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ASYMPTOTIC SOLUTION TO A CLASS OF SINGULARLY PERTURBED
VOLTERRA INTEGRAL EQUATIONS

L. A. Skinner

ABSTRACT. A uniformly valid asymptotic expansion for the solution to a class of
singularly perturbed Volterra integral equations displaying exponential boundary
layer behavior is established. Certain quasilinear ordinary differential equations
are a noted special case, and a model for population growth with attrition is
briefly discussed.

1. Introduction

Let f(x,€) € C*°([0,1]x[0,1]) and k(z,t,€,y) € C>([0,1] x [0, 2] x [0, 1] x [a, b]), where
(a,b) contains the derivative f(0,0), and assume f(0,0) = 0. We are interested in
the asymptotic behavior as € — 0T of the solution to the Volterra integral equation

ey(z,e) + /Om k(z,t,e,y(t,€))dt = f(x,€). (1.1)

The assumption f(0,0) = 0, which implies y(0, €) = f.(0,0)+O(e), is nontrivial unless
(1.1) is linear. If ky,(z,t,e,y) = 0, we can get f(0,0) = 0 by changing the unknown
(if necessary) to ey(z,€).

In the special case

k(x,t,e,y) = p(t, )y + (z — t)]q(t, &, y) — pi(t, )]y,
f(z,€e) = ae+ [Be + ap(0, €)]x,
equation (1.1) is equivalent to the singularly perturbed initial-value problem
ey’ +plx, )y’ +a(z,e,y) =0, (1.4)
y(0)=a, ¥ (0)=25
As is well known [5], if p(x,0) > 0 and the reduced problem
p(z,0)u’ + q(z,0,u) =0, y(0) = a, (1.6)

has a solution for 0 < z < 1, then the solution to (1.4)—(1.5) exists for 0 < z < 1, and
it has a uniformly valid asymptotic expansion of the form
N-1
y(w,e) = Y lun(@) + va(z/e)] + O(), (1.7)
n=0
where u,(z) € C*[0,1] and v,(X) € C*[0,00). Furthermore, v,(X) = o(X~>).
That is, v,(X) = o(X ") as X — oo for any r. It can also be seen from the linear
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Fredholm equation theory in [4] that the solution to (1.1) is expressible in the form
(1.7) if k(z,t,¢,y) = c(x,t)y and c(z,z) > 0.

The object of this paper is to establish the validity of (1.7), under appropriate
conditions, for the full nonlinear problem (1.1). In so doing, we develop a procedure
for successively computing the individual terms of (1.7). This procedure is rigorous
and more explicit than the one presented in [1] and [2], which is a formal treatment of
(1.1) and a variety of related problems including singular integral equations problems.
We also briefly discuss a model for population growth with attrition.

Insisting that v,(X) = o(X~°°) in (1.7) may at first seem too restrictive. For
instance, if

1
k(x,t,e,y) :yQ—Qt% f({E,E) :€(1+CC)— gxgv (18)
the solution to (1.1) is y(x,€) = z+ (1+x/e) L. However, this example is exceptional.
Considering just the first term of (1.7), if we are to have y(z, €) = u(z)+v(z/€) +O(e),
then (1.1) implies

u(0) + v(X) + /OX k(0,0,0,u(0) + v(T))dT = X f,(0,0) + f(0,0). (1.9)

Thus, in order to have v(X) = O(1) for 0 < X < oo, it must be that v(X) approaches
an equilibrium point of

v + k(0,0,0,u(0) + v) = £,(0,0) (1.10)

as X — oo. Without loss of generality, v(co) = 0, by choice of u(0); therefore
ky(0,0,0,u(0)) > 0. If k,(0,0,0,u(0)) > 0, then k,(0,0,0,y) > 0 in a neighborhood
of y = u(0); therefore v(X) — 0 exponentially as X — oo. That is, v(X) = o(X )
if k,(0,0,0,u(0)) > 0. On the other hand, if k,(0,0,0,u(0)) = 0, as in (1.8), then
f2(0,0) must just happen to be an extreme value of k(0,0,0,y). Indeed, (1.10) also
implies k(0,0,0,u(0)) = f.(0,0). We shall therefore limit our investigation of (1.1) to
solutions having asymptotic expansions of the form (1.7) with v, (X) = o(X ~°°).

