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SOME SEMI-CLASSICAL AND LAGUERRE-HAHN FORMS DEFINED BY
PSEUDO-FUNCTIONS

J. Alaya and P. Maroni

ABSTRACT. We deal with some examples of semi-classical forms defined by Ha-
damard finite parts. We construct corresponding orthogonal sequences and their
respective structure relations. Inverse and associated forms also are considered.
Representation of these forms are given. In general, they are Laguerre-Hahn
forms.

1. Introduction

In a recent paper [16], the second author has studied the generalized weights P f %
defined by

V(z)
z2 "’

(P

)=t [ pw
= lim (/O: V:C(Qx)f(x)dﬂc + /00 V:C(Qx)f(x)dx - SV(O)f(O))

e—+0 te

for any polynomial f and where the function V represents the regular form v
i) = [ V@i (11)
The form v is regular if a sequence {5, },,>0 exists such that [4]
(v, 8n.Sm) = knbn,m, n,m>0, k,#0, n>0,
So(z) =1, Si(z) =z — Co, (1.2)
Snt2(x) = (z = Cur1) Snr1(2) = pn1Sulz),  n>0.

In algebraic terms, the problem under consideration is the following: determine regular
solutions u of the equation

U = —Av, A #0, (1.3)
with constraints (u)g = 1, (v)g = 1 where (u), := {(u,z"), n > 0, and (2%u, f) :=
(u, % f(x)). Equation (1.3) is equivalent to

u=0—(u)8 — Az % (1.4)
for a form w, w' = Dw is the derivative: (v', f) := —(w, f') and

where 5.1) = 00,
= (v,00f) = (v, w> The second member of (1.4) is the usual sum

(@™, f) -
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SEMI-CLASSICAL AND LAGUERRE-HAHN FORMS 13

of a suitable solution of the homogeneous equation and a particular solution of (1.3),
since z?(x~2?v) = v following the definitions.
When v is given by (1.1), in view of (1.4), we may write

)= fof1ears [~ Hacl
O; Viz) da:} _APf /O; V@) payar (15)

x x

+f’(0){(u)1 +)\P/

P/O; V;x)d:vzsliril()(/oz @d:}cju/: @m) :

We have assumed that Pf ffooo Vm(f )dz exists. When this number is different from

where

zero, what is the regularity of the form P f %? We may choose the parameters (u);
and A by the conditions

(u); = =AP /_ZOO @dw, (1.6)
/\_—(Pf/O; Vx(f)da:>_l. (1.7)

(w.g)==xrs [ O;

is the solution of (1.3) which we are interested in.

When Pf ffooo Vz(f )y = 0, we maintain (1.6), but now the parameter A becomes

arbitrary, and we have by (1.5)

Then, by (1.5)

V(z
96(2 )f(x)d:c (1.8)

V(x)
22
In general, the form w given by (1.4) is regular if and only if A,, # 0, n > 0 [16, (1.12)],

with

u=0—APf . (1.9)

n (1) 2
2 (AS,21(0) = (u)15,(0))
= > . .
A, = (v, Sn>{/\ + UZ:;) 050 ., n>0 (1.10)
As usual, Sr(Ll)(:zr) = (v, %ﬁ"“(@% n > 0. In this case, the orthogonal sequence
{Z,,}n>0 relative to u is given by
Zo(I) =1 5 Zl(x) = Sl(x) + bo,
Znt2(x) = Snt2(x) + bpy1Snt1(2) + anSn(w) , n >0, (1.11)
where by [16, Lemma 1.1]
bo = Co — (u)1,
S,(0) = ASY, (0 Sni1(0) = AS (0
boss = Cor — ((u)15.(0) ma( ))A((U)l +1(0) ( ))7 n>0. (112)
. Y (1.13)
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Also, the sequence {Z,},>0 satisfies the recurrence relation
Zo(l') =1 N Zl(,T) Zx—ﬂo,

Zny2(x) = (= Bpi1)Znt1(z) — Ynr1Zn(z) n >0, (1.14)
with
Bo = (u)l ) 6n+1 = <n+1 + by — bn+1 , n >0,
A JANSIT VAN
m=-4o, V2 = AA—é : Tn+3 = %Pnﬂ : n=>0. (1.15)
0 n+1

In particular, when A > 0 and v is positive definite, then u is regular by [16, Theo-
rem 1.1].
When v is symmetric, we have (compare [16])

AN, +1
= —————Don ntl = P2nt2 , >0, 1.16
a2 N, + 1p2 +1 a2n+1 = P2n+42 n ( )
M=-A, Y2n+2 = A2n , Ton+3 = % ’ n =0, (1.17)
2n

with
Ay=0, A,FZ(Hpi), n>0, po=1. (1.18)
v=0 \u—o P2nt1
Our aim is to give examples of semi-classical forms (1.8) or (1.9) through data of
semi-classical forms v.

