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Volterra integral equations with unknown delay time

Yuri Yatsenko

Abstract. Systems of Volterra integral equations with unknown lower l imits of
integration describe some models of developing economics. The integral equation
with unknown upper limit of integration arises in dual probl ems for optimal con-
trol by such models. The solvability of these equations is st udied in the present
paper.

1. Introduction

Volterra integral equations (VIE s) of the form

x(t) =
Z t

t � T
K (�; t; x (� ))d�; x (� ) 2 Rn ; (1)

are used extensively in the analysis of dynamical systems. The widening range of
applications recently has led to studying equations (1) whose delay is an unknown
function of time, i.e., T = T(t) > 0.

The integral equations examined below arise in the class of economic-mathematical
models with controlled liquidation (winding-up, eliminat ion) of obsolete production
units (PUs) [9{13] under technological change [5, 18]. Their main novelty is the
introduction of a new endogenous functionz(t) which is the time limit for the use
of production units, i.e., the units created before the time z(t) are not used at the
current time t. These models are described by the systems of nonlinear Volterra-type
equations (1) with unknown function z(t) = t � T (t) in the lower limit of integration.
Such VIE s fall among the equations with unknown deviating arguments (especially
with retarded ones). This paper deals with the theory of suchequations.

The paper is organized as follows. In Section 2, we prove su�cient conditions for
existence and uniqueness of the solutions of the system of two nonlinear VIE s with
one unknown lower limit of integration. In Sections 3 and 4, the analogous results
are established for a similar system of the �rst kind as well as for the system of 2n
VIE s with n unknown lower integral limits, n > 1. In Section 5, the integro-functional
equation of non-Volterra type with unknown upper integral l imit (with unknown fore-
stalling argument) is studied, and the existence, uniqueness, and asymptotics of its
solutions are investigated. It arises in the optimization problems for the VIE s consid-
ered here. Examples of exact solutions are given in all sections. In the last section,
we brie
y describe some applications of VIE s with unknown delay time.
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2. The investigation of VIE s with unknown lower limit of inte gration

If the variable lower limits of integration in VIE s are given functions, then the methods
for investigating such equations are analogous [16] to the well-developed methods for
ordinary VIE s [6, 7]. The presence of an unknown limit, if only one, in the VIE
determines the novelty of the research on the principal theoretical problems (existence,
uniqueness, stability of solutions, etc.) brought about by these equations [10{12, 22].

Let us consider the system of nonlinear Volterra integral equations in the unknown
x(t), where z(t); t 2 [t0; T ), t0 < T � 1 ,

x(t) =
Z t

z( t )
f (�; t; x (� ))d�; (2)

Z t

z( t )
' (�; t; x (� ))d� = p(t); (3)

with the initial conditions

z(t0) = z0 < t 0; x(� ) � x0(� ); � 2 (�1 ; t0]: (4)

In view of automatic control theory, the expressions (2){(3) represent the integral
model of a nonlinear dynamical system with entry x(t) and unknown delay duration
t � z(t).

Assume that the given functions f (�; t; x ), ' (�; t; x ), p(t), x0(� ) are continuous,
non-negative at � 2 (�1 ; T ), t 2 [t0; T ), x 2 [0; 1 ), and satisfy (2){(3) at t = t0.

Theorem 1. Assume
(1) f (�; t; x ) and ' (�; t; x ) are positive for � 2 (�1 ; T ), t 2 [t0; T ), x 2 (0; 1 );
(2) the integral

Rt 0

�1 ' (�; t; x 0(� ))d� diverges, t 2 [t0; T ); and
(3) f (�; t; x ), ' (�; t; x ), and p(t) satisfy the Lipschitz condition in x, t, and

f (�; t; x )=' (�; t; x ) is bounded,� 2 (�1 ; T ), t 2 [t0; T ); x 2 [0; 1 ).
Then the system of equations(2){(3) has a unique solutionx 2 C[t0; T ); z 2 C[t0; T ),
such that x(t) > 0 and z(t) < t .

