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Some semi-classical and Laguerre-Hahn forms defined by

pseudo-functions

J. Alaya and P. Maroni

Abstract. We deal with some examples of semi-classical forms defined by Ha-
damard finite parts. We construct corresponding orthogonal sequences and their

respective structure relations. Inverse and associated forms also are considered.
Representation of these forms are given. In general, they are Laguerre-Hahn
forms.

1. Introduction

In a recent paper [16], the second author has studied the generalized weights Pf V (x)
x2

defined by

〈Pf V (x)

x2
, f〉 = Pf

∫ ∞

−∞

V (x)

x2
f(x)dx

= lim
ε→+0

(∫ −ε

−∞

V (x)

x2
f(x)dx +

∫ ∞

+ε

V (x)

x2
f(x)dx − 2

ε
V (0)f(0)

)

for any polynomial f and where the function V represents the regular form v

〈v, f〉 =

∫ ∞

−∞
V (x)f(x)dx. (1.1)

The form v is regular if a sequence {Sn}n≥0 exists such that [4]

〈v, SnSm〉 = knδn,m, n,m ≥ 0, kn 6= 0, n ≥ 0,

S0(x) = 1, S1(x) = x− ζ0,

Sn+2(x) =
(
x− ζn+1

)
Sn+1(x) − ρn+1Sn(x), n ≥ 0 .

(1.2)

In algebraic terms, the problem under consideration is the following: determine regular
solutions u of the equation

x2u = −λv, λ 6= 0, (1.3)

with constraints (u)0 = 1, (v)0 = 1 where (u)n := 〈u, xn〉, n ≥ 0, and 〈x2u, f〉 :=
〈u, x2f(x)〉. Equation (1.3) is equivalent to

u = δ − (u)1δ
′ − λx−2v (1.4)

where 〈δ, f〉 = f(0); for a form w, w′ = Dw is the derivative: 〈w′, f〉 := −〈w, f ′〉 and

〈x−1v, f〉 := 〈v, θ0f〉 = 〈v, f(x)−f(0)
x 〉. The second member of (1.4) is the usual sum
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of a suitable solution of the homogeneous equation and a particular solution of (1.3),
since x2(x−2v) = v following the definitions.

When v is given by (1.1), in view of (1.4), we may write

〈u, f〉 = f(0)

{
1 + λPf

∫ ∞

−∞

V (x)

x2
dx

}

+ f ′(0)

{
(u)1 + λP

∫ ∞

−∞

V (x)

x
dx

}
− λPf

∫ ∞

−∞

V (x)

x2
f(x)dx (1.5)

where

P

∫ ∞

−∞

V (x)

x
dx = lim

ε→+0

(∫ −ε

−∞

V (x)

x
dx +

∫ ∞

+ε

V (x)

x
dx

)
.

We have assumed that Pf
∫ ∞
−∞

V (x)
x2 dx exists. When this number is different from

zero, what is the regularity of the form Pf V (x)
x2 ? We may choose the parameters (u)1

and λ by the conditions

(u)1 = −λP
∫ ∞

−∞

V (x)

x
dx, (1.6)

λ = −
(
Pf

∫ ∞

−∞

V (x)

x2
dx

)−1

. (1.7)

Then, by (1.5)

〈u, f〉 = −λPf
∫ ∞

−∞

V (x)

x2
f(x)dx (1.8)

is the solution of (1.3) which we are interested in.

When Pf
∫ ∞
−∞

V (x)
x2 dx = 0, we maintain (1.6), but now the parameter λ becomes

arbitrary, and we have by (1.5)

u = δ − λPf
V (x)

x2
. (1.9)

In general, the form u given by (1.4) is regular if and only if ∆n 6= 0, n ≥ 0 [16, (1.12)],
with

∆n = 〈v, S2
n〉

{
λ+

n∑

ν=0

(
λS

(1)
ν−1(0) − (u)1Sν(0)

)2

〈v, S2
ν 〉

}
, n ≥ 0 . (1.10)

As usual, S
(1)
n (x) = 〈v, Sn+1(x)−Sn+1(ξ)

x−ξ 〉, n ≥ 0. In this case, the orthogonal sequence

{Zn}n≥0 relative to u is given by

Z0(x) = 1 , Z1(x) = S1(x) + b0,

Zn+2(x) = Sn+2(x) + bn+1Sn+1(x) + anSn(x) , n ≥ 0, (1.11)

where by [16, Lemma 1.1]

b0 = ζ0 − (u)1,

bn+1 = ζn+1 −
(
(u)1Sn(0) − λS

(1)
n−1(0)

)(
(u)1Sn+1(0) − λS

(1)
n (0)

)

∆n
, n ≥ 0. (1.12)

an =
∆n+1

∆n
, n ≥ 0 . (1.13)
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Also, the sequence {Zn}n≥0 satisfies the recurrence relation

Z0(x) = 1 , Z1(x) = x− β0,

Zn+2(x) = (x− βn+1)Zn+1(x) − γn+1Zn(x) , n ≥ 0, (1.14)

with

β0 = (u)1 , βn+1 = ζn+1 + bn − bn+1 , n ≥ 0,

γ1 = −∆0 , γ2 = λ
∆1

∆2
0

, γn+3 =
∆n+2∆n

∆2
n+1

ρn+1 , n ≥ 0 . (1.15)

In particular, when λ > 0 and v is positive definite, then u is regular by [16, Theo-
rem 1.1].

When v is symmetric, we have (compare [16])

a2n =
λΛn + 1

λΛn−1 + 1
ρ2n+1 a2n+1 = ρ2n+2 , n ≥ 0, (1.16)

γ1 = −λ , γ2n+2 = a2n , γ2n+3 =
ρ2n+1ρ2n+2

a2n
, n ≥ 0, (1.17)

with

Λ−1 = 0 , Λn =

n∑

ν=0

( ν∏

µ=0

ρ2µ

ρ2µ+1

)
, n ≥ 0 , ρ0 = 1 . (1.18)

Our aim is to give examples of semi-classical forms (1.8) or (1.9) through data of
semi-classical forms v.

2. The structure relation

In the sequel, the form v will be supposed symmetric, semi-classical of class s̃, and
satisfying

D(Φ̃v) + ψ̃v = 0 (2.1)

with s̃ = max
(
deg Φ̃ − 2, deg ψ̃ − 1

)
[14, Definition 3.1]. The form u given by (1.4)

satisfies the equation

D(Φ0u) + ψ0u = 0 (2.2)

with

Φ0(x) = x2Φ̃(x) , ψ0(x) = x2ψ̃(x) .