2. The structure relation

In the sequel, the form v will be supposed symmetric, semi-classical of class s, and
satisfying
D(®v) + v =0 (2.1)

with § = max(deg% — 2, degt) — 1) [14, Definition 3.1]. The form u given by (1.4)
satisfies the equation

D(®ou) + pou=0 (2.2)
with

Bo(z) = 2B(z) . o(2) = 2*P(x) .

The class of u is at most § + 2. Following a standard criterion [14, Proposition 3.5],
we have

DY(0) +o(0) =03 (u, Votbo + 9Z@o) = B(0) — (v, Dot + V3P) .

If  ®(0) — Av,9otb + 92®) # 0, then the class is 5+ 2 . (2.3)

If ®(0) — Av, 9t + 92®) = 0 and ®(0) # 0 , then the class is §+ 1 . (2.4)
Indeed, u satisfies D(®u) 4+ u = 0 with

O(z) = 2d(x),  P(z) = (2) + a(x) . (2.5)

Moreover, we have @ (0) + 1(0) = 28(0) # 0. Below, the class will be determined in
any particular case.
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In order to obtain the structure relation of {Z,},>0, let be the one of {S,}n>0 [9,
13]

B(2)S)41 (1) = 5(Cus (0) = Col@)) S () = prsr D (0)Su(x), n>0. (26)
By (1.2), note that ¢, = 0; by symmetry and n — n — 1, we have
®(2)S" () = Dy (2)Sni1(x) + (%(én(x) - éo(x)) - xf)n(ac))Sn(:v), n>0. (2.7)
From (1.11), using the fact that b,1; =0
&’($)Z;L+2($) = &)(x)S,’lH(:c) + ana’(fﬂ)sflz(iv) ’ n=0.
With (2.6), (2.7), and (1.2), we obtain

B(2)Z) () = {x(c"”@; =~ | B - pri2Dnsali)  $111()
+ {an{w _ Iﬁn(a:)} _ Cn+2(x)2_ CO(x)anrl}Sn(I); n Z 0.
(2.8)

But, from (1.11) and (1.2), we have
2Sp41(2) + (an — put1)Sn() = Zny2(2),
(@® 4 ant1 = pnt2)Sni1(2) = pui12Sn(2) = Znya(z),  n>0,
or equivalently, with (1.14),
an?Spi1 () = antZni2(2) + t2(Pnt1 — an) Zps1 ()
an@?Sn(x) = (nt1 — prt2) Zny2(2) + Mny22Zni(z) | n=0.

So if we multiply (2.8) by a,z?
ana?®(2)Z)4(w) = {002 G(@in) + (@ns1 = pus2) H(win) } Zuya()

+{nt2(an = pus))Glasn) + yuesaH(wn) } Zuia(@), 020, (29)

where

G(2in) = = (Cusa(@) — Co(@))x + auDu(@) — pureDasale)

N~

H(xz;n) = —%(Cn+2(:v) - 50(:10))pn+1 + an{%(én(:v) - 50(:6)) - xf)n(x)}, n>0.
Taking into account the well-known recurrence relations
Crii1(z) = =Cp(x) + 22D, (x)
pnt2Dnyo(x) = —®(x) + ppt1Dn(x) — 2Cpi1(z) + 2°Dysa(z), n >0, (2.10)

we obtain
1~ _ _
H(z;n) = §(On+1(33) + Co(2)) (pn+1 = an) = pns12Dpyr(2)
1~ - - - -
G(x;n) = —5(0n+1(33) + Co(x)) @ + anDp(x) = pni2Dnya(x) + 2°Dpya(x), n>0.



16 ALAYA AND MARONI

Moreover, since by (1.16), (ant+1 — pnt2)(Pnt1 — an) = 0, n > 0, the relation (2.9)
becomes

0, B(2) 2 o (2) = {anx{m) 4 (an = pus1)Pa(a) + 3 (Cusa (@) — Col) )

— Pnt1(@ns1 — png2)T Doy (I)}Zmrz(il?)

