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On the calculation of Stokes multipliers for linear
differential equations of the second order

A. B. Olde Daalhuis and F. W. J. Olver

Abstract. Two new methods are described for the computation of connect ion
coe cients for the asymptotic solutions of linear second-o rder di erential equa-
tions having an irregular singularity of arbitrary rank. Th e rst method is based
on new asymptotic expansions of the higher coe cients in the  asymptotic solu-
tions. The second method is based on direct numerical soluti on of the di erential
equation. Numerical examples are included.

1. Introduction

This paper is concerned with solutions of the homogeneousriear di erential equation

2
1@+ gaw=0; @)
in the neighborhood of an irregular singularity of positive integer rank r. Without
loss of generality we may suppose that this singularity is lcated atz = 1 . Then f (2)
and g(z) can be expanded in power series of the form

f(2=2" * = oz)= 2" * =, (1.2a,b)

s=0 s=0

that converge on an open annulugzj > a. Moreover, at least one of the coe cients
fo, 9o, and g; is nonzero (otherwise the singularity would be of lower rank.

The nature and the existence of the asymptotic solutions of gstems of homogeneous
linear di erential equations in the neighborhoods of irregular singularities has been
the subject of many investigations; see, for example, [167]. In the present case, the
construction of the asymptotic solutions proceeds as follws [15]*

Let

(2)= 322+ 3 %A2) o2); (1.3)
so that
X
=22 = jzi>a (1.4)
s=0 z
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1The present notation di ers slightly from that of [15].
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where

hs = 1 fofs+ fafs 1+

with fs | interpreted as being zero whers <r . In particular, we have hg = %fg Oo-
If hg is nonzero, then we can expand the square root of(z) in the form

) *
(22=2"1' = (1.6)
ZS
s=0
where
1 1
o= hg= 3f§ o7 1.7)
and higher coe cients can be computed by means of the recurrace relation
x
shg ¢ = 35 sh s ; s 1 (1.8)
j=1
compare [13], Chapter 1, Exercise 8.4.
With the foregoing de nitions, formal series solutions of (1.1) are given by
i@z 1 %, g2z 2 %, (1.9a,b)
s=0 s=0
where
X1 + 1f X 1 if
2= 77 2= W(2)= 28 >Z° (1.10a,b)
o (T 97 o (T 97
1= ' %fr %r+ %, 2= ¢ %fr %r+ %, (111a,b)
and the coe cients agj,j = 1,2, are given byag; =1 and
x
2spo;j asj = G 1 205 Kpg as kj +(s r)(s r+las ; (1.12)
k=1

the last term being absent whens r. Here px; and g¢; are the coe cients in the
expansions

r 1>€ Px;j R

pi(2) = z S a@= rA q;%: jzj > & (1.13a,b)
k=0 k=0
of the functions
p@= Y@+ J+ 3@ (1.14a)
a@= M2+ F@+ 2L g Y
+1@) @+ +9@): (1.14b)
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In the exceptional case%fg = go (which includes, of course, the commonly occurring

case off g = go = 0), the dominant terms (for large jzj) in the polynomials ;(z) and

2(z) have the same coe cients. If we make the transformation [15
n £ x1 )
W=exp 1 fozh 51 dz w; t= z2:
s=0

then it is readily veried that at t = 1, the transformed di erential equation has
either a regular singularity or an irregular singularity of rank not exceeding 2 1
with unequal dominant terms in the corresponding polynomids 1(z) and »(z). We
therefore may assume without loss of generality tha%fg 6 go and, hence, that ¢ 60
in all subsequent analysis.

Theratio (s r)(s r+1)=(2spy;) of ag; to as r; in the recurrence relation (1.12)
indicates that, in general, the series (1.9) divergé. In order to describe solutions that
have these series as asymptotic expansions, we subdivideettplane into sectorsSy,
k=0; 1; 2;:::,dened as follows. Let =ph g;then

n k 3 k+ 32 0
Sk= z: % phz % ; (1.15)
see Figure 1.1.
%
‘@ N
4 % 2
O ‘g\ ‘\/'
4, 0
(4"0 % 0\6‘ G @ \¢
2 7% o % ©)
A 5% ,&Q\rL
ko £ > |
+
*7 \\\

0
Figure 1.1. z-plane. SectorsSi. Values of phz are given at ends of rays.

The signi cant feature of these sectors is that for su cient ly large jzj, the real part

of 2(z) 1(z) is positive or negative at interior points of Sy according ask is even
or odd. This follows from the relation

2(2)  1(z) 2 oZ'=r z!'1

2See also Theorem 4.1 below.
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obtained from (1.10).
Now de ne & to be any closed sector that is properly interior to Sy 1[ Sk[ Sk+1 -
For example, &, could be taken to be the sector

3 — 3 —p
5+ =r phz 5 =

where is an arbitrary small positive constant.

Theorem 1.1. (i) For each even integerk, there exists a unique solutionwy(z) of
(1.1) such that
X a.sl .
we(z) er@z: =i z!1 in&: (1.16a)

zs '’
s=0

(i) For each odd integerk, there exists a unique solutionwy (z) of (1.1) such that
R a
wi(z) e?®@z: %; z!1 in&: (1.16b)
s=0

Any branches may be chosen for ph ¢ in (1.15)andz *, z 2 in (1.16), provided
that they are used consistently.

