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(GENERALIZATIONS OF MONTESSUS’S THEOREM ON THE ROW
CONVERGENCE OF RATIONAL INTERPOLATIONS

Xiaoyan Liu

ABSTRACT. In this paper, we investigate the convergence of the rows (with fixed
denominator degrees) of the rational interpolations to a meromorphic function.
We give an explicit algorithm for determining when convergence is guaranteed and
obtain rates of convergence in the appropriate cases. Furthermore, we show some
applications of our results to the zero distribution of orthogonal polynomials.

1. Introduction

Let II,,, denote the collection of all algebraic polynomials of degree at most m. A
rational function 7, ,(z) is said to be of type (m,n) if, for p,, € II,,, and ¢, € II,,,

Tm,n(2) = pm(2)/qn(2), qn(2) # 0.

If f(z) is analytic at z = 0 (in this paper, when we say f(z) is analytic at zg, we
mean that f(z) is analytic in a neighborhood of zy), then for each pair of non-negative
integers (n, i), there exist polynomials P, ,(z) € II, and @, .(z) (# 0) € II, such
that

Qnpu(2)f(2) = Py u(z) = O(z" ) as z — 0.

The rational function P, ,,(2)/Qn,.(2) is unique and is called the Padé approximant of
type (n, ) to f(z). We denote this Padé approximant by [n/u](z). Thus, for each f(z),
there corresponds a doubly-infinite array known as the Padé table. Concerning the row
convergence of the Padé table, we have the following classical result of de Montessus
de Ballore [4].

Theorem A. Let f(z) be analytic at z = 0 and meromorphic with precisely p poles
(counting multiplicity) in the disk |z| < p. Let D denote the domain obtained from
|z| < p by deleting the p poles of f(z). Then for n sufficiently large, the Padé approz-

imant [n/p)(2) of type (n, 1) satisfies
f(z) = In/pl(z) = O(z" 1),

FEach [n/u)(2), for n large, has precisely p finite poles and, as n — oo, these poles
approach, respectively, the p poles of f(z) in |z| < p. The sequence {[n/u](z)}52,
converges to f(z) throughout D, uniformly on any compact subset of D.
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ROW CONVERGENCE OF RATIONAL INTERPOLATIONS 443

Padé approximation is the interpolation at the point z = 0. The generalized Padé
approximation is called a multipoint Padé approximation, i.e., rational interpolation.
Let us have the definition first. Let

{80 0,80 s B L

be a triangular system of points (not necessarily distinct). Define the associated
polynomials

+1
wi(z) = H(z - BJ(-Z)) on A(l):= {ﬁp, él), . 751(21 , {>0.
j=1

If f(z) is analytic in A(n + ) for each pair of non-negative integers (n, i), then there
exist polynomials p, , € II,, and ¢, , (# 0) € II,, such that

f(2)qn,u(2) = Pnu(2)
Wntpu(2)
is analytic in the set A(n + p). We call the rational function p,, ,,(2)/¢n . (2) a mul-
tipoint Padé approximant of type (n,u). It is unique and denoted by R, ,(z) =
Ry ( FiA(n+ p); z) For multipoint Padé approximant, we have an analogue of The-
orem A due to Saff (cf. [8]).

In this paper, we will extend Theorem A and its analogue to the general case where
the degree of the denominator of the interpolation does not equal the number of poles
of the approximated function f(z). We will state our main theorem and give notation
in Section 2. The proof of the main theorem will be given in Section 3. The divergence
in the complement set is discussed in Section 4. For the rational interpolation rows not
satisfying our criteria, we will give an example in Section 5 to explain the complexity
of convergence. Furthermore, an example of an application is shown in Section 6.

2. Results on the multipoint Padé approximants

Here we will study the behavior of rational interpolation on a more general point set
E than on a disk. We assume that E is connected and equal to the closure of the
interior of a finite number of mutually exterior Jordan curves Cy,Co, ..., Cy. Each C;
is of class A, i.e., each C; can be represented parametrically in terms of arc length s
by x = x(s), y = y(s) where z(s) and y(s) possess second derivatives with respect to
s which satisfy a Lipschitz condition of some positive order in s. We summarize these
assumptions by saying that E has Property A. Furthermore, let G(z) be the Green’s
function of K := C\ E having a pole at infinity, A be the logarithmic capacity for
the point set F/, and set

~0G(2) n Z,8G(2) '

Ox Jy
Theorem 1. Suppose E has property A. Let p be a fized positive number, f(z) be
analytic on E, meromorphic with precisely u (> 0) poles (counting multiplicity) in
E,, and analytic on I, except for poles in the m distinct points a1, oo, ..., 0, on ',

of respective orders r1,7r9,...,Tm (r1 > 19 > -+ > 1y,). Let the triangular schemes
(1) have no limit point exterior to E and satisfy the relations

wn(z)| < MA™ for z € E;
|G(2) +1log A — n~ " log |wn(2)|| < Mn™,

I, :={zG(z)=logp}, E,:=int (T,), H(z):=

(2)
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uniformly in z on each closed bounded subset of K. If none of {a;}i=" is a critical
point of G(2), then for “good” v (see Definition 1 below) and for all n sufficiently large,
there exists a unique multipoint Padé approzimant Ry 4, (2) := R(f, A(n+ p+v); z)
of type (n, p+v), which interpolates to f(z) on the set A(n+p+v). Each Ry ;40 (2)
has precisely p+ v finite poles, u of which, as n — oo, approach the p poles of f(z) in
E,, respectively, and p,; of which approach the points o, respectively (the {p,;} are
defined in Definition 2 and satisfy > .-, pv; = v). Let D, denote the region obtained
from E, by deleting the p poles of f(z) in E,, then the sequence {Rn +v(2)}5lg
converges to f(z) throughout D,, uniformly on any compact subset of D,, and

An?
p'n,

1£(2) = B s (2)| g < 3)

where A = maxi<i<m{ri — 2p; — 1}. Furthermore, if we let ¢,(z) denote the monic
denominator of Ry ;4. (%) and let m(2) denote the monic polynomial of degree p having
w poles of f(z) in E, as its zeros, then

Before stating Definition 1, we introduce some needed notation. Here [z] stands for
the integer part of x and an empty sum is defined to be zero. Let

Qn(z) - 7T(Z) H(z — ai)pu,i

i=1

m

- < C/n. (4)

i = [(ri = r41)/2], 1<i<j+1<mg
Wi 1= T — Tjy1 — 2U; 5, 1<i<j+1<m;
-1
Sp = Zwi,lfla 1<l <m
=1
2m—I1
s = Z Wi 2m—1, 1+m <1< 2m;
=1
Vo = O,
l
Ul::ZuiJv 1<li<m-—1;
=1
2m—Il—1 m
Uy = Z Uiom—i—1+ (2m —1 — Dropm—; + T, m <1< 2m;
i=1 j=2m—1
I = o1, 01), 1<l<m-—1;
Im = [Umflyvm];
I := (vi—1, ], m+1<1<2m.

It is straightforward to verify that the points v; satisfy vg < vy < -+ < von—1,
Vam—1 = Y orey 74, and [0, vay—1] = 12;”1_1 I;, where the intervals are pairwise disjoint.

