Methods and Applications of Analysis © 1995 International Press
2 (2) 1995, pp. 222-236 ISSN 10732772

ASYMPTOTICS OF COLUMNS IN THE TABLE OF ORTHOGONAL
POLYNOMIALS WITH VARYING MEASURES

Xin Li

ABSTRACT. For a given sequence of positive Borel measures {ux}72, in the
complex plane C and p > 0, we study the asymptotic behavior of the sequence
of the nth degree monic polynomials with minimal Lp(dug) norm as k — oo.
Applications to the frequency analysis problem and orthogonal polynomials are
discussed. In particular, a “K,-result” is established for the R-process proposed
in the recent work by Jones, Njastad, and Waadeland [Continued Fractions and
Orthogonal Functions, Marcel Dekker, New York, 1994, pp. 141-152].

1. Introduction

Let M be the set of all finite positive Borel measures in the complex plane C, and let
® denote the set of all continuous functions defined in C with compact support. We
impose on M the weak star topology using ®. More precisely, the convergence of a
sequence of measures {p}7°; to the measure p means

dnn [ g = [ s

holds for all f € ®. The weak star convergence will be denoted by i — .
In this paper, all measures are assumed to be in M. The support of a measure p
will be denoted by supp(u). Let N :={0,+1,+2,43,...} and N :={1,2,3,...}.
For measure i, assume that supp(u) is compact. Let n € N and p > 0. Then an
L, (p)-extremal (monic) polynomial of degree n, denoted by Py, ,(z;0) = 2" +--- € Py,
(where P, is the set of polynomials of degree at most n), is a solution of the following
extremal problem:

/IPnp zp)[Pdp = inf , (55T /an )Pdp.

It is well known that when p > 1 and supp(u) contains infinitely many points, such
L, (p)-extremal polynomial is unique for every n =1,2,.... If 1 > p > 0, then we do
not necessarily have uniqueness. We will use P, (z; 1) to denote one such extremal
polynomial regardless of whether we have uniqueness or not.

Now, for p > 0 and a given sequence of measures {yu}7° ; with compact supports,
we can consider the following table of extremal (monic) polynomials with varying
measures:
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Prp(zim) Pap(zipn) oo Pop(zim)
Prp(zp2) Pap(zipe) oo Pop(2;pe2)

Piy(zipk) Pap(zpk) -0 Pop(z; )

TABLE 1. The table of orthogonal polynomials with varying measures.

where we have intentionally omitted entries Py ,(z;pur) =1, k=1,2,.... So the kth
row are extremal polynomials associated with the measure py, while the nth column
corresponds to the sequence of extremal polynomials of degree n with respect to various
measures ug, k= 1,2,.... We will concentrate on the asymptotics of the entries in a
column of Table 1 when the sequence of measures converges in the weak star topology.
Our model case is when p = 2. It is well known that P, 2(z; px) is the nth monic
orthogonal polynomial with respect to the measure pg. So when p = 2, Table 1 will
be referred to as the table of orthogonal polynomials with varying measures. Solutions
of these kinds of problems have already been pursued in several concrete situations
(cf. [1,4-10,13,16,17], also §3 below), and different special methods are applied in
such solutions. In §2 we will present a general and simple approach which works for
general measures. Our method uses only the extremality of P, , and the fact that P,
is of finite dimension as a normed linear space. Then in §3 we use our results in the
solutions of some familiar applications as well as some new problems.

2. General theorems

Theorem 2.1. Assume p, — p, and for some compact set K C C, supp(ux) C K.
Forn e Nt and p > 0, if P, ,(z; 1) exists and is unique, then

kli{go Pn,p(z; Mk) = Pn,p(z; M)u
locally uniformly for z € C.

The proof of Theorem 2.1 is quite similar to that of the following Theorem 2.2, so
we will sketch the proof of Theorem 2.1 after the proof of Theorem 2.2.