- 7n+2{(an - pn+1)(anDn($) - an+1-5n+2) + anx2ﬁn+1 (‘T)}Zn-i-l (‘T) .

Finally, when the class is § 4+ 2, we obtain

(@) 21 5() = 2{8(0) + (00 = i) Balo) + 5(Coia(0) - Cofe)a

Pn+1
— 2 (e —Pn+2)Dn+1($)}Zn+2(:r)

n

- ”Yn+2{1725n+1(17) + (an — Pn+1)(5n($) - aZH 5n+2($)) }Zn+1(33)7 n=0.
(2.11)
When the class is 5§+ 1, we have
~ ~ ~ 1 ~ ~
5(0)Z113(0) = {B) + (@0 = pri)Dule) + 5 (G ()~ Cola))o

Pn+1
- a+ (@n+1—Pn+2)Dn+1(I)}Zn+2(x)

n

- ”Yn+2{$5n+1($) +(an= o) (B0D0) (2) = 22 (00D12) o)) }Zn+1(x>,
(2.12)

n > 0.
3. Examples
Example 1. We take v = U where U is a Tchebychev form of the second kind

<Z/{,f>:%/71\/1—:172f(3:)d:c.

Thus we have

Pn+1:i, n >0 and /\:%,
D(z) =2 -1, (z) = =3z, 5=0, (3.1)
Cn(z) = (2n + 1)z, Dy(z) =2(n+1), n>0

Therefore, from (1.16), (1.17), and (2.4)

12n+3 1
n — ) n = 7 207
“n = yony1 Ty "
1 12n+3 12n+1 n>0, (3.2)

R e U R b
®(z) = z(2® — 1), Y(x) = —(22% + 1), s=1.
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From (2.12), we have

2n 4+ 3

2n+1
1

x(x® = 1)Z},  5(x) = ((2n+ 3)2® — 2) Zony3(z) — 5(2n + 1)xZapyo(z), (3.4)

n > 0. We deduce the fact that Z,1(x) has simple zeros. Indeed, on account of (3.3)
and (3.4), the equations Z,,y1(x) = 0, Z;, 1 (z) = 0 imply 2 = 0; furthermore, we have
from (3.4)

2(2? = 1) Zyy 1 5() = 2(n + 1)2° Zop y2(x) — (n + 1) ——2Z2n 41 (x), (3.3)

Zb,,4(0) = —%(271 1) Zania(0) £0,  n>0. (3.5)

In fact, the form w is equal to the inverse of the Tchebychev form of the first kind
(also see [8]): u =7 ~! where

= — ————dx
77/_1 V1 — 2

The inverse u~' of u is defined by v 'u = vu=! = ¢ with (6, f) = f(0) and the
product uv of two forms is given by [11]

(uv, f) = (u, (vf)(x)) = <u, <v, w>> '

Indeed, we have z?u = —3U. But if 7(Y) denotes the form associated with 7, we
have by [13] that %T(l) = —227 ! and the well-known property 7) = U/, therefore
2?(u — 7T~1) = 0 which implies v = 7~!. Thus (see [16, Introduction] for another
expression)

1 Y(1—22)V1— a2
7o _lpYze )2 i (3.6)
T x
where Y is the characteristic function of RT.
Let us consider the quadratic decomposition of {Sy,}n>0 and {Z,}n>0 [4, 12]
San(a) = P, (2?), Sons1(z) = 2Ry (a?), n >0,
Zon(z) = Py (%), Zoni1(x) = 2R, (2?), n>0. (3.7)

The sequences { P, }n>0 and { Ry, }n>0 respectively are orthogonal with respect to ou
and zou where ou is the even part of u defined by (ou, f) := (u, (¢.f)(z)) = (u, f(2?)).
From (1.3), we have

o(r?u) = zou = —Aold = —%O’L{ . (3.8)

Therefore, R,, = ﬁn, n > 0. On the other hand

on=2[\!

