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Dirichlet internal layers

in an excitable reaction-diffusion system

Kunimochi Sakamoto

Abstract. In this paper we consider a singularly perturbed reaction-diffusion
system of excitable media type with Dirichlet boundary conditions. We show
that there exist multiple equilibrium solutions with internal transition and/or
boundary layers. We also study the stability properties of these solutions.

1. Introduction

Chemical reactions with diffusive transport effects (Gray et al. [1990]), the devel-
opment of biological structures (Murray [1989]), and many other pattern formation
phenomena in nature have been studied by using reaction-diffusion equation models.
In such models, the interaction and the subtle balance between nonlinear reaction
kinetics and diffusive effects are responsible for a variety of spatio-temporal pattern
formations. When a system is described by a two-component model of reaction-
diffusion equations, we frequently encounter situations in which the diffusion rate of
one (chemical, biological, or some other kind of) species is much smaller than that of
the other. In such circumstances, singular perturbation methods provide us with a
powerful tool to mathematically understand pattern formation mechanisms.

In this paper, we consider the following 1-dimensional reaction-diffusion equations
on a finite interval

ut = ǫ2uxx + f(u, v)

vt = vxx + g(u, v)
t > 0, x ∈ (−l, l) (1.1)

with the Dirichlet boundary conditions

u(±l, t) = v(±l, t) = 0, (1.2)

where ǫ > 0 is a small parameter and l > 0 measures the size of the spatial domain.
Both of these are adjustable parameters. The reaction kinetics (f, g) is of excitable
media type. A typical and suggestive example we have in mind is

f(u, v) = u(1 − u)(u− a) − v,

g(u, v) = u− γv,

0 < a < 1/2,

γ > 0 small,

which has been widely used as a prototype of (1.1).
The system (1.1) has been studied rather extensively either on an infinite spa-

tial domain or on finite intervals with Neumann boundary conditions. Under such
circumstances, the system (1.1) is known to have nonconstant equilibrium solutions
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with internal transition layers in the u-component (see Fife [1977] and Mimura, et al.
[1980]). These solutions are constructed by using two stable branches of equilibrium
solutions u = h±(v) (see (H2) below) of the ordinary differential equation ut = f(u, v)
and internal transition layers connecting the stable branches. Therefore, one can ex-
pect that the stability of these solutions is mainly determined by the local effect of
the reaction-diffusion field. In fact, Nishiura and Fujii [1987] and Sakamoto [1990]
rigorously worked out the spectral analysis to determine the stability of such solutions
and gave a local condition which ensures the stability of these solutions. The stabil-
ity of such solutions, as well as the stability analysis itself, is extremely delicate as
was shown by Nishiura and Fujii [1987]. Namely, the critical eigenvalues which de-
termine the stability are very small (of order O(ǫ)) and the spectral analysis requires
us to analyse a system of second-order differential operators with vanishing second
derivative and discontinuous potential. Despite the subtlety of the stability and the
stability analysis involved, it had been believed that the boundary conditions imposed
on the system would not have much effect on the stability of the solutions with internal
transition layers.

Motivated by the above, the purpose of this paper is to study whether or not
equilibrium solutions with internal layers are stable under the Dirichlet boundary
conditions. We will show that the system (1.1) has a singularly perturbed equilibrium
solution with two internal layers (see Figure 4). This solution, however, turns out to
be unstable under the Dirichlet boundary condition (1.2). Although the method of
construction of such solutions as above has been standard in singular perturbation
theories (Fife [1976]; Mimura, et al. [1980]), we will give an alternative way which
employs the Liapunov-Schmidt method. The stability analysis presented in Sections
3 and 5 improves the presentation of the previous paper (Sakamoto [1990]), where the
basic idea of the procedure was not stated clearly.

The result in the above cautions us to pay close attention to the boundary condi-
tions under which a system is considered. Moreover, due to the development of open
spatial reactors, a variety of experimental results exhibiting spatio-temporal patterns
have been reported in chemistry; and reaction-diffusion models with the Dirichlet
boundary conditions (reflecting the fact that the system is open) have been numer-
ically, and theoretically to some extent, confirmed realistic and suitable to account
for the phenomena observed (Elezgaray and Arneodo [1991]). Therefore, our problem
(1.1),(1.2) is not only of mathematical interest, but also will be a stepping stone to
understand differences between open systems (Dirichlet or third boundary conditions)
and closed systems (Neumann boundary conditions or in infinite spatial domains).
Dirichlet boundary conditions also allow the system (1.1) to have patterns which can
not exist in closed systems. In fact, we will construct solutions with boundary and
interior transition layers and show that these are stable (see Figures 5 and 6).

In this paper, we assume the following conditions on f and g (see Figure 1):

(H-1) f and g are smooth functions.
(H-2) The nullcline of f consists of three pieces, C+, C−, C0, where

Ci = {(u, v); u = hi(v), v ∈ Ii}, i = 0, +, −,
I− = (v0,∞), I0 = (v0, v1), I+ = (−∞, v1), v0 < 0 < v1
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and hi(v) (i = 0,+,−) are smooth functions on Ii. The nullcline of g intersects
that of f only at (u, v) = (0, 0) which lies on C−. Moreover g is positive on C+

and on C0.
(H-3) fu (hi(v), v) < 0, v ∈ Ii, i = +,−.
(H-4) There exists a unique v∗ ∈ (0, v1) such that J(v∗) = 0, J ′(v∗) < 0, where J(v)

is defined by J(v) =
∫ h+(v)

h−(v) f(s, v)ds.

(H-5) g′i(v) < 0, v ∈ Ii, i = +,− , where gi(v) = g (hi(v), v).

(H-6)
∫ v∗

0 g−(s)ds +
∫ v1

v∗
g+(s)ds > 0.

Figure 1. The nullcline of (f, g).

Under these conditions, we will show that the problem (1.1),(1.2) has steady state
solutions with internal and boundary layers for small ǫ > 0. Two types of such
solutions are constructed in this paper. The first type is a solution with two internal
transition layers. This solution is symmetric around x = 0. The second type is a
solution with one internal layer and one boundary layer. There are two solutions of
the second type, which are not symmetric around x = 0, but one is the symmetric
image of the other.

The equilibrium solutions of (1.1),(1.2) satisfy

0 = ǫ2uxx + f(u, v), 0 = vxx + g(u, v), u(±l) = 0, v(±l) = 0. (1.3)
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In order to construct solutions of (1.3), we first solve the outer problem,

vxx + g∗(v) = 0, x ∈ (−l, l), v(±l) = 0, g∗(v) =

{

g−(v), v ∈ [v0, v
∗]

g+(v), v ∈ (v∗, v1] .
(1.4)

For problem (1.4), we have the following:

Figure 2. Profiles of symmetric outer solution (Us, Vs).