The class of u is at most s̃ + 2. Following a standard criterion [14, Proposition 3.5],
we have

Φ′
0(0) + ψ0(0) = 0 ; 〈u, ϑ0ψ0 + ϑ2

0Φ0〉 = Φ̃(0) − λ〈v, ϑ0ψ̃ + ϑ2
0Φ̃〉 .

If Φ̃(0) − λ〈v, ϑ0ψ̃ + ϑ2
0Φ̃〉 6= 0 , then the class is s̃+ 2 . (2.3)

If Φ̃(0) − λ〈v, ϑ0ψ̃ + ϑ2
0Φ̃〉 = 0 and Φ̃(0) 6= 0 , then the class is s̃+ 1 . (2.4)

Indeed, u satisfies D(Φu) + ψu = 0 with

Φ(x) = xΦ̃(x) , ψ(x) = Φ̃(x) + xψ̃(x) . (2.5)

Moreover, we have Φ′(0) + ψ(0) = 2Φ̃(0) 6= 0. Below, the class will be determined in
any particular case.
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In order to obtain the structure relation of {Zn}n≥0, let be the one of {Sn}n≥0 [9,
13]

Φ̃(x)S′
n+1(x) =

1

2

(
C̃n+1(x) − C̃0(x)

)
Sn+1(x) − ρn+1D̃n+1(x)Sn(x), n ≥ 0 . (2.6)

By (1.2), note that ζn = 0; by symmetry and n→ n− 1, we have

Φ̃(x)S′
n(x) = D̃n(x)Sn+1(x) +

(1

2

(
C̃n(x) − C̃0(x)

)
− xD̃n(x)

)
Sn(x), n ≥ 0 . (2.7)

From (1.11), using the fact that bn+1 = 0

Φ̃(x)Z ′
n+2(x) = Φ̃(x)S′

n+2(x) + anΦ̃(x)S′
n(x) , n ≥ 0 .

With (2.6), (2.7), and (1.2), we obtain

Φ̃(x)Z ′
n+2(x) =

{
x
(
C̃n+2(x) − C̃0(x)

)

2
+ anD̃n(x) − ρn+2D̃n+2(x)

}
Sn+1(x)

+

{
an

{ C̃n(x) − C̃0(x)

2
− xD̃n(x)

}
− C̃n+2(x) − C̃0(x)

2
ρn+1

}
Sn(x), n ≥ 0.

(2.8)

But, from (1.11) and (1.2), we have

xSn+1(x) + (an − ρn+1)Sn(x) = Zn+2(x),

(x2 + an+1 − ρn+2)Sn+1(x) − ρn+1xSn(x) = Zn+3(x) , n ≥ 0 ,

or equivalently, with (1.14),

anx
2Sn+1(x) = anxZn+2(x) + γn+2(ρn+1 − an)Zn+1(x)

anx
2Sn(x) = (an+1 − ρn+2)Zn+2(x) + γn+2xZn+1(x) , n ≥ 0 .

So if we multiply (2.8) by anx
2

anx
2Φ̃(x)Z ′

n+2(x) =
{
anxG(x;n) + (an+1 − ρn+2)H(x;n)

}
Zn+2(x)

+
{
−γn+2(an − ρn+1)G(x;n) + γn+2xH(x;n)

}
Zn+1(x), n ≥ 0, (2.9)

where

G(x;n) =
1

2

(
C̃n+2(x) − C̃0(x)

)
x+ anD̃n(x) − ρn+2D̃n+2(x) ,

H(x;n) = −1

2

(
C̃n+2(x) − C̃0(x)

)
ρn+1 + an

{1

2

(
C̃n(x) − C̃0(x)

)
− xD̃n(x)

}
, n ≥ 0 .

Taking into account the well-known recurrence relations

C̃n+1(x) = −C̃n(x) + 2xD̃n(x)

ρn+2D̃n+2(x) = −Φ̃(x) + ρn+1D̃n(x) − xC̃n+1(x) + x2D̃n+1(x), n ≥ 0 , (2.10)

we obtain

H(x;n) =
1

2

(
C̃n+1(x) + C̃0(x)

)
(ρn+1 − an) − ρn+1xD̃n+1(x)

G(x;n) = −1

2

(
C̃n+1(x) + C̃0(x)

)
x+ anD̃n(x) − ρn+2D̃n+2(x) + x2D̃n+1(x), n ≥ 0.
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Moreover, since by (1.16), (an+1 − ρn+2)(ρn+1 − an) = 0, n ≥ 0, the relation (2.9)
becomes

anx
2Φ̃(x)Z ′

n+2(x) =

{
anx

{
Φ̃(x) + (an − ρn+1)D̃n(x) +

1

2

(
C̃n+1(x) − C̃0(x)

)
x
}

− ρn+1(an+1 − ρn+2)xD̃n+1(x)

}
Zn+2(x)

− γn+2

{
(an − ρn+1)

(
anD̃n(x) − an+1D̃n+2

)
+ anx

2D̃n+1(x)

}
Zn+1(x) .

Finally, when the class is s̃+ 2, we obtain

x2Φ̃(x)Z ′
n+2(x) = x

{
Φ̃(x) + (an − ρn+1)D̃n(x) +

1

2

(
C̃n+1(x) − C̃0(x)

)
x

− ρn+1

an
(an+1 − ρn+2)D̃n+1(x)

}
Zn+2(x)

− γn+2

{
x2D̃n+1(x) + (an − ρn+1)

(
D̃n(x) − an+1

an
D̃n+2(x)

)}
Zn+1(x), n ≥ 0 .

(2.11)

When the class is s̃+ 1, we have

xΦ̃(x)Z ′
n+2(x) =

{
Φ̃(x) + (an − ρn+1)D̃n(x) +

1

2

(
C̃n+1(x) − C̃0(x)

)
x

− ρn+1

an
(an+1 − ρn+2)D̃n+1(x)

}
Zn+2(x)

− γn+2

{
xD̃n+1(x) + (an − ρn+1)

((
θ0D̃n

)
(x) − an+1

an

(
θ0D̃n+2

)
(x)

)}
Zn+1(x),

(2.12)

n ≥ 0.

3. Examples

Example 1. We take v = U where U is a Tchebychev form of the second kind

〈U , f〉 =
2

π

∫ 1

−1

√
1 − x2f(x)dx .

Thus we have

ρn+1 =
1

4
, n ≥ 0 and λ =

1

2
,

Φ̃(x) = x2 − 1, ψ̃(x) = −3x, s̃ = 0,

C̃n(x) = (2n+ 1)x, D̃n(x) = 2(n+ 1), n ≥ 0 .

