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SOLUTIONS OF THE STRONG STIELTJES MOMENT PROBLEM

Olav Njastad

ABSTRACT. The strong Stieltjes moment problem for a bi-infinite sequence
{¢n, n =0,£1,42,...} can be described as follows: (1) find conditions for the
existence of a positive measure p on [0,00) such that ¢, = [ t"du(t) for all
n, (2) when there is a solution y, find conditions for uniqueness of the solution,
and (3) when there is more than one solution, describe families of solutions. In
this paper, we investigate aspects of question (3). In particular, we discuss so-
lutions and their Stieltjes transforms that are obtained by utilizing a theory of
quasi-orthogonal and of pseudo-orthogonal Laurent polynomials.

1. Introduction

The classical Stieltjes moment problem can be defined as follows: given a sequence
{¢n, n=0,1,2,...} of real numbers, (1) find conditions for there to exist a (positive)
measure p on [0, 00) such that ¢, = fooot"du(t) forn=0,1,2,..., (2) when there is a
solution of the existence problem, find conditions for uniqueness of the solution, and
(3) when there is more than one solution, describe (subfamilies of) the family of all
solutions. The problem is called determinate when there exists exactly one solution,
and indeterminate when there exists more than one solution. The problem was treated
first by Stieltjes [34] in 1894 and then by Hamburger [12] in 192021 for the case when
the support of  is only required to be contained in (—o0, 00) (the classical Hamburger
moment problem). These initial works were followed by an extensive development of
a theory of moment problems where the connection with the theory of orthogonal
polynomials plays a central role, e.g., see [1, 2, 7-9, 21, 22, 32, 33, 35, 36].

The strong Stieltjes moment problem (and strong Hamburger moment problem) can
be formulated in the same way as the classical problems, except that here bi-infinite
sequences {¢,, n = 0,£1,+2,...} are involved. These problems were introduced
around 1980 by Jones, Thron, and Waadeland [20] for the Stieltjes case, and by Jones
and Thron [17, 18] for the Hamburger case. In the following years, a theory of these
problems and their connection with a theory of orthogonal Laurent polynomials was
developed as far as questions (1) and (2) were concerned, see [3-6, 10, 11, 13-20,
29-31]. In [28], a theory concerning question (3) for the strong Hamburger moment
problem was developed. In particular, an analog to the Nevanlinna parametrization of
solutions in the classical case was presented (cf. [1, 23, 33, 35]). In this paper, we make
a contribution to a study of question (3) for the strong Stieltjes moment problem.
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2. Natural solutions

Let {¢p, n = 0,£1,£2,...} be a given bi-infinite sequence of real numbers. The
Strong Hamburger Moment Problem (SHMP) for the sequence consists of finding all
(if any) positive measures p on (—o0,00) satisfying

Cn = / 0"du(0) for n=0,+1,+2,.... (2.1)

The Strong Stieltjes Moment Problem (SSMP) similarly consists of finding all (if any)
positive measures p on [0, 00) satisfying

Cn = / 0"du(@) for n=0,+£1,%2,.... (2.2)
0

For any pair (p, ¢) of integers with p < ¢, let A, , denote the complex linear space
spanned by the functions 27, j = p,...,q. We write Ag,, = A and Aoy =
A_(myrym form=0,1,2,..., and A = UEO:OAn. An element of A is called a Laurent
polynomial.

Let M be the linear functional defined on the basic elements z™ by

M[z"|=¢n, n=0,£1,%2,... (2.3)
The conditions for a measure u to solve the SHMP and the SSMP are equivalent to
MI[L] = /oo L(0)du(8) forall LeA (2.4)
and 7
ML) = /O T LO)du(0) forall L e A, (2.5)

respectively. A necessary and sufficient condition for the SHMP to be solvable is that
the functional M is positive on (—o0,c0), while a necessary and sufficient condition
for the SSMP to be solvable is that M is positive on (0, c0), see [10, 14, 15, 18]. (That
M is positive on an interval I means that M[L] > 0 for all L € A where L(z) # 0,
L(z) > 0 when z € I.) A moment problem is called determinate when there is exactly
one solution, and indeterminate when there is more than one solution.

In the following, we always assume that M is positive on (—o0, 00).

An inner product (, ) is defined on Ar x Ar (where Ar denotes the real space
spanned by all 27, j = 0,+1,42,...) by

(P,Q) = M[P(z) - Q(2)]. (2.6)

Let {¢,} be orthonormal Laurent polynomials obtained from the base {1,271, z,
27222 ..., 27" 2" ... }. They shall be assumed normalized such that they may be
written in the form

_ 42m,—m

90217’7,(2) - T —|— “e + q2m7m2m7 q2m7m > 0, (27)

m

_ 2m+41,—(m+1)

P2m+1 (Z) Sml

+ -+ q2m+1,mzm; q2m+l,—(m+1) > Oa (28)

for m = 0,1,2,.... The functional M and the system {p,} are called regular if
G2m,—m # 0, @2m+1,m # 0 for all m. In the following, we shall assume that M is
regular. That is always the case if M is positive on (0, 00), see [10, 13, 14].
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The associated orthogonal Laurent polynomials {1, } are defined by
n 0) — PnlZ
wule) = b | 20 =] (2.9
-z
(The functional is applied to its argument as a function of 6.) We note that 1y = 0,

1/)2m S Afm,mfla 1Z)2m+1 S A—(m-l—l),m—l-
The functions {¢,} and {¢,} satisfy the following three-term recurrence relation
(where f,, gn, hy, are constants):

o] R o] R o] BECES N S
3] = Gt 3) [FnE)] + s [Fr] - mm022
(2.11)

and
o= =0, py=0, foy =1 (2.12)

Vo fiv/eoz

The functions {¢,} and {,} thus are denominators and numerators of a continued
fraction. This continued fraction is equivalent, in general, to an APT-fraction when
M is regular and positive on (—oo,00). When M is positive on (0, 00), the continued
fraction is equivalent to a positive T-fraction, see [15, 19] (cf. also [24-27] for the
situation when M is not necessarily regular).

By considering inner products with suitable ¢ (2) on the right- and left-hand sides
of the recurrence relations (2.10)—(2.11), the following expressions for the coefficients
in terms of the coefficients in ¢, (z) can be obtained:

f2m: 2m—2m—192m,—m , (213)
2m—1,m—192m—1,—m

f2m+1 _ Qmel,meQerl,m, (214)
q2m,—m4q2m,m

Gom = —Bma=m (2.15)
2m—1,—m

Gomyp1 = Lmtlm (2.16)

92m,m

hom = —2mm_ (2.17)
q2m—1,m—1

hom 1 = Zmtbo(mtl) (2.18)
q2m,—m

(also see [16]).
The determinant formula for continued fractions in our situation can be written as

2@am (2)V2m—1(2) — 2@am—1(2)am(2) = q;hm%, (2.19)
20am (2)Y2m41(2) = 2pami1 (2)tham (z) = Ll (2.20)

q2m,m
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(see [28, 30]).
We introduce the expression T),(z, a, b) by
Th(z,a,b) = an(2) + bpn(z), n=0,1,2,... (2.21)

With this notation, the following general Christoffel-Darboux formulas are valid for
arbitrary complex coefficients a, b, ¢,d and for z,{ € C' — {0} (see, e.g., [28, 30]):

ZTQm—l (27 a, b)TQW(Ca c, d) - <T2m—l (Ca c, d)T2m (Zu a, b)

= B f(ad — be) + (= — S z,a, ¢, .
_qzm_l,_m[(d be) + ( C)JZ::OTJ( DTGed],  (222)

2Tom41(2, a,0)Tom (¢, ¢, d) — (Tomt1 (C,c d)Tom (z,a,b)

_ M{(ad be) + ZT 2, a,b)T;(C,c, d)} (2.23)

q2m,m

We shall use these formulas in Section 3.

By setting a = ¢ =0, b = d = 1 in (2.22)—(2.23), we obtain special Christoffel-
Darboux formulas (involving only the orthogonal Laurent polynomials themselves),
which may be written in the form

P2m (Q)[2p2m—1(2) = CP2m—1(C)] = Cp2m—1(Q)[pam(2) — 2m(C)]

2m—1
_ _Pm-—m (z =) Z v (2)p;i(C), (2.24)
d2m—1,—m 7=0

am(Q)[zp2m+1(2) — CP2m+1(Q)] — CPam+1({)[pam(2) — p2m(C)]

Bl (3 (e (0). (225)
=0

q2m,m

Dividing by z — ¢ and letting ( — 2, we get

2m—1
d d _ Q2m,—m 2

902m(z)a [2p2m—1(2)] — Z@m—l@)@ [p2m (2)] = P jz::o 0i(2)°,  (2:26)
%mﬂv%mw—mMmﬂwmw=%W”Z (227)

dz dz G2m,m
All the zeros of ¢,, are real and simple, and if M is positive on (0, 00), they are all
positive. Let 51"), . (") denote these zeros, ordered by size, 51 < f(" < 51(1").