Theorem 1. Under the conditions (H-1) to (H-6) there exist a number l0 > 0 and

four functions,

xs(l) > 0, xa(l) > 0, Vs(x, l), Va(x, l), l ∈ [l0,∞) , x ∈ [−l, l],

such that

(i) Vs is a solution of (1.4), C1-matched at ±xs(l) , and satisfies

Vxx + g−(V ) = 0, −l < x < −xs(l), xs(l) < x < l,

Vxx + g+(V ) = 0, −xs(l) < x < xs(l),

V (±l) = 0, Vx(0) = 0, V (±xs(l)) = v∗, V (−x) = V (x);

(ii) Va is a solution of (1.4), C1-matched at xa(l), and satisfies

Vxx + g−(V ) = 0, −l < x < xa(l),

Vxx + g+(V ) = 0, xa(l) < x < l,

V (±l) = 0, V (xa(l)) = v∗;
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Figure 3. Profiles of antisymmetric outer solution (Ua, Va).

(iii) The functions xs(l) and xa(l) are smooth in l ∈ (l0,−∞) and satisfy

lim
l→∞

xs(l) =

∫ β0

v∗

dv
√

2
∫ β0

v g+(s)ds
,

lim
l→∞

(l − xa(l)) = 2 lim
l→∞

xs(l) +

∫ v∗

0

dv
√

2
∫ β0

v
g+(s)ds

,

where β0 ∈ (v∗, v1) is a unique solution of
∫ v∗

0

g−(s)ds+

∫ β

v∗

g+(s)ds = 0.

In terms of the functions Vs and Va , one defines so-called outer solutions of the
problem (1.3) given by the pairs (Us, Vs), and (Ua, Va) (see Figures 2, 3), where

Us(x) =

{

h−(Vs(x)), xs(l) < |x| < l,

h+(Vs(x)), |x| < xs(l),
Ua(x) =

{

h−(Va(x)), −l < x < xa(l),

h+(Va(x)) xa(l) < x < l.

The function Us(x) is smooth except for two jump discontinuities at x = ±xs(l) and
satisfies the boundary conditions in (1.3). The function Ua(x) is also smooth except
for a jump discontinuity at x = xa(l) and does not satisfy the boundary condition in
(1.3) at x = l. By taking advantage of the small parameter ǫ2 in front of the second
derivative uxx in (1.3), one can construct two solutions of (1.3) for small ǫ > 0. One
solution has two internal transition layers of width O(ǫ) near x = ±xs(l), and the
other has one internal transition layer of width O(ǫ) near x = xa(l) and one boundary
layer at x = l. These two solutions are close, in a sense specified later, to the outer
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solutions (Us(x), Vs(x)) and (Ua(x), Va(x)), respectively. More precisely, we have the
following theorem (see Figures 4, 5, and 6).

Theorem 2. Under the conditions (H-1) to (H-6), there is a constant ǫ0 > 0 such

that for each l > l0, the problem (1.1), (1.2) has two ǫ-families of equilibrium solutions

(uǫ
s, v

ǫ
s) and (uǫ

a, v
ǫ
a) for ǫ ∈ (0, ǫ0] satisfying

(i)
lim
ǫ→0

|vǫ
j(x) − Vj(x)| = 0

uniformly on [−l, l] for j = s, a;

(iis)
lim
ǫ→0

|uǫ
s(x) − Us(x)| = 0

uniformly on any compact sets of [−l,−xs(l)) ∪ (−xs(l), xs(l)) ∪ (xs(l), l];

(iia)
lim
ǫ→0

|uǫ
a(x) − Ua(x)| = 0

uniformly on any compact sets of [−l, xa(l)) ∪ (xa(l), l);

(iii) for each δ > 0 small, the set

{ x ∈ [−l, l]; |uǫ
j(x) − Uj(x)| ≥ δ}

consists of intervals of width O(ǫ) as ǫ → 0 near x = ±xs(l) (for j = s) or near

x = xa(l) and x = l (for j = a).

Figure 4. Profiles of symmetric solution (uǫ
s, v

ǫ
s).
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Figure 5. Profiles of antisymmetric solution (uǫ
a, v

ǫ
a).

Figure 6. Profiles of antisymmetric solution (uǫ
−a, v

ǫ
−a).
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As for the stability properties of the solutions (uǫ
s, v

ǫ
s) and (uǫ

a, v
ǫ
a), we have the

following result.

Theorem 3. (i) For ǫ > 0 small, the solution (uǫ
s, v

ǫ
s) is an unstable steady state

solution of the parabolic system (1.1),(1.2). More precisely, there is a constant ρ0 > 0
such that the eigenvalue problem associated with the linearization of (1.1),(1.2) around

(uǫ
s, v

ǫ
s) has exactly two simple, real eigenvalues ρǫ

s and ρǫ
a in the region ℜρ > −ρ0,

and the remaining part of the spectrum is contained in the region ℜρ ≤ −ρ0. The two

eigenvalues have the following asymptotic expressions:

ρǫ
s = ǫ(ρ̂s + o(1)), ρǫ

a = ǫ(ρ̂a + o(1)), as ǫ→ 0, ρ̂s < 0, ρ̂a > 0,

and the corresponding eigenfunctions are symmetric and antisymmetric, respectively.

(ii) For ǫ > 0 small, the solution (uǫ
a, v

ǫ
a) is a stable equilibrium solution of the

parabolic system (1.1), (1.2). In the region ℜρ > −ρ0, there is exactly one simple,

real eigenvalue of the eigenvalue problem associated with the linearization of (1.1),
(1.2) around the solution (uǫ

a, v
ǫ
a). This eigenvalue has the asymptotic expression ρǫ =

ǫ(ρ̂ + o(1)) as ǫ → 0, ρ̂ < 0, and the remaining part of the spectrum is contained in

the region ℜρ ≤ −ρ0.

If we denote by (uǫ
−a(x), vǫ

−a(x)) the pair (uǫ
a(−x), vǫ

a(−x)), then it is also an equi-
librium solution of (1.1), (1.2) with the same stability property as (uǫ

a, v
ǫ
a). Since

the eigenfunction associated with the unstable eigenvalue of the symmetric solution
(uǫ

s, v
ǫ
s) is antisymmetric (which corresponds to translation in the limit l → ∞), it is

suggested that there are two orbits of (1.1), (1.2) which connect (uǫ
s, v

ǫ
s) with (uǫ

a, v
ǫ
a)

and (uǫ
−a, v

ǫ
−a), respectively. See Figure 7a, in whichW s stands for the stable manifold

of (uǫ
s, v

ǫ
s). This is numerically confirmed, as the profiles in Figure 7b show.

Figure 7a. Phase portrait near (uǫ
s, v

ǫ
s) and (uǫ

±a, v
ǫ
±a).
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Figure 7b. Numerical simulation of the orbit connecting (uǫ
s, v

ǫ
s) with (uǫ

−a, v
ǫ
−a).
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Figure 7b (continued). Numerical simulation of the orbit connecting (uǫ
s, v

ǫ
s) with (uǫ

−a, v
ǫ
−a).
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In this numerical simulation, we used the following nonlinearity

f(u, v) = u(1 − u)(u− a) − v,

g(u, v) = u− γv,
(1.5)

with a = 0.25, γ = 0.25, and the layer parameter ǫ = 0.01. The symmetric equilib-
rium solution in Figure 7b was obtained by solving the evolution equation (1.1) with
a symmetric initial function. Note that the symmetric equilibrium solution is stable
under symmetric perturbations. The numerical integration was carried out until the
profile settled down. We then added an antisymmetric perturbation to it and contin-
ued the numerical integration further. After a short period of initial relaxation, one
can observe the profile with a well-defined layer structure moving slowly towards the
left. As long as the position of the left layer is not close to the boundary, the profile of
the solution is almost identical to a translation of the symmetric equilibrium solution.
When the position of the left layer comes closer to the boundary, it speeds up and the
internal layer quickly settles down to the boundary layer. At this stage, the position of
the right layer is still moving slowly towards the left, and the entire profile eventually
converges to that of the antisymmetric equilibrium solution (uǫ

−a, v
ǫ
−a).

