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Intermediate rows of the Walsh array of best rational
approximants to meromorphic functions

Xiaoyan Liu and E. B. Sa

Abstract. We investigate the convergence of the rows (xed denominato r de-
gree) of the Walsh array of best rational approximants to a me romorphic function.

We give an explicit algorithm for determining when converge nce is guaranteed and
obtain rates of convergence in the appropriate cases. This a Igorithm also provides
the solution to an integer programming problem that arises i n the study of Pad

approximants.

1. Introduction

Let . denote the collection of all algebraic polynomials of degre at most m. A
rational function rn,., (2) is said to beof type (m; n) if for somepy, 2 , andg, 2

'mn (2) = Pm(2)=th(2); oh(z) 6 O
If f is analytic at z = 0, then for each pair of non-negative integers ; ), there
exist polynomials Pn. (z) 2 , and Qn. (2)(6 0) 2 such that
Qn; (Z)f (Z) Pn: (Z) = O(Zn+ +1) asz! O

The ratio P,. (2)=Qn: (2) is unique and is called thePacde approximant of type (n; )
to f. We denote this Pace approximant by [n= ](z). Thus for eachf there corre-
sponds a doubly-in nite array indexed by n and which is known as the Pack table.
Concerning the row convergence of this table, we have the flawing classical result of
de Montessus de Ballore [5].

nsy

Theorem A. Let f be analytic at z = 0 and meromorphic with precisely poles
(counting multiplicity ) in the disk jzj < . Let D denote the domain obtained from

jzj < by deleting the poles off . Then for n su ciently large, the Pade approximant
[n=](z) to f satis es

f(z) [n=1z)=0@E"" ") asz! O

Each [n= ](z), for n large, has precisely nite poles, andasn!1 , these poles ap-
proach respectively, the poles off in jzj < . The sequence [n= ](z)gi-, converges
to f throughout D, uniformly on any compact subset ofD.
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270 LIU AND SAFF

An analogue of Theorem A for best uniform rational approximants was established
by J. L. Walsh [10]. To describe this theorem, we rst introdu ce some needed notation.
Let E C be acompact set whose complemerK (with respect to the extended plane
C ) is connected and possesses a classical Green's functi@z) with a pole at in nity.
Let ( > 1) denote generically the locusG(z) = log , and let E be the interior
of . If the function f is continuous onE, then there exists for each pair 6; ) a
rational function W,. (z) of type (n; ) which is of best uniform approximation to f
on E, in the sense that for all rational functions r,. (z) of type (n; ) we have

En, (f):=kf(2) Wi (2ke kf(2) rn (2ke;

where k kg denotes the sup norm overE. The W, (z) need not be unique, but
any particular determination of them will su ce for our purp ose. TheW,. (z) form

a table of double entries known as theWalsh array. J. L. Walsh [10] has established
the following analogue of Theorem A for the rows of his array.

Theorem B. Suppose that the functionf is analytic on E and meromorphic with
precisely poles (i.e., poles of total multiplicity )in E , 1< 1 .1ffro (2)di,
is a sequence of rational functions of respective type@; ) which satisfy

limsupkf (z) rn (2)kg" 1= (1)
nll

(a condition which, in particular, is satis ed by the ( + 1)st row fW,. (z)gi., of
the Walsh array of f on E), then for n su ciently large, each r,. (z) has precisely

nite poles, which approach the poles off in E , respectively, and the sequence
frn. (2)gi_, converges uniformly tof on each compact subset dE that contains no
pole of f .

We note that if f has multiple poles or several poles that lie on the same levelrve

, then there are certain rows of the Walsh array for which Thegem B provides
no information on convergence. Consequently, there arisethe following problem.
Let E be a compact set as above. If is analytic except for poles inE and is
meromorphic with N ( 2) poles (counting multiplicity) on , what can we say
about the convergence of the rows ( + 2) through ( + N) of the Walsh array? For
example, iff is analytic on E ( =0) and has poles at the six points 1; 2;:::; &
on with respective multiplicities r; = 12, r, =8, r3 =8, ry =6, rs =5 and
re = 1, what can be said about the convergence of the sequencésV,. (z)gi-, for

rows" of the Walsh array was investigated for the special cas whenf has poles at just
two points on the boundary. Here we extend the method of [7] tahe general situation
when f has poles inm points on . In a forthcoming paper [3], similar results for
multipoint Pace approximants are obtained.

