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Hausdorff's moment sequences and exponential
convolutions

A. Z. Grinshpan

Abstract. We introduce some classes of exponential compositions rela ted to
Hausdor 's moment sequences. It turns out that one of these ¢ lasses coincides
with the known class of analytic functions de ned by the g-di erence operator.
We give sharp bounds for some functionals in the considered c lasses.

1. Some compositions related to convolutions

Let Ag be the class of analytic functionsh(z), h(0) = 0 in the unit disk E :jzj < 1, and
let Aj be the subclass ofA, consisting of all functions h with nonnegative coe cients
fhg,; n 1. The notation fhg, here and below stands for then!™ Taylor coe cient
of a function (or a formal power series)h about zero. Forh 2 A}, let G(h) be the
subclass of functions! 2 Ag which satisfy the condition jf! g,j f hgs, n 1. Note
that the symbol  has been used for such a coe cient majorization.

For any two functions g;! 2 Ao, let g ! denote the function

b3
(@ ')z)=  fgonf! gnz"™; z2 E:

n=1
Clearly, g ! 2 Ap. Itis called the Hadamard product of g and ! or the convolution
of gand! (see Ruscheweyh's book [14]).

Lemma 1. Let hy;hy 2 AS and let! ; 2 G(hy), ! 22 G(hp). Then ! 1! 5 2 G(hihy).

P
Lemma 2. Let ( z,w) = ﬁ;k - nkZ"WK be a formal power series in two variables
with 0 (mk =0;1:::), and let g;h 2 Aj. Then for any ! 2 G(h) and
N=1;2:::;

fffonvi f Fon 1
where
f(2)=( z;(g !')2) )
and
F(2)= ( z;(g h)(2): ®3)

The equality in (1) holds for fFgy 6 0 i argf(g !)<gyn n = constant and
if(@ "¥on nj=f(g h)gn n provided that ,xf(g h)*gy »60,0<k+n N.
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32 GRINSHPAN

Proof. Equation (2) gives

X
ffonj nkdf(@ 1) on njs N L
n;k =0
Hence, by Lemma 1, equation (3) and mathematical induction,the proof is completed.
O

Let us call the function F, de ned by (3), the envelope function for every nonempty
set of functionsf de ned by (2). In Lemma 3 and below, the notation M (r;f ) stands
for max,j- jf (z)j wheref 2 Ag andr 2 [0; 1).

Lemma 3. Let g;h2 Aj and! 2 G(h). Let ( z;w) = ze", and let f and F be
de ned by (2) and (3), respectively. ThenM (r;f )=F(r) and jf (re' )j=F(r) for any
2 [0;2 ) are non-increasing functions of r in (0;1). If jf (re' )j = F(r) for some
r2(@;l)and 2[0;2 ),thenf(z)= € F(e ' z)foreachz2 E.
Proof. For the given function , equations (2) and (3) imply that
4 gifre ) X
a 9TFm T

nfgg.r” ‘(Refle™ g, f hg,) O
n=1
Hence, jf (re' )j=F(r) is a nonincreasing function ofr in (0;1) for any 2 [0;2 ).
If jf (re' )j = F(r) for somer 2 (0;1) and 2 [0;2 ), then for every n 1 either
fl'gn = fh(e ' z)gn or fgg, = 0. Therefore, f (z) = € F(e ' z) foreachz2 E.
LetO<rjy<ry< landlet 2][0;2 ) satisfy the condition M (ry;f) = jf (r.€ )j.
It follows that
M(ryif) jf(ra€ )i jf(r€ )i _ M(ra;f),
F(ru) F(r1) F(r2) F(r2)

O

See statements similar to Lemma 3 given in Goodman's book [4;h. 6] for univalent
functions.