We remark that some of the intervals I; may be empty.
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Definition 1. For a fixed v, 0 < v < vgy,—1, let I;,1 = I(v), be the unique interval
containing v. Set

k= [(V—vl,l)/l}, q=v—uv_1—lk, if 1< <m

k; = [(V —u—1)/(2m — l)}, q:=v—u_1—2m—-0k, fm+1<Ii<2m-1.

We say that v is good if g =0 or ¢ = s;. If 0 < v < v9,,—1 is not good, we say that
v is bad.

Next, for good v, we specify the quantities {p,,;} mentioned in Theorem 1.

Definition 2. Given a good v, we first determine the number [ such that v € Ij;
then, for this I = I(v), we consider two cases in Definition 1.

Case 1. ¢ = 0.
(a) If 1 <1 < m, then

kit 1<i<
Pri==1y, l<i<m:

(b) if m+1<1<2m—1, then

ki +wiom—i + rom—iy1, 1 <0< 2m—1;
DPv,i = .
Ti, 2m — 1 < i <m.

Case 2. ¢ = 51 # 0.
(a) If 1 <1 < m, then

ki tugatwigr, 1<i<
Pri=1, l<i<m:

(b) if m+1<1<2m—1, then

(8)

. ki + i om—i + Tom—i41 + Wi2m—t, 1<0<2m—1;
Pv,i = .
Ty, 2m — 1 <1 <m.

We have some remarks about our definitions.

Remark. We assume that f(z) has p poles in E, and vap,—1 poles on I', in our
Theorem 1. The analogue of Theorem A guarantees that the rational interpolation
rows {Ry .(2)}2% and {Rn jutvs,._1 (%)} oy converge. Here, for 0 < v < vopm—1, we
are trying to find which “intermediate” row {R, ,+.(2)}22, converges or which v is
good. We divide the integer interval [0, va,,—1] into 2m — 1 intervals {I;}. Each non-
empty interval has at least one good v. Definition 1 gives explicit criteria for whether
v is good or not. For example, g1 = 0, so all v € I; are good. The same is true for
v € Ism—1. And if v is one of v; for 1 < i < m, then v is good. Furthermore, if 1y — 79
is odd, then all v € I, are good. In fact, it is simple to write a program to compute
all good v and to verify if a given v is good or bad for the input ry,79,...,7m.

3. Proof of the main theorem

To prove Theorem 1, we need a Lemma first. We will let Ln+“+y(h(z);z) denote
the unique polynomial of degree < n+ p+ v which interpolates h(z) on the set
An+p+v).
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Lemma 1. Let E be the same as in Theorem 1. Let F(z) be analytic on E, mero-

morphic with precisely p (> 0) poles in E,, and analytic on T, except for a pole at o

of degree r, H(ct) # 0. Let gn(2) := Lyt pyv (F(2);2). Then
(—1)kH(a)T+kBT

lim n~ "0 gk () = k=0,1,2,...
Jim n 9 () = T T R 1,2,

; 9)

IF(2) - gu(2)] < L(zpnr| oot (2)
Wrt et (¥)

, for fized z # a, (10)

where L(z) does not depend on n.

Proof. Write
F(z)=:u(z)+ Z Bi(z —a)™",
i=1
where u(z) is analytic on T'). Let $p,i(2) := Lnqpsn ((z — @) 7% 2), i =1,2,...,r, and

Ontptv(2) = 1/wniputr(2). From the definition of s, ;(2), we see that

(z—a) " = s,,i(2) = Wntyety (2)Pni(2) (11)

(z —a)f

where py, (%) is a polynomial of degree i — 1. The equivalence of (11) with

snil2) = Wt it (2) (O (2) — Pi(2)]
" (z — )

implies (since s, (%) has no finite pole and « is not a zero of wy4 4. (2)) that py (%)
interpolates 6, (z) in the point « considered of multiplicity 7. This property of inter-
polation also is possessed by the polynomial

|
_

Gni(2) =Y 0 (a)(z — )’ /!,

J

Il
=]

and since both py, ;(z) and gy ;(z) are of degree i — 1, we have py, (2) = ¢n.i(2). Thus

Wrt it (2) Ot o (2) = Y00 0L (@) (2 — @)t /21)
(z—a) '

sn,i(2) =
From (2), we get
nhjgo nilw;+u+l,(z)9n+#+,,(z) =—H(z),

uniformly on each compact subset of K, and by induction, we can prove (proof of
Theorem 1, [7]) that

lim n_kwn+u+l,(z)9,(ﬁzu+y(z) = H(2)*,

e ) IR H (13)
n1—>120n wn+u+,j(z) n+u+U(Z) _( ) (2) )

uniformly on each compact subset of K. Thus, we get

lim (@07, (@) = (<1) H (@) (14)

n—oo
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Furthermore, by (12), we get for k > 0 that
) kH( )i-Hc
lim n- (00 (o) = CUTH@T oy 15
J @) = Ty TR 1

Now let $,,0(2) := Ln4putr (u(2); 2) and

gn( _SnO ZBSnz

then g,(z) interpolates F(z) on the set A(n + p + v). Using (15) for ¢ = 0,1,...,r,
one obtains

kH( )r-i-kB
lim =) ) () = D) 16
Jim n 90 () = T T R (16)
To prove (10), we use (12), (13) and get, for z # «,
‘F(z)—gn(z)‘§| ) — Sno(z ‘+Z|B|‘z—o¢ Z'—snﬁi(z)|
( ) o Nt—i
< o] [+ Z B, |Z Lot @)l — )7
Wyt (¥) t
S ‘wnJr#Jrl’(z) L( )n
Wn-i—u-i-u(a)
where L(z) does not depend on n. O

Note. Define gnx(2) := Lyt utv((z — @)* 1T F(2); 2) for k =1,2,.... Then, by the
same reasoning, for k =1,2,...,r — v,

( l)jH( )rkarlfqujB

i —(r—k+1-v4j4)  (4) -
im n (@) r—k+t1l—-v-—Dlr—k+t1-v+))

n—oo

£0.  (17)

If k> r—v, then (z — a)* " '"F(z) has no pole at z = a. If k = r — v + 1, then
(z — a)*"1*7 F(2) is analytic and not zero at z = «, thus we have

nll_)H;o n_(T_k+1_V)gn,k(a) = nh—>ngo gn,k(a) = BT 7é 07 (18)
lim nf(rkarlﬂ’H)gfﬁ( )= lim 7~ g(J)( )=0, forj>0. (19)

If k > r—v+1, then (z—a)* 1TV F(2) is analytic and has a zero of order k— (r—v+1)
at z = a. Hence, there exits a o > p such that (z — @)~ 1T¥F(2) is analytic in E,.
By the Hermite formula,

Wt (2 —« k—1+v
Gnk(2) = (z —a)fF 1 ER(2) = % /r + Ln(ﬂ)tity(t)(i e F(t) dt, ze€E,.

