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COMPLEX ZERO DECREASING SEQUENCES

Thomas Craven and George Csordas

ABSTRACT. The purpose of this paper is to investigate the real sequences o, v1,
Y2, ... with the property that if p(z) = >"7_, apxk is any real polynomial, then
ZZ:O ~rapz® has no more nonreal zeros than p(z). In particular, the authors
establish a converse to a classical theorem of Laguerre.

1. Introduction and background information

In the theory of distribution of zeros of polynomials, the following open problem is
of central interest. Let D be a subset of the complex plane. Characterize the linear
transformations T carrying polynomials into polynomials such that if p is a polynomial
(either arbitrary or restricted to a certain class of polynomials), then the polynomial
T[p] has at least as many zeros in D as p has zeros in D. There is an analogous
problem for transcendental entire functions. (For related questions and results, see,
for example, [2], [9], [13, Ch. 2,4], [14], [15, Ch. 7], [18, Ch. 3-5], and [20, Ch. 1-
2].) In the classical setting (D = R), the problem (solved by Pélya and Schur [24])
is to characterize all real sequences T = {74}, € R such that if a polynomial
p(x) = > p_, ara® has only real zeros, then the polynomial

Tlp(x)] = TLZ_O%:U]“} = kz_omcakxk, (1.1)

also has only real zeros (see (1.4) and (1.5) below). The purpose of this paper is
to attack the following more general problem. Characterize all real sequences T' =
{7}720, 7k € R such that if p(x) is any real polynomial, then

Ze(Tp(2)]) < Ze(p(x)) (1.2)
where Z.(p(x)) denotes the number of nonreal zeros of p(z), counting multiplicities.

In order to facilitate the description of our results, we will first recall some definitions
and terminology and review some facts that will be needed in the sequel.

Definition 1.1. A real entire function ¢(z) = > poy%z*/k! is said to be in the
Laguerre-Pdlya class, ¢(x) € L-P, if ¢(x) can be expressed in the form

_ eaneont oo T (1 i) T 1.3

b(z) = came [[(1+7)e ™ (1.3)
where ¢, 8,z € R, ¢ # 0, @ > 0, n is a nonnegative integer, and Y -, 1/23 < oo. If
—00 < a < b<ooandif ¢(z) € L-P has all its zeros in (a, b) (or [a, b]), then we will use
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the notation ¢ € L-P(a,b) (or ¢ € L-P[a,b]). If 7 > 0 (or (—=1)*y, > 0 or —y; > 0)
forall k =0,1,2,..., then ¢ € L-P is said to be of type I in the Laguerre-Pdlya class,
and we will write ¢ € L-PI.

In order to clarify the above terminology, we remark that if ¢ € £-PI, then ¢ €
L-P(—00,0] or ¢ € L-P[0,00), but that an entire function in £-P(—o0,0] need not
belong to £-PI. (Indeed, if ¢(x) = ﬁ where I'(z) denotes the gamma function, then
o(x) € L-P(—00,0], but ¢(x) ¢ L-PI. This can be seen, for example, by looking at
the Taylor coefficients of ¢(x) = ﬁ)

Definition 1.2. A sequence T' = {7}, of real numbers is called a multiplier se-
quence if, whenever the real polynomial p(z) = > ,_, axz”® has only real zeros, the

polynomial T[p(z)] = > _, vkarz” also has only real zeros.

The following are well-known characterizations of multiplier sequences (cf. [20,
pp. 29-47], [23, pp. 100-124], or [24]). A sequence T = {7 }32, is a multiplier
sequence if and only if

d(z) = T[e"] == i %x’“ € L-PL (1.4)
k=0

Moreover, the algebraic characterization of multiplier sequences asserts that a se-
quence T' = {}32, is a multiplier sequence if and only if

gn(x) =Y <T,">7ja:j € L-PI foralln=1,2,3,.... (1.5)
i=o

The polynomials g, (x) are called the Jensen polynomials associated with the entire
function ¢(z) defined by (1.4).

Definition 1.3. We say that a sequence {7 }2, is a complez zero decreasing sequence
(CZDS) if

ZC<§7kakxk) < ZC(kZ:)akxk> (1.6)

for any real polynomial > ,_,axz”. (The acronym CZDS also will be used in the
plural.)

Now it follows from (1.6) that any complex zero decreasing sequence is also a multi-
plier sequence. If T' = {7, }7°, is a sequence of nonzero real numbers, then inequality
(1.6) is equivalent to the statement that for any polynomial p(z) = >_,_, axa®, T'p]
has at least as many real zeros as p has. There are, however, CZDS which have zero
terms (cf. Section 3); consequently, it may happen that degT[p] < degp. When
counting the real zeros of p, the number generally increases with the application of T’
but, in fact, may decrease due to a decrease in the degree of the polynomial. For this
reason, we count nonreal zeros rather than real ones. The existence of a nontrivial
CZDS is a consequence of the following theorem proved by Laguerre and extended by
Pdlya (see Pélya [22] or [23, pp. 314-321]). We remark that part (2) follows from (1)
by a limiting argument.
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Theorem 1.4. (Laguerre [20, Satz 3.2]) (1) Let f(z) = >, _,axz® be an arbitrary
real polynomial of degree n and let h(x) be a polynomial with only real zeros, none of
which lie in the interval (0,n). Then Zo( > p_o h(k)ara®) < Z.(f(z)).

(2) Let f(z) =Y p_o axx® be an arbitrary real polynomial of degree n, let ¢ € L-P,
and suppose that none of the zeros of ¢ lie in the interval (0,n). Then the inequality
Zo( S0y 6(kara®) < Zo(f(x)) holds

(3) Let ¢ € L-P(—00,0]. Then the sequence {p(k)}72, is a complex zero decreasing
sequence.

One of the main results of this paper (see Theorem 2.13) is the converse of Theorem
1.4 in the case that ¢ is a polynomial. The converse fails, in general, for transcendental
entire functions. Indeed, if p(x) is a polynomial in £-P(—o00,0), then ﬁ +p(x) and
sin(mx) 4+ p(x) are transcendental entire functions which generate the same sequence
{p(k)}72, but they are not in L-P.

For several analogues and extensions of Theorem 1.4, we refer the reader to Karlin
[15, pp. 379-383], Marden [18, pp. 60-74], Obreschkoff [20, pp. 6-8, 42-47], and Weis-
ner [27]. A sequence {~;}72, which can be interpolated by a function ¢ € £-P(—o0,0),
that is, ¢(k) = v, for k =0,1,2, ..., will be called a Laguerre multiplier sequence or a
Laguerre sequence. It follows from Theorem 1.4 that Laguerre sequences are multiplier
sequences. The reciprocals of Laguerre sequences are examples of sequences which are
known as A-sequences in the literature (cf. Iliev [13, Ch. 4] or Kostova [16]) and are
defined as follows.

Definition 1.5. A sequence of nonzero real numbers, A = {A;}72, is called a A-
sequence if

Alp(x)] = A[Z akxk} = Z Ararz® >0 for all z € R (1.7
k=0 k=0

whenever p(z) = >_;_,ara® > 0 for all z € R.

Remark 1.6. We remark that if A is a sequence of nonzero real numbers, and if
Ale™] is an entire function, then a mnecessary condition for A to be a A-sequence
is that Ale~*] > 0 for all real z. (Indeed, if Ale”*] < 0 for z = x¢, then continuity
considerations show that there is a positive integer n such that A[(1—z/2n)?"+1/n] <
0 for x = xg.)