Then
2m+1 ¢

H 5(2771) q2m, 7717 H §]g2m+l) _ 2m+1,—(m+1) ' (228)

q2m,m ke1 q2m+1,m

It follows that

q2m,—m > 07 2m+1,m < 07 (229)
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when M is positive on (0, 00). Consequently,

Joam <0, fomg1 <0, (2.30)
g2m >0, gom41 <0, (2.31)
hom <0, h2m+1 > 0, (232)

when M is positive on (0, 00).

If M is positive on (0,00) (hence all the zeros of ¢,, are positive), it follows easily
from (2.25)—(2.26) that between two consecutive zeros of @, there is exactly one zero
of pp—1. Using (2.19)—(2.20) and the just-mentioned separation property of ¢, and
wn—1, we find that between two consecutive zeros of ,, there is exactly one zero of
Un.

In the general situation (M positive on (—oo,o0)), there exist positive weights
)\gn)7 o )\%") such that the following quadrature formula is valid (see [10, 14, 16, 29]):

ML) =S AVLE™) for L€ Asnr. (2.33)
k=1
Since the function f(0) = #n 6)‘ #n(2) belongs to Agy_1, it follows from (2.9) and
—z
(2.33) that
n (n)
Yn(2) Ak
S . (2.34)
en(2) ; ](cn) -z
Let v(™) denote the discrete measure with mass )\,(c") at the point §](€n), k=1,...,n.
Then, according to (2.33), (™) solves the truncated (Hamburger) moment problem
cp = / 0k dv™ (), k=—2m,...,2m —1 for n = 2m, (2.35)
e = / 0k dv™(0), k=—(2m+1),...,2m for n =2m + 1, (2.36)

and, furthermore,

Ynle) _ / * o) (2.37)

n(2) o 02
If M is positive on (0,00), (™ solves the corresponding truncated strong Stieltjes
moment problem, and the integral in (2.37) can be taken over (0, c0), since the support
of (™ in this case is contained in (0, c0).
Since

it follows by Helly’s theorems that every subsequence {v("(*¥)} contains a subse-
quence converging to a measure v which is a solution of the moment problem (i.e.,
the SHMP, in general, and the SSMP if M is positive on (0,00)) and such that
the corresponding subsequence of {1/1n(k) (2)/ Onk) (z)} converges locally uniformly to
—[7.(6 — 2)"tdu(8) outside (—o0,00) (to — [ (6 — z)~*dv() when M is positive on
(0,00)), see [10, 14, 16, 20]. Solutions that can be obtained in this way are called nat-
ural solutions of the moment problem (cf. [8] for the classical situation). It is known
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that when M is positive on (0, 00), the subsequences {v>™} and {v®*™+1} converge
to measures N(® and N(>) (see Theorem 5.7 and cf. [19, 20]). It follows that when
M is positive on (0, 00), the SHMP and the SSMP have two natural solutions in gen-
eral and one natural solution when N = N(°) Tt also is known that the SSMP is
determinate if and only if there is only one natural solution, also see Section 5.

The Stieltjes transform F), of a finite measure y is defined by the formula

Fu(z) = /Oo %- (2.39)

The function F), is a Nevanlinna function, i.e., it is analytic in the open upper half-
plane U = {z € C : Im z > 0} (actually outside the support of 1) and maps U into the
closed upper half-plane U. The discussion above shows that when {V(”(j ))} converges
to a (natural) solution v of the SHMP, then {1, ;)(2)/¢n(;)(2)} converges locally
uniformly in U to —F,(z).

For proofs and more detailed treatments of the questions discussed in this section,
see [10, 13-20, 28-31].

— 00

3. Quasi-natural solutions

In this section, we make the general assumption that M is regular and positive on
(—00,00). We shall here review and complete the theory of quasi-orthogonal Laurent
polynomials and their use in moment theory. For supplementary material, we refer to
[10, 13, 14, 16, 28-30).

The quasi-orthogonal Laurent polynomials ¢y (z,7) of order n are defined by

Pam (2, 7) = pam(2) — T2¢P2m-1(2) (3.1)
Pom1(2,7) = ot (2) = ~0am (2). (3:2)

Here 7 is a variable, 7 € R = RU {o0}. (For 7 = 00, ¢n(2,7) = —pn—_1(2).) The
associated quasi-orthogonal Laurent polynomials v, (z,7) of order n are defined by

Yom(2,7) = Yam(2) — T2¢am-1(2), (3.3)
T
VYom+1(2,7) = Yami1(2) — . Yom (2). (3.4)
Forn=1,2,..., we also may write
n 97 — Fn\~
dnle,r) = | £l D a5 D) (55)
0—z
(Here, the functional M is applied to its argument as a function of 6.)
The quasi-approzimants R, (z,T) are defined by
Yn(z,7)
Ry(z,7) = ————=. 3.6
1) on(z,7) (36)

For 7 = 0, they reduce to the ordinary approximants ¥, (z)/¢n(z), and for 7 = oo,
they reduce to the ordinary approximants ¢, —1(2)/@n—1(2).
With the notation of Section 2, we may write
q2m,—
902m(277—) = % + -+ (Q2m,m - Tq2m—l,m—l)2mu (37)

(Q2 1,— 1) — Tq2m,— )
Pom1(z,T) = —F (m;m)ﬂ T ™ (3.8)
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Thus,
BQm(sz) BQerl(Za 7—)
om(z,7) = — m Pam+1(2,T) = Lm0 (3.9)
where
B2m(zu T) = q2m,—m +-- 4+ (q2m,m - Tq2m—1,m—1)22m7 (310)
BQerl(Za 7-) = (q2m+l,—(m+1) - Tq2m.,7m) + -+ q2m+1,mz2m+1- (311)
Let £ (7), ..., € () denote the zeros of By, (z,7) (in the case that deg B, (z,7) = n),
repeated according to multiplicity. Then
(2m) (2m) q2m,—m
T) - T)= , 3.12
1) o (T) P— (3.12)
m m P2m+1,—(m+1) — T42m,—m
P () g () = - 2t . (3.13)

q2m+1,m

Recall that h,, is one of the coefficients in the recurrence formulas for ¢,, (cf. (2.10)—
(2.11), (2.17)—(2.18)).

Theorem 3.1. Assume that M is reqular and positive on (—o0, 00).

A. All the zeros of By(z,T) are real and simple. The origin is not a zero of By(z,T),
hence the zeros of ¢, (z,T) are the same as the zeros of By(z,T).

B. If M is positive on (0,00), then at least n — 1 zeros of pn(z,7) are positive.

C. If M is positive on (0,00), then all the zeros of wam(z,7T) are positive if and
only if 7 € (ham,0), and all the zeros of Yom+1(z,T) are positive if and only if
T E (—oo,h2m+1).

Proof. A. For a proof of this general result, see e.g., [14].

B. Let &,...,&\ be the zeros of ¢, (z,7) of odd order in (0, 00). First, let n = 2m,
and assume A < 2m — 2. Set T(z) = (z — &)+ (2 —&x)/2™. Then T(z) € Agm—1,
2T (2) € Agm—2, and hence

Mpam(z,7) - T(2)] = (pam(2), T(2)) — 7(pam-1(2), 2T (2)) = 0.
On the other hand, wa,,(2,7) - T(z) does not change sign in (0, 00), so M[pam(z,7) -
T(z)] # 0, which is a contradiction. Hence, A > 2m — 1. Next, let n = 2m + 1,

and assume A < 2m — 1. Set T(z) = (z — &)+ (2 —&\)/2™" L. Then T'(2) € Agp,
%T(z) € Asy,—1, and hence

Mlgamia(,7) - T(2)] = (@ami1(2), T()) — Tlpam(2), ST()) = 0.

On the other hand, @om,+1(z,7)-T(z) does not change sign in (0, 00), so M[@wam+1(z, T)-
T(z)] # 0, which is a contradiction. Hence A > 2m. It follows from this that ¢, (z,7)
has at least n — 1 simple zeros in (0, c0).