2. Integral expansion

Let
N-1
N(ET ) =Y un(t) + va(T)], (2.1)
n=0
where uy,(t) € C*|0,1], v,(T) € C*°[0,00), and v, (T) = o(T~°°), but u,(t), v,(T)

are not yet tied to the solution of (1.1). We begin by determining a uniformly valid
expansion for

Yn(z,€) = /0m k(z,t,e,yn(t, €))dt, (2.2)

where yn (t,€) = sy (t,t/¢,€). Note that we are presuming a < ug(t) + vo(T) < b for
all (¢,T) € [0,1] x [0,00), so that yn(t,€) € (a,b) for 0 < ¢ < 1 and all sufficiently
small € > 0. We will use the following two theorems.
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Theorem 2.1. If h(t,T,e) € C*°(]0,1] x [0,00) x [0,1]) and h(t,T,e) = o(T~>°) as

T — o0, then

N-1
h(t,t/e e) = Z "hn(t/e) + O(eY), (2.3)
n=0

where hy(T) € C*°[0, 00) is the coefficient of €™ in the Taylor expansion of h(eT, T, ¢€),
and hp,(T) = o(T~°).

Theorem 2.2. If ¢p(T,¢) € C>([0,00) %[0, 1]) and g(t,€,y) € C>([0,1] %[0, 1]x[a, b]),

where a < ¢(T,€) < b for all (T,€) € [0,00) x [0,1], and if ¢(T,€) = o(T~>°), then
N—1

glt,e, $t/e;€)) = Y €"lgn(t) + hn(t/€)] + O(V), (2.4)

n=0

where g, (t) € C®[0,1] is the coefficient of € in the Taylor expansion of g(t,€,0),

hn(T) € C*®[0,00) is the coefficient of €™ in the expansion of g(eT, e, ¢(T,€)) —

g(eT,€,0), and hy,(T) = o(T~°).

Proofs. Let p,(t,T) be the coefficient of €™ in the Taylor expansion of h(t, T, €), and let
Pnk(T) be the coefficient of t¥ in the expansion of p,(t, T). Then p,x(T) € C*[0, 00),
Prk(T) = o(T~°°), and

N—-n—1
= > " pun(T) + Ny (£, T), (2.5)
k=0
where ry_p(t,T) € COO([ 1] x [0,00)) and rn_p(t,T) = o(T~°°). Therefore
tN " n_n(t,t]e) = "[(t/e )N "rn_n(t,t/€)] = O(eN™"). Similarly, t*p,x(t/€) =

" P,k (t/€), where Pnk(T) = T*p,1(T) € C*®[0,00) and P,x(T) = o(T~°°). Thus, we
have (2.3) with

) =3 Poi(T). (26)
k=0

Theorem 2.2 is obtained by applying Theorem 2.1 to
h(tuTv 6) = g(t767¢(T= 6)) _g(t7670)' (27)

By applying Theorem 2.2 to

N-1
g(t, ey, ) = k(:v, t, e, €"un(t) + y) (2.8)
n=0
with
N-1
o(T,e) = "o (T) (2.9)
n=0

(and z as an uninvolved parameter), it is apparent that

N-1

k(@ t 6 yn(t, ) = Y € [n(@,t) + Pn(x,t/e)] + O(V), (2.10)

n=0
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where ¢, (z,t) € C*°([0,1] x [0,z]), ¥n(z,T) € C=([0,1] x [0,00)), and ¥, (z,T) =
o(T~°°). A little computation also reveals