In [13, Ch. 4] (see also [16]), it was pointed out by Iliev that A-sequences are precisely
the positive definite sequences (see Theorem 1.7(2) below). There are several known
characterizations of positive definite sequences (see, for example, [19, Ch. 8] and [29,
Ch. 3]), which we include here for the reader’s convenience.

Theorem 1.7. Let A = {\;}72, be a sequence of nonzero real numbers, then the
following are equivalent.

(1) A is a A-sequence.
(2) (Positive Definite Sequences [29, p. 132]) For any polynomial p(z) = > p_, arz®,
p not identically zero, the relation p(x) > 0 for all x € R implies that

Alp](1) = i Akag > 0.
k=0
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(3) (Determinant Criterion [29, p. 134])

NooM A
A1 A2 o A

det(M\irj) = | . ) ) >0 form=0,1,2,.... (1.8)
/\n )\n-i-l et )\211

(4) (The Hamburger Moment Problem [29, p. 134]) There exists a nondecreasing
function p(t) with infinitely many points of increase such that

An = / t"du(t) forn=0,1,2,.... (1.9)

— 00
The importance of A-sequences in our investigation stems from the fact that a
necessary condition for a sequence T = {y;}72,, 7 > 0, to be a CZDS is that
the sequence of reciprocals A = {%k}zozo be a A-sequence. Thus, for example, the

reciprocal of a Laguerre multiplier sequence is a A-sequence. As our next example
shows, there are multiplier sequences whose reciprocals are not A-sequences.

Example 1.8. Let 7= {1+ k + k?}3°,. Then by (1.4), T is a multiplier sequence,

since
oo

14+ k+k?
(1+2)%" = Z %Ik € L-PL
k=0 '

Next, let A = {\e}32, = {w}g‘;o Then a calculation shows that det(A;y;),
(4, =0,...,3), is

1 1 1
L 3 7 %
1 1 1 1
LU R S 55936
3 7 13 21 _8
=P 19739...x 1078
111 1 2833723113403 %
7 13 21 31
11 1 1
13 2 31 43

~— =

Therefore, by (1.8), we conclude that A is not a A-sequence, and, a fortiori, the
multiplier sequence T is not a CZDS. It also is instructive to exhibit a concrete example
for which inequality (1.2) fails. To this end, we set p(z) = (z + 1)%(2? + o + ).
Then a calculation shows that

1
Tp(z)] = 5@+ 1)*(7302* + 7852° + 30622 + 43z + 2).

It now can be verified that Z.(T'[p(z)]) =4 £ Z.(p(z)) = 2, and hence it again follows
that the multiplier sequence T is not a CZDS.

It should be said that the present paper supersedes our papers (cf. [4]-[8]) in which
we claimed that all multiplier sequences are complex zero decreasing sequences. Unfor-
tunately, our investigations were vitiated by our oversight that some of the theorems
of our previous papers are incorrect. Piecemeal correction is not the purpose of this
paper, and perhaps, at this distance of time, it is hardly desirable. The recognition of
this mistake, however, has led us to develop afresh the arguments from a different point
of view which has enabled us, in particular, to characterize completely those CZDS
which can be interpolated by polynomials (see Theorem 2.13 of Section 2). In Section
3, we establish the existence of CZDS which have only a finite number of nonzero terms
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(Theorem 3.1 and Proposition 3.5), and we prove that for certain functions ¢ € L-P,
but ¢ ¢ L-PI, the sequence {¢(k)}72, is a CZDS (Corollary 3.3). In Section 4, we
establish the existence of a class of CZDS, {71}, for which the sequence {gx(¢)72,}
is a CZDS for all t > 7, where gi(t) = Z?:o (];)vjtj (see Corollary 4.7). To this end,
we first prove a generalization of a classical theorem of Hutchinson [12] (Theorem 4.3
below). This result leads us to consider multiplier sequences which are rapidly de-
creasing but which, in general, cannot be interpolated by functions ¢ € L-P(—00,0).
We also prove (see Section 5) that there are sequences for which g (t) = Z?:o (;“) vt
is a CZDS for each fixed ¢ > 0 (Lemma 5.3). In particular, Lemma 5.3 shows the
existence of a nontrivial class of CZDS, {vx}72,, for which the following geometric
result is valid. Suppose that the polynomial f(z) = Y;_,axz”/k! € Rz], a, # 0,
has exactly 7 real zeros, counting multiplicities. Let F(z,y) := > p_, vez® fF (y)/k!.
Then the curve F(z,y) = 0 intersects each line y = x/s, s > 0, in at least r (real)
points (Theorem 5.4).

2. Polynomials which interpolate complex zero decreasing sequences

The main theorem of this section (see Theorem 2.13 below) characterizes the class
of all polynomials which interpolate CZDS. Our proof requires several preparatory
results involving both CZDS and A-sequences. We begin with an example, which is
generalized in Proposition 2.2.

Example 2.1. Consider a fixed positive integer m and the sequence T' = {h(k)}72,
where h(z) = z(x — 1)(x — 2)---(x — m + 1). Then, for any polynomial f(z) =
S o arz®, Tip(z)] = 34y h(k)agz® = 2™ f™)(z). Thus, by Rolle’s theorem,

ZC<§h(k)akxk> < ZC<§akxk), (2.1)

and consequently T is a CZDS.
Generalizing Example 2.1, we have

Proposition 2.2. Fiz a positive integer m, and let
P
h(z)=z(@-1)(x-2) - (@—m+1)[[(x-b) (2.2)
i=1

where b; < m for each i =1,...,p. Then the sequence {h(k)}?2, is a CZDS.

Proof. First, we note that for any nonnegative integer k,

h(k)z* = k(k—1)--- (k—m+1) {ﬁk bi) }x =z [ﬁ k—m)—(b;—m)) A

dz™
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Set g(x) =TT\, (z — (bi —m)), and let f(z) = Y j_, axz” be any polynomial. Then,
by linearity, we have

=™ " gk)(k+m)- - (k + Daysma*
k=0

where Y _)"(k+m) - - (k4 1)ak+ma® is the m-th derivative of f. Now g(z) has only
real negatwe zeros, so by Laguerre’s theorem and Rolle’s theorem

( i k + m (k + 1)ak+mxk)

k=0
=7 S (k) +m) -k + Dacmat) < Zo(f™) < Z.(5),
k=0

which proves the claim. O

Remark 2.3. We remark that the assumption in Proposition 2.2 that b; < m for

each ¢ = 1,...,p is necessary. Indeed, set m = 1 and p = 1 in Proposition 2.2, so
that h(z) = z(x —b). If b > 1, then the sequence T = {h(k)}?2, has the form
1—5,2(2-10),3(3—0),..., and thus the terms of the sequence eventually become

positive even though 1—5b < 0. It follows that T" cannot even be a multiplier sequence.
A similar claim can be made for sequences arising from polynomials of the form z(x —
D(Ex—=2)-(x—m+1)(x—b) with b > m.

In the remainder of this section, we shall make considerable use of the gamma
function I'(z) = 1/(1/T'(z)) defined on the whole complex plane except for the non-
positive integers, and its associated functions I'(ov, z) = [ e **"1dt (z > 0), called
the complementary incomplete gamma function, and the incomplete gamma function
v(a,z) =T(a) — I'(a, ) where Rae > 0. We note that (via analytic continuation) the
latter function has the representation

St (_1)kxk+o¢
v(a,z) = kzzo e t>0 oc C\{0,-1,-2,-3,...}. (2.3)

In the proof of Theorem 2.5, we will appeal to the following lemma.
Lemma 2.4. If {y} is a CZDS, then so is {Vr+1}-

Proof. Write T = {v}32, and T1 = {yr41}32o- Use the fact that T)[p(z)]
Tlxp(z)]/x to obtain the conclusion.

