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Hyperasymptotic solutions of second-order linear
differential equations Il

A. B. Olde Daalhuis

Abstract. In the preceding paper, hyperasymptotic expansions were ob tained
for the solutions of homogeneous linear di erential equati ons of the second order
in the neighborhood of an irregular singularity of rank one.  In the present paper,
we derive alternative forms of these expansions that are som etimes advantageous.

1. Introduction and summary

In the preceding paper [1], hereinafter referred to a$, it was shown how to re-expand
the asymptotic solutions of the homogeneous linear di eretial equation
2
(jijzv + f (z)(;—vzv +g(z)w=0 (1.2)

in the neighborhood of an irregular singularity of rank one n very accurate series
of repeated integrals of the generalized exponential inte@l (or incomplete Gamma
function). The purpose of the present paper is to derive othe expansions of this type
that have some advantages, as well as disadvantages, overetexpansions of .

We shall assume that the reader is familiar with the main resits in I, and we
shall use the same notation and adopt the same conditions a% ixx1,2, and 3 of this
reference.

The paper is arranged as follows. Inx2 we give some new de nitions and properties
pertaining to the \hyperterminants" introduced in |, xX2. The main results appear
in the form of three theorems that are stated in x3 and proved in xx4{6. In X7 a
comparison is made of the hyperasymptotic expansions withhose ofl . The concluding
section, x8, supplies a numerical example.

2. Auxiliary functions

We de ne

GOzN)=1; G"(zN)= G (z;N;::iNsN +1); 1=1;23:; (21)
where z is a real or complex variable andN is an arbitrary positive integer. Thus,
from | (2:2) we have
Zl Zl et t 1tN+!t? !::ZtN+( )

L1 dt, 1:::dtydt; (2.2)

G (z;N) = i o (+2)Mi+ 0+t 1+ 2)
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validwhen|>1,jphzj< ,andN > j<!j 1. Asinthe case of the functionsG{", the

only singularities of the G" in the z-plane are branch-points, or poles, atz = 0 and
1 . Outside the sectorjphzj < , these functions are de ned by analytic continuation.

From | (2.9) we derive the connection formula

G(ze 21;N) G(z;N)=2ie (N*DigN*' gl Yize 1;N); I>1 (2.3
Next, if we substitute into the integral
Z1 Zl tt t N+! 4N T o 0 eN+T N !
e ! Y A | it t
1 2 2 2! L dt2| 1:::dt1dt
o o (t+2)(ta+t)(ta+ty)iii(ta 1+t 2)(e 'Z+ty 1)
by means of the identity
(t+2z) (i+t)+(t2+ty) (ta 1+t 2)+(e 'z+ty 1)=0;
we obtain the convolution formula
b3 o . .
( Yo (zN)G? Dze ";N)=0; (2.4)
j=0
valid when | is any positive integer.
We shall also need the \constants" de ned by
z 1
gV (M;k)= e tMTR Tt (2.5a)
0
and
gV (M;k) =
Z, Z, et tu oM+ M !:::tM+( )! Z!tM+k 1+ ) 1
! | 2 L1 dty 1:::dtodt;
0o o0 (ta+ (2 + )i (t 1+t 2)
(2.5b)
for 1> 2. Forl =1;2 we have
gP(M;k)= ( M +k+1); (2.6a)
@AMy (MHLI+1)(M+k 1)
9 (M;Kk) M+ K ; (2.6b)
but closed expansions have not been obtained so far in the cesl =3;4;:::.
Next, we introduce the functions
o kikio
PL(zNiK1K2) = () 2GR (ziN); (2.7a)
j=0
X j+1 NKgl.+1Kj2 2j+1
Q (z:N;Ky;Kp)= ()™ WG!(] ) (z;N); (2.7b)
j=0

which we shall call the hyperconnection functions If we take N = jzj + O(1), then
with the aid of |, Lemma 2.1, we see that the sums in (2.7) converge fgphzj6 and
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all su ciently large jzj. Furthermore, if we truncate these in nite sums after | terms,
then the remainders are of the same order as the rst neglectterm; thus