We conclude that Za, 1 has (simple) zeros 1n] 1,+1].
From (3.8) and (3.9), we have

e (3.9)

1
ou=4§— §£C_IUU,
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(3.10)

d:C:O,

(3.11)

(3.12)

(3.13)

1 —
ouf) — o) L / 2 0)= 10,
With the definition
VI= z , "Vi-z 2
Pf/ sz J(w)de = lim/ Wf(x)dw - ﬁf(o) ;
we obtain
(ou, £) = F(0 (1+Pf / L ) e / ik
But
Pfs / =-1.
T Jo 553/2 Vel —z)
Therefore,
1Y (x(1— V31—
oT ' =P Gl - IVI-o
x3/2
Thus {Ry, }n>0 and { P, }»>0 are orthogonal with respect to the forms (3.9) and (3.10),
respectively.
Example 2. We takev =T or V(z) = < %) Here, we have Pf [~ - mQ
consequently, the form w is given by (1.9) where X is arbitrary. Then
1Y(1—-2?
=0—APf-——F—xF .
v f x2V/1 — 22
Thus, we have
1
Pn+1 = A—0n0/2 n >0,
d(z) = 1, )(z) = —=, §=0,
Co(z)=2n—1)z, Dy(z)=2n, n>0
Therefore, from (1.16), (1.17), and (2.3)
B 1 2(n+ DA +1 1
T SV R W R b A
1 2nA+1
= _)\ n = oy n = YRR 2 07
ga! ’ V2n+2 = a2 Y2n+3 12t DA+ 1 n
®(z) = 2%(2? — 1), P(z) = —503, s=2.
The form w is regular if and only if A # —5=, n > 1. From (2.11), we have
1
2 (2 = 1)Zyy0(w) = 95{2(” +1)a® — m}z%w(iﬂ)
A
—279m on 4+ 1)z? — Zon ,
” *2{( ntlz (2n/\+1)(2(n+1)/\+1)} 2n41(7)

P = 1) Zjnaglo) = of 20+ 90 = S 2 (o)

— 4(n + 1)’72n+3$2Z2n+2 (,T),

(3.14)
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n > 0. We deduce from (3.14)
A
ngn+3(0) = —272p43Z2042(0) #0,  n2>0. (3.15)

So, the polynomials Zs,,43(x) have simple zeros. About Zs,42(x), we have the result:
a multiple root = necessarily satisfies

A
IS CCES D
With the recurrences relations (2.10) for C,, D, the relations (3.13) and (3.14) give

Cont1(x) = x{(4n— 1)z? — ﬂ}, n>0,

(2n + 1)z?

2nA +1
dn)
2
= _— > .
D2n+1('r) = 4”1727 n Z 0 )
2A

The decomposition (3.7) shows that R, = P,, n >0 since zou = —AoT. Conse-
quently, the polynomial Zs, 41 does not depend on A\. Moreover

(6T, f) = (3.17)

/m

This implies that the roots of Z3,41 are in |—1,+1[. On the other hand, from ou =
§ — Az~ 10T, we obtain

{ou, f) =

/ [@) - 10,
m 7

{1+)\Pf /$3/2\/_} _APf- /:v3/2
But Pf1 fo IS/Z\/T—O therefore,

T

17 (01 —2)
Thus { R, }n>0 and { P, },>0 are orthogonal with respect to the forms (3.17) and (3.18),
respectively. In Examples 1 and 2, the form u is a second-degree form, since v is a

second-degree form [15, 17, 18]. Indeed, if S(u)(z) = — Y >0 % denotes its formal
Stieltjes function, we have using [15, (4.1) and (4.15)]

228 (u)(2) + 2 = —AS(v)(2),
B(2)8%(v)(2) + C(2)S(v)(2) + D(2) = 0,

(3.18)

where in Example 1,

and in Example 2
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Therefore, S(u)(z) satisfies
B(2)S?(u)(2) + C(2)S(u)(2) + D(z) = 0

with

B(z) = 2*B(z)

C(z) = 22{2z§(z) - )\5(2)} (3.19)

D(z) = 22B(2) — A2C(2) + A\2D(2) .
Moreover, the form wu also satisfies [15, Proposition 2.3]

B(z)u+2*D(x)u™' =0. (3.20)

2

Example 3. We take v = H where H denotes the Hermite form, then V' (x) = #e’z .
Here

pn+1:%(n—|—1), n >0, /\:%,
d(z) =1, h(z) =2z, §=0, (3.21)
Ch(z) = —2a, Dy (z) = -2, n>0.
Then, from (1.16), (1.17), and (2.4)
asp =n—+ 1, Aont+1 =N+ 1, n >0,
Vg1 = %(n + (=1)"*1), n >0, (3.22)

O(x) =, Y(x) =20 + 1, s=1.