Ol
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Theorem 2.5. Let h(x) be a real polynomial of degree n. Suppose that h(0) # 0 and
that h(z) has only real zeros. If the sequence {h(k)};2, is a CZDS, then all the zeros
of h are negative.

Proof. If {71, }72 is a CZDS, then so is {cy; } 72, for any nonzero real number ¢. Hence,
we may assume that & is monic. The sequence {h(k)}72, cannot alternate in sign since
h, being a polynomial, has only finitely many zeros. Since {h(k)}2, is a CZDS, it is a
multiplier sequence, and hence it follows that h(k) > 0 for k =0,1,2,... or h(k) <0
for k=0,1,2,... (see, for example, [3, Theorem 3.4]). Without loss of generality, we
may assume that h(k) > 0 for k = 0,1,2,.... In particular, no nonnegative integer
can be a zero of h. Since h(x) has only real zeros, we may assume that the zeros
of h(z) are 1y < rg < --- < r,. We now proceed to show that if r, > 0, then the
sequence {ﬁ} fails to be a A-sequence, and hence {h(k)}32, is not a CZDS, contrary
to our assumption. Suppose that r, > 0. Then, using Lemma 2.4, we may assume
that r,, lies in an interval (2m, 2m + 1) for some integer m > 0. (Indeed, suppose that
T, lies in an interval (2m + 1,2m + 2) for some integer m > 0. Then, the polynomial
hi(x) := h(x + 1) vanishes at r,, — 1 where r,, — 1 € (2m,2m + 1). Hence, by Lemma
2.4, the sequence {hy(k)}32, is also a CZDS.)

We begin by assuming that the zeros of h are simple. Since h is monic, the partial
fraction decomposition of ﬁ is of the form

1 1 _ z": A;
hz) JL@-r) Za-r
where A; = [H#i(ri - rj)]fl. Note, in particular, that A, > 0. Applying the
sequence { ﬁ}?:o to the positive function e~ yields

L (—1)kak " Aiy(—ri,
F(z) = I;) % = ; % (2.4)

where we have used the representation (2.3) for v. Since r; ¢ {0,1,2,...} and

oo k k=i
[(=ri,z) = T'(=ri) — Z (k'l(/)fi—m)

k=0
fori=1,...,n, it follows that

y(=riyx) =T(=r;) + o(1) as © — oo. (2.5)
Hence, by (2.4) and (2.5), we have

F(x):ZM—i—o(l) as & — 0o

x— T
i=1

(2.6)

x"‘n_"‘i
=1

n—1
— g {Z AL(=ri) + A, T(=rp)| +0(1) as z — oo.

Since —ry, € (—2m—1,—2m), m > 0, and since the real entire function ﬁ is negative

on the interval (—2m—1,—2m), I'(—r,,) < 0, we conclude from (2.6) that F(z) — —o0

as ¢ — oo. Therefore, the sequence {ﬁ} is not a A-sequence (see Remark 1.6).
Finally, if the zeros of h are not simple, then using (2.6), a limiting argument shows

that {ﬁ} again is not a A-sequence. O
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If a polynomial h(x) € L-P, then the sequence {h(k)}, need not be a multiplier
sequence. In the following example, we find necessary and sufficient conditions for
{h(k)}?2, to be a multiplier sequence in the special case when h(z) is a quadratic
polynomial whose zeros are positive. This result will be used in the proof of Proposi-
tion 2.7.

Example 2.6. Let h(z) = (z—r)(z—s) wherer, s > 0. Set a = —(r+s) and b = rs.
Then necessary and sufficient conditions for {h(k)}72, to be a multiplier sequence are
that

~1<a<0 and a+1>2Vb. (2.7)

To see this, we first note that if ¢(x) := b+ (1 + a)z + 22, then

g(z)e” = h(k) 77 (2.8)

k=0

Now, if (2.7) holds, then g(z) has only real negative zeros, and thus ¢(z)e® € L-PIL
But then it follows from (2.8) that {h(k)}72, is a multiplier sequence. Conversely, if
{h(k)}72, is a multiplier sequence, then the transcendental characterization of multi-
plier sequences (see (1.4)) implies that g(z)e® € L-PI. Since h(0) > 0 and h(k) > 0 for
all sufficiently large positive integers k, we conclude that h(k) > 0 for k =0,1,2....
Thus, (1 +a) > 0, and using the quadratic formula we see that (2.7) holds. In par-
ticular, we note that if s = r, then {h(k)};°, is a multiplier sequence if and only if
O0<r< %.

Proposition 2.7. Let h(z) = (x —r)(x — s) with r, s > 0. Then {h(k)}?2, is not a
CZDS.

Proof. Since a necessary condition for a sequence to be a CZDS is that it be a multiplier
sequence, we may assume that {h(k)}72, is a multiplier sequence. Thus, by Example
2.6, we may write h(z) = 2% + az + b where a = —(r +s), b=1rs, —1 < a < 0, and
0= %\/a2 — 4b satisfies 0 < 0 < % We shall apply the sequence {ﬁ}?:o to e *
and show that the resulting entire function takes on negative values (see Remark 1.6).
First, we assume that § > 0. Then, for k > 1, a standard integral formula yields

1

= 2.9
k2 +ak +b (2:9)

1 o0
= / e~ (k+a/2t ginh(5t) dt
d Jo

In addition, for each fixed & > 0, there is a positive constant K = K(z,a,d), such
that for all ¢ > 0, the following inequality holds

0< (1 _ efze*t)efat/Qeét < Kef(a/Qf(;Jrl)t, (210)
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where a/2—0 41> 0 since 1 +a > 0 and ¢ < |a|/2. The application of the sequence
{ﬁ}?:o to e~* thus yields

(—l)ka
k(K2 + ak + b)

1 oo X -1 k..k
+ 5 / Z %e_tke_“t/2 sinh(dt) dt
0 k=1 :
1 o0

e
&

I
M8

>
Il
=)

S = o

-5 / (1- (379”‘3775)(37‘”/2 sinh(dt) dt (2.11)
0

where we have used (2.9), (2.10) (to establish the existence of the improper integral in
(2.11)), and the dominated convergence theorem, to justify the interchanging of the
integral with the summation. Next, we can find a number R = R(a,d) > 1 such that

/ (1- ef””eit)e*at/2 sinh(dt) dt > / (1- efzeit) dt
0 R
R

—/RR (1_6_y> dy > /we ‘Ldy—ln(xe_R—i—l) (2.12)
0 Yy Jo I+y '

where the last inequality follows from the elementary inequality
1—e™Y 1
>
Y Ty+1
for all y > 0. Therefore, from (2.11) and (2.12), we deduce that lim,_.. F(z) = —cc.
)

To complete the proof, we consider the case when 6§ = 0, so that h(x) = (z — r)?
where 0 < r < %, by Example 2.6. Since

> 1
te= k=Mt gy — = E>1
/o ‘ (k—r)2’ =

a calculation similar to the one used in proving (2.11) yields
> (_1)kxk
Fla)=Y ~ 27 _
(z) k; Kl(k — )2

1

= — —/ (1 - e_weft)e” dt.
0

r2

Thus, mutatis mutandis, the previous argument may be used to conclude that
lim, o0 F(x) = —oo. This shows that F(z) is again negative for all sufficiently large
values of z; thus it follows that {%}2":0 is not a A-sequence, and a fortiori {h(k)}72,
is not a CZDS. O

In order to prove a converse of Laguerre’s theorem (see part (3) of Theorem 1.4)
for polynomials, we now shall do a careful analysis in the special case of irreducible
quadratic polynomials, h(x) = 22 + ax + b where 4b — a? > 0.