To understand the meaning of Theorem 3(i) better, let us consider the system (1.1)
under the following boundary conditions

αu(−l) − (1 − α)ux(−l) = 0 = αv(−l) − (1 − α)vx(−l),
αu(l) + (1 − α)ux(l) = 0 = αv(l) + (1 − α)vx(l),

where 0 ≤ α ≤ 1. When α = 0, the equilibrium solution with transition layers is
stable (Nishiura and Fujii [1987]) and it is unstable when α = 1, which we have
shown. Therefore, one may expect that there is a critical value α∗ ∈ (0, 1) where
the stability property changes when α is varied. This statement turns out to be true,
which will be reported in a future publication.

Throughout the paper, we use the following notation.

• H0 = L2[−l, 0], Hj = Hj[−l, 0], j = 1, 2; the usual Sobolev space.

• H2
ǫ = H2[−l, 0] equipped with the weighted norm ||u||H2

ǫ

=
∑2

j=0 ||ǫjdju/dxj ||.
• H2

DN = { u ∈ H2 | u(−l) = 0 = ux(0) }.
• H2

DD = {u ∈ H2 | u(−l) = 0 = u(0) }.
• H2

DN,ǫ = H2
DN equipped with the weighted norm ‖ · ‖H2

ǫ

.

• 〈u, v〉 =
∫ 0

−l u(x)v(x)dx , the L2−inner product.

2. Approximation

In this section, we construct approximate solutions to the problem (1.3) which exhibit
appropriate internal and/or boundary layers. The procedure in this section closely
follows that of Ito [1985] and Sakamoto [1990]. See Mimura, et al. [1980] and Nishiura
and Fujii [1987] for another treatment.

2.1. Outer solutions. Consider the phase plane of v′′ + g∗(v) = 0 (see Figure 8).
Let l1(β) be the “time” spent between A and B, and l2(β) the “time” spent between
B and C where C = (β, 0). We have

l1(β) =

∫ v∗

0

dv
√

2
∫ v∗

v
g−(s)ds+ 2

∫ β

v∗
g+(s)ds

, l2(β) =

∫ β

v∗

dv
√

2
∫ β

v
g+(s)ds

,
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Figure 8. Phase plane of vxx + g∗(v) = 0.

for β ∈ (β0, v1), where β0 is defined in Theorem 1 (iii).
The desired solution Vs can be determined by solving l1(β)+ l2(β) = l. One can verify
l1

′(β) < 0 and l2
′ > 0 due to g+ > 0 and g+

′ < 0. Moreover, one has

lim
β→β0

l1(β) = ∞,

0 < lim
β→β0

l2(β) <∞,

lim
β→β0

l′1(β) = −∞,

0 < lim
β→β0

l′2(β) <∞.

Therefore, one can show that the time map ls(β) = l1(β)+l2(β) is monotone decreasing
for β near β0 (β > β0). Therefore ls(β) = l has a unique solution β = βs(l) for
β ∈ (β0, v1) near β0 and l > l0 for some l0 > 0 (see Figure 9). For such a choice of
βs(l), xs(l) is given by

xs(l) =

∫ βs(l)

v∗

dv
√

2
∫ βs(l)

v
g+(s)ds

.

To construct Va, one needs to solve 2l = l1(β) + 2l2(β) + l3(β) =: 2la(β), where
l3(β) is the “time” spent between B and D on the phase plane of v′′ + g+(v) = 0 in
Figure 8 and given by

l3(β) =

∫ v∗

0

dv
√

2
∫ β

v g+(s)ds
.

Therefore, arguing as above, the equation 2l = 2la(β) has a unique solution β = βa(l)
for β ∈ (β0, v1) close to β0 and l > l0. For such choice of βa(l), xa(l) is given by

xa(l) = l − 2l2(βa(l)) − l3(βa(l)).
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Figure 9. Time maps ls(β) and la(β).

2.2. Inner approximation for symmetric solutions. In order to construct the
symmetric solutions (uǫ

s, v
ǫ
s), we work on the half interval [−l, 0]. The outer solution

Us has a jump discontinuity at x = −xs(l) which can be smoothed out by an inner
solution. The inner solution is obtained as follows. Consider the problem

ǫ2uxx + f(u, Vs(x)) = 0.

By changing variables u = H(Vs(x))z + h−(Vs(x)) with H(v) = h+(v) − h−(v), and
introducing a stretched variable y = (x+ xs(l))/ǫ, the above equation becomes

Hz̈ + 2ǫHxż + ǫ2(Hxxz + (h−)xx) + f(Hz + h−, Vs(ǫy − xs(l))) = 0,

where ż means the derivative of z with respect to y and the functions H and h−
are evaluated at Vs(ǫy − xs(l)). Substituting the expression z(y) = z0(y) + ǫz1(y) in
the above and equating the coefficient of each power of ǫ separately to zero, we have
equations for z0 and z1:

H(v∗)z̈0 + f(H(v∗)z0 + h−(v∗), v∗) = 0, y ∈ (−∞,∞), (2.1)

H(v∗)z̈1 + fu(♯)H(v∗)z1 +
[

fu(♯)[H ′(v∗)z0(y) + h−
′(v∗)] + fv(♯)

]

Vsx(v∗)y

+H ′(v∗)z̈0(y)Vsx(v∗)y + 2H ′(v∗)ż0(y)Vsx(v∗) = 0, (2.2)

where fu(♯) and fv(♯) are evaluated at (u, v) = (H(v∗)z0 + h−(v∗), v∗). It is easy to
show that the above equations have solutions satisfying

lim
y→∞

z0(y) = 1, lim
y→−∞

z0(y) = 0, lim
y→∞

z1(±y) = 0,

with the convergence being at an exponential rate (see Hale and Sakamoto [1988]).
Let Z(y) = z0(y) + ǫz1(y). We glue the outer solution Us and the inner solution Z(y)
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together. Using smooth cut-off functions ζ0(x), ζ1(x) satisfying

ζ0(x) = 1 for |x| ≤ 1

4xs(∞)
, ζ0(x) = 0 for |x| ≥ 1

2xs(∞)
, 0 ≤ ζ0(x) ≤ 1,

ζ1(x) = 1 − ζ0(x) for x ≥ 0, ζ1(x) = 0 for x < 0,

we define a tentative approximation for u as

U ǫ
T (x) = H(Vs(x))

[

Z(
x+ xs(l)

ǫ
)ζ0(x + xs(l)) + ζ1(x+ xs(l))

]

+ h−(Vs(x)).

A tedious computation shows that (U ǫ
T , Vs) satisfies the first equation of (1.3) within

the order of O(ǫ2) except at the point x = −xs(l). On the other hand, the same pair
of functions have only C1-regularity. Besides having discontinuous second derivatives
at x = −xs(l), the pair (U ǫ

T , Vs) cannot be a good approximation to a solution of
(1.3), since we only have

|(Vs)xx + g(U ǫ
T , Vs)|L∞ = O(1).