2. Statements of main results

The analysis of the intermediate rows of the Walsh table reqires further assumptions
on the compact point setE. Let denote the logarithmic capacity (trans nite diam-
eter) of the point set E and assume that there exists a sequence of monic polynomials
I h(2) that have n+1 zeros, respectively, all belonging to the boundary ofe, and that
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satisfy
"n@j M ", zonE;
G(z) +log n logj!' n(z)j Mn %

()

for z on each compact set exterior toE, where M is a constant independent ofn. We
summarize these assumptions by saying thakE hasProperty A. For example, ifE is a
line segment orE is the closed interior of a nite number of mutually exterior smooth

We now can state our main result. Its proof is given in Section3.

Theorem 1. SupposeE has Property A. Let f be analytic on E, meromorphic with
precisely ( 0) poles in E , and analytic on except for poles in them ( 1)

distinct points 1; 2;:::; m on with respective ordersrq;ro;::i;rm (r1  r2
Mm 1). If none of f ;g is a critical point of G(z), then for \good"
(0] r{+rp+ + rm) de ned in De nition 1 below, the( + + 1)st row

of the Walsh array for f on E (i.e., the sequencef W,. + (z)gl-,) converges uni-
formly to f on each compact subset dE that contains no poles off .

Furthermore, for xed good and for n su ciently large, each of the best ap-
proximating rational functions Wy. + (z) has precisely + nite poles, of which
approach the poles off in E , respectively, andp pr which approach the points ;

respectively, (the fp.i g are de ned below and satisfy i";l pi = ),and
En + =KW, + fke An ="; 3)
where =maxi i m(ri 2p; 1) and A is a constant independent ofn.

The de nitions of \good"  and correspondingp . , which were motivated by the
method in [7], are somewhat technical and require the introdiction of further notation.
Let

uij = b(ri  rj+1)=2c 1 i j+1 m;
Wij =i s 2U5 1 i j+1 m;
P _
S = o Winlo1, 1 1 m
— l:)Zm (. . .
S = iz Wiam 1, 1+m |I< 2m;
Vo :=0;
P
Vi =g Ui 1 | m 1
P
v i= .2=m1 I 1Ui:zm I 1
+%m | 1)I’2m |
+ om it m |< 2m;
h=[vi 1v); 1 1 m 1

Im == [Vm 1;Vm];
lh=(vi ;v m+1 I< 2m:
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Here bxc stands for the integer part of x, and any empty sum is understood to have
the value zero. It is straightforward to verify that the inte gersv, satisfy

X
Vo V1 Vom 1= ri
i=1
S
and [Q;von 1] = ,2:"1 lI|. The intervals |, are pairwise disjoint and some of them
may be empty.
De nition 1. For xed , 0O Vom 1, let I, I = I( ), be the unique interval
containing . Set
— Vi . . : .
k = i and q := vi 1 lk; ifl | m;
k = Vi1 and q = vi 1 (2m  Dk; fm+1 | 2m 1:
2m |
We say that isgoodif q =0or g =s. If (0 om 1) IS not good, we say
that is bad

Next, for good , we specify the quantitiesf p; g mentioned in Theorem 1.

De nition 2.  Given a good , we rst determine to which interval 1, it belongs; then

for this | = I( ), we consider the two possibilitiesg =0 or g = s in De nition 1.
Case 1l.q =0
@11 1 m,
Pi =K+ Uy 1 1 i
. 4)
pi =0; I<i m;
()if m+1 | 2m 1,
Pi = Ki+ Ugam 1+ fom 141 1 i 2m |
. (5)
p.i =T1i; 2m  I<i m:
Case2.q=9560
@if1 | m,
Pi =k U 1t Wi 10
. (6)
pi :=0; I<i m;
G if m+1 | 2m 1,
Pi = Ki+ Ugam 1+ fom 141 + Wiom 15 1 i 2m |
. (7)
p.i = T1i; 2m I <i m:

Remark 1. De nition 1 gives explicit conditions for deciding whether is good. For
example,qu =0, so all 2 I, are good. The same is true for 2 I, 1, and if

is one of thevi'sfor1 i m, then is good. Furthermore, o is either O or 1, so
if ri rpis odd, thenall 2 I, are good. In fact, it is a simple exercise to write a
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Remark 2. For good , P M. pi = . Furthermore, for eacht, 1 t m, we have
0 px T (8)
andforl i m 1; we have
Pi  Pii+1: 9)

The proofs of (8) and (9) are straightforward but technical. The reader may con-
sult [4] for the details.