Lemma 2.8. Fiz o = a/2 + it where 7 = 1v/4b— a? and 4b — a*> > 0. Then

(o, 2) 2e~"
xa

for all x > max(0,a).
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Proof. Writing (%)a = e log(t/z) — gla/2+im)108(t/2) e obtain

INa, x) 1 a1 1 a
) < a/2 1 t — - .
‘ e _:E“/Q/x t e "dt x“/QF(Tx)
Since .
d e~
Il ta/2—1 —t/2y _ ta/2—2 —9_¢
&gtz = C L por-2q g ),
the function ¢t%/2~1e~%/? is strictly decreasing for ¢ > max(0, a — 2). In particular, for

x > max(0,a),

00 a/2—1_,—x/2 00 —x
L/ T T %/ 2= 27

x9/2 zo T
(|
Lemma 2.9. Fiz o = a/2 + it where 7 = 1v/4b—a? and 4b — a* > 0. Then the

function
fu%s%<5?)+%<ﬁ%ﬂ>, >0,
x x

changes sign infinitely often in the interval (0, 00).

Proof. A calculation shows that

5 <¥) _ g (Fi‘;‘%za) (2.13)
1

= [(3%1"( ))sin(7logx) — (ST(ax)) cos(7 log :v)]

Since I'(ar) # 0, we have (ST'(«))? + (R[(«))? > 0. We first consider the case when
ST(«r) # 0. Now, by Lemma 2.8,

’C\\y (F(a,x))’ < ‘F(a,x) < 2e~ 7 (2.14)
T« ¢ T
for all 2 > max(0,a). Since lim, .o, 2¢~%2%/2~1 = 0, we can find a number z¢ > |a
such that
2e 72271 < |ST ()| for x > xo. (2.15)

For © > g, the function cos(7logz) alternately takes on the values —1 and +1
infinitely many times. Hence, if z; > 2z and if cos(rloga;) = =1, then
sin(tlogx1) = 0. Therefore, (2.13) yields f(x1) = +ST(« /xa/2 S(D(e, 1) /1),
which, by (2.14) and (2.15), is positive or negative accordlng to the sign of the
first term. Thus, it follows that f(z) changes sign infinitely often in the interval
(0,00). If ST(a) = 0, then RI'(a) # 0, and we can choose xg > |a| such that

26’””0338/2_1 < |RT'(a)|. The function sin(rlogx) assumes the values —1 and +1
infinitely often, so in this case the conclusion of the lemma also holds. O

Proposition 2.10. Let

B 0 (—1)k(Ek
F(:’E,G,b) - kZ:O k'(k2 +ak—|—b)

where a and b are real numbers such that 4b — a®> > 0. Then F(x,a,b) changes sign
infinitely often in the interval (0, 00).
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V4b — a2, so that k% + ak + b= (k + a)(k + @).
,a,b), x>0, as

Proof. Let o = a/2 + it where 7 =
Then, using (2.3), we can express F(z

1)k k
F(:v,a,b)=zk. (k2 + ak + b)

:1?’:(1)’@’@{1_1]

A[\Dl)—‘

e k! k+a k+a
1% ¥(e, x)

T e

1% I‘(a) INa, x) '
T e

Therefore, by Lemma 2.9, F'(x, a,b) hanges sign 1nﬁnitely often in the interval (0, o).
O

Theorem 2.11. Let h(z) = 2% + ax + b where a, b € R. Then the sequence T =
{h(k)}?2, is a CZDS if and only if either both roots of h are nonpositive or one root
is 0 and the other is in the interval [0, 1].

Proof. Suppose that T is a CZDS. We will first demonstrate that the roots of h must
be real. To this end, we set A = {h },C ° o- Now if the roots of h are not real, then by

Proposition 2.10, the function Ale™ ] F(z,a,b) changes sign infinitely often in the
interval (0, 00). But then A is not a A-sequence, so T is not a CZDS. This contradiction
shows that the roots, call them r and s, of h must be real. By Proposition 2.7,  and
s cannot both be positive. So suppose that r < 0 and s > 0. If r = 0, then Remark
2.3 shows that s is in the interval [0, 1]. Therefore, we conclude that either both roots
of h are nonpositive, or one root is 0, and the other is in the interval [0,1]. Since
the converse implication is a direct consequence of Proposition 2.2 and Laguerre’s
theorem, the proof of the theorem is complete. O

Theorem 2.12. Let h(x) be a real polynomial. If the sequence T = {h(k)};2, is a
CZDS, then all the zeros of h are real.

Proof. Assume the contrary so that h(z) can be expressed in the form h(z) = p(z)(2*+
azx + b) where 4b — a® > 0. Then the polynomial j(z) gives rise to the entire function
Y re o B(k)(—1)*2* /k! = p(z)e™® where p(z) is a polynomial. We next approximate
the entire function p(x)e™® by means of the polynomials g, (x) = p(x)[(1—2/2n)*"+¢,]
where €, > 0 and lim,,_,, €, = 0. We note, in particular, that g,(x) has the same
number of real zeros as p(x) has. Moreover, as n — 00, ¢, () — p(z)e~* uniformly on
compact subsets of C. If we set A = {ﬁ}z‘;o, then by Proposition 2.10, the function

Alp(z)e™™] = F( b_iﬂ

p(z)e” ] = F(z,a, )_k:O WI(RZ + ak + 1)

has infinitely many sign changes in the interval (0,00). Also, as n — oo, fn(z) =
Algn ()] — F(x,a,b) uniformly on compact subsets of C. Thus, for sufficiently large n,
each of the approximating polynomials f,(z) has more real zeros than p(x) has. Since
T is a CZDS, Z.(T[fn(2)]) < Zc(fn(x)), and consequently, for n sufficiently large, the
polynomial T'[f,(z)] = T[Algn(2)]] = gn(z) has more real zeros than p(x) has. This is
the required contradiction, and thus the proof of the theorem is complete. [l
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Finally, to summarize the foregoing results, we state

Theorem 2.13. Let h(z) be a real polynomial. The sequence T = {h(k)}?2, is a
complex zero decreasing sequence (CZDS) if and only if either

(1) h(0) # 0 and all the zeros of h are real and negative,
or

(2) h(0) = 0 and the polynomial h(x) has the form given by (2.2) in Proposition 2.2.

