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Asymptotics of columns in the table of orthogonal

polynomials with varying measures

Xin Li

Abstract. For a given sequence of positive Borel measures {µk}
∞

k=1
in the

complex plane C and p > 0, we study the asymptotic behavior of the sequence
of the nth degree monic polynomials with minimal Lp(dµk) norm as k → ∞.
Applications to the frequency analysis problem and orthogonal polynomials are
discussed. In particular, a “Kn-result” is established for the R-process proposed
in the recent work by Jones, Nj̊astad, and Waadeland [Continued Fractions and

Orthogonal Functions, Marcel Dekker, New York, 1994, pp. 141-152].

1. Introduction

Let M be the set of all finite positive Borel measures in the complex plane C, and let
Φ denote the set of all continuous functions defined in C with compact support. We
impose on M the weak star topology using Φ. More precisely, the convergence of a
sequence of measures {µk}∞k=1 to the measure µ means

lim
k→∞

∫

fdµk =

∫

fdµ

holds for all f ∈ Φ. The weak star convergence will be denoted by µk
∗−→ µ.

In this paper, all measures are assumed to be in M. The support of a measure µ
will be denoted by supp(µ). Let N := {0,±1,±2,±3, . . .} and N+ := {1, 2, 3, . . .}.

For measure µ, assume that supp(µ) is compact. Let n ∈ N+ and p > 0. Then an
Lp(µ)-extremal (monic) polynomial of degree n, denoted by Pn,p(z;µ) = zn + · · · ∈ Pn

(where Pn is the set of polynomials of degree at most n), is a solution of the following
extremal problem:

∫

|Pn,p(z;µ)|pdµ = inf qn∈Pn

qn(z)=zn+···

∫

|qn(z)|pdµ.

It is well known that when p > 1 and supp(µ) contains infinitely many points, such
Lp(µ)-extremal polynomial is unique for every n = 1, 2, . . . . If 1 ≥ p > 0, then we do
not necessarily have uniqueness. We will use Pn,p(z;µ) to denote one such extremal
polynomial regardless of whether we have uniqueness or not.

Now, for p > 0 and a given sequence of measures {µk}∞k=1 with compact supports,
we can consider the following table of extremal (monic) polynomials with varying
measures:
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P1,p(z;µ1) P2,p(z;µ1) · · · Pn,p(z;µ1) · · ·
P1,p(z;µ2) P2,p(z;µ2) · · · Pn,p(z;µ2) · · ·

...
...

...

P1,p(z;µk) P2,p(z;µk) · · · Pn,p(z;µk) · · ·
...

...
...

Table 1. The table of orthogonal polynomials with varying measures.

where we have intentionally omitted entries P0,p(z;µk) ≡ 1, k = 1, 2, . . . . So the kth
row are extremal polynomials associated with the measure µk, while the nth column
corresponds to the sequence of extremal polynomials of degree n with respect to various
measures µk, k = 1, 2, . . . . We will concentrate on the asymptotics of the entries in a
column of Table 1 when the sequence of measures converges in the weak star topology.
Our model case is when p = 2. It is well known that Pn,2(z;µk) is the nth monic
orthogonal polynomial with respect to the measure µk. So when p = 2, Table 1 will
be referred to as the table of orthogonal polynomials with varying measures. Solutions
of these kinds of problems have already been pursued in several concrete situations
(cf. [1, 4–10, 13, 16, 17], also §3 below), and different special methods are applied in
such solutions. In §2 we will present a general and simple approach which works for
general measures. Our method uses only the extremality of Pn,p and the fact that Pn

is of finite dimension as a normed linear space. Then in §3 we use our results in the
solutions of some familiar applications as well as some new problems.

2. General theorems

Theorem 2.1. Assume µk
∗−→ µ, and for some compact set K ⊆ C, supp(µk) ⊆ K.

For n ∈ N+ and p > 0, if Pn,p(z;µ) exists and is unique, then

lim
k→∞

Pn,p(z;µk) = Pn,p(z;µ),

locally uniformly for z ∈ C.

The proof of Theorem 2.1 is quite similar to that of the following Theorem 2.2, so
we will sketch the proof of Theorem 2.1 after the proof of Theorem 2.2.

Theorem 2.2. Assume µk
∗−→ µ and, for some compact set K ⊆ C, supp(µk) ⊆ K.

Assume further that µ is a discrete measure, i.e., for some m ∈ N+,

µ =

m
∑

j=1

αjδζj
, (αj > 0)

where (here and in the sequel) δζ denotes the unit measure supported at the point ζ.
For n ∈ N+ and p > 0, let {zj,k = zj,k(n, p)}n

j=1 denote the zeros of Pn,p(z;µk). Then

for n ≥ m and with suitable arrangement of the zeros of Pn,p(z;µk), we have

lim
k→∞

zj,k = ζj , j = 1, 2, . . . ,m.
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Proof. Write Pn,p(z;µk) =
∑n

j=0 aj,kz
j (note that an,k = 1), and let

P̃k(z) :=
Pn,p(z;µk)

max0≤j≤n |aj,k|
.