2. Moment sequences and some integral operators

A sequence of numbers ,g§ is said to be a moment sequence if it is possible to
determine a function (t) of bounded variation in the interval [0; 1] such that
1
n = t"d (t); n=0;1;:::: 4)
0
It is known that a sequence can have at most one representatio (4) if is a
normalized function of bounded variation. That is,

(t+0)+ (t 0)
> ;
Such a normalization of the function does not change the value of the integral (4)
(see e.g., [15, Ch. 1,2)).
The statement of Hausdor 's moment problem is as follows: Fnd conditions such
that a sequence of numbers§ ,gi is a moment sequence. This problem was solved
completely by F. Hausdor in 1921. The similar problem for nondecreasing and

0)=0; (t)=

t 2 (0;1):



HAUSDORFF'S MOMENT SEQUENCES AND EXPONENTIAL CONVOLUTION S 33

bounded functions (t) in [0; 1] also was solved (see [9], [15, Ch. 3]). We formulate
these results in Theorems A and B.

Theorem A. A necessary and su cient condition that f ,g3 is a moment sequence
is that the sequencd ,g§ with

X X K
R O VLN

is bounded.

According to Schur (see [9]), a sequence of nonnegative nuratsf ,g?, is said to

be completely monotonic if it satis es the condition
( ! A n vk 0 n=0;L::; k=mm+1;::::
1=0 l

Let us call a completely monotonic sequencé ,gi minimal completely monotonic
if for any " > 0 the sequencd Ogi where & =  "and 9= ,(n m+1)is
not completelry monotonic. Clearly, for any minimal completely monotonic sequence,

_ n 1 | n
am =SUpp 1 150 ( 1) , % | &+mer.

Theorem B. A necessary and su cient condition that the sequencef ,g have the
expression
z 1
n = t"d (t); n=0;1:::;
0
where (t) is nondecreasing and bounded fot 2 [0; 1], is that the sequence be com-
pletely monotonic.

Theorems A and B allow us to describe the set of analytic fundbns in the class
Ao which generate convolutions with the simplest integral repeesentation. It will be
su cient to consider Riemann-Stieltjes integrals on ["; 1], " 0, and some of their
limit values. In fact, only integration near zero may be not acceptable in some cases.
In these casezs we de ne 2 .

1 1 hf (X) |

f00d (0= £00d (0+ —F X (x) o (5)
0 +

0 X x=0

provided that: f (x) and (x) are de ned for x 2 (0; 1], [f (x)=x] and [x (x)] are de ned
at x = 0, the Riemann-Stieltjes integral of f&x) with rewect to (x)fromany" 2 (0;1)
to 1 exists, and the nite limits lim «, g ld = 01+ fd and limy, o+ [x (X)] =
[X (X)]x=o0+ exist.

We need the following two lemmas.

Lemma 4. (see e.g., [15, Ch. 1])if (x) and ' (x) are continuous and (x) is of
bounded variation in [a; b]; and if
Zy
(x) = t(Hd (1), x2[ah;
then
Zy Zy
(x)d (x) = (x)" (x)d (x):

a a
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Lemma 5. If (x) is of bounded variation in [0; 1], then

lim x Xl %dt: (0%): (6)

Proof. It is su cient to prove (6) for any function nondecreasing and bounded in
[0; 1]. For such a function , any" 2 (0;1] %nd x 2 (0;"?), let

A(x;") = x " th: (7
We have from (7)
)@ ") AT () x2(0:):
Hence,
©)@ ") lim infAGG")  lim supA(t)  (): ®)

To nish the proof, note that we can replace A(x;") by A(x; 1) in (8), and then let "
goto 0. O

Theorem 1. A necessary and su cient condition that the convolution of a xed func-
tion g2 Ap and an arbitrary function f 2 Ay have the expression
1

(f o= f(zx)d (x); z2E; ©)
0
where
“1g (1
(x) = — X201 [x (X)x=0 = (0)  (04); (10)
X
and (t) is of bounded variation in [0; 1], is that the sequence
X p XK n k
fago: n= (D 77 foga 1 (12)
k=0 1=0
be bounded.