C. It follows from (3.12)—(3.13) together with the result under B that all the zeros
of pam (z,7) are positive if and only if gam,—m/(@2m.m — T¢2m—1,m—1) > 0, and all the
zeros of Yom 1(z, T) are positive if and only if (¢2,4-1,— (m+1) — Tq2m,—m)/@2m+1,m < 0.
By taking into account (2.7)—(2.8), (2.17)—(2.18), and (3.12)—(3.13), we see that the
conditions for all the zeros of pa,, (2, 7) and wa,+1(2, T) to be positive are 7 > ha,, and
T < hamy1, respectively. (Note that, by (2.32), 7 = 0 is among the values for which all
the zeros of o, (z,7) are positive, in agreement with the statements in Section 2.) O
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For each n, each k = 1,...,n and each 7 € R, let L,(C") (z,7) be the unique Laurent
polynomial that satisfies
LV (z,7) € Apor, LYV (E (7),7) = 0 (3.14)

(see, e.g., [10, 14]). Set
N () = ML (2, 7) (3.15)

Theorem 3.2. Let M be regular and positive on (—00,00).

A. The quadrature formula

Z M) F (65 (1)) (3.16)

is valid for F € A_om 9m—2 when n =2m and for F € A_op, o0py, when n =2m + 1.
B. The weights )\,(c") (7) are positive.
Proof. See, e.g., [10, 14] and cf. also the remark after Theorem 4.2. O

In particular, the partial fraction decomposition for the quasi-approximants
A (n)
Ry(z,r)=—Y —E 2 (3.17)
=R ROR

follows as in the argument for formula (2.34).
Let £™) denote the discrete measure with mass )\,(c") (1) at the point §l(€n) (1), k=

1,...,n. Then, according to (3.16), 1/7(-") solves the truncated strong Hamburger mo-
ment problem

cp = / 08 dy(™(0), k= —2m,...,2m — 2, for n = 2m, (3.18)

ck = / 0k dv(™(6), k= —2m,...,2m, for n = 2m+ 1. (3.19)
Furthermore,

> ™ (6)
R, (z,7) = — —_—. 3.20
en=-[ %= (3.20)

If M is positive on (0,00), then ™ solves the corresponding truncated strong

Stieltjes moment problem if and only if 7 > hg,, when n = 2m, or if and only if
7 < homs1 when n = 2m + 1. Also, when these conditions are satisfied, the integral
n (3.20) can be taken over (0, c0).

As in the argument leading to the natural solutions of the moment problems, it can
be seen that every subsequence {Vq(-:(f)))} contains a subsequence {ufn(k(]))))} converg-
ing to a measure v which is a solution of the SHMP and such that the corresponding
subsequence { Ry, k(;)) (2, Tn(k(j)))} converges to —F,(z), locally uniformly on C — R.

Solutions that can be obtained in this way shall be called quasi-natural solutions.
If M is positive on (0,00), then the quasi-natural solutions are also solutions of the
SSMP, at least if 7,(x(;)) > 0 when n(k(j)) is even, or if 7, (;)) < 0 when n(k(j)) is

n(k(7))

odd, since then all the measures vr, ] have support in (0, c0).
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For each z in the upper half-plane U and each n, let the mapping 7 — w be defined
by

w=w, = —Ry(z,7). (3.21)

This linear fractional transformation maps R onto a circle contained in U. We shall
use the notation A, (z) for the open disk bounded by this circle, A, (z) for the circle
itself, and A,,(z) for the closed disk A, (2) UdA,,(2). Obviously, the half-plane U (i.e.,
7 € U) is mapped onto A, (2) (i.e.,, w € A,(z)) or onto C- A, (2). If M is positive

n (0,00), then U is always mapped onto A, (z). This can be seen from the signs of
the recurrence coefficients f,, hy, in this situation (cf. (2.30), (2.32)) and composition
of the transformations

jbm
T — , and T —
gom + homz — 72

Jam+1
gom+1 + h2m+1% -7
(The argument is similar to the proof of Theorem 4.6.) Analogous results are valid

when z belongs to the lower half-plane —U.
By solving (3.21) with respect to 7, we get

_ pam(2)wam + Yom(2) B
T Z[Sp2m—l(2)w2m + ¢2m_1(z)] ; n=2m, (3.22)
_ zlpamir(2)womsr + Yomi1(2)]
T= o () 0ot + Dam (2) ,m=2m+1. (3.23)

Theorem 3.3. Let M be regular and positive on (—00,00).
A. The disk A, (z) consists of those w that satisfy the inequality

Zm )+ () < 2. (3.24)
B. Ay(2) CAL(2) for m>n (3.25)

C. The radius r,(2) of the disk A, (2) is given by

n—1 —1
ra(2) = [|z S |soj<z>|2} . (3.26)
j=0

Proof. A. The circle 9A,(z) is given by Im7 = 0 in formulas (3.22)-(3.23), i.e
w € 0A,(2) if and only if

2Tom(z,w, 1) Tom—1(z,w,1) — ZTom (2, w, 1) Tam—1(z,w,1) =0

and

2Tom+1(z,w, D)Tom (2, w, 1) — ZTomt1 (2, w, D) Tom (2, w,1) =0,
respectively. By using formulas (2.22)-(2.23) with ( =z, a=w,b=1,c=w, d =1,
we find that w € 0A,,(z) if and only if

from which (3.24) easily follows.
B. The inclusion A,,(2) C A, (z) for m > n follows immediately from A.
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C. Tt follows from (3.22)—(3.23) and standard properties of linear fractional trans-
formations that

T‘Qm(Z) _ f[wQW(Z)S‘)?m—l(Z) - w2m—1(2)902m(z)] 7 (327)
Z<P2m(2)902m—1(2) - Z@zm—l(z)%m(z)
. N 27 Yo (2)0am+1(2) — Yomt1(2)p2m(2)]
m41(2) Zpam (2)Pam+1(2) — 202m+1(2)p2m(2) ’ (3:28)

Substitution from (2.19)—(2.20) and from (2.22)—(2.23) (witha =c¢=0,b=d =1,
¢ = 2) leads to the formula (3.26). For more details, see [28, 30]. O

It follows from (3.1)—(3.4), (3.6) that —t,(2)/¢n(2z) belongs to both dA,(z) and
OA,4+1(2). Thus JA,11(z) is tangent from the inside to 0A,(z) at the point
(=) n(2).

It follows from (3.18)—(3.20) that all the points on dAy,, (z) are values of the Stieltjes
transforms F),(z) where p solves the truncated strong moment problem

= / 0% du(0), k=—2m,...,2m —2, (3.29)

— 00
and all the points on 0Ag,,11(2) are values of the Stieltjes transforms F},(z) where
solves the truncated strong moment problem

Ch :/ 0Fdu(9), k=—2m,...,2m. (3.30)

Let Qop,(2z) denote the arc of 9Asgy,(z) corresponding to 7 € (ham,00) and let
Qom+1(z) denote the arc of 9Ag,,41(2) corresponding to 7 € (—o0, ham1). It follows
from Theorem 3.1C and (3.18)—(3.20) that all the points of Qa,,(2) and Qapmi1(2)

are values of Stieltjes transforms F},(z) where p solves the truncated strong Stieltjes
moment problem

o / 0% du(9), k=—2m,...,2m—2, (3.31)
0
and
Ch :/ 0%du(0), k= —2m,...,2m, (3.32)
0

respectively.

For later use, we introduce the set O, (z) as the segment of the disk A,,(z) obtained
as the convex hull of the arc ,,(z).

We define

Boo(2) = () Bal2), (3:33)
n=1
and we let Ao (z) and A (z) denote the interior and the boundary of A, (z). It

follows from Theorem 3.3B that A, (z) is either a single point or a closed disk. The
radius 7o (2) of A (2) is given by (cf. (3.26))

') —1
rool2) = [|z Ay ij(2)|2] | (3.34)
j=0



330 NJASTAD

Theorem 3.4. Let M be regular and positive on (—00,00).

A. If Ax(20) is a disk for some 29 € U, then Ax(2) is a disk for every z € U
(limit circle case). If Ao(20) is a point for some zo € U, then A (z) is a point for
every z € U (limit point case).

B. In the limit point case, Y - olen(2)]? = 0o and > 0" |¥n(2)]? = oo for all
zeU.

C. In the limit circle case, the series > o |on(2)|? and Y07 |t (2)[* converge
locally uniformly in C — {0}.

Proof. See [28, Theorems 3.4-3.5]. The locally uniform convergence is implicitly con-
tained in the proof of Theorem 3.5. O

In Section 5, we shall discuss connections between (subsets of) the sets A (z) and
solutions of the strong moment problems.