Theorem 2.2. Assume j, — p and, for some compact set K C C, supp(ug) C K.
Assume further that p is a discrete measure, i.e., for some m € N't,

"= Zajégj, (a; > 0)
j=1

where (here and in the sequel) §¢ denotes the unit measure supported at the point C.
Forn € Nt andp >0, let {zj = zjx(n,p)}}—; denote the zeros of P p(2; ). Then
for n > m and with suitable arrangement of the zeros of Py ,(z; pu), we have

lim z;,=¢, 7=12,...,m.
k—o0
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Proof. Write P, ,(z; u) = E?:o a;jxz’ (note that a, = 1), and let

By(z) = —LnelZik)

maxo<;j<n @ k|

Then |Py(2)] < > =0 |z)7. Thus { Py}, C P, forms a normal family on C. Let P(2)
be a limit function of this family, and let A be a subsequence of A" such that

lim kk_e’?\opk (z) = I:’(z),

locally uniformly on C. Now

[ 1t~ [ PG

< \ JURP = PG + ] [ 1PGI - dm]
< ) max 1P - 1P| + \ [1PGI - dm] ~0

ask - ocand k€ A. So
lim 25 / P2 Py, = / PGP, 1)

On the other hand, using the fact that maxo<;<n|ajx| > 1 and the extremality of

P, p, we have
D n—m & p
/ |Bu(2) Py, < / Py (25 ) P, < / = L = )| i
j=1
SO
- m P
tiwfie [ 1P Pd < [ [T - ) au=o.
=1

This, together with (1), gives
[1PGIpdu=o.

Thus p(Cj) =0,5 = 1,2,...,m. Now, from the definition of Pk(z), we know
that at least one of its coefficients is of absolute value 1. Therefore P(z) has
at least one coefficient whose absolute value is equal to 1, so P(z) # 0. Hence
P(z) = q(2) [[2,(z — ¢;) for some 0 # ¢ € Pp_pn. Since P(z) is an arbitrary
limit function of the normal family {Py(2)}2,, Hurwitz’s theorem now implies the
conclusion of the theorem. g

We remark that when p > 1, it is known (cf. [20]) that all zeros of P, (- ; ux) are
contained in the convex hull of supp(py ), which, in turn, is contained in the convex hull
of K (which is still compact). It then follows that {P, ,(-;ux)}3>, forms a normal
family, so there is no need to introduce P, when p > 1.

Proof of Theorem 2.1. From the uniqueness of P, p,(z;u1) we know that supp(u)
contains at least n + 1 points. Let Py (z) be defined as in the proof of Theorem 2. We
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now prove that {maxo<;<n |a;jr|}32, is a bounded sequence. Assume, to the contrary,
that there is a subsequence A of A’ such that
1 k—00 . —
lim 2% o%afn |aj,k| = oo. (2)
Then, since {Pi(2)}$2, is a normal family, we can find a sequence A’ C A and
P(z) € P, with P(z) # 0 (recall that at least one coefficient of P(z) is of absolute

value 1), such that lim k—oo,keA’ Py(2) = P(z), locally uniformly on C. As in the proof
of Theorem 2.2, we have

lim K22 /|15;€(2)|pd,u;C :/|P(z)|pd,u.

But the extremality of P, , yields

(23 i) | S 12" dpu
Py(2)|Pdpy, = / T E ) gy, < EE G
i = | s Sl < s T
Letting k € A’ and k — oo in the above relation gives
. g
/|P(2)|pd,u* < kﬂf |Z| 14 —0,
lim 2% Jmax |aj,;€|1’

which, together with the fact that supp(u) contains at least n + 1 points, implies
P(z) =0, a contradiction. Hence {a;;} is uniformly bounded. This tells us that the
sequence { P, p(z; ) 72, itself is a normal family on C. Let P(z) be a limit function
of this family. All we need to do now is to show that P(z) = P, ,(z; ). This is proved
by using the extremality of P, , as follows.

Take A C N'* such that im 2% P, ,(2; i) = P(z). Note that

/|Pn,p(2; k) [Pdpy < /lQn(Z)Ipduk, for any Qn(z) = 2" + - € Pp.

Letting k € A and k — oo yields

/|P(2)|pdﬂ < /|Qn(2)|pd/,b, for any Q(z) = 2" +--- € P,,.

Then the extremality and the uniqueness of P, ,(z; ) force P(z) = P, ,(z; 1). This
completes the proof of Theorem 2.1. O

3. Applications

3.1. The unit circle case. In this subsection, we consider measures supported on
the unit circle and apply our general theorems to the so-called Frequency Analysis
Problem.