Thus
lim n g()( )=0 for j=0,1,...,k—(r—v+1)—1, and any real 7.  (20)

n—oo
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Proof of Theorem 1. By the assumption of Theorem 1, f(z) has p poles inside E, and

m different poles aq,ag,..., a0y, on the I, with multiplicities r1,79,..., 7y, respec-
tively, (H(oy) #0,i=1,2,...,m). Now, since 7(z)f(z) is analytic in E,, write

T = fol2) + 33 Bra(s

i=1 j=1
m
(z—a) P ] (2= i)™ 7?(2)f(2)
i=1,i#j
r;—k+1—p; m T —2p;
=ui(2)+ Y, Ciz—a) T+ > Y Criiz—a)
=1 i=1,#j 1=1

j is an integer such that p; > 0 and 1 < j < m, where fy(2), u;(2) are analytic on
E,;if any rj —k+1—pj, 7 — 2p; is less than 1, then the corresponding sum is empty.
We define any empty sum to be zero.

Let $n,1,(2) == Lnypiv((z — ;)5 2), (j = 1,2,...,m, 1 > 0). Then by (11),
we get

(Dt =1) (=gt D)z —ay) =5 () =3 (q) Wl (2)

S
s=0

x Zeﬁﬁw (@)t =Dt —1—=1)(t=1—s+1)(z— o)1 5/8! .

We cannot guarantee the existence of the limit with My < |wn4pt0 () /wnt o (a)] <
M5 and «; # o when i # j; however, we have

limsup n~ (= 1+q)}s (o)| = [ My e H = (ay)], i # J. (21)

n—oo

For i = j, we expand the right side of (12) in a neighborhood of «; and differentiate

q oo
5@ _ q
=3 3 (1)
s=0t=q—s
7(15-|)-H+U(Z)97(1t—)i-u+u(o‘1) (t - 1) e (t —q+s+ 1)(Z - O‘i)tqurs

. t+1)! !

thus, we obtain

q (49 (I+s)
lim n~ (99 (q;) = lim p~0+9) Z Wit (2)On i ()8!
n—oo (% g n—oo = S (l + S),

(C1)H )
SEETR (22)
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For j =1,2,...,m, define

Gn k,j(2) = Ln+#+,,((z — ;)P H (z — a;)?Pim?(2) f(2); z),
i=1,i#j
for k=1,2,...,pj,

In,p1+1(2) = Lot pto (ﬁ(z — ;)i (2) f(2); z)

=1

Then, since j is an integer such that p; > 0 and 1 < j < m,

r;—k+1—p; m Ti—2p;
Ink,j(2) = $n,0,5(2) + Z Crjzsnii(2)+ > D> Crjisniil
i=1,i#5 1=1
where sp,0.;(2) 1= Ln+“+,,(uj( );z) (j =1,2,...,m). Combining this with (18)—(22),
ifr;—k+1-—p;>r;—2p;,i=1,2,...,m,1 gkgpj,then
Jim n= (R g T S (ag) = NG < oo, (23)
hﬂsolip n— max{(rj—k—p;+s), (n—2p1+8)}|g il )| = ‘NS{’;H <oo, ] (24)

With all these preparations, now we are ready to consider the multipoint Padé ap-
proximation of type (n,v) for f(z) and good v, 0 < v < >, r;. We will examine
three cases separately.

Case 1. 0 < v < [(r1 —7r2)/2]. All v’s are good in this case. Set p1 := p,1 = v,
pj=pv; =0,7=2,3,...,m. Thenr; —2v >r;, i =2,3,...,m, and (23) becomes
ri—k—v r1—k—v s
lim n —(r1—k— u+1+s) () (041) Br L (—1) 1 +1H 1 +1+ ( 1)
n—oo k.1 Y —k—v+ D) —k—v+1+s)

= N < oo (25)

If v = 0, the theorem is true according to Saff (cf. [8]).
We now discuss the case v > 1. Suppose p = 0. Let

=>"af"(z—a)" T+ (z—a1)” and Zak G (2) + Grs1 (2);

then hy,(2) = Lypto (qn(2)(z — a1)” f(2);2). We shall choose the proper coefficients

(") , 1 <k <, so that the polynomial (z —«1)¥ is a factor of h,,(z). For this purpose,

we need to find a non-trivial solution (ag ), aén), a,(, )T for the linear system

Zak gr(fzc (a1) *—gff?j_i_l(ozl) ji=0,1,....,v—1. (26)
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To save space, we denote My, = (m; i)
and s columns. Let

j=12. t:k=12,.s fOr a matrix with ¢ rows

_ (-1
Anuxy = (gn,k,l (al))j:u ..... vik=1,2,...,0
* . —v(ri—v
A c=n TV TAL L

N,V XV
_ —(ri—v+j—1—k+1) (G—-1)
(n= (1wt Y9, ch (@)1t 2 27)
i—1
Yo = (szj,u-i-)l,l(al))j:lvz »»»»» v’

(e — i— j—1
Y= (n (r1—=2v+ 1)97(1J,u+)1,1(a1))j:1,2 ..... v

Noticing that r1 —2v > ro > 0 and r; — v > v by (25), we obtain
lim """ det(Ay,xp) = lim det(A% ,,,) = d,D, # 0,

. . {v+1}

nlggo Yy = (Nj—l,ll)j:1,27,,,7u
where the specific form of the constant d,, and the non-zero determinant D, are given
in [5]. Thus, for n large enough, det(Ay ) # 0. Hence, the linear system (26) has

the unique solution for sufficiently large n. Furthermore, X} := (n”agn), n”flaén), e

nlal(,"))T satisfying A} ., Xy =Y}, and it has a finite limit

) dl{,k}Dl{,k}H(al)k_V_l
N

u—k+1a("
k
d,D,

< 00, for k=1,2,...,v, (28)

n

where dl{,k} and D{Ek} are constants depending only on k£ and v. From this, we see that
for each compact set @@ of the plane

||qn(z)—(z—a1)”HQ < C/n. (29)
Now set Ry, . (2) := hn(2)/{qn(2)(# — a1)”}. Then, by our choice of the coefficients

a,(cn)’s, we know that R, ,(z) is a rational function of type (n,v), and ¢,(z) is not zero

inside E for n large enough from (29). Hence, R, ,(2) must interpolate f(z) on the
set A(n + v). Moreover, from Lemma 1

3 hn(z)
1&) = @G —a)
- Sia [ = ) ) = gaa(@)] + [ = 0)* ) = g (2)]
= |40 (2)(z — 1)
< Mn 2= lgn /pn for z on E, C E,.

We have proved the results for p = 0.

Next, suppose p > 0 and y1, 72, . . ., 7, are poles of f(z) inside E, with |y;| < |y2] <
-+« < |yu|- Define mj(2) :=Ti_1(z =), 5 = 1,2,..., 1, and mo(z) := 1. It is obvious
that m,(z) = 7(z). Define

Wn,s(2) = Lngptw (Te—1(2)7(2) (2 — a1)® f(2); 2) fors=1,2,...,p.
Let

an(2) = DT (2)(z = 00)” + 3" (2 = ) m(z) + (2 - en) ()

s=1 k=1
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Then
o v
ha(2) = Db wns(2) + 3 4y g (2) + guwsa (2)
s=1 k=1

=: Lntptv (qn(z)w(z)(z —a1)"f(2); Z)

Now we need hy,(z) = 7(2)(z — a1)”dn(2) where d,,(z) is a polynomial of degree < n.