Then |P̃k(z)| ≤∑n
j=0 |z|j. Thus {P̃k}∞k=1 ⊆ Pn forms a normal family on C. Let P̃ (z)

be a limit function of this family, and let Λ be a subsequence of N+ such that

lim k→∞
k∈Λ P̃k(z) = P̃ (z),

locally uniformly on C. Now
∣

∣

∣

∣

∫

|P̃k(z)|pdµk −
∫

|P̃ (z)|pdµ
∣

∣

∣

∣

≤
∣

∣

∣

∣

∫

(|P̃k(z)|p − |P̃ (z)|p)dµk

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

|P̃ (z)|p(dµk − dµ)

∣

∣

∣

∣

≤ µk(K)max
z∈K

∣

∣

∣
|P̃k(z)|p − |P̃ (z)|p

∣

∣

∣
+

∣

∣

∣

∣

∫

|P̃ (z)|p(dµk − dµ)

∣

∣

∣

∣

→ 0

as k → ∞ and k ∈ Λ. So

lim k→∞
k∈Λ

∫

|P̃k(z)|pdµk =

∫

|P̃ (z)|pdµ. (1)

On the other hand, using the fact that max0≤j≤n |aj,k| ≥ 1 and the extremality of
Pn,p, we have

∫

|P̃k(z)|pdµk ≤
∫

|Pn,p(z;µk)|pdµk ≤
∫

∣

∣

∣
zn−m

m
∏

j=1

(z − ζj)
∣

∣

∣

p

dµk,

so

lim k→∞
k∈Λ

∫

|P̃k(z)|pdµk ≤
∫

∣

∣

∣
zn−m

m
∏

j=1

(z − ζj)
∣

∣

∣

p

dµ = 0.

This, together with (1), gives
∫

|P̃ (z)|pdµ = 0.

Thus P̃ (ζj) = 0, j = 1, 2, . . . ,m. Now, from the definition of P̃k(z), we know

that at least one of its coefficients is of absolute value 1. Therefore P̃ (z) has

at least one coefficient whose absolute value is equal to 1, so P̃ (z) 6≡ 0. Hence

P̃ (z) = q(z)
∏m

j=1(z − ζj) for some 0 6≡ q ∈ Pn−m. Since P̃ (z) is an arbitrary

limit function of the normal family {P̃k(z)}∞k=1, Hurwitz’s theorem now implies the
conclusion of the theorem.

We remark that when p > 1, it is known (cf. [20]) that all zeros of Pn,p( · ;µk) are
contained in the convex hull of supp(µk), which, in turn, is contained in the convex hull
of K (which is still compact). It then follows that {Pn,p( · ;µk)}∞k=1 forms a normal

family, so there is no need to introduce P̃k when p > 1.

Proof of Theorem 2.1. From the uniqueness of Pn,p(z;µ) we know that supp(µ)

contains at least n+ 1 points. Let P̃k(z) be defined as in the proof of Theorem 2. We
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now prove that {max0≤j≤n |aj,k|}∞k=1 is a bounded sequence. Assume, to the contrary,
that there is a subsequence Λ of N+ such that

lim k→∞
k∈Λ max

0≤j≤n
|aj,k| = ∞. (2)

Then, since {P̃k(z)}∞k=1 is a normal family, we can find a sequence Λ′ ⊆ Λ and

P̃ (z) ∈ Pn with P̃ (z) 6≡ 0 (recall that at least one coefficient of P̃ (z) is of absolute

value 1), such that lim k→∞,k∈Λ′P̃k(z) = P̃ (z), locally uniformly on C. As in the proof
of Theorem 2.2, we have

lim k→∞
k∈Λ′

∫

|P̃k(z)|pdµk =

∫

|P̃ (z)|pdµ.

But the extremality of Pn,p yields
∫

|P̃k(z)|pdµk =

∫
∣

∣

∣

∣

Pn,p(z;µk)

max
0≤j≤n

|aj,k|

∣

∣

∣

∣

p

dµk ≤
∫

|z|pndµk

max
0≤j≤n

|aj,k|p
.

Letting k ∈ Λ′ and k → ∞ in the above relation gives
∫

|P̃ (z)|pdµ ≤
∫

|z|pndµ

lim k→∞
k∈Λ′ max

0≤1≤n
|aj,k|p

= 0,

which, together with the fact that supp(µ) contains at least n + 1 points, implies

P̃ (z) ≡ 0, a contradiction. Hence {aj,k} is uniformly bounded. This tells us that the
sequence {Pn,p(z;µk)}∞k=1 itself is a normal family on C. Let P (z) be a limit function
of this family. All we need to do now is to show that P (z) ≡ Pn,p(z;µ). This is proved
by using the extremality of Pn,p as follows.