(3.1)

Therefore, from (1.16), (1.17), and (2.4)

a2n =
1

4

2n+ 3

2n+ 1
, a2n+1 =

1

4
, n ≥ 0,

γ1 = −1

2
, γ2n+2 =

1

4

2n+ 3

2n+ 1
, γ2n+3 =

1

4

2n+ 1

2n+ 3
, n ≥ 0,

Φ(x) = x(x2 − 1), ψ(x) = −(2x2 + 1), s = 1 .

(3.2)
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From (2.12), we have

x(x2 − 1)Z ′
2n+2(x) = 2(n+ 1)x2Z2n+2(x) − (n+ 1)

2n+ 3

2n+ 1
xZ2n+1(x), (3.3)

x(x2 − 1)Z ′
2n+3(x) =

(
(2n+ 3)x2 − 2

)
Z2n+3(x) −

1

2
(2n+ 1)xZ2n+2(x), (3.4)

n ≥ 0. We deduce the fact that Zn+1(x) has simple zeros. Indeed, on account of (3.3)
and (3.4), the equations Zn+1(x) = 0, Z ′

n+1(x) = 0 imply x = 0; furthermore, we have
from (3.4)

Z ′
2n+3(0) = −1

2
(2n+ 1)Z2n+2(0) 6= 0, n ≥ 0 . (3.5)

In fact, the form u is equal to the inverse of the Tchebychev form of the first kind
(also see [8]): u = T −1 where

〈T , f〉 =
1

π

∫ 1

−1

f(x)√
1 − x2

dx .

The inverse u−1 of u is defined by u−1u = uu−1 = δ with 〈δ, f〉 = f(0) and the
product uv of two forms is given by [11]

〈uv, f〉 := 〈u, (vf)(x)〉 =
〈
u,

〈
v,
ξf(ξ) − xf(x)

ξ − x

〉〉
.

Indeed, we have x2u = − 1
2U . But if T (1) denotes the form associated with T , we

have by [13] that 1
2T (1) = −x2T −1 and the well-known property T (1) = U , therefore

x2(u − T −1) = 0 which implies u = T −1. Thus (see [16, Introduction] for another
expression)

T −1 = − 1

π
Pf

Y (1 − x2)
√

1 − x2

x2
(3.6)

where Y is the characteristic function of R+.
Let us consider the quadratic decomposition of {Sn}n≥0 and {Zn}n≥0 [4, 12]

S2n(x) = P̃n(x2), S2n+1(x) = xR̃n(x2), n ≥ 0,

Z2n(x) = Pn(x2), Z2n+1(x) = xRn(x2), n ≥ 0 . (3.7)

The sequences {Pn}n≥0 and {Rn}n≥0 respectively are orthogonal with respect to σu
and xσu where σu is the even part of u defined by 〈σu, f〉 := 〈u,

(
σf

)
(x)〉 = 〈u, f(x2)〉.

From (1.3), we have

σ(x2u) = xσu = −λσU = −1

2
σU . (3.8)

Therefore, Rn = P̃n, n ≥ 0. On the other hand

〈σU , f〉 =
2

π

∫ 1

0

√
1 − x

x
f(x)dx . (3.9)

We conclude that Z2n+1 has (simple) zeros in ]−1,+1[.
From (3.8) and (3.9), we have

σu = δ − 1

2
x−1σU ,
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〈σu, f〉 = f(0) − 1

π

∫ 1

0

√
1 − x

x

f(x) − f(0)

x
dx .

With the definition

Pf

∫ 1

0

√
1 − x

x3/2
f(x)dx := lim

ε→+0

{∫ 1

ε

√
1 − x

x3/2
f(x)dx − 2√

ε
f(0)

}
,

we obtain

〈σu, f〉 = f(0)

(
1 + Pf

1

π

∫ 1

0

√
1 − x

x3/2
dx

)
− Pf

1

π

∫ 1

0

√
1 − x

x3/2
f(x)dx .

But

Pf
1

π

∫ 1

0

√
1 − x

x3/2
dx = − 1

π

∫ 1

0

dx√
x(1 − x)

= −1 .

Therefore,

σT −1 = −Pf 1

π

Y
(
x(1 − x)

)√
1 − x

x3/2
. (3.10)

Thus {Rn}n≥0 and {Pn}n≥0 are orthogonal with respect to the forms (3.9) and (3.10),
respectively.

Example 2. We take v = T or V (x) = 1
π

Y (1−x2)√
1−x2

. Here, we have Pf
∫ ∞
−∞

V (x)
x2 dx = 0,

consequently, the form u is given by (1.9) where λ is arbitrary. Then

u = δ − λPf
1

π

Y (1 − x2)

x2
√

1 − x2
.

Thus, we have

ρn+1 =
1

41−δn,0/2
, n ≥ 0,

Φ̃(x) = x2 − 1, ψ̃(x) = −x, s̃ = 0,

C̃n(x) = (2n− 1)x, D̃n(x) = 2n, n ≥ 0 .

(3.11)

Therefore, from (1.16), (1.17), and (2.3)

a2n =
1

41−δn,0/2

2(n+ 1)λ+ 1

2nλ+ 1
, a2n+1 =

1

4
, n ≥ 0,

γ1 = −λ, γ2n+2 = a2n, γ2n+3 =
1

4

2nλ+ 1

2(n+ 1)λ+ 1
, n ≥ 0,

Φ(x) = x2(x2 − 1), ψ(x) = −x3, s = 2 . (3.12)

The form u is regular if and only if λ 6= − 1
2n , n ≥ 1 . From (2.11), we have

x2(x2 − 1)Z ′
2n+2(x) = x

{
2(n+ 1)x2 − 1

2nλ+ 1

}
Z2n+2(x)

−2γ2n+2

{
(2n+ 1)x2 − λ(

2nλ+ 1
)(

2(n+ 1)λ+ 1
)
}
Z2n+1(x), (3.13)

x2(x2 − 1)Z ′
2n+3(x) = x

{
(2n+ 3)x2 − 4(n+ 1)λ+ 1

2(n+ 1)λ+ 1

}
Z2n+3(x)

− 4(n+ 1)γ2n+3x
2Z2n+2(x), (3.14)
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n ≥ 0. We deduce from (3.14)

λ

2(n+ 1)λ+ 1
Z ′

2n+3(0) = −2γ2n+3Z2n+2(0) 6= 0, n ≥ 0 . (3.15)

So, the polynomials Z2n+3(x) have simple zeros. About Z2n+2(x), we have the result:
a multiple root x necessarily satisfies

(2n+ 1)x2 =
λ(

2nλ+ 1
)(

2(n+ 1)λ+ 1
) .