Proof. The equations (2){(3) can be represented in the form

x(t) =
Z t

t 0

f (�; t; x (� ))d� +
Z t 0

z( t )
f (�; t; x 0(� ))d�; (5)

Z t 0

z( t )
' (�; t; x 0(� ))d� = p(t) �

Z t

t 0

' (�; t; x (� ))d� df== c(t); (6)

t 2 [t0; t1]; t1 � T , where the time t1 will be determined later. Introduce the functions

F (z; t) =
Z t 0

z
f (�; t; x 0(� ))d�; �( z; t) =

Z t 0

z
' (�; t; x 0(� ))) d�; (7)

which are de�ned for �1 < z � t0. Under the conditions of the theorem, �( z; t) is
strictly increasing in z and has the unique inverse (inz) � � 1(c; t), which is de�ned
for c 2 [0; 1 ). Let S(c; t) = F [� � 1(c; t); t]. If c(t) � 0, then one can determine the
unknown z from (6) sincez(t) = � � 1(c; t), and substitute it into (5). Thus, the system
of equations (5){(6) is equivalent to the nonlinear Volterr a integral equation

x(t) = Ax �
Z t

t 0

f (�; t; x (� ))d� + S
h
p(t) �

Z t

t 0

f
�
�; t; x (� )

�
d�; t

i
; (8)
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if c(t) � 0, i.e., if the condition

p(t) �
Z t

t 0

' (�; t; x (� ))d� (9)

is valid. Denote the set of continuous functionsf x(t); t 2 [t0; t1] : 0 � x(t) � x0(t0) +
d = D0; d = const > 0g by 
 d, and introduce the norm

kf k = max
�;t 2 [t 0 ;t 1 ]
x 2 [0;D 0 ]

jf (�; t; x )j

Condition (9) is ful�lled if x 2 
 d and

t1 � t0 � min
[t 0 ;t 1 ]

p(t)
k' k

(10)

(then p(t) � min [t 0 ;t 1 ] p(t) � k ' k(t1 � t0) �
Rt

t 0
' (�; t; x (� ))d� ).

The function S(c; t) satis�es a Lipschitz condition with constant

L s = max jf (�; t; x )=' (�; t; x )j:

Denote the Lipschitz constants of the functionsf (�; t; x ), ' (�; t; x ), and p(t) by L x
f ; L t

f ,
L x

' ; L t
' , and L p. It follows from the second condition of the theorem and (9) that

0 � t0 � z(t) � Cz , t 2 [t0; t1], where Cz is some constant.
We now estimate the di�erence x � (t) � x0(t0), x � = Ax . After a standard transfor-

mation, we �nd

x � (t) � x0(t0) �
�
kf k + L s(L p + k' k) + ( L t

f + L sL t
' )Cz

�
(t � t0)

df== CA (t � t0): (11)

Recalling that Ax � 0, we �nd that the operator A is invariant with respect to the
set 
 d � C [t0; t1] for

t1 � t0 �
d

CA
: (12)

Finally, it may be proved that

kAx 1 � Ax 2k[t 0 ;t 1 ] � (L x
f + L sL x

' )( t1 � t0)kx1 � x2k[t 0 ;t 1 ]

is valid for x1; x2 2 
 d. Hence, the operatorA is contracting provided that

t1 � t0 <
1

L x
f + L sL x

'
: (13)

Choose the timet1 such that the inequalities (10), (12), and (13) are ful�lled . Then
the equation (8) and system (5){(6) have a unique solutionx 2 C[t0; t1] by virtue of
the Contraction Mapping Principle [7]. Furthermore, x(t) � 0, t 2 [t0; t1]; in view of
the positiveness of the functionS in (8). The unique solution z(t) < t 0, t 2 [t0; t1], is
determined by (6).