A (causal) signal is a sequence = {z(m)}S°_, of real numbers. Suppose we can
observe (or measure) a signal  exactly and suppose we know the signal is of the form

x(m) = Z i eim™  m=0,1,2,..., (3)
where I is a (known) positive integer, the (unknown) w,’s are called the frequencies

of the signal and satisfy 0 = wp < w1 < -+ < wy < 7 and w; = —w_j, and the
(unknown) coefficients «; satisfy a; = @—;. Then the classical frequency analysis
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problem is to estimate the frequencies wy,ws,...,ws from the observed N-truncated
signal oy = {z(m)}n_' of signal 2. There are various methods for solving this
problem (cf. [3,12,14,16]). Recently, a method developed from ideas of Wiener and
Levinson and using the theory of orthogonal polynomials on the unit circle (the so-
called Szegd polynomials) has been under investigation in [4-10,16,17]. The main
method and theory can be summarized as in the following theorem.

Theorem 3.1. Let Xn(z) := Zfi;éx(m)z’m and
1
d 0) = ——
V() 2rN
Forn € N7t, let ,(2) := ¢n(z;dn) be the nth monic orthogonal polynomial with
respect to the distribution ¥y on the unit circle, i.e., p,(z) = 2"+ --- € P, and

| Xn(e)?do, 0<6<2n.

2m
/ on (e *dyn(9) =0, k=0,1,...,n—1.
0

Let L=0ifag=0and L =1 if ag #0. Then for each firedn > 21 + L, the 2 + L
zeros of largest modulus approach the points i, L < |j| < I, as N — oo, and there
exists a constant K,, € (0,1) such that the remaining n — 2I — L zeros are bounded in
the disk |z| < K.

We will obtain a new proof of Theorem 3.1 as a corollary of the following more
general result, Theorem 3.2. We first need to introduce some notations.

Let T := {2z : |2|] = 1}. For a measure g on I, let p/'(0) = du(e®®)/df. We
say p satisfies Szegd’s condition if fo% log 1/ (0)/d0 > —oo. When p satisfies Szegd’s
condition, the following so-called Szegd function for y is well defined (cf. [21]):

27 0
D(z;p) = eXp{E/ - +Zlogu’(9)d9}7
0

e? — 2
and we also know that
a) D(z;p) is in H? and non-zero for |z| < 1,
b) |D(e®; u)|* = i/ (6) a.e. on [0,27], and
c) D(0; ) > 0.
Theorem 3.2. Let yy, and i be measures on T, and let yu, — p. Assume further that
i satisfies Szegd’s condition and p is a discrete measure of the form p = E;n:l a;og,

with || =1, j =1,2,...,m. Finally, assume that for j € N with |j| < m, there is a
constant C' > 0 such that

/eijedluk_/eijed‘u
r r

Then for n > m, the m zeros of Py 2(z;uk) of largest modulus approach the points
G, Jg=12,...,m, as k — oo, and there exists a constant K, € (0,1) such that all
remaining n —m zeros are bounded in the disk |z| < K,.

< OD*(0;p1), k=1,2,3,.... (4)

Remark. The quantity D?(0; u) is just the geometric mean

1 27
G(u) := exp o / log 1’ (6)do
0

of p, cf. [21, Chap. X].
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Proof of Theorem 3.2. By Theorem 2.2, there are m zeros of P, 2(z; 1;) approaching
the points (j, 7 =1,2,...,m, as kK — oo. Further, from the proof of Theorem 2.1, we
know that {P, 2(2; i) }x>1 is a normal family and every limit function of this family
is of the form Q(2) [TjZ, (2 — ¢;) with Q(2) = 2"~™ + -+ € Pp_y. Since all zeros of
P, 2(z; i) are contained in the open unit disk |z] < 1 (cf. [21, Theorem 11.4.1]), all
zeros of @ must lie in |z| < 1. To finish the proof, it suffices to show that all zeros of Q
are uniformly bounded away from the unit circle I'. Let us consider any such @ with
lim k—oo k€A Py o(2; 1) = Q(2) [Tj2, (2 — ¢;), for some A € N'*, locally uniformly for
z € C. From [2, (1.20)], we can derive

1 o 771 ei@ .
2 / Lﬁg) dg = 2> ‘ (n >m). (5)
21 Jo | Pa2(e?; k) Jo 1Pn2(€; ) Pdp

Now, since [ [TT(e" —¢;)Pdp =3 ar IT|(Ck — ¢;)[* = 0, by (4) there is a C' > 0 such

that
/ 1" - ¢)
vl

On the other hand, we have, using properties b), then a), of D(z; ux),

2 2 m i
fo | Hj:l(e o — Cj)|2dﬂk

2
dp < CD?(0; ).