OKIkL
(N EiR26p0 N = 6P N0 M)
j=1
= O(e 2izizz 1y, (2.8a)

IREIE
n K1 K5

(i+D)
() 7RI+ N

G!(2j+l) (Z, N) — G!(2|+l) (Z, N)O(Z (21+1) N)

- O(e (2|+1)ijZ I+<! ), (28b)
asz!1 injphzj6
From the connection formula (2.3) we obtain
P (ze ' ;N;K1;Kp)  Pi(z;N;K1;Ky)
=2iK e '" €Z2'Q | (ze ';N;K2Ky); (2.9a)

Qi (ze 2" ;N;K 1K) Qi (zN;K 1K)
=2iK ' €Z'P | (ze " ;N;K2K): (2.9b)

Also, from (2.7), we have

P i(ze ';N;KzK1)P (z,N;K1;K»)
Q i (ze ";N;K2K1)Q (zN;K1;Kp)
ps I | X o . ,
=1+ ()™ Kzi,lsz ( )’G!(’)(Z;N)G(Z!I J)(ze ''N);
I=1 j=0

and, on combining this equation with (2.4), we derive the identity
P i (ze ';N;K3K1)Pi (z;N;K 1K)
Q i (ze "iN;K2K1)Q (z;N;K1;Kp) =1t (2.10)

The transformation of the hyperasymptotic expansions inl into the expansions
presented in the following sections is based mainly on the ftowing lemma.

Lemma 2.1. Let N;M;| be arbitrary positive integers, and letn 2 0;1;:::;M  1g.
Then

G(z;N;:::;N;N + M n)

1 ) ) Mxn 2 ) M n k2
= () e (zN) o'\ (N:k+1) ()'z
j:O k=0
+ ()z" " tehzN: (2.11)

(As is customary, empty sums are interpreted as being zero.)
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To prove (2.11), we substitute into the de nition
G (z;N;:::;N;N + M n)
Z,272, ettty t 1tN+!tl£| ! tN+( ) 2!,[N+( Y r+m ono1

I 2 | 1
. (+ )+ O+ ) (4 1+ o) e

by means of the identity

K1
" = () Mr ()t (YT MG )
j=2

Mxn 2

n k 2 n 1,

M M
. ()'z + ( )z
k=0
3. Main results
Theorem 3.1. For p=0;1;:::; dene

Kl%(j+ j)KZ%(i i)

x oL
TP @ZNM) = ()i Ha m2en

N
j=0 2
. 1Pl (N
iy ) ,(N) (3.1a)
— ()2
and
50 Dy 3G )
Tép)(z;N;M)= X ( )j+%j(j 1+2 p)N K¢ : K3 ]
) ZPN
j=0
. " 1alJ) (N
Ny =2 0, (3.10)
w ()2
whereM and N are arbitrary nonnegative integers. Then
X
u(z) = Tl(p)(z;N;N)+ R(l') Z;(1+1)N;IN;:: ;N (3.2a)
p=0
X
ux(z) = Tz(p)(z;N;N)+ Rg) Z;(I+1)N;IN;:: ;N (3.2b)
p=0

Here the coe cients a';(N) andal’,(N) are de ned bya2;(N) = as;1, al,(N) = as;2,
and form=1;2;:::,
ag (N) = aﬂ+i;1(N)
: e )y B o) X
() MmN KT " e ™ (NSs n); o (3.3a)
n=0

al,(N) = ay, £,(N)

X1
()M %m(m+1)NKl%(m m)Kz%(mJ' m) an:2 mg(n?)(N;s n): (3.3b)
n=0
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Furthermore, asN 11 !
vy 1 _
ag1(N) = (N+( )<t) (s!)Om(D); (3.4a)
j=0
w1 .
ag,(N) = (N ()Y<t) (s")Om(D); (3.4b)
j=0
uniformly for s=0;1;:::;N 1, wheres™ = max(s ( )"<!; 1).