ooz, t) = k(z,t,0,up(t)), (2.11)
d1(x,t) = ky(z, 6,0, u0(t))u1 (t) + ke(z,t,0,uo(t)), (2.12)
and, if we let
h(z,t e, y) = k(z,t,e,up(0) +y) — k(x,t, €,up(0)), (2.13)
then
Yoz, T) = h(x,0,0,v0(T)), (2.14)
Ui (x,T) = ky (2, 0,0,u0(0) + vo(T))vr (T) + 1 (z, T), (2.15)
where 1?1 (x,T) is the combination
12)\1(17, T) = (he + Thy + up(0)Thy + u1(0)hy) (2, 0,0, vo(T)). (2.16)
In general, for 1 <n < N — 1,
(2, T) = ky (2,1, 0,u0(t) un(t) + G (@, 1), (2.17)
Un (@, T) = ky(2,0,0,u0(0) + v0(T))vn(T) + U (z, T), (2.18)

where ¢y, (x,t) and b, (z,T) — U (0)hy(z,0,0,v9(T)) are determined by wug(t), v (T)
for0<k<n-1.
We need to substitute (2.10) into (2.2). Upon applying Theorem 2.1 to

U, (2, X) = XOO Y (2, T)dT, (2.19)

we get the desired result. Namely,
N-1
Yn(z,€) = > " [Un(z) + eVa(z/e)] + Vo (,¢), (2.20)
n=0
where U, (z) € C*°[0,1], V,,(X) € C®[0,00), V,(X) = o(X~>°) and Oy (z,¢) = O(1)
for 0 <z <1 ase— 0F. In particular,

Up(z) = /Ow k(z,t,0,uo(t))dt, Vo(X)=— /: 1(0,0,0, vo(T))dT. (2.21)
For1<n<N-1,

Up(z) = /0m Ky (2, 1,0, up (£))dt + Uy (), (2.22)

Vo(X) = — /XOO ky (0,0, 0, u0(0) + vo(T))vn (T)dT + Vo (X), (2.23)

where, letting A, (X) denote the coefficient of z™ in the Taylor expansion of
\Iln—m(an)u

~

O ( / B, 1)t + W1 (2,0, (2.24)

/ U (0,T)dT — Z X" A (X (2.25)
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In particular,

Uy (z) = /O”” ke(x,t,0,uo(t))dt + /000 h(z,0,0,v9(T))dT, (2.26)
Vi(X) = — /OO [1(0,T) + X 1(0,0,0,vo(T))] dT. (2.27)
X

We could, of course, have absorbed Vy_1(z/€) into Ox(z,€) in (2.20). However,
in its present form, since the expansion need not stop at N terms, Oy(z,¢) =
pn(x) + epn(x, €), where py(z) € C*[0,1] and pn(x,€) = O(1) as e — 0F. Thus, we
have the following key result.

Theorem 2.3. The derivative of the error term in (2.20), Ony(z,e) = O(1) for
0<z<lase—0T.
Proof. Just as we established (2.20) for Yy (z,€), we also have

N
Yna(@,€) = Y " [Un(@) + Va(a/e)] + €V oy ya(a,6), (2.28)

n=0

where U, (z) € C[0,1], V,(X) € C*[0,00), Vo (X) = o(X =), and Oy 41 (z,€) =
O(1) for 0 <x <1ase— 0T, since

YNI(‘TuE) = k(%%@@/N(%@) +/ kw(x,t,e,yN(t,e))dt. (229)
0

Integrating (2.28) and comparing with (2.20) shows that
z/e _ T
pn(z,€) = / VN (T)dT —|—/ On1(t,€)dt. (2.30)
0 0

Therefore pys(z,€) = € Wy (z/€) + Ong1 (2, €), 50 Ong(z,€) = Py (z) + epna(z,€) =
O(1).