Proof. Suppose that T is a CZDS. Then case (1) is a consequence of Theorems 2.12
and 2.5. In case (2), set h(z) = z(z —1)(x —2)--- (. —m+ 1) [[%_,(x — b;), and let
g(z) = h(xz +m). Then, by Lemma 2.4, the sequence {g(k)}7°, is also a CZDS. Since
g(0) # 0, by case (1), all the zeros of the polynomial g are real and negative, and
hence we see that b; —m < 0, or b; < m, for i = 1,2,...,p. Conversely, if h(0) # 0
and all the zeros of i are real and negative, then 7' is a CZDS by Laguerre’s theorem
(see part(3) of Theorem 1.4). If h(0) = 0 and the polynomial h(z) has the form given
by (2.2), then T is a CZDS by Proposition 2.2. O

3. Some extensions to transcendental entire functions

It was noted in the Introduction (see the comment following Theorem 1.4) that Theo-
rem 2.13 is not true in general if the polynomial h(zx) is replaced with a transcendental
entire function. On the other hand, we know that sequences generated by entire func-
tions which are limits of polynomials satisfying Laguerre’s theorem (see part (3) of
Theorem 1.4) again give rise to complex zero decreasing sequences. The sequence
{&1}2, is one of the classical paradigms of CZDS (see, for example, [20, p. 14]) which
arises from the reciprocal of the gamma function. In this section, we shall establish
some limited generalizations of the results of the previous section in the case of tran-
scendental entire functions. The main emphasis will be on sequences with only finitely
many nonzero terms. Sequences that end in a string of zeros are in a certain sense
complementary to those which begin with zeros; in particular, compare Proposition
2.2 and Corollary 3.3, and note the restrictions imposed on the positive zeros of the
interpolating functions involved. In addition, Corollary 3.3 provides an extension of
part (2) of Theorem 1.4.

Theorem 3.1. For n, r > 0, the sequence {(kfr)}zozo is a CZDS where, by conven-
tion, () =0 ifk>n ork <0.

Proof. To an arbitrary polynomial p(z) = ;. axz”® we apply a series of manipula-
tions, each of which leaves the number of nonreal zeros unchanged or reduced, ending
with the desired application of the binomial sequence to p(z).

We first consider the case when m > n and r = 0. (1) We begin by reversing
the coefficients of p(z), forming z™p(z~1) = >1° ) am—rz"®. (2) Next, we apply the
operator ™ "d™ ™" /dx™ ™ resulting in the polynomial

Z E(k—1)---(k—m+n+ Day_pzt.

n

k

(3) To this we apply the sequence {4 }7°,, which yields 3" am—xz®/(k — m + n)l.
(4) Division by 2™~ " results in ¢(z) = >__, an—xz"*/k!. (5) Reversing the coefficients
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of g(x) gives us z"q(z71) = Y} _,arz®/(n — k)!. (6) Another application of the se-
quence {1}, results in Y, ara®/k!(n — k). (7) Finally, multiplication by n!
yields the desired polynomial ZZ:O (2) apzh.

The second case, m < n, r = 0, is very similar. Change step (2) to multiplication
by =™ and step (4) to division by z"~™, so that the final result is >_;" ) (})ara®,
as desired.

Finally, if » > 0, first form ) ;" ("Zr) arz"® using the preceding cases. Differentiate
r times, divide by (n +r)(n + 7+ 1)---(n + 1), and then multiply by z” to obtain
Sito (") arz®, as required. O

Corollary 3.2. Let n be a positive integer. If {vi}72, is a CZDS, then so is

Yo 71 Y2 Tn
— ..., —,0,0,0,... ;.
{n!’(n—1)!’(n—2)!’ o }

Proof. This is proved by following the steps in the proof of Theorem 3.1 and using
the sequence {v;}3% in place of {1}, in step (6). O

Corollary 3.3. Let h(z) € L-P. If h(z) has no zeros in [0,n] and if h(z) has a zero
at every integer greater than n, then {h(k)}32, is a CZDS.

Proof. Let h(z) € L-P. Suppose that h(z) has no zeros in [0, n], and suppose that h(z)
has a zero at every integer greater than n. Set g(z) = 1/T'(n + 1 — 2), so that g(z)
satisfies the same hypotheses as h(z). By Corollary 3.2, with v, = 1 for all k, {g(k)}72,
is a CZDS. Then elementary considerations involving removable singularities show that
the function ¢(z) = h(z)/g(z) = h(z)I'(n 4+ 1 — 2) is an entire function. Moreover,
it is easy to see that ¢ € L£L-P, and none of the zeros of ¢ lie in the interval (0,n).
Therefore, by Laguerre’s theorem (see part(2) of Theorem 1.4), for any real polynomial
f(z) =Y axx® where deg f =m < n,

Z, ( é qs(k)akx’“) < Zo(f(@)).

Now if deg f = m > n, then another application of Laguerre’s theorem and the fact
that the sequence {g(k)}72, is a CZDS shows that

m

zc(éhwakxk) - 2.3 ogthjons )

k=0

=Z. Zg(kz)akxk>
k=0
< Ze(f(@)).

Therefore, the sequence {h(k)}2, is a CZDS. O
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A multiplier sequence {7;}5, is a CZDS if and only if the sequence {crfy,}2
where ¢ and r are nonzero real numbers is a CZDS. Indeed, we simply note that if
p(x) is a polynomial and T = {erk}2 ., then T'[p(x)] = cp(rz). Of greater importance
to us is the fact that a multiplier sequence can be interpolated (by a function in £-P
with zeros restricted to certain intervals) if and only if the scaled sequence can be so
interpolated. For future reference, we record a precise version of this fact, the proof
of which is clear.

Lemma 3.4. If the sequence {7y} is interpolated by a function ¢(z), then, for any
r > 0, the sequence {y,r"*} is interpolated by ¢(x)e®m".

It is not known if all CZDS with only finitely many nonzero terms arise from a
Laguerre interpolation, that is, one in which the interpolating function satisfies the
hypotheses of Laguerre’s theorem. However, as a partial converse to Corollary 3.3, we
consider sequences with at most three nonzero terms.

Proposition 3.5. (1) A sequence of the form {a,b,0,0,...} with a, b > 0 is always a
CZDS. All such sequences can be interpolated by functions in L-P with zeros outside
[0, 1].

(2) A sequence of the form {a,b,c,0,0,...} with a, b, ¢ >0 is a CZDS if and only
if b2 — 2ac > 0. All such sequences can be interpolated by functions in L-P with zeros
outside [0, 2].

Proof. (1) The application of the sequence to any polynomial yields a polynomial of
degree one, so the sequence must be a CZDS. A function of the proper form which
interpolates the sequence is ((b — a)z + a)/T'(2 — x), as is easily checked since I'(2 — x)
equals 1 at zero and one, and equals 0 at all integers greater than one.

(2) The condition for {a,b,c,0,0,...} to be a multiplier sequence is that a + bx +
cx? /2! have only real negative zeros [3]. Since applying this sequence to any polynomial
results in a polynomial of degree at most two, this also is equivalent to being a CZDS.
The condition given is the usual discriminant condition for real zeros.