2
/ (Pra (e ) Pl > / (Poa (€ 1) P1D(e; i) 26
I 0

2m
= [ 1Pzl ) PLD( ) P
0

> 27 D%(0; p).
Here, in the equality, we have used the * operation on a polynomial p,(z) of degree
n: pi(z) := 2"pn(1/Z). So equation (5) yields
H;‘nzl (ew - )

Py 2(e®; k)

2
L g < SD20m) _ C
—2rD%(0; ) 27

27 Jo

Now letting k — oo and k € A gives

| C
— ———df < —.
27?/0 Q)2 ~ 27
It follows from this that there is a constant K € (0,1) depending on C but not on

@ such that all zeros of @ are in |z| < K. An application of Hurwitz’s theorem will
then complete the proof. O

Proof of Theorem 3.1. We verify that assumptions of Theorem 3.2 are satisfied. It is
known that (cf. [5, Theorem 7])

1 i * i
dn(0) = 5 |Xn(e 9)2d — jz;} ot 2d6 s (€7) =: dup(0). (6)

Let dux(2) := dyp () and du(z) := di(f) with z = €. Then in order to finish the
proof we need to check that (4) holds for every j € N with |j| < m.
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First, it is easy to see that

1 . 1
D(0:; duy) = D(0; — | X1 (e!)2d0) > |z(h)|——
(0; dp) (0; 27Tkl k() [2d0) > |a( )I\/ﬂ,

where z(h) is the first non-zero term in the sequence {x(m)}5°_,. Next, as shown in
[10],

27 y 1 i 27 i i 1
/0 6J9ﬂ|Xk(e N2deo :/0 eJed( Z ;|26 w; (e 9)) +O(E) (k — o0).

lil<T1

Now it is clear that (4) holds for all j € M. This completes the proof. O

The measure diy (0) constructed in Theorem 3.1 (originally introduced in [5]) can
be thought as a Fejer type kernel (cf. Theorem 7 and its proof, in [5]). As is known,
the Fejer kernel is not the “best” in the sense that the convolution operator formed
by the Fejer kernel wouldn’t yield Jackson’s order of convergence [11, §§2.2 and 4.4].
So it seems there is room for other choices by taking different kernel functions. As an
example, let us consider the following kernel Ky (t):

2

3

N-1 _
Kn(t) = C’N} Z amemt
m=0

where a,, := cos(m + 1)7/(N + 1), m = 0,1,...,N — 1, and Cy' := ZZ;(I) a?,. Tt
can be verified (for example, by using an argument similar to that in [11, pp. 75-77,
130-132]) that for a continuously differentiable periodic function f,
1 27 , 1
Py FOKN({—0)do = f(t) +O(w(f';=)) (N — o).
™ Jo N

In particular, for every fixed n € A/, we have

1 2m

= MK (t— )i = e+ O(5) (N — oc). 1)

Now define the following measure on the unit circle:
7 _ Cn 0|2 _
dvn(0) :== 2—|AN(e )|#d8, N=1,2,...,
0

where Ay(z) := Zz;é amx(m)z~™. A comparison between Ay (z) and Xy(z) in
Theorem 3.1 reveals that we “window” the original signal {z(m)}NZ} using {a,,}
before performing the z-transform. With diy (6), it is easy to obtain the convergence

result from Theorem 3.2. We have

Theorem 3.3. With all previous notations, let ,(2) := on(z; diby) be the nth monic
orthogonal polynomial with respect to the measure dz/;k on the unit circle. Then for
each fized n > 21+ L, the 21 + L zeros of the largest modulus approach the point ',
L<|j| <1, as k — oo.
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Proof. Let dug(z) := dipp(0) (z = ) and du(z) := ZIJISI lov;|2d6 i (2). We first
observe that

k—1 2
D(0;duy) = D(O; % Z amz(m)e”m? d9)
m=0
Ck h+1
> os(k+17r>-:v(h)’, 8)