To remedy this defect, we add an appropriate correction to Vs. Let us define S±(y)
by

S−(y) = −
∫ y

(−l+xs(l))/ǫ

∫ t

(−l+xs(l))/ǫ

[

g (U ǫ
T (ǫs− xs(l)), Vs(ǫs− xs(l)))

− g (Us(ǫs− xs(l)), Vs(ǫs− xs(l)))
]

dsdt,

S+(y) = −
∫ xs(l)/ǫ

y

∫ xs(l)/ǫ

t

[

g (U ǫ
T (ǫs− xs(l)), Vs(ǫs− xs(l)))

− g (Us(ǫs− xs(l)), Vs(ǫs− xs(l)))
]

dsdt,

and S(y) by

S(y) =















S−(y) −
[

S−(0) + yṠ−(0)
]

ζ0(ǫy), y ≤ 0,

S+(y) −
[

S+(0) + yṠ+(0)
]

ζ0(ǫy), y ≥ 0.

We then define V ǫ
0 by

V ǫ
0 (x) = Vs(x) + ǫ2S

(x+ xs(l)

ǫ

)

.

A direct computation similar to that given in Hale and Sakamoto [1988], Sakamoto
[1990] shows that V ǫ

0 is of C2-class, and

|V ǫ
0xx + g(U ǫ

T , V
ǫ
0 )|L∞ = O(ǫ).

By using this, we define V ǫ and U ǫ by

V ǫ(x) = V ǫ
1 (x) + V ǫ

0 (x)

and

U ǫ(x) = H(V ǫ(x))
[

Z(
x+ xs(l)

ǫ
)ζ0(x+ xs(l)) + ζ1(x+ xs(l))

]

+ h−(V ǫ(x)),

where V ǫ
1 will be chosen so that

V ǫ
xx + g(U ǫ, V ǫ) = 0 (2.3)
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is satisfied. To see that this is possible, let U ǫ
0 be defined by

U ǫ
0(x) = H(V ǫ

0 (x))
[

Z(
x+ xs(l)

ǫ
)ζ0(x+ xs(l)) + ζ1(x+ xs(l))

]

+ h−(V ǫ
0 (x))

and DvU
ǫ
0 by

DvU
ǫ
0(x) = H ′(V ǫ

0 (x))
[

Z(
x+ xs(l)

ǫ
)ζ0(x+ xs(l)) + ζ1(x+ xs(l))

]

+ h−
′(V ǫ

0 (x)).

Then equation (2.3) becomes

M ǫ
0V

ǫ
1 + [V ǫ

0xx + g(U ǫ
0 , V

ǫ
0 )] +Gǫ(V ǫ

1 ) = 0, (2.4)

where

M ǫ
0V

ǫ
1 = V ǫ

1xx + [gu(U ǫ
0 , V

ǫ
0 )DvU

ǫ
0 + gv(U

ǫ
0 , V

ǫ
0 )]V ǫ

1 ,

Gǫ(V ǫ
1 ) = g(U ǫ, V ǫ) − g(U ǫ

0 , V
ǫ
0 ) − [gu(U ǫ

0 , V
ǫ
0 )DvU

ǫ
0 + gv(U

ǫ
0 , V

ǫ
0 )]V ǫ

1

= O(|V ǫ
1 |2).

Lemma 1. The operator M ǫ
0 : H2

DN → H0 has an inverse whose norm is bounded

uniformly in ǫ ∈ (0, ǫ0], l ∈ (l0,∞).

For the proof of this lemma, see Lemma 3.3 of Sakamoto [1990].
Lemma 1 implies that the equation (2.4) has a unique solution V ǫ

1 with the property
‖V ǫ

1 ‖H2 = O(ǫ). We choose (U ǫ, V ǫ) to be our approximate solution to the problem
(1.3) and seek a true solution nearby. It turns out to be convenient to change variables
in (1.3) for the subsequent analyses. By introducing a new set of variables (u, v) via

u = U ǫ + u+DvU
ǫv, v = V ǫ + v, (2.5)

where

DvU
ǫ(x) = H ′(V ǫ(x))

[

Z(
x+ xs(l)

ǫ
)ζ0(x + xs(l)) + ζ1(x+ xs(l))

]

+ h′−(V ǫ(x)),

the equation (1.3) for the new variables u, v becomes (after dropping the underlines)

Lǫu+N ǫv +Rǫ
1 + F ǫ

1 (u, v) = 0,

M ǫv + gǫ
uv +Rǫ

2 + F ǫ
2 (u, v) = 0,

(2.6)

where Lǫ : H2
DN → H0, N ǫ : H2

DN → H0, and M ǫ : H2
DN → H0 are second-order

differential operators defined by

Lǫu = ǫ2uxx + fu(U ǫ, V ǫ)u, (2.7)

N ǫv = Lǫ(DvU
ǫv) + fv(U

ǫ, V ǫ)v, (2.8)

M ǫv = vxx + [gu(U ǫ, V ǫ)DvU
ǫ + gv(U

ǫ, V ǫ)] v, (2.9)

and gǫ
u = gu(U ǫ, V ǫ). The terms Rǫ

1, R
ǫ
2 are residues:

Rǫ
1 = ǫ2U ǫ

xx + f(U ǫ, V ǫ), Rǫ
2 = V ǫ

xx + g(U ǫ, V ǫ) ≡ 0. (2.10)
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A computation similar to that given in Hale and Sakamoto [1988] shows that ‖Rǫ
1‖H0 =

O(ǫ2). The terms F ǫ
1 , F ǫ

2 are higher-order ones in (u, v), and given by

F ǫ
1 (u, v) = f(U ǫ + u+DvU

ǫv, V ǫ + v) − f(U ǫ, V ǫ) − fu(U ǫ, V ǫ)u

− [fu(U ǫ, V ǫ)DvU
ǫ + fv(U

ǫ, V ǫ)] v,

F ǫ
2 (u, v) = g(U ǫ + u+DvU

ǫv, V ǫ + v) − g(U ǫ, V ǫ) − gu(U ǫ, V ǫ)u

− [gu(U ǫ, V ǫ)DvU
ǫ + gv(U

ǫ, V ǫ)] v.

We will show that the problem (2.6) is solvable near (u, v) = (0, 0). For this purpose,
some properties of the linear operators Lǫ, M ǫ, N ǫ will be studied in the next section.

2.3. Inner approximation for antisymmetric solutions. In order to construct
antisymmetric solutions (uǫ

a, v
ǫ
a), we follow the procedure of the previous subsection.

The outer solution Ua has a jump discontinuity at x = xa(l) and fails to satisfy the
boundary condition at x = l. The jump discontinuity can be smoothed out in the
same manner as in the previous subsection, while a boundary-layer correction will
make the boundary condition satisfied at x = l.

Let us start with the boundary-layer correction. Consider the equation

ǫ2uxx + f(u, Va(x)) = 0.