Each function dened by (10) generates such a functiong 2 Ag by (9) with
f(z)=2z",n=1;2;::::
Proof. Using Theorem A, we conclude that
% 5
(f o)(z)= ffoafognz" =  f(zx)
0

n=1

d (x)
X

(12)

forany f 2 Ag, z 2 E, and some function of bounded variation in [0;1] i the
sequence (11) is bounded. For any 2 (0;1), Lemma 4 with (x) = f(zx) and
' (x)= % gives
z 1
f (zx)

Z,

d &) _ f(@0d (x)

X

where is de ned by (10).
It follows that (9) with (10) (see de nition (5)) and (12) are equivalentif [x (X)]x=o+
exists and equals 0. Using (10) and the formula for integratbn by parts, we have

Q)
X X)= x) x (1) x t—zdt; x 2 (0;1):

X
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Hence, Lemma 5 gives
X!m&r [x (x)]=0:

Now let be de ned by (10), and let the correspondﬁlg function of bourded variation

from (10) generate the moment sequence , = Olt'lgd (t) (n =0;1;:::). This
sequence is bounded, and therefore, the functiog(z) = ,1]:1 n 12" belongs toAy.
The above argument shows thatg satis es (9). O
Remark 1. Note that (1 x) dened by (10) is normalized in [0;1) i x) =

(x) (0) is normalized in [0; 1) (see e.g., [15, Ch. 1]). It follows from the proof of
Theorem 1 that for everyn =1;2;:::;

As mentioned above, there is at most one such a function which is of bounded
variation and normalized in [0; 1].

We conclude that for every admissible functiong 2 Ay, there is at most one rep-
resentation (9) which is valid for all functions f 2 Ay (or even for a xed function f
with ffg, 60; n 1)if is dened by (10) and

(x+0)+ (x 0.

(x) = 3 . x2(0;1):
Indeed, if there exists another function
z 1
d~(t
0= T 201 k-l = 0%
X

(~=(t) is a normalized function of bounded variation in [G; 1]) which satis es (9) for
everyf 2 Ag and z 2 E, then (t) (0) = ~(t), t 2 [0;1]. Hence, 4x) = (X),
X2 (0;1], and k~(X)lx=0 =[x (X)]x=0 = (0)  (O+).

We shall consider a clasdM of nondecreasing functions (x) < 1 in (0; 1] with
! xd g() < 1. According to the de nition (5), for each 2 M , the nite limit

0

values 01+ xd (x) and [x (X)]x=0+ exist and [x (x)] is dened at x = 0. Lemma 6
allows us to de ne the classM properly. Also, this lemma and Theorem 2 show why
we need an additional restriction atx = 0.

Ry

Lemma 6. Let (x), ] j< 1, be nondecreasing in(0;1], and let ;. xd (x) < 1.

Then the limit value [x (Xx)]x=0+ exists and equald).

Proof. If (x) 01in (0;1],then 0 x (x) x (1) in (0;1], and the statement of
Lemma 6 follows.
Now let (x) < OforO<x<b 1. The formula for integration by parts gives

Zy Zy
xd (x)=Db(p " () (x)dx
for any " 2 (0; b). It follows that
Zy Z,
(x)dx b (b xd (x)> 1 ;

0+
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L Ry : L
and therefore, the nite limit value ,  (x)dx exists. Hence, the nite limit value
=[" (")]"=0+ exists also. Clearly, 0. If < 0, then for somec 2 (0;b) and
2(;0),x (x) < foreachx 2 (0;c). Again using the formula for integration by
parts, we have for any" 2 (0;c)

Z Z oc
xd X)=c () " () (x)dx>c (c) log —
Hence,
h i 21
lim c¢ (c) log ? xd (x) < 1:
oo 0+
It follows that 0. We have reached a contradiction. Thus, =0. O

Now we can give an appropriate de nition of the,classM . Let M be the class of
nondecreasing functions (x), j j < 1 in(0;1] with 01+ xd (x) < 1 and agiven value
[X (X)]x=0 2 (1 ;0]. Let M ¢ be the subclass of functions 2 M such that x (x) is
right-continuous at x =0. Lemma 6 showsthatM g=f 2M :[x (X)]x=0 =0 g.

Theorem 2. A necessary and su cient condition that the convolution of a xed func-
tion g2 Ap and an arbitrary function f 2 Ag has the expression
z 1
(f 9= f(zx)d (x); Z2E; (13)
0

where 2 M , is that the sequencd gg,, n 1 is completely monotonic.
Each function 2 M generates such a functiong 2 Ao by (13) with f (z) = z",
n=1;2;::::
Proof. Theorem B gives that
% Z1
(f o)(z)= ffonfognz" = f(zx)
0

n=1

d (x)
X

(14)

forany f 2 Ag, z 2 E, and some nondecreasing and bounded function in [0;1] i
the sequence ggn, N 1, is completely monotonic.