Since we now may takex(t) = x0(� ) to be given on (�1 ; t1], we prove the existence
and uniqueness of the solutionx(t), t 2 [t1; t2], t1 < t 2 < T , etc. We shall show
that any �nite interval [ t0; T1], T1 < T , may be gone through by a �nite number
of steps t i +1 � t i determined by the inequalities (10), (12), and (13). Indeed, the
constant � 1 = 1 =(L x

f + L sL x
' ) in the right-hand side of (13) is the same for all intervals

[t i ; t i +1 ]. Next, in view of the second condition of the theorem, it follows from (5){(6)
that the constant Cz may be chosen asCz = max [t 0 ;T 1 ] � � 1(max[t 0 ;T 1 ] p(t); t) + t0,
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independent of the interval number i . Hence, the constant� 2 = d=CA in (12) also
may be chosen independent ofi . Finally, if we take k' k as the norm for �; t 2 [t0; T1],
then the constant � 3 = min [t 0 ;T 1 ] p(t)=k' k does not depend oni . Thus, t i +1 � t i � � =
min( � 1; � 2; � 3) for any i ; hence, the unique solutionx(t) exists on any �nite interval
[t0; T1], T1 < T .

Thus, the theorem is proved.

Remark 1. When studying the problems of optimal control by equations of the form
(2){(3), it often is required to study wider classes of functions f and ' measurable
with respect to � [10{12], but the result of Theorem 1 holds true [22].

Example 1. Let f (�; t; x ) = b0ec0 ( � � t )xd0 , ' (�; t; x ) = b1ec1 ( � � t ) xd1 , 0 < d i < 1,
bi ; ci > 0, i = 0 ; 1 (the so-called Cobb-Douglas production functions with exponential
technological change and exponential decay [5, 13, 18]),p(�) � p, x0(�) � x0, z(t0) =
t0 � D , where the constantsp, D , and x0 satisfy the system of nonlinear equations

1 � e� c0 D =
c0x1� d0

0

b0
;

1 � e� c1 D =
c1px� d1

0

b1
:

Then the solution of equations (2){(3) is

z(t) � t � D; x (t) � x0; t 2 [t0; T );

When c0; c1 � 1; D = [( p=b1)1� d0 b� d1
0 ]1=(1 � d0 + d1 ) + o(c0; c1),

x0 =
� pb0

b1

� 1=(1 � d0 + d1 )
+ o(c0; c1):

In applied problems, the prehistory x0(� ) of the processx(t) is usually given for
some bounded interval [� 0; t0]; �1 < � 0 < t 0. Then, in view of Theorem 1, the
solution of equations (2){(3) can cease to exist. The following theorem provides the
conditions under which the valuez(t) belongs to the interval [� 0; t]; hence, the solution
(x(�); z(�)) exists.

Theorem 2. If the conditions of Theorem 1 are ful�lled, the functions f (�; t; x ) and
' (�; t; x ) are di�erentiable with respect to x, then � 0 � z(t) � t, t 2 [t0; T ), if and only
if

p(t) � p(t) =
Z t

� 0

' (�; t; x(� ))d�: (14)

where x is determined by the equation

x(t) =
Z t

t 0

f (�; t; x(� ))d� +
Z t 0

� 0

f (�; t; x 0(� ))d�: (15)

In this case, x(t) � x(t); t 2 [t0; T ).

Proof. Varying the system (2){(3), we obtain the system of linear integral Volterra
equations with respect to the variations �x (t); �z (t); �p (t), t 2 [t0; T ), of the unknown
solutionsx(�); z(�), and the given function p(�). Using well-known properties of Volterra
operators [7], we obtain from this system that �x (�) � 0 and �z (�) � 0 for �p (�) � 0.
In the case of the functionp(�) given by (15), this implies the required assertion. The
theorem is proved.
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The existence and uniqueness of solutions of nonlinear integral equations distinct
from (10){(12) with the unknowns in the limits of integratio n are studied in [14].

3. The VIE s of the �rst kind with unknown limit of integration

Let us consider the system of VIE s of the �rst kind in the unknowns y(t); z(t); t 2
[t0; T ); t0 < T � 1 ,

Z t

z( t )
' (�; t; y (� ))d� = p(t); (16)

Z t

z( t )
 (�; t; y (� ))d� = q(t); (17)

with the initial conditions

z(t0) = z0 < t 0; y(� ) � y0(� ); � 2 (�1 ; t0]: (18)

Suppose that the given functions' (�; t; y ),  (�; t; y ), p(t), q(t), and y0(� ) are con-
tinuously di�erentiable with respect to t and y, Lipschitz continuous with respect to
� , positive, and satisfy (16){(18) at t = t0.