4. Pseudo-natural solutions

In this section, we make the general assumption that M is positive on (0,00). The
pseudo-orthogonal Laurent polynomials ®,,(z,7) of order n are defined by

D, (2,7) = on(2) — Ton-1(2), TE R. (4.1)
The associated pseudo-orthogonal Laurent polynomials ¥,,(z, 7) are defined by
U, (2, 7) = Un(z) — Tn_1(2), TE€ R. (4.2)

They also may be written as

D,(0,7) — ®,(2,7)

U, (z,7) =M 4.3
(=) = (43)
The pseudo-approximants S, (z,7) are defined by
U, (2z,7)
Sp(z,7) = ————. 4.4

For 7 = 0, they are the ordinary approximants ¥, (z)/@,(z), and for 7 = oo, they are
the ordinary approximants ¢,—1(2)/@n—1(2).
With the notation of Section 2, we may write

(Q2m,—m - Tq2m—1,—m)

Do (2,7) = s + -t @mmeT, (4.5)
Dopt1(z,7) = w + 4 (@mi1m — Tqmm)2™. (4.6)

Thus,
Doy (2,7) = %ﬂjﬂ Do a1 (2,7) = %ﬁﬂ (4.7)

where
Com(2,7) = (@2m,—m — T@2m—1,m) + - + qgm_,mz%”, (4.8)

C'2m-‘4-1 (Zu T) = d2m+1,—(m+1) +--- 4+ (QQm+17m — T(]gm)m)szJrl,
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Let ¢\ (7),...,¢{™ (r) denote the zeros of Cy,(z, ) (in the case that deg Cy(z,7) =
n), repeated if necessary. Then,
iln[ é.l(ch) _ 92m,—m — 7-q21n—1,—7n’ (410)
q2m,m
2m—+1
H g](€2m+1) _ Q2m+1,—(m+1) ' (4'11)

2m+1,m — T42m,m

Recall that g, is one of the coefficients in the recurrence formula for ¢, (cf. (2.10)-
(2.11), (2.15)—(2.16)).

Theorem 4.1. Assume that M is positive on (0,00).

A. All the zeros of ®,(z,7) are real and simple, and at least n — 1 of them are
positive.

B. All the zeros of ®am (2, T) are positive if and only if T € (—00, gam), and all the
zeros of ®omy1(z,7) are positive if and only if T € (gam+1,0).

Proof. A. Let (1,...,(\ be the zeros of ®,(z,7) of odd order in (0,00). First, let
n = 2m and assume A < 2m — 1. Set T(z) = (2 — (1) -+ (2 —())/2™ L. Then
T(z) € Agpm—2 and hence

M([®om (2, 7)T(2)] = (p2m(2), T (2)) — T(pam-1(2), T(2)) = 0.
On the other hand, P, (2, 7)T(z) does not change sign in (0,00), so M[Pay,(z,7) -

T(z)] # 0, which is a contradiction. Thus, A > 2m — 1. Next, let n = 2m + 1 and
assume A < 2m. Set (z — (1) -+ (2 — ()\)/2™. Then T'(2) € Agym—1, and hence
M[®op41(2,7) - T(2)] = (Pam+1(2), T(2)) — 7(Pam(2), T(2)) = 0.
On the other hand, ®g,,41(2,7) - T(z) does not change sign in (0,00), so
M[®omi1(z,7) - T(2)] # 0, which is a contradiction. Thus, A > 2m. It follows
that ®,,(z,7) has at least n — 1 simple zeros in (0, 00). The last zero is then real also.
B. It follows from (4.10)—(4.11) together with the results under A that all the zeros
of @3, (2, 7) are positive if and only if (¢2m,—m — T¢2m—1,—m)/@2m,m > 0 and all the
zeros of ®o,,11(2,7) are positive if and only if (gam+41,—(m+1))/(@2m+1,m — TG2m,m) <
0. Taking into account (2.7)—(2.8), (2.15)—(2.16), and (4.10)—(4.11), we see that the
conditions for all the zeros of ®o,, (2, 7) and Pa,,11(z, 7) to be positive are that 7 < gay,
and T > gom+1, respectively. (Note that by (2.31), 7 = 0 is among the values for which
all the zeros of ®,,(z, 7) are positive. This agrees with the statements in Section 2.) O

For each n, each k = 1,...,n, and each 7 € R, let K,g") (z,7) be the unique Laurent
polynomial that satisfies
K (2,7) € Amy, K (1),7) = 81 (4.12)
(For the existence of such a Laurent polynomial, see [10, 14].) Set
k(1) = MK (2, 7)) (4.13)

Theorem 4.2. Let M be positive on (0,00). Then the quadrature formula

n

=Y mOF(G () (4.14)

k=1
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is valid for F' € A_(2—1)2m—1 when n = 2m and for F € A_(2pq1)2m—1 when
n=2m+1.

Proof. Let F € A. For each n and 7, we set

Fu(z,1) =Y F(V (1)K (2,7). (4.15)

k=1

n

Note that
Fo(¢M(n), 1) = F("(r), j=1,...,n. (4.16)

Assume that F' € A_ 9,1y 2m—1. Then f(2) = F(2) = Fam(2,7) € A_(2m—-1),2m—1
and f((,izm) (1)) =0for k=1,...,2m. Hence, we may write

f(z) = Pam=—2{2) DPom (2, 7), (4.17)

Zm—l

where poy—2(2) € Hapm_2, and thus, p2;’1;ffz) € Asy_o. It follows by orthogonality

that

M[f]= <1’2me;§*’”,%<2,7>> =0, (4.18)
which means
MIF) = M[Fy(z,7)] =Y MIE™ (2, 7)]F (¢ (7). (4.19)
k=1

Next, assume that F' € A_(2,,41),2m—1- Then
9(2) = F(2) = Fam+1(2,7) € A_2my1),2m—1
(2m—+1) o . .
and g( i (7')) =0for k=1,...,2m + 1. Hence, we may write

52m71(2)

9(2) = ———— Pom+1(z,7), (4.20)

Zm

S2m—1(2)

where S2,,-1(2) € Tay—1, and thus, =m=e=t € Agp—1. It follows by orthogonality
that

Mlg] = <S2’”Z;,§(2) <I>2m+1(z,7)> =0, (4.21)
which means
2m—+1
M[F] = M[Fams1 (7)) = Y MIEZ™ V(@0 F(E™ 0 ),7). (422)
k=1

The result now follows by (4.13), (4.15), (4.16), and (4.22). O
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Remark. The positivity of the weights )\,(C") (1) in Theorem 3.2 can be established
as follows. Since (L,(fm)(zn'))2 € A_om2m—2 and (L,(ferl)(z,T))2 € A_opm om, the
quadrature formula (3.16) may be applied to (ngn)(z, 7))2. Tt then follows by (3.14)-
(3.16) that

2

AP (1) = STAP () (L (1), 7)) = MLV (2,7)) 7] > 0. (4.23)
k=1

This argument cannot be used to establish positivity of the weights chn) (1) since

(K ,(C")(z, 7))? does not belong to the domain of validity of the appropriate quadrature
formula.

The partial fraction decomposition for the pseudo-approximants

)
Sulz,m) ==Y —E (4.24)

k=1 Ckn) (1) -2
is obtained as in the argument for formula (2.34).

We shall show that the weights /q,(cn) are positive when 7 € (—o0, gam) in case
n = 2m and when 7 € (g2m+1,00) in case n = 2m + 1. We shall use separation
properties of zeros of ®,,(z,7) and ¥, (z,7) to establish this.

Proposition 4.3. Assume that M is positive on (0,00). Let T be such that all the
zeros of ®,,(z,T) are positive. Then between two consecutive zeros of @, (z,T) there is
exactly one zero of W, (z, 7).

Proof. Let T be given, and assume that there is a common zero z for ®,(z,7) and
U, (z,7), i.e., such that ¢, (20) — Ton—1(20) = 0 and ¥, (20) — T¢¥n—1(20) = 0. Then,
Un(20)0n—1(20) = Yn—1(20)pn(20) = 0, which contradicts the determinant formulas
(2.19)—(2.20). (Recall that zp would have to be positive.) Hence, ®,(z,7) and ¥,,(z, 7)
have no common zeros.