With the recurrences relations (2.10) for Cn, Dn, the relations (3.13) and (3.14) give

C2n+1(x) = x

{
(4n− 1)x2 − 4nλ

2nλ+ 1

}
, n ≥ 0 ,

C2n+2(x) = x

{
(4n+ 1)x2 +

4nλ

2nλ+ 1

}
, n ≥ 0 .

D2n+1(x) = 4nx2, n ≥ 0 ,

D2n+2(x) = 2(2n+ 1)x2 − 2λ(
2nλ+ 1

)(
2(n+ 1)λ+ 1

) , n ≥ 0 . (3.16)

The decomposition (3.7) shows that Rn = P̃n, n ≥ 0 since xσu = −λσT . Conse-
quently, the polynomial Z2n+1 does not depend on λ. Moreover

〈σT , f〉 =
1

π

∫ 1

0

f(x)√
x(1 − x)

dx . (3.17)

This implies that the roots of Z2n+1 are in ]−1,+1[. On the other hand, from σu =
δ − λx−1σT , we obtain

〈σu, f〉 = f(0) − λ
1

π

∫ 1

0

1√
x(1 − x)

f(x) − f(0)

x
dx

=

{
1 + λPf

1

π

∫ 1

0

1

x3/2

dx√
1 − x

}
f(0) − λPf

1

π

∫ 1

0

1

x3/2

f(x)√
1 − x

dx .

But Pf 1
π

∫ 1

0
1

x3/2

dx√
1−x

= 0; therefore,

σu = δ − λPf
1

π

Y
(
x(1 − x)

)

x3/2
√

1 − x
. (3.18)

Thus {Rn}n≥0 and {Pn}n≥0 are orthogonal with respect to the forms (3.17) and (3.18),
respectively. In Examples 1 and 2, the form u is a second-degree form, since v is a

second-degree form [15, 17, 18]. Indeed, if S
(
u
)
(z) = −

∑
n≥0

(u)n

zn+1 denotes its formal

Stieltjes function, we have using [15, (4.1) and (4.15)]

z2S
(
u
)
(z) + z = −λS

(
v
)
(z),

B̃(z)S2
(
v
)
(z) + C̃(z)S

(
v
)
(z) + D̃(z) = 0,

where in Example 1,

B̃(z) = 1, C̃(z) = 4z, D̃(z) = 4 ,

and in Example 2,

B̃(z) = z2 − 1, C̃(z) = 0, D̃(z) = −1 .
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Therefore, S(u)(z) satisfies

B(z)S2(u)(z) + C(z)S(u)(z) +D(z) = 0

with

B(z) = z4B̃(z)

C(z) = z2
{
2zB̃(z) − λC̃(z)

}

D(z) = z2B̃(z) − λzC̃(z) + λ2D̃(z) .

(3.19)

Moreover, the form u also satisfies [15, Proposition 2.3]

B(x)u + x2D(x)u−1 = 0 . (3.20)

Example 3. We take v = H where H denotes the Hermite form, then V (x) = 1√
π
e−x2

.

Here

ρn+1 =
1

2
(n+ 1), n ≥ 0, λ =

1

2
,

Φ̃(x) = 1, ψ̃(x) = 2x, s̃ = 0,

C̃n(x) = −2x, D̃n(x) = −2, n ≥ 0 .

(3.21)

Then, from (1.16), (1.17), and (2.4)

a2n = n+ 1, a2n+1 = n+ 1, n ≥ 0,

γn+1 =
1

2

(
n+ (−1)n+1

)
, n ≥ 0,

Φ(x) = x, ψ(x) = 2x2 + 1, s = 1 .

(3.22)

In fact, the form given by (1.8) is the generalized Hermite form corresponding to the
parameter value µ = −1 [4]. We have

Cn(x) = −2
(
x2 + (−1)n

)
, Dn(x) = −2x, n ≥ 0 .

Hence

xZ ′
n+2(x) =

(
1 + (−1)n+1

)
Zn+2(x) + 2γn+2xZn+1(x), n ≥ 0 .

The roots of Zn+2 are simple since

Z ′
2n+3(0) = −2γ2n+3Z2n+2(0) 6= 0, n ≥ 0 . (3.23)

From the decomposition (3.7), we have Rn = P̃n, n ≥ 0, where the sequence {P̃n}n≥0

is a Laguerre sequence with parameter value of −1/2, since

〈σH, f〉 =
1√
π

∫ ∞

0

x−
1
2 e−xf(x)dx . (3.24)

Therefore, the roots of Z2n+1(x) are real. Next, from σu = δ − 1
2x

−1σH and (3.24),
we obtain

〈σu, f〉 =

{
1 + Pf

1

2
√
π

∫ ∞

0

e−x

x3/2
dx

}
f(0) − Pf

1

2
√
π

∫ ∞

0

e−x

x3/2
f(x)dx .

But Pf 1
2
√

π

∫ ∞
0

e−x

x3/2 dx = −1; therefore,

〈σu, f〉 = −Pf 1

2
√
π

∫ ∞

0

e−x

x3/2
f(x)dx . (3.25)
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So, {Pn}n≥0 is a Laguerre sequence with parameter value of −3/2.
In these examples, where v is symmetric, positive definite, and λ > 0, we have [11]

u(1) = u−1v , (3.26)

and the fact that u(1) and u−1 are positive definite. As usual, u(1) is associated with u.
Indeed, from (1.3), (x2u)u−1 = −λvu−1. But following the general formula f(uv) =

(fu)v + x
(
uθ0f

)
(x)v [14, (2.6)], we have (x2u)u−1 = x2δ − x

(
uθ0ζ

2
)
(x)u−1 =

−x
(
(u)1 + x

)
u−1 = −x2u−1. From the definition [11, 13, (4.7)], γ1u

(1) = −x2u−1;

therefore, with γ1 = −λ, we obtain (3.26). Next, if {Z(−)
n }n≥0 denotes the orthogonal

sequence with respect to u−1 when it exists, from the general theory we have [13]
(compare also [16])

Z
(−)
n+2(x) = Z

(1)
n+2(x) + a(−)

n Z(1)
n (x), n ≥ 0,

a
(−)
2n = −Z

′
2n+3(0)

Z ′
2n+1(0)

, a
(−)
2n+1 = γ2n+3, n ≥ 0,

Z ′
2n+1(0) = (−1)n

n∑

ν=0

1

γ2νγ2ν+1

( n∏

µ=ν

γ2µ

)( ν∏

µ=0

γ2µ+1

)
, n ≥ 0,

γ
(−)
1 = −γ1, γ

(−)
2n+2 = a

(−)
2n , γ

(−)
2n+3 =

γ2n+2γ2n+3

a
(−)
2n

, n ≥ 0 .