Theorem 3. Assume

(1) ' 0
t ;  0

t ; p0; q0 satisfy Lipschitz conditions in y and t, � 2 (�1 ; T ), t 2 [t0; T ),
y 2 [0; 1 );

(2)
Rt 0

�1 ' (�; t; y 0(� ))d� and
Rt 0

�1  (�; t; y 0(� ))d� diverge, t 2 [t0; T );
(3) ' 0

t (�; t; y )=' (�; t; y ) and  0
t (�; t; y )=' (�; t; y ) are bounded, � 2 (�1 ; T ), t 2

[t0; T ), y 2 [0; 1 );
(4) the inequality ' 0

y (t; t; x ) >  0
y (t; t; x )k(�; t; y ) holds where

k(�; t; y ) = ' (�; t; y )= (�; t; y ); � 2 (�1 ; T ); t 2 [t0; T ); x; y 2 [0; 1 );

(5) for u < � < t , the inequalities ' 0
t (�; t; x ) <  0

t (�; t; x )k(u; t; y ) and p0(t) >
q0(t)k(�; t; y ) hold, u; � 2 (�1 ; T ), t 2 [t0; T ), x; y 2 [0; 1 ); and

(6) ' (t; t; 0) � 	( t; t; 0)k(�; t; y ), � 2 (�1 ; T ), t 2 [t0; T ), y 2 [0; 1 ).

Then the system of equations(16){(17) has the unique solutiony 2 C[t0; T ), z 2
C[t0; T ), such that y > 0 and z(t) < t .

Proof. By di�erentiating (16){(17) and eliminating z0(t), we obtain an integral equa-
tion of the second kind,


( y(t); z(t); t) =
Z t

z( t )
� (y(� ); z(t); �; t )d� + R(z(t); t); (19)

t 2 [t0; t1]; t1 satis�es (10), where


( y; z; t) = ' (t; t; y ) (z; t; y0(z)) �  (t; t; y )' (z; t; y0(z)) ;

� (y; z; �; t ) =  0
t (�; t; y )' (z; t; y0(z)) � ' 0

t (�; t; y ) (z; t; y0(z)) ;

R(z; t) = p0(t) (z; t; y0(z)) � q0(t)' (z; t; y0(z)) :

Equation (19) and one of the equations (16){(17) form a system of nonlinear equa-
tions which is analogous to the system (2){(3). In view of the fourth condition of the
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theorem, the function 
 has the inverse function 
 � 1 in y and, thus,

y(t) = 
 � 1
hZ t

z( t )
� (y(� ); z(t); �; t )d� + R(z(t); t); t

i
: (20)

Reasoning as in the proof of Theorem 1, we reduce the system (2), (20) on the
interval [ t0; t1], t1 � T , to one nonlinear Volterra equation which is solvable because
of the Contraction Mapping Principle and the �rst three cond itions of the theorem.
The �fth condition ensures positiveness of the right-hand side of equation (19), whence,
in view of the last condition, positiveness ofy(�) follows. The theorem is proved.

The fourth and �fth conditions of Theorem 3 seem to be very restrictive, but they
are valid in many cases. For example, in the two-sector integral model of economic
renovation [22, 24], ' (�; t; y ) = � (�; t )y;  (�; t; y ) = � (�; t )[1 � y]; hence, the fourth
condition holds true for all �; � > 0.

Another important case arises whenk(�; t; y ) does not depend ony. Then the
mentioned conditions are more easily veri�ed; in particular, the �fth one leads to the
inequality

' 0
t (�; t; y )

 0
t (�; t; y )

< k (u; t ) <
p0(t)
q0(t)

if  0
t ; q0 > 0:

Example 2. Let ' (�; t; y ) = c�y d, c > 0, 0 < d < 1,  (�; t; y ) = yd; p(t) = ct � cD=2,
q(�) � 1, y0(�) � y0, z(t0) = t0 � D whereD = y� d

0 . Then the solution of the equations
(16){(17) is

z(t) � t � D; y (t) � y0; t 2 [t0; T ):

It should be noted that Theorem 3 represents one version of the su�cient conditions
for the existence and uniqueness of the solution for the equations (16){(17). The
derivation of the necessary and su�cient conditions runs into great di�culties.