Let g2 Ao, and let the sequence gg,, N 1 be completely monotonic. Lemmas 4
and 5 show that (14) implies (13) with  de ned by (10) and [x (X)]x=0+ =0 as in
the proof of Theorem 1. Clearly, this function is nondecreasing and nonpositive in
(0;1], and [x (X)]x=0 2 (1 ;0]. Setting f (z) = z in (13), we have

z 1
xd (x)=fggr<1: (15)
0
Hence, 2M .

Now let us assume that (13) holds withg 2 Ag and 2 M . Then (15) holds,
[X (X)]x=0 0, and according to Lemma 6, X (X)]x=0+ =0.

Let

Z,
(t)= xd (x);  t2(0;1  (0)= (O+)+[x (X)]x=0: (16)
t
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Equations (15) and (16) givethat (t) 2 [ f ggi+[X (X)]x=0;0]and is nondecreasing
in [0;1]. Let .
1
X~(X)]x=0 = (©0) (O =[x (X)]x=0:
Using Lemma 4 with' (t) = tand (t) =1=tin[x; 1], we obtain {(x) = (x) (1),
x 2 (0;1]. Taking into account (13), we have
1

(f 9)(2)= . f (z2x)d~(x) (18)

x 2 (0;1]; 17)

foranyf 2 Apandz 2 E.
Using Lemma 4 again, we show that (18) and (17) with X~(X)]x=0+ = 0 imply
(14). Therefore, the sequencdgg,, n 1 is completely monotonic.

For any function 2 M, let be dened by (16). As mentioned above, is
nondecﬁeasmg and bounded in [AL]. This function generates some moment sequence
n = t“d (t), n = 0;1;:::; which is completely monotonic by Theorem B. In
garncular this sequence is bounded. Therefore, the corsponding function g(z) =
n=1 n 1Z" belongs toAg. The equation (18) with ~(x) = (x) (1) de ned by
(17) and the above argument show thatg is generated by as in (13). O

Remark 2. According to Remark 1, for every admissible functiong 2 Ag, there is
at most one representation (13) which is valid for all functionsf 2 Ay (or even for a
xed function f with ffg, 60, n 1),if 2M and satises

(x) = (X+O)+2 x_9).

Corollary 1. Under the conditions of Theorem 2, 2 M ¢ i the sequence fggn;
n 1; is minimal completely monotonic.

x 2 (0;1); 1)=0:

Proof. Let the sequencefggn, N 1, be minimal completely monotonic and 62 Mp.
This means that 2 M with [x (X)]x=0o < 0. Let ~(x) = (x), x 2 (0;1], and
[X~(X)]x=0 = 0; then ~ 2 M . The function ~ generates a functiong~2 Ap by (13)
with f(z)= 2", n=1;2;:::: We havefgg; = fggr +[X (X)lx=0,f&9n = fgg,, n 2.
Since the sequencd gg,, n 1, is completely monotonic and k (x)]x=0 < 0, we
have reached a contradiction. Now let us assume that 2 M (¢ and the sequencé gg,,
n 1, is not minimal completely monotonic. Without loss of geneality, we can assume
that is normalized as in Remark 2. Letg(z) = g(z) + "z, "> 0, z 2 E, where both
sequencﬁeﬁ ggn and fggn, N 1, are completely monotonic. According to Theorem 2,
h = o Xx"d~(x), n 1, where ~2 M with [x~(X)]x=o 0. Therefore, fgg, =
le“d*(x), n 1, where=(x) = (x), x 2 (0;1], and k=0 = [X~(X)]x=o " O.
Since=2 M and is unique, =(x) = (x), X 2 (0;1], and X~(X)]x=0 = " = 0. We
have reached a contradiction again. O