Thus, we get
Cn Un, v
( o - > Xn = Yn (30)

Vn,vx,u An,uxv

where the entries are as follows. Suppose we have ¢ different +’s, the multiplicities are

1,42, ... ,14,, vespectively (iy +i2+ - +4, = p). Let y1 = —gnor1(m)s -+, Yiy =
(i1—1) (i,—1)

“In,v+1 (V)5 -+ s Yirintoti, 141 = _gn,u+l('7u)7 s Yigriobe4i, = T 9041 (’VM);
Yu+k = _glef;i)l(al) for k = 15 27 L)
X, = (bg"), bén), cee b&”), agn), agn), ceey al(,"))T;
Yn = (ylu Yo, oo s Ypus Yu+iy- - - 7yu+V)T;
Wy 1(71) wn,2(71) Wn, (V1)
wni,lfl)(%) w5571271)(71) o wii ()
Cn,uxu =
wn,1 (V) wn2(Vu) W (Vi)
wi V) whs Y () wili ()
In.1(M) gn2(M) Inw(71)
a8 V) gl ) 955 ()
Un,,uxv =
gn,l('yu) gn,2(’7u) gn,u('Yp,)
i1 i1 i1
A A B AL O 985 ()

e (p,(G1)
Vi = (Wil (@) iy i1z,
and Ay, ,x, is defined as in (27). It is obvious that Cp, ,,x, tend to a lower triangular

matrix with non-zero diagonal elements as n tends to infinity, det(Ch, ;x,) # 0 for n
sufficiently large.
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If we let X} = (nTbgn), nTbgn), e ,nTbL"), n”agn), n”_laén), e ,nal(,n))T for some
positive constant 7, it satisfies

(Cn,uxu U:;,;va) X*_y*
Vr A

n,vX [ n,vXv

where U*

n,uXv
Vi ux . 1s obtained by multiplying the kth row of V,, , x,, with n~(

is defined as before; and

is obtained by multiplying the kth column of U, ,x, with p(T—v=1+4k),

r1—2v+7t+k—1). *
)7 An,uxu

—(r1—2v)

—(ry—v— T
Yy = (nTylunTy27"'7nTyuun Yp+1,-.-,N (rs 1)yu+u) .

n

Because all g, x,1(2)’s are analytic and tend to zero at +;’s, by (20), we see that Uy .,
tends to a zero matrix as n — oo for v and any real 7. Furthermore, by the same

reasoning as the proof of (17), we know that

(=1)/H(on)" > By, ms_1(an)m(ay)

li —(r1—2v+j) ,(5) — for 2v < rq.
ningon wn’S(al) (7‘1 —2v — 1)'(7‘1 —2v +]) or sy n
Thus lim,, Vn*)l,X w = Voxu, which is a finite matrix for 7 = 0 and a zero matrix for

7 >0 and

Tim Y= (0,0, 0, N NI N
By the previous proof for 4 = 0, we know that for n large enough, det(A}, ,.,) # 0,
hence the linear system (30) has a unique solution and lim, ., X} exists and is
bounded. That means hy,(z)/{m(2)(z — @1)"qn(2)} is a rational function of type
(n, p+v) which interpolates f(z) on the set A(n+p+v) and (4) is true. Furthermore,
we have the estimate

_ hn(2) _ Wit ptv(2)
IO oG —a? ~ anE) - o)
H(al)r172u71nrlf2vleh

Wt ptv(@1)Dy(r —2v —1

I {C,+0(1)+0(n"7)} (31)

with a non-zero determinant C,,. Hence, (3) holds for both x4 =0 and u > 0.
Case 2. 11 <v<wywhen2<I<m-—1lorvy,.1<v<wv, whenl=m. If vis
good, set p; = py4, i = 1,2,...,m; then by Definitions 1 and 2, we get (cf. [6] for the
proof)

ry—2p;j+1>r —2p;—1 foril<j<landi=1,2,...,m. (32)
Thus (17)—(20) become

lim =PI gl () = NI k=1,2,....pj,j=1,....1, (33

oo n, 5,997
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where, for j =1,...,1,
“1)sH (. Tj_k"l‘l_pj"l‘sBrv .
(1 He) S ke
(rj—k+1—pj =Dlrj —k+1-p;+s) s=0,1,....p;;
Brj,j; ifk:Tj—pj—Fl,
{k} _ s=0;
Nois = : (34)
0, itk=r; —p; +1,
s=1,...,p5;
0, itk>r; —p;+1,
s=0,1,...,p;.
Notice that p; =0 for I +1 <7 < m; let
Wn,s(2) = Lptptv (H(z — )iy 1 (2)m(2)f(2); z), s=1,2,...,u,
i=1
and construct
I Pj l
HOESIHIUCICET N | NCEEALEO
j=1k=1 i=1,i#j
I l l
+ Z bW, 1(2) H(z — ;)P +7(z) H(z — ;)P
s=1 i=1 i=1
l Dj o
ha(2) =3 3 a0k (2) + 3 0w s(2) + gy (2)
j=1 k=1 s=1
We want hy,(z) = Hézl(z —a;)Pim(z)d,(z) where d,(z) is a polynomial of degree < n,
so we have

Mn,l+1><l+1Xn - Yn (35)

where My, j+1x1+1 is @ matrix of matrices with entries

e ((8) _
Mn,j,i T (gns)]g,i(aj))52071)”.7;0],_1;;9:1)27._.)1%a i,j=1,. B
e (0 (8) . .
My jiv1 = (wns;k(ozj))520)17“.%_1;,6:172)...7“, j=1,...,1
gn,l,i(’h) gn,z,z‘(’h) Qn,pi,z‘(’Yl)
-1 i—1 -1
g V) dl ) o ()
M1, = : : : ;
In i) gn2i(v) 0 npii(u)
i—1 j—1 i—1
g ) ol o) e gl Y )

Mn,H—l,l—i—l = Cn,uxu;

n n n n n n n n )\ T
Ko = (a0, o)) 0 T
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' -1
Y, = ( - gn,p1+1(a1)a _gn,p1+1(a1)7 SERE) _gr(f;lJr%(al)?
' -1
R _gn,lerl(al)v _gn,lerl(al)v ceey _gr(f;lnlJr)l (al)a
_ _ (i1—1) _ _ (i1-1) T
In,p1+1 (’71)7 sy gn,p1+1(71)7 ceoy T G9n,p1+1 (7#)7 ey gn7p1+1(vu)) .