3. Asymptotic solution

In this section, we establish the preliminary result that, under appropriate conditions,
yn(z,€) = sy(z,x/€, €) satisfies (1.1) asymptotically, in the sense that
eyn(z,€) + Yy (z,€) = f(x,€) — ¥ on(z, ), (3.1)

where ¢y (x,€) = O(1) uniformly in z for 0 <z <1 as e — 0T. From (2.1) and (2.20)
it is clear that for (3.1) to hold, we must have

Up—1(z) + Up(x) = fu(x), v,(X)+V,(X)=0, (3.2)
for 0 < n < N — 1, where f,(x) is the coefficient of €” in the Taylor expansion of
f(z,e) and u_q(z) = 0. Furthermore, (3.1) implies u,(0) + v,(0) = f,4+1(0) and

N1
O (@,€) = On () + un-1(@) = N [f(2,0) = Y e fulw)], (3.3)
n=0
where Oy (z, €) is the error term in (2.20). Thus, in light of Theorem 2.3, ¢, (x,€) =
O(1) as € — 0F. Also, On(0,¢) = —Vy_1(0) = vy—1(0) by (2.20) and (3.2), and thus
¢n(0,€) = on-1(0) + un—1(0) = [fn (0) + 0(€)] = O(e).
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Of course, we need to show that (3.2) is consistent with the conditions imposed
on up(z) and v,(X) in deriving expansion (2.20). This requires some additional
hypotheses, which we list below as H2 and H3. We have been assuming H1 all along.

H1. The function f(x,e) € C*([0,1] x [0,1]), and k(z,t,¢€,y) € C([0,1] x [0, z] x
[0,1] x [a, b]). Also, fo(0) =0 and f1(0) € (a,b).

H2. The integral equation Up(x) = fo(x) has a solution ug(z) € C°°[0,1] with
a+[f1(0) — uo(0)] < uo(x) <b—[f1(0) — uo(0)[.

H3. There exists £ > 0 such that ky,(x, z,0,uo(x)) >k for all z € [0,1], and y = 0 is
the only root of h(0,0,0,y) in an interval containing f;(0) — ug(0).

Condition H3 ensures vo(X) = o(X ~>°). Indeed, k,(0, 0,0, uo(0)) > x means vy = 0
is an attractor for v+ h(0,0,0,v9) = 0, as noted in Section 1, and the (0,0, 0,y) # 0
assumption means vp(0) = f1(0) — uo(0) is in the domain of attraction. Furthermore,
H3 implies vo(X) — 0 monotonically, hence a < ug(z) 4+ vo(X) < b.

For 1 <n < N — 1, the equations for u,(z) and v,(X) are linear. Indeed, (3.2),
(2.22), and (2.23) imply

/Oz ky(x,t,0,uo(t))un(t)dt = fr(z) — up_1(z) — An(:zz), (3.4)
vl + Ky (0,0,0,u0(0) + vo(X))v, = =V (X), (3.5)

for 1 <n < N—1. Thus, by induction, U, (z) € C*°[0, 1], so, since ky(z,x,0,uo(x)) >
0, un(z) € C=[0,1]. Also, V,(X) € C[0,00) with V,,(X) = o(X ), so v,(X) €
C*[0, 00) and v, (X) = o(X =), since k,(0, 0,0, uo(0) +vo(X)) > & for X sufficiently
large.

Of course, regarding H2, Uy(z) = fo(x) may have no solution. For example, there
is no solution if k(z,t,0,y) = y? and f(x,0) = —z. On the other hand, there can be
at most one solution satisfying k,(z,z,0,uo(z)) > k. Indeed, there can be only one
solution to (1.1) of the form (1.7).

If k(z,t,6,y) = y°> —y and f(z,€) = e(c + ¢€), for example, then Uy(x) = 0, since
fo(x) = 0. Hence, referring to (2.21), there are three possibilities, namely, uo(z) = £1
and uo(z) = 0. However, if ug(x) = 0, then v + v — vo = 0 and vy(0) = ¢. Thus,
vo(X) — +1 as X — oo, unless ¢ = 0. But if ¢ = 0, condition H3 fails to hold; indeed,
the solution to (1.1) in this case, y(z,€) = ¢/[(1 — €2)e~2%/¢ 4 €], is not expressible in
the form (1.7). If ug(x) = 1, then h(0,0,0,v0) = v3 + 3v3 + 2vp and vo(0) = ¢ — 1, so
vo(X) = o(X~°) only if ¢ > 0. The remaining possibility, ug(z) = —1, is the proper
solution if ¢ < 0.