The zeros of ®,,(z,7) and ¥, (z, ) separate each other for 7 = 0 by the discussion
following formula (2.32). Since ®,(z,7) and ¥, (z,7) have no common zeros for 7 in
the interval in question, it follows from the continuity of the zeros with respect to 7
that the zeros of ®,,(z,7) and ¥, (z,7) separate each other as stated. O

Proposition 4.4. Assume that M is positive on (0,00). Let T be such that all the
zeros of ®op (2, 7) and Popmi1(z, T) are positive. Then,

lim @y (2, 7) = 00, lim Wo,(x,7) = 00, (4.25)
lim ®gppi1(z, 7) = —o00, lim Wopyi1(x,7) = —00. (4.26)

Proof. From (4.3), (4.5), (4.6), it follows that we may write

T2m,—m m—
Vo (2,7) = 2mom g G2m,mC02™ 1, (4.27)

Zm
Tom+1,—(m+1)

Lm+1 +oot (Q2m+17m - Tq2m,m)002m71' (428)

Uopmii(z,7) =

The limiting values (4.25)—(4.26) now follow from (2.7)—(2.8), (2.29), (4.5)—(4.6). O
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Theorem 4.5. Assume that M is positive on (0,00). Let T be such that all the zeros
of ®,,(z,7) are positive. Then all the weights H](Cn) (1) in the quadrature formula (4.14)

are positive.

Proof. Tt follows from (4.24) that

w0 =l ) G0

N (71) - <I)n(z7‘r)7<bn(<,(-n)(7)w7-) B (bl (n)
v () T
J

. (4.29)

By combining the separation result of Proposition 4.3 with the limiting behavior results
given in Proposition 4.4, we find that ¥, (z,7)/®),(z,7) is positive for all the zeros ¢
of ®,(z,7). O

Remark. It can be verified by the same kind of reasoning that when 7 is such that
one of the zeros (i of ®,(z,7) is negative, then the weight chn) () at this zero is
negative and the weights at the other zeros are positive.

Let 7 be such that all the zeros of ®,,(z, T) are positive. Let 05") denote the discrete

measure with mass Iil(cn) (1) at the point QEH) (1), k=1,...,n. According to Theorem

4.2 and Theorem 4.5, a$”> solves the truncated strong Stieltjes moment problem
cp = / 0k do>™ (9), k=—(2m—1),...,(2m —1) for n = 2m, (4.30)
0
o / 08 do PtV (), k=—-2m+1),....2m—1forn=2m+1.  (4.31)
0

In addition,

00 U(")
Sn(z,r)——/o de%(j). (4.32)

As in the argument leading to the natural and the quasi-natural solutions of the

moment problem, it can be seen that every subsequence {U-E—:((,]:)))} contains a subse-

quence {052((,]:((]{2))} converging to a measure ¢ which is a solution of the SSMP and

such that the corresponding subsequence {S, k() (2, Tn(k(j)))} converges to —Fy(z),
locally uniformly on C — {0}.

Solutions that can be obtained in this way shall be called pseudo-natural solutions.
We stress the fact that pseudo-natural solutions of the SHMP are defined only when
M is positive on (0,00) and they are automatically solutions of the SSMP.

For each z in U and each n, let the mapping 7 — w be defined by

w=wp =—Sp(z,71). (4.33)

This linear fractional transformation maps R onto a circle. We shall denote by D,(z)
the open disk bounded by this circle, by 9D, (z) the circle itself, and by D, (z) the
closed disk D,,(z) UdD,(z).
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We define the linear fractional transformation s, (z,7) (for a fixed z € U and fixed
n) by

_f2m
m\~; = 5 :1,2,.--, 434
s2m(2,7) gom + hamz — T " (4.34)
—fom+1
Soma1(z,T) = , m=1,2,..., 4.35
2m+1(2,7) G2m+41 + homy1/2 — T ( )
—f1/z
,T) = ——————— 4.36
1(z7) Git+hi/z—T1 (4.36)
We then have
Sp(z,7) = —s10890---08,(2,7). (4.37)

Theorem 4.6. Assume that M is positive on (0,00); then
Dy, (2) C Dy(2) (4.38)
when m > n.

Proof. By taking into account the sign of f,, g, and h,, given in (2.30)—(2.32), we ver-
ify that s,,(z,7) € U when 7 € U, i.e., s,(2,U) C U, forn =2,3,.... Since S,,(z,7) =
Sn—1(%, sn(z,7)), this means that S,(z,U) = Sp_1(z,8n(2,U)) C Sp—1(2,U). We
also observe that s,(z,U) does not contain co. Hence, D,(z) = —Su(z,U), so
Dy11(2) C Dy(2). O

Let Ty (z) denote the arc of dDgy,(z) corresponding to 7 € (—00, gam ), and let
Tamt1(2) denote the arc of dDapm41(z) corresponding to 7 € (gam+t1,00). It follows
from Theorem 4.1B and (4.30)—(4.32) that all the points of I'g,,(2) and T'a,,41(2) are
values of the Stieltjes transforms F),(z) where u solves the truncated strong Stieltjes
moment problem

ck:/mokdu(e), k=—-2m—1),...,2m 1), (4.39)
0
and
ck:/mokdu(e), k=—-2m+1),...,2m - 1), (4.40)
0

respectively.

For later use, we introduce the set G,,(z) as the segment of the disk D,,(z) obtained
as the convex hull of the arc I',,(z).

We define

Doo(2) = (] Dn(2), (4.41)

and let Do, (z) and D4 (z) denote the interior and the boundary of D (z). As for
Ao (2), it follows that D, (2) is either a single point or a closed disk.

In Section 5, we shall discuss connections between subsets of D, (z) and solutions
of the SSMP.
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5. Stieltjes transforms of solutions

In this section, we make the general assumption that M is regular and positive on
(—00,00). When solutions of the SSMP are involved, M is assumed to be positive on
(0, 00).

We shall study more closely the relationship between Stieltjes transforms of so-
lutions of moment problems and the systems of disks {A,(2)} , {Dn(2)}, circles
{0A,(2)}, {0D, (%)}, and segments {O,(2)} , {Gn(2)}.

Before proceeding, we note from the definitions of dA,(z) and 0D, (z) that the
points —,,(2)/n(z) and —,—1(2)/pn—1(2) belong to both of these circles (in fact,
to Q,(2) and T',,(2)). Thus, the two circles intersect at these two points.

We recall from Section 3 that Q,,(z) consists of the values of the Stieltjes transforms
at z of the discrete measures determined by quasi-orthogonal Laurent polynomials of
order n and support in (0, 00). Similarly (from Section 4), 'y (2) consists of the values
of the Stieltjes transforms at z determined by pseudo-orthogonal Laurent polynomials
of order n and support in (0, c0).

Theorem 5.1. Assume that M is positive on (0,00).

A. Qn(2) = 0A,(2) N Dy1(2). (5.1)

B. I, (2) = 0D, (2) N A1 (2). (5.2)
Proof. According to earlier remarks, the point —t,_1(2)/¢¥n—1(2) is a common point
for the circles 0A,,_1(2), 0A,(2),0Dy_1(2), and 0Dy (z).

A. We recall that —Ro,(2,7) € Qom(2) if and only if 7 € (ham,00). The value
T = oo gives the end point —t,,_1(2)/on—1(2). For the other end point of Qg (2), we
get

am (2, ham) = @am(2) — hamzpam-1(2)
= (92m + ham2)p2m—1(2) + fampam—2(2) — hamzpam-1(2),

by using the recurrence formula (2.10), hence,

Yom (2, ham) = gom |Pam—1(2) — (:;z—m)902m—2(z):|- (5.3)
Thus,
o o f2m
Vom (2, ham) = gom®Pom—1(z,7) for 7 = —92—. (5.4)
Similarly, we get
’t/ng(Z, hgm) = ggmllfgm_l(z, T) fOl“ T = —ﬁ—m. (55)
This shows that
Rom(z, ham) = Som-1(2,7) for 7 = _gz_m' (5.6)
2m
In the same way, by using the recurrence formula (2.11), we get
R2m+1(z, h2m+1) = SQm(Z,T) fOI‘ T = —@ (57)
92m+1

This shows that the second end point of Q,(z) lies on 9D, _1(z). It follows that
Qn(2) = 0A,(2) N Dy (2).
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B. We recall that —Sa,,,(2,7) € T'an(2) if and only if 7 € (—00, g2m). The value
7 = —oo gives the end point —t,,_1(z)/¢n—1(2). For the other end point of Tg,,(z),
we get
@21 (2, g2m) = P2m(2) — gamp2am—1(2)
= (g2m + ham2)P2m—-1(2) + fampam—2(2) — g2mpam—1(2),

by using the recurrence formula (2.10), hence,

Jom\ 1
Do (2, gom) = hom?z [@mel(z) - (— —hz ) 2 sﬁszz(z)] (5.8)
Thus,
o o f2m
Do (2, g2m) = homzpam—1(z,7) for 7 = T (5.9)

Similarly, we get

f2m

Uom (2, g2m) = hamzom—1(z,7) for 7 = - (5.10)
2m
This means that
Sam (2, gam) = Rom—1(z,7) for 7 = —fQ—m. (5.11)
2m

In the same way, by using the recurrence formula (2.11), we get

Som+1(2, 92m+1) = Ram(z,7) for 7= —]Jj:?mﬂ . (5.12)

2m—+1
This shows that the second end point of T',(2) lies on 9A,_1(z). It follows that
[(2) = 0Dy (2) N Ap_1(2). O

We introduce the notations

Y q(2) = { F,(z) : pis a solution of the truncated SHMP

ckz/ 0kdu(9), k=p,...,q }, (5.13)
(2) = { F,(z) : pis a solution of the truncated SSMP
ck:/ 0k du(9), k=p,...,q } (5.14)
0

Proposition 5.2. The sets ¥ 4(2) and X} (2) are convex.

