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Uniform asymptotic estimates of hypergeometric functions
appearing in potential theory

Domingo Pestana and Jog® M. Rodrguez

1. Introduction

In [5], G. B. Folland obtained an expansion in spherical harnonics of the Poisson-Szege
kernel for the unit ball B in C" given by
1 @jz?)

il hzwn o 2Biw2@

Pn(z;w) =

where hz; wi denotes the standard scalar product inC"
hz;wi = zzwp + + Zn W

and! ,, is the (2n  1)-dimensional Lebesgue measure of the unit sphere &".
Let g denote the Laplace-Beltrami operator associated with the EBergman metric
on B,

X

4 L.
B = n+1(1 j ZJZ)” :1( i Ziz)

@@

This is the basic invariant di erential operator on the symm etric spaceSU(n; 1)=U(n)
B . The solution of the Dirichlet problem
gu=0 in B;
u=f in @B;
with continuous boundary data f iszgiven by the representation formula

(1.1)

u(z) = Pn(z;w) f (w)dw:
@B

If HR'9 denotes the linear space of restrictions t@@ of harmonic polynomialsg(z; z)
on C" which are homogeneous of degreein z and degreeq in z, the solution of the
Dirichlet problem (1.1), with f 2 H®9, is given by

ur )= sf9mf(); 0 r 1; 2@8; (1.2)
where
F(p;gp+ q+ n;r?)

p:q — rbhtq
S =T F(p;gp+ g+ n;l)
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By F(a;b;c;t) we denote the usual Gauss hypergeometric function

R (@) () t¢
F(aibct) = % W
k=0 k :
where (u)k is the Pochhammer symbol
(u+tk .

= +1 +k 1)= ——=:
(Wk=u(u+1) (u ) o
The formula (1.2) points to the crucial role of SF'% in the expansion of the Poisson-
Szege kernel in spherical harmonics. In fact,

R
Pa(r;w)= SR HR(h;wi) 1.3
p;q=0
where HP49(h ;wi) 2 H P9 is the zonal harmonic with polew, cf. [5].

If one wants to use the expansion in spherical harmonics, the one is required to
know uniform estimates ofF (p; g, p+ g+ n;t) in the variable t when the parameters
p; g grow, in order to obtain bounds of integrals involving SP (see e.g., Theorem 2
below). For g = p+ a with a bounded, Watson [9] [6, p. 237] gave the asymptotic
behavior of such anF. However, we will need more general estimates.

In this paper, we study the asymptotic behaviour of

F(a;mgq+ mq+ n;t);
and we obtain the following uniform estimate whereB ( ; ) denotes the Beta function.

Theorem 1. There exists a universal constantC, not depending onn, p, u, m, z,
such that, for all real numbers,u;p 0, m;n 1,0 z< 1, if we denote

G=F(p+ump+l(m+1)p+tu+n+l;z)B(mp+1;p+ u+n);

then
G CL
where
1z o
L=t 1 m@ to) ""@ to)" * p
0 m( 0) ( O) a2 bZZ m 14 p+ 1
and
_a+ bz p(1 z)(a? Pz) _ L2 ]
° 2z a+bz+' (I 2z)(a2 WPz)
a=1+ i ; b=1 i :
m m
Also, this result is sharp in the sense that
. P
pI!llm T = 2:

By making the choicesu =1=m, p+ u = g, we have
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Corollary. There exists a universal constantC, not depending onn, g, m, z, such
that, for all real numbers, m;n 1, 1=m,0 2z < 1, if we denote
G = F(g;mgqg+ mg+ n;z)B(mg;q+ n);
then
G CL
where

mq q n 1 1 z = 1
L=t" 1 m@ to) (1 to) @2 Wz mrgrl’

Observe that without loss of generality, we can supposen 1 because of the sym-
metry of the hypergeometric function in the two rst paramet ers. It is not possible to
obtain a similar uniform upper bound of F becausel is zero forz = 1. However, usu-
ally the hard inequalities involve lower bounds. One might think that the hypothesis
p = mq is too restrictive, but this is enough to prove some results m which p and g
grow independently (see Theorem 2 below). On the other handTheorem 2 is sharp.