In fact, the form given by (1.8) is the generalized Hermite form corresponding to the
parameter value p = —1 [4]. We have

Chn(z) = =2(2* + (-1)"), D, (z) = —2x, n>0.
Hence
aZy (@) = (14 (-1)") Zpio(@) + 29n420Zn11 (), n>0.
The roots of Z,, 5 are simple since

Z3n15(0) = =272043Z2012(0) #0,  n>0. (3.23)

From the decomposition (3.7), we have R,, = ﬁn, n > 0, where the sequence {]Sn}nzo
is a Laguerre sequence with parameter value of —1/2, since

! T temn x)dx
(aH,f>—ﬁ/0 v he T f(a)da | (3.24)

Therefore, the roots of Za,41(z) are real. Next, from ou = § — 32 'o'H and (3.24),
we obtain

1 e ? 1 o e®
But Pfﬁ fOOO 53’; dx = —1; therefore,

(ou, f) = —Pf# /OOO ;B;Zf(:v)d:v . (3.25)
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So, {P,}n>0 is a Laguerre sequence with parameter value of —3/2.
In these examples, where v is symmetric, positive definite, and A > 0, we have [11]

uM =u"l, (3.26)

and the fact that u(!) and u~" are positive definite. As usual, u(V) is associated with u.

Indeed, from (1.3), (z2u)u~! = —Avu~!. But following the general formula f(uv) =
(fu)v + z(ubof)(x)v [14, (2.6)], we have (z?u)u~t = 2?6 — x(ubo(?)(x)u™! =
—z((u)1 + z)u~! = —2?u~!. From the definition [11, 13, (4.7)], yiuV) = —2?u~;
therefore, with 41 = —\, we obtain (3.26). Next, if {Z,(f)}nzo denotes the orthogonal
sequence with respect to u~! when it exists, from the general theory we have [13]
(compare also [16])

7250 (@) = 20, @) + a2 (@), n>0

)

!
(=) Z2n+3(0) (=)
Aoy = — ) Ao, = Y2n+3, TLZO,
T a0
- 1 - d (3.27)
Zypr (0) = (~1)" > 7( )( ) n>0,
2 +1( ) ( ) — Yo Y21 1:[7% liIO’Yz;LH
V= /JLflj Hf
(=) _ _ =) _ (=) (=) _ Ven+272n+3 >0
Y1 0= 7, Yon42 = A2y’ Yonys = a(,) ) n=u.
2n

The announced properties follow since Z3,,3(0) # 0, n > 0, from (3.5), (3.15),
and (3.23).

Remark. It is a striking property that the product of two positive definite forms is
still positive definite. In general, this is not true. For example, the Tchebychev form
T satisfies the equation (z? — 1)72 = 0. Consequently, 7% = £(6_1 + d1). Positivity
is kept, but no regularity.

As an application of (3.26), we have

MONEY NEWOR (3.28)
Y2 Y2
Indeed, we have ng)u@) = —22(uM)~1, and from (3.26), (u"))~! = v~1u; therefore,
with the help of [15, (2.6)] and (1.3),
ng)u@) =—2*(v" ') = —(Pu)v ™t —z(ul) (z)v™t = A —2Pv !

But pvM = —22v~!, hence (3.28) holds. For a general problem analogous to (3.28)
and detailed properties, see [5, 10].

4. Representation of v~ !, u(, u(?) in Examples 1 and 2

In the case of Example 1, we easily obtain u(*) = 2227 by (3.26); therefore,

W 22
(u ,f>—ﬁ[1 = f)ds
From (3.28)

2
3

9 1
W®, f) = <5,f>+—3 / V1—22f(z)dx .
T J-1
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In Example 2, we have 225 (u)(2) + z = A(z2 — 1)7!/? where we take the branch
V22 — 1 which is positive when z = z > 1. Writing 22(22 —1) = \? = (22 —13) (2% — 73)
with 13 = %(1 +V1+ 4)\2), T = %(1 —V1+ 4)\2), we get, with the help of [15, (1.5)],

S ) (2) = o 1 WITTT42(:2— 1)
u 2) = _ _ |
225 (u) (2) A2 -1)7V242 (] -22) (22 - 13)
Suppose A > 0 and let S(ufl)(z) = H(z). In this case, SH(z) > 0 when Sz > 0
(z = +1y).
Moreover, since

.
ML+ 5y

H(z) = /°° dp(t)

o t— 2

we have

where 1 is a non-decreasing function [7]. We see that y is continuous except at t? = ti
since

(t—2)H(2) =0, z—t O<e<arg(z—t)<m—¢, t€R, t*#18,

1VI+4X2 -1
(£tx —2)H(z) > =——=—1=k), z—*t), 0<e<arg(z—=*t\) <m—c.
2 V144X

In fact, the function p is absolutely continuous with respect to Lebesgue measure for
t? # 3 since

/ |H(z +iy)"de < By, 0<y<1,  T>ty>1,
|z|>T
from the definition of H. Moreover, it is easy to see that

R
1
| el < 0<ys g0,

-R
with 0 < R < ty, since
22 — 13| > 13 — R?, 2| <R,
1. - 1. -
|Z2_T§| 2 57—)\(1‘.2—’_7—)%)1/27 0<y§ 57—)\7 ™ = _T)\2 .