Proof. Let p and v be two solutions of one of the two moment problems indicated.
Then also 0 = tu+ (1 — t)v, 0 < ¢t < 1, is a solution of the same problem. So the
result follows from the fact that F,(z) = tF,(z) + (1 —t)F,(z). O

Theorem 5.3. Assume that M is positive on (0,00).
A. 272m_’2m72(z) = ZQm(Z) (515)
B. E_gmygm(z) = Z2m+1 (Z) (516)
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Proof. Tt follows from (3.18)—(3.21) that Az, (2) C X_om 2m—2(2) and 0Agp+1(2) C
272m,2m(z)- Hence, ng(z) C 272m_’2m72(2) and ZQerl(Z) C E,Qmﬂgm(z) by Propo-
sition 5.2.

On the other hand, let w € ¥_g,, 2m—2(2) and w € E_g;;, 2 (2). Then there exist
measures p which solve the truncated moment problems (3.18) and (3.19), respectively,
such that w = F),(z). The inner products defined by p and M coincide on A_2p, 2m—2
and A_gp, 2m. Let the function f, be defined by f,(0) = ﬁ. We find that

e du(0) w— W

z G s Jz ) = -~ — —

0100 = | G ==
and (f>(8),¢;(0)) = ¢;(z) +wp;(z) for j =0,...,2m —1and j =0,...,2m, respec-
tively. Bessel’s inequality then takes the form (3.24), which shows that w = Ay, (2)
and w € Agmt1(2), respectively. Thus $_o,.0m—2(2) C Agm(z) and B_o,.2m(2) C
Aopy1(2). O

Proposition 5.4. Let M be positive on (0,00); then the following inclusions hold:

A Oan(2) CEEo, 0ma(2), O2m+1(2) C L0, 0 (2), (5.17)
B. sz(z) C Et(2m—l),2m—1(z)’ G2m+1( ) C >t —(2m41),2m— 1( ) (518)

Proof. Tt follows from the definition of Q,(z) and (3.31)—(3.32) that Qg (2) C
Zf2m72m72(z) and Qa,11(2) € 27T Tom.2m(2). Similarly, it follows from the defini-
tion of I',,(z) and (4.39)—(4.40) that Fgm(z) c ot T em—1),2m-1(% z) and Typt1(2) C

Zf@m“) om_1 (). The results now follow from the definitions of O, (z) and Gy (2)

together with Proposition 5.2. [l

We introduce the notations

Yoolz) = { F,(z) : pis asolution of the SHMP
e = /OO 05 du(0) k=0,%1,42, ... } (5.19)
vt = { F,(z) : p1is a solution of the SSMP

/ 05 du(8) k=0,+1,+2,... } (5.20)

Too(2) = { F,(z) : pis a quasi-natural solution of the SHMP
cp = /Oo 05 du(h), k=0,+1,+2, ... } (5.21)

Qoo (z) = { F,(z) : pis a quasi-natural solution of the SSMP
cx = /OO 05 du(0), k=0,+1,+2,... } (5.22)

0
Ieo(z) = { F,(z) : pis a pseudo-natural solution of the SSMP

ek :/ 05 du(8), k=0,+1,+2, ... } (5.23)
0
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Furthermore, we denote the convex hull of Q4 (2) by Os(2) and the convex hull of
Foo(2) by Goo(2).
Proposition 5.5. The following equalities hold:

A. Seo(2) = [ Zpal2), (5.24)
B. v (2) = ﬁ o (2). (5.25)
—p,q=1

Proof. That Y (z),X% (z) are contained in the intersection sets is obvious. The
reverse inclusions follow by use of Helly’s theorems. [l

Proposition 5.6. The sets Y (z) and X3(2) are both convex.
Proof. This follows as in the proof of Proposition 5.2. O
We shall make use of the following important result.

Theorem 5.7. Assume that M is positive on (0,00), then

A. The sequences

Yam(2) Yom+1(2)
{‘spgm(z)} and { - 90217;1()}

converge locally uniformly to functions F(O)(z) and F()(z) for z ¢ [0, 00).

B. The sequences of discrete measures {v*™} and {v?™ DY converge to natural
solutions N(©) and N(*) of the SSMP and Fy o) (2) = F(O(2), Fy) (2) = F(&)(2).

C. For any solution p of the SSMP and any x € (—o0,0), the following inequalities
hold:

FO(z) < F,(x) < F®)(z). (5.26)
(This result is proved in [20] in a somewhat different way.)
Proof. From the recurrence relations (2.10)—(2.11), we obtain the formulas

am (2)2m—2(2) — Yam(2)Pam—2(2)
= (fam + hamz) [@mel(z)¢2m72(z) - 1/}277171(2)90277172(2)]; (5.27)

Pam+1(2)2m-1(2) — Yam+1(2)P2m-1(2)
= (gom+1 + ham+12~ ") [@Qm(z)d&mfl(z) - 1/)2m(2’)902m71(2)], (5.28)

and hence,
Yom(2)  Yom—2(2)  @m-1,m-1(92m + ham2)
— = , (5.29)
<P2m(2) sﬁszz(z) Qmez,m712<P2m(Z)902m72(Z)
Yoms1(2)  Yom—1(2) _  @em—m(g2mt1 + homsr27") (5.30)
<P2m+1(2) @2m71(2) q2m71,7m2¢2m+1(Z)@mel(z)7

by use of (2.19)—(2.20).
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A. Tt follows from (2.7), (2.8), (2.29), and the fact that all the zeros of ¢,, are positive
for all n that ¢, (x) and @,42(x) have opposite sign for x € (—o00,0], n =0,1,2,....
1

It then follows from (2.15)—(2.18) that
dj?m(I) 1/}2m 2($)
f - .
Pom(T)  Pom—2(T) <0 forz € (~00,0), (5.31)
Vom1(x) _ Yam- 1(z) B
@2m+1(517) P2m— 1(%) >0 forze ( 0, 0) (532)

Furthermore, it follows from (2.7)—(2.8) and (4.27)—(4.28) that ¢, (2)/¢on(z) < 0 for
x € (—00,0] for all n. We also obtain from (2.20) that
Yom () . Yam+1(z)
Pam () Pam+1()
Thus, we have for every m:
Yom—1(7) < Yom+1(z) < Yam (@) < Yom—2()
Pom—1(2)  Pamt1(®)  pam(T)  Pam—2(z)
for z € (—00,0]. It follows that the sequences {tom(z)/@om(z)} and
{¥2m+1(z)/p2m+1(x)} converge to finite negative values for z € (—o0,0). From

>0 forx € (—00,0). (5.33)

<0 (5.34)

(2.34), (2.38) and the fact that all zeros §,g") are positive, we conclude from local bound-

edness by a normal family argument that {12, (2)/02m (2) } and {¥om+1(2)/P2m+1(2) }
converge locally uniformly on C — [0, 00).

B. This follows by standard arguments from A and (2.37).
C. Let p be an arbitrary solution of the SSMP. It follows by orthogonality properties

that
* [pam(0)®  wpam(0)] du(6)
/0 |:</72m (2)2 vom (Z)] 0—z 0 (5.35)

and

Amvmmﬂwy_¢mﬂwwdww_a (5.36)

2pam11(2)? Pamt1(2)
Hence, it follows from (2.9) that

Yom(2) +/°° dp(0) 1 /°° Pam(0)? (o), (5.37)
0

Pom(2) 00—z  @om(z)? 60—z
7/’2m+1(z) /OO w®) 1 /Oo 0021m41(0)?
= du(0). 5.38
302m+1(z) 00—z  zoamt+1(2)? Jo 06—z p(9) ( )
Consequently,
Yam(z) /°° dp(0) _  Yamia(x)
- < <= 5.39
am () o 0—x Yam+1(7) (5-39)
for x € (—00,0). From the result under A we conclude that
ﬂ%@g/ W@<F@N) (5.40)
0 — X

for x € (—00,0). See also [11, 19, 20]. O
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Theorem 5.8. Assume that M is positive on (0,00); then

A. Too(2) = 0Ax(2), (5.41)
B. Doo(2) = 0A(2) N Do (2), (5.42)
C. Too(2) = 0Doo(2) N Ao (2). (5.43)

Proof. A. We see from the discussion following formula (3.26) that Too(z) consists of
all limit points of sequences {—R,(z,7,)}, and since —R,,(z,7) € 0A,(z), it follows
that these points belong to 0As(2). Thus Teo(2) C 0A(2).

