof of Lemma 5. In the next section, we will show the solvality of the equation
(2.6) via the method of Liapunov-Schmidt.

3.2. Analysis for antisymmetric solutions. Since the analysis for antisymmetric
solutions is almost identical to that of symmetric solutions, we will not repeat the
details. We will also use frequently the same symbols as in # previous subsection to
represent objects which have an apparent counterpart there
We consider the following eigenvalue problem
L, N, w w

o M. z = 7 x2 (L) (3.2)

with the boundary condition
w( D=0= z( D):
In this subsection, we prove the following.

Lemma 8. There exists a o > 0 such that the eigenvalue problen(3.2) has a unique,
simple, real eigenvalue in the region < > 0. Moreover, has the asymptotic
expression

= "+ o0(); where "< O
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The operatorsL,, M,, and N, have properties similar to those forL , etc., and
the operator L, has one small eigenvalue (of orde©( )). The boundary layer in the
antisymmetric solutions does not contribute to introduce a small eigenvalue ofL,.
Following the same line of arguments as in Section 3.1, one aves at

o ~=lim M, (A o) Yo, oify o

where o= KZ2JYv )Va(xa(l)). The limit in the last equation can be rewritten as
1 . p- p_
im =HMo 2+ 0o()) " oify of =IMAM,) Tg, o= ify o=
=:lim te if, o= i

In order to evaluate the last limit, the following lemma is essential.

Lemma 9. (a) Foreach 2 H?'[ Il],
imh:f 2 Ti= K IW ) (xa(l)):

(b) As ! 0, the function z has a limit z in H! which satis es
z(1) ) zZ( ) (1) hzg i+ z; i=KI[g(v) g (V) (xa(l);
for 2 H! whereB = g (Va(x)).

From this lemma, we have

imte f, =i = K I )z (xa(1)):

If one takes = Vux as a test function in Lemma 8(b), and uses the fact thatVaux +
B Vax =0, then one nds, by using integration by parts, that

_ Z (DVax (1) z,( DVax (1),
z (Xa(l)) = K Vax(xa(l)) + e ) g )
Therefore, recalling o= K2JYVv )Vax (Xa(l)), we have

A=K IV ) [ZDVax (D) 2 DVax( DIEGe(v) g (v)I:
Sincez, (1) > 0 and Vax (1) < 0 are bounded away from zero ag!1 , while z, ( I) <
O;Vax( 1)> 0,gotozeroad !'1 ;”"is negative for largel, sayl > | ¢ (see Figure 11).
This completes the proof of Lemma 8.

4. Proof of existence
We rewrite equation (2.6) as

LW+R +F (W)=0; 4.1)
where

_ L N . _ u _ Ry . _ Fi(uv)
L = g, M » W= v R = 0o F (W)= F,(u; V)

From the main result in the previous section, we know that the operator L has a
critical eigenvalue  with an associated eigenfunction
p_ .
- 1 = [0t K o]

2 (M ) o, 1
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Figure 11. Proles of z and Va.

and that the remaining part of the spectrum of L is bounded away from zero uniformly
in 2 (0; o]. If we denote by P the projection onto the span of in H® H? and
decomposeW asW = a + W;, ? Wy, then the equation (4.1) is equivalent to

1

a +————mR +F (a +Wp);, i=0; 4.2)
k kHO HoO
LW+(l P)R +F (a + Wjp)]=0: (4.3)

The last equation (4.3) is solvable inW; asW; = W, (a). Substituting this into the
equation (4.2), and dividing by , we obtain a scalar equationB(a; ) =0 in a and |,
where

1

B(a; )= a" + ———MR +F (a + Wy(a); I 4.4)
K Ko o
with ~ = =, The solvability of the scalar equation (4.4) will prove Theorem 2.