Let ]\NJHMZH be a diagonal matrix of matrices with diagonal entries N, ;, let V~Vl+1xl+1
be another diagonal matrix of matrices with its diagonal elements W;; where, for
1=1,2,...,1,
n—(ri—2p:)
n—(ri—2pi+1)

n—(ri—pi—1)

n—Pitl

-1
Nij1,41 == n"1,, (I, is the identity matrix of order p), and Wiyq1 41 = lel 1
Then

;,l+1xz+1 = Nl+1><l+1 : Mn,l+1><l+1 : VVl-i—le-‘rlu
* —1 * N7
X, = Wl+1><l+1 +Xn, and Y = Nipixigr - Yy,
satisfy

Mvt,l+1><l+lX7t = Y;- (36)

Let M}; = lim,, o M} ; ;. By (33), we obtain, fori=1,...,1,

n,i,i*

det(M;;) == lim det(M;;,) = lim n P (""P) det(M, ;) = dp, ;Dp,s #0. (37)

n—oo n—oo
Similar to the reasoning in the proof of Case 1, we obtain for any 7 > 0,

M4 = nhjlgo M i1 = Vi, xus J=1.0
38
Ml:»l,i = lim M;,l+1,i :OHXPi7 1= 1,...,[. ( )
As for the limits of M,, ; ; where i # j, we need further discussions. If r; — 2p; < 0 for
l1<i<mandr; —p; —k+1<0, then g, ;(2) interpolates an analytic function.
Furthermore, the interpolated function (z—a;)*~1+s H:;Lt#(z—at)mw(z)f(z) has
a zero of order k —1 —7; +p; at z = a; and a zero of order 2p; — r; at z = o, @ # J,
1 < i < m. Hence, we have
i g (0 0, )
by (20) for s =0,1,...,2p; —r; — 1 and by (18),(19) for s > 2p; — ;. On the other
hand, if r; — 2p; <0 for 1 <4 <m and r; —p; —k+ 1> 0, then the interpolated
function has a pole of order k — 1 —r; — p; at z = ;. If one of 7; — 2p; > 0, then all
rj—pj—k+1>0for1<k<p, according to (32). The interpolated function has at
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least one pole. Hence, the elements of My ., may not tend to zero; however, they are
bounded. By (32), we get

ri—=2pi+12>1; —2p; >r; —2p;—1 for1<4,5 <1,
so we have three possibilities: r; —2p; +1 =1; —2p;; 1, —2p; =1; —2p;; 1 —2p; — 1 =
r; — 2p;. Let us study them one by one.
(a) r; —2p; + 1 =1r; — 2p;. In this case

max{(r; —2p; + ), (r; —pj —k+s)} =r; —p; —k +s,
max{(r; —pi —k+ ), (r; — 2p; +5)}

fri—pi—k+s for 1<k <p;,—1,
- ri—2pj+s=1r;—2p;+1+s fork=p;.

Thus by (24), the elements of M} ., tend to a limit:

n,J,t

lim n—(rj—2pj+m—k+1+5)g7(f}m(aj) — lim n_(ri_2pi+1+pi_k+1+5)g7(1813€1j(aj)

n—oo n—oo

= lim n_2n_(”_pi_k+s)g§j3€7i(aj) =0, 1<k<pi i#7;

n—oo

on the other hand, the elements of M} ; ; are bounded:

ot ) (0] = s =R
n—o0 n—oo
=limsup n~ " 7P R 0O (o) = [N 1<k <p;, i#)
n—oo

This means that

lim M} ., =0, xp,, lmsup M), =Uy. ., liminf M}, . =V>* 40
oD Mg pixpio ISP B g pixpyr PRI Mg pixpyy  (40)
where Uy ., and V7., are finite matrices and Opxgq is a zero matrix.

(b) For the case r; — 2p; — 1 = r; — 2p;, we only need to exchange the positions of
i and j.
(c) r; — 2p; = r; — 2p;. In this case
max{(ri—pi—k+s),(rj —2pj—|—s)} =ri—pi—k+s forl<k<p,,
max{(ri—2pi—|—s),(rj —pj—k—|—s)} =r;j—pj—k+s forl<k<pj.

Thus,
nlggo n*(r]‘72pj+prk+1+s)gv(:3€7i(aj) - nlggo n*(’ri*2pi+pi*k+1+s)g§j;€7i(aj) =0, i+ ],
HILH;O nf(”dpﬁpj7k+1+s)97(:3€7j(ozz') = nlingo nf(”72pj+pj*k+1+s)g7(j;w(ozi) =0, i #J.
Hence, if r; — 2p; = r; — 2p; and @ # j, then

lim M} ;= Op, xp:> lim M}, o = Op,xp;- (41)

n—oo n—oo

. . . . ) .
Generally speaking, we are not sure of the existence of lim, .. My, ; ; for i # j.
However, for every subsequence there exists a convergent sub-subsequence. Let M,
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be one limit of {M ; ;

Then all entries of ]\7[l*+1X 141 are bounded; some are zero matrices. We state that

}. Furthermore, let Ml’;lxlﬂ be one limit of {Mr*hlﬂxl“}.

!
det(Mfy15111) = Hdet(Mi*,i) ~det Cpusp- (42)
i=1

To verify this statement, we let ¢; = r; — 2p; for 1 <14 <[, and by (32), they satisfy
—1<¢—¢; <1 for 1 <i,5 <I.

Without loss of generality, we assume that (we can always rearrange ci,co, ..., ¢ in
such an order that)

coc—c=1,...,4—c1=1,¢441—¢c1=0,...,¢—c1 =0,

where t is a number between 1 and ! and ¢ = 1 means all ¢}s are the same. In fact, if
co —c1 = 1, then ¢; — ¢1 # —1 because ca — ¢; # 2. Thus, the above group of relations
is valid. If ¢ =1, then all M;; = Oy, xp, for i # j; we are done with our verification.
If t > 1, for this arrangement, M} = Oy, xp, for j =2,...,1 by (40) and (41). Thus

M2*,2 M2*,l
det(M}y 1, 41) = det M7 det | D | det Chuxp
Mfy, - M
Since
c3—co=0,...,c4 —ca=0,¢c041—C2o=—-1,...,¢—ca=—1,

M3 ; = Op,xp, for j =3,...,1 by (40) and (41). Thus

Mgy - Mg,
det(My141) = det My det M3y det [ | det Chuxp
My o My
By repeating these steps, we get (42). Hence,
1
lim det(M;) ;,1,;0q) = lim []det(M; ;) - det Cr ey # 0. (43)

i=1

Notice that the limit is the same for every convergent subsequence and {]\Zf; 11 +1}
is a bounded sequence. Thus, the above limit is true for the whole sequence. We
conclude from (43) that (35) has a unique solution for n large enough,

hn(2)
1 (z — ai)rim(2)gn(z)

which is the rational interpolation of type (n, x4+ v) to f(z) on the set A(n + p+ v).
Furthermore, we have the estimations for the coefficients:

lim nTbgcn) =0 for k=1,2,...,u, any 7,
4 DY F () pit (44)
lim npi*kJrla;;? = P Th (a:) for k=1,2,...,p;,

n—oo

‘ dpz' D Pi
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where d,, and D,, are constants only related to p;, H(c;), and B,, ;, and d,{f} and
Dz{f} are constants only related to k, p;, H(«;), and By, ;; ¢ = 1,...,1. Thus (4) is
true. Since v = Zli:1 pi, we have
! .
n(2)7(2) [Ti1 (2 — )P f(2) — hn(2)

f(2) = Ry (2) = ! I .

an(2)m(2) [Ti1 (2 — )P

1
an(2)7(2) [Tic (2 — @)

