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On the extension of the Zak transform

Ahmed I. Zayed and Piotr Mikusi�nski

Abstract. The Zak transform, which is a unitary transformation of L 2 (< ) onto
L 2(Q) where Q is the unit square, has been extended to larger spaces of func tions
and generalized functions by many people, including A. J. E. M. Janssen.

In this paper, we present a new extension of the Zak transform . The novelty
of our approach is that it extends the Zak transform by using i ts algebraic and
convolution structure instead of using its analytic proper ties, which are not easy
to deal with. Our extension produces a topological isomorph ism between the
domain and the range of the transform. Moreover, it enables u s to use the Zak
transform in situations where other extensions do not apply .

1. Introduction

In 1967, J. Zak introduced a transform, now known as the Zak transform, to construct
a quantum mechanical representation for the description ofthe motion of a Bloch
electron in the presence of a magnetic or electric �eld [11]. He called it the k-
q transform and also used it to study the motion of an electron in a periodic
potential and a constant magnetic �eld. Interest in this tra nsform has been revived
in recent years because of its relationship to di�erent types of coherent states,
one of which is the a�ne coherent states, commonly known nowadays as wavelets
[2, 4]. Another type of coherent states that is more intimately related to the Zak
transform is the Weyl-Heisenberg states, which is a family of functions of the form
f gmb;na (x) = e2�imb g(x � na)gm;n 2 Z , where g 2 L 2(< ), Z is the set of integers, and
a, b are real numbers. Sincem, n 2 Z , there is no loss of generality in restrictinga
and b to positive numbers.

A question of great importance in both physics and mathematics is this: under
what conditions on g, a, and b does the family f gmb;na gm;n 2 Z , form a frame or an
orthonormal basis of L 2(< )?

After several years of intensive research, the answer is nowwell understood.

1) If ab > 1, there is nog 2 L 2(< ) for which f gmb;na gm;n 2 Z , is a frame.

2) If ab < 1 and g is chosen appropriately, then the family f gmb;na gm;n 2 Z can
be a frame and even more, it can be a tight frame with good time-frequency
localization, yet it cannot be an orthonormal basis.

3) In the critical case whenab= 1, f gmb;na gm;n 2 Z can be a frame for some suitable
function g; however, the frame will have bad time-frequency localization in the
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sense that either xg(x) =2 L 2(< ) or ! bg(! ) =2 L 2(< ), where bg is the Fourier
transform of g.

In contrast with the other two cases, in the critical case andonly in this case can the
family f gmb;na gm;n 2 Z be an orthonormal basis. The Zak transform has played a vital
role in proving the results in this critical case; see [4] and[2], p. 110. In addition to that,
the Zak transform has been used directly and indirectly in solving di�erent physics
and engineering problems, in particular, in solid state physics and signal analysis. We
refer the reader to [5] and [6] for references on some of the applications of the Zak
transform and its development.

The Zak transform maps a function of one variable into a function of two variables.
In fact, it is a unitary transformation from L 2(< ) into L 2(Q), where Q = [0 ; 1] � [0; 1]
is the unit square in the time-frequency plane. Since its introduction in 1967, the
Zak transform has been studied by several people, includingA. Janssen [5, 6], who
developed some of its properties and extended it to functionand generalized function
spaces that are more general thanL 2(< ).

Borrowing some of V. Bargmann's ideas regarding the Bargmann transform,
Janssen [5] was able to extend the Zak transform to the space (S1=2

1=2 )� , the dual space

of the spaceS1=2
1=2 . The latter is a special case of the spaceS�

� introduced by Gel'fand
and Shilov in [3]. Janssen's approach utilized the analyticproperties of both the Zak
transform and the spaceS1=2

1=2 .
In this paper, we extend the Zak transform to a space of generalized functions that

is an algebraic extension ofL 2(< ). The novelty of our approach is that it uses the
algebraic rather than the analytic properties of the Zak transform, and hence it o�ers
a more elegant approach to the extension problem. Moreover,it also sheds some light
on less known properties of the Zak transform that turn out to be an important tool in
our extension. The new extension of the Zak transform is applied to some generalized
functions that are not included in other known extensions.

2. The Zak transform

In this section, we introduce the Zak transform and some of its properties that will
be needed in the sequel.