As an illustration of Theorem 1, we consider the problem raigd in the introduction.
Example. Form =6, ry =12, r, =8, r3 =8, r4 =6, rs =5, and rg = 1, the
following table lists the good values of and the correspondingp;; 's.

=0; Ppo1=0; Po2=0;, Po;3=0; PpPosa=0; pos=0; pos=0;
=1; pu1=1; P12=0; pP;3=0; pa=0; p5=0; pe=0;
=2, p21=2; P22=0; pP23=0; pP24a=0; p25=0; p26=0;
=5, ps1=3; pPs2=1; ps3=1; pPs4=0; ps5=0; pse=0;
=9; po1=4; Po2=2; Po3z=2; Poa=1; Pos=0; Pos=0;
=10; pwo1=4;, Pw2=2; P10;3=2; Ppo;a=1;, puos=1; Pio;=0;
=14, pws1=5; Pu2=3; Pua3=3; Pua=2; Puas=1;, pPuss=0;
=15, p151=5; P52=3; P53 =3; P154a=2; P15;5=2; P156=0;
=19; pP9;1=6; P2=4; Pp3=4; Pos=3; Pos=2;, Proe=0;
=21, pP21;1=6; Pa2=4; Ppaz=4; Po1a=3; Pas=3; Pae=1;
=25, P2s1=7; P252=5; P253=5; Pas;a=4; Pas;s=3; Pase =1,
=26, P26:1=7; P262=5; P263=5; Poe;a=4, Pas;s=4; Pss=1;
=30, pP30;1=8; P30;2=6; P30;3=6; P3o;sa=5; P3o;s=4; Pso;6=1;
=31, pP3;1=8; P31;2=6; P3a:3=6; P3;a=5; P35 =5, P3e=1;
=35, P351=9; P3xs2=7; Pxsz=7; P3sa=6; P3s5=5; P3s;e=1;
=38; p3g;1=10; pP3g2=8; pP3g3=8; Pagsa=6; pP3gs=5;, Page=1;
=39; p3g;1 =11; PpP3g2=8, P33 =8, Pag4 =6, Pag5=5; P3gie=1,;
=40; pao;1=12; pso;2=8; Pao;3 =8; Pao;a =6, Pao;s=5; Paoe =1:

An immediate consequence of Theorem 1 is the following resulvhich certainly
agrees with one's expectations.

Corollary 1. With the same assumptions onE and f as in Theorem 1, if r; =

ro = =rm =r,thenonly = mk, k=1;2;:::;r, are good 's in the sense of
De nition 1. Furthermore, by De nition 2, for = mk, there are pmki = k poles of
Wy +mk (2) that approach each of the points i, i =1;:::;m, and

En +mk = KWn: +mk ke An' 1=

Remark 3. Lin [2] and Sidi [8] have investigated the row convergence othe Pace
table. Under assumptions similar to those in Theorem 1, theyobtained a su cient
condition for the convergence of an intermediate row of the Rcde table; namely, that
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there is a unique solution to the following integer programming problem: Given posi-

maximize (ri i 2 over (1; 2:::%5 m)
i=1 (10)
subject to P = and 0 i ri, jintegers,1 i m:

i=1
As we shall show, this uniqueness condition is actually the @me as our conditions
for good in De nition 1. In other words, the explicit formulas in De n ition 1 give
the values of for which this integer programming problem has a unique soltion.

Proposition 1.  There is a unique solution to(10) if and only if is good in the sense
of De nition 1. For good , the unique solution to(10)is ; =p;;1 i m, where
the p.i 's are given by De nition 2.

The proof of Proposition 1 is given in Section 4.
Concerning the rates of convergence of the denominator pohomials for the best
rational approximants, the following result is proved in [4].

Proposition 2. With the assumptions of Theorem1, for xed good satisfying O
Vom 1, let g,(z) be the monic polynomial denominator ofW,. . (z), (z) be
the r&onic polynomial of degree whose zeros are the poles df in E , and q(z) =
(2) 0, (z i)Pi . Then

koh(z) q(2)k=0O(1=n) for 0< <V om 1;

limsupkah(z) q(z)k¥™ <1 for =0 or = voy 1 11)
n'l

In (11) the norm can be taken over any compact subset o€C.
We remark that although the possible divergence of rows coesponding to bad 's
is not investigated in the present paper, it is discussed in lhe forthcoming paper [3]

where it is shown that there are bad 's for which the limit points of poles of the
corresponding row sequence can form an arc of a smooth curve.