1% l
x {Z by [H@ — ) Pim 1 (2)m(2) f(2) — wn,l<z>}

=1 =1

I pi l
+> > o {<z —a) 1 ] (2= a))™n(2) £(2) = gni(2)

i=1 k=1 G=1,j%#i

1
+ _H(Z —ai)?Pir(2) f(2) - gn,p1+1(2)}

_ Wntptv (2)

gn(2)7(2) TTizy (2 — )P
. Ti—2pi—1 A
~ { Z CPiJLPiJn + Z Cpi,ln +0(1)}

1<i<i (Z - O‘i)wn+u+1/(0‘i) i 2ps—1=A>0 (2 — ai)wn-w-‘ru(ai)

Hence, (3) is true for A = maxi<;<; {r; — 2p; — 1} = maxi<j<m {r: — 2p; — 1}.
Case 3. vy <v <y, m+1<1<2m—1. Set p; =p,; fori =1,...,m. Then
pi=r;fori=2m—1+1,...,m, and (cf. [6])

ri—2p;—1<r;—2p; <r,—2p;+1 for 1<14,57<2m—1. (45)
Construct the same ¢,(z) and h,(z) as in Case 2 for I = m. Similarly, we want
hi(z) =TT, (2 — ai)Pim(2)dn(2), where d,,(2) is a polynomial of degree < n, so we
have

Mn,m+1><m+1Xn - Yn (46)

where My, m+1xm+1, Xn, and Y, are the same as in Case 2 for | = m. Furthermore,

~ ~ ~
Mn,m+1><m+1 = Nm+1><m+1 : Mn,m+1><m+l : Wm+1><m+1;

_— -
X:; = Wm+1><m+1 'Xna Y; = Nm+l><m+1 . Yn
satisfy
M;,m+1><m+lX:; = Yr: (47)
Here det Cj, ;,x still tends to a nonzero limit, and we still have
M;m+1 = n11—>H;o 'rt,j,m+1 = ij><;u j: 17"'7m7 ( )
. 48
M;“Hrl,i = nh~>n;o M:z(,erl [ O,LLXPH 1= 1a , M

We only need to study M>*

n,%,J

i —2p; <0 for1<i<m.

now. It is easy to check by Definition 2 that
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Thus, if 2m — 1 +1 < j < m, the g, ;(2) interpolates an analytic function. Further-
more, the interpolated function (z — a;)F =147 | J PR a)?Pt(2) f(2) has a zero
of order £ — 1 at z = «; and a zero of order 2p;, — 7 at 2 = 4, 1 # j, 1 <7 < m.
Hence, for elements of M, ; ., (39) is true. This gives us

lim M;)i7j:Opixpj for 2m—14+1<j<m,1<i<m,i#].

n—oo

As for a fixed j < 2m—1, M},
In fact, gr(f;”(z) interpolates an analytic function when r; —p; — k41 < 0. For this
situation, the above reasoning is still valid. That means

may not tend to a zero matrix, but they are bounded.

lim n ¢

n—oo

i—2pi+p;—k+1+s) (s) —
R TR ) (an) = 0,

When 1 <k <r; —p; + 1, the interpolated function

m

(z—ap) 70 I (2 =) m(2)f(2)

t=1,tj

has only one pole at z = «; of order 7; —p; — k + 1, and (23) and (24) are true here.
For 1 <i<2m —1, (45) is true; for 2m — 1 < i < m,

r;—2p; —1<r;— Q[kl + Uj2m—1 + Tgm_l+1] -1
<r; =2k — (rj = rom—it1 — 1) — 2rom—i41 — 1

= =2k —rom—it1 < —Tom—ig1 < =15 = 1; — 2p;.
Hence,

—(n—2pi+pj—k+1+s)|g<s) ()|

limsup, oo 1 k.

— 1 —(ri—2pi—r;+2p;+1), —(r;—p;—k+s)| (s)
= limsupn (2P =i H 2P+ 1) = (ri—p; )‘gn7k7j(ozi)| < 00,
n—oo

for0<s<p;,—1, 1<i<m, i#j, k<r;—p;+1 We conclude that for any
convergent subsequence,

* *
Mn,l,l n,1,2m—I
lim det(M); 4 1xmy1) = lim det
n— o0 ’ n— 00
* *
n,2m—1,1 " Mn,2m—l,2m—l
*
Mn,?m—l+1,2m—l+l
x det i *
n,m,m
Crpxp

Applying reasoning similar to that in Case 2 to the matrix in the first determinant,
we deduce that (42) is still true. For the second determinant,

im n(rimpi—ktlEs) ()
AT g

) = pm (k1) o) (o y - ) Bryg whenk=s1,
LA 0 when k # s+ 1.
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Thus, (37) still holds here. We come to the conclusion

det(M;L-l—le-i-l) = lim det(]\;[; m+l><m+1)

= lim Hdet M ;) - det Cr uxpy # 0.
=1
Thus, all conclusions in case 2 are still valid for this case. This means that (46) has
a unique solution for n large enough, hy(2)/([T/%;(z — )P7(2)qn(z)), which is the
rational interpolation of type (n,u+v) to f(z) on the set A(n+ p+v). The estimates
(44) for the coefficients are still true. Since v =Y " p;, we have

2) — 2) = Wnptv(2)
JE) = B2 = e T G = o)

) ’LL i Ti72pi71 i A
% { Z szy pi,il? + Z ( Cpu n ( ) +0(1)}

1<i<2m—1 (2 = )wnppn(ei) ri—2pi—1=A>0 i)W tpto

Hence, (3) is valid for A = maxj<i<m {ri — 2p; — 1}.

The proof of Theorem 1 is completed. O

4. Other results

Corollary 1. Let f(z) be as in Theorem 1. Suppose that v is good by Definition 1,
and Ry ;4. (2) is a rational function of type (n,u + v) interpolating f(z) on the set
A(n+ p+v). Then, except for a finite number of points, the inequality

RnnquV(Z)Pn
n* exp(nG(z))

holds for each z exterior to T',. Consequently, the sequence { Ry ,4.,(2)}02o can con-
verge in at most a finite number of points exterior to I',.

lim sup

n—oo

>0

Proof. Assume v is good; according to the proof of Theorem 1, we get

m

w z nTim2pi=l
HOREMOES e {Z( = +o<1>}’

an(2)m(2) [[;Z, (2 — a)Pi z = )Wyt (i)

where, if v < 31" | r;, then at least one C,,; # 0, i =1,2,...,m. Thus,
WnJr,quV(O‘l)
f(2) = Ry o (2) | @ (2) ———~—x
[ . } Wt (20N

for any compact set exterior to I',. We conclude that the functions inside the absolute
value form a normal family. Consequently, there exists a convergent subsequence.
Because (for at least a subsequence)

<A

ri—2p;i—1—X

u zn wn-l—u-l—l/(al)
lim =C(z) #0,
Jim Z CET—r (2) #

and

. Wn v &
Jm F@)an(z) ((z):z)A -0
n—+p+v
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for z exterior to I',, we obtain

limsup | Ry, 40 (2)p" exp(—nG(z))nf)“ >0 except in a finite set.

n—oo

This means that {R,, 1. (2)}52 is divergent in C\ E, | JT', except at finite points. O

Remark. If we let ﬁl-(") =0for1 <i < n+1,all n, then w,(z) = 2" E =
{z : |z| < 4} satisfy the assumptions and the multipoint Padé approximations become
Padé approximations. Hence, our results also can be applied to Padé approximations.