The Zak transform of a function f is formally de�ned by

(Zf )( t; ! ) =
p

a
X

k2 Z

f (t + ka)e� 2�ika! ;

where t; ! 2 < and a is a �xed parameter greater than zero.
It is well de�ned if, for example, f is continuous and has compact support or

if f (x) = O(1=(1 + jxj)1+ " ) as jxj ! 1 for some " > 0. For a �xed t, the Zak
transform can be viewed formally as the discrete Fourier transform of the sequence
f f (t + ka)gk2 Z . It is readily seen that

(Zf )
�

t; ! +
1
a

�
= ( Zf )( t; ! );

(Zf )( t + a; ! ) = e2�ia! (Zf )( t; ! );

thus, the Zak transform maps a function of one variable into afunction of two variables
that is completely determined by its values on the rectangle[0; a]� [0; 1=a] in the time-
frequency plane, i.e.,t � ! plane.



162 ZAYED AND MIKUSI �NSKI

To simplify the notation, we shall take a = 1; however, it should be emphasized
that all the results we are going to derive in this article canbe obtained for anya > 0,
by introducing an appropriate scaling factor. Thus, we have

(Zf )( t; ! ) =
X

k2 Z

f (t + k)e� 2�ik! ; t; ! 2 < ; (2.1)

(Zf )( t; ! + 1) = ( Zf )( t; ! ); (2.2)

(Zf )( t + 1 ; ! ) = e2�i! (Zf )( t; ! ): (2.3)

We de�ne the translation and modulation operators Ta and Eb, respectively, by

Taf (x) = f (x � a); Ebf (x) = e� 2�ibx f (x):

When f = 1, we write Eb1(x) = e� 2�ibx = Eb(x). The Fourier transform of a function
f (x) is formally de�ned by

bf (! ) = F (! ) =
Z 1

�1
f (x)e2�i!x dx;

so that the inverse transform is given by

f (x) =
Z 1

�1

bf (! )e� 2�ix! d! = ( bf (w)) _

with ( �)_ being de�ned by

_
g(x) =

Z 1

�1
g(! )e� 2�ix! d!:

Using the standard inner product on L 2(< ),

hf; g i =
Z 1

�1
f (x)g(x)dx;

we have
bf (! ) = hf; E ! i and f (x) = hbf ; E x i ;

where �f denotes the complex conjugate off .
For m and n integers, it is easy to verify that

Z (Em Tn f )( t; ! ) = e� 2�imt e� 2�in! (Zf )( t; ! ); (2.4)

t; ! 2 < . As a special case, if we setf (x) = � [0;1) (x), the characteristic function of
the interval [0; 1), and

� m;n (x) = Em Tn f (x) = e� 2�imx � [0;1) (x � n);

we obtain from (2.4) that

Z (� m;n )( t; ! ) = e� 2�imt e� 2�in!
X

k2 Z

� [� k; 1� k ) e
� 2�ik! :

If we restrict ( t; ! ) to the unit square Q, all the terms in the above summation are
zeros except the one that corresponds tok = 0; hence,

z(� m;n ) = Em;n (t; ! ); (2.5)

where
Em;n (t; ! ) = e� 2�imt e� 2�in! = Em (t)En (! ):
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Therefore, the Zak transform maps, in one-to-one fashion, an orthonormal basis of
L 2(< ), f � m;n gm;n 2 Z onto an orthonormal basis ofL 2(Q), f Em;n gm;n 2 Z .

By regarding f in (2.1) as a function of k, we may rewrite (2.1) in the form

(Zf )( t; ! ) =
X

k2 Z

(E ! T� t )f (k) =
X

k2 Z

f t;! (k); (2.6)

with f t;! (k) = f (t + k)e� 2�ik! .
If we set g(x) = f t;! (x), it follows that

bg(
 ) = e2�i!t e� 2�i
t bf (
 � ! ) = e2�i!t E t T!
bf (
 ): (2.7)

But in view of the Poisson summation formula, we have
X

k2 Z

g(k) =
X

k2 Z

bg(k);

which, when combined with (2.6) and (2.7), yields

(Zf )( t; ! ) = e2�i!t (Z bf )( � !; t ); (2.8)

or equivalently
(Z bf )( !; t ) = e2�i!t (Zf )( t; � ! ):