3. Proof of Theorem 1

To prove Theorem 1, we apply some theorems from [7] along withwo additional
lemmas. Hereafter,f! ,(z)g will denote a sequence of monic polynomials of respective

degreesn+1, n=1;2;:::, that satis es (2).
Lemma 1. With the assumptions of Theorem1, suppose that is any xed integer
(0] ri+ro+ +rm) and thatr,. + (2) is a sequence of rational functions of
types(n; + ), respectively, which satisfy for some real

kf(z) rn + @DQke=0on =") asn!l : 12)

Let ¢, (z) be the monic polynomial whose zeros are the nite poles af,. .+ (z); mul-
tiplicity included, and set p,(z) := th(2)rn. + (2): If the nite poles of the rn. + (2)
are uniformly bounded, then for any point 2 and any integer N,

. Pn(Z)!'n () _
”l!l{n nlty N(Z) =0
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uniformly for z on each closed set exterior to (the r,. + (z) need not be de ned
for every n).

The proof of this lemma is similar to the proof of Lemma 2 in [7]and therefore is
omitted.

Lemma 2. With the assumptions of Theorem1, suppose thatr,. + (z) is a sequence
of rational functions of types (n; + ), respectively, satisfying
limsupkf rp + k" 1=: (13)
n'l
Let ¢, (z) be the monic polynomials whose zeros are the nite poles, cating multi-
plicity, of r,. + (z). Then for any subsequence of}, (z), the limit points of their zeros
must include all poles(counting multiplicity ) of f in E .

The proof is just a slight modi cation of the proof of Theorem 1 in [10], so we
omit it.

P
Proof of Thegyem 1. If = . ri, then the theorem follows from Theorem B. So
suppose im:1 ri 1.1f 2I,and isgood,setps = p.s (s=1;2;:::;m), where
p.s is de ned in De nition 2. We rst will assume and later will pr ove that

rj 2pj +1>r; 2p 1 (14)
for 1 ] landi =1;2;:::;m when 1 | m, and for 1 i 2m | and
j=21;2::;;mwhenm+1 | 2m 1. We now can use an argument similar to
the proof of Theorem 10 in [7] to establish Theorem 1.

Let (z) be the monic polynomial of degree whose zeros are the poles df in E .
Write

X
@2f ()= fo(2)+  Si(2);

i=1

wherefo(z) isanalytcon E [  andSj(z) = Lizl Bki(z i) ¥isthe singular part
of (2)f (z) at the pole ;. Let RL:jg(z), 0 j<r i, be the rational function of type
(n;]) which is de ned by Theorem 2 in [7] with = and F(z) = fo(z) + Si(z) for
i=1;F(z)= Si(z)for2 i m. Furthermore, let RL;'rgi (z) be a best uniform rational
approximation on E of type (n;ri) to F(z) = fo(2) + Si(z) for i =1, F(z) = Si(2)
for2 i m. Note that by Theorem 1 in [10], there exists >  such that
kRIS (2) F(2ke Ao="; (15)
where, as aboveF (z) is the corresponding function for eachi = 1;2;:::;m:
First, we consider the case 2 I;,1 | m. From (14) and Theorem 2 in [7], we
obtain the following inequalities (where ! denotes E (2)):
X
En; + .= kWn; + f kE ! Rn g P f E An = n; (16)
i=1
where :=max; ; m(ri 2p 1);
X fi
Wh, + R, En + + 1 RO, 2An =";
i=1 E i=1 E
17)

+
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1pfig 1 x fig
Wi + R, P 1 Ry
i=1;i6]

1 X fig
1(2) Rn~.

1pfig
En; + + f Rn . ’pi
i=1;i6]j

(18)
Ain'i 2pj+1 = n.

where we only consider thosg = 1;2;:::;1 such that p 1. Then by [7, Theorem
2(ii)] and Lemma 1, we get

, p ,
f f
lim Ri%p, 1@+ LR’ @ n ()

ni1 nri 2Pt (z)
PK 1
=C By oki(z <P (19)
k=0
uniformly on each closed set exterior to , where the constantC; is not zero for
j =1;2;:000.
J Next suppose that 2 |, for m << 2m. Then (14) holds for1 i 2m |,
j =1;2;:::;m. Furthermore, for 2m | <i m, we havep; = rj; so the estimate

(15) holds. Combining these inequalities, we again get (16)(17), and (18). Thus (19)
is still true by Theorem 2 in [7] and Lemma 1 forj =1;2;:::;m.