where x(h) is defined as in the proof of Theorem 3.1.
Next we have, using (3),

2m
/ 6in0%|Ak(€i0)|2d9
0 27

I 2
-3 e [T
J 27T 0

j=—1

2
do

k—1
E amezm(wj —0)
m=0

k—1 2w
- Ck inf+im(w;—0)—iq(w;—0
+Zajaz Z amaqﬁ/o eimdtim(w;=6)—ia(wi=0) gg

J#l m,q=0

! k-1
— Z |aj|26inwj' 4 O(%) + (Z aja_leinwj { Z aq-l—naqeiq(ijl)})ck,
q=0

i=—1I il
where in the last equality, we used (7). Writing

1
Ay = 5(6

and summing geometric series in the sum inside the curved brackets above, we can
see that the sum in the coefficient of C} is bounded.
Finally, note that limy_,oc kCk = (fol cos?(m6)df)~! = 2. Hence

i(m+1)m/(k+1) + e*i(m+1)7r/(k+1))

2T
) . , 1
/O eme%mk(ew)&w _ Z |aj|2emwj _ O(E)’ k — 00, (9)
l71<1
and (8) yields

C

( :Ufk) \/E
for some constant C' > 0 independent of k. This, together with (9), verifies that

condition (4) holds. So an application of Theorem 3.2 completes the proof of
Theorem 3.3. O

The new measure dz/AJN(H) gives us the same order of convergence as the old
measure dyn(0) in regard to estimating the frequencies w; from the m zeros of the
corresponding Szegd polynomials. It would be nice to know whether there exists
a window function such that the order of convergence in estimating w;’s could be
improved.

From Theorem 3.1 and its proof we do not know if limy_ .o ¢n(2z;din) exists
when n > 21 4+ L, although we know that every limit function of the normal family
{on(z;din)} -1 can be divided evenly by J[; < ;<;(z — e™s). Examples are known
(cf. [17,18]) in which {¢,,(2; d¢n )} does not converge when n > 2I+L. In view of these
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observations, it is interesting that Jones, Njastad and Waadeland [8] give an alternative
way of using Szegd polynomials so that the convergence is always guaranteed. Their
result can be stated in our notation as follows.

Let

27 19

+z

FN(Z)ZZ/ 00 d’@/JN() N:1,2,....
0

Then for 0 < R < 1, the function FN(RZ) is analytic and Re Fy(Rz) > 0 for

|z| < 1. Thus the function Fx(Rz) is a Carathéodory function, cf. [22], so it has

the following integral representation (see, for example, [22, Theorem IV.15]) for some

measure dyi(6) :

2 10
F(Rz) :/ Tk O), 1 <1
0

et

Theorem 3.4. ([8]) The limat

Jim m oo (23 ) = Ga(2)
exists, and for n > 21 + L the polynomial ¢,,(z) is of the form
n—2I—1L
euz)= [I ey I -2, (10)

L<|jI<I j=1
where
W <1, j=1,...on—2[—L, n=2I+L+1,2I+L+2,....

In [8], the points zj(.n)
that all uninteresting zeros lie on the closed unit disk. As is pointed out in [8], it is
desirable to know whether the “K,-result” — all uninteresting zeros are contained in
a smaller disk with radius K,, (< 1) — holds as in Theorem 3.1. Using Theorems 2.1

and 3.2, we establish the “K,-result” for Theorem 3.4:

are called the “uninteresting” zeros. Theorem 3.4 tells us

Theorem 3.5. For each n > 2I + L, there exists a constant K,, € (0,1) such that
2 < Kn, j=1,...,n—20—L,
(n)

where z; " is the uninteresting zero, as defined in Theorem 3.4.

Proof. By (6), we have, for |z]| <1,

27 et 27 6
. o + Rz e’ + Rz N
Nh_rgo Fy(Rz) = Nh_rgo ; 7619 ——din(0) = /0 p Zd1/)(9) =: F(Rz). (11)

Since F(Rz) is a Carathéodory function, there is a measure di/®(6) such that

2m 19
F(R:) :/ 2are), o<1
0

ett _

Actually, by the form of di(0) in (6), it is easy to show that

awR(0) = 5= 3 oy’ R (%ﬁ) o). (12)

\J\<1
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Note that (11) tells us that

27 19 2m 0
. +z e’ +z
lim — Ay (0) = / —df(6), |2 <1.
0

N—oo [ 6 6

It is easy to derive from this that
dpR(0) = dypT(0) as N — oo.
By Theorem 2.1, this, together with supp(di?) = [0, 27] from (12), implies that
Jim o (23 dyy) = (2 dy™), (13)

locally uniformly for z € C. We note that (13) is also established in [8]. Therefore,
we have

1 | n(z:d = i (23 dip).
Jim dim o (z5doy) = m (23 dy™)

It is proved in [8] that limp_,1- ¢, (z; di®) exists, and the limit function is given by
(10). Now we will use Theorem 3.2 to show that |z\"| < K, (j = 1,...,n —2I — L)
for some K, € (0,1). We need only verify that all hypotheses of Theorem 3.2 are
satisfied. It suffices to establish the following three assertions.