The expansions (3.2a,b) are rearrangements of the expansie (7.5a,b), respectively,
of I, and the estimates of the remainder terms supplied by Theona 7.2 of | continue
to apply. Thus, we have

RV(Z;(1+1)N;IN; ;N )= 0 @ (#Diziz 31+ <t (3.5a)
RY(z;(1+1)N;IN; 15N )= O e (WDiziz 31 wa<t (3.5b)
asz!1 injphzj6
Theorem 3.2.
ui(z) = Py (z;N;K1K2AZIN) Qi (z:N;K1;K2)B( z:N); (3.62)
u2(z) = P 1 (ziN;K2;K1)B(z;N)  Q 1 (Z;N; K2 K1)A( Z;N); (3.6b)

where the functionsA(z;N) and B(z;N) are analytic in a deleted neighborhood of
z =1 . Furthermore, if N is an integer such thatN = jzj+ O(1) asjzj!1 , then
for each nonnegative integer,

X X 1
A(ZN): z mN aSn?l(N) + O e (|+l)j2jz %|+ 141 <! . (3 7a)
1 ZS ’ .
m=0 s=0
X 1gm
B(Z,N): z mN aS,Z(N) +0e (I+l)ijZ %I 141 <! : (37b)

s
m=0 s=0 z

asz!1l , uniformly with respect to unboundedph z.

Owing to the extreme diculty of computing the hyperconnect ion functions
P (z;N;K1;K2) and Qi (z;N;Ky;K>), Theorem 3.2 is in the nature of an existence
result. A more practical form is obtained on using (3.7) and tuncating the expansions
(2.7), as follows.

Theorem 3.3. Let | be an arbitrary nonnegative integer, andN = jzj+ O(1). Then
asz!1l injphzj6

o KIKD o X1 X tam(N)
ui(z) = () WC;!( D(z;N) et B\
i=0 z m=0 z s=0 z
bl ic PR | )
X (i+1) N Ki" KJzG(2j+1) ‘N X 1 X ag,(N)
() 2O N ! (z;N) N s
j=0 z no (™ o (2)

+ O e (|+l)ijZ %I+ 141 <! X (383.)

1The m in Op, indicates that the O term may depend on m.
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and
ux(z) = ( N %G(Z!J)(Z;N) — as,ZS
j=0 z m=0 z s=0 z
bl ic N | L
X T i KIKST iy oy X1 Xlag(N)
=0 Zz(j+1) N ! ) m:o( z)mN o ( 2)8
+0 e (Miziz 31 <t . (3.80)

where bpc is the integer g such thatq6 p<qg+1.

Theorems 3.1, 3.2, and 3.3 are proved in the following threeextions.

4. Proof of Theorem 3.1 for level one
From | (3.12a) and | (5.3) we obtain

R(lo)(z;N) R(ll)(z;N + M;M)

Ny 1 1

as: K
= T O M mr aGPEN M )
s=N n=0
M ek KX Tag (N ke 1)
N k+1
s=N z z n=0 k=0 ( Z)n+ '
K ! a
1 2.
(N FG(zN) (”Z)n, (4.1)
n=0

where we have used Lemma 2.1, with = 1, and (2.6a). We can rewrite this expansion
in the form

R(lo) (z;N) R(ll) (z;N + M;M)

K tal (N K1
=z " —as'lz(s Doy L6 N o
s=0 s=0
=TV @z NM): (4.2a)

Similarly, we nd that
R(ZO)(Z;N) R(zl) (z;N + M;M)

M( 1 1. N M( 1 .
z N as,Z(S ) ( )N K—NZG“? (z:N) 6\5,1S
s=0 z z s=0 ( Z)

T (ZNM); (4.2b)

where the new coe cients are de ned as in (3.3). Notice that aé;l(N) and aé;z(N) are
the remainders of asymptotic expansiond (3.17a) and | (3.17b), respectively, afters
terms.
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On combining (4.2) with the equations