Now suppose that the nite poles off W, .+ (z)gi, are uniformly bounded. Write
Wh + (2) = pn(2)=h(2) as in Lemma 1. Then the sequencd o, (z)gi-, forms a
normal family in the whole plane. Let g(z) be any limit function of this sequence and
note that g(z) must be a polynomial of the formq(z)= z + c;z '+ + ¢, where

0 + . By Lem@a 2, we know that (z) is a factor of q(z), and we want
to show that q(z) = (2) jm:1 (z i )P, where we only consider thosgy such that
B Ll Let

_ X0 _
W(@2= @W + @) RV, 12 Ry, (2)
i=1;i6]j
'n ( j)q](Z)Qng;pj 1(Z)Qim=1;i6j Lig;pi(z)_
nfi 2p+l n (Z) ,

where Q[ 0, (2); Qng;pj .(2) are the monic denominator polynomials ofR’'® 0, (2

and RL’g;pj 1(2); respectively. Sincej! n( j)=!n(z)j A "= "forzon ,applying
the inequalities (16), (18) and the Bernstein Lemma (cf. [12 x4.6]), we get that the
sequencef (z)gi-, is uniformly bounded on each (> 1) and hence on each
compact subset ofK := CnE. By Lemma 1, Theorem 2 in [7], and (19), we see that
some subsequence df ,(z)gi-, converges to the function

;1 v i X ' k 2p; +1
(2):= a@)(z )P (z )G Br, kj(z )P
i=1i6] k=0
for z exterior to . But the family f ,(z)gi-, is normal in Knflg , and hence
(z) must be analytic in this domain and, in particular, at z = ;. Therefore, since



+

APPROXIMANTS TO MEROMORPHIC FUNCTIONS 277

Efi j 60and C; 60; (z i)P must be a factor ofq(z), j = 1;2;:::;m. Because
Ly b=, it follows that

A
(0= (2 @ )"
j=1
If the nite poles of fWy. . (2)gi_, are not uniformly bounded, then there is
a subsequence of W, + (2)di-,, which we still denote by fW,. .+ (2)gi-, with
the property that precisely  nite poles of W,. . (z) approach in nity while the
remaining (or fewer) poles are uniformly bounded in modulus less than ame
constantR. Let n.1; n:2;:i:; o be t@e nite poles of Wy,. . (z) which lie outside the
circle of radius R. Setq}(z) := oh(2) “ oy ( ns) 5 Po(2) = pa(2) "o ( ns) -
Then Wy + (2) = pi(2)=¢(z). Clearly the polynomials fq’(z)gi_, are uniformly
bounded on compact subsets o€, so they form a normal family. Let q’(z) be any
limit function of this sequence. Then g’(z) must be a polynomial of the form q’(z) =

z + ; where 0 + : Using ¢ (2) instead of g, (z) in the above reasoning,
we again get th% (z) and (z iPj =1;2:0m, are all Bctors of g°(z). So
q°(2)= o(2) (2) *[L,(z )P ;wherec(z)is apolynomial. But = [, pj+ = +

is larger than the degree ofg’(z). This contradiction implies that the nite poles of
Wy, &+ (2) must be uniformly bounded.
W@ have shown that the only limit function of the sequence fg,(z)g is
m .
(z2) "jz1(z )P Hence

y
h(z)! (20 (z )P asn!1l
j=1
uniformly for z on each compact subset of the plane. Now from Hurwitz's Thecgm for
xed good and for n su ciently large, each of the rational functions Wy. + (z) has
precisely + nite poles, of which approach the poles off (z) in E , respectively,
and p; = p; of which approach the points i, respectively. Furthermore, since the
sequencef W, . (2)gi-, satises the conditions of Corollary 4 in [11] and has no
limit points of poles other than the poles off (z), the rst part of Theorem 1 follows.
What now remains is to prove (14) . Referring to the formulas br p; in De nition 2,

we will use that b(r; r))=2c=(r;i r wy 1)=2and0 w;; 1for0 il m.
In part (a) of Cases 1 and 2 of De nition 2, when1 | m 1, we have by (4)
and (6),
P = kl + % for 1 J I;
p =0 for 1<j m;
where the refers to Case 1 and Case 2, respectively. So, for 1j | with k;  uyy,
we obtain

rpo20+1=r; 2k (r; rnoowy 1)+1
=1 2k Wi 1+ 1
r 22U >r41 1 1=r 2p 1
forl+1 i m.Forl i;j |,

2 P)=(rp noowy 1) (i Wio1);

+
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S0 we get
2 p) rp ri+l<r; ri+2:
This implies (14).