On the other hand, let wo € 0As(2); then there exists a sequence {wy, } converging
t0 Woo With w,, € A,,. For each n there is a 7, such that w,, = —R,(2,7,). According
to Helly’s theorems, there exists a subsequence {n(k)} such that {ng((,f)))} converges
to a quasi-natural solution v of the SHMP and such that {F, k) (2)} converges to
F,(z). Since w, = —R,(2,7n) = F, ) (2), we conclude that we, € Too(2). Thus
0N (2) C Too(2).

B,C. According to Theorem 5.7A, the subarcs of Qa,,,(2) corresponding to 7 > 0
converge to a subarc Ay (2) of A (z) with end points F(©)(z) and F(°°)(z). Similarly,
the subarcs of Q9,,41(2) corresponding to 7 < 0 converge to the same subarc Ao (z)
(because —Rom (2, 7) and — Rop,11(2, T) traverse 0Aq,, (z) and 0Ag,4+1(2) in opposite
directions with increasing 7). Also, according to Theorem 5.7A, the subarcs of 'y, (2)
corresponding to 7 < 0 converge to a subarc B (z) of 0Dy (z) with end points
FO)(2) and F(*)(z), and similarly, the subarcs of I's,,,1(2) corresponding to 7 > 0
converge to the same subarc By (2) of 9D (z). By considering the directions traveled
by Rom(z,7) and Sam(z,7), for example, with increasing 7, we find that A (z) =
OAoo(2) N Doo(2) and Boo(2) = 0Doo(2) N Aso(2). Tt follows from Theorem 5.1 that
the sequences of whole arcs {Q,,(z)} and {T',(2)} converge to the same limiting arcs
A (2) = 0A(2) N Doo(2) and 0Dy (2) N Ao (2), respectively.

An argument similar to the second part of the proof of A shows that A (2) C Qeo(2)
and Boo(z) C I'no(2). Since there are no measures o™ with support not contained in
(0,00), we conclude as in the first part of the proof of A that I'sx(z) C Bso(z), and
thus, ['oo(2) = Boo(2) = 0D (2) N Ao (2).

It remains to show that Q. (z) C Aoo(2), i.€., that a sequence of measures {VA,(-:((:)))}
where the support of each measure is not contained in (0,00), cannot give rise to a
quasi-natural solution of the SSMP.

It follows from [28, Theorems 3.1,3.2] (see also Section 6) that there is a continu-
ous one-to-one correspondence between the points of A (z) and the quasi-natural
solutions of the SHMP. From Theorem 5.7C, it then follows that there can be no
quasi-natural solution p of the SSMP with Stieltjes transform outside the arc A (2)
bounded by F(©(z) and F(*)(z). (Otherwise, some points of A (z) would be the
Stieltjes transform of at least two quasi-natural solutions having different values at an
x € (—00,0), due to continuity of the Stieltjes transforms w.r.t. z and the parametriza-
tion of A (z).) We thus may conclude that Qo (2) C Aoo(2). O

Corollary 5.9. The following inclusion holds:
Ao (2) N Dyo(2) € BT (2). (5.44)

Proof. This follows immediately from Proposition 5.6, Theorem 5.8, and the fact that
the convex hull Ou(2) U Goo(2) of Qoo (2) UT oo (2) is Aso(2) N Do (2). O
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Theorem 5.10. Assume that M is positive on (0,00) and that the associated SHMP
is indeterminate. Then the associated SSMP is determinate if and only if the inter-
section Axo(2) N Do (2) reduces to a single point.

Proof. Tt follows from Theorem 5.7C that the SSMP is determinate if and only if the
two natural solutions N (©) and N(*) coincide, which by Theorem 5.8 is the case if
and only if As(2) N Dso(2) reduces to a single point. O

6. Nevanlinna parametrization of solutions

The assumptions on M in this section are as in Section 5.
Let 2o be an arbitrary fixed point on R — {0}. We define functions au, B, Yn, On
(depending on the parameter zg) by

() = (2 — 70) 3w (wo )5 (=), (6.1)

Bal2) = —14 (= =) Y s (a0)es (), (6:2)
n—1
Tn(2) =14 (2= 20) Y _ @i (x0)1h;(2), (6.3)
j=1
n—1
On(2) = (2= 0) Y _ 95(z0)p;(2)- (6.4)
=0

Since the coefficients in ¢;(z) and ;(z) are real, it follows that o, (2), Bn(2), Yn(2),
dn(z) are real for real z.

Proposition 6.1. Assume that M is regular and positive on (—00,00).

A. Bom(2),02m(2) are linearly independent quasi-orthogonal Laurent polynomials
of order 2m, and agm(z), Yam(z) are linearly independent associated quasi-orthogonal
Laurent polynomials of order 2m.

B. 2—162m+1(2)7 271527”“(2) are linearly independent quasi-orthogonal Laurent
polynomials of order 2m+1, and 2 aom11(2), 2~ 1yama1(2) are linearly independent
associated quasi-orthogonal Laurent polynomials of order 2m + 1.

C. The equality

holds for all n.

Proof. Tt follows from (5.1)—(5.4) and the Christoffel-Darboux formulas (2.22)—(2.23)
that 8o, (2) and da,,(2) can be expressed linearly in terms of o, (z) and z@am—1(2),
a2m(2) and Y2, (2) in terms of 1o, (2) and 292, —1(2), 27 Bama1(2) and 2~ 2,,41(2)
in terms of @o,+1(2) and 27 Lo, (2), and 27 tag,41(2) and 27199, 11(2) in terms of
Yam+1(2) and 27 g, (2). On the other hand, @2, (2, 7) can be expressed linearly in
terms of B2, (2) and a5, (2), Yam (2, 7) in terms of agy, (2) and Yo, (2), Yam+1(z, 7) in
terms of 271 B2, 1(2) and 27 162,,11(2), and Yo, 11(2, 7) in terms of 2 tag,, 11(2) and
2 Yy9m11(2). Formula (6.5) is obtained by substituting for ¢, (2), ¥n(2), ©n_1(2),
Yn—1(2) expressed in terms of &, (2), Bn(2), Yn(2), 0n(2) in the determinant formulas
(2.19)—(2.20). See [28, Section 3]. O
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It follows from (6.5) that for an arbitrary complex number ¢, ay(2)t — v, (2) and
Bn(2)t — 6, (2) have no common zeros.

By substituting ¢n,(2), ©n-1(2), ¥n(2), ¥n—1(z) expressed in terms of a,(2), Bn(2),
Yn(2), dn(2) in the definitions (3.3)—(3.4), (3.6), expressions for the quasi-approximants
R, (z,7) are given by

Qom (Z)t2m (T) — 72m (Z)

Rom(z,7) = B (2)tam (7) — Bam(2) (6.6)
Qam+1(2)t2m+1(7) = Y2m+1(2)
Romyi1(z,7) = o1 (2) a1 (7) = ami1(2) (6.7)
where
_ 802m($0) - T£C0902m—1(960)
B (7) = (@) = 720U 1(@0)’ (6.8)
tomy1(T) = ToPam+1(%0) = TQp?mExoi (6.9)

1?01/)2m+1(330) - 7’1/)2m Zo '

We note that the linear fractional transformation 7 — t = ¢, (7) maps R biuniquely
onto R.
We define

T (2, 1) = o2 = ml(2) (6.10)

We then may write
Tn(z,t) = Rp(z,7), (6.11)

where ¢ is obtained from 7 by the transformations (6.8)—(6.9).

The mapping t — —T,(z,t) maps U (i.e., t € U) onto A, (2) (i.e., w = =Ty (z,t))
for every z € U (cf. [28]).