Theorem 1.1 can be derived from the theorem of [15] by suitalel choice of the path
Py in this theorem. Thus, in the present notation, if we take &, to be the sector
n k 2 + k+ 2 0
&= z: k3 h (k+ 3)

= Z
r P r

and make the transformation = (z", then for all su ciently large z in &, the
path Py can be taken as the map of a pathQx in the -plane comprising an in nite
segment of the real axis and segments of one or two straightrles at angles % to
the imaginary axis. Figures 1.2, 1.3, for example, depictQx when k is even and
(k )=r phz (k +3 )=r, (k +3 )=r phz (k +3 )=r,
respectively. See also Lemma 13.1 of [13], Chapter 6.

2. The connection formula problem

Although, for each value ofk, Theorem 1.1 provides information on the solutionwy (z)
only in the sector &, this solution can be continued analytically to all values o ph z.
In general, wg (z) has a branch-point at in nity.

Among any three solutions a linear relation holds for all vales ofz. In particular,

Wi+1 (2) = Cuwk(2) + BxWk 1(2); (2.1)

where By and Cy are constants. The value ofBy is easily found by lettingz!1 on

an interior ray in Sg. On this ray, wg(z) is recessive and the other two solutions are
dominant with exactly the same asymptotic form. HenceBy = 1, and (2.1) reduces
to

Wi+t (2) = Cuwi(2) + Wi 1(2): (2.2)

The coe cient Cy is more dicult to calculate in general. For later convenien ce,
we sometimes set

Cp = e VKE AL (2.3)
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where
b= 2 1 (2.4)
then
Wi (2) = & KFT Awi(2) + wi 1(2): (2.5)
Either set of constants Cx or Ay ,k=0; 1;:::, may be called theStokes multi-

pliers (at in nity) for the di erential equation (1.1).

In passing, we note that if we know the Cy (or Ay) for all values of k, then it is
possible to determine the asymptotic behavior of any solutdn w; (z), say, in any sector
Sk, say. Suppose, for examplek > j . It is readily veri ed that

Wi (z)= kWi 1(2)+ Kk 1Wik(2); (2.6)

where the constants ¢ ; and g are found by application of the recurrence relation
nt1 = Ch nt n 13 n=j+2;j+3;:::;k 1 (2.7)

beginning with .1 =1and j+» = Cj+1. Once ¢ and ¢ 1 have been found,

the (compound) asymptotic expansion ofw; (z) in the sector 8 1\ & is obtained
from (2.6) by substituting the known expansions (1.16) ofwy 1(z) and wy(z) in this
sector. Obviously from Figure 1.1, we can always arrange thaS, 1\ S includes the
sector

k 1 =r phz k =r

that is, the right half of Sy when viewed from the origin. To cover the left half of Sy,
we continue the recurrence (2.7) one step further, tan = k, and then apply

W (2) = kst Wk(Z)+ kWi (2): (2.8)

N
N
N

Nl

Figure 1.2.  -plane. Figure 1.3. -plane.
Path Qx Whenlk Path Qx when (k +
ph (k+3),k 1) ph (k +
even. 3) , k even.

+
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The purpose of the present paper is to describe two methods facomputing the
coe cients Cy and Ak in the connection formulas (2.2) and (2.5), one asymptotic,the
other numerical.

The asymptotic method is developed inxx3, 4, 5 and is based on expansions of the
coe cients ag;1 and as;» for large s. Methods of this kind are already known; see, for
example, [6{11]. Other analytical methods also exist [5,1B The novelty of our ap-
proach is that we employ inverse factorial series in place dhe more usual inverse power
series for the asymptotic expansions ofs.1 and as.». The advantage of the inverse
factorial expansions is that the coe cients are available eplicitly. In fact, they are

fore, it is possible to evaluate the Stokes multipliers to hgh accuracy with relatively
little analytical and computational e ort. In x6, we supply two numerical examples
to illustrate this feature.

The second method for evaluating the Stokes multipliers is bsed on direct numeri-
cal integration of the di erential equation along suitably chosen paths in the complex
plane. It is outlined in x7 and applied to the numerical examples previously treated
in x6.

3. Asymptotic method for the Stokes multipliers:
singularities of unit rank

In this section, we assume thatr = 1. The expressions (1.10) for 1(z) and 2(z2)
reduce to

1(2) = 175 2(2)= 2z, (3.1a,b)
where 1, , are the zeros of the quadratic polynomial 2+ fo + go. Accordingly,
2 1= fg 4g() 7; (32)
and is nonzero by hypothesis X1). The exponents 1 and ; are given by

L =fata ,= 12t 0 (3.3a,b)

2 1 1 2

and the recurrence relation (1.12), withj = 1; 2, respectively, reduces to

(1 2)sas1=(s 1)(s 1 1)as 11
XS .
+ ifjar + g (s ] Of) a ju (3.4a)
j=1
(2 1)saz2=(s 2)(s 1 2as 12

xs
+ i1 + g1 (s ] ) as j2; (3.4b)
j=1
again with the starting values ag1 = ag2 = 1. We also have ( = %( 2 1),
=ph( » 1). The sectorsS¢, k =0; 1;:::, are de ned by
n o]
1 1
= . = + = :
Sk z: k > phz Kk 5
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Next, we observe thatwy (e 2! z) is also a solution of the di erential equation for
any integer j, and from Theorem 1.1 it follows that