The Zak transform is surprisingly easy to invert. In fact, it is easily seen that

f (t) =
Z 1

0
(Zf )( t; ! )d!; t 2 < (2.9)

and

bf (! ) =
Z 1

0
e� 2�i!t (Zf )( t; ! )dt; ! 2 < :

Consider the squareQa;b = [ a; a + 1] � [b; b+ 1]. Then one can easily verify that
ZZ

Qa;b

(Zf )( t; ! )(Zg)( t; ! )dt d! =
Z 1

�1
f (t)�g(t)dt:

In particular, when a = 0 = b we have

hZf; Zg i L 2 (Q) = hf; g i L 2 (< ) : (2.10)

This implies that the Zak transformation is an isometry from L 2(< ) onto L 2(Q) and,
because of (2.5), it easily follows that it is a unitary transformation from L 2(< ) onto
L 2(Q).

Now let us introduce the following de�nitions.

De�nition 2.1. Let P denote the set of all complex-valued functions on< 2 satisfying
the following three conditions:

i) f 2 L 2(Q),

ii) f (t; ! + 1) = f (t; ! ),

iii) f (t + 1 ; ! ) = e2�i! f (t; ! ).

De�nition 2.2. The convolution, f � g, of f; g 2 P is de�ned as

(f � g)( t; ! ) =
Z 1

0
f (s; ! )g(t � s; ! )ds:
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Clearly, Zf 2 P if f 2 L 2(< ), and it is easy to see that the convolution � is well
de�ned. In the notation of [6], the convolution operation symbol � is denoted by � t ,
i.e.,

(f � g) = ( f � t g);

where the subscript t indicates that the convolution on the right-hand side is taken
with respect to the �rst (translation) parameter. This nota tion may be confusing since
it is inconsistent with the standard convolutional notatio n

(f � g)(x) =
Z 1

�1
f (y)g(x � y)dy;

in which the integral is taken over the whole real line.
Now we state our �rst lemma, which shows among other things that although the

Zak transform of one function is not periodic in the two variables, the product of two
Zak transforms indeed is.

Lemma 2.1. Let f; g 2 L 2(< ). Then (1)

(Zf )( t; ! )(Zg)( t; ! ) =
X

m;n 2 Z

hf; E m Tn gi e� 2�imt � 2�in! ; t; ! 2 < ; (2.11)

(2) if f � g 2 L 1(< ), then

Z (f � g) = ( Zf ) � (Zg); (2.12)

and (3)

Z (fg ) = ( Zf ) � ! (Zg); (2.13)

where � ! means that � is taken over the second (frequency) variable! .

Proof. (1) Let H = ( Zf )(Zg). Clearly, H is periodic in ! with period one. Moreover,

H (t + 1 ; ! ) =
X

k;m 2 Z

f (t + 1 + k)�g(t + 1 + m)e� 2�i (k � m ) !

=
X

k;m 2 Z

f (t + k)�g(t + m)e� 2�i (k � m ) !

= ( Zf )( t; ! )(Zg)( t; ! )

= H (t; ! ):

Thus, H is a periodic function with period one in each variable, and consequently it
has a Fourier series expansion of the form

H (t; ! ) =
X

m;n 2 Z

Cm;n e� 2�imt e� 2�in! ; (2.14)

in which

Cm;n =
ZZ

Q

H (t; ! )e2�imt e2�in! dt d!:
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With the aid of (2.4) and (2.10), we have

Cm;n =
ZZ

Q

(Zf )( t; ! )(Zg)( t; ! )e2�imt e2�in! dt d!

=
ZZ

Q

(Zf )( t; ! )Z (Em Tn g)dt d!

= hZf; Z (Em Tn g)i L 2 (Q)

= hf; E m Tn gi L 2 (< ) ;

which, together with (2.14), yields (2.11).

(2) By integrating (2.11) with respect to t, we obtain
Z 1

0
(Zf )( t; ! )(Zg)( t; ! )dt =

X

n 2 Z

hf; T n gi e� 2�in! ; ! 2 < : (2.15)

For �xed x, set g(y) = �� (x � y) in (2.15). Then

hf; T n gi =
Z 1

�1
f (s)�g(s � n)ds =

Z 1

�1
f (s)� (x + n � s)ds = h(x + n);

whereh = f � � . Thus, the right-hand side of (2.15) is exactlyZh. On the other hand,
since

(Zg)( t; ! ) =
X

k2 Z

�g(t + k)e2�ik!