By Lemma 3.4, we may scale the sequence with the constant r = y/2a/c. We also
may multiply by a constant, in this case (2a)~!, resulting in the normalized sequence
{%,d, 1,0,0,...} to be interpolated, where d > 1. In order to get the zeros in the
sequence, we use a function of the form p(z)/T'(3 — z) where p(x) is a polynomial.
Since 1/T(3 — k), k = 0,1,..., takes the values %, 1,1,0,0,..., the function p(x) must
satisfy p(0) = 1, p(1) =d, and p(2) = 1. If d = 1, we can take p(x) = 1. Otherwise,
the unique quadratic with this property is p(z) = (1 — d)2? + (2d — 2)z + 1, with zeros
x=1+x+vd?>—d/(d— 1) which lie outside [0, 2] for any d > 1. O

Remark 3.6. The interpolation problem for a sequence with four nonzero terms is
much more complicated. It is not hard to find a CZDS which cannot be interpolated
by a function of the form p(x)/T'(4 — x) where p(x) is a polynomial of degree 3 all
of whose zeros are real and lie outside the interval [0,3]. In this case, the sequence
{a,b,¢,d,0,0,...}, with a, b, ¢, d > 0, is a CZDS if and only if it is a multiplier
sequence. This occurs if and only if a + bz + cx?/2! + dx3 /3! only has real negative
zeros, which is equivalent to —9a2d? 4 18abcd — 8b3d — 6ac® + 3b%c? > 0. As a concrete
example, consider the CZDS {32,24,12,3,0,0,...}. The interpolating polynomial p
must satisfy p(0) = 192, p(1) = 48, p(2) = 12, p(4) = 3 because of the denominator
I'(4 — z). If p has degree 3, this polynomial is determined by the conditions and has
two of its zeros between 1 and 2.
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Proposition 3.7. Let p(z) be a polynomial, p(z)e®® = >"0° vxa® /k!, where o > 0 and
p(0) # 0. The sequence {Vi}7, is a CZDS if and only if there exists a polynomial
h(z) € L-P(—00,0) such that h(x)e®™ interpolates {v}32,-

Proof. By Laguerre’s theorem, the existence of such a polynomial implies that {vx}72
is a CZDS. For the converse, we write p(z) = >_7"; bja’ /5! and

o ok k! ok k!
k=0 k=0

where
oxr - * ‘rk
p(z)e”™ = Z gk(U)E
k=0
and
min(k,m) min(k,m)
k . k\ b,
(o) = “VbioFI = oF ()—J
gr (o) Jgo (]) J J:ZO 7)ol

(see [9]). Let h(x) be the polynomial 377" b; (?) Joi. Now {vk}32, is a CZDS if and
only if {%/ok}zozo is a CZDS, so p(£)e” = Y77, h(k)z* /k! implies by Theorem 2.13
that h(z) has only real negative zeros. Since v, = h(k)c*, the conclusion follows. [

Remark 3.8. Since multiplier sequences arise as sequences of Taylor coefficients, ~,
of functions of the form e []°(1 4+ z/z)) (as opposed to having only finitely many
zeros), it would be desirable to be able to prove that if {y;}72, is a CZDS, then so are
the sequences obtained from approximating functions ¢, (z) = e?* [[}(1 + z/zx). In
fact, removing even one zero causes trouble. For example, let a, b, ¢ > 0 and assume
that the coefficients of (z 4+ a)(z + b)(x + ¢)e® form a CZDS. By Theorem 2.13, we
know that this is equivalent to requiring the polynomial 23 + (¢ +b+a — 3)2? + ((b+
a—1)c+ (a—1)b—a+2)xz+abc to have only real negative zeros. For example, if a = 1
and b = 9, this is (approximately) equivalent to ¢ < 0.00433 or 3.5197 < ¢ < 4.1133
or ¢ > 15.963. Choosing c sufficiently close to any of the endpoints of these intervals
will yield a function in which deleting an appropriate factor, either x4+ a or x + b, will
give rise to a sequence which is not a CZDS. The reason for this is that the Taylor
coefficients of (z+7)(x + s)e*, 0 < r < s, form a CZDS if and only if 1 +r+42/r <,
as one can check by using Theorem 2.13.

4. A generalization of Hutchinson’s theorem and some
classes of zero decreasing sequences

If T = {v}2, is a CZDS, then for each fixed ¢ > 0, the sequence {gx(t)}72, where
gk(t) = Z;C:O (I;)thj , is a multiplier sequence because

e\~ Ve gk N o
e ik th = ng(t)ﬁ € L-PL
k=0 k=0

In general, the multiplier sequence {gx(t)}32, need not be a CZDS for all ¢ > 0.

Indeed, consider
o0

1+k+k2
(1+x)%e” = Z %xk € L-PI,
k=0 '
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for which the sequence {vx}72, = {1,2,2,0,0,...} is a CZDS by Proposition 3.5. If we
set h(z) = 14+z+2?, then gx(1) = h(k), and by Theorem 2.13, {h(k)}3° o = {gr(1)}3,
is not a CZDS. (Also see Example 1.8.) In this section, we will establish the existence
of a class of CZDS {v}32, for which the sequence {gx(t)}72, is a CZDS for all t > v,
where gi(t) = Z;C:O (I;)thj (see Corollary 4.7). To this end, we first generalize a
classical theorem of Hutchinson [12] (also see Hardy [10] or [11, pp. 95-99], Petrovitch
[21], and the recent paper by Kurtz [17, p. 259]).

Theorem 4.1. (Whittaker [28, p. 53]) Let {di}72, be a sequence of complex numbers
such that im oo |dp|'/* = L < 1. Then the series

:;d"<z> Zd —1) gz—n—i-l)

converges uniformly on compact subsets of C, to the entire function f(z). Moreover,
f(2) satisfies lim , _.oclog M (r, f)/r < log T2 where M (r, f) = max|. = | f(z)|.

Lemma 4.2. Let {v}7°, be a sequence of positive real numbers. If a > 0 and if the
Turdn inequalities v2 > a?yn_19ni1 hold forn > 1, then v, < (vo/a™ ™= D/2) (41 /70)"
forn > 0. Moreover, if a > 1, then f(z) = Y.>" vn(Z) represents an entire function
of order p(f) = lim , _sloglog M(r, f)/logr = 0.

Proof. The first conclusion is a consequence of 42 > a?v,,_1Vn+1 and an elementary
induction argument. If o > 1, it implies that mnﬂm*ﬁ/" =0, so we see that f(z) is
an entire function by Theorem 4.1. To check the order of the entire function f(z), we
use the following estimates for |z| > 1:

'<ZW|( ) () )

< Z”Yn|z|n
: VOZ T < |Z|)

= voM(Fa r) (lzl=7)

where F(z) = > 0% jan2™ and a,, = (1/a™"~V/2) (41 /40)". Thus M(r, ) < M(r, F)
for » > 1. But F(z) is of order zero since p(F) = lim,, .o, — nlogn/log|a,| =0, see
[1, p. 9]. Thus,

loglog M (r, f) < T loglog M (r, F)

=p(F)=0.
logr logr p(F)

p(f) =Tim o
g

Theorem 4.3. Let ¢(x) = Zg o ma™, with vo = 1, v, > 0, and suppose that the
Turdn inequalities, ¥2 > &Y, —1Vn+1, hold forn =1,2,...,N — 1 where

« —max( (l—l—m» (4.1)

Then the polynomial (;3(3:) = Zﬁ[ O’yn( ) has only real, simple negative zeros.
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Proof. Define the positive numbers bg, £k = 1,..., N, recursively by by = 1 and the
formulas

m_ bt L wo_ b

' by 20 by’ T TN biby--by
The Turan inequalities assumed for the numbers =, imply that

1
b1 >a? (14 =) by, n=12...,N—1, 4.2
JF
n

where « is defined by (4.1). Let

N
T = —\/bgkflbgk, k= 1,2, ey T = \‘5J (43)

where |x| denotes the floor function, and

N—lJ.

yk:_\/kab2k+17 k:1727"'5 § = {T

For x # 0, we set
tn(x):%l(x> -t 5 T (), n=20,1,..., N,

where mo(z) = 1 and m,(z) = (1 — 1)(1 = 2)..- (1 — 2=1). Then ¢,(z) satisfies the
recursion formula

to(z) =1, tn(a:):tn,l(x)% (1_”;1), n=1,...,N. (4.5)

Evaluating (4.5) at 2, which is negative, we obtain
tn(zk)tn—1(zK) <0, k=1,...,r, n=1,...,N. (4.6)