Every admissible function g, either from Theorem 1 or Theorem 2, generates some
linear integral operator 1 (f): Ag ! Ag. For example, if g(z) = log(1=(1 2z)) and
(X) =log x 2 M ¢ in Theorem 2, we get the classical operator of Alexander [1]

ZZ
H@= Oy (19)
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See Miller and Mocanu [13], for example, for material conceting various generaliza-
tions of Alexander's operator.
We shall consider exponential convolutions of the form

f(z)= zexpf(g !)(2)g (20)

where the function g2 A; and has a completely monotonic sequence of Taylor coe -
cients. Let EC;(g) be the class of all functionsf de ned by (20) where! 2 G(h) for
some xed function h 2 Aj . According to Theorem 2, for every such pair of functions
g and h, we have the corresponding exponential integral operator
Z,
J(')(2)= zexp (zx)d (x) :G(h)!E Cn(Q)
0

where 2 M .

If a function 2M with[Xx (X)]x=o = a 0 related to some admissible function
g by (13) |§ given, then we use the notationECy( ja) for the class EC(g). Let
ECh( )= . oECnh( ja). Clearly, each function f, 2 ECy( ja) can be represented
in the form

fa(z) = f (2)expfaf! g;20; z2 E;

wheref 2 EC( jO) and! 2 G(h). Thus, the case whenx (x) is right-continuous at
x =0 is the most important one.
The function
Z,
F(z)= zexp h(zx)d (x) (22)
0

is the envelope function for the classECy( ). Lemmas 2 and 3 give some extremal
properties of this function on ECy ( ).
Let 2M and

8 R
20 |fRﬁxd (x) =0,
L()=_1 |ff g X2d (x) 60, (22)
1 otherwise.

Note that if L( ) < 1, then the corresponding function g(z) from (13) is a linear
function az with a 0.

Theorem 3. FQ‘et h2 A;, 2M, and letF be dened by (21). Then, for any
f(z) = zexpf 01! (x2)d (x)g 2 ECp( ) with ! 2 G(h),

(@ jff(z)onj f Fon. N 2

(b) jf(2)i F(z), z2E.
For some natural N 2, let fhgy > O (n = 1;:::;k) wherek =minfN  1;L( )g
andL( ) 60 is de ned by (22). Then the equality in (a) holds i f! g, = fh(z€ )gn

_If for some z = rel 2 E f 0gjf(z)j = F(r), then for eachz 2 E, f(z) =
e F(e' 2).

Proof. According to Theorem 2 and the argument following, every furction f 2
ECh( ) is an exponential convolution of the form (20). We have the hequality (a)
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Ry Ry
from Lemma 2. Let' (z) = ;! (x2)d (x), (2)= , h(xz)d (x), and let the func-
tion h satisfy the additional conditions of Theorem 3. It follows that the functions '
and can be represented in the form

S X
"(2) = anz" and (2) = bhz"; z2E;
n=1 n=1
whereja,j b, andb, 60for n=1;:::;k,k L =1L( ). We used the de nition of
completely monotonic sequences.
Lemma 2 gives equality in (a) if and only if

= constant and = forl=1;:::;N 1:

arg N 1 N 1 N 1

Let = N 1. Then we getja;j = by > 0 and
arg '' [ =(N Darga

N1 is a sum of products of coe cients a;; ap;::: and of a positive constant such
that every product has the same argument N 1)arga;. Among all of these products
are nonzero terms of the form N n) a’f 1'n @, forn=2;:::;k. It follows that

n=1;:::;kand = argf! g;.

The inequality (b) and the statement about the equality sign follow from Lemma 3.
Also, this inequality follows either from the inequality (a) or directly from the de ni-
tion of the classECy( ). O

Let us consider a simple example showing the importance of # additional condi-
tions in Theorem 3.
Let (X)= x2M o, h(z)=322+42z32 Aj,andN =6. For n=1;2;:::; we have
n — .
. x'd (x) = =T

Clearly, k =5, but fhg; = fhgs = fhgs = 0. The representation (21) gives

F(z)= zexp z?+ Z° :