The property follows from the well-known formula

On account of

A1 — a2 o] < 1
SH(z+i0) = ¢ 22(1 — 22) + A2’ v ’
0, x| > 1,
we finally obtain
2z XY VI=2 dt
Hz)=kx\5——+— C—[-1,+1].
(2) Ati—ﬂ+7r/_1152(1—1t2)+A2t—z’ zeC-[1+1]
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Consequently,
_ At V1 —z2
(™ ) = ka0, + 04y, ) + /1mf( z)dx A>0. (41)
From vu = —z%u~! and (4.1), we deduce
A 1Y 221 =22
1) - - Ve
<’U, 7f> m«stx +6—t,\7f>+7.r‘/_1 I2(1_I2)+/\2f(‘r)d‘r (42)

The formula (3.28) gives

W 0) = T2 00+ gy [ VIS (43)

142

Remark. By straightforward and lengthy calculation, it could be shown with the
help of equation (3.20) that the representations (4.1) and (4.2) remain valid for A €
C—[-%i,+3 ']

When A = —=, n > 1, the forms ! and u(!) are no longer regular, but keep their
respective representatlons As to (4.3), it is valid for A#£E —=

It remains to treat the case A = i(, 0 < (| < 4 where O <3, 78 < 1. Tt will be
sufficient to suppose 0 < ( < 5 1. Equation (3.20) becomes

(2 — Du+2*(2*(2* - 1)+ )u™' =0.
Equivalently,
2?(2® — Du+ (2*(2* = 1)+ G)u™' = A5 + BJ' .
We deduce that (u)s — (u)2 + (u™1)s — (u )2 +¢2 = A, 0 = B. But (u)2 = —)\,
(Wa=—-AT)2=—2X (u )2 =X, (u')s = ? + 3\ Hence, A = 0. Therefore,
1
(2 =) @® - Bt = —2*(@* — Du=\2* - 1)T = —5)\1/{ . (4.4)

The following identity will be very useful: for any polynomial f and any form w,
we have [15, (1.12)]

(z =) (f(@)w) = f(o)((z = )~ w) + (0cf) (z)w — (w, 0 f)d (4.5)
where (0,f)(z) := L9212 — o) Lw, f) := (w,b.f), ¢ € C. Two cases arise: (1)

xr—c

0<(<43, and (2) (=13.

2
()0<§<—

Then § < t2 <1,0< 72 ic < %. We have successively, in accordance with (4.4) and
(4.5),

1. _
(x4 7ic) (2® — t5 )u™" = Tic (i€ — )&m—§M@—ﬂdl%

1
(2% = ti)u™" = (i€ = 13)0ric + Tic (i = £50) (% + 7ic) ™0 — 5iC(@” = 7)™U,

(z — tic)u™ " = —ticb_t,c + Tic(i¢ — ti) (@ + tic) " (x + Tic) " Or,

1
+ (i€ = i) (@ + tig) T 0ry — 5iC(x + ti) T (2 = ) U,

2
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= 515«;4 - tiC(x - tiC)_lé—tig + TiC(iC - tzzC)(x2 - t?{)_l(x + TiC)_léT«;g
. _ 1. _ _
+ (i€ — tfc)(a:Q — tfc) 15*7'1'( — 51((332 - tfc) Ha? — 7'4) U . (4.6)

Further, on account of the definitions and of the representation of U, we have

(@ = 72) " @® = £2)7U f) = U, 00,01, 07, 0—r, . f)

_2 / ' Al @)~ (O Brbn H )

T — ¢

Via?
= (01,07, O—r o f) (tic) P / Y e

Ti¢ T — tic

\/1 — 2
(9 977-4,]0 uj / ! >

Ti¢ 1 x2 — t
2 V1— a:2
_ (H,Ticf) (Tic)P / C— —dx
m )1 (@ = ) (@ — 7ic)
2 [t V1—122dx 2 (1 V1—22 f(x)dx
_f(_TZC)P_ 2 _ 42 2 _ 2 P— 2 _ 42 2 _ 2
T™J-1 (‘T zC)(‘T TlC) T™J-1 (.’I] 'LC)(J; T’LC)
where P means Cauchy’s principal value of the integral. But, it is easy to see that

/mt /m

= —2ux,
1 t—x

_27 |CC| < 17

N T2
P—/ __vi=® o, P—/ 1t
m ) (8 mJ 1 (

—a3)(t — x2)

—1<$17é$2<+1.