5. An example for “bad” v’s

In this section, we give a proposition about “bad” v’s. The investigation on the poles
of {[n/1](2)}5%, for the function f(z) with exactly two different simple poles (cf. [1],
p-239) has been done. We point out that the limit point set of the poles could make
up a continuous curve.

Proposition 1. Let E = {z: |z| < 1/2}, E, be the open unit disk, and

9(z)
(z—a)(z—0b)

where |a| = |b| =1 and a # b, and g(z) = D" o gnz"™ is analytic on |z| < 1 with
gla) # 0 and g(b) # 0. Let ¢ = arg(b/a) and [n/1](z) be the (n,1) Padé approzimant
of f(2). Then, if ¢p/m is a rational numbert/s (t and s have no common factors), the
sequence {[n/1](z)} has at most 2s distinct poles; if ¢/m is irrational, the limit point
set of poles of {[n/1](2)} make up an arc of a circle in |z| < 1. Let O be the closure of
the set of poles of {[n/1](2)}, then {[n/1)(2)} is uniformly convergent on any compact
subset of E, \ O.

f(z) =

Proof. The function f(z) is analytic on E, and analytic on I', except at 2 points
21 = a, z2 = b. The function f(z) and F satisfy the assumptions, so we can apply
Definitions 1 and 2. Since m = 2, r; = 1, ro = 1, good values of v are 0 and 2. The
value v = 1 is “bad”. Now, let us calculate the Padé approximants {[n/1](z)} and
their poles.

We consider first g(z) = 1. Because the Taylor expansion of f(z) is

= =1 1 1
fz)= Z Jnst = Z (b—a) (a"H B b”“) o
n=0 n=0

for each n, with f_; := 0,
o fi  fim1 4
2= 7 det (fn+1 fn ) Yo farafior + fufi)2

[n/1](z) = =
1 z —fnt12 + fn
det (an fn)

Szt ) X0 f37 + [
N _fn-i—lz + fn '
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When f,, # 0, it is a non-degenerate case. Furthermore, when f,,;1 = 0, there is no
pole; when f,4+1 # 0, the pole of [n/1](z) should be

1 1 1
iy = fn _ b—a(a’“fl B b"*l)
™ Frs1 1 ( 1 )
b—a\antZ pnt2
a(l - ei¢67("+2)i¢)
1— 67(n+2)i¢7

where e~ := a/b. If ¢/ is rational, then there will be finite distinct poles {zy,}.
For the special case ¢ = m, the Padé approximant [n/1](z) is either a degenerate
case or has a constant denominator, so there is no pole. On the other hand, if ¢/7
is irrational, by a result due to Bohl, Sierpinski, and Weyl (cf. [10]), {e?*?}%2, is
uniformly distributed on the unit circle, i.e., the sequence is dense on the unit circle.
Thus, if ¢/ is irrational, then the limit point set of {2, ,} consists of points of the
form

a(l — e'®e??)

zZ0 =
Generally, if

__ 93
&= tmae—n

where g(z) = > 07 gnz™ is analytic on |z| < 1 and g(a) # 0, g(b) # 0, similar
to before, then for the non-degenerate case and f,4+1 # 0, the pole of the Padé
approximant [n/1](z) of f(z) is

L1 1 1
i > k=0 b—a (anJrlk - bn+1k> 9k
Y 1 1
Zk:O b +2—k —% | 9k
—a a™ bn+2 k

a " lgla) +en b lg(b) —en
a=""2g(a) + €ny1 — b7 2g(b) — enp1

ar — €0 4 a2, — e0) /g(b)
P e 0D a2 (e — ) J9(0)

where 7 := g(a)/g(b) (recall g(b) # 0) and
€ni=a "1 . a* —g(a)) =0,
(ot —ota)
£p =0 "1 b* —g(b) ) —
(ot —a00)

as n — 0, since |a| = 1, |b| = 1. For convergent subsequences,
a(r — e'?et?)

r — et

Zn, p for n; — oo andsome 6 € [0,2m).
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Notice that if || # 1, then f,, # 0 for n large enough; thus [n/1](2) is a non-degenerate
case for n large enough. If r = e for some v € [0,27), then the only degenerate
cases are in the subsequence {[n;/1](z)} for n,’s satistying e’ = e~ (" +1i¢  For
n;’s satisfying e = e~ (%29 the subsequence {[n;/1](z)} has no poles because all
denominators are constants.

For the same reason, if ¢/ is rational, then there only will be finite distinct poles
{#n,p}. Obviously, if we write ¢/m := t/s where t and s are integers having no
common factors, then there will be at most 2s distinct poles. On the other hand, if
¢/ is irrational, then the limit point set of {z, ,} is made up of points of the form

a(r — e®e'?)

- 0 € [0, 2x].
r—e? 7’ € [0,2n]

zZo =
Since w = a(r%ejz) is a Mobius transformation on the complex plane, it maps a circle
not passing through its pole to a circle and a circle passing through its pole to a
straight line. For our problem, the circle being mapped is the unit circle, so if |r| = 1,
the image set or point set {(x(f) = Re(zp), y(0) = Im(z¢))} is a straight line passing
through zero. For |r| # 1, since we can find a € such that |zg| < 1, (e!® # 1), a part
of the circle {(z(0) = Re(zp), y(0) = Im(zp))}, or an arc, is inside |z| < 1. Now
a(r — e®e’?)

O:{z:|z|<1;z: 3 for0§9§2ﬂ'}
_el

is the closure of the set of poles of {[n/1](2)}5>,. Because the Padé sequence {[n/1]
(2)}59, converges on |z| < 1 except on the limit points of the poles, our proposition
is true. g

6. An example of applications

One application of our results is to Szegd polynomials associated with Wiener-Levinson
filters [3].

Definition 3. Doubly-infinite sequences z = {z(m)}5°__ of real numbers are called
(discrete) signals. Here we consider N-truncated causal signals zy = {zy(m)} since
we can get only finite data, where

(m) z(m), if0<m<N-1
xy(m) :=
N 0, otherwise

and 2y (0) # 0. The Z-transform of xy is given by Xy (z) := Zz;é xn(m)z

For the absolutely continuous distribution function ¢ () given by

1 .
O (0) 1= 5| X (")

the inner product is defined by

(f.9)= | f)g(e)don(9),  f.g€ Co.

—m

‘27 _W§9§W7

We denote by {pn(z) = pn(dn;2)}22, the sequence of monic Szegd polynomials or-
thogonal with respect to ¢, and denote the reciprocal polynomials by

With these definitions, we have a theorem by Jones et al. [3].
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Theorem B. Let
Dn(z) = +2n(0) H (z — zx) H (1 —Zzx2)

[2k|>1 [2r|<1

where the z,s are all zeros of the polynomial zN~'Xx(2), and the sign is chosen so
that Dy (0) > 0. Define Fn(z) :==1/Dn(2)D§(2). Let M denote the degree of Dy (2),
0< M <N —1, and let [n/M] be the classical Padé approzimant of type (n, M) to
the rational function Fy(z). Then there exists a polynomial Qn ar(z) (of degree < M)
such that

pn(2)
n/Ml|(z) = =———F—. 49
/M) = 5 (19)
Now we can use our theorem for this case. Because all poles of Fix(z) on |z] =1
have even degrees, 11,732, ...,7y in Theorem 1 are all even numbers. If the number

of poles of Fn(z) in |z| < 1 is p, then the number of poles of Fx(z) on |z] = 1 is
2(M — p). By our Definitions 1 and 2, we can verify that v := M — u is good. Thus,
we have a corollary.