W1
Tl(o) (z;N; M) = as—’sl = uy(2) R(lo) (z;M); (4.3a)
s=0
©) K T ags ©
T,7(z;N; M) = ? = ux(z) R (z;M); (4.3b)
s=0

and taking M = N, we arrive at (3.2) in the casel = 1.
When we substitute into |1 (3.11a) by means ofl (3.13), we obtain the integral
representation
Z 1 1 Z el
as1=( )°K1 e s M uy(t)dt + I 2 tug(t)dt:
e I
With the aid of this result and (3.3a) with m = 1, we obtain
Z 1 1 Z ei
aé;l(N) =( )N+SK1 e ttN+s 1+! UZ(t)dt+ Z . tN+s 1U1(t)dt
e 1
z 1

Xlan_
( )N+SK1 e ttN+S 1+! 'Zdt
0 n=0 t
Zl
=( )N+3Kl e tfN+s 1+! R(ZO)(t;S)dt+ b1 (N; ); (4.4)

where

NS Tug(t)dt

xt 2
(K1 ag, e 't M N (4.5)
n=0 0
We usel (3.8a) and | (3.17b) in (4.5), and we nd that

byi(N; )= NTPO@)+ ( sv) YO@)= ( st) ) OQ);

where agains! = max(s < !; 1) and ; = max( ; 1). This estimate of bs.1(N; ) is
for N 11 , and itis uniform with respectto s> 0. From | (3.14b), with replaced by
an arbitrary constant °such thata< %< , we see thattsSRY (t;s) = ( st)O(1),
uniformly with respectto t > and s> 0. When we use this estimate in the integral
in the nal line of (4.4), we obtain
Z,
(VK e NS RO gydt= (N + <) (sh)o();

asN !'1 | uniformly with respect to s> 0. On substituting into (4.4) by means of the
last two results and using a similar analysis foraé;z(N ), we nd that (3.4) is valid for
m = 1. Thus the behavior of the terms of the rst sum in (4.2a) is (approximately)
as follows. The rst term is of the same order of magnitude as he left-hand side;
the following terms decrease untils = N, thereafter they increase. The terms in the
second sum in (4.2a) exhibit similar behavior, as do those irthe sums in (4.2b).
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5. Proof of Theorem 3.1 for level two
From | (6.2) we obtain
R(ll) (z;2N;N) R(lz)(z;ZN + M;N + M;M)
= RU(z;2N;N) RO (z;N)
+ RO@zN) RP(z:2N + M;N + M)
K1K2

1
HOM ot @GP (@NIN + M ) (5.1)
n=0

Again we use Lemma 2.1 and the rst line of (4.2a). We nd that

R (zi2N;N) RP(z;2N + M;N + M;M)

_ 2N '\k lag;l(N) Kl (1) laé;z(N)
=z 55 —n G (Z:N) T 25
s=0 s=0
1
KKz R
s=0 z°
= TP @N;M); (5.2a)

where the coe cients ag;l(N) are de ned by (3.3a) with m = 2. Similarly,

R(zl) (z;2N;N) R(ZZ)(Z;ZN + M;N + M;M )

=7 2N X 1a§;2(SN) Kz G(l)( N) a%;1(NS)
s=0 z s=0 ( Z)
f( O Kaege ) a2
s=0
= T@ (5 NM )
= T, (zN;M): (5.2b)

The coe cients can be estimated in a similar way to that used for aé;l(N) and asl;z(N)
in x4, and we obtain (3.4) with m = 2. It follows that all of the sums in (5.2) have
optimal behavior for divergent series: the rst terms are of the same magnitude as
the left-hand side, the terms then decrease in magnitude fof6 s <N, and increase
in magnitude for s> N .

6. Higher levels: completion of the proofs
of Theorems 3.1, 3.2, and 3.3

The analysis used inx5 may be continued to levels three and higher, and Theorem 3.1
follows straightforwardly by induction.