This uniform estimation of SE'¥ allows us to obtain an integral expression for the -
energy of a complex measure supported i@B. We recall that the -energy is de ned

b
Y zZ

J ()= (d(x;y)) d=(x)d (y)
@

where

N Q

log—; if =0;

1
t

-l

()=

"V

; fo< < 2n;

and d(x;y) is a distance in @B.
More concretely, we have the result

Theorem A. [4] If is a complex measure supported on@ and d(z;w) =
j1 h z;wij¥*?, we have forO< < 2n that
Z,Z
J () P (r)j2d r=2 1@ )" =2 1dr (1.4)
0 @

where means that the ratio of the left side to the right side is betvem two constants
which can depend om and , and P denotes the invariant Poisson extension of ,
which we recall is de ned by

P (2)= Pn(z;w)d (w); z2B:
@
Theorem A is one of the keys to obtain a capacity distortion result [4] under inner
functions. Recall that if E is a closed subset ofdB, then
(cap (E)) *=inf J (): a probability measure supported onE

Recall also that aninner function is a bounded holomorphic function from the unit
ball B of C" into the unit disk of the complex plane such that the radial b oundary
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values have modulus 1 almost everywhere. IE is a non-empty Borel subset of@,
then we letf (E) denote the subset of@s,

f YE)=f 2@B: Iilmlf (r ) exists and belongs toE g:
r:
Theorem B. [4] If f is inner in the unit ball of C", f(0) = 0, and E is a Borel

subset of @ , then we have:
() f0< < 2(andalso =0 if n=1), then

capy 2+ (f Y(E)) C(n; )cap (E):
(i) If =0andn 2, then
1 1
cap,, o(f *(E)) capy(E)
Corollary. With the same hypotheses of Theorem B, we have
Dim(f Y(E)) Dim(E)+2n 2

where Dim denotes Hausdor dimension with respect to the distanced(z;w) =
i1 h z;wij 72,

C(n) 1+log

These two theorems translate the results [3] for the Euclidan distance to the dis-
tance d(z;w) = j1 h z;wij 17 in @B. It is interesting to remark that in the Euclidean
case, the analogue of (1.3) is an equality. On the other handthese results have a lot
of applications [1{3].

The heart of the proof of Theorem A is to reduce it to

Theorem 2. For all non-negative integersp, ¢, n (n 1)andforall ,0< <n= 2,
we have, with constants which only depend on, |, that

Z, E 2
— ﬂ p+ g+ 1 n 2 1 (p+ )(q+ )
"=, FO C A O P ¥ O PO

where F (z) is the hypergeometric functionF (p;g p+ q+ n;z).

The outline of the paper is as follows. In Section 2, we give tha proof of Theorem 1.
We will prove Theorem 2 in Sections 3 and 4. In Section 5, we wlilgive an open
guestion.

Notation. We denote by C a constant which sometimes can depend on and and
that can change its value from line to line and even in the samdine. The expression
A B will mean that there exists a constant C, depending at most onn and , such
that C ' A=B C. Finally, A B whenx! a means that limy, o A=B = 1.

2. Proof of Theorem 1

Theorem 1. There exists a universal constantC, not depending onn, p, u, m, z,
such that, for all real numbers,u;p 0, m;n 1,0 z< 1, if we denote

G=F(p+ump+l(m+1)p+tu+n+l;z)B(mp+1;p+ u+n);
then

G CL
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where
1 p+u 1 z 1= 1
- mp + + n 1 [a)
L=t 1 m(1l tp) a to) Z 2z P e
and D
a+ bz 1 2)(az2 Kz 2
tO = = P ) (21)
2z a+bz+ (1 2z)(a2 ©2)
a=1+ i ; b=1 i :
m m
Also,
. G _P—
pl!llm C= 2

In order to prove Theorem 1, we will need the well-known integal expression ([6,
p. 99] or [8, p. 20])
1
G= t™@ pPrurn (1 zt) P Ydt:
0

Accordingly, we can write .

1
G= & Wg)dt
0

where

M@ 1)

1 fyu+n 1
f (t) =log 1 70 #

a1 zt)u
Observe that the function f has a unique maximumtg in [0; 1] given by (2.1).

The classical Laplace's method (see e.g., [7, 10]) for asyngiic expansions gives
that the principal contribution of the integrand of G is located in a neighborhood oty.
Consequently, it will be useful to have some expressions imlving to at our disposal.

and g(t) =

Lemma 2.1. If to is de ned by (2:1), we have the formulae

zt3=(a+ bty 1; (2.2)
2ztp= a+ bz P 1 z2)(a2 Pz); (2.3)
2(1 ztg)=b(l 2z)+ P 1 2z2)(a2 Pz
=ty a(l 2z2)+ P 1 2z2)(a2 Pz) ; (2.4)
1 to= P 1 2)(a2 rz) all 2
0 2z
= %0 P 1 2)(a& Bz) bl 2) ; (2.5)
1 L 2= 20 2); (2.6)
1 to _ .
T cl Mm@ ) 2.7)

m? a2 bz

fQU)= —
(to) t3 1 z

(2.8)
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Proof. In order to nd to, we need, of course, to solve the equatioh(t) = 0. This

equation is equivalent to (2.2). The identities (2.3){(2-7) can be obtained by an
elementary argument using (2.1) and the de nitions ofa and b. More concretely, (2.6)
and (2.7) use (2.2). To obtain (2.8), we use (2.6) and (2.3) irthe following way

m 1 z2
)= 7 @’ @
_om2 i@ 22+ zte)® Z2(1 to)?
@6 t2 1 2)?
_ m?a+ bz 2zt
T2 1z
. O 9@ 7 -
@:3) t3 1 z '