Take Λ ⊆ N+ such that lim k→∞
k∈Λ Pn,p(z;µk) = P (z). Note that

∫

|Pn,p(z;µk)|pdµk ≤
∫

|Qn(z)|pdµk, for any Qn(z) = zn + · · · ∈ Pn.

Letting k ∈ Λ and k → ∞ yields
∫

|P (z)|pdµ ≤
∫

|Qn(z)|pdµ, for any Qn(z) = zn + · · · ∈ Pn.

Then the extremality and the uniqueness of Pn,p(z;µ) force P (z) ≡ Pn,p(z;µ). This
completes the proof of Theorem 2.1.

3. Applications

3.1. The unit circle case. In this subsection, we consider measures supported on
the unit circle and apply our general theorems to the so-called Frequency Analysis
Problem.

A (causal) signal is a sequence x = {x(m)}∞m=0 of real numbers. Suppose we can
observe (or measure) a signal x exactly and suppose we know the signal is of the form

x(m) =
I
∑

j=−I

αje
iωjm, m = 0, 1, 2, . . . , (3)

where I is a (known) positive integer, the (unknown) ωj ’s are called the frequencies
of the signal and satisfy 0 = ω0 < ω1 < · · · < ωI < π and ωj = −ω−j, and the
(unknown) coefficients αj satisfy αj = α−j . Then the classical frequency analysis
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problem is to estimate the frequencies ω1, ω2, . . . , ωI from the observed N -truncated
signal xN = {x(m)}N−1

k=0 of signal x. There are various methods for solving this
problem (cf. [3, 12, 14, 16]). Recently, a method developed from ideas of Wiener and
Levinson and using the theory of orthogonal polynomials on the unit circle (the so-
called Szegő polynomials) has been under investigation in [4–10, 16, 17]. The main
method and theory can be summarized as in the following theorem.

Theorem 3.1. Let XN(z) :=
∑N−1

m=0 x(m)z−m and

dψN (θ) :=
1

2πN
|XN (eiθ)|2dθ, 0 ≤ θ ≤ 2π.

For n ∈ N+, let ϕn(z) := ϕn(z; dψN ) be the nth monic orthogonal polynomial with
respect to the distribution ψN on the unit circle, i.e., ϕn(z) = zn + · · · ∈ Pn and

∫ 2π

0

ϕn(eiθ)e−ikθdψN (θ) = 0, k = 0, 1, . . . , n− 1.

Let L = 0 if α0 = 0 and L = 1 if α0 6= 0. Then for each fixed n ≥ 2I + L, the 2I + L
zeros of largest modulus approach the points eiωj , L ≤ |j| ≤ I, as N → ∞, and there
exists a constant Kn ∈ (0, 1) such that the remaining n− 2I −L zeros are bounded in
the disk |z| ≤ Kn.

We will obtain a new proof of Theorem 3.1 as a corollary of the following more
general result, Theorem 3.2. We first need to introduce some notations.

Let Γ := { z : |z| = 1 }. For a measure µ on Γ, let µ′(θ) = dµ(eiθ)/dθ. We

say µ satisfies Szegő’s condition if
∫ 2π

0
logµ′(θ)/dθ > −∞. When µ satisfies Szegő’s

condition, the following so-called Szegő function for µ is well defined (cf. [21]):

D(z;µ) := exp

{

1

4π

∫ 2π

0

eiθ + z

eiθ − z
logµ′(θ)dθ

}

,

and we also know that

a) D(z;µ) is in H2 and non-zero for |z| < 1,

b) |D(eiθ;µ)|2 = µ′(θ) a.e. on [0, 2π], and

c) D(0;µ) > 0.

Theorem 3.2. Let µk and µ be measures on Γ, and let µk
∗−→ µ. Assume further that

µk satisfies Szegő’s condition and µ is a discrete measure of the form µ =
∑m

j=1 αjδζj

with |ζj | = 1, j = 1, 2, . . . ,m. Finally, assume that for j ∈ N with |j| ≤ m, there is a
constant C > 0 such that

∣

∣

∣

∣

∫

Γ

eijθdµk −
∫

Γ

eijθdµ

∣

∣

∣

∣

≤ CD2(0;µk), k = 1, 2, 3, . . . . (4)

Then for n ≥ m, the m zeros of Pn,2(z;µk) of largest modulus approach the points
ζj, j = 1, 2, . . . ,m, as k → ∞, and there exists a constant Kn ∈ (0, 1) such that all
remaining n−m zeros are bounded in the disk |z| ≤ Kn.