4. VIE s with several unknown lower limits of integration

We shall restrict ourselves to the system of 2n VIE s of the second kind with linear
integrands in the unknowns given byx1(t); : : : ; xn (t); z1(t); : : : ; zn (t), t 2 [t0; T ), t0 <
T � 1 ,

x i (t) =
nX

j =1

Z t

z j ( t )
K ij (�; t )x j (� )d�; (21)

nX

j =1

Z t

z j ( t )
Qij (�; t )x j (� )d� = pi (t); i = 1 ; : : : ; n; (22)

with the initial conditions

zj (t0) = z0
j < t 0; x j (� ) � x0

j (� ); � 2 (�1 ; t0]; j = 1 ; : : : ; n: (23)

In contrast to the previous cases, the positiveness of the given functions proved
insu�cient for the inequalities zj (t) < t to hold when severalzj (t) are sought, and
therefore more restrictive relations betweenpj (t) and Qij (�; t ) are required. Let us
illustrate these for the case with a triangular matrix f Qij g.

Theorem 4. Assume
(1) the functions K ij (�; t ), pi (t), x0

i (� ), Qii (�; t ) are positive, Qik (�; t ) � 0 for k <
i; Q ik (�; t ) = 0 for k > i; � 2 (�1 ; T ), t 2 [t0; T );
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(2) K ij (�; t ), Qij (�; t ), pi (t), x0
i (� ) are continuous with respect to� and satisfy a

Lipschitz condition in t, i; j = 1 ; : : : ; n, � 2 (�1 ; T ), t 2 [t0; T );
(3) the integrals

Rt 0

�1 Qii (�; t )x i
0(� )d� diverge, i = 1 ; : : : ; n, t 2 [t0; T ); and

(4) for each i = 1 ; : : : ; n � 1 the inequality pi +1 (t)=pi (t) > Q i +1 i (u1; t)=Qii (u1; t) �
Qi +1 i � 1(u2; t)=Qii � 1(u2; t) � � � � � Qi +1 i (ui ; t)=Qi 1(ui ; t) is ful�lled at u1;
u2; : : : ; ui 2 R; � 2 (�1 ; T ), t 2 [t0; T ).

Then the system(21){(23) has the unique solutionx i ; zi 2 C[t0; T ), i = 1 ; : : : ; n, such
that x i (t) > 0 and zi (t) < t .

Proof. The proof is analogous to that of Theorem 1. The �rst and third conditions of
the theorem ensure that the equations (22) have a unique solution zi (�), i = 1 ; : : : ; n,
at the given x i (t) > 0, i = 1 ; : : : ; n. The last condition assures that zi (t) < t ,
t 2 [t0; T ).

Example 3. Let K ij (�; t ) = bij ecij ( � � t ) , Qii (�; t ) = � i e
 i ( � � t ) , Qij (�; t ) � 0 at i 6= j ,
bij ; cij ; � i ; 
 i > 0, pi (�) � pi , x0

j (�) � x0
j , zi (t0) = t0 � D i , i; j = 1 ; : : : ; n, where the

constants pi , D i , and x0
i satisfy the system of 2n nonlinear equations

x0
i =

X

j

bij (1 � e� cij D j )
cij

x0
j ;

pi =
x0

i � i (1 � e� 
 i D i )

 i

; i = 1 ; : : : ; n:

Then the solution of the equations (21){(23) is

zi (t) � t � D i ; x i (t) � x0
i ; i = 1 ; : : : ; n; t 2 [t0; T ):

If cij ; 
 i � 1, then

D i =
pi

� P
j bij pj =� j

� � 1

� i
+ o(cij ; 
 i );

x0
i =

X

j

bij pj

� j
+ o(cij ; 
 i ); i = 1 ; : : : ; n:

5. Analysis of integral-functional equation with
unknown upper limit of integration

Optimal control problems usually evoke great interest among those engaged in eco-
nomic-mathematical simulation [8, 15], which is displayedby investigations into the
class of VIE s under discussion [10{12, 22]. When we researched the optimal control
problems using the VIE s considered here the integral-functional equation of non-
Volterra type for the unknown function z(t); t 2 [t0; 1 ),