Using a stretched variable y = (x− l)/ǫ, and substituting u = ub
0 + ǫub

1, we obtain the
following problems for ub

0 and ub
1:

üb
0 + f(ub

0, Va(l)) = 0, ub
0(0) = 0, ub

0(−∞) = Ua(l),

üb
1 + fu(ub

0, Va(l))ub
1 + fv(u

b
0, Va(l) )Vax(l)y = 0,

ub
1(0) = 0, ub

1(−∞) = 0.

These problems have a unique solution, and ub
0(y) − Ua(l) and ub

1(y) decay exponen-
tially at y = −∞ (see Fife [1976]). We now let

U ǫ
b (y) = ub

0(y) + ǫub
1(y).

We now turn to an internal-layer correction. This is almost identical to the previous
subsection. Changing variables from u to z via u = H (Va(x)) z + h− (Va(x)) and
introducing a stretched variable y = (x− xa(l)) /ǫ, one obtains an internal correction

Zǫ(y) = z0(y) + ǫz1(y),

where

lim
y→∞

z0(y) = 1, lim
y→−∞

z0(y) = 0, lim
y→∞

z1(±y) = 0,

with the convergence being at an exponential rate. In order to glue Ua, U ǫ
b , and Zǫ

together, we choose smooth cut-off functions ζ0, ζ1, satisfying

ζ0(x) = 1, for |x| ≤ 1

4l∞
, ζ0(x) = 0, for |x| ≥ 1

2l∞
, 0 ≤ ζ0(x) ≤ 1,

where l∞ = liml→∞(l − xa(l)), and

ζ1(x) = 1 − ζ0(x), for x ≥ 0, ζ1(x) = 0 for x < 0.
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By using these, we define a tentative approximation for u as

U ǫ
T (x) = H(Va(x))

[

Z(
x− xa(l)

ǫ
)ζ0(x− xa(l)) + ζ1(x− xa(l))

]

+
[

U ǫ
b (
x− l

ǫ
) − Ua(l)

]

ζ0(x− l) + h−(Va(x)).

We define S±(y), and S0(y) by

S−(y) = −
∫ y

(−l−xa(l))/ǫ

∫ t

(−l−xa(l))/ǫ

[g (U ǫ
T (ǫs+ xa(l)), Va(ǫs+ xa(l)))

− g (Ua(ǫs+ xa(l)), Va(ǫs+ xa(l)))] dsdt,

S+(y) = −
∫ (l−xa(l))/2ǫ

y

∫ (l−xa(l))/2ǫ

t

[g (U ǫ
T (ǫs+ xa(l)), Va(ǫs+ xa(l)))

− g (Ua(ǫs+ xa(l)), Va(ǫs+ xa(l)))] dsdt,

S0(y) = −
∫ y

(−l+xa(l))/2ǫ

∫ t

(−l+xa(l))/2ǫ

[g (U ǫ
T (ǫs+ l), Va(ǫs+ l))

− g (Ua(ǫs+ l), Va(ǫs+ l))] dsdt.

Note that the upper limits in the definition of S+(y) and the lower limits in the
definition of S0(y) in the above are specified as they appear to make Sǫ(x) (to be
defined below) C2-matched at x = (l + xa(l))/2. We also define S(y), Sb(y) by

S(y) =







S−(y) −
[

S−(0) + yṠ−(0)
]

ζ0(ǫy), y ≤ 0,

S+(y) −
[

S+(0) + yṠ+(0)
]

ζ0(ǫy), y ≥ 0,

Sb(y) = S0(y) − S0(0)ζ0(ǫy), y ≤ 0.

By using these, Sǫ is defined by

Sǫ(x) = S(
x− xa(l)

ǫ
) + Sb(

x − l

ǫ
),

and V ǫ
0a is defined by

V ǫ
0a(x) = Va(x) + ǫ2Sǫ(x).

One should notice that V ǫ
0a is of C2-class, and that

|(V ǫ
0a)xx + g(U ǫ

T , V
ǫ
0a)|L∞ = O(ǫ).

We finally define V ǫ
a and U ǫ

a by

V ǫ
a (x) = V ǫ

1a(x) + V ǫ
0a(x)

and

U ǫ
a(x) =H(V ǫ

a (x))
[

Z(
x− xa(l)

ǫ
)ζ0(x− xa(l)) + ζ1(x− xa(l))

]

+
[

U ǫ
b (
x − l

ǫ
) − Ua(l)

]

ζ0(x− l) + h−(V ǫ
a (x)),

where V ǫ
1a will be chosen so that

(V ǫ
a )xx + g(U ǫ

a, V
ǫ
a ) = 0



138 SAKAMOTO

is satisfied. The remaining part follows from the same line of arguments as the previous
subsection, and we arrive at

Lǫ
au+N ǫ

av +Rǫ
1a + F ǫ

1a(u, v) = 0,

M ǫ
av + gǫ

uv +Rǫ
2a + F ǫ

2a(u, v) = 0,
(2.11)

where Lǫ
a : H2

DD[−l, l] → H0[−l, l], N ǫ
a : H2

DD[−l, l] → H0[−l, l], and M ǫ
a : H2

DD[−l, l]
→ H0[−l, l] are the second-order differential operators defined by

Lǫ
au = ǫ2uxx + fu(U ǫ

a, V
ǫ
a )u, (2.12)

N ǫ
av = Lǫ

a(DvU
ǫ
av) + fv(U

ǫ
a, V

ǫ
a )v, (2.13)

M ǫ
av = vxx + [gu(U ǫ

a, V
ǫ
a )DvU

ǫ
a + gv(U

ǫ
a, V

ǫ
a )] v (2.14)

and gǫ
u = gu(U ǫ

a, V
ǫ
a ). The terms Rǫ

1a, Rǫ
2a are residues:

Rǫ
1a = ǫ2U ǫ

axx + f(U ǫ
a, V

ǫ
a ), Rǫ

2a = V ǫ
axx + g(U ǫ

a, V
ǫ
a ) ≡ 0. (2.15)

A computation similar to that given in Hale and Sakamoto [1988] shows ‖Rǫ
1a‖H0[−l,l] =

O(ǫ2). F ǫ
1a, F ǫ

2a are higher-order terms given by formulas similar to those of F ǫ
1 , F ǫ

2 .

3. Linear analysis

In the previous section, the existence of transition-layer solutions was reduced to
showing the solvability of the equations (2.6) or (2.11) on appropriate function spaces.
The key in this setting is detailed information on the linear operators Lǫ, etc.

3.1. Analysis for symmetric solutions. In this subsection, we consider the oper-
ators Lǫ, M ǫ, and N ǫ with the two sets of boundary conditions

(DN) u(−l) = 0 = ux(0), v(−l) = 0 = vx(0)
and

(DD) u(−l) = 0 = u(0), v(−l) = 0 = v(0).

All the results in this subsection are valid for both of these boundary conditions unless
stated otherwise. We refer the reader to Sakamoto [1990] for proofs of Lemmas 2, 3,
4, and 6.

Lemma 2. Let {φǫ
n, λ

ǫ
n}∞n=0 be a system of complete orthornomal eigenpairs of the

operator Lǫ.

(i) There exist δ0 > 0, ǫ0 > 0 such that λǫ
1 ≤ −δ0, for ǫ ∈ (0, ǫ0).