We denote by ,ugn) the discrete measure determined by the quadrature formula
associated with 8, (2)t — §,,(z). Then

" = v where  t = t,(7). (6.12)
It follows by (3.17), (3.20), (6.10)—(6.11) that
N @tz ;)
Flu(z) = - ﬁn( )t — 6, (2) h = fy (6.13)

We shall use the following convergence result for the functions «y,, Gn, Vn, On-

Theorem 6.2. Assume that M is reqular and positive on (—oo, 00), and assume that
the associated SHMP is indeterminate. Then the functions o (2), Bn(2), Yn(2), 6n(2)
converge locally uniformly on C— {0} to analytic functions a(z), 3(z),v(z),d(z) given

by

a(z) = (= w0) 3 5(w0)et5 (2), (6.14)
Bz) = =1+ (2 —z0) >_ i (z0)p;(2), (6.15)

j=1
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1) = 1 (2 = 10) S 5 w0)(2) (6.16)
8(2) = (z = 20) ) ¢j(wo)p; (). (6.17)
=0
Proof. See [28]. O

We note that the mapping

a2t =)
B(2)t —6(2)
maps U onto A (z) and R onto dA(z) for every z € U.
It follows easily from (6.13) and Theorem 6.2 that for each t € R, the discrete

measures ugn) converge to a (quasi-natural) solution u; of the SHMP such that

 du (0 t—
[ ) _ o=t 6.15)
oo 00— 2 B(2)t —d(z)
A straightforward argument shows that all quasi-natural solutions of the SHMP are
of the form pu; (cf. [28]).

Theorem 6.3. Assume that M is regular and positive on (—oo,00). The mapping

t — s establishes a one-to-one correspondence between R and the family of all quasi-
natural solutions of the SHMP.

Proof. Different values of ¢ give different functions —(a(2)t —v(2))/(B(2)t — §(z)).
Hence, the mapping t — s is clearly one-to-one from R onto the family of all solutions
of the form u; and these constitute exactly all the quasi-natural solutions. [l

Recall that the function f(z) is a Nevanlinna function if it is analytic in U and maps
U into U. The extended Nevanlinna class A™* consists of all Nevanlinna functions and
the constant co.

The Nevanlinna parametrization for the solutions of the SHMP can be stated as
follows.

Theorem 6.4. Assume that M is regular and positive on (—oo,00) and that the asso-
ciated SHMP is indeterminate. Then there exists a one-to-one correspondence between
the functions o in the extended Nevanlinna class N* and the measures p in the class
M of solutions of the SHMP. The correspondence is given by

/°° du(0) _ az)e(z) —v(2)

2 Bee) =) (6.19)

Proof. See [28, Section 4]. O

A function in A/* is either a constant in R or a function that maps U into U. In the
latter case, Fj,(z) € Axo(z) for all z € U (cf. the equation “=2 = %~ |T}(z,w, 1)|?
for 0A(2)). Thus for any solution p of the SHMP, either F,(z) € Ax(z) for all
z €U or F(z) € 0Ax(z) for all z € U. The latter situation occurs if and only if the
function ¢ is a constant in @, i.e., if and only if the solution pu is quasi-natural.

A solution 1 of the SHMP with the property F),(z) € 0A(z) for all z € U is called

N-extremal. Thus the N-extremal solutions are exactly the quasi-natural solutions.
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A solution of the SHMP is called a canonical solution if the corresponding function
¢ in N* is of the form p(z) = P(z)/Q(z), where P and @ are polynomials with real
coefficients. Note that all constants in R are among these solutions. The canonical
solution is said to be of order r if max (deg P,deg @) = r, where P and @ have no
common factors. For the sake of explicitness, we restate Theorem 6.3 as follows.

Theorem 6.5. Assume that M is reqgular and positive on (—oo,00) and that the as-
sociated SHMP is indeterminate. Then the quasi-natural solutions are exactly the
canonical solutions of order 0.

Proof. Immediate from Theorem 6.3 and the definition of canonical solutions. (|

Theorem 6.6. Assume that M is positive on (0,00) and that the associated SHMP
is indeterminate. Assume that xo € (—00,0). Then the sequences

{ pam (2) } { Yam(2) } { pam+1(2) } { Pam1(2) }

Yam(20) J ' L Yam(z0) ) 7 \W2mi1(z0) J ' | Yomt1(z0) )

converge locally uniformly in C — {0} to analytic functions O (z), ¢(©(z), =) (z),
g(>)(2), respectively.

Proof. ¢n, ¥ can be expressed in terms of a,, B, Y, On as follows (see [28, Section 3]):

_ . P2am (7o) ;
Pam(2) = o (w0) [ d2m (2) - w%mﬂﬁﬂﬂ, (6.20)
Yam(2) = ¢2m(:vo)[72m( )= 2m(z0) agm(z)}, (6.21)
m(IO)

x Yam+1(T0)
Pom1(2) = = ¢2m+1($0){52m+1(z) 71/1%:1(962) 52m+1(2)}, (6.22)

z Yam+1(T0)
Yam41(z) = 70 Yam+1(x0) {"YQerl(Z) - 71/}2,,:1(902) agm(z)] (6.23)

According to Theorem 5.7, {¢am (o) /V2m (o)} and {pom+1(x0)/om+1(x0)} converge
to values in R — {0}. According to Theorem 6.2, a,(2), Bn(2), Yn(2), 0n(2z) converge
locally uniformly in C. Hence the result follows from (6.20)—(6.23). O

Proposition 6.7. The pseudo-approzimants Sy, (z,T) may be expressed as

042m( )tQm (7-; Z) — Y2m (Z)

SQm (Z T) ﬁ?m( )t2m (7_7 Z) - 62771(2) ’ (624)
_ amy1(2)tam+1(7, 2) — Y2mt1(2)
ST = g Damar (7, 2) — Bamia () (6:25)
where
t (T z) _ Z<P2m($o) - T560902m—1($0) (6 26)
e 2om (T0) — TZ0V2m—1(20)’ '
ToP2m+1(T0) — T2P2m(T0)
tom1 (7, 2) = ToYam41(x0) — T2am (z0) (6.27)

Proof. This follows from (3.1)—(3.6), (4.1)—(4.4), and (6.6)—(6.9). O
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We recall that 07(-") is the discrete measure determined by the quadrature formula
associated with the pseudo-orthogonal Laurent polynomial ®,,(z, 7). We shall write

o =am = ta(r), (6.28)
where t,,(7) is given by (6.8)—(6.9). We then may write

/%@W@__%@t@ﬂ M (2)
o 00—z Bn(2)tn(z,7) = 0n(2)

It follows from the proof of Theorem 6.6 that {tgm(O)} ( ={tam+1(c0)}) and
{tam+1(0)} (= {tam(c0)}) converge to values t(®) and ¢(*). By using Helly’s the-
orems and the fact that {an(2)}, {Bn(2)}, {7 (2)}, {dn(z )} converge, we conclude
that for every ¢ in the interval determined by +(®) and ¢(*° {p( )} converges to a
(pseudo-natural) solution of the SSMP. These solutions have value of the Stieltjes
transform exactly on the arc ['sy = 0Doo(2) N A (2).

(6.29)

Theorem 6.8. Assume that M is positive on (0,00) and that the associated SHMP is
indeterminate. Then the pseudo-natural solutions of the SSMP are canonical solutions
of order 1.

Proof. Let t be fixed, and let 7, be the corresponding 7-value determined by the
formulas (6.8)—(6.9). Since [;*(6 — 2)"dp{™ (6) converges to J (0 — 2)"tdpe(0) and
{an(2)}, {8n(2)}, {7n(2)}, {0n(2)} converge to a(z), B(z), v(2), §(z), it follows from
formula (6.29) that {t,(z,7,)} converges.

Theorem 6.6 and formulas (6.26)—(6.27) then show that t,(z,7,) converges to a
function ¢(z) of the form

az+b

He)= . (6.30)
Since
“dp(®)  al2)t(z) —4(2)
A I BiG) —0) (6.31)

we conclude that ¢(z) is the function of the extended Nevanlinna class N'* correspond-
ing to p¢, see Theorem 6.4. Thus p; is a canonical solution of order 1. [l

7. Structure of solutions

The quasi-orthogonal and pseudo-orthogonal solutions of an indeterminate SHMP are
essentially discrete measures (the origin belongs to the spectrum as a non-isolated
point). This follows as a special case of a general structure theorem for canonical
solutions. For the sake of completeness, we state this theorem. A proof can be found
in [28, Section 5].

Theorem 7.1. Assume that M is reqular and positive on (—o0, 00) and that the asso-
ciated SHMP is indeterminate. Let p be a canonical solution, with p(z) = P(z)/Q(2)
in the Nevanlinna parametrization, P and Q without common factors. Then the spec-
trum of u consists of the zeros {zr} of the function B(z)P(z) — 0(2)Q(z) and, in
addition, the origin. The measure p has a mass of magnitude —py at zy, where py s
the residue of the Stieltjes transform F,(z) at zi. The origin is a point of continuity.
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