Now, for 1 <n < 2k — 1, we have

O S N s W 7 Ry YR TT
bn T bn ol )7 0, T2

by (4.2). Combining this with (4.5) yields
[tn(xk)| > [tn-1(xk)],s n=1,2...,2k—1. (4.7)

Now consider
Ty := togp—o(xk) + tok—1(zk) + tor(zk)
2k—2 p2k-1 22k

_ Ty k k
B mok—2(Tk) + e e (k) +

bl U b2k72

T 2% — 2 22 2% — 2 2% —1
—Opil+ 1+ + 1+ 2 ) 1+ 22—
bok—1 |2k bar—1bay |2k |2k

ZCk{l— Do (1+2k_2>+(1+—2k_2> <1+—2k_1>} (4.8)
bak—1 |z |k ] |7

2k—2 _
Ckzxki<1_i><1_i>...<1_2k 3)
by - bap_2 Tp T Tp

ok (Tk)

where
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for k > 1, and C7 = 1. Our immediate goal is to show that T} < 0. Since Cy > 0, we

have T} < 0 if
b 2k —2\ ! 2%k — 1
2k ><1+—) +<1+—).
bak—1 |z | ||

bak 1
| 25 > /14 ——
bgk_l_a +2k—17

so it will suffice to show that

2%k — 2\ 1\ Y2 2% —1 1\ Y2
> (1428272 14— 1+ ) (14— . @9
R D I =) B (R ()

From (4.2), (4.3), and by = 1/41 we obtain

k=3 /ok(2k — 1
2| > & ( ). (4.10)

Al

From (4.2), we obtain

In the last term of (4.9), we replace |z1| by this lower bound and replace 1+ 2:=2 hy

EN

a lower bound of 1 to obtain

1 1
ak—2 _ R P L S >0. '
a 2<2 k)oz (1 2/€)% >0 (4.11)

For any fixed 71 > 0, one can easily check that the positive root of the polynomial in
(4.11) approaches 2 from below as k — oo. Thus, we require a > 2. Also, for each fixed
71 > 0 and o > 2, we have a2 — \/2(2 — 1/k)a™™ 3 — (1-1/2k)y1 > o® — V20— L
foreach k = 1,2, ..., so the maximum condition on « is obtained when k£ = 1, yielding
a> @(14—\/1 +71). In all cases, o > max (2, @(1—}—\/1 +71)) suffices to guarantee
that (4.9) holds and hence that T < 0.

Finally, we check that

[tort1(zr)| = [torto(@r)| 2 -+ = [tn(2k)]- (4.12)

For1<j<N-land2k+j+1< L%J = r, we simplify the following ratio, using
(4.3) and (4.5),

torry(z) |° Va1 (1 2 +j)_2 = bopein (4.13)
toktjr1(Tk) bar—1bax || (/bak—1bak + 2k + j)2
By (4.2), bag /e > /bag—1bag, s0
bok+j+1 bak+j+1

b2k 1bog + 2k +j b/ +2k+ ]
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Thus, to prove (4.12), it suffices to show that bog4 ;11 — bog/a > 2k + j. Again, using
(12)

bak . 1
bokyjr — — > (@1 — = ) by
a o

N (a2 1/a)a4k—2

4.14
B M (4.14)
. 1 1
_ Ak+2j e R
=« <1 a2j+3>’71'
Since a? > (14+ T +71)%/2 =1+ T+ 71 +7/2 and a > 2, we have
; 1 1 31 2k+j5 1
W2 (1 - —— ) — > (1+4/1 2)" 7 — . 4.15
* < 0<2J+3>71 S ER R (419)

For u > 0 and any positive integer m > 2, % (1 +vV1i+u+ u/2)m > mu. Therefore,
it follows from (4.13), (4.14), and (4.15) that (4.12) holds.

Next, it follows from (4.6), (4.7), (4.8) (since Ty < 0), and (4.12) that ¢(x) =
(14 t1(wg)) + (t2(zr) +ta(zr)) + - + (tap—al(@r) + top—3(wx)) + Tk + (tart1(zr) +
toky2(wr)) + - +in(zr) <0.

A similar argument shows that ¢(yi) > 0, k =1,..., s, where yy, is defined by (4.4).
Thus the sequence ¢(0), (1), d(y1), ¢(x2), . .., ending with ¢(z,) if N is even, and
with QNS(yS) if NV is odd, has N —1 sign changes. The sign 0f¢? must change once more to
the left of the last point (z, or ys), since the leading coefficient vy /N! of ¢ is positive.
Therefore, gz~5 has N real, simple negative roots and the theorem is proved. O

Remark 4.4. Theorem 4.3 is a generalization of a classical theorem of Hutchinson
[12] in which he shows that ¢(z) = Zﬁ;o Ynx™/n! has only real, simple negative
zeros. Our result shows that ¢(z) = Zi:;o ¥ (%) has only real, simple negative zeros.
Consequently, {é(k}g"zo is a multiplier sequence, whence > 7, o(k)xk k! = ¢(z)e”
has only real negative zeros, which implies Hutchinson’s result.

Corollary 4.5. Let ¢(z) = Yo" o ynz™/n! with v = 1, 7, > 0 forn = 1,2,3,...,
and suppose that

V2> &Yy 1Vny1, where a > max (2, g (1 +v1+m )) (4.16)

Then ¢(z) and ¢(x) = S o (2) are entire functions of order zero and ¢, é € L-PI.

Proof. If yn = 0 for some N > 1, then by (4.16), yn = Yn+1 = -+ = 0, so that both
¢ and q~5 reduce to polynomials which have only real negative zeros by Theorem 4.3.
Thus, we may assume that -, > 0 for all n > 1. The assertion that ¢ € L-PI follows
from a result of Hutchinson [12]. By (4.16), Lemma 4.2, and Whittaker’s theorem
(cf. Theorem 4.1), we know that ¢ is an entire function of order zero. In addition, by
Theorem 4.3, for each positive integer N, the polynomial qNSN (x) = Zi:;o Yn (2) has
only real negative zeros. Now, another application of Whittaker’s theorem shows that
én — & as N — oo, uniformly on compact subsets of C. Therefore, it follows from
Hurwitz’ theorem that ¢Z has only real negative zeros. [l
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We recall that a sequence {7;}72 is called a Laguerre sequence if it can be inter-
polated by a function ¢ € L-P(—00,0), that is, ¢(k) = v for k =0,1,2,... . In order
to expedite our exposition, we also shall introduce the following definition.

Definition 4.6. A sequence {v;}72, of nonnegative real numbers will be called a
rapidly decreasing sequence if {v;}32, satisfies inequality (4.16).

The sequence {e_“kz}zozo is rapidly decreasing if a > log2 and this sequence is a
Laguerre sequence for any a > 0. Sequences of the form {e~**"}2 = where a > 0 and
p is a positive integer, p > 3, are multiplier sequences, but these sequences cannot be
interpolated by functions ¢ € £-P(—00,0). Indeed, if ¢ € L-P(—00,0), then

2 2 >
p(z) = e” @ P (g) 1= gm0 HI2 H(l + 2/, e/ (4.17)
n=1
where > 0, B €R, z,, > 0,and Y -, 1/22 < oo. Then from the standard estimates

of the canonical product II(x) (see, for example, [1, p. 21]), we deduce that for any
€ > 0 there is a positive integer kg such that

7k2+e

(k) > e (k > ko). (4.18)

We infer from (4.17) and (4.18) that complex zero decreasing sequences which decay

at least as fast as {e_“ka}z‘;o cannot be interpolated by functions ¢ in £-P(—00,0).
By way of applications of Corollary 4.5, we next show how rapidly decreasing
sequences can be used to generate complex zero decreasing sequences.