Wie2j (2) = €3 11 w(e 31 2);

k even (3.5a)
Wiizj (2) = €3 21wy (e 3T 2); k odd: (3.5b)
On combining these results with (2.5), with r =1, and (2.4), we deduce that
Ax = Ag; Kk even; Ax = A1; Kk odd:
Now suppose that the di erential equation is normalized in such a way that
2 1=1: (36)
This always can be arranged, if necessary, by replacing with z=( , 1)- Then
0= % =0, and the sectors S become
n o
Scx= z: k L L

Furthermore, the new values ofCy and Ay are ( »

1) times their old values3
In [12], we proved that in the present circumstances the folbwing theorem holds?
Theorem 3.1. Let m be an arbitrary xed nonnegative integer. Then ass! 1
o ALXE .
as;1=( ) 7 ( Ya2(s+! j)+0O (s+! m) ;
j=0

(3.7a)
Ag X1 .
as:2 = o7 ai1(s ! j)+O0 (s ! m),; (3.7b)
j=0
where! is de ned by (2.4).

Equations (3.7) can be regarded in two ways. IfAg and A; are known, then (3.7)
provide an easy way of computingas.1 and as.» for large s.

Alternatively, if we regard equations (3.4) as a way of geneating as.1 and as:»
recursively for arbitrary large s, then Ag and A; can be estimated via

_ - 8s;2 | oo ()° tasa,
A() - 2| s|!I1m ﬁ, Aj_ - 2 | s|!I1m m, (38a,b)
or more accurately from
nm 1 0
Ap= Z2ias; gi1(s ' J) +0O(s M), (3.92)
j=0
ng 1 0
A]_:( )S 12|a 5;1

( Yaa(s+! |) +0(s™:  (39b)
i=0

It is the second point of view that we adopt in this paper. By choosing values of
s and m that are large (but not unduly large), it is possible to compute Ag and A,
from (3.9) to very high accuracy.

3In forming ( 2

1)) the branch of ph( » 1) hasto be .
4The notations w1 (z), w2(z), C1, and Cz in [12] now are denoted by wo(z), w1(z),
respectively.

C1, and Co,
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4. Asymptotic method for the Stokes multipliers:
singularities of arbitrary rank

We now proceed to the generalization of Theorem 3.1 to the casof arbitrary rank r.
Corresponding to (3.5), we have

Wiszjr (2) = €@ 1T w(e 31 2); k even (4.1a)
Wiz (2) = €@ 20w (e 31 2); k odd: (4.1b)

From these results and (2.4), (2.5), it follows that
Aszir = Ax; (4.2)

for all integers k and j. Accordingly, it su ces to determine a set of 2r consecutive
Stokes multipliers.

With 1(z) and ,(z) de ned as in x1, we follow the terminology of Dingle [3], and
call ,(2) 1(z) the singulant (with respect to z = 1 ) of the di erential equation
(1.1). The rst step is to renormalize the di erential equat ion in such a way that the
singulant is simply z"; compare (3.1) and (3.6) in the case = 1. This can be achieved
in various ways. The simplest, in principle, is to take a new ndependent variable x
de ned by

K 1
x'= 2(2) 1(z)=27 . m; (4.3)

compare (1.10). For largex, we can expandz in a convergent power series of the form

R
Z=X %; (4.4)
s=0 X
where, for example,
o _ 1.
CO - 2—0 ’ Cl - (r 1) 01 (45a1b)
2
C = 1 2 (4.5¢)

200 1) 3 (T 2) ot

and higher coe cients can be found by means of standard procdures for reversion of
power series. The problem with this approach is that reversn is cumbersome; even
with the aid of available software packages, the evaluatiorof ¢ is slow whens is large.
Following [10], Section I11.3, we circumvent this di culty by truncating the expansion
(4.4) after r terms. Thus, instead ofx, we use the variablez~de ned implicitly by

X 1

z=% &; (4.6)

oz

s=0
with the condition ¢z zasz!1 . The e ect of this modi cation is to replace
(4.3) by
— of rcr .
2 @)=2 +0 o (4.7)

1
z
the term O(1=2) here actually being a power series in 3z
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In terms of the variable z, the di erential equation (1.1) transforms into

d’w dw
a2 e teEw=0; (4.8)
where
dz 1d?z dz dz 2
M= & @m'a @ M@= 5 9@ (4.9a,b)
From (1.2) and (4.6), we see thatf(z) and g(2) can be expanded in the form
R~ X
=2 1 B gmear 2
7S pand
s=0 s=0

these series converging for all su ciently large values ofjz. In particular, we have
fo=cfo; ®=Gd &=¢ 'au+@r 2ag :
Since not all off g, go, and g; vanish, the same is true offp, g, and g. Furthermore,

-~ r

1

o 5 @ P=ch o= 3n

On applying Theorem 1.1, we see that ifSy denotes the sector
k 3 + k+ 3
& TERLE

then equation (4.8) has solutionswg(2) such that, asz!1 in S,
wi(z) e@zr or w(z) ez (4.10)

according ask is even or odd. Furthermore, becausevi{z) is recessive wherz+1
in the central third of Sy and wy(z) is recessive wherz ! 1 in the central third of
S, it follows that

~ =1 ~ = 2 (4.11)