=
X

k2 Z

�g(t � k)e� 2�ik!

=
X

k2 Z

� (x � t + k)e� 2�ik!

= ( Z� )(x � t; ! );

it follows that the left-hand side of (2.15) is just Zf � Z� . Hence, (2.15) can be
rewritten in the form Zf � Z� = Z (f � � ), which is (2.12).

(3) Formula (2.13) can be derived also from (2.11); however,it is easier to prove it
directly. In fact,

(Zf ) � ! (Zg) =
Z 1

0

� X

k2 Z

f (t + k)e� 2�ik

�� X

k2 Z

g(t + m)e� �im ( ! � 
 )
�

d


=
X

k;m 2 Z

f (t + k)g(t + m)e� 2�im!
Z 1

0
e2�i
 (m � k ) d


=
X

k2 Z

f (t + k)g(t + k)e� 2�ik!

= Z (fg ):

We close this section with an example. Let

� per (t) =
X

k2 Z

� (t � k);
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be a periodic extension of the Dirac delta function with period one. It is easy to see
that � per has the Fourier series expansion

� per (t) =
X

k2 Z

e� 2�ikt :

Therefore, if f is a periodic function with period one, then we formally have

f (t) =
X

m 2 Z

cm e2�imt ;

and

(Zf )( t; ! ) =
X

k2 Z

 
X

m 2 Z

e2�im ( t + k)

!

e� 2�ik!

=
X

m 2 Z

cm e2�imt
X

k2 Z

e� 2�ik!

= f (t)� per (! ):

3. Spaces of functions and generalized functions

In this section, we introduce spaces of generalized functions that will be needed in the
extension of the Zak transform. These spaces, whose elements are called Boehmians,
are more general than Schwartz distributions and regular operators [8] and [9]. They
were �rst introduced by J. Mikusi�nski and P. Mikusi�nski in [7] as an extension of the
notion of regular operators that was developed earlier by T.Boehme in [1].

Unlike the theory of generalized functions developed by Schwartz [10], Gel'fand and
Shilov [3], and Zemanian [12], the theory of Boehmians treats generalized functions
more as algebraic objects than as elements of the dual space of some testing-function
space. Simply put, Boehmians are equivalence classes of \quotients of sequences"
constructed from an integral domain of continuous functions as rational numbers are
constructed from the integers. For Boehmians, the integraldomain operations are
addition and a binary operation called convolution. This convolution operation is not
necessarily the same as the standard convolution operationdenoted earlier by � . This

exibility in choosing the convolution operation is what ma kes the extension of the
Zak transform to Boehmians possible.

To make this article self contained, we shall give a brief introduction to Boehmians
since they are not very well known.

Boehmians. Let G be a complex linear space and letH be a subspace ofG. Let 
 be
a binary operation from G � H into G such that the following conditions are satis�ed:

If �;  2 H , then � 
  2 H and � 
  =  
 � . (3.1)

If f 2 G and �;  2 H ; then (f 
 � ) 
  = f 
 (� 
  ). (3.2)

If f; g 2 G; � 2 H ; and � 2 C ; then (f + g) 
 � = f 
 � + g 
 �

and � (f 
 � ) = ( �f 
 � ). (3.3)

Let � be a family of sequences of elements ofH such that:

if f 2 G, f � n g 2 �, and f 
 � n = 0 for all n 2 N ; then f = 0 (3.4)
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(where N is the set of natural numbers), and

if f � n g; f  n g 2 � ; then f � n 
  n g 2 �. (3.5)

A pair of sequences (f n ; � n ) is called aquotient of sequences, and will be denoted by
f n =� n , if f n 2 G for n = 1 ; 2; : : : ; f � n g 2 �, and f n 
 � m = f m 
 � n for all m; n 2 N .
Two quotients of sequencesf n =� n and gn = n are equivalent if f n 
  n = gn 
 � n for
every n 2 N . The equivalence class off n =� n will be denoted by [f n =� n ]. The space
of equivalence classes of quotients of sequences will be denoted by B(G; H ; 
 ; �) and
its elements will be calledBoehmians.