Hence,fFgs = 1. Let | (z) =3¢e? z2+4¢€ 282 G(h)forsome; 2[0;=2], 63 .
Then
z 1

f(z)= zexp I(xz)d (x) = zexp € z2+¢€ 78 2 ECh(X)
0

and jff gsj = j€@ * )j = fFgs. However,fl g, =3e? = h ze ,andflgs=
4¢ 64€® = hzd .
3. The classes EC( )

Let 2 M o. We denote by EC( ) the class of functions
Z,
f(z)= zexp I (zx)d (x) (23)
0
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where! 2 Ag and satis es the condition
Ref! (2)g > %; z2 E: (24)

Let W be the class of all such functiond . Due to the classical result of Caratheo-
dory [2], it follows that for every ! 2 W jflgsj 1,n  1,or! 2 G(! ) where
I (2)= z51 2z). Therefore, EC( ) is a subclass of the clas&C, ( j0).
For any function ! 2 W, using the Herglotz representation formula, we have
z 2
1 (2) = I (€ 2)d (); z2 E; (25)
0

whered is a positive unit measure on [Q2 ] (see e.g., [4, Ch. 7]).
Equations (23) and (25) imply that for every f 2 EC( )andz2 E
Z 4L,
f(z)= zexp w xel zd ()X : (26)
00

The function
z 1

F (z)= zexp I (xz)d (x) 27)
0

is the envelope function for the clas€EC( ).

We shall consider three particular classesEC( ) and estimate some traditional
functionals on the classesEC( ) in general.

Let S be the class of univalent functionsf 2 Ag, f40) =1, and let S be the class
of starlike functions f 2 S.

Theorem 4. EC logx? =S :

Proof. For every function f 2 EC logx? , we have from (23) and (19)
z

z 9|
f(z)= zexp 2'—()d (28)
0
where! 2 W andz2 E.
Equation (28) gives

2t 92)

- = | .

@) 1+21(2):

Since! (0) = 0 and Ref1 + 2! (z)g > 0, we use Nevanlinna's condition and conclude
that f 2 S (seee.g., [4, Ch. 8]). ThusEC logx? S . These steps can be reversed
to showthat S EC logx? . O

Clearly, Fiog x2(2) is the Koebe function K(z) = z=1 z)?. It is well known that
this function realizes the extremal values ofif f g,j (n  2), jarg(f (z)=2)j, and lower
and upper bounds ofjf (z)j (z 2 E) in the classS (see e.g., [4, Ch. 8]).

Note that if f(re' ) = Re! 2 S, then 0, and hence,R; = (R=r) 0.
Therefore, for any q 2 (0; 1), the inequality
f(a2) : :
Q) 1, z2E; (29)

holds.
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Recently Ismail et al. [10] introduced the classP Sy of functions f 2 Ao, f 40) = 1,
which satisfy the inequality (29) for some xed g2 (0;1). This class was de ned in
[10] by the g-di erence operator

f(z) (a9

(Dof) ()= —F—=—
! z(1 9

which plays an important role in the theory of basic hypergeanetric series. It was

proved in [10] that the basic hypergeometric function of Hehe with some normalization

belongs toP S;.
We show that for every g2 (0; 1), the classP Sy is one of the classe&C( ).

Theorem 5. For every q2 (0;1), PS; = EC( ) where 42 M ¢ and is de ned by
a(x) =log ¢ x2 d5q * (30)

z60; (Dqf ) (0) = f%0);

for k=0;1;::::
Proof. It is easily veried that 42 M g for any q 2 (0;1). It follows from (30) that
forn=1;2;:::;

x"d g(x)=2 log= q
0 a .5
Hence, from (23), we have for anyf 2 EC( q)andz 2 E

kn

_ 2iog?
. Zont

flgnz"

1
f(z)= zexp 2 Ioga T q (31)
where! 2 W.
Equation (31) gives
f (92 " x n°
Q) =qgexp 2(logg) f!'gnz" =exp (2! (2)+1)log q :
n=1

Therefore, the inequality (29) holds andf 2 PSy. Thus EC( 4) PSqy. It fol-
lows from [10, Lemma 2.2 and Theorem 1.13] that every functio f 2 P Sy has the
representation

z
f(2)= @
Tho h(zd)=q
where the function h satis es the conditions: h  q2 Aog, h(z) 6 0, and h(z) 2 E for
any z 2 E. Here the convergence is uniform on compact subsets &f. Since every such
function h can be represented in the formh(z) = gexp logg?® ! (z) where! 2 W,
our steps can be reversed to show thaP Sy is a subset ofEC( ). O

The envelope functionF  for the classEC( q) is
1 R z"

F . (2)= zexp 2 log- —

! 9 na L

It was proved in [10] that this function maximizes jff g,j, n 2, within the class P S,

We extend this result for P Sq and the above mentioned results for the clas$ for all

classe€EC( ). Also some other extremal properties of the functionsF will be given.