(ii) lim
ǫ→0

λǫ
0 = 0 uniformly in l ∈ (l0,∞).

(iii) There are constants k > 0, β > 0 such that

|φǫ
0(x)| ≤ k|φǫ

0(−xs(l))| exp
(−β|x+ xs(l)|

ǫ

)

.

(iv) If the eigenfunction φǫ
0 is normalized so that φǫ

0(0) > 0, then we have
√
ǫφǫ

0(ǫy − xs(l)) → K∗H(v∗)ż0(y), as ǫ→ 0 in C2
loc(−∞,∞)

uniformly in l ∈ (l0,∞), where K−1
∗ is

K−1
∗ =

√

∫ ∞

−∞

|H(v∗)ż0(y)|2dy.
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(v) The following limit exists.

lim
ǫ→0

λǫ
0

ǫ
= −K2

∗J
′(v∗)Vsx(−xs(l)) =: λ∗0.

Lemma 3. There exists a constant δ1 > 0 such that the principal eigenvalue µǫ
0 of

M ǫ : H2
DN (or H2

DD) → H0 satisfies µǫ
0 < −δ1 for ǫ ∈ (0, ǫ0] and l ∈ (l0,∞).

In order to solve the eigenvalue problem (3.1) below, we need some estimates on
operators obtained from M ǫ and N ǫ.

Lemma 4. The following statements are valid as ǫ → 0, uniformly in l ∈ (l0,∞),
and ℜµ > −δ1.
(i)

∥

∥N ǫ(M ǫ − µ)−1
∥

∥

H0→H0 = O(
√
ǫ);

(ii)
∥

∥(M ǫ − µ)−1gǫ
uφ

ǫ
0

∥

∥

L∞
= O(

√
ǫ);

(iii)
∥

∥N ǫ(M ǫ − µ)−1gǫ
uφ

ǫ
0

∥

∥

H0 = O(ǫ);

(iv)
∥

∥(M ǫ − µ)−1N ǫ
∗

∥

∥

H2→H2 = O(
√
ǫ), where N ǫ

∗ is the adjoint of N ǫ.

We consider the following eigenvalue problem.
(

Lǫ N ǫ

gǫ
u M ǫ

) (

w
z

)

= ρ

(

w
z

)

, w, z ∈ H2
DN . (3.1)

For this problem, we have

Lemma 5. Let ρ0 = min(δ0, δ1). The eigenvalue problem (3.1) has a unique, simple,

real eigenvalue ρǫ in the region ℜρ > −ρ0. Moreover, ρǫ has the asymptotic expression

ρǫ = ǫρ∗ + o(ǫ), where ρ∗ < 0.

Proof. Lemma 2 implies that the second equation of the eigenvalue problem (3.1) can
be solved in z as

z = −(M ǫ − ρ)−1gǫ
uw = −(M ǫ − ρ)−1gǫ

u(αφǫ
0 + w1), where 〈w1, φ

ǫ
0〉 = 0

for ℜρ > −µ0. Substituting this into the first equation, one obtains

α(λǫ
0 − ρ) − 〈(M ǫ − ρ)−1gǫ

u(αφǫ
0 + w1), N

ǫ
∗φ

ǫ
0〉 = 0

(Lǫ − ρ)w1 −QN ǫ(M ǫ − ρ)−1gǫ
uw1 = αQN ǫ(M ǫ − ρ)−1gǫ

uφ
ǫ
0,

where Q is the orthogonal projection onto the complement of the span of φǫ
0 in H0.

By Lemma 3(iii), the second equation in the above can be solved in w1 as

w1 = αKǫ,ρφǫ
0, Kǫ,ρu =

∑

n≥0

[

(Lǫ − ρ)−1QN ǫ(M ǫ − ρ)−1gǫ
u

]n+1
u.

Therefore, ρ in the region ℜρ > −ρ0 is an eigenvalue of the problem (3.1) if and only
if

(λǫ
0 − ρ) − 〈(M ǫ − ρ)−1gǫ

u(φǫ
0 +Kǫ,ρφǫ

0), N
ǫ
∗φ

ǫ
0〉 = 0

is satisfied. The operator Kǫ,ρ satisfies the following

Lemma 6. The statements (a), (b), and (c) below are valid uniformly in ǫ ∈ (0, ǫ0],
l ∈ (l0,∞), and ℜρ > −ρ0.

(a) Kǫ,ρ : H0 → H2
DN,ǫ (or H2

DD,ǫ) is bounded.

(b) ‖Kǫ,ρφǫ
0‖H0 = O(ǫ).

(c)
∥

∥(M ǫ − ρ)−1gǫ
uK

ǫ,ρφǫ
0

∥

∥

H2 = O(ǫ).
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Therefore ρ = O(ǫ) follows, so that one can put ρ = ǫρ∗ + o(ǫ). We now compute
ρ∗,

λ∗0 − ρ∗ = lim
ǫ→0

1

ǫ
〈(M ǫ − (ǫρ∗ + o(ǫ)))

−1
gǫ

uφ
ǫ
0, f

ǫ
vφ

ǫ
0〉.

The limit in the last equation can be rewritten as

lim
ǫ→0

1

ǫ
〈
(

M ǫ − (ǫρ∗ + o(ǫ))
)−1

gǫ
uφ

ǫ
0, f

ǫ
vφ

ǫ
0〉 = lim

ǫ→0
〈(M ǫ)

−1
gǫ

uφ
ǫ
0/
√
ǫ, f ǫ

vφ
ǫ
0/
√
ǫ〉

= lim
ǫ→0

〈zǫ, f ǫ
vφ

ǫ
0/
√
ǫ〉,

where

zǫ = (M ǫ)−1gǫ
uφ

ǫ
0/
√
ǫ.

In order to evaluate the last limit, the following lemma is essential. One should keep
in mind that zǫ ∈ H2

DN here.

Lemma 7. (a) For each ψ ∈ H1,

lim
ǫ→0

〈ψ, f ǫ
vφ

ǫ
0/
√
ǫ〉 = K∗J

′(v∗)ψ(−xs(l)).

(b) As ǫ→ 0, the function zǫ has a limit z∗ in H1 which satisfies

−z∗x(−l)ψ(−l)− 〈z∗x, ψx〉 + 〈B∗z∗, ψ〉 = K∗[g+(v∗)− g−(v∗)]ψ(−xs(l)), for ψ ∈ H1,

where B∗ = g∗
′(Vs(x)).

For the proof of this lemma, see Nishiura and Fujii [1987].
From this lemma, we know

lim
ǫ→0

〈zǫ, f ǫ
vφ

ǫ
0/
√
ǫ〉 = K∗J

′(v∗)z∗(−xs(l)).

If one takes ψ = Vsx as a test function in Lemma 7(b), and uses the fact that Vsxxx +
B∗Vsx = 0 other than the point x = −xs(l), then one finds, by using integration by
parts, that

z∗(−xs(l)) = −K∗Vsx(−xs(l)) −
z∗(0)Vsxx(0) + z∗x(−l)Vsx(−l)

g+(v∗) − g−(v∗)
.

Therefore, recalling λ∗0 = −K2
∗J

′(v∗)Vsx(−xs(l)), we have

ρ∗ = K∗J
′(v∗)

z∗x(−l)Vsx(−l) + z∗(0)Vsxx(0)

g+(v∗) − g−(v∗)
.