1(2) 1@ =b+0Ez 1Y) 22 2UD=bh+O0(z'); z!'l ; (412
where by, b, are constants and, hence,
Wi (z) = €Mcy'wi(2) or wy(z) = e€2cy’wi(2); (4.13)

according ask is even or odd. Next, since1(z) and >(z) are polynomials in zof degree
r with no constant term, it follows from (4.7) and (4.12) that %(2) 71(2) = Z', exactly
(as required), and also that

rc

bh b= —: 4.14
% (4.14)
Lastly, let f Axg be the set of Stokes multipliers associated with (4.8) az= 1 , so

that

YKk i=r

Wisy (2) = € AWk (2) + Wk 1(2); (4.15)
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with ! again de ned by (2.4); compare (2.5) and (4.11). Then from (413) and (4.14),
we deduce that these multipliers are related to the originalmultipliers Ay by the
formula®

Ay = ¢ ) 1rCr=Cc>C§) ¥t Ay (4.16)

From here until the end of x5, we shall assume that the preliminary transformation of
the form (4.6) has been made, if needed; in consequence, the normalizingndition

202) 1= 7 (4.17)

is satis ed.
We observe in passing that when (4.17) holds, the de nitionsof x1 simplify, in that
0= 3r, s=0 (1 s r 1),and =0.
Theorem 4.1. Let m be an arbitrary xed nonnegative integer. Then with the cond
tion (4.17), the coe cients as.; and as.» de ned in x1 have the asymptotic expansions
ass!l

1 X1 X 1 o s+l
as:1 = T Aokt aj L,k (s J) = s+ ]
ri r
k=0 j=0 . .
s+! m
*O  —/—— | (4189
1 X7 X! i) i= s |
as;2 = 2— Aok a; 1e2k(5 j)i=r J
ri B r
k=0 j=0
n | 0
where!l = , 4.

This theorem is proved in x5. In the remainder of the present section, we describe
how it can be applied to compute the Ay.
The O-terms on the right-hand sides of (4.18) contribute relative errorsO(s ™)

ass! 1l . We assume thats and m are chosen su ciently large to render these
contributions negligible compared with the desired precigon in the Ax. On replacing
sin (4.18a) by rs, rs+1, :::, rs+r 1, in turn, and ignoring the error terms, we
arrive at the system of r equations forAz, As, :::, A 1
K 1
Bo;2k+1 Azk+1 = rs; 1;
k=0
X 1
Dr:ok+1 Azk+1 = Qrs+1:1; (4.19)
k=0
K1
B 12k+1 Azkel = Qrser 115
k=0

k
5Again, the branch of ph ¢p used in forming cg " in (4.16) is  (ph o)=r, where ¢ pertains to
the original equation (1.1).
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where
1 14 1 .
bn;2k+1 = &e(zkﬂ) nisr a 00 GRHDIE S+ n+t g ; (4.20)
2ri <0 r
In a similar way, we nd that
X 1
bo.okAzk = ars; 2;
k=0
K 1
b1:okAzk = Qrs+1:2; (4.21)
k=0
X 1
b 12kA2k = Ars+r 12
k=0
where
1 X nolo
h1;2k = ﬂean = a-j; 1€ 2K i=r S+ fj . (422)

j=0
Each system (4.19), (4.21) may be solved by standard numeré procedures for
linear algebraic equations. To investigate the conditionng of these systems, we replace
each coe cient b,k by the corresponding dominant term on the right-hand side of
(4.20) or (4.22), that is, we take m = 1. In this way, we nd that (4.19) has the
approximate form

2I’ |a rs; 1
Aq + As + o+ Az 1 = ()=
(s+ )
. . L 2ria +1:1
e =T A + e3i=r A + + g@r 1= A - s 1$;
1 3 2r 1 () (s+ 1+r! )

( )3 12ria rs+r 11,
(S+r :'I‘_+!)'

This is a Vandermonde system of equations, and its conditiomumber in the in nity
norm is easily deduced from the result of [4, Example 6.4] to &r. Hence the system
(4.19) is well conditioned. In a similar way, we may show thatthe same is true
for (4.21).

e(r 1) i=r Al + e(r 1)3 i=r A3 + + e(r H@2r 1) i=r A2r 1

5. Proof of Theorem 4.1

The proof of Theorem 4.1 is an extension of that of Theorem 2.1n [12]. With the
solutions wg (z) de ned as in x1, we set

vi(@z)= e @z 1 lyw(z): (5.1)
Then

Vk+1 (2) = Cuw(2) + vk 1(2); (5.2)
compare (2.2).
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Lemma 5.1. Let be any constant that exceeds. Then

K 1 Z | ks i v i X 1Z g @k i Vo (t
2ivo(z)=  Coxsr 21 (V) g 2V . (5.3)
k=0 e @k+1) ir t z koo €@K D t z
valid when z lies in the annular sectorjzj > , jphzj< =r .
ReS i=r
e 3i=r
Rei:r
e i=r .
Re*"
oZ N oZ
0 0
e I=r
Re i=r
Figure 5.1. t-plane. Figure 5.2. t-plane.
Contour G. Contour G.