Theorem 6. Let 2M o, f 2 EC( ), and let F be de ned by (27). Then
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(@) fffgnj f Fonn 2
(b) M(r;f)=F (r) andjf re' j=F (r) forany 2 [0;2 ) are nonincreasing func-
tions of r in (0; 1).

If jzj=r< 1,
 F(rn)jf@i F@), z,
f( ) F() _ Xr sin )
(@) arg—= jn}g)r( arg - gn[a ) o 1 2xrcos +x2r2d (x):
The equallty sign in (a) occurs i
f(z)=e ' F (¢ 2) (32)
for some 2 [0;2 ). The equality jf (z)j = F (jzj) for somez 2 E f Og holds i
f is dened by (32) with = argz. The equality jf (z)j = F (] zj) for some
z2 E f Ogholdsi f is dened by (32) with = argz.

Proof. The statements (a) andR(b) and the right-hand inequality in (c) follow from
Theorem 3 and Lemma 3. If xd (x) =0, then f(z) = F (z2) = z. Otherwise,
according to Theorem 3, the equallty in (a) for somen 2 implies that jf! g;j = 1,
where! 2 W is de ned by (23). It follows that in this case ! (z)= ! (€ z) for some
2 [0;2 ). The representation (25) implies that for each! 2 W
izj
1+jzj

Ref! (2)g; z2 E;

with equality i w(z) = w (€ z) where = argz (see e.g., [4, Ch. 7]). Using this,
(23), and (27), we obtain the left-hand inequality in (c). Of course, the right-hand
inequality in (c) also can be proved in this way.

For every ! 2 W, we have from (25)

I I i
Imf! (2)g zr?oéé() m ! €z
Using this inequality, (23), and (27), we get (d). O

Corollary 2. The Koebe domain for the clas€EC( ) is the open disk centered at zero

with the radius
z 1

r( )=exp

In particular, we have the well- known valyer (log x?) = 1=4 for the classS and a
new resultr( ) =exp 2(loga) k 5 lﬂqu for the classP Sy where 4 is de ned by
(30).

Remark 3. Note that for all f 2 EC( ) the radius of starlikeness off is greater
than or equal to that of F . Equation (26) gives that the s&lrllke radiusr of EC( )
either is de ned by the transcendental equation min Ref K (xr €)d (x)g= 1
where K is the Koebe function, orr = 1. Earlier, the starllke radius of PSy was
found in [10].

In fact, the classeseC( ), 2 M o, give some natural extension of the class
P Sy, which in turn is a g-extension of the classS . Some properties of this natural
extension are easier to prove than those in they-case. It allows us to establish some
new g-properties and to prove known ones in a simple way. An approeh based on
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a natural extension that includes a g-extension of some mathematical object may be
e ective in other cases also.

Let GS be the class of bounded functiong 2 A, satisfying the conditions: f 40) =
1,f(2)=z60(z2 E), and inffjwj : w2 @fE) g > 0. This class was introduced by
the author and Sa in [8] without the normalization f %0) = 1. Some estimates of the
functional sup,, ¢ jarg @j on the classGS are given in [8]. These results are related
to the problem of estimating the argument of approximate corformal mappings of
simply connected domains onto the unit disk. The statementqc) and (d) of Theorem 6
and Theorem 7 provide a new stimulus for this problem.