Addition and multiplication by scalars are de�ned in B(G; H ; 
 ; �) as follows:

� [f n =� n ] = [ �f n =� n ];

[f n =� n ] + [ gn = n ] = [( f n 
  n + gn 
 � n )=� n 
  n ]:

Clearly, B(G; H ; 
 ; �) is a vector space. The mapping f ! [(f 
 � n )=� n ] is an
isomorphism of G with a subspace ofB(G; H ; 
 ; �). It is convenient to treat G as a
subspace ofB(G; H ; 
 ; �).

If F = [ f n =� n ] 2 B (G; H ; 
 ; �) and G = [ gn = n ] 2 B (H ; H ; 
 ; �), then we can
de�ne F 
 G as follows:

F 
 G = [ f n 
 gn )=( n 
 � n )]:

It is easy to see thatF 
 G 2 B (G; H ; 
 ; �) and that it is an extension of 
 from G �H
onto B(G; H ; 
 ; �) � B (H ; H ; 
 ; �). Using the identi�cation of H with a subspace of
B(H ; H ; 
 ; �) we can write

[f n =� n ] 
  = [( f n 
  )=� n ];

and, in particular, [ f n =� n ] 
 � k = f k .
If G is equipped with a notion of convergence, then we can de�ne a convergence in

B. We say that a sequence of Boehmiansf Fn g is �- convergent to a Boehmian F , and

we write Fn
�! F , if there exits f � n g 2 � such that ( Fn � F ) 
 � n 2 G for every n 2 N

and the sequencef (Fn � F ) 
 � n g converges to zero inG. lt can be proved that, under
certain conditions, B equipped with �-convergence is a complete quasi-normed space.

It is often convenient to use a second type of convergence:� -convergence. We say
that a sequence of Boehmiansf Fn g is � -convergent to a Boehmian F , and we write

Fn
�! F , if there exists f � n g 2 � such that Fn 
 � k , F 
 � k 2 G, for every k; n 2 N ,

and the sequencef Fn 
 � k g converges toF 
 � k in G, for every k 2 N . It can be
proved that the sequencef Fn g is �-convergent to F if and only if every subsequence
of f Fn g contains a subsequence that is� -convergent to F [8].

4. Extension of the Zak transform

In this section, we discuss brie
y Janssen's extension of the Zak transform, then
present an alternative approach to the extension problem. We �nally conclude this
section by comparing our results with his.

Let S be the space of all entire functionsf for which there exist A; B; M > 0 such
that

jf (x + iy )j � Me( � �Ax 2 + �By 2 ) ; x; y 2 < : (4.1)

The topology of S is de�ned as follows: a sequencef f n g1
n =0 in S converges to zero in

S if there exist A; B; M > 0 such that (4.1) holds for all f n and f n ! 0 pointwise as
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n ! 1 . The dual space ofS will be denoted by S� and the action of F 2 S � on f 2 S
will be denoted by hF; f i . The Schwartz space ofC1 rapidly decreasing functions will
be denoted byS and its dual, the space of tempered distributions, will be denoted by
S � .

Following the notation of Gel'fand and Shilov [3, p. 179], wede�ne the spaceS�
� as

the space of all in�nitely di�erentiable functions f (x) satisfying

jxk f (q) (x)j � CAk B qkk� qq� ; k; q = 0 ; 1; 2; : : : ; (4.2)

for some positive constantsA; B , and C. lt is known that every function f 2 S�
�

satis�es the estimate
jf (q) (x)j � CB qqq� exp(� ajxj1=� )

for somea > 0. If 0 � � < 1, then f can be continued analytically to the complex
z-plane, z = x + iy , and, in addition, f satis�es the estimate

jxk f (x + iy )j � CAk kk� exp(bjyj1=(1 � � ) ):

Janssen's spaceS can be identi�ed with the space S1=2
1=2 . To show how large the space

S� is, we note that any measurable functionF (x) for which
R1

�1 jF (x)je� "x 2
dx < 1

for all " > 0 gives rise to an element inS� by putting

hF; f i =
Z 1

�1
F (x)f (x)dx; f 2 S;

which exists in view of (4.1). It is easily seen that this de�nes a continuous functional
on S.