(3.27)

The announced properties follow since Z ′
2n+3(0) 6= 0, n ≥ 0, from (3.5), (3.15),

and (3.23).

Remark. It is a striking property that the product of two positive definite forms is
still positive definite. In general, this is not true. For example, the Tchebychev form
T satisfies the equation (x2 − 1)T 2 = 0. Consequently, T 2 = 1

2 (δ−1 + δ1). Positivity
is kept, but no regularity.

As an application of (3.26), we have

u(2) = −γ1

γ2
δ +

ρ1

γ2
v(1) . (3.28)

Indeed, we have γ
(1)
1 u(2) = −x2(u(1))−1, and from (3.26), (u(1))−1 = v−1u; therefore,

with the help of [15, (2.6)] and (1.3),

γ
(1)
1 u(2) = −x2(v−1u) = −(x2u)v−1 − x

(
uζ

)
(x)v−1 = λδ − x2v−1 .

But ρ1v
(1) = −x2v−1, hence (3.28) holds. For a general problem analogous to (3.28)

and detailed properties, see [5, 10].

4. Representation of u−1, u(1), u(2) in Examples 1 and 2

In the case of Example 1, we easily obtain u(1) = 2x2T by (3.26); therefore,

〈u(1), f〉 =
2

π

∫ 1

−1

x2

√
1 − x2

f(x)dx .

From (3.28)

〈u(2), f〉 =
2

3
〈δ, f〉 +

2

3π

∫ 1

−1

√
1 − x2f(x)dx .



22 ALAYA AND MARONI

In Example 2, we have z2S
(
u
)
(z) + z = λ(z2 − 1)−1/2 where we take the branch√

z2 − 1 which is positive when z = x > 1. Writing z2(z2−1)−λ2 = (z2− t2λ)(z2−τ2
λ)

with t2λ = 1
2

(
1+

√
1 + 4λ2

)
, τ2

λ = 1
2

(
1−

√
1 + 4λ2

)
, we get, with the help of [15, (1.5)],

S
(
u−1

)
(z) =

1

z2S
(
u
)
(z)

= − 1

−λ(z2 − 1)−1/2 + z
=
λ
√
z2 − 1 + z(z2 − 1)

(t2λ − z2)(z2 − τ2
λ)

.

Suppose λ > 0 and let S
(
u−1

)
(z) = H(z). In this case, ℑH(z) > 0 when ℑz > 0

(z = x+ iy).
Moreover, since

−iyH(iy) =
y

λ(1 + y2)−1/2 + y
→ 1, y → ∞ ,

we have

H(z) =

∫ ∞

−∞

dµ(t)

t− z

where µ is a non-decreasing function [7]. We see that µ is continuous except at t2 = t2λ
since

(t− z)H(z) → 0, z → t, 0 < ε ≤ arg(z − t) ≤ π − ε, t ∈ R, t2 6= t2λ,

(±tλ − z)H(z) → 1

2

√
1 + 4λ2 − 1√

1 + 4λ2
:= kλ, z → ±tλ, 0 < ε ≤ arg(z −±tλ) ≤ π − ε.

In fact, the function µ is absolutely continuous with respect to Lebesgue measure for
t2 6= t2λ since

∫

|x|>T

|H(x+ iy)|2 dx ≤ B1, 0 < y ≤ 1, T > tλ > 1 ,

from the definition of H. Moreover, it is easy to see that
∫ R

−R

|H(x+ iy)|2 dx ≤ B2, 0 < y ≤ 1

2
tλ,

with 0 < R < tλ, since

|z2 − t2λ| ≥ t2λ −R2, |x| ≤ R,

|z2 − τ2
λ | ≥

1

2
τ̃λ(x2 + τ̃2

λ)1/2, 0 < y ≤ 1

2
τ̃λ, τ̃λ =

√
−τ2

λ .

The property follows from the well-known formula

µ(x2) − µ(x1) = lim
y→0+

1

π

∫ x2

x1

ℑH(x+ iy)dx .

On account of

ℑH(x+ i0) =





λ
√

1 − x2

x2(1 − x2) + λ2
, |x| < 1,

0, |x| > 1 ,

we finally obtain

H(z) = kλ
2z

t2λ − z2
+
λ

π

∫ 1

−1

√
1 − t2

t2(1 − t2) + λ2

dt

t− z
, z ∈ C − [−1,+1] .



SEMI-CLASSICAL AND LAGUERRE-HAHN FORMS 23

Consequently,

〈u−1, f〉 = kλ〈δtλ
+ δ−tλ

, f〉 +
λ

π

∫ 1

−1

√
1 − x2

x2(1 − x2) + λ2
f(x)dx, λ > 0 . (4.1)

From γ1u
(1) = −x2u−1 and (4.1), we deduce

〈u(1), f〉 =
λ√

1 + 4λ2
〈δtλ

+ δ−tλ
, f〉 +

1

π

∫ 1

−1

x2
√

1 − x2

x2(1 − x2) + λ2
f(x)dx . (4.2)

The formula (3.28) gives

〈u(2), f〉 =
2λ

1 + 2λ
〈δ, f〉 +

2

π(1 + 2λ)

∫ 1

−1

√
1 − x2f(x)dx . (4.3)

Remark. By straightforward and lengthy calculation, it could be shown with the
help of equation (3.20) that the representations (4.1) and (4.2) remain valid for λ ∈
C − [− 1

2 i,+
1
2 i].

When λ = − 1
2n , n ≥ 1, the forms u−1 and u(1) are no longer regular, but keep their

respective representations. As to (4.3), it is valid for λ 6= − 1
2 .

It remains to treat the case λ = iζ, 0 < |ζ| ≤ 1
2 where 0 < t2λ, τ2

λ < 1. It will be

sufficient to suppose 0 < ζ ≤ 1
2 . Equation (3.20) becomes

x4(x2 − 1)u+ x2
(
x2(x2 − 1) + ζ2

)
u−1 = 0 .

Equivalently,

x2(x2 − 1)u+
(
x2(x2 − 1) + ζ2

)
u−1 = Aδ +Bδ′ .

We deduce that (u)4 − (u)2 + (u−1)4 − (u−1)2 + ζ2 = A, 0 = B. But (u)2 = −λ,
(u)4 = −λ(T )2 = − 1

2λ, (u−1)2 = λ, (u−1)4 = λ2 + 1
2λ. Hence, A = 0. Therefore,

(x2 − τ2
λ)(x2 − t2λ)u−1 = −x2(x2 − 1)u = λ(x2 − 1)T = −1

2
λU . (4.4)

The following identity will be very useful: for any polynomial f and any form w,
we have [15, (1.12)]

(x− c)−1
(
f(x)w

)
= f(c)

(
(x− c)−1w

)
+

(
θcf

)
(x)w − 〈w, θcf〉δc (4.5)

where (θcf)(x) := f(x)−f(c)
x−c , 〈(x − c)−1w, f〉 := 〈w, θcf〉, c ∈ C. Two cases arise: (1)

0 < ζ < 1
2 , and (2) ζ = 1

2 .