Theorem 7. Let 2M o, thenEC( ) GSi
2144 (x)
o 1 X

Proof. Letf 2 EC( ). The formula (23) gives f 40) = 1. According to the statement
(c) of Theorem 6 and the inequality (33), we have

0< ex 2144 (x) f (2) ox 2144 (x)
P o 1+X z P o 1 X

for any z 2 E. Hencef 2 GS.
Ifforsome 2M o, EC( ) GS,thenF 2 GS. Therefore, sup, ; (logF (r)) =
Ol(xd (X)=(1 x)) < 1. Notethat for f 2 EC( ), (33) gives

<1: (33)

<1

z
f (2) box
d <1; 2 E:
arg - N (x) ;o Z
Hence, any functionf 2 GS with sup,,g jarg @j = 1 (see [8]) cannot belong to
EC( ) with condition (33). Thus EC( ) GS. O
4. Estimating some logarithmic means on the classes EC()

For every function f 2 S, its logarithmic coe cients |, are de ned by

3
Iog@ = 2 nz": (34)
z n=1
For each natural n, a real nonzero vectorX,, = (Xj3;:::;Xp) is said to be admissible if
the Koebe function maximizes the functional
X 1
_ L2
My, (f)= Xk Kj k] P (35)
k=1
on the classS. Thus, for every admissible vectorX, andf 2 S
Mx,(f) O (36)

Some admissible vectors are very important in the theory of mivalent functions. It
is well-known that Milin [11] conjectured and de Branges [3]proved that all vectors
Xn=(n;n 1;:::;1),n 1, are admissible. Also, it is known that at the present time
this is the only approach to prove the famous Bieberbach comgcture for the Taylor
coe cients of univalent functions. We note that, in fact, li mp; M X (f)y=1 for
every function f 2 S unlessf is the Koebe function or one of its rotations [5]. It is
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proved in [12] that each admissible vectorX, = (X1;:::;Xpn) necessarily satis es the
condition
X k
min Xk Sin =0: 37
min,  xesinte) (37)

For example, the unit vectors X% =(1;1;:::;1),n 2, do not satisfy (37). Thus they
are not admissible, but sugs M x o (f) < 0:312 where is Milin's constant [11].

Forn 2 the condition (37) describes the admissible vectors, buttiis not su cient
for describing admissible vectors in the general case [6,.7]t is stated in [6, 7] that
the inequality (36) holds for each functionf 2 S and for any real nonzero vector
Xn satisfying (37). In this case only, the Koebe function and it rotations give the
equality in (36). Theorem 8 gives an extension of the last stiement for all classes
EC( ).

Clearly, every function f 2 EC( ) has the only zero atz = 0. Hence, the function
Iog@ is analyticin E. Letf 2 EC( ) and

X
ogr® =" oE (38)
z n=1
Theorem 8. Let 2 M g and for some real numbersx,, k=1;:::;n
X Z 1 2
min xx k xKd (x) sink =0: (39)
2[0; ]kzl 0
For eachf 2 EC( ), let
X“ - .2
M(f)= XkKj k] (40)
k=1

where the logarithmic coe cients  are de ned by (38).

Finally, let F be de ned by (27). Then F maximizes the functionalM (f ) on the
classeC( ). If the sum in (39) is not identically zero, then only the functionF and
its rotations maximize this functional on EC( ).

Proof. Let f 2 EC( ). The representation (26) gives

Z Z :
fz) Y2 € xz
log—— = . I ex o d ()d () (41)

whered is a positive unit measure.
Using (38), (40), and (41), we obtain

VAP APIINY Z, 2
M(f)= Xk x“d (x)  cosk( )d ()d (): (42)
The formula (27) gives

M(F )=  x¢k x“d (x) (43)
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We show that
0 Z 4 2
()= xkk x€d (x) (1 coskt)) O (44)
k=1 0
forjtj 2.

Notethat ' ( t)="'(2 t)=" (t). Thus, itis enough to prove (44) fort 2 [0; ].
We have' (0) = 0 and according to (39), ' {t) is nonnegative in [Q ]. The relations
(421){(43) imply the statement of Theorem 8 about extremality of the function F .
We have that M (f)= M (F )i

2Z
o . (o )d()d()=0: (45)
It follows that if the sum in (39) is not identically zero, the n (45) holdsi is a point
mass. (|

Note that if (x) = log x2, then (39) coincides with (37).
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