Consequently,
((x? _ng) H(a? —t2) W, f) = f(t zilc—i—_fT(C i) B f(nilc_’__f:q -
2 1 Vi-a?
wrel, @)y D W

After some straightforward calculations, we obtain from (4.6) and (4.7)

_ 2 /1 2
<u715f> ! C 6 ti(+6ti(7f> 1 ! 4< -1

4 /71_4<2 +4 /71_4<2 <6*7'i<+57i(’f>
+icpE / VIZZ o (4.8)
@ = 72) . .
From yu® = —z?u~! and (4 8), we infer that
1 1 )
<u(1), )= 1 Z_C g <67t1( + 6t1( )= \/%7@ <57n'< + 57'1'4 )
V=22
+ P— / — :c2 I;E_ ) f(z)dx . (4.9)
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Then t3, = 3, 73, = 3. As above, we obtain
_ _ 1y -1 1 . 1i-1
1 = 6(\/5)71 - (\/5) 1((E — (\/5) 1) 6_(\/5)71 + 5(2 — 1)(1’2 — 5) 6(\/5)71
1 . _1y—1 1,-1 1, 1,2
_5(\/5) 1(1_1)(‘T—(\/§) 1) ($2_§) d —(V2)~ 1—1 ( 2—5) u

or

T =6~ (VD) = (V) gy - g i D+ (V) T g

F W D - (VO )y - il 5) U

On the other hand, we have
<(:c2—%)721/{ fy=Uu.e (V7)1 (f) f)
O @) - (0- (31025 1) (VD))
/ z+(V2)~!
:—\/—(9 V2)~ 1‘9 1f)( (\/—) 1)
\/—ac2 (-0 7) @) = (00 ) (VD))
1+ ( z—(V2)!

V2 ( —<ﬂ>*19<ﬂ>71f) (@)~ (0_ (a8 £) (VD))
" 7/_1m z— (V2)-!

dzr

+_

dx

dzr

- P? _11ﬁ{(9—<ﬁ>19<ﬁ>1f) (z)

~(0-(abim7) ((\@1)}6517
= —V2(0_(ya-10m 1 f) (VD) +2(0_ (162 f) (VD)

V2 [t VT—a? ( wirlf)(‘”) — (emrlf) 27
M- /1x - )1 T+ (\/5)_1 "
VA VI (9—<ﬁ>flf)<x>‘(9—<ﬁ>*1f)((ﬁ)fl)dx
T Joix+ (V2)! r— (V2!
R V2 (VI f(a ( 27 4.
= B2 =W ) + P /— Vo)
V2 m fla (ﬁ)‘l)
P /1 x? =3 \/5)_1 o
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on account of

But
_ V2/2 )2 N 1/2
e+ (VD)) (e - (VDY) (+ (VDY) (VDT a- (V2T
(4.11)
Therefore,
(=3 up) = (1) - f’(—(ﬁrl))
E{e I
1z —(V2)7t oz (\/5)
[ (f) ) i
/V W
\/—x2 —1
—1x 4 f((\/i) ))dx}
- “/ -7 S I,
1:c+ +(V2)!
Tl ( (f)‘l)
/ x—i—(ﬁ) : dx
+P%/1x\_/1(7;)2_1 (f(w)—f(—(\/i)l))dw}

or

(=3 7u0) = (£ - £ (-2 )

2
V2f V2t Vi-a?
+7{Pf7 [1 (x_(\@)_l)zf(x)d;c

/ m

rlf “—9”2 i - }(@ )
_i{_pfi/ —;CT)Q (x)dz

2
+f(—(\/§)*1)Pfg L —(Hz\;;l)gdx
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VS
_P_/1w+(\/§) f(z)dx
o[ o )