o rm W
Whenl=m, p = ky + =— Jm

2

2 p)=(r fm Wim 1) (i fm Wim 1) <rj r;+2;

L for 1 j o m,

and so (14) is still valid for 1 i;j m.
In part (b) of Case 1 and Case 2 of De nition 2, it follows from (5) and (7) that

b=k + i Tom 141 Wiom |
! 2

P = Tj for2m I<j m:

+ om 1+1 for 1 j 2m |;

Similarly for 1 i;j  2m |, we have 20, p)<r; ri+2.
Next,forl i 2m |I<j m; with k; 0,
ri 200 1=r; 2k (ri Tfom 141 Wiom 1) 2rom 41 1
2k +1 rom o1 1
<1 rom 11 1 ry =Tr;j 2pj +1:

Thus (14) has been veri ed and the proof of Theorem 1 is comple. O

4. Proof of the equivalence to Lin and Sidi's condition

We shall refer to the integer programming problem in (10) as he \IP( ) problem".
Before proving Proposition 1, we state some results from [1jvhere the solution of
IP( ) was discussed. The following lemma combines Lemmas 2, 3, @d of [1].

Lemma 3. Letr;, i = 152;:::;m; be as in Theorem1 and be a given integer
satisfying0 < <W = i";l ri: Let = (" 1;"2;:::;"n) be a solution toIP( ).
Then

(@ %:=(ry Myra Myiiiirm Mp)is a solution to IP( 9 where °= W

(Thus it is sucient to treat IP( ) for 0< b W=2c.)
(b) With the change of variables

i =ri=2 i1 0 m; = W=2 ;

the problem IP( ) is equivalent to

minimize X ,2 over( 1; 2;:::; m), i integers or half-integers
. (20)
subject to i = and ri=2 i ri=2,1 i m:
i=1
Let :=( ST Am) be a solution to (20).
Si) If rm s+1 2=mM<Tr ¢ r1, then for the components of we have

i = ri=2, for s <i m. Furthermore, we can complete the solution by solving the



APPROXIMANTS TO MEROMORPHIC FUNCTIONS 279

reduced problem:

xs
minimize ,2 over( 1; 2;:::; s), i integers or half-integers
i=1
(21)
. 1 X 0 .
subject to P = — ri =: and r;=2 i ri=2, 1 i s
i=1 i=s+l
(i) If =m<r;=2for 1 i m, then the components of must satisfyjx j 1
for all indices 1 k;j m.
(i) Under the condition of (i), dene a:= maxi i mf’ig. Then %} can take only
the valuesa, a 1=2,ora 1,for1 i m. Letus denote the total number of'\i 's

that equala, a 1=2,anda 1byx, y, and z, respectively. Thena, x, y and z are
unique. If z = 0, the solution to IP( ) is unique. If z 6 0, IP( ) does not have a
unique solution.

Proof of Proposition 1. By Lemma 3, we need only consider & W=2. Since
14 1
Vi = Um 1+(m Lrym+rpy
i=1
1 X xn
=5 (i Tm Wim )+ Tm
i=1 i=1
1 X w
=5 (i+rm wWm 1)>5 1= —; (22)
2 2. 2

S
we need only deal with 2 (0;vp) Y
First, assume that W=2 is good in the sense of De nition 1. We will show that,

IP( ).

Let | be an integer suchthat1 | mand 2 1;\ (0;bW=2c]. We now make the
same change of variables as in Lemma 3(b), namely,
i=rn=2 pi; 1 0 m; = W=2
Then 0 < W= 2, and by the de nition, when q := vi 1 lk; =0,

i=ri=2 ug 1 Kk
=ri=2 (I'i r Wi 1):2 k|
r=2+ Wi 1=2  k; forl i l; (23)

i =ri=2 forl<i m;
or, whenq := vi 1 1k = P ::11 wi; 160;
i=ri=2 ug 1 Wy 1 Kk
=rn=2 (i n+w 1)=2 Kk
r=2 Wi 1=2 k|; for 1 i l; (24)

i = ri=2 for I<i m:
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fl<m,
2 W 2 _w 2y _ 1X 1 X
—= = —>— —== 1 — (i ra W)
m m m m m m m .
i=1 i=1
1 X 1 X
= — ri+—  (r+1 +wy) rs 1 for I<i m; (25)
i=1+1 Mg
by Lemma 3(i), the (m [)-tuple :=( j41;:::; m) given by (23) or (24) is a part of
a solution to (20); if | = m, does not exist and we can go directly to the next step.
The problem now is reduced to (21) withs = |. We need to consider two separate