We next prove Theorem 3.3. From (3.4) andl, Lemma 2.1, we see that iff and m
are nonnegative integers such tha + m> | + 1, then

G (z;N) X taly, | (N)
z(m+j)N w0 ( )jz)s

=0 e ("Dizig i+ <ty (6.1)
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asz!1l injphzj6 . When we substitute into (3.2a) by means of (3.1a) and (3.5a)
and apply (6.1) with m = p j, we obtain

XX K20+ D36 M 1gPd (N
u(z) = ( )1+%1(1 1+2p)N 1 ZpNz G!(J)(Z;N) a1+ J( )+

p=0 j=0 s=0 (( )j Z)S

X 3+ Dy G 0) 1
— X X j+imN + Lj(j+1) N Kf : KzZ : () (- X r5‘r5731+ i(N)
() s G @N)
j=0 m=0 z ! s=0 (( )J Z)

Xi 30+ )y 3G ) X K m
— ( )j+%j(j+l)NK12 J'\'fzz J Gl(j)(Z;N) ( )jZ mN Jas;1+ _j(|\i)+
j:0 ZJ m=0 s=0 (( )J Z)

where, for brevity, we have denoted theO-term in (6.1) by O . On splitting the j
sum in the last equation into even and odd terms, we arrive at 8.8a). Similarly for
(3.8h).

To prove Theorem 3.2, we rst observe from (2.9) andl (3.9) that the functions
A(z;N) and B(z;N) de ned by

A(z;N)= P 1 (ze ';N;KzK)u(z)+ Qi (z;N; K1 Ko)up(ze '); (6.2a)
B(z;N)= Py (ze' ;N;K1;Koua(2) + Q 1 (z;N; Ko Kp)u(ze' ); (6.2b)

satisfy A(ze?' ;N)= A(z;N)and B(z€?' ;N) = B(z;N). They are therefore analytic
in a deleted neighborhood ofz = 1 . On combining (2.10) with (6.2) we obtain
equations (3.6).

It remains to prove (3.7). From (2.8), we see that we can rewtie the expansions
(3.8) in the form

X X 1am (N
ui(z) = P (z;N;K1:K>) z ™ aszi(s)

m=0 s=0

X N 1.m

Q (z,N;K;;Kp) () ™ agi»(N)
m=0 s=0 ( Z)S

+0 e (IMizig 31+ <t . (6.3a)

X K 1gm
Ux(z)= P 1 (z;N; K2 Ky) z ™ 32(N)
m=0 s=0

X| l’( 1 m
Q 1 (zZN;KzKy)  (z) ™ 2= M)

S
m=0 so (2

+0 e (MDizig 31 <t . (6.3b)

ZS
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asz!1 injphzj6 . When 06 phz6 , we may substitute (6.3) into (6.2) and
apply (2.8) and (2.10). We nd thatas z!1

X, o X AN

A(z;N) = -

m=0 s=0
+P  (ze ':N;Kp KO e #Diziz 21+ <!
+ Qi (Z;N;K1;K2)0 e (#Diziz 31 <!
| 1
_ X 5 mN ,’( asnﬂ,ll(N) +0e (|+1)jzjz %I+ 141 <! : (64)
S
m=0 s=0 z
Alternatively, if 6 phz 6 0, then with the aid of (2.9), (6.3), and I (3.9), we can
show that (6.3b) also applies where is replaced byze ', provided that the O-term is

changed by a factore 2z ' . Hence (6.4) continues to apply. SinceA(z; N) is analytic,
we have established (3.7a) uniformly for unrestricted phe. Similarly for (3.7b).

Remark. Itis not clear whether the expansions (3.7) converge ak! 1 . This would
appear to depend on how the estimate©n, (1) in (3.4) grow with m.