We conclude this section with a brief discussion of the population growth problem
modeled by (1.1) when f(z,€) = es(z) and k(x,t,€,y) = —s(z — t)y(1 — y/c). In this
model, the survival function s(x) gives the fraction of the initial population which is
still alive at time x (so s(0) = 1), y(x, €) is the (relative) total population size at time
z, and € 'y(1—y/c) is the (rapid) rate of reproduction. Here we again have Up(x) = 0
and, thus, ug(z) = 0 or ug(z) = ¢. To satisfy H3, we must take ug(z) = ¢ and ¢ > 0.
It follows that v) = —vo(1 + vo/c), v9(0) = 1 — ¢. Therefore

c

uo(x) +vo(X) = TH(e—De X’

(3.6)
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which is notably independent of s(z). In fact, yo(z,€) = ug(x) + vo(z/€) is the well-
known s-shaped exact solution to the differential equation form of this model which
exists when s(z) = 1.

With yo(x, €) determined, it follows from (3.4) and (2.26) that

/01 s(xz — t)ur (H)dt = —c[1 — s(x)]. (3.7)
Hence u1(0) = ¢s’(0); therefore, from (3.5) and (2.27),
vy + [1+ (2/c)ve(z)]vy = —5"(0)vo(z), v1(0) = —cs'(0). (3.8)

It is apparent from (3.7) that uy(z) < 0 for > 0. Thus, we see that the effect of
attrition is that the population size never reaches the saturation level y = ¢. For
instance, if s(x) = (1 4+ az)e™**, then

up(z) = —(ac/2)(1 —e2%%),  v1(X) =0. (3.9)

In addition to fertility being high, lifetimes are short in this example if « is large.
Such problems are also studied in [3], but with the two rates connected. Obviously,
here we would at least need oo = o(1/e).

To calculate ug(z) and vy (X), we would need to determine ¢a(z, ) and 2(x,T') in
(2.10) and then use the fact that

Us(z) = /0 " ol )t + /O " (e, TV, (3.10)
Va(X) = — /X - [¢2(0,T) b X (0,T) + %X21/Jom(0,T) drT. (3.11)

4. Confirmation

We are in position now to prove that, under assumptions H1-H3, for all ¢ > 0

sufficiently small, (1.1) has a solution for 0 < z < 1 with an asymptotic expansion

given by (1.7), where uy(z) and v,(X) are the functions determined in Sections 2

and 3. We shall follow a procedure patterned after the proof of comparable results for

singularly perturbed ordinary differential equations. For example, see [6, pp. 197-205].
First, we consider the linear Volterra equation

ez(x,€) + /O”” ky(z,t, e, yn(t, €))z(t, e)dt = g(z,€). (4.1)

We expect that if y(z,e€) is the solution to (1.1), then the difference e N [y(z,€) —
yn(z, €)] nearly satisfies (4.1) when g(z,€) = ¢n(z,€), where ¢y (x,€) is the function
in (3.1).

Theorem 4.1. Choose €y > 0 so that a < yn(z,€) <b on D = {(x,€) : 0 <2 <1,
0 < €< e}. Assume g(x,€) is continuously differentiable with respect to x on D,
and assume g(0,€) = O(€), gz (x,€) = O(1). Then the solution to (4.1) is uniformly
bounded on D.

Proof. In terms of

w(z,€) = g(x,€) — /Ow kgy(z,t, €, yn (t, €))2(t, €)dt, (4.2)
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(4.1) is equivalent to
e’ +ky(z,z,e,yn(z,€))z = w(z,€), 2(0,¢) =eg(0,¢). (4.3)