The principal parts of W, (0) and D,W, (0) are respectively given by
W0 (L) Y1 P)R; DaWy(0) (L) (I P )DuF (W;(0)
SincekR kyo yo = O( 2), one easily nds that
KW, (O)ky2 w2 = O( 2); KDaW; (O)kye w2 = O( °72):
Using these together withk  kyo o = O(p "), one can compute the following limits:
Ii!mOB(O; )=0; Ii!mODaB(O; Y= <O

Therefore, using the implicit function theorem, Fgne obtains the solvability in a of the
equationB(a; )=0as a= a( ) with a( )= O( ).
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If we denote the u- and v-components ofa( ) + W;(a( )) by u; and v,, respec-
tively, then the desired solution (ug; v,) in Theorem 2 is given by

Ug=U + DU v, +u;; vg=V +vg: (4.5)

This completes the proof of Theorem 2 for the symmetric solubn. The proof of
Theorem 2 for the antisymmetric solution is exactly the sameas above by using the
results of Subsection 3.2, and hence will not be repeated.

5. Stability analysis

In this section, we analyse the stability property of the symmetric solution obtained in
the previous sections. The arguments here are almost idertal to those of Section 3.
We consider the eigenvalue problem
2d2=dx? + f f, u _ u |
Oy d?=dx? + o, v v ' (5.1)

with the boundary conditions u( 1) =0, v( 1) =0, where f,, etc., are evaluated at
(u;v) = (ug; V). Because the functionsf ,, etc., are even, all the eigenfunctions are
either even (symmetric) or odd (antisymmetric). Therefore one is allowed to consider
the problem on the half interval [ 1; O] by examining equation (5.1) with the two sets
of boundary conditions (DN) and (DD) which appeared in Section 3.1.

As was done for the existence proof, we change variables in ¢habove equation by

u=DyUz+w, v=z:
The resulting equation for (w; z) is

L N w _ 1 DU w
g, M z 0 1 z

where the operatorsL , M , and N are given by the same formulae as in Section 2,
but with the derivatives of f, g evaluated at (u; v) = (ug; V). All the results in Section
3 concerning these operators are valid for those in this seicin. Therefore the second
equation in (5.2) can be solved inz, and substituting this into the rst, we obtain

(o0 )hM ) 'g( o+w);(N D,U) (i=0;
L w QN DW)YYM )'gwi=Q(N DWU)YM )1'g o

SinceD,U is bounded by a constant independent of , there is a positive constant
such that if j j < then! the second equation in the above is solvable iw; as
wi = K . Substituting this into the rst equation, we obtain

(o J1 h(M ) 1gu( o+t K );DyU ]
= h(M ) fu( ot K& o)ify i

Arguing as in Section 3, one nds that = O( ). Therefore, with = 4 + o(),
j = s;a, one nds

; (5.2)

1 o
o =lim IM (4 0() oy oify o =S a

Lt jj , then an argument in Nishiura and Fujii [1987] shows that < < 1 for some 1> 0.
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The symmetric case [ = s) is exactly the same as in Section 3, therefore
K JAv ) [z,( DVsx( 1)+ 2 (0)Vsx (O)] _
[9-(v) g (v)]

-
s =

0:

Figure 12. Proles of z, and V.

In order to examine the antisymmetric case { = a), we need the following lemma.

Lemma 10. (a) Foreach 2 H1,
imh:t 2= K I ) ( xs(l)):

(b) Letz, = (M) 1g, 0=p_ with the boundary condition (DD). As ! 0, the
function z,has a limit z, in H* which satis es
Zx(0) (0) zg (1) (1) hzg; xi+MB zy; 1=K g(v) g (v) ( xs(1);

for 2 H?! whereB = g (Vs(x)).

From this lemma, it follows that

o %= limtrit, =i = K I )za( xs(1):

If one takes = Vs as a test function in the above, one nds

| SX |
z.( Xs(1))= K Ve ( xs(1)) %:

Therefore
Zo ( DVsx (1)

A 0
2= KIS WY g w)
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which is positive sinceJqv ) < 0, z,( 1) < 0. This completes the proof of Theorem
3(i) (see Figure 12). The proof of Theorem 3(ii) is the same ashat of Lemma 7 in
Subsection 3.2.
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