Proof. Let R be any constant that exceedgzj. Then, from Cauchy's integral formula,
we have

“ vl
2V o(2) = 2 gt (5.4)
ot z
where G is the closed contour depicted in Figure 5.1. From (1.16a) ad (5.1), with
k = 0, we see thatvg(t) = O(t ) uniformly as t ! 1  in the sector jphtj =r .
Accordingly, on letting R!1 , (5.4) becomes
Z 1 ei=r Z 1e i=r Z e i=r
2iv o(2) = + Vo(t) .
e i=r e i=r e i=r t A

In the rst of these integrals, we substitute for vo(t) by means of (5.2) with k = 1.
This yields

Z 1 ei=r Z e i=r
2ivo(z)= C1 %dt | %dt
e 1=r e 1=r
Zqg = Z g i
+ Vo(t) g va(t) . (5.5)
e i=r t Z e i=r t Z

We now integrate v, (t)=(t z) around the closed contourG depicted in Figure 5.2,
and againletR!'1 . From (1.16a) and (5.1), with k = 2, we see thatv,(t) = O(t 1)
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uniformly ast!1 in the sector =r pht 3=r. Hence, we obtain

Z 1 ei=r Z 1 e3i=r Z e:«Si=r
va(t) 4 va(t) va(t) ;.
e i=r t z e 3i=r t z e i=r t
Then by application of (5.2), with k = 3, we derive
Z g g Z g i Z 4 3 Z g3
04~ c va(t) . va(t) . va(t) ;.
e i=r t z e 3i=r z e 3i=r t z e i=r t z
Substituting into (5.5) by means of this equation, we obtain
Z 1 ei=r Z 1 es i=r Z e i=r
. t t t
2iv o(z) = Cs i 4 4, Va(®) Vo(t)
e i=r z e 3i=r t z e i=r z
Z e 3i=r Z 1e i=r Z 1 e3 i=r
t t t
Va(®) g 4 Vo(t) Va® 4. (5.6)
e i=r t z e i=r t z e 3i=r t z

We may regard (5.5) as the rst stage in a cycle of substitutions and (5.6) as the
second stage. We may continue the substitutions until we reeh the rth stage, and
then observe that

VAP Z qer v
Vo(t Vo (t
o(t) 4, = 2 () g
e i t z e@r 1) t z

this being a consequence of the relation
var (1) = Vo(te 2');

obtained from (4.1a) and (5.1). Therefore, (5.3) is precisly the result that is obtained

on completion of the rth stage. O
Lemma 5.2.
X 1 Z 1 e(2k+1) i=r X 1 Z e 2k+1) i=r
2ia s1 = Cok+1 _ Vok+1 (H)tSdt + _ vox (D)t5dt: (5.7)
k=0 e (2k+1) i=r k=0 e @2k 1) i=r

The derivation of this result from Lemma 5.1 is similar to the derivation of Lemma
3.2 of [12] from Lemma 3.1 of [12]. We omit the proof.
To complete the proof of Theorem 4.1, we observe from (1.164nd (5.1) that for
eachk
1
10N "X g2, 1°

= (t)
Voks (1) = €2 ; m

j=0

ast!1 in Sx.1 and, in particular, ast!1  along the ray pht = (2k +1) =r . By
hypothesis, »(t)  1(t) = t", hence
Z | ks = X L Z | gk

Vors (D)t3dt = aj ettt b gt

e (2k+1) i=r ] =0 e (2k+1) i=r

Z 1 gl2k+) =

r |
+ ¢ ot ™1y
e @k+1) i=r
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where the O-term is uniform for all positive integer values of s. Taking a new variable
dened by t =exp (2k+1) i=r ", we nd that the right-hand side of the last
equation becomes

gk+1) tisr X 1 o 2, L e
a; 2e(2k+1)( s j)i=r e (s+! j r)=r d
-
j z,
+0 e (s+<! m r)=rd
As in [12], x4, we may replace each lower limit " by zero without disturbing the
uniformity of the O-term with respect to s. Thus, we obtain
Z 1 e(2k+1) i=r 2k+1) ! i= rx 1 .
Vaier (D)tSdt = ek 3y, €2k (s 1) i=r s+l
r _ ;
j=0

e (@k+1) i=r r

n + <lI 0
+0 ¥ si1 :  (5.8)

To establish (4.18a), we substitute into the rst sum in (5.7) by means of (2.3), (5.8)
and then observe that the second sum i©( %) ass!1 and therefore is absorbable
in the estimate O f(s+ <! m)=rg . Lastly, in consequence of Stirling's formula,
O f(s+<! m)=rg O f(s+! m)=rg. Equation (4.18b) may be proved in
a similar manner, and the proof of Theorem 4.1 is complete.

Remark. Using another approach, Immink [7] constructed integral representations
of Stieltjes type for solutions of linear di erential equations of any order; compare
Lemma 5.1. From these representations, she then obtained gsptotic approximations
for the Stokes multipliers that in e ect supply the dominant terms of the expansions in
Theorem 4.1. In other words, in the case of second-order eqgtians, Immink's results
correspond to ours withm = 1. This is an important di erence, however, because the
restriction to m = 1 renders the approximations much weaker for numerical puposes;
compare the examples inx6 below.