Remark. The quantity D2(0;µ) is just the geometric mean

G(µ) := exp
1

2π

∫ 2π

0

logµ′(θ)dθ

of µ, cf. [21, Chap. X].
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Proof of Theorem 3.2. By Theorem 2.2, there are m zeros of Pn,2(z;µk) approaching
the points ζj , j = 1, 2, . . . ,m, as k → ∞. Further, from the proof of Theorem 2.1, we
know that {Pn,2(z;µk)}k≥1 is a normal family and every limit function of this family
is of the form Q(z)

∏m
j=1(z − ζj) with Q(z) = zn−m + · · · ∈ Pn−m. Since all zeros of

Pn,2(z;µk) are contained in the open unit disk |z| < 1 (cf. [21, Theorem 11.4.1]), all
zeros of Q must lie in |z| ≤ 1. To finish the proof, it suffices to show that all zeros of Q
are uniformly bounded away from the unit circle Γ. Let us consider any such Q with
lim k→∞,k∈ΛPn,2(z;µk) = Q(z)

∏m
j=1(z − ζj), for some Λ ⊆ N+, locally uniformly for

z ∈ C. From [2, (1.20)], we can derive

1

2π

∫ 2π

0

∣

∣

∣

∣

∣

∏m
j=1(e

iθ − ζj)

Pn,2(eiθ;µk)

∣

∣

∣

∣

∣

2

dθ =

∫ 2π

0
|∏m

j=1(e
iθ − ζj)|2dµk

∫ 2π

0 |Pn,2(eiθ;µk)|2dµk

(n ≥ m). (5)

Now, since
∫

Γ
|∏(eiθ − ζj)|2dµ =

∑

αk

∏ |(ζk − ζj)|2 = 0, by (4) there is a C > 0 such
that

∫

Γ

∣

∣

∣

∣

m
∏

j=1

(eiθ − ζj)

∣

∣

∣

∣

2

dµk ≤ CD2(0;µk).

On the other hand, we have, using properties b), then a), of D(z;µk),
∫

Γ

|Pn,2(e
iθ;µk)|2dµk ≥

∫ 2π

0

|Pn,2(e
iθ;µk)|2|D(eiθ;µk)|2dθ

=

∫ 2π

0

|P ∗
n,2(e

iθ;µk)|2|D(eiθ;µk)|2dθ

≥ 2πD2(0;µk).

Here, in the equality, we have used the * operation on a polynomial pn(z) of degree

n: p∗n(z) := znpn(1/z̄). So equation (5) yields

1

2π

∫ 2π

0

∣

∣

∣

∣

∣

∏m
j=1(e

iθ − ζj)

Pn,2(eiθ;µk)

∣

∣

∣

∣

∣

2

dθ ≤ CD2(0;µk)

2πD2(0;µk)
=

C

2π
.

Now letting k → ∞ and k ∈ Λ gives

1

2π

∫ 2π

0

1

|Q(eiθ)|2 dθ ≤
C

2π
.

It follows from this that there is a constant K ′
n ∈ (0, 1) depending on C but not on

Q such that all zeros of Q are in |z| ≤ K ′
n. An application of Hurwitz’s theorem will

then complete the proof.

Proof of Theorem 3.1. We verify that assumptions of Theorem 3.2 are satisfied. It is
known that (cf. [5, Theorem 7])

dψN (θ) =
1

2πN
|XN (eiθ)|2dθ ∗−→

∑

|j|≤I

|αj |2dδeiωj (eiθ) =: dψ(θ). (6)

Let dµk(z) := dψk(θ) and dµ(z) := dψ(θ) with z = eiθ. Then in order to finish the
proof we need to check that (4) holds for every j ∈ N with |j| ≤ m.
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First, it is easy to see that

D(0; dµk) = D
(

0;
1

2πk
|Xk(eiθ)|2dθ

)

≥ |x(h)| 1√
2πk

,

where x(h) is the first non-zero term in the sequence {x(m)}∞m=0. Next, as shown in
[10],

∫ 2π

0

eijθ 1

2πk
|Xk(eiθ)|2dθ =

∫ 2π

0

eijθd

(

∑

|j|≤I

|αj |2δeiωj (eiθ)

)

+ O
(1

k

)

(k → ∞).

Now it is clear that (4) holds for all j ∈ N . This completes the proof.

The measure dψN (θ) constructed in Theorem 3.1 (originally introduced in [5]) can
be thought as a Fejer type kernel (cf. Theorem 7 and its proof, in [5]). As is known,
the Fejer kernel is not the “best” in the sense that the convolution operator formed
by the Fejer kernel wouldn’t yield Jackson’s order of convergence [11, §§2.2 and 4.4].
So it seems there is room for other choices by taking different kernel functions. As an
example, let us consider the following kernel KN (t):

KN(t) := CN

∣

∣

∣

∣

N−1
∑

m=0

ame
−imt

∣

∣

∣

∣

2

,

where am := cos(m + 1)π/(N + 1), m = 0, 1, . . . , N − 1, and C−1
N :=

∑N−1
m=0 a

2
m. It

can be verified (for example, by using an argument similar to that in [11, pp. 75-77,
130-132]) that for a continuously differentiable periodic function f ,

1

2π

∫ 2π

0

f(θ)KN (t− θ)dθ = f(t) + O
(

ω(f ′;
1

N
)
)

(N → ∞).