Proof of Theorem 1. Following Laplace's method (see e.g., [7, 10]), we de ne a ne
variable by the equation

ft) f()= 2 (2.9)

and the condition that must be an increasing function oft.
Using the Taylor's polynomial of degree 2 off in tg, we obtain that if we de ne h
by t = h( ), we have

S
_ 2
h%0) = oty (2.10)
Then
Z,
G= ¢ (t) e P g(h( ) h% )d : (2.11)
1

If we use (2.9) and (2.10), then we have that ap! 1
Z, S

2
G & () g(h(0)) h%0 eP’d = Wgty)
g(h(0) h%0) 9(to)  fory
Then, using (2.8), we obtain
s
|
c 0@ t) 1 to u(l to)" 2 1§ 1z :
1zt 1zt p m2 a2 kz
The identity (2.7) gives
s
I ——
+ 1 2 1 z p_—
+1 pt+u 1 .
G t°" 1 m(@1 to) (1 to)" m op 2 W 2 L:

This proves the last part of Theorem 1. To prove the main part o Theorem 1, we
need to estimateg(h( )) and h% ) near 0. These estimates must bainiform in n, p,
u, m, and z.

+
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For each 0<"< 1, we de ne

t=(1 ")to; (2.12)
s
2
x=b+ T P75 o Lcq (2.13)
1 z
m" .
w=1+ 7x 1+m"; if 0 z<1: (2.14)
We need to estimate
2= t(t) f()=log — L 1 @ Y2 (2.15)

@ ™1 @ ")t 1 ztg
A computation gives, using (2.4), that

1 @ ")zt m"
== 0= mU+ ——x= 2.16
1zt mereswomy (2.16)

and also, using (2.5), that
1 to 1

1
1 T Mt 1+4M T w
2
where x, w are de ned by (2.13) and (2.14). If we substitute (2.16) and .17) in
(2.15), we obtain

(2.17)

1 .
1 )m@A+m")’

f(tp) f(t)=log ; 1 mW Iog( (2.18)

ax mm
We wish to show that
h ) Kh90) forall 2 1;0]; (2.19)

for some constantsKk > 0 and ; < 0 which are independent ofn, p, u, m and
z. In order to obtain this inequality, consider the function H = h 1, i.e., H(t)? =
f(to) f(t). Then, (2.19) is equivalent to the inequality

S
1 K 2

AYY  AY) Tt

(2.20)

forall t 2 [t1;to], with t; = h( 1). Since we are working witht <t ¢, we have that
p___
H(t) = f(to) f(t):

And recalling (2.8), (2.12), (2.13), and (2.14), we see thato prove (2.20) is equivalent
to proving that
21§ 1 _ 2K?t} 1

4(f (to) (1) o2t :
f qt)2 m2x b m2 Z(w 1) b’

(2.21)
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On the other hand, if t is given by (2.12), computations give, with the help of (2.6)
(2.16), and (2.17), that

m 1 + z
@ "t 1 (1 "o 1 (1 ")zt
_ m 1 + z
@161 (I "t wl tg) (w m") ztp)
. m 1 w@l z) m"(@1 ztp)
@6 to 1 " ww m")(1 2)
and so if we use (2.4) and (2.14) to obtain

1 ztp= g(l 2);

) =

then we nd that
1 1
1 " ww m")
Substituting (2.18) and (2.22) into the inequality (2.21), we obtain that (2.19) is
equivalent to

£9t) = tm (2.22)
0

~ 1 m" K 2 1 1 2
MW =les T—w 1 W T o n 1 " ww my O
(2.23)

foralw 1+ m"and" ";.
In order to show (2.23), the next lemma plays an important role.