To extend the Zak transform to larger spaces thanL 2(< ), Janssen used the notion
of a tensor product of generalized functions. He de�ned the tensor product 
 of
F1; F2 2 S � as

hF1 
 F2; f 1 
 f 2i = hF1; f 1ihF2; f 2i ;

for f 1; f 2 2 S. In particular, if F2 = 1, we have

hF1 
 1; f 1 
 f 2i = hF1; f 1i
Z 1

�1
f 2(x)dx:

The Zak transform of F 2 S � is de�ned as

(ZF )( t; ! ) =
X

k2 Z

T 1
� k E 2

k (F 
 1) =
X

k2 Z

(T� k F 
 Ek 1); (4.3)

where the superscripts1;2 indicate that the operator is applied to the �rst and second
element in the tensor product, respectively. The followingare shown in [5].

1) De�nition (4.3) makes sense, since forf 1; f 2 2 S, the series
X

k2 Z

hT� k F 
 Ek 1; f 1 
 f 2i =
X

k2 Z

hT� k F; f 1 i bf 2(k)

converges absolutely.

2) The Zak transformation is a continuous linear transformation from S� into
(S � S ) � = ( S2)� , and also fromS � into ( S) � .

3) If F belongs toS or S, then ZF agrees with the standard de�nition (2.1).
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4) For F in S� or S � and f in S or S, respectively, we have an analogue of (2.11),
X

m;n 2 Z

hF; Em Tn f i e� 2�imt e� 2�in! = ( ZF )( t; ! )(Zf )( t; ! );

where the series converges in the sense of (S2)� or (S2)� .

The Zak transforms of S, S, S� , and S � can be characterized as follows:Z (S) is
equal to the set of all entire functions f of two variables satisfying

f (z + 1 ; w) = e� 2�iw f (z; w); f (z; w + 1) = f (z; w); for all z; ! 2 C ;

and such that there exist constantsA; B; M > 0 with

jf (x + iy; u + iv )j � M exp(2�xv + �Ay 2 + �Bv 2);

while

Z (S� ) =
�

F 2 (S2)� : T 1
� 1F = E 2

1 F and T 2
� 1F = F

	
:

On the other hand, Z (S) is equal to the set of all functions of two variablesf (z; w)
that are C1 in both variables and satisfy

f (z + 1 ; w) = e� 2�iw f (z; w); f (z; w + 1) = f (z; w) for all z; w;

while

Z (S � ) =
�

F 2 (S2)� : T 1
� 1F = E 2

1F and T 2
� 1F = F

	
:

Let us denoteZ (S) by eP. Clearly, eP � P ; see De�nition 2.1.

De�nition 4.1. A sequencef � n g1
n =1 of real-valued functions with � n 2 S is called a

delta sequenceif

i)
Z 1

�1
� n (x)dx = 1 for all n,

ii)
Z 1

�1
j� n (x)jdx < M for someM > 0 and all n,

iii) lim
n !1

Z

j x j� "
j� n (x)jdx = 0 for all " > 0.

The collection of all such delta sequences will be denoted by� S . The reader can
easily verify that for G = L 2(< ), H = S, 
 = � and � = � S , conditions (3.1){(3.5)
are satis�ed. The corresponding space of Boehmians will be denoted by BL 2 , i.e.,

BL 2 = B(L 2(< ); S; � ; � S ):

Elements of BL 2 are called square integrable Boehmians.

Lemma 4.1. Let � Z =
�

f Z� n g : f � n g 2 � S
	

. Then BZ = B(P; eP; � ; � Z ) is a
class of Boehmians.

Proof. The proof is straightforward; we only need to use (2.12) to verify that (3.1){
(3.5) hold.

Theorem 4.2. If F = [ f n =� n ] 2 BL 2 , then [(Zf n )=(Z� n )] 2 BZ .
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Proof. Since f n 2 L 2(< ), � n 2 S, it follows that ( Zf n ) 2 P and (Z� n ) 2 eP. Now it
su�ces to show that

(Zf n ) � (Z� m ) = ( Zf m ) � (Z� n )

for all m and n. But this is an immediate consequence of (2.12) since

(Zf n ) � (Z� m ) = Z (f n � � m ) = Z (f m � � n ) = ( Zf m ) � (Z� n ):

Now we are able to present our extension of the Zak transform.