(1) 0 < ζ < 1
2 .

Then 1
2 < t2iζ < 1, 0 < τ2

iζ <
1
2 . We have successively, in accordance with (4.4) and

(4.5),

(x + τiζ)(x
2 − t2iζ)u

−1 = τiζ(iζ − t2iζ)δτiζ
− 1

2
iζ(x− τiζ)

−1U ,

(x2 − t2iζ)u
−1 = (iζ − t2iζ)δ−τiζ

+ τiζ(iζ − t2iζ)(x + τiζ)
−1δτiζ

− 1

2
iζ(x2 − τ2

iζ)
−1U ,

(x− tiζ)u
−1 = −tiζδ−tiζ

+ τiζ(iζ − t2iζ)(x+ tiζ)
−1(x+ τiζ)

−1δτiζ

+ (iζ − t2iζ)(x+ tiζ)
−1δ−τiζ

− 1

2
iζ(x+ tiζ)

−1(x2 − τ2
iζ)

−1U ,
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u−1 = δtiζ
− tiζ(x− tiζ)

−1δ−tiζ
+ τiζ(iζ − t2iζ)(x

2 − t2iζ)
−1(x+ τiζ)

−1δτiζ

+ (iζ − t2iζ)(x
2 − t2iζ)

−1δ−τiζ
− 1

2
iζ(x2 − t2iζ)

−1(x2 − τ2
iζ)

−1U . (4.6)

Further, on account of the definitions and of the representation of U , we have
〈
(x2 − τ2

iζ)
−1(x2 − t2iζ)

−1U , f
〉

= 〈U , θtiζ
θ−tiζ

θτiζ
θ−τiζ

f〉

=
2

π

∫ 1

−1

√
1 − x2

(
θ−tiζ

θτiζ
θ−τiζ

f
)
(x) −

(
θ−tiζ

θτiζ
θ−τiζ

f
)
(tiζ)

x− tiζ
dx

= −
(
θ−tiζ

θτiζ
θ−τiζ

f
)
(tiζ)P

2

π

∫ 1

−1

√
1 − x2

x− tiζ
dx

−
(
θτiζ

θ−τiζ
f
)
(−tiζ)P

2

π

∫ 1

−1

√
1 − x2

x2 − t2iζ
dx

−
(
θ−τiζ

f
)
(τiζ )P

2

π

∫ 1

−1

√
1 − x2

(x2 − t2iζ)(x − τiζ)
dx

− f(−τiζ)P
2

π

∫ 1

−1

√
1 − x2 dx

(x2 − t2iζ)(x
2 − τ2

iζ)
+ P

2

π

∫ 1

−1

√
1 − x2 f(x)dx

(x2 − t2iζ)(x
2 − τ2

iζ)

where P means Cauchy’s principal value of the integral. But, it is easy to see that

P
2

π

∫ 1

−1

√
1 − t2

t− x
dt = −2x, P

2

π

∫ 1

−1

√
1 − t2

t2 − x2
dt = −2, |x| < 1,

P
2

π

∫ 1

−1

√
1 − t2

(t2 − x2
1)(t− x2)

dt = 0, P
2

π

∫ 1

−1

√
1 − t2

(t2 − x2
1)(t

2 − x2
2)
dt = 0,

−1 < x1 6= x2 < +1 .

Consequently,

〈(x2 − τ2
iζ)

−1(x2 − t2iζ)
−1U , f〉 =

f(tiζ) + f(−tiζ)
t2iζ − τ2

iζ

− f(τiζ) + f(−τiζ)
t2iζ − τ2

iζ

+ P
2

π

∫ 1

−1

√
1 − x2

(x2 − t2iζ)(x
2 − τ2

iζ)
f(x)dx . (4.7)

After some straightforward calculations, we obtain from (4.6) and (4.7)

〈u−1, f〉 =
1

4

√
1 − 4ζ2 − 1√

1 − 4ζ2
〈δ−tiζ

+ δtiζ
, f〉 +

1

4

√
1 − 4ζ2 + 1√

1 − 4ζ2
〈δ−τiζ

+ δτiζ
, f〉

+ iζP
1

π

∫ 1

−1

√
1 − x2

(t2iζ − x2)(x2 − τ2
iζ)
f(x)dx . (4.8)

From γ1u
(1) = −x2u−1 and (4.8), we infer that

〈u(1), f〉 =
1

2

iζ√
1 − 4ζ2

〈δ−tiζ
+ δtiζ

, f〉 − 1

2

iζ√
1 − 4ζ2

〈δ−τiζ
+ δτiζ

, f〉

+ P
1

π

∫ 1

−1

x2
√

1 − x2

(t2iζ − x2)(x2 − τ2
iζ)
f(x)dx . (4.9)

(2) ζ = 1
2 .
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Then t21
2
i
= 1

2 , τ2
1
2
i
= 1

2 . As above, we obtain

u−1 = δ(
√

2)−1 − (
√

2)−1
(
x− (

√
2)−1

)−1
δ−(

√
2)−1 +

1

2
(i− 1)

(
x2 − 1

2

)−1
δ(

√
2)−1

− 1

2
(
√

2)−1(i− 1)
(
x− (

√
2)−1

)−1(
x2 − 1

2

)−1
δ−(

√
2)−1 −

1

4
i
(
x2 − 1

2

)−2U

or

u−1 = δ(
√

2)−1 − (
√

2)−1
(
x− (

√
2)−1

)−1
δ−(

√
2)−1 −

1

2
(i− 1)

(
x+ (

√
2)−1

)−1
δ′
(
√

2)−1

+
1

2
(
√

2)−1(i− 1)
(
x− (

√
2)−1

)−2
δ′−(

√
2)−1 −

1

4
i
(
x2 − 1

2

)−2U .