Z z � 1 ( t )

t
� (� )

�
� (t; � ) � � (z(� ); tau)

�
d� = � (t)
 (t); (24)

arises [2, 12, 22, 24] wherez� 1(�) is the inverse function of z(�).
This equation plays an important role in the qualitative ana lysis of the solutions

of optimal control problems. It has a clear economic interpretation, namely, the left-
hand side of (24) describes a rollover estimate of e�ciency| the incremental output
produced by one new capacity unit (CU) during its unknown future lifetime [t; z � 1(t)],
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compared with the output of the oldest existing CU. In view of (24), this value must
be equal to the cost
 (t) of a new CU. The function t � z(t) is the optimal lifetime of
CUs.

In accordance with the economic interpretation of (24), we shall restrict ourselves
to the case of monotone continuously di�erentiable solutionsz(t): z(t) < t , t 2 [t0; 1 ).
The study of (24) is carried out in analogy to that in the case � � 1 [22].

Suppose the� (t) = e� dt , d > 0, � (�; t ) � � (� ). The functions � (� ); 
 (t) are twice
di�erentiable and � > 0. Under these conditions, (24) is of the form

Z z � 1 ( t )

t
[� (t) � � (z(� ))]e� d� d� = e� dt 
 (t): (25)

By di�erentiating (25), we obtain the recurrence relation

� (z(t)) � � (t) + � (t)
1 � e� d(z � 1 ( t ) � t )

d
= 
 (t) � d
 (t); (26)

which connects the valuesz(t) and z� 1(t).
We will analyze the conditions for given functions � and 
 under which (25) can

have a solution with z0 < z (t) < t , z0(t) < 0. Supposez(u) � z(t), u > t . Then
z� 1(u) = 1 , u > z � 1(t), and � (z(t)) � � (t) = d
 (t) follows from (26). Thus, for the
solution z(t), z0(t) > 0, to exist, it is necessary that � (z(t)) � � (t) > d
 (t). Let


 (t)
� (t)

�!
t !1

0: (27)

Then z(t) can tend to 1 when t ! 1 . Suppose that the condition (27) is satis�ed in
the following.

Lemma 1. Let equation (25) have a solutionz 2 C1[t0; T ] and another solution z +
�z 2 C1[t0; T ], �z (t) = o(z(t)) , which is close to the �rst. If z0(z� 1(t)) < L (z(t)) where

L (z) = e� d(z � 1 ( t ) � t ) � (t)
� (z(t))

; (28)

then j�z (t)j > j�z (z� 1(t)) j (the variation �z (t) of z(t) is decreasing) and conversely.
And if z0(z� 1(t)) <

p
L (z(t)) , then j�z 0(t)j > j�z 0(z� 1(t)) j (the variation �z 0(t) of the

derivative z0(t) is decreasing) and conversely.

Proof. The proof of Lemma 1 in the cased = 0 was shown in [22]. In the general case,
the proof proceeds in a similar way and is based upon varying (25) with respect to
z(�), varying (26) with respect to z0(�), and the use of the equality

�z � 1(t) =
�z (z� 1(t))
z(z� 1(t))

+ o
�
�z � 1(t)

�
:

Lemma 1 allows us to show the existence and the uniqueness of the solution of
equation (25) on the unbounded interval [t0; 1 ) in some cases as well as the asymptotic
behavior of solutions for bounded intervals [t0; T ], T � t0 � 1.

In [22], when d = 0, it was shown that for existence of a continuous solutions
z(t), t 2 [t0; T ], T � t0, of (25), the given functions � (�); 
 (�), and the solution z(�)
themselves must satisfy rather strong conditions, and thissolution was constructed
in the cases of exponential, power, and logarithmic functions � (� ). We shall restrict
ourselves to the following cases.
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Theorem 5. Let � (� ) = c1� + c2, 
 (t) = 
 � const, c1; 
 > 0. Then (25) has the
unique solution ~z(t) = t � A, t 2 [t0; 1 ), and some set of solutionsz(t), z0(t) > 0, for
any interval [t0; T ]. In the case whereT ! 1 , all solutions z(�) approach the solution
~z(�). The constant A is determined by the nonlinear equation

A �
1 � e� dA

d
= �

d

c1

; (29)

(A �=
p

2
=c 1 + o(d), when d � 1).