Corollary 4.7. Let {vi}72,. 70 = 1, v > 0, be a rapidly decreasing sequence. Then,
for each fized t > ~1,

(o9}

bi(z) = Z % (j) € L-PL
3=0

Moreover, if Ty = {gx(1/t)}3, where gi(t) = Z;C:O (I;)thj is the kth Jensen polyno-
mial associated with the sequence {Vix}72,, then Ty is a CZDS for t > ~,; that is, for
any polynomial f(x) = Z]kvzo arx® € Rlz], we have Z.(T;[f(x)]) < Z.(f) fort > m
where Ty[f (z)] = Zév argr(1/t)zk.

Proof. If {y4}72, is a rapidly decreasing sequence, then for any ¢ > 1, the sequence
{73/t }32¢ is also a rapidly decreasing sequence. Thus, by Corollary 4.5, ¢(z) € L-PI,
so the sequence {qgt(k:)}g":o is a Laguerre sequence whenever ¢ > ~;. Therefore, by
Laguerre’s theorem (see Theorem 1.4), Zc(Zév akd;t(k)xk) < Z.(f) for t > 71, and
since ¢y (k) = gx(1/t), the corollary is established. O

Corollary 4.8. Let {v}72, be a rapidly decreasing sequence, and let

B = zk: (k) Yj- (4.19)

i=o N

Then the sequence {8}, is a CZDS.
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Proof. Let

k
Ao = (~1)* (k) Bj. (4.20)

i=0 J
Then (4.19) and (4.20) are inverse relations in the sense that 7, = AF 3y (26, p. 44].
Since {Vr}72, is a rapidly decreasing sequence, Corollary 4.5 gives that ¢(z) =
Yo A By (j) € L-PI. Using (4.19) and ; = A9 3y, we obtain ¢(k) = Z?:o (I;) A By
= Z?:o (l;)vj = k. This shows that the sequence {3;}7°, is a Laguerre sequence
and, consequently, also a CZDS. O

Remark 4.9. We remark that if {yo0,71,...,71,0,0,...} is a CZDS with v, > 0

for 0 < k < n, then the sequence {gx(t)}3>, where gp(t) = E?:o (’;)ijtj may

not be a CZDS for some ¢t > 0. To verify this claim, consider the sequence T =
{1,1, ;,O 0,...}. By Proposition 3.5, T is a CZDS. A calculation shows that gx(t) =

1+ kt+ (k4 1)t2. Let hy(z) =1+ a2t + z(z 212 6 that hy(k) = gr(t). But hy(z) has
real zeros (both of which are positive) if and only if ¢ > 8. Hence, by Theorem 2.13,
{gr(t)} is not a CZDS for any ¢ > 0.

5. A class of CZDS and a curve theorem

In contrast to the previous examples, we will next exhibit a CZDS {v;}3°, for which
the sequence {gi(t)}7°, is a CZDS for all t > 0, where g (t) = Z?:o (’;)*yjtj. To this
end, we need some preparatory results which are of independent interest.

Lemma 5.1. Ifp(z) = Y7_; bjal € L-P(—o0, —1], then we obtain ¢(z) = 37_; b; (%)
€ L-P(—o0,—1].

Proof. Let Tp, Tr : R[z] — R[z] denote the linear operators defined by

n n

TB|:ZCk.TE] = aa(@—1)-(z—k+1)

k=0 k=0

and

k
respectively. Set pi(z) := p(z — 1), so that pi(z) = >_j_, ek € L-P(—o0,0]. Since
{12, is a CZDS, it follows that

Trlpi(2)] = Trlp(z — 1)) = Y k—kx € L-P(—00,0]. (5.1)
k=0

Next, a straightforward induction argument shows that

o[ (5] - # Lo
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Then, by the linearity of Tz, Tr, and the above formula, we have

pa() == Ty [Trlp (& + 1)]] = T {TF {Z":ck(x N 1);@H

k=0
:TB|:§C]§TF[($+1)I€]:| ZTB[kElck(jé (D?‘ﬂ
n Mk 2 ok
_kZ_OCkTBLZO <j>ﬁ] :k;—']l;[l(x”)
Thus,
Pz(fﬂ—l):znjc_klk_l(er])
k=0 " j=0

Since Y, _, cxx¥ /k! € L-P(—00,0] by (5.1), it follows from a result of [2, p. 18] or [25,
II, Part V, Ch. 3, Problem 185] that pa(x — 1) € L-P(—00,0]. Consequently,

pa(x) = Tp[Tr[p1(x + 1)]] = Ts [Tr[p(x)]]

= ¢(z) = z:j) b; (j) € L-P(—o00,—1].

Lemma 5.2. For each fized t > 0,

~ >t [z
Ii(z) := Z = (j) € L-P(—o0,—1].
j=0""
Proof. Fix t > 0. Then limj_o|t*/k!|'/* = 0, so by Whittaker’s theorem (see
Theorem 4.1), I;(x) is an entire function. Next, consider the polynomial p, ¢(x) =
Yo (M)aFth/nk = (1 + xt/n)", whose zeros are & = —n/t < —1 provided n > t.
Therefore, by Lemma 5.1, for n > ¢,

Pr(@) == Xn: (Z) ;—i <;§) € L-P(—o0,—1].

k=0

Since I;(z) is an entire function, an argument similar to the one used in Corollary 4.5
shows that p, ¢(x) converges as n — oo uniformly on compact subsets of C, to I;(x).
Therefore, I;(z) € L-P(—o0, —1]. O

Lemma 5.3. Let v, = 1/k!, k=0,1,2,.... Then {m}32, is a CZDS, and for each
fized t >0, {gi(t)}32, is a CZDS.

Proof. The assertion that {1/k!}32, is a CZDS is well-known [20, Satz 5.8]. Let
fx)= fo:o arr® € R[z] be an arbitrary polynomial. Now, by Lemma 5.2, the entire
function I;(z) € L-P(—oc0,—1] and I;(k) = gi(t) for each fixed ¢t > 0. Hence, by
Laguerre’s theorem, ZC(ZQLO argr(t)z®) < Zo(f), so that {gx(t)}72, is a CZDS. O
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Theorem 5.4. Let {v};2, be a CZDS, and suppose that for each fized t > 0,
{9k(t)}72 is a CZDS where gi(t) = Z?:o (I;)'yjtj. Suppose that the polynomial
f(@) =31y ara®/k! € Rlz], an # 0, has ezactly r real zeros counting multiplicities.
Consider the function F(z,y) := > _ovz®f®) (y)/k!. Then the curve F(z,y) = 0
intersects each line y = x/s, s > 0, in at least v (real) points.

Proof. A calculation shows that

k k
Zﬁgk(t)x o ktkf( )( ).
k=0 k=0
Setting = y and then ¢ = x/y in this equation, we obtain

Z Tron(@/y)y Z”’“ 0 (y) = F(z,y).

Fix s > 0. Then the points of intersection of F'(z,y) = 0 with the line y = z/s are
the real zeros of the polynomial H(y) = S_p_,vk(sy)* f*) (y)/k!. Since {gr(s)}3,
is a CZDS for all s > 0, we have Z.( Y, _garge(s)a*/k!) < Z.(f) = n —r, and
consequently the polynomial H (y) has at least r real zeros. O
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