(4.10)

On the other hand, we have

〈(
x2 − 1

2

)−2U , f
〉

=
〈
U , θ2−(

√
2)−1θ

2
(
√

2)−1f
〉

=
2

π

∫ 1

−1

√
1 − x2

(
θ−(

√
2)−1θ2(

√
2)−1

f
)
(x) −

(
θ−(

√
2)−1θ2(

√
2)−1

f
)(

−(
√

2)−1
)

x+ (
√

2)−1
dx

= −
√

2
(
θ−(

√
2)−1θ

2
(
√

2)−1f
)(

−(
√

2)−1
)

+ P
2

π

∫ 1

−1

√
1 − x2

x+ (
√

2)−1

(
θ−(

√
2)−1θ(

√
2)−1f

)
(x) −

(
θ−(

√
2)−1θ(

√
2)−1f

)(
(
√

2)−1
)

x− (
√

2)−1
dx

= −
√

2
(
θ−(

√
2)−1θ

2
(
√

2)−1f
)(

−(
√

2)−1
)

+

√
2

π

∫ 1

−1

√
1 − x2

(
θ−(

√
2)−1θ(

√
2)−1f

)
(x) −

(
θ−(

√
2)−1θ(

√
2)−1f

)(
(
√

2)−1
)

x− (
√

2)−1
dx

− P

√
2

π

∫ 1

−1

√
1 − x2

x+ (
√

2)−1

{(
θ−(

√
2)−1θ(

√
2)−1f

)
(x)

−
(
θ−(

√
2)−1θ(

√
2)−1f

)(
(
√

2)−1
)}
dx

= −
√

2
(
θ−(

√
2)−1θ

2
(
√

2)−1f
)(

−(
√

2)−1
)

+ 2
(
θ−(

√
2)−1θ(

√
2)−1f

)(√
2)−1

)

+ P

√
2

π

∫ 1

−1

√
1 − x2

x− (
√

2)−1

(
θ(

√
2)−1f

)
(x) −

(
θ(

√
2)−1f

)(
−(

√
2)−1

)

x+ (
√

2)−1
dx

− P

√
2

π

∫ 1

−1

√
1 − x2

x+ (
√

2)−1

(
θ−(

√
2)−1f

)
(x) −

(
θ−(

√
2)−1f

)(
(
√

2)−1
)

x− (
√

2)−1
dx

=
1√
2

(
f ′((

√
2)−1

)
− f ′(−(

√
2)−1

))
+ P

√
2

π

∫ 1

−1

√
1 − x2

x2 − 1
2

f(x) − f
(
(
√

2)−1
)

x− (
√

2)−1
dx

− P

√
2

π

∫ 1

−1

√
1 − x2

x2 − 1
2

f(x) − f
(
−(

√
2)−1

)

x+ (
√

2)−1
dx,
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on account of

1(
x+ (

√
2)−1

)(
x− (

√
2)−1

) =

√
2

2

{
1

x− (
√

2)−1
− 1

x+ (
√

2)−1

}
.

But

1
(
x+ (

√
2)−1

)2(
x− (

√
2)−1

) = −
√

2/2
(
x+ (

√
2)−1

)2 − 1/2

x+ (
√

2)−1
+

1/2

x− (
√

2)−1
.

(4.11)

Therefore,

〈(
x2 − 1

2

)−2U , f
〉

=
1√
2

(
f ′((

√
2)−1

)
− f ′(−(

√
2)−1

))

+

√
2

2

{
P

√
2

π

∫ 1

−1

√
1 − x2

x− (
√

2)−1

f(x) − f
(
(
√

2)−1
)

x− (
√

2)−1
dx

− 1

π

∫ 1

−1

√
1 − x2

f(x) − f
(
(
√

2)−1
)

x− (
√

2)−1
dx

+ P
1

π

∫ 1

−1

√
1 − x2

x+ (
√

2)−1

(
f(x) − f

(
(
√

2)−1
))
dx

}

−
√

2

2

{
−P

√
2

π

∫ 1

−1

√
1 − x2

x+ (
√

2)−1

f(x) −f
(
−(

√
2)−1

)

x+ (
√

2)−1
dx

− 1

π

∫ 1

−1

√
1 − x2

f(x) − f
(
−(

√
2)−1

)

x+ (
√

2)−1
dx

+ P
1

π

∫ 1

−1

√
1 − x2

x− (
√

2)−1

(
f(x) − f

(
−(

√
2)−1

))
dx

}

or

〈(
x2 − 1

2

)−2U , f
〉

=
1√
2

(
f ′((

√
2)−1

)
− f ′(−(

√
2)−1

))

+

√
2

2

{
Pf

√
2

π

∫ 1

−1

√
1 − x2

(
x− (

√
2)−1

)2 f(x)dx

− f
(
(
√

2)−1
)
Pf

√
2

π

∫ 1

−1

√
1 − x2

(
x− (

√
2)−1

)2 dx

− P
1

π

∫ 1

−1

√
1 − x2

x− (
√

2)−1
f(x)dx

+ P
1

π

∫ 1

−1

√
1 − x2

x+ (
√

2)−1
f(x)dx− 2√

2
f
(√

2)−1
)}

−
√

2

2

{
−Pf

√
2

π

∫ 1

−1

√
1 − x2

(
x+ (

√
2)−1

)2 f(x)dx

+ f
(
−(

√
2)−1

)
Pf

√
2

π

∫ 1

−1

√
1 − x2

(
x+ (

√
2)−1

)2 dx
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− P
1

π

∫ 1

−1

√
1 − x2

x+ (
√

2)−1
f(x)dx

+ P
1

π

∫ 1

−1

√
1 − x2

x− (
√

2)−1
f(x)dx+

2√
2
f
(
−(

√
2)−1

)}
.

It is a simple computation to see that

Pf

√
2

π

∫ 1

−1

√
1 − x2

(
x+ (

√
2)−1

)2 dx = Pf

√
2

π

∫ 1

−1

√
1 − x2

(
x− (

√
2)−1

)2 dx = −
√

2 .

Then,

〈(
x2 − 1

2

)−2U , f
〉

=
1√
2

(
f ′((

√
2)−1

)
− f ′(−(

√
2)−1

))
− P

2

π

∫ 1

−1

√
1 − x2

x2 − 1
2

f(x)dx

+ Pf
1

π

∫ 1

−1

√
1 − x2

(
x− (

√
2)−1

)2 f(x)dx

+ Pf
1

π

∫ 1

−1

√
1 − x2

(
x+ (

√
2)−1

)2 f(x)dx . (4.12)

With the results

〈
δ(

√
2)−1 , f

〉
= f

(
(
√

2)−1
)
,

− 1√
2

〈(
x− (

√
2)−1

)−1
δ−(

√
2)−1 , f

〉
=

1

2

(
f
(
−(

√
2)−1

)
− f

(
(
√

2)−1
))

,

− 1

2
(i− 1)

〈(
x+ (

√
2)−1

)−1
δ′
(
√

2)−1 , f
〉

= −1

2
(i− 1)

〈
δ′
(
√

2)−1 , θ−(
√

2)−1f
〉

=
1

2
(i− 1)