cases:k; 6 0 and k; = 0; wherek; := b( v 1)=lc:
When k; 6 0; we have vi 1+ | and

X X
0.— ﬂ 1‘ ri } ri Vi1 |
2 2. 2
i=1+1 i=1
X X
=5 o3 (i nowy 1) |
i=1 i=1
X
=5 (n+wy 1) I<Ir =2 (26)
i=1
where the last step follows fromw;; 1 =0andw;; 1 1 (1 i | 1). Furthermore,
i ki 1forl j;k | from (23) or (24). By Lemma 3(ii), we know that
1;::7; 1) is a solution to (21). Noticing that only one of (23) and (24) is valid for a
given , we see thatz = 0 in the sense de ned in Lemma 3(iii). Thus ( 1;:::; 1) is

the unique solution to (21); consequently, is the unique sdution to (20).

When k; = 0, we cannot guarantee the strict inequality in (26). If °<Ir =2 is
true, then the above reasoning and conclusion still hold. Ssuppose that © Ir;=2.
This situation requires careful analysis. We de net and t° to be two integers such
that I>t%® t 0and

e N+2; Mea =T = =Te=0+1] Tog =Top = =1 (27)

(where the caset®= t > 0 means thatr; 6 r; + 1 for all i; the caset®>t =0 means

r{ = = ro=1r1+1;rio4 = = r;; the caset®= t = 0 meansr; = =r1).
Then
Wistsl 1= Wia2y 1= = Weoy 1 =13
Wior1;l 1= Woep 1= =wy 1=0:
By (23) or (24),
41 = toep = = =1=2=r;=2 fort®+1 i I
Again by Lemma 3(i), the (I  t9-tuple ( (041 ;:::; |) is a part of the solution and the
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solution to (21), so we can stop here. Now, supposé > 0. Because V| 1; we have

0
0. W 1 X r 1 X coy
= — = i = PV
2 2i:t0+l 2 i=1
X X 1 X 1 X
=5 ho3 (ri o wy 1)= > i+ 5 (r+ wig 1)
i=1 i=1 i 1041 i=1
0
= — + . — = —
5 (rn+wy 1) t 5 =

i=1
If 9<t%.0=2, usingt®instead of I, by the same reasoning as before, we arrive at
being the unique solution to (20).

Suppose %= t&=2. If g = 560, =1V 1+ s,then

o W 1 X
-2 2 fi
i=t0+1
= 1XO ri LX (ri rn wy 1) s = L X ri + 1Ir 1s
- 2 i 2 i | [ | = 2 i 2 | 2 |
i=1 i=1 i=t0+1
1 1 1 1 1 1
= é(l t%ﬂ + §|I’| §S| = étorto §S| 6 Etorto,

which is a contradiction. Thus, in this case,q = 0. Furthermore, the ;'s are deter-
mined by (23), so we have

t+41 & t42 = = o= =2+1=22=r;=2; fort+1 i to (28)

original problem is reduced to (21) with s = t. If t = 0, we are done. Now, assume
t> 0. Because V| 1; we come to a strict inequality:

0= % :_2L . Fi %Xt N Vvia
i=t+l i=1
:EXt(r,+Wi.| ol
2. ' 2 2
for1 i t. Usingt instead of I, by the same reasoning as before, we arrive at

being the unique solution to (20).

Conversely, assume that, for a given , IP( ) has the unique solution :=
2275 ™n) (so (20) has a unique solution). We shall show that is good and
i=1;2:0;m. p

Let the solution of (20) be :=( "y; % m)andset == TG w=2 |
Because we only consider 2 (0; W=2], it follows from (22) that we can nd an | such

(" 1:72,
/I\: p;ii

that1 | mand 2 I..PWhen 21, (25) 5‘39 holds. So '\. 5 ri=2 forl <i m
by Lemma 3 (). Let %= | % w=2 Mg fi=2= | =2

To prove our statement, we need to examine two cases.
Case A If vi 1 |, then (26) is still true. This means %I < r;=2. Hence by

(i) and (iii) of Lemma 3, "} can only take the valuesa := max; ; f jgora % for
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1 i |. We need only to determinea. Since

X
0 Ai:xa+ y(a }): la y
i=1 2 2

andl x 1;1>y 0, we get

0 0 1
— — + —:
I a< i 5 (29)
Let k; := b( v 1)=lc. Then
n ( vi) n no o voa)
— A — — +1:
2 | 7 k<3 | 1
Furthermore, since
P
noC vig)_n (o owy 1)=2
2 I 2 I
K wy ) 11X Ly
= A S et 1 e . =
- 2l I I 2i:1 2l
_ % s
Sr2r
we get
2 1on viio °
I 2 2 I I
Thus
0 1 r 0
- = = < —+1:
T2 2 1
Combining with (29), we see that
1<a %‘ K <1 (30)