In particular, for every fixed n ∈ N , we have

1

2π

∫ 2π

0

einθKN (t− θ)dθ = eint + O
( 1

N

)

(N → ∞). (7)

Now define the following measure on the unit circle:

dψ̂N (θ) :=
CN

2π
|AN (eiθ)|2dθ, N = 1, 2, . . . ,

where AN (z) :=
∑N−1

m=0 amx(m)z−m. A comparison between AN (z) and XN (z) in

Theorem 3.1 reveals that we “window” the original signal {x(m)}N−1
m=0 using {am}

before performing the z-transform. With dψ̂N (θ), it is easy to obtain the convergence
result from Theorem 3.2. We have

Theorem 3.3. With all previous notations, let ϕn(z) := ϕn(z; dψ̂k) be the nth monic

orthogonal polynomial with respect to the measure dψ̂k on the unit circle. Then for
each fixed n ≥ 2I +L, the 2I +L zeros of the largest modulus approach the point eiωj ,
L ≤ |j| ≤ I, as k → ∞.
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Proof. Let dµk(z) := dψ̂k(θ) (z = eiθ) and dµ(z) :=
∑

|j|≤I |αj |2dδeiωj (z). We first

observe that

D( 0; dµk) = D
(

0;
Ck

2π

∣

∣

∣

∣

k−1
∑

m=0

amx(m)e−imθ

∣

∣

∣

∣

2

dθ
)

≥
√

Ck

2π

∣

∣

∣

∣

cos
(h+ 1

k + 1
π
)

· x(h)
∣

∣

∣

∣

, (8)

where x(h) is defined as in the proof of Theorem 3.1.
Next we have, using (3),
∫ 2π

0

einθCk

2π
|Ak(eiθ)|2dθ

=

I
∑

j=−I

|αj |2
Ck

2π

∫ 2π

0

einθ

∣

∣

∣

∣

k−1
∑

m=0

ame
im(ωj−θ)

∣

∣

∣

∣

2

dθ

+
∑

j 6=l

αjᾱl

k−1
∑

m,q=0

amaq
Ck

2π

∫ 2π

0

einθ+im(ωj−θ)−iq(ωl−θ)dθ

=

I
∑

j=−I

|αj |2einωj + O
(1

k

)

+

(

∑

j 6=l

αjα−le
inωj

{ k−1
∑

q=0

aq+naqe
iq(ωj−ωl)

})

Ck,

where in the last equality, we used (7). Writing

am =
1

2
(ei(m+1)π/(k+1) + e−i(m+1)π/(k+1))

and summing geometric series in the sum inside the curved brackets above, we can
see that the sum in the coefficient of Ck is bounded.

Finally, note that limk→∞ kCk = (
∫ 1

0 cos2(πθ)dθ)−1 = 2. Hence
∫ 2π

0

einθCk

2π
|Ak(eiθ)|2dθ −

∑

|j|≤I

|αj |2einωj = O
(1

k

)

, k → ∞, (9)

and (8) yields

D(0; dµk) ≥ C√
k
,

for some constant C > 0 independent of k. This, together with (9), verifies that
condition (4) holds. So an application of Theorem 3.2 completes the proof of
Theorem 3.3.

The new measure dψ̂N (θ) gives us the same order of convergence as the old
measure dψN (θ) in regard to estimating the frequencies ωj from the m zeros of the
corresponding Szegő polynomials. It would be nice to know whether there exists
a window function such that the order of convergence in estimating ωj ’s could be
improved.

From Theorem 3.1 and its proof we do not know if limN→∞ ϕn(z; dψN ) exists
when n > 2I + L, although we know that every limit function of the normal family
{ϕn(z; dψN )}∞N=1 can be divided evenly by

∏

L≤|j|≤I(z − eiωj ). Examples are known

(cf. [17, 18]) in which {ϕn(z; dψN )} does not converge when n > 2I+L. In view of these
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observations, it is interesting that Jones, Nj̊astad and Waadeland [8] give an alternative
way of using Szegő polynomials so that the convergence is always guaranteed. Their
result can be stated in our notation as follows.

Let

FN (z) :=

∫ 2π

0

eiθ + z

eiθ − z
dψN (θ), N = 1, 2, . . . .

Then for 0 < R < 1, the function FN (Rz) is analytic and ReFN (Rz) > 0 for
|z| ≤ 1. Thus the function FN (Rz) is a Carathéodory function, cf. [22], so it has
the following integral representation (see, for example, [22, Theorem IV.15]) for some
measure dψR

N (θ) :

FN (Rz) =

∫ 2π

0

eiθ + z

eiθ − z
dψR

N (θ), |z| < 1.