Taking ψ = 1 as a test function in (b) of Lemma 7, one obtains,

−z∗x(−l) +

∫ 1

−l

B∗(x)z∗(x)dx = K∗[g+(v∗) − g−(v∗)] > 0.

Since z∗ satisfies z∗xx + B∗(x)z∗ = 0 for x 6= −xs(l), if z∗x(−l) > 0, then z∗(x) > 0 is
true for x 6= −l, which contradicts the relationship in the above. Hence, z∗(0) < 0
and z∗x(−l) < 0 follow. Also, an easy comparison argument implies

|z∗x(−l)| ≤ α cosh(βxs(l))

sinh(α(l − xs(l)))
|z∗(0)|,

where α and β are constants satisfying

0 < α < min
−l≤x≤0

|B∗(x)|, β > max
−l≤x≤0

|B∗(x)|.
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Therefore |z∗x(−l)|/|z∗(0)| → 0 as l → ∞. Moreover, 0 < Vsx(−l) → 0 as l → ∞ and
Vsxx(0) < 0 is bounded away from zero as l → ∞. Therefore for large l, say l > l0, ρ

∗

is negative (see Figure 10). The simplicity of the eigenvalue in Lemma 5 can be proved

Figure 10. Profiles of z∗ and Vsx.

in a manner similar to Sakamoto [1990] by using Lemma 4 (iv). This completes the
proof of Lemma 5. In the next section, we will show the solvability of the equation
(2.6) via the method of Liapunov-Schmidt.

3.2. Analysis for antisymmetric solutions. Since the analysis for antisymmetric
solutions is almost identical to that of symmetric solutions, we will not repeat the
details. We will also use frequently the same symbols as in the previous subsection to
represent objects which have an apparent counterpart there.

We consider the following eigenvalue problem
(

Lǫ
a N ǫ

a

gǫ
u M ǫ

a

) (

w
z

)

= ρ

(

w
z

)

, x ∈ (−l, l), (3.2)

with the boundary condition

w(±l) = 0 = z(±l).
In this subsection, we prove the following.

Lemma 8. There exists a ρ0 > 0 such that the eigenvalue problem (3.2) has a unique,

simple, real eigenvalue ρǫ in the region ℜρ > −ρ0. Moreover, ρǫ has the asymptotic

expression

ρǫ = ǫρ̂+ o(ǫ), where ρ̂ < 0.
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The operators Lǫ
a, M ǫ

a, and N ǫ
a have properties similar to those for Lǫ, etc., and

the operator Lǫ
a has one small eigenvalue (of order O(ǫ)). The boundary layer in the

antisymmetric solutions does not contribute to introduce a small eigenvalue of Lǫ
a.

Following the same line of arguments as in Section 3.1, one arrives at

λ∗0 − ρ̂ = lim
ǫ→0

1

ǫ
〈(M ǫ

a − (ǫρ̂+ o(ǫ)))
−1
gǫ

uφ
ǫ
0, f

ǫ
vφ

ǫ
0〉,

where λ∗0 = −K2
∗J

′(v∗)Va(xa(l)). The limit in the last equation can be rewritten as

lim
ǫ→0

1

ǫ
〈(M ǫ

a − (ǫρ̂+ o(ǫ)))
−1
gǫ

uφ
ǫ
0, f

ǫ
vφ

ǫ
0〉 = lim

ǫ→0
〈(M ǫ

a)
−1
gǫ

uφ
ǫ
0/
√
ǫ, f ǫ

vφ
ǫ
0/
√
ǫ〉

=: lim
ǫ→0

〈zǫ, f ǫ
vφ

ǫ
0/
√
ǫ〉.

In order to evaluate the last limit, the following lemma is essential.

Lemma 9. (a) For each ψ ∈ H1[−l, l],
lim
ǫ→0

〈ψ, f ǫ
vφ

ǫ
0/
√
ǫ〉 = K∗J

′(v∗)ψ(xa(l)).

(b) As ǫ→ 0, the function zǫ has a limit z∗ in H1 which satisfies

z∗x(l)ψ(l) − z∗x(−l)ψ(−l)− 〈z∗x, ψx〉 + 〈B∗z∗, ψ〉 = K∗[g+(v∗) − g−(v∗)]ψ(xa(l)),

for ψ ∈ H1 where B∗ = g∗
′(Va(x)).

From this lemma, we have

lim
ǫ→0

〈zǫ, f ǫ
vφ

ǫ
0/
√
ǫ〉 = K∗J

′(v∗)z∗(xa(l)).

If one takes ψ = Vax as a test function in Lemma 8(b), and uses the fact that Vaxxx +
B∗Vax = 0, then one finds, by using integration by parts, that

z∗(xa(l)) = −K∗Vax(xa(l)) +
z∗x(l)Vax(l) − z∗x(−l)Vax(−l)

g+(v∗) − g−(v∗)
.

Therefore, recalling λ∗0 = −K2
∗J

′(v∗)Vax(xa(l)), we have

ρ̂ = −K∗J
′(v∗) [z∗x(l)Vax(l) − z∗x(−l)Vax(−l)] /[g+(v∗) − g−(v∗)].

Since z∗x(l) > 0 and Vax(l) < 0 are bounded away from zero as l → ∞, while z∗x(−l) <
0, Vax(−l) > 0, go to zero as l → ∞, ρ̂ is negative for large l, say l > l0 (see Figure 11).
This completes the proof of Lemma 8.

4. Proof of existence

We rewrite equation (2.6) as

LǫW +Rǫ + F ǫ(W ) = 0, (4.1)

where

Lǫ =

(

Lǫ N ǫ

gǫ
u M ǫ

)

, W =

(

u
v

)

, Rǫ =

(

Rǫ
1

0

)

, F ǫ(W ) =

(

F ǫ
1 (u, v)
F ǫ

2 (u, v)

)

.

From the main result in the previous section, we know that the operator Lǫ has a
critical eigenvalue ρǫ with an associated eigenfunction

Φǫ =

(

Φǫ
1

Φǫ
2

)

=

( √
ǫ[φǫ

0 +Kǫ,ρǫ

φǫ
0]

−(M ǫ − ρǫ)−1gǫ
uΦǫ

1

)

,
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Figure 11. Profiles of z∗ and Vax.

and that the remaining part of the spectrum of Lǫ is bounded away from zero uniformly
in ǫ ∈ (0, ǫ0]. If we denote by P ǫ the projection onto the span of Φǫ in H0 ×H0 and
decompose W as W = aΦǫ +W1, Φǫ ⊥W1, then the equation (4.1) is equivalent to

aρǫ +
1

‖Φǫ‖2
H0×H0

〈Rǫ + F ǫ(aΦǫ +W1),Φ
ǫ〉 = 0, (4.2)

LǫW1 + (I − P ǫ)[Rǫ + F ǫ(aΦǫ +W1)] = 0. (4.3)

The last equation (4.3) is solvable in W1 as W1 = W ǫ
1 (a). Substituting this into the

equation (4.2), and dividing by ǫ, we obtain a scalar equation B(a, ǫ) = 0 in a and ǫ,
where

B(a, ǫ) = aρ̂ǫ +
1

ǫ‖Φǫ‖2
H0×H0

〈Rǫ + F ǫ(aΦǫ +W ǫ
1 (a)),Φǫ〉 (4.4)

with ρ̂ǫ = ρǫ/ǫ. The solvability of the scalar equation (4.4) will prove Theorem 2.
The principal parts of W ǫ

1 (0) and DaW
ǫ
1 (0) are respectively given by

W ǫ
1 (0) ≈ −(Lǫ)−1(I − P ǫ)Rǫ, DaW

ǫ
1 (0) ≈ −(Lǫ)−1(I − P ǫ)DwF

ǫ(W ǫ
1 (0))Φǫ.