(i) There holds dy)®(0)—=dy)(0) as R — 1.
(ii) Each measure di)? satisfies Szegé’s condition, i.e.,

/OQW log (1) (8)do > —oo.

(iii) For each n € N, there is a constant C,, > 0 such that

27 2m
/ e dyf(9) — / emedu,(g)‘ < C,D*0; dyp™).
0 0

Assertion (i) follows directly from the fact that

Rlirn F(Rz)=F(z), |z|<L.
—1-

Now note that

2 2 27
[ emavtor - [ emtave)| = - ri| [T eav),
0 0 0
so assertions (ii) and (iii) will follow if we can show that
D00 2 o O el (14)

|J|<I
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We have, using (12),

s
1 21 1 eiLUj +R619
= exp {% /0 log |:% Z |aj|2 Re (761.“}]_ — Rew) :|d9}

lil<r1

1 2 1-R 1
> — log [ —— — 12 )do
_eXp{27T/O 0g<1+R2WZ|%|> }

l7l1<1

This establishes (14). O

We finish this subsection by proving a result which is a kind of converse of
Theorem 2.1 for the case when p =2 and K =T.

Theorem 3.6. If py and v are unit measures with infinite support sets on I' and if
there is a constant N > 0 such that

khnolo Pn,Q(Z; ,UJk) = Pn,Q(Z; ,u)

for z€ C andn > N, then puy — u, as n — oo.
Remark. Generally, the converse of Theorem 2.1 does not hold. See § 3.2.

Proof. Since {yu} is compact in the weak star topology, let /i be a limit with py — fi
as k — oo and k € A, for some A C AN". Then, by Theorem 2.1,
Hm 5230 P 2 (25 i) = Po2(25 1),
and
i 520 [ 1PaaCes ) P = [ Paaes )P
So, using the hypothesis, wnget '
P, 2(z; 1) = Ppo(z; i) forn > N. (15)

Now let ®,,(z;v) denote the nth orthonormal polynomial associated with a unit
measure v on ['; then

P, 2(z;v)
(Jp |Pn2(ziv)Pdv)t/2
It is well known (cf. [15,19]) that |®,,(z;v)|~2df/(27) —— v as n — co. Thus,

1 do .
_ — as n — o
D, (P2 !

b, (z;v) =

and at the same time,

1 do [p|Pap(zw)Pdudd o |Pa2(z: @)*dis do
@, (25 1) |? 2 |Pr2(z; )2 27 |Pr2(z; )2 27
1 d9 * N

G EP.
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as n — 00, so [i = u. Since fi is an arbitrary limit of {ux}, the whole sequence {u}
must converge to p in the weak star topology. (|

3.2. The real line case. In this subsection we will show that, in general, the
converse of Theorem 2.1 is not true and illustrate how the method used in the proof
of Theorems 2.1 and 2.2 can be employed in the situation when the supports of the
measures are not compact.

Let w(z) be a non-negative piecewise continuous function defined on R, p > 1, and

/ |z|"Pw(z)de < 00, n=0,1,....

— 00

Examples of such w(z) could be w(z) = e~ 1#I" o > 1. Assume z; € R and w(z;) > 0
for 5 =1,2,...,m. Denote

qo(z) = H(x —xj).

j=1
Theorem 3.7. Assume p > 1, g.(x) € Py, for € > 0, and lime_oq¢.(z) = qo(z),

locally uniformly for x € R. Let due := w(x)dz/|q.(z)|P and du := w(z)dz/|qo(x)[P.
Then for n > m,

lg% Pn,p(x; ,Ue) = QO(I)Pnfm,p(x; ’LU(:Z?)dI) = Pn,p(x; /L)a (16)
locally uniformly on C.

Proof. We cannot apply Theorem 2.1 directly since the support of p. may not be
compact. But the method used in the proof of Theorem 2.1 can almost be repeated.