Theorem 3.4. ([8]) The limit

lim
R→1−

lim
N→∞

ϕn(z; dψR
N ) = ϕ̂n(z)

exists, and for n ≥ 2I + L the polynomial ϕ̂n(z) is of the form

ϕ̂n(z) =
∏

L≤|j|≤I

(z − eiωj ) ·
n−2I−L
∏

j=1

(z − z
(n)
j ), (10)

where

|z(n)
j | ≤ 1, j = 1, . . . , n− 2I − L, n = 2I + L+ 1, 2I + L+ 2, . . . .

In [8], the points z
(n)
j are called the “uninteresting” zeros. Theorem 3.4 tells us

that all uninteresting zeros lie on the closed unit disk. As is pointed out in [8], it is
desirable to know whether the “Kn-result” — all uninteresting zeros are contained in
a smaller disk with radius Kn (< 1) — holds as in Theorem 3.1. Using Theorems 2.1
and 3.2, we establish the “Kn-result” for Theorem 3.4:

Theorem 3.5. For each n > 2I + L, there exists a constant Kn ∈ (0, 1) such that

|z(n)
j | ≤ Kn, j = 1, . . . , n− 2I − L,

where z
(n)
j is the uninteresting zero, as defined in Theorem 3.4.

Proof. By (6), we have, for |z| ≤ 1,

lim
N→∞

FN (Rz) = lim
N→∞

∫ 2π

0

eiθ +Rz

eiθ −Rz
dψN (θ) =

∫ 2π

0

eiθ +Rz

eiθ −Rz
dψ(θ) =: F (Rz). (11)

Since F (Rz) is a Carathéodory function, there is a measure dψR(θ) such that

F (Rz) =

∫ 2π

0

eiθ + z

eiθ − z
dψR(θ), |z| ≤ 1.

Actually, by the form of dψ(θ) in (6), it is easy to show that

dψR(θ) =
1

2π

∑

|j|≤I

|αj |2 Re

(

eiωj + Reiθ

eiωj −Reiθ

)

dθ. (12)
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Note that (11) tells us that

lim
N→∞

∫ 2π

0

eiθ + z

eiθ − z
dψR

N (θ) =

∫ 2π

0

eiθ + z

eiθ − z
dψR(θ), |z| ≤ 1.

It is easy to derive from this that

dψR
N (θ)

∗−→ dψR(θ) as N → ∞.

By Theorem 2.1, this, together with supp(dψR) = [0, 2π] from (12), implies that

lim
N→∞

ϕn(z; dψR
N ) = ϕn(z; dψR), (13)

locally uniformly for z ∈ C. We note that (13) is also established in [8]. Therefore,
we have

lim
R→1−

lim
N→∞

ϕn(z; dψR
N ) = lim

R→1−

ϕn(z; dψR).

It is proved in [8] that limR→1− ϕn(z; dψR) exists, and the limit function is given by

(10). Now we will use Theorem 3.2 to show that |z(n)
j | ≤ Kn (j = 1, . . . , n− 2I − L)

for some Kn ∈ (0, 1). We need only verify that all hypotheses of Theorem 3.2 are
satisfied. It suffices to establish the following three assertions.

(i) There holds dψR(θ)
∗−→dψ(θ) as R → 1−.

(ii) Each measure dψR satisfies Szegő’s condition, i.e.,

∫ 2π

0

log(ψR)′(θ)dθ > −∞.

(iii) For each n ∈ N , there is a constant Cn > 0 such that

∣

∣

∣

∣

∫ 2π

0

einθdψR(θ) −
∫ 2π

0

einθdψ(θ)

∣

∣

∣

∣

≤ CnD
2(0; dψR).

Assertion (i) follows directly from the fact that

lim
R→1−

F (Rz) = F (z), |z| < 1.

Now note that

∣

∣

∣

∣

∫ 2π

0

einθdψR(θ) −
∫ 2π

0

einθdψ(θ)

∣

∣

∣

∣

= (1 −R|n|)

∣

∣

∣

∣

∫ 2π

0

einθdψ(θ)

∣

∣

∣

∣

,

so assertions (ii) and (iii) will follow if we can show that

D2(0; dψR) ≥ 1 −R

1 +R

1

2π

∑

|j|≤I

|αj |2. (14)
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We have, using (12),

D2(0; dψR) = exp

{

1

2π

∫ 2π

0

log(ψR)′(θ)dθ

}

= exp

{

1

2π

∫ 2π

0

log

[

1

2π

∑

|j|≤I

|αj |2 Re

(

eiωj +Reiθ

eiωj −Reiθ

)]

dθ

}

≥ exp

{

1

2π

∫ 2π

0

log

(

1 −R

1 +R

1

2π

∑

|j|≤I

|αj |2
)

dθ

}

=
1 −R

1 +R

1

2π

∑

L≤|j|≤I

|αj |2.

This establishes (14).