Since ‖Rǫ‖H0×H0 = O(ǫ2), one easily finds that

‖W ǫ
1 (0)‖H2

ǫ
×H2 = O(ǫ2), ‖DaW

ǫ
1 (0)‖H2

ǫ
×H2 = O(ǫ5/2).

Using these together with ‖Φǫ‖H0×H0 = O(
√
ǫ), one can compute the following limits:

lim
ǫ→0

B(0, ǫ) = 0, lim
ǫ→0

DaB(0, ǫ) = ρ∗ < 0.

Therefore, using the implicit function theorem, one obtains the solvability in a of the
equation B(a, ǫ) = 0 as a = a(ǫ) with a(ǫ) = O(

√
ǫ).



144 SAKAMOTO

If we denote the u- and v-components of a(ǫ)Φǫ +W ǫ
1 (a(ǫ)) by uǫ

1 and vǫ
1, respec-

tively, then the desired solution (uǫ
s, v

ǫ
s) in Theorem 2 is given by

uǫ
s = U ǫ +DvU

ǫvǫ
1 + uǫ

1, vǫ
s = V ǫ + vǫ

1. (4.5)

This completes the proof of Theorem 2 for the symmetric solution. The proof of
Theorem 2 for the antisymmetric solution is exactly the same as above by using the
results of Subsection 3.2, and hence will not be repeated.

5. Stability analysis

In this section, we analyse the stability property of the symmetric solution obtained in
the previous sections. The arguments here are almost identical to those of Section 3.
We consider the eigenvalue problem

(

ǫ2d2/dx2 + f ǫ
u f ǫ

v

gǫ
u d2/dx2 + gǫ

v

) (

u
v

)

= ρ

(

u
v

)

, (5.1)

with the boundary conditions u(±l) = 0, v(±l) = 0, where f ǫ
u, etc., are evaluated at

(u, v) = (uǫ
s, v

ǫ
s). Because the functions f ǫ

u, etc., are even, all the eigenfunctions are
either even (symmetric) or odd (antisymmetric). Therefore one is allowed to consider
the problem on the half interval [−l, 0] by examining equation (5.1) with the two sets
of boundary conditions (DN) and (DD) which appeared in Section 3.1.

As was done for the existence proof, we change variables in the above equation by

u = DvU
ǫz + w, v = z.

The resulting equation for (w, z) is
(

Lǫ N ǫ

gǫ
u M ǫ

) (

w
z

)

= ρ

(

1 DvU
ǫ

0 1

) (

w
z

)

, (5.2)

where the operators Lǫ, M ǫ, and N ǫ are given by the same formulae as in Section 2,
but with the derivatives of f , g evaluated at (u, v) = (uǫ

s, v
ǫ
s). All the results in Section

3 concerning these operators are valid for those in this section. Therefore the second
equation in (5.2) can be solved in z, and substituting this into the first, we obtain

α(λǫ
0 − ρ) − 〈(M ǫ − ρ)−1gǫ

u(αφǫ
0 + w1), (N

ǫ
∗ − ρDvU

ǫ)φǫ
0〉 = 0,

(Lǫ − ρ)w1 −Q(N ǫ − ρDvU
ǫ)(M ǫ − ρ)−1gǫ

uw1 = αQ(N ǫ − ρDvU
ǫ)(M ǫ − ρ)−1gǫ

uφ
ǫ
0.

Since DvU
ǫ is bounded by a constant independent of ǫ, there is a positive constant

δ such that if |ρ| < δ then1 the second equation in the above is solvable in w1 as
w1 = αKǫ,ρφǫ

0. Substituting this into the first equation, we obtain

(λǫ
0 − ρ)[1 − 〈(M ǫ − ρ)−1gǫ

u(φǫ
0 +Kǫ,ρφǫ

0), DvU
ǫφǫ

0〉]
= 〈(M ǫ − ρ)−1gǫ

u(φǫ
0 +Kǫ,ρφǫ

0), f
ǫ
vφ

ǫ
0〉.

Arguing as in Section 3, one finds that ρ = O(ǫ). Therefore, with ρ = ǫρ̂j + o(ǫ),
j = s, a, one finds

λ∗0 − ρ∗j = lim
ǫ→0

1

ǫ
〈(M ǫ − (ǫρ∗ + o(ǫ)))

−1
gǫ

uφ
ǫ
0, f

ǫ
vφ

ǫ
0〉, j = s, a.

1If |ρ| ≥ δ, then an argument in Nishiura and Fujii [1987] shows that ℜρ < −ρ1 for some ρ1 > 0.



DIRICHLET INTERNAL LAYERS 145

The symmetric case (j = s) is exactly the same as in Section 3, therefore

ρ̂s =
K∗J

′(v∗) [z∗x(−l)Vsx(−l) + z∗(0)Vsxx(0)]

[g+(v∗) − g−(v∗)]
< 0.

Figure 12. Profiles of z∗a and Vsx.

In order to examine the antisymmetric case (j = a), we need the following lemma.

Lemma 10. (a) For each ψ ∈ H1,

lim
ǫ→0

〈ψ, f ǫ
vφ

ǫ
0/
√
ǫ〉 = K∗J

′(v∗)ψ(−xs(l)).

(b) Let zǫ
a = (M ǫ)−1gǫ

u φǫ
0/
√
ǫ with the boundary condition (DD). As ǫ → 0, the

function zǫ
ahas a limit z∗a in H1 which satisfies

z∗ax(0)ψ(0) − z∗ax(−l)ψ(−l) − 〈z∗ax, ψx〉 + 〈B∗z∗a, ψ〉 = K∗[g+(v∗) − g−(v∗)]ψ(−xs(l)),

for ψ ∈ H1, where B∗ = g∗
′(Vs(x)).

From this lemma, it follows that

λ∗0 − ρ̂a = lim
ǫ→0

〈zǫ
a, f

ǫ
vφ

ǫ
0/
√
ǫ〉 = K∗J

′(v∗)z∗a(−xs(l)).

If one takes ψ = Vsx as a test function in the above, one finds

z∗a(−xs(l)) = −K∗Vsx(−xs(l)) −
z∗ax(−l)Vsx(−l)
g+(v∗) − g−(v∗)

.

Therefore

ρ̂a = K∗J
′(v∗)

z∗ax(−l)Vsx(−l)
g+(v∗) − g−(v∗)

,
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which is positive since J ′(v∗) < 0, z∗a(−l) < 0. This completes the proof of Theorem
3(i) (see Figure 12). The proof of Theorem 3(ii) is the same as that of Lemma 7 in
Subsection 3.2.
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