Thus, in terms of

Az, e) = / ky(s,s, e, yn(s,€))ds, (4.4)
0
if we let

Gz, e) = e 1g(0,e)e=A®)/c 4 671/ e A@O=A®AN ey (1 €)dt, (4.5)
0

K(z,te)=¢? / eA@a=A®Al e (st e, yn(t,€))ds, (4.6)
t
it follows that (4.1) also is equivalent to
z(x, €) —I—/ K(x,t,€)z(t,e)dt = G(z,€). (4.7)
0
By an application of Theorem 2.2,
ky(s, s, €, yn (s, €)) = ky(s, 5,0, u0(s)) + 1 (0,0,0,v0(s/€)) + O(e).  (4.8)
Therefore
Az, €) — At, €) :/ Jey (5, 5,0, w0 (s))ds + O(e), (4.9)
t

hence A(x,€) — A(t,e) > k(xz —t) + O(e). Thus, we have
/ e A@O=A®A e (1 e)dt = O(e), (4.10)
0

hence G(z,¢e) = O(1) on D. Similarly, K(z,t,¢) =0(1) for 0<2<1,0<t<z,0<
€ < €. Hence, from (4.7), by an application of Gronwall’s inequality, z(z,e) = O(1)
on D.

If we denote the solution to (4.1) by z(z,e) = Kg(z,e), then K is a linear
operator whose domain is all g(x,¢) satisfying the conditions of Theorem 4.1. Let
B denote the Banach space of all f(z) € C°[0,1] with [|f| = max|f(x)|, and let
S ={f(z) €B:|f|l <2d}, where d is chosen so that d > ||[Kén(z,€)|| for 0 < € < .
For example, f(z) = ex is in S for any e < 2d. Finally, let

E(z,te,y,p) = ¢ N[k(z,t,e,y + " p) — k(z,t,e,y) — " pky(z,t,€,)], (4.11)

which is continuously differentiable. In particular, for €y sufficiently small, there exists
M > 0 such that both

|E(z,t, e,yn(t,€),p)| <M and |E,(z,t,€,yn(t ¢€),p)| <M, (4.12)
for all (x,t,€,p) € [0,1] x [0,2] x (0, 0] X [—2d, 2d].
Theorem 4.2. There exists g > 0 such that the nonlinear problem
ez(x,€) + /I F(z,t,e 2(t,€))dt = pn(x,€), (4.13)
where ’

F(z,te,2) = ky(z,t, e, yn(t,€))z + eNE(x, t,e,yn(t,e), z), (4.14)

has a solution in S, provided 0 < € < €.
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Proof. Problem (4.13) is equivalent to z(z,€) = Nz(z,¢€), where, for any z(z,¢) € S,
the operator NV is defined by

Nz(z,€) = K[on(z,€) — eN/Oz E(z,t,e,yn(t,€), (L, €))dt]. (4.15)

There exists m > 0 such that ||Kg(xz, €)|| < m|g(x,¢€)| for any g(x,€) in the domain of
K, hence |[Nz(z,€)|| < d+ e¥mM for any z(z,€) € S. Thus, there exists ¢ > 0 such
that, if z(z,€) € S, then Nz(z,€) € S for 0 < € < €. Furthermore, since (4.12) also
implies

|E(x,t, e, yn(t,€), 2(t,€)) — E(z,t,e,yn(t, €),w(t, €))| (4.16)

< M|z(t,€) — w(t, €)|

whenever z(t,€),w(t, €) € S, we know

INz(x, €) — Nw(z, €)|| < mMeN||z(z,€) —w(x, €)||. (4.17)

Thus, A is contracting on S for 0 < € < ¢g < (mM)~ /N,
Finally, we can state our main result, and its proof is now a simple computation.

Theorem 4.3. Let Ry(z,€) be the solution to (4.13) determined by Theorem 4.2.
Then y(x,€) = yn(x,€) + eV Ry (z,€) satisfies (1.1) for 0 <z <1, 0 < e < ep.

Proof. For 0 <x<1,0<t<uz, 0<e<e¢, we have
k(Ia tv €, yN(tv 6) + 6NRN(ta 6)) = k({E, ta €, yN(tv 6)) + GNF(.I, ta €, RN(ta 6))7 (418)
and yn (z, €) satisfies (3.1). Therefore

/ k(z,t,e,yn(t,e) + eNRN(t, €))dt
0

= f(z,€) — " [pn (x,€) — eyn(z,€)] + € [pn (2, €) — eRn (z, €)]. (4.19)
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