We finish this subsection by proving a result which is a kind of converse of
Theorem 2.1 for the case when p = 2 and K = Γ.

Theorem 3.6. If µk and µ are unit measures with infinite support sets on Γ and if
there is a constant N > 0 such that

lim
k→∞

Pn,2(z;µk) = Pn,2(z;µ)

for z ∈ C and n ≥ N , then µk
∗−→ µ, as n→ ∞.

Remark. Generally, the converse of Theorem 2.1 does not hold. See § 3.2.

Proof. Since {µk} is compact in the weak star topology, let µ̂ be a limit with µk
∗→ µ̂

as k → ∞ and k ∈ Λ, for some Λ ⊆ N+. Then, by Theorem 2.1,

lim k→∞
k∈Λ Pn,2(z;µk) = Pn,2(z; µ̂),

and

lim k→∞
k∈Λ

∫

Γ

|Pn,2(z;µk)|2dµk =

∫

Γ

|Pn,2(z; µ̂)|2dµ̂.

So, using the hypothesis, we get

Pn,2(z;µ) = Pn,2(z; µ̂) for n ≥ N. (15)

Now let Φn(z; ν) denote the nth orthonormal polynomial associated with a unit
measure ν on Γ, then

Φn(z; ν) =
Pn,2(z; ν)

(
∫

Γ |Pn,2(z; ν)|2dν)1/2
.

It is well known (cf. [15, 19]) that |Φn(z; ν)|−2dθ/(2π)
∗−→ ν as n→ ∞. Thus,

1

|Φn(z;µ)|2
dθ

2π

∗−→ µ, as n→ ∞,

and at the same time,

1

|Φn(z;µ)|2
dθ

2π
=

∫

Γ
|Pn,2(z;µ)|2dµ
|Pn,2(z;µ)|2

dθ

2π
=

∫

Γ
|Pn,2(z; µ̂)|2dµ̂
|Pn,2(z; µ̂)|2

dθ

2π

=
1

|Φn(z; µ̂)|2
dθ

2π

∗−→ µ̂
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as n → ∞, so µ̂ = µ. Since µ̂ is an arbitrary limit of {µk}, the whole sequence {µk}
must converge to µ in the weak star topology.

3.2. The real line case. In this subsection we will show that, in general, the
converse of Theorem 2.1 is not true and illustrate how the method used in the proof
of Theorems 2.1 and 2.2 can be employed in the situation when the supports of the
measures are not compact.

Let w(x) be a non-negative piecewise continuous function defined on R, p > 1, and
∫ ∞

−∞

|x|npw(x)dx <∞, n = 0, 1, . . . .

Examples of such w(x) could be w(x) = e−|x|α , α > 1. Assume xj ∈ R and w(xj) > 0
for j = 1, 2, . . . ,m. Denote

q0(x) :=

m
∏

j=1

(x− xj).

Theorem 3.7. Assume p > 1, qǫ(x) ∈ Pm for ǫ > 0, and limǫ→0 qǫ(x) = q0(x),
locally uniformly for x ∈ R. Let dµǫ := w(x)dx/|qǫ(x)|p and dµ := w(x)dx/|q0(x)|p.
Then for n ≥ m,

lim
ǫ→0

Pn,p(x;µǫ) = q0(x)Pn−m,p(x;w(x)dx) = Pn,p(x;µ), (16)

locally uniformly on C.

Proof. We cannot apply Theorem 2.1 directly since the support of µǫ may not be
compact. But the method used in the proof of Theorem 2.1 can almost be repeated.

Let Pn,p(x;µǫ) =
∑n

j=0 aj,ǫx
j , and let P̃ǫ(x) = Pn,p(x;µǫ)/max0≤j≤n |aj,ǫ|. Then

{P̃ǫ(x)}ǫ>0 is a normal family on C. We now prove that {aj,ǫ}n
j=0,ǫ>0 is a bounded

sequence. Assume, to the contrary, that there is a sequence Λ of positive numbers
tending to 0 such that

lim ǫ→0
ǫ∈Λ max

0≤j≤n
|aj,ǫ| = ∞. (17)

Then, since {P̃ǫ(x)}ǫ>0 is a normal family, as in the proof of Theorem 2.1, we can find

a sequence Λ′ ⊆ Λ and P̃ (x) ∈ Pn with P̃ (x) 6≡ 0 such that lim ǫ→0,ǫ∈Λ′P̃ǫ(x) = P̃ (x),
locally uniformly on C. So for 0 < δ < ∆ <∞,

lim ǫ→0
ǫ∈Λ′

∫

δ≤|q0(x)|≤∆

|P̃ǫ(x)|pdµǫ =

∫

δ≤|q0(x)|≤∆

|P̃ (x)|pdµ.