Recall that a is an integer or half-integer and the same is true for;=2 k. So
there are three situations:

1 1

a= = k+=;, a=—= k; a=—= k =:

'+ 3 | I

We need to consider the original solution = (® 1;%2;:::; ™), ~i = (ri=2) A for
i =1;2;:::;m in order to determine a.
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For the casea=(r=2) k,a 1=2=(r=2) k 1=2, since the 4's are integers,
they must have the following forms:

I r

/\i:E §+k|:Ui;I 1+ w1+ Kk ifri riseven, 1 i I
A = % %‘+ K + %: Ug 1+ wy 1tk dfr risodd 1 i I
AN o=0 for I <i m;
X X
M= (Ut w1+ ki)
i=1 i=1
X
=vi1+ w1t lk= +s g
i=1
whereq = vi 1 k.
For the casea=(r;=2) k +1=2;a 1=2=(r;=2) ki, similarly, we have
Ai_r_i %+k,=ui;| 1+ K ifri riseven, 1 i I
ri r 1 . : .
No= il §I+ ki 52 Ui 1t K if ri rpisodd, 1 i [;
N =0 for I<i m,
X X
M= (Ui et k)=voa+ Ik
i=1 i=1
=viait( v g)=  Qq:

For the casea=(r;=2) k 1=2;a 1=2=(r1=2) k 1;

"i:% %+k|+1: U 1+ k+1 ifri riseven,1 i |
/\-:r_i r_|+k+}
‘T2 27772
=uy 1+t k+1 if ri risodd,1 i I;
A =0 for I<i  m;
X X
no= (ug 1+1+ k)
i=1 i=1
=v o+ I+ Ik >V 1+ T+ ( vii )=
P
This contradicts the fact that i“ll No= ,s0a6(ri=2) k 1=2.

Since IP( ) does have a unique solutiona must be one of (1=2) k; or (r;=2) k+
1=2. If both aand (r;=2) Kk are integers or half-integers, thena = (r;=2) ki; if only
one of thegl is an integer, thena=(r;=2) k; +1=2. Additionally, if a=(r1=2) Kk,
then = i—l No= g+ s, and V\fg conclude thatg = s;. In the other case,
a=(ri=2) k +1=2,sowe have = ; 1 A= g and conclude that g = 0.
Thus, by De nitions 1 and 2, is good in either, case and * p; .
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Case B If0O vi 1<I|,thenk =0 and
1 X 1 X Ir, 1X*t r
0- = ; _ : = —— + _— - | = I(— 1):
5 ~ ri 5 . r Vi ) 5 ~ Wil 1 (2 );
e s @)
0 1 X b .= Ir + 1X W _ry + S| I(I’ +1):
2i:l i I 1- 2 2i:l il 1- 2 2 2 | .

If 9<Ir 1=2, then the reasoning for Case A is still valid and we obtain tre desired
result.
If 9 Iry=2,lett andtbe de ned as in (27). Then, by Lemma 3(i),

At0+1 = At0+2 = = A|= n=2=r;=2;, fort®+1 i I

If t°= 0, the desired conclusion follows as before. 1f°6 0, de ne

1 X
0= 0 = ry = 0 (I tO)I’|=22
i=t0+1
Then we have
& | 00 & + i E)rto;
2 2 2 2
P | P t° o
where we have used the fact thats) = ., wiy 1= o, Wiy 1 t5=2.

If %< t%,0=2, then seta:= max; ; tof '\ig. Now if we uset®instead of| in Case
A, then the reasoning there is still valid except that (30) becomes

I r
—<a —=—<1:
t0 2

Hence the last situation for detern?j,ning aisa ri=2 1=2instead ofa=r;=2 1=2.
In this situation, we will still get = 2, A > , which is a contradiction. Therefore,
we arrive at the same conclusion.

If 9= t%,=2, then by Lemma 3(i) again,

1= o= = o= rp=2=(r+1)=2=r=2 fort+1 i I

We changet®to t in the above reasoning and still get the same conclusion.

Since IP( ) does have a unique solution, we have checked all cases andived that

=V, 1,0r =V 1+5;s0 isgoodand” p.; byDenitions1land 2. O
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