6. Examples

Example 1 We take
d’w
dz2
In the notation of x1, we havef (z)=1 z?,g(z)=1 z* and hencer = 3. For the

formal series solutions (1.9), we nd that
p

+(1 zz)z—vzv+(1 zZHYw=0: (6.1)

p

1 5 Pz 1+ 5 p-
1(2) = = 22+( Dz 2(2)= —¢ 22 ($£+ Dz (6.2)
and
1= %pé 1; 2= %pé L 0 1= gpé: (6.3)

Thus, the singulant »(z) 1(2) = %p 528 %p 5z. Since this is not a monomial, The-
orem 4.1 is not immediately applicable. Accordingly, we transform (6.1) as indicated

in x4. On setting

p p

x3=1 523 5z

W[~
gl
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and taking the cube root, we nd that

5¢ 1
X= —z z 1+ 0(z 3); z!1
37 gers 00
Hence by reversion,
33 1
z= =x x 1+ O(x 3); x!11
51" 3is )

thus
co=3%5 %; c=0; =3 35 %; c=0:

Our choice of new independent variable is therefore,~de ned implicitly by
. (6.4)

compare (4.6). In the transformed di erential equation

d’w dw _
e + ﬁZ)E +g(z)w =0; (6.5)

the coe cients are given by (4.9). We nd that

4 1 1 12

= 322 4 4 + —— ——5 =
M2)= ¥+ 50 s ot ogs ! gz s (69
46 26
— 64 2452 26
95 = &F 50Tt %% et gaza
2 1
: 6.7
355 1seoeis (O
Formal series solutions are
eNﬁ)le Bsi1. ea(z)sz B2, (6.8)
7 7
s=0 s=0

where 1 and , are as in (6.3) and
- 1 - 1
1(z)= 30 9—5)23 200z, 2(8)= 31+ 19—&—3)23 fcoz:  (6.9)

In consequence>(2) 1(2) = 2° as expected and as required by (4.17).

With the aid of the software packageMaple V [1], we computed numerically the
Taylor series expansions of the functiong£z) and & (z) associated with (6.5); compare
(1.13) and (1.14). From these results, we generated the coecients as.; and as.» via
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s=33 Ao A1 A As

m=1 4:28024360 | 0:53504119 + 0:13182434 1:59057354 1:25459872 2:16118253
m =10 4:87003491 | 0:50940646 + 0:15648251i 1:60891229 1:0201719% 2:38919826
m =19 4:87002156 | 0:50940850 + 0:15647932 1:60891135 1:02017656 2:38916059
m =28 4:87002160 | 0:50940850 + 0:15647933 1:60891136 1:02017655 2:38916077
m =37 4:87002160 | 0:50940850 + 0:15647933 1:60891136 1:02017655 2:38916077

Table 6.1. Approximations for the Stokes multipliers of (6.1).

(1.12), proceeding as far as = 101. Sample values are

ap1 =1, ap2 =1,

a1 = 0:39691860 &2 = 0:25184962

&1 = 0:033329236 &2 = 0.087257074

@31 = 0:053431001 &3> = 0:33387567

&1 = 0:10293154 &u;2 = 0:21695963

&s1 = 0:029902385 &s> = 0:052190874
a1 = 6:3158988 10*; &101.2 = 1:2029605 10%:

To compute the Stokes multipliers Ay associated with (6.5), (4.19) and (4.21) were
set up numerically with s = 33 and various values ofm in (4.20) and (4.22). The two
sets of three simultaneous linear algebraic equations wersolved for the Ay . Sub-
sequently, the desired multipliers Ay for (6.1) were obtained by use of the identity

_ k 2Pz
Ac= LPEOE S (6.10)

Wl

compare (4.16).

Final results for m = 1, 10, 19, 28, and 37 are presented in Table 6.1. Since
As= A, andAs = A; (compare (2.5) and (4.2)), we omit the results forA4 and
As. The agreement of the entries in the last two rows indicates hat, to the present
accuracy, the neglect of theO-terms in equations (4.18) is justi ed after the stage
m = 28 is reached. We infer that these entries give the correct &lues of A to eight
decimal places.

Example 2 We take the rst example in [10], which is the system
! #

2 W: (6.11)

AW 1+ 2x2 ix
dx 2 2+x X2
In [10], the asymptotic analysis applies to the casex ! 0. In terms of z = 1=x, the
system becomes
" #

1
2 W: 6.12
N (6.12)

2z +z1
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On decomposingW =[X;Y ]", we obtain the simultaneous equations

dXx 4 dy 1
—+ z+ — X+ iy =0; —+2X+ 2z+1 Z Y =0: 6.13a,b
dz > 2 ' dz z z (6.13a,b)
Eliminating Y, X, in turn, we nd that
d? 1 4 8
—+ 3z+1l+ = T+ 2%+ z+ 3+ - — X =0; 6.14
dz2 z 3z dz 23Ty 32 ' (6.143)
d?Y 1 dy 5 g 4 1
—+ +1+ — —+ +z+ 8+ — _— Y =0: )
= 3z+1 % 4z 22°+ 2+ 3 % 372 Y =0 (6.14b)

Equations (6.14a,b) each have an irregular singularity of ank 2 at in nity. On
applying the theory of x1, we nd that there are solutions Xy, Yy of (6.14a,b), respec-
tively, with the properties

k even: Xy e 2%z, Loy, e? % z11 in$;
kodd: X, e ¥z 5 Y. ez % z11 in&:
where§, = fz : (3k  3) + phz (3k+ 3) g. (Thus = 0 for both

di erential equations.) Moreover, from (6.15), it is clear the solution Y of (6.13a,b)
that corresponds to X = X is Y =( )k2Yy, and als%that