Now
∫

δ≤|q0(x)|≤∆

|P̃ǫ(x)|pdµǫ ≤
∫ ∞

−∞

∣

∣

∣
P̃ǫ(x)

∣

∣

∣

p

dµǫ

=

∫∞

−∞ |Pn,p(x;µǫ)|pdµǫ

max
0≤j≤n

|aj,ǫ|p
≤
∫∞

−∞ |xn−mqǫ(x)|pdµǫ

max
0≤j≤n

|aj,ǫ|p

=

∫∞

−∞ |x|(n−m)pw(x)dx

max
0≤j≤n

|aj,ǫ|p
.
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Letting ǫ→ 0 with ǫ ∈ Λ′ and using (17) yield

∫

δ≤|q0(x)|≤∆

|P̃ (x)|pdµ ≤
∫∞

−∞
|x|(n−m)pw(x)dx

lim ǫ→0
ǫ∈Λ′ max

0≤1≤n
|aj,ǫ|p

= 0,

which implies P̃ (x) ≡ 0, a contradiction. Hence aj,ǫ is uniformly bounded. So the
sequence {Pn,p(x;µǫ)}ǫ>0 is a normal family. Let P (x) be a limit function of this
family.

Take a sequence Λ of positive numbers tending to 0 in such a way that
lim ǫ→0

ǫ∈ΛPn,p(x;µǫ) = P (x), locally uniformly on C. Note that, for 0 < δ < ∆ <∞,
∫

δ≤|q0(x)|≤∆

|P (x)|pdµ = lim ǫ→0
ǫ∈Λ

∫

δ≤|q0(x)|≤∆

|Pn,p(x;µǫ)|pdµǫ

≤ lim sup ǫ→0
ǫ∈Λ

∫ ∞

−∞

|Pn,p(x;µǫ)|pdµǫ

≤ lim sup ǫ→0
ǫ∈Λ

∫ ∞

−∞

|Qn−m(x)qǫ(x)|pdµǫ

=

∫ ∞

−∞

|Qn−m(x)|pw(x)dx, (18)

for any Qn−m(x) = xn−m + · · · ∈ Pn−m. This, in particular, gives
∫ ∞

−∞

|P (x)|pw(x)

|q0(x)|p
dx ≤

∫ ∞

−∞

|x|(n−m)pw(x)dx <∞.

Since p > 1, |P (x)|pw(x) must vanish whenever q0(x) does. This and the assumption
that w(xj) 6= 0 imply that P (xj) = 0 for j = 1, 2, . . . ,m, so P (x) = q0(x)R(x) for
some R(x) = xn−m + · · · ∈ Pn−m. Using this expression in (18), we get

∫ ∞

−∞

|R(x)|pw(x)dx ≤
∫ ∞

−∞

|Qn−m(x)|pw(x)dx

for any Qn−m(x) = xn−m + · · · . Thus, by the uniqueness of the (n − m)th monic
extremal Lp(w(x)dx) (p > 1) polynomial, we must have R(x) = Pn−m,p(x;w(x)dx).
Hence, P (x) = q0(x)Pn−m,p(x;w(x)dx). This implies that {Pn,p(x;µǫ)}ǫ>0 has only
one limit as ǫ→ 0, so

lim
ǫ→0

Pn,p(x;µǫ) = q0(x)Pn−m,p(x;w(x)dx),

which proves the first equality in (16).
The second equality in (16) is based on the fact that any Pn(x) ∈ Pn with

q0(x) ∤ Pn(x) must satisfy
∫∞

−∞
|Pn(x)|pdµ = ∞, because of the singularity at the

zeros of q0(x). So, in particular, q0(x)|Pn,p(x;µ), and it then follows easily (as above)
that Pn,p(x;µ) = q0(x)Pn−m,p(x;w(x)dx).

In Theorem 3.5, choose w(x) so that supp(w) is compact, say supp(w) = [−1, 1].
Then we get an example in which, for n ≥ m,

lim
ǫ→0

Pn,p(x;µǫ) = Pn,p(x;µ),

but, as can easily be verified, µǫ does not converge to µ. Therefore the converse of
Theorem 2.1 does not always hold.
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On taking qǫ(x) =
∏σ

j=1[(x − xj)
2 + ǫ2], we can get the following interesting

proposition which is used (when p = 2) in [1] to construct interpolatory quadratures
with prescribed node distribution. We remark that the proof in [1] relies on a result
on polynomials of H. Cartan.

Corollary 3.8. Let p > 1. We have, for n ≥ 2σ,

lim
ǫ→0

Pn,p

(

x;
w(x)dx

∏σ
j=1[(x− xj)2 + ǫ2]p

)

=

σ
∏

j=1

(x− xj)
2Pn−2σ,p(x;w(x)dx),

locally uniformly in C.
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21. G. Szegő, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Pub., XXIII, New York, 1959.
22. M. Tsuji, Potential Theory in Modern Function Theory, Chelsea, New York, 1959.

University of Central Florida, Department of Mathematics, Orlando, FL 32816, U.S.A.