〈
δ(

√
2)−1 , Dθ−(

√
2)−1f

〉

=
1

2
(i− 1)

〈
δ(

√
2)−1 , θ−(

√
2)−1f

′ − θ2−(
√

2)−1f
〉

=
1

2
(i− 1)

{√
2

2
f ′((

√
2)−1

)
− 1

2

(
f
(
(
√

2)−1
)
− f

(
−(

√
2)−1

))}
,

because Dθc = θcD − θ2c ,

√
2

4
(i− 1)

〈(
x− (

√
2)−1

)−2
δ′−(

√
2)−1 , f

〉
=

√
2

4
(i− 1)

〈
δ′−(

√
2)−1 , θ

2
(
√

2)−1f
〉

= −
√

2

4
(i− 1)

〈
δ−(

√
2)−1 , Dθ

2
(
√

2)−1f
〉

= −
√

2

4
(i− 1)

〈
δ−(

√
2)−1 ,

( 1

x− (
√

2)−1

{f(x) − f
(
(
√

2)−1
)

x− (
√

2)−1
− f ′((

√
2)−1

)})′〉

= −
√

2

8
(i− 1)

{√
2
(
f
(
−(

√
2)−1

)
− f

(
(
√

2)−1
))

+
(
f ′(−(

√
2)−1

)
+ f ′((

√
2)−1

))}
,
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we finally obtain from (4.10) and (4.12)

〈
u−1, f

〉
=

√
2

8

〈
δ′
(
√

2)−1 − δ′−(
√

2)−1 , f
〉

+
1

2

〈
δ(

√
2)−1 + δ−(

√
2)−1 , f

〉

− i

4

{
Pf

1

π

∫ 1

−1

√
1 − x2

(
x+ (

√
2)−1

)2 f(x)dx+ Pf
1

π

∫ 1

−1

√
1 − x2

(
x− (

√
2)−1

)2 f(x)dx

− P
2

π

∫ 1

−1

√
1 − x2

x2 − 1
2

f(x)dx

}
. (4.13)

From γ1u
(1) = −x2u−1 where γ1 = −λ = − 1

2 i and (4.13), we obtain

〈u(1), f〉 = −
√

2

8
i
〈
δ′
(
√

2)−1 − δ′−(
√

2)−1 , f
〉

+ P
1

π

∫ 1

−1

x2

√
1 − x2

x2 − 1
2

f(x)dx

− 1

2

{
Pf

1

π

∫ 1

−1

x2

√
1 − x2

(
x+ (

√
2)−1

)2 f(x)dx

+ Pf
1

π

∫ 1

−1

x2

√
1 − x2

(
x− (

√
2)−1

)2 f(x)dx

}
. (4.14)

5. Representation of u−1, u(1), u(2) in Example 3

In the case of Example 3, we have

S
(
u−1

)
(z) =

−1

z + 1
2S

(
v
)
(z)

:= L(z)

where

v = H and S
(
v
)
(z) =

1√
π

∫ ∞

−∞

e−t2

t− z
dt

satisfies

S′(v)(z) = −2zS(v)(z)− 2 . (5.1)

As above, we have ℑL(z) > 0 for ℑz > 0 and

L(z) =

∫ ∞

−∞

dµ(t)

t− z
(5.2)

where µ is a non-decreasing function. This function is absolutely continuous with
respect to Lebesgue measure since

ℑL(z) ≤
[
y +

1

2
√
π

∫ ∞

−∞

ye−t2

(t− x)2 + y2
dt

]−1

.

But
∫ ∞

−∞

ye−t2

(t− x)2 + y2
dt =

∫ ∞

−∞

ye−(x+t)2

t2 + y2
dt ≥

∫ 1

−1

ye−(x+t)2

t2 + y2
dt

≥ 2e−x2−2|x|−1

∫ 1

0

y

t2 + y2
dt = 2e−(|x|+1)2Arctan

1

y

≥ π

2
e−(|x|+1)2
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for 0 < y ≤ 1. Therefore,

ℑL(z) ≤ 4√
π
e(|x|+1)2 for 0 < y ≤ 1 .

We infer for (5.2)

L(z) =
1

2
√
π

∫ ∞

−∞

e−t2

(
t−

∫ t

0 e
−(t2−ϑ2)dϑ

)2

+
(√

π
2 e−t2

)2

dt

t− z
, y > 0,

since

P
1

2
√
π

∫ ∞

−∞

e−t2

t− x
dt = −

∫ x

0

e−(x2−t2)dt, x ∈ R .

Consequently,

〈u−1, f〉 =
1

2
√
π

∫ ∞

−∞

e−x2

(
x−

∫ x

0
e−(x2−t2)dt

)2

+ π
4 e

−2x2

f(x)dx . (5.3)

We deduce that

〈u(1), f〉 =
1√
π

∫ ∞

−∞

x2e−x2

(
x−

∫ x

0
e−(x2−t2)dt

)2
+ π

4 e
−2x2

f(x)dx . (5.4)

The forms u−1 and u(1) are really Laguerre-Hahn forms [6]. Indeed, from S(v)(z) =
−2z − 2

S(u−1)(z) and (5.1), we obtain

S′(u−1
)
(z) = 2z2S2

(
u−1

)
(z) + 2zS

(
u−1

)
(z) . (5.5)

This Bernoulli equation shows that u−1 is a Laguerre-Hahn form of class zero [3].
Further, from γ1S(u(1))(z) = − 1

S(u)(z) − z and zS′(u)(z) = −2(z2 + 1)S(u)(z) − 2z,
we get

zS′(u(1)
)
(z) = zS2

(
u(1)

)
(z) − 2(z2 − 1)S

(
u(1)

)
(z) − 2z . (5.6)

Here, the class is s = 1 [1]. On the other hand, from (3.28), we have

u(2) =
1

2

(
δ + v(1)

)
. (5.7)

As above, we easily obtain the following representation for v(1) [19], see also [2]

〈v(1), f〉 =
1

2
√
π

∫ ∞

−∞

e−x2

(∫ x

0
e−(x2−t2)dt

)2
+ π

4 e
−2x2

f(x)dx . (5.8)

The form u(2) is also a Laguerre-Hahn form of class s = 1, since from (5.7)

S
(
u(2)

)
(z) =

1

2

{
−1

z
+ S

(
v(1)

)
(z)

}
= − 1

2z
− 1

S
(
v
)
(z)

− z .

Therefore, on account of (5.1), we obtain

zS′(u(2)
)
(z) = −2zS2

(
u(2)

)
(z) − 2(z2 + 1)S

(
u(2)

)
(z) − 2z . (5.9)
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