De�nition 4.2. The Zak transform of F = [ f n =� n ] 2 BL 2 is de�ned as the Boehmian
[(Zf n )=(Z� n )] 2 BZ and will be denoted by ZF .

For this de�nition to make sense, we must show that the de�nit ion is independent
of the representation ofF . But this is easy, since ifF = [ f n =� n ] = [ gm = m ], then

(Zf n ) � (Z m ) = Z (f n �  m ) = Z (gm � � n ) = Z (gm ) � Z (� n ):

From (2.9) and de�nition 4.2, it is easy to prove

Theorem 4.3 (Inversion formula). Let F 2 BL 2 and ZF = [ gm =
 n ]. Then

F = [( Z � 1gn )=(Z � 1
 n )]:

Note that the Zak transform is an algebraic isomorphism ofBL 2 and BZ . We are
going to show that it is also a topological isomorphism.

Recall that a sequence of BoehmiansFn 2 BL 2 is �-convergent to a Boehmian

F 2 BL 2 , denoted by Fn
�! F , if there exists a delta sequencef � n g 2 � S such that

(Fn � F ) � � n 2 L 2(< ) for all n 2 N , and (Fn � F ) � � n ! 0 in L 2(< ), as n ! 1 .
A sequence of BoehmiansFn 2 BZ is �-convergent to a Boehmian F 2 BZ , denoted

by Fn
�! F , if there exists a delta sequencef � n g 2 � Z such that (Fn � F ) � � n 2 P

for all n 2 N and
R

Q j(Fn � F ) � � n j2 ! 0, asn ! 1 .

Theorem 4.4. Fn
�! F in BL 2 if and only if ZFn

�! ZF in BZ .

Proof. It su�ces to prove the theorem for F = 0. So let Fn
�
! 0 in BL 2 and let

f � n g 2 � S be such that f n = Fn � � n 2 L 2(< ) for all n and f n ! 0 in L 2(< ). Then,
sincef Z� n g 2 � Z , we have

ZFn � Z� n = Z (Fn � � n ) = Z (f n );

which implies that ( ZFn � Z� n ) 2 P . Moreover, by (2.10)

k(ZFn � Z� n )kL 2 (Q) = kZf n kL 2 (Q) = kf n kL 2 (< ) ! 0; as n ! 1 :

Thus ZFn
�! 0 in BZ . The proof in the other direction is similar.

Corollary 4.5. The Zak transform is a topological isomorphism ofBL 2 onto BZ .

Our extension of the Zak transform appears to be simpler and more natural than
Janssen's; now we show that it is actually more general. We dothat by constructing
a Boehmian F 2 BL 2 that is not an element of S� .

Choose� 2 S such that
R1

�1 � (x)dx = 1 and

jxq� (k ) (x)j � CqAk kk=6 for all q; k = 0 ; 1; 2; : : : , (4.4)
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whereA and Cq are constants with Cq being dependent onq but not k. Here we adopt
the notation that 0 0 = 1. Condition (4.4) is possible in view of (4.2) and the fact that
S =

S
0<�

� S
0<� S�

�

�
.

De�ne
� n (x) = n� (nx); n = 1 ; 2; : : : ;

and

f n (x) =
1X

k=0

1
kk=3

� (k )
n (x):

Note that f � n g1
n =1 2 � S , and that for every q,

sup
x 2<

jxq� (k )
n (x)j = sup

x 2<
jxqnk+1 � (k ) (nx)j

= sup
x 2<

�
�nk+1 � q(nx)q� (k ) (nx)

�
�

� nk+1 � qCqAk kk=6:

Hence, the series de�ningf n converges to an element inS, in particular, f n 2 L 2(< ).
Moreover, it can be easily veri�ed that

f n � � m = f m � � n ;

which shows that F = [ f n =� n ] 2 BL 2 . Choose 2 S such that

 (k ) (0) = CqB k kk=2; k = 0 ; 1; : : : ; (4.5)

which is again possible in view of (4.2). Consider

eF (x) =
1X

k=1

1
kk=3

� (k ) (x):

It is readily seen that eF � � n = f n for n = 1 ; 2; : : : , hence eF = F 2 BL 2 . But (4.5)
implies that the series

hF;  i =
1X

k=1

1
kk=3

(� 1)k  (k ) (0)

diverges, and thusF =2 S � .
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