Proof. It is easily veri�ed that (25) has the solution ~z(t) = t � A for the in�nite interval
[t0; 1 ) where the constantA is determined by (29). This fact can be checked directly.
We shall show that this solution is unique. Indeed, in this case L(z) = e� dA < 1.
Thus, if z0(� ) 6= 1 and z0(� ) >

p
e� dA at some point � > t 0, then according to

Lemma 1, this results in increasingj�z 0(t)j and j�z (t)j when t ! 1 , violating the
condition z0(t) > 0 and, hence, yields the discontinuities ofz� 1(t). The continuous
solution z(t), t 2 [t0; z� 1(t0)], such that z0(t) <

p
e� dA cannot be constructed. For

this reason, the unique continuous solution of (25) for the interval [t0; 1 ) is of the
form z(t) = t � A.

Let us construct the solutions of (25) for some interval [t0; T ], T � t0. We may
construct some continuously di�erentiable function z(t) < t , z0(t) >

p
e� dA > e � dA ,

t 2 [z(T); T ], which satis�es (25) and (26) at t = z(T). The construction of such a
function can be done in more than one way. Continuingz(t) recursively from the right
to the left by means of the formula (26), we get, in view of Lemma 1, some solution
z(t) < t , z0(t) > 0 on the entire interval [t0; T ]. At the same time, any solution z(t),
t 2 [t0; T ], of (25) tends to ~z(�) for T ! 1 , in view of Lemma 1. The theorem is
proved.

Example 4. Let � (� ) = � , t0 = 1, 
 = 1, d = 0 :01. Then A �
p

2 and the solution
of (25) is ~z(t) = t � A, t 2 [1; 1 ).

Theorem 6. Let � (� ) = ec� , 
 (t) = best , c; b > 0, s < c < d . Then (25) has some
set of solutions z(t), z0(t) > 0, for any interval [t0; T ]. In the case whereT ! 1 ,
all these solutions tend to the unique solution~z(t), ~z0(t) > 0, of (25) on the interval
[t0; 1 ).

For s < c, t � ~z(t) ! 0 as t ! 1 , and ~z(t) � t � B at s = c, where the constantB
is determined by the nonlinear equation

ce� dB � de� cB = ( bd� 1)(d � c) (30)

(B �=
p

2b=c+ o(d), when d � 1).

Proof. When s = c, substituting z(t) � t � B into (25) readily shows that z(t) is a
solution of (25), and we get (30) for de�ning B . In this case, L (z) = e(c� d)B is less
than 1.

When s < c < d , according to (26), we have �( t) = t � z(t) ! 0 for t ! 1 .
Let us study the limiting behavior of the function �( t) when t ! 1 (and j�( t)j is
small). Let the time t1 be �xed. Denote �( t1) = � 1, �( z� 1(t1)) = � 2, and let
�( t) = � 1 + "(t � t1) + o(� 2

1). Then B = 1 � � 1=� 2. Substituting �( t) into (25) and
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calculating the integral, we get

1 � e� d� 2

d
+

1
d � c� 1=� 2

(e� d� 2 � e� c� 1 ) + o(� 2
1) = be(s� c) t : (31)

Using expansions of the left-hand side functions, we obtainthe equation

c� 1� 2

2
+ o(� 2

1) = be(s� c) t ;

which when substituted into (31) leads to a relation between� 1 and � 2

d� 2
2 � � 2(2 + ( d � s))� 1 + 2� 1 � c� 2

1 + o(� 2
1) = 0 :

A further study of the solution of this equation shows that � 2 = � 1 + o(�). Thus,
when t ! 1 , �( z� 1(t))=�( t) ! 1, and

L(z) = e� d�( z � 1 ( t )+ c�( t )) = e� d� 2 + c� 1 ! e� (d� c)� 1 + o(� 1 ) < 1:

Now we may construct the solution of (25) in the same manner asin the previous
case. If z0(z� 1(t)) > L (z(t)) >

p
L (z(t)) for any time t, then j�z (t)j < j�z (z� 1(t)) j

and j�z 0(t)j < j�z 0(z� 1(t)) j because of Lemma 1. For this reason, we choose some
time T � t0 and construct the continuously di�erentiable function z(t) < t , z0(t) >p

L (z) � L (z), t 2 [T; z� 1(T )], which satis�es (25) and (26) at t = T . Because of
Lemma 1, continuing z(t) recursively from the right to the left by means of formula
(26), we get some solutionz(t) < t , z0(t) > 0 for the entire interval [ t0; z� 1(T )]. We
shall obtain the solution ~z 2 C1[t0; 1 ) of (25) if we let T tend to 1 . In so doing, any
solution of (25) satis�es z(t) ! ~z(t) when T; T � t ! 1 . The theorem is proved.

In applications, the importance of (24) consists in the �nding of some \e�ective"
trajectories (so-called turnpike trajectories [8, 15]) which are close to the solution of the
optimization problem and have simpler structure. The turnpike theorems are among
the most important in mathematical economics. The essence of turnpike properties is
the statement that for long planned intervals, the optimal t rajectory approaches the
turnpike one, which is independent of the interval length and the optimization crite-
rion. By means of the VIE s with unknown delay time consideredhere, the di�erent
turnpike theorems (in normal, strong, and strongest forms)have been established in
[22, 24] for optimal trajectories z(�) of the economic system renovation (for the optimal
capacity service periods).

In this connection, the study of general properties of turnpike trajectories de�ned
by (24), if they exist, is useful. For this purpose, we represent the function � in the
form � (�; t ) = � 1(� )� 2(t) and emphasize the following four indicators� 0

1(� ); � 2(t); 
 (t),
and � (t) which determine the behavior of turnpike trajectories ~a(�).

Theorem 7. Assume that� 0
1(� ) or � 2(t) or � (t) are increasing or that 
 (t) is decreas-

ing, the other three indicators are constant, and there exists a solution ~z(t), ~z0(t) > 0,
t 2 [t0; 1 ), of (24). Then the function t � ~z(t) decreases ast ! 1 and conversely.
If all four indicators are constant, then t � ~z(t) � const; t0 � t < 1 .

Proof. The proof follows from the analysis of the properties of the (24) and its deriv-
ative.
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6. Some applications of VIE s with unknown delay time

The necessity to apply integral equations in mathematical economics comes while
considering the heterogeneity of economic factors such as �xed assets, production
capacities, industrial equipment, labor force, etc. Such models take into account the
materialized technological change [5, 18], which implies that new means of production
are more e�cient.

The macroeconomic models based on the above VIE s [9{13, 22] allow the investiga-
tion of the rational rates of technology renovation and dynamics of capacity lifetime.
These problems are considered in correlation with other economic aspects (the pres-
ence of resources, production e�ciency criteria, technological change rates, etc.).

These VIE s have other applications, which di�er from macroeconomics. For exam-
ple, they can describe the problems of equipment replacement in production systems
[4, 17]. The important problem of replacement models is to �nd the optimal time
interval T of replacement or repair [17]. For this purpose, the VIE s considered here
make it possible to determine optimalT as a dynamic function T(t).

More generally, the VIE s with unknown delay time describe the models similar to
those used in renewal theory [1, 20]. This theory arose from the study of so-called
random \self-renewing" processes and has been a bright example of the importance
of applying integral equations. The basic renewal equationis the linear VIE (1) with
respect to the unknown x(�). Compared with renewal models, the VIE s considered
here permit the investigation of essentially non-stationary processes with the variable
renewal intervals [z(t); t].

Similar integral models also arise in mathematical ecology, when the in
uence of the
age structure and process prehistory upon population dynamics (hereditary e�ects)
is considered ([3, 19, 21, 23] and others). For such problems, VIE s with unknown
delay time may hold considerable promise. They incorporatea variable limiting age
of individuals, a variation in the intensity of dying o� and m igration, etc.

Acknowledgment. The author expresses gratitude to the reviewer for his careful
analysis of the manuscript and the useful notes which assisted in signi�cant improve-
ment of the paper.
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