Corollary 2. With the hypotheses of Theorem B,

im [n z)= lim pa(2) = 1
Jim [n/M](2) = lim_ on?) = DR

locally uniformly on the set {|z| < 1} \ {zeros of Dy(2)}. Moreover, the degree of
Qn,m(2) is exactly M, and the M zeros of Qn a(z) approach the M zeros of D (z).

Next, let us study the limit function outside {z : |2| < 1} when D(z) has at
least one zero on |z| = 1. Note here that E = {z : |2| < 1} and H(z) = —z~ 1.
Write Dy (2) = apum(2) [[1~, (2 — a;)* where 7() is a polynomial with all zeros inside
|z| <1 and {a;}!", are all on |z| = 1. Let b, = a, [[~,(—@;)*; then by calculating
all constants in (31), we have for z€{ay, g, ..., am},

ph(z) = Qn,m(2) ML IN w(a) ()T as;

o(n™1).
"~ Dn(2)Dy(2)  ebuDy(2)n & 7% (aq) (2 — ag)af T +o(n™)

K2

From this estimate, we see that the Padé approximant sequence is divergent outside F.
Because we are interested in the asymptotic behavior of Szego orthogonal polynomials,
we need the following estimate for p,(2) if z€{a1, a2, ..., am},

_ Zn+MQ:;,M(Z) 1
pnl2) = Dy (2)Dn(2) + EB#DN(z)n 4

(2

) sl
7T

f (i) (z — )

With this asymptotic formula, we can study some interesting behavior of p,,(z). We
will focus the rest of this section on a discussion of the zero distribution of {p,(2)}52 ;.
We can get the same theorems as Szabados [9]. However, our proof is much simpler.
We will use the notation Z(Fy) for the set of cluster-points of the roots of the p,(z)’s.

Proposition 2.

Z(Fy)({z:lzl > 1} =0.
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Proof. By (50), we get

—n MDN()
“nE) = B DR ()

for |z >1 asn — oc.

The function 2 /Dy(z) has no zero in |z| > 1 + ¢ for any € > 0. Thus, by Hurwitz’s
theorem, z~"p,(z) has no zeros in |z| > 1 + ¢ for n large enough. O

We need a deep and general theorem of Erdés and Turan [2] for the proof of next
proposition.

Theorem C. If £,&,...,En are roots of the polynomial ag + a1z + -+ + anz™

(ag,an # 0), then for any 0 < a < 8 < 2w, we have

S16\/N10g(2j_v_0|aj|/\/|a0||aN|). (51)

> 1-N(B-a)/2r

a<arg £<f3

Proposition 3.
{z:|z|=1} C Z(FN).

Proof. By the same reasoning as in the proof of Theorem 4 in [9], we know that for any
€ > 0, there exists a subsequence {n; }32 of integers such that for some p, 0 < p < m,

limal =af ML forl=1,2,....m

j—oo

Hence (50) implies

1 Uiy
lim njpn; (2)DN Z

oo
J “ i=1

—1)*lsiaf

*

f <l—e (52
T or |z[<1-e (52)

By Hurwitz’s theorem, this limit means that for j sufficiently large (j > ji(¢)), the
polynomial p,,(z) has at most m — 1 zeros in |z| < 1 —¢e. On the other hand,
by Proposition 3, for sufficiently large j (j > ja(¢)), pn,(2) does not have zeros in
|z| > 1 —¢. Hence, py,,(2) has at least nj —m + 1 roots in 1 — < |z| < 1+ ¢ provided
that j > js(e) := max{ji (), j2(¢)}.

The next step will be to prove that n; —m + 1 roots of p,,(2) are asymptotically
uniformly distributed in angles with vertex at 0. Here we will apply Theorem C. Hence,
we need to calculate E;VZO la;l/+/]aollan]| for p,(z). Obviously, the value is the same

for pn(2) and p}(2). Let hyp(2) = e[ (2 — o) m(2)pk(2). Since |a;| =1, E “olajl
is bounded by (n + M)M multiplying the sum of the absolute value of coefficients of
hn(2).

From the proof of Theorem 1, we have that

n
hn(z):Zb wnl +Zzakzgnkl +gn51+1( )

i=1 k=1

S

n+ n+M n+M

=1
ZM: o +ZZ‘L Ze(k)Z“rZeJ,SIHZ _ Zhnm

=1 7=0 =1 k=1
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where the bl(n)’s and a,(cni)’s satisfy (44). Furthermore, wy, ;(z) and g, x.;(z) are n+ Mth
truncated Maclaurin’s series of

m_1(2)mw(2) | [(z — i)** Fn(2)

=

Il
-

(2

and

m

w(2)(z — ) T (2= @) Fu(),
=15
respectively. Since m_1(2)7(2) [[/%, (2 — @;)** Fy(2) is analytic in |z| < 0 and o > 1,
|d§-l)| are bounded for all j and I. Thus, because of (44), for any 1 > 6 > 0,

m

Z n)dl)

<d/(n+1) for n large enough, 1 <j <n+ M. (53)

For the second sum, let

()= — 0 [ (2 ) Fn(e)
=1, j#i
_ 7(2) 1 _ eF) i
apbu*(2) (2 — )k 1ts: H] 1 iz — Q)% 'j:O %
It is obvious that for some constant C,
le (k)| <O+ )5 M < C(n 4 ;)5 F for 0 < j <mn. (54)
According to (53) and (54), for n large enough and a constant L,
Z!h(" | < Z\b M|+ 303 ol
i=1 k=1
<5+ZZ‘ak)|C’n+s simhk+tl <1, (55)

i=1 k=1

We are almost finished except for finding a lower bound for h(zz A~ From (52), we see

that there is a subsequence {n;}%2; and an integer p such that

) 1 () (-1 sia?
Jlim h, ROYES hm njpn,; (0)Dn(0) = cbu ; () #0.

As for h((J"), it goes to a non-zero constant D3 (0)/Dn(0). Since hg:fZM = ca, and

h((J") = cn(0)(—a)®ag, combining these with (55), we obtain, for n large enough (at

least for a subsequence {n;}32 ),
log (Z la;l/~/ |a0||an|) <log(n+ M)M+Y = (M 4 1) log(n + M). (56)
3=0
Let any & € |z| =1, 6y = arg&p, and choose N such that
167/ M + 1+/nlog(n + M) < ne/(27) whenever n > N(e).
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Then

n2e
) ™ 16VM + 1y/nlogln+ M) < > 1
|arg z—60p|<e
n2e
< @ + 16V M + 1+/nlog(n + M).
™

Hence, if we let j > N, then p;; (2) has at least nje/(2m) — m + 1 roots in the “e-
neighborhood” of the point §: {z : 1 —¢ < |z] < 1+ ¢, |argz — Op| < €}, which
means that § € Z(Fy). By the arbitrariness of {, € |z| = 1, we conclude that
{z:|z| =1} C Z(Fn). O
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