7. Comparison of the various hyperasymptotic expansions

We now have ve optimized expansions of hyperasymptotic type for the basic functions
u1(z) and uz(z), given by Theorems 7.2 and 8.1 of, and by Theorems 3.1, 3.2, and
3.3 of the present paper.

All ve theorems include the sector jphzj 6 in their region of validity. This
su ces for practical applications, since we can employ the ©nnection formulas| (3.9)
elsewhere. However, only Theorem 3.2 applies directly to uestricted values of phz.
As we have already noted inx3, Theorem 3.2 is in the nature of an existence theorem.
It shows, for example, that with the normalization , 1 =1 the qualitative behavior
of the basic functions in the neighborhoods of the Stokes lies phz = , 25,
depends only on the connection coe cientsK 1, K, and the parameter! 2 1.

From the standpoint of applications, Theorem 7.2 and 8.1 ofl have already been
compared in I. We now compare Theorems 3.1 and 3.3 with Theorem 7.2 of.
One feature of the latter that di ers from the usual type of generalized asymptotic
expansion is that, as we proceed from one level of approximain to the next, extra
terms have to be inserted at all preceding levels. A second &ure, and one which
is a major drawback, is that, at levels 3, 4,:::, the hyperasymptotic expansions
rapidly become unstable owing to numerical cancellation inthe summation process.
In contrast, once the coe cients al';(N) and ag',(N) in Theorems 3.1 and 3.3 have
been calculated, the expansions (3.2) and (3.8) do not exhibeither of these features.
However, these features are not altogether absent; they rggear when we consider the
calculation of ag';(N) and ag',(N) by means of formulas (3.3). On proceeding from
one level to the next, we have to computeN new coe cients at each of the preceding
levels. This also means thatal.;(N) and a\,(N) are, in e ect, linear combinations of
the original coe cients as.; and as» fors=0;1;:::;(I+1)N 1. These are precisely
the coe cients that appear explicitly in the hyperasymptot ic expansions supplied by
I, Theorem 7.2. In consequence, the same kind of numerical itability will occur on
summing the right-hand sides of equations (3.3).
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For the foregoing reasons, there is no gain in using Theorem8.1 and 3.3 in
preference to Theorem 7.2 ol for isolated values ofz. Indeed, there is a loss, since
the expansions supplied by Theorems 3.1 and 3.3, namely (3,2(3.3), and (3.8), are
more complicated. However, Theorems 3.1 and 3.3 will gain iseveral values ofz are
needed that dier by O(1) in magnitude. In this situation, the same value of N, and
hence the same values ddg';(N) and al’,(N ), can be used throughout. Theorems 3.1
and 3.3 would also gain, indeed gain overwhelmingly, if a nurarically stable way of
evaluating these coe cients could be found for all levels.

In comparing the expansions furnished by Theorems 3.1 and 3, we note that
the estimates for the remainder terms are the same, hence thexpansions should
yield comparable accuracy in applications. Theorem 3.3 hashe advantage that it
entails less computation. The expansions (3.8) are in termsf double sums multiplied
by single sums, whereas the expansions (3.2) are in e ect fole sums; compare
(3.1). However, Theorem 3.1 has the advantage that it suppks explicit integral
representations for the remainder terms (sed (5.6) and | (6.3)).

In summary, for isolated values ofz, the weaker but numerically stable version of
Theorem 7.2 ofl, namely Theorem 8.1 ofl, is to be preferred in applications. For
a range of values ofz that dier by O(1) in magnitude, Theorems 3.1 and 3.3 may
be advantageous, especially when the coe cients that are neded are calculable in a
numerically stable manner.