Xk Xk 1
()2 ()¢ t2v¢

is a fundamental matrix solution of (6.12). Any other fundamental matrix solution
can be expressed in the form

(6.15)

Wl

(6.16)

#

X X
K k1 o (6.17)

()f2Yc ()f 2% 1
where C is a non-singular co#rélstalnt matrix [17,x2.3]. In particular,

X ks1 Xk Xk Xk 1 ciy cfy

) — : (6.18)
()1 2% ()%2Yk (k2ve () 2ve 1 ¢

say. We set ourselves the task of computing the scalar constis Cﬁ), Cﬁg), Cg;), and

cly).
By comparing the asymptotic behavior of the two sides of (6.B) asz!1 in the
sectorzk % < phz< 1k+21 , weimmediately conclude thatCi'i) = Ckx = Cky,

Cig) = Cé'i) =1, and Cég) =0. Here Cyx and Cyy denote the \C-type" Stokes
multipliers of equations (6.14a,b), respectively; compae (2.2). Hence, (6.18) reduces
o . g # #
Xk+1 Xk _ Xk Xk 1 Cex 1
(2% ()% (2% () '2% 1 1 0

and we also observe that the Stokes multipliers of (6.14a,bdli er only in sign.

We apply the method of x4 to compblte the Stokes muItipHiers for (6.14a). We
haver =2 and ndthat ! = 2, ¢co =" 2,c1= 1,¢ = 3 2. Accordingly, our
transformation variable z is de ned by

z= p§z~ 1: (6.20)

; (6.19)
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s=30 Co:x C1:x Cox Csx

m=1 13:114172 | 7:2724007 0:95787147% 0:22234619 0:12837163 | 4:4657414 5:8191481i
m=9 14:849803 | 7:2773761 + 0:30624016 0:20091135 0:11599622 | 3:3734763 6:4555127

=17 | 14:849851 | 7:2773721 + 0:30622089 0:20091164 0:11599639 | 3:3734910 6:4554995

m =25 | 14:849851 | 7:2773721 + 0:30622084 0:20091164 0:11599639 | 3:3734910 6:4554995
m =33 | 14:849851 | 7:2773721 + 0:30622084 0:20091164 0:11599639 | 3:3734910 6:4554995

Table 6.2. Approximations for the Stokes multipliers of (6.14a).

Since this is a linear transformation, the calculations aresimpler than in Example 1.
After computing the \ A-type" Stokes multipliers Ay of the transformed di erential
equation, the Cy.x are obtained by use of the identity

Cix = € VKT D200 A (6.21)

compare (2.3) and (4.16).

Final results are presented in Table 6.2 for the case whes = 30 in (4.19){(4.22)
andm =1, 9, 17, 25, and 33 in (4.20) and (4.22). Similar conclusioa may be drawn
concerning accuracy to those drawn above for Table 6.1.

7. Direct numerical methods for the Stokes multipliers

In principle, the calculation of the Stokes multipliers Cx and Ax de ned in x2 by direct
integration of the di erential equation (1.1) is quite simp le. Let zy be a point in Sy ;
su ciently close to innity to enable wy 1(Zo) and wQ ;(zo) to be computed to a
prescribed accuracy from (1.16a) or (1.16b) and their di erentiated forms. Similarly,
let z; be a point in the interior of Sx[ Sk+1 thatis su ciently close to in nity to enable

Wi (z1) and w41 (z1) to be computed from (1.16). By numerical integration, starting
with the initial values wy 1(z0) and WE 1(20), the value of w 1(z1) is obtained. Then

Wi+t (1) Wk 1(21)
Wk (21) '

The di culty in this approach is that it is prone to numerical instability. If z;
is taken to be an interior point of Sy, then wyx 1(z1) and wg+1 (z1) will be almost
indistinguishable numerically, and wy (z1) will be exponentially small in comparison.
This means that severe cancellation will occur in evaluatiig the right-hand side of
(7.1), and consequently little or no precision will remain in the computed value ofCy.
On the other hand, if z; is taken to be in Sk+1, then the computation of wx 1(z1)
will be unstable if the integration path lies in the neighborhood of in nity, because on
parts of it (in fact within the left-hand half of Sy), wx 1(z) decays rapidly compared
with other solutions of the di erential equation.

The di culty is overcome if the real part of the singulant ,(z)  1(z) is monotonic
on the integration path. However, the construction of such apath is not straightfor-
ward in general. For reasons given above, it cannot be con n& to the neighborhood
of in nity, and it may be dependent on the distribution of tur ning points and the
other singularities of the di erential equation. In these cases, [14] may be helpful.
Although this reference is devoted to the problem of calculting the Stokes multipliers
asymptotically when there is a large parameter present in tke di erential equation, it
includes an investigation of the topology of the curves alog which <f ,(z) 1(2)g

Ck:

(7.1)
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is monotonic. In addition, the Appendix in [14] supplies a numerical method for
computing these curves.

A modi cation to this procedure is to make the same preliminary transformation
of independent variable as that described inx4 to reduce 2(z) 1(z) to the mono-
mial form z". This greatly simpli es the task of nding integration path s on which
<f 2(z) 1(z)gis monotonic, although it may do so at the expense of introduing
an extra singularity into the di erential equation at z = 0.