It is a simple computation to see that

VI VTR A VIR
L L

—~
S
~
|
—
~—

(6= 37 ) =5 (1) - ) -2 [ D s
_l’_

TJ)oq 2% -3
B
oL, mﬂ”‘“
+Pf= / I_IQ (z)dz . (4.12)

With the results

1,
= 5= D0z 0- (v 1)
1.
= 5(2_ 1)<6(f 717D97(\/* 71f>

;(2—1)<5<f 01 f =02y f)
- 6= 0{Lr(m) - %(f(wirl) -1}

because D, = 0.D — 62,

=D = (V2T T gy £y = 6= D 0y )

= —?(i—1)<57(\/§),1 D§? ) f)

“g(i D(-wao (ba)l{f(xi:{\(/(g\f)l_l) 1 (2™)))
==L n{VE(-W2) ) - (D) + (1) + (D) )
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we finally obtain from (4.10) and (4.12)

- V2 1
1
(W™ f) =5 Oz = 1)+ 50 T+ f)
; 1 — 2 1 — 2
_ 1{p 1/ _ Vi-a? Mf(x)dﬁpfl/ V1= e
4 m)_ (:v + (\/5)—1) ) 1 (:v _ (\/5)—1)
Vi 2
—pZ / i x )d:c} . (4.13)
1 T
From yju(® = —z%u~! where 71 = —\ = —1i and (4.13), we obtain
V2. 1Y V1 =22
<u(1)af>:_?l<5z\/§)—1_51(\/5)—1af>+P;/_1I x? _1 ( )
1 e 1— 22
y{rn ] (@)
2 m)_q (w+(\/§)—1)
1 /1 — 2
+Pf xz%f(x)dx} . (4.14)
™) 1 (w - (\/5)—1)
5. Representation of v~!, u(!), u® in Example 3
In the case of Example 3, we have
-1
S(u™1(2) = —————— = L(2)
(w™) z+ 35(v)(z)
where
v="H and S /
\/_
satisfies
S'(v)(z) = —228(v)(2) — 2. (5.1)
As above, we have SL(z) > 0 for Sz > 0 and
_ [T du()
L(z) = /_oot—z (5.2)

where g is a non-decreasing function. This function is absolutely continuous with
respect to Lebesgue measure since

1 oo ye=t’ -1
SL(z) < dt .
e I =l

& ye_t2 _ > ye_($+t)2 1 ye_($+t)2
o= a2 mra
e =) +y o Py o 24y

1
> 2e_m2_2|w|_1/ 5 Sdt = 2e” (2141 Arctan 1
o t°+y Yy

But

> T o—(lzl+1)?
2



SEMI-CLASSICAL AND LAGUERRE-HAHN FORMS 29

for 0 < y < 1. Therefore,

4
SL(z) < —ePHD* for 0<y<1.

™
We infer for (5.2)
/‘ et dt ~0
Z 3 y )
2\/— e —(t2— 192)d19) +(4e_t2)2t—2
since
1 —t* &
P—— —dt = — —(@ =% g R.
27 /,Oo t—x /0 ¢ ’ ve
Consequently,
e~
(u™t, / f(z)dx . (5.3)
2\/_ —(z2— t2)dt) + %672x2

We deduce that

(), f

2
xle”

\/_/ (z— fo —(z2—t2) dt) Te—2e? it
The forms ="' and u!) are really Laguerre-Hahn forms [6]. Indeed, from S(v)(z) =
—2z — W and (5.1), we obtain

S (w1t (z) = 2225 (u ) (2) + 225 (u ) (2) - (5.5)

This Bernoulli equation shows that u~! is a Laguerre-Hahn form of class zero [3].
Further, from ~;S(uM)(z2) = —W —z and 25(u)(2) = —2(22 + 1)S(u)(2) — 22,

x)dr . (5.4)

we get

28" (M) (2) = 28% (uM) (2) — 2(2* = 1)S (uM) (2) — 22 (5.6)
Here, the class is s = 1 [1]. On the other hand, from (3.28), we have

1
u® =2 (5 +00). (5.7)
As above, we easily obtain the following representation for v [19], see also [2]
—x2
e

0. 1) = 5o / Gl (58)

The form u(® is also a Laguerre—Hahn form of class s = 1, since from (5.7)

S(u(z))(z) — %{—% + S(v(l))(z)} = _% n S(vl)(z) —Z.

Therefore, on account of (5.1), we obtain

28" (uP) (2) = —225% (W) (2) — 2(2* + 1)S (u?) (2) — 2z . (5.9)
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