Lastly, the problems of evaluating the multiple integrals G(')! that were discussed in

the concluding section ofl persist in the calculation of the multiple integrals G(')! and
g('? . These problems will need to be resolved if the use of hypergsiptotic expansions

at 'higher levels is to become a practicable tool.
8. Example

We take the same example as i, namely the di erential equation
d’w 1 dw 1
+

— - —w=0:
dz2 z dz 22"
satis ed by €7K o(1z) and e2?Ko(ize '), where K is the modi ed Bessel function.
We have 1 =0, =1, 1= 5= % and! =0. The two basic functions and the
coe cients in | (3.7) to | (3.9) are given by
_ _ 11 1 1 . _ _ 12 32 (28 1)2_
u1(z) - UZ(Z) - 272 eZZKO(EZ), as;]_ - a-S;Z - ( )S 435' y

and K 1= Ko = 1

Again we take z = 20 and hence N = 20. The squares in Figure 8.1 are the
plot of the logarithm to base 10 of the absolute value of eachdrm in the expansion
| (7.5a) against its ordinal number. For | = 0, the expansion reduces to the original
asymptotic expansionl (3.8a), and it is terminated at (or very nearly at) the smallest
term. For | = 1, we take 40 terms of the original expansion, and then 20 tems of the
rst re-expansion. Again this re-expansion is terminated & its smallest term. And for
| = 2, we take 60 terms of the original expansion, 40 terms of therst re-expansion,
and 20 terms of the second re-expansion, thereby terminatig the second re-expansion
at its smallest term. As in I, we note that a few terms rise above unity in magnitude
indicating some instability in the summation.
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Ordinal number of term

0 10 20 30 40 50 Lt 70 80 90 100 110 120
o .
5o -
'../\\Q] -
-__.,V: \‘X."-l- . .
—lO ...IIIII...
E "
5 4, . A
— 15 L ) e
g n - 5 ... .
MM,
-20
25 R0 .-
AAAAAAAAAAAA :::ll
-30

Figure 1. Magnitudes of the terms in hyperasymptotic expansions
(7.5) of | and (3.1) of the present paper.

The curves indicated by the triangles plot the terms in the expansion (3.2a) for
| =1;2. (For | =0, the curve is the same as that forl (7.5a).) For | = 1, we start
with the | = 0 expansion and then add (3.1a) withp=1and M = N = 20 for
the rst re-expansion.? Due to the j-sums in (3.1a), the triangles appear pairwise.
This rst re-expansion is terminated at its smallest term. For | = 2, we start with
the | = 1 expansion, and then add (3.1a) withp = 2 and M = N = 20 for the
second re-expansion. Now the triangles appear in groups ohtee. Again, the second
re-expansion is terminated at its smallest term.

We observe that at each level the optimal number of terms in the expansions
(3.2a) and | (7.5a) are the same and that the nal terms in each expansion e of
the same order of magnitude. We also observe that the curve dfiangles indicates
that the expansion (3.2a) is numerically stable and that at each levelthis expansion
is terminated at an optimal stage.

We illustrate also the numerical instability in the computa tion of the coe cients in
(3.1) by means of (3.3). From (3.3a) and (2.6) we obtain

X 1
aé;l(N):anLs;l ( NTKy an2(N+s n+1!) (8.1)

n=0
2The reason that we take M = N = 20 is that for general M and N the remainder is

R(ll) (z;N + M;M ) (see (4:2a)). In |, we showed that this remainder is minimal for M = N | zj.
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Figure 2. Magnitudes of the coe cients in the rst three levels.
and
Nxs 1
ag;l(N)z an+s1 ()°Ka an2(22N+s n+!)
n=0
X' (N+1+!1)(N+s n 1)
N : “ ).
KiK - : 8.2
() 12n:Oan,1 N+s T (8.2)

Figure 8.2 plots the logarithm to base 10 of the coe cients we have used in (3.2a).
The discrepancy in the order of magnitudes of theasl;l(ZO) (indicated by the triangles)
from those of the ayp+ ;1 (indicated by the squares directly above) reveals the exten
of the cancellation that takes place on evaluating the righthand side of (81). The
discrepancy is even greater for theag;l(ZO) and ayp+ ;1 (compare the circles with
the squares directly above). Thus the cancellation associad with equation (8.2) is
considerably more severe than that associated with (8.1).
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