Consider again Example 1 o6. We may integrate numerically e|B1er (6. 1)por (6.5).
The only singularity of the formeris at z = 1 , but the singulantis 3 523 5z. On
the other hand, the latter equation has z° as singulant, but it has a second smgularlty
at the origin. For illustration with this example, we compro mise by integrating (6.1)
numerically along rays through the origin on which <(z®) is monotonic. This combines
the simplifying features of the two possibilities, but at the risk of introducing some
instability into the computations.

In the numerical integration, we start with zg = 11 and we compute wp(z9) and
w§(zo) by taking 11 terms in (1.16a) and its di erentiated form. We obtain wp(zo) =
1:0137883 10 2! andwi(zo) = 7:6141442 10 120, By di erentiation of (6.1), we
see that the coe cients of the Taylor series expansion

b3
Wo(z) = ds(z  20)° (7.2)
s=0

are given by do = Wo(2o), d1 = wi(zo), and
(5+1)(s+2)dssz =(S+1)(2Z5 1)dsu +(z5+252 1)ds
+(@4z3+s 1)ds 1+625ds 2 +4200s 3+ ds 4;  (7.3)

s=0;1;2;:::, where we setds = 0 if s < 0. Taking the rst 40 terms of (7.2) and
its di erentiated form, we approximate wg(z) and wi(z) at Z= 29 % Again, we
compute the Taylor series expansion ofvy(z) at z = zg 20, and with this expansion,
we approximate wo(z) and wi(z) at z = zg %. After 220 steps, we obtainwg(0) =
0:81045660 andw3(0) = 0:16426746. We then continue this process along the ray
phz = % . After 220 steps in this direction, we arrive at z; = 11 exp(% i) with
Wo(z1) = (3:8675043 +33107321) 10°11.6

To compute C; from (7.1), we also needw;(z1) and w»(z1). These quantities can
be found by use of the expansions (1.16). Again with 11 termswe obtain w;(z;) =
( 8:2587430+ 48022021) 10°!. In comparison, w(z;) is negligible. Accordingly,
(7.1) yields

C; =0:17576723 + 050307920
and, hence, from (2.3), we obtain
15p 5i)C; =0:50940850 + 015647938

This agrees with the result given in the last two rows in Table 6.1, indicating that the
possible instability in integrating the di erential equat ion along the chosen path was
not realized.

A1 =exp(

6This procedure for the numerical integration of (6.1) is, of  course, the well-known Taylor series
method [2, x6.3]. We have used it simply for illustration; other methods could equally well be
employed.
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Figure 7.1. Paths for numerical integration (second method).

Another general and reasonably stable variant of the methodof numerical integra-
tion, and one that will extend more readily to di erential eq uations of higher order, is
as follows. As in Lemma 5.1, let again denote a constant that exceeds the radius of
convergence of each of the power series (1.2a), (1.2b). Aldet z; (j = k 1; k; k+1)
be a point in S; su ciently close to in nity to enable w; (z;) and WjO(Zj) to be com-
puted from (1.16a), (1.16b), their dierentiated forms, and ; = exp(i phz); see
Figure 7.1. Starting with the initial values w; (z;) and WjO(Zj ), we integrate inwards
along the ray phz = ph z to compute w; ( j) and wjo( j)forj =k 1, k5 k+1.
We then may computewi 1( k) and wi+1 ( ) by integrating along arcs of the circle
jzj = . (This will be stable provided that can be chosen to be su ciently small.)
Lastly, Cy is found from formula (7.1) with z; replaced by  throughout.

All of the entries in Tables 6.1 and 6.2 were recomputed by atéast one of the two
methods described in the present section, and numerical agement was satisfactory
in all cases. We would add that the computations needed in thee direct numerical
methods are considerably longer than those used in the asynmtic method described
in x4.

8. Summary and conclusions

In x1, we summarized the theory of the asymptotic solutions of tke form

R
E' e Z(Z)Z 2 E
s’ s’

s=0 z s=0 z
in which 1(z) and »(z) are polynomials, for linear second-order di erential equations
having an irregular singularity at z= 1 . In x2, we discussed the problem of nding
the linear identities that hold among any three asymptotic solutions of these types.
The coe cients in these identities are the so-called Stokesmultipliers. The case of a
singularity of rank unity was considered in x3, and asymptotic expansions ofas.; and
as.» for large s were supplied in series of inverse factorials. These expangs then may
be used to compute the Stokes multipliers quite simply.

el(z)z 1
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In x4, the corresponding asymptotic expansions oBs.1 and as.» for large s were
stated for a singularity of arbitrary rank r, and it was shown how to use the results to
compute the Stokes multipliers by solving two sets ofr simultaneous linear algebraic
equations. x5, is devoted to the proof of the asymptotic expansions of theoe cients
as.1 and ag;» stated in x4. Two numerical examples were furnished irx6, one for a
singularity of rank 3, the other for a system of two rst-order di erential equations
having a singularity of rank 2.

In X7, we described another method for calculating the Stokes nitipliers based
on procedures for direct numerical integration of the di erential equation. Potential
problems of numerical instability were outlined, together with ways of overcoming this
instability. The examples given in x6 were recomputed using this method.

Both methods we have described are very powerful, and both mabe capable of
extension to di erential equations, or systems of di erential equations, of order higher
than two.

Acknowledgments.  The authors are indebted to Professors D. A. Lutz and Y.
Sibuya for supplying several references and Professor B. L. Braaksma for helpful
discussions.
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