Let P, p(x; pte) = Z?:o aj.cx?, and let P.(x) = P, p(x; ue)/ maxo<j<n |ajc|. Then
{P.(x)}c>0 is a normal family on C. We now prove that {aj,e}j—0.c>0 is a bounded
sequence. Assume, to the contrary, that there is a sequence A of positive numbers
tending to 0 such that

lim €8 max |aj.| = oo. (17)

Then, since {P,(z)}eso is a normal family, as in the proof of Theorem 2.1, we can find
a sequence A’ C A and P(x) € P,, with P(z) # 0 such that lim e—0,cen’ P, (z) = P(x),
locally uniformly on C. So for 0 < § < A < oo,

lim / \Bo(2) P = / |P(2)[Pdp.
3<]go(z)|<A 3<]go(z)|<A

Now

oo

~ ~ p
/ E@Pdec< [ [P d
6<lgo(z)|<A 00

B ffooo |Pn,p(17§ pe) [P e fjooo |2 qe () |Pdpte

. |p - . |P
Jnax. |aj,el Jnax [

7 ffooo |3:|("_m)pw(3:)d:c

- |P
joax |ajc
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Letting € — 0 with ¢ € A’ and using (17) yield
J7 12| Pw(@)de

|Pa)Pdp < ==, =
/5<qo<m>|<A lim (3 max lajef”

which implies P(z) = 0, a contradiction. Hence a; is uniformly bounded. So the
sequence {Py, (T; fte) }e>o i1s a normal family. Let P(z) be a limit function of this
family.

Take a sequence A of positive numbers tending to 0 in such a way that
lim €2Y P, ,(z; pe) = P(x), locally uniformly on C. Note that, for 0 < § < A < o0,

/ (P(o)Pd = tim 2 (Pap: ) P
0<]qo(z)[<A d<]qo(z)|<A

o0
< lim sup ia?/ | Prp (25 1) [P dpie

— 00

< lim sup Zg}?/ |Qn—m (7)qe(x)[Pdpc

- [ @@z, (18)

for any Qpn_m(x) =2 ™+ .-+ € P,_p. This, in particular, gives

/OO |P(2)[Pw(z) dr < /Oo |$|(n—m)pw($)dx < 0.

—00 |q0(I>|p —o0
Since p > 1, |P(x)[Pw(x) must vanish whenever go(x) does. This and the assumption
that w(z;) # 0 imply that P(z;) = 0 for j = 1,2,...,m, so P(z) = qo(z)R(x) for
some R(z) = 2" ™ + .-+ € Pp_m. Using this expression in (18), we get

| ir@ies < [ iQu @ uis

for any Qn_m(x) = 2™ ™ + ... Thus, by the uniqueness of the (n — m)th monic
extremal L,(w(z)dx) (p > 1) polynomial, we must have R(x) = P p(z; w(z)dz).
Hence, P(z) = qo(x)Py—m p(x; w(x)dzr). This implies that {P, ,(z; pie) }e>o0 has only
one limit as € — 0, so

gii% Prop (2 p1e) = qo () Pr—m p (w5 w(z)d),

which proves the first equality in (16).

The second equality in (16) is based on the fact that any P,(z) € P, with
qo(x) 1 Po(x) must satisfy [*_|P,(z)[Pdp = oo, because of the singularity at the
zeros of go(z). So, in particular, go(z)| Py p(z; ), and it then follows easily (as above)
that P, p(z; 1) = qo(@) Pr—m p(x; w(z)dr). O

In Theorem 3.5, choose w(x) so that supp(w) is compact, say supp(w) = [—1, 1].
Then we get an example in which, for n > m,

llj}(l) Pn,p(x; /'I‘E) = Pn,p(x; /14)7

but, as can easily be verified, u. does not converge to . Therefore the converse of
Theorem 2.1 does not always hold.
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On taking gc(z) = [[;_;[(z — x;)* + ¢?], we can get the following interesting
proposition which is used (when p = 2) in [1] to construct interpolatory quadratures
with prescribed node distribution. We remark that the proof in [1] relies on a result
on polynomials of H. Cartan.

Corollary 3.8. Let p > 1. We have, for n > 20,
. w(z)dx Z 5
21_1)1(13 P p (33; T @—z)2+ 62]1’) = H(x — %) P20 p(z; w(x)dr),

locally uniformly in C.
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