Lemma2.2. Forall0<"< 1, m> 0, K P @ "=3,w 1+m", we have
M Yw) > 0.
In the proof of Lemma 2.2, we will need the next inequality:
Lemma 2.3. Forall ;m> O,w 1+ m", we have
ww m") (1 ")
w 1 m"b=2

Proof. The restrictions 1+ m" w andb < 1 give
1+m" w+wm" (1l b=2):

w+2: (2.24)

This inequality can be transformed, using the fact that m = mb+ 1, into
1+"+m"b w+wm" wm"b=2;
which is equivalent to
ww m") (1 ") (w+2)(w 1 m"b=2):
Therefore, we obtain (2.24) by observingthatw 1 m"b=2 m" m"b=2> 0. O

Proof of Lemma 2.2. We have that

Mow) = 2 1, K2m" 1 1 1 2
w m" w 4 (w 1 m"b=2)2 1 " w(w m")

2 1 1 2w m"

w 1 m'"b=2 1 " ww m") w2(w m")2 "’
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Then
n 2 " n
M Yw) m _ K<m i 1" 1 _ 2w m" :
ww m") 2w 1 m"b=2) 1 ww m") w2(w m")2
(2.25)
We can bound, with the help of (2.24), the term
1 1 1 _ 1 ww m") (1 ")
w 1 mb=2 1 " ww m") @I "ww m") w 1 m'b=2
w+2 )
@ "ww m')-
(2.26)
We also can obtain an upper bound of the term
2w m" 2w 2
WEw mTZ S W w (2.217)
Substituting (2.26) and (2.27) into (2.25), we obtain
0 m" K2m" w2
MAw) > ww m") w (1 "Yww m")
" 2
= mi 1 K 1+ E
ww m") 1" w
The hypothesis onK in Lemma 2.2 gives thatkK > (1 ")=3, and then
2
K 1+ E 1:
w
This implies M qw) > 0. O

Consequently, if K P (1 ™=3, we have that
Mw) M@Q+m");
and so, we only need to prove thatN(")= M(1+ m") O.
Lemma 2.4. Forall 0<"< 1, m>0,K 1 ", we havethatN(") N(@)=0.
Proof. It is enough to show that N{") > 0. Recall that

1 K2 1 1 2
" = M) = K- .
N(")=M(d+m")=log @a ")m@+m") 2a 1 " 1+m"
Therefore,
2
NO(")= l m i K_ 1" 1 i 1" + m _
1 1+m a 1 1+m @ "2 @€+m")?
Using the fact that
1 1 m"a )
1 1+m @ @+ m"’
we have
N ()= — U ma K2 1 m

T Ha+m @ 2 @rm)y
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The hypothesisk? (1 ")? gives

K? a "y — ma-
@z T MaemeE SHTmEmE
and this implies Nq") > 0. O
Itis convenientﬁo make a back-up of our results.We have showed that iD<" < 1,
m>0K mn (1 ")=31 " ,thenfort=(1 ")to
1 K
HOt)  HYto) -

Take0<" "g< landK =min P @ "o)=3;1 "o min =~ (1 ")=3;1 ",
then we have
h%H (t)) KhY0) forall t 2 [(1 "“o)to;to]:

Then (2.18) gives, ifm 1,

H@ 00 = ) 1@ ")) 108 —m s gy 2

where the last inequality is true sincem 1. Of course,H((1 "o)tp) and 1 are

negative numbers and we have
H(@ "o)to) 1;
and then
h% ) Kh90) forall t 2 [ 1;0]:

Therefore, (2.11) and the positivity of the integrand give that
z 0
G &) P g(h()hY )d
1 Z o ]
Kh90)e’" 9 e P g(h( )d :

1

Observe that h( ) is an increasing function on and g(t) is a decreasing function on
t (becausen 1). Then

Z,
G Ke®gt)h10) e P 'd  po (9 gltg)h10):
1
By observing that
 Roenrg
pl!llm T erid 2
this completes the proof of Theorem 1. O

+
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3. Proof of rst part of Theorem 2
In this section, we will prove one half of Theorem 2. More coneetely:

Theorem 2.1. There exists a positive constantC, depending only onn and , such
that for all nonnegative integersp;q;n(n 1) and for all ,0< <n= 2, we have

“ @Zpﬂﬁ (p+ )(g+ )
(p+tn )(g+n )

| = z a 2" 2 ldz
where F (z) is the hypergeometric functionF (p;g p+ q+ n;z).

o F@

If porqis 0, thenF is the constant 1, andl is the Beta function B(p+ g+ ;n 2 ).
Thus we can assume thap and g are not zero. By the symmetry of the hypergeometric
function in the two rst variables, it is enough to prove the i nequality for p q. Let
p= mg, with m 1.

The corollary following Theorem 1 gives that

F(z)B(mg;g+ n) CL:
The Gauss summation formula ([6, p. 99], [8, p. 28]) gives

_ (mg+qg+n)(n),
FO= g ny (ar )

and, therefore,

F(z (mg) (n) F(z C
F(1) (mg+n) F(1) (mg)"

where we have used the well-known fact:

F(z)B(mg;q+ n) =

Proposition 3.1.  For all xed real numbers u, v, we have that
(x+u) 1

(x*v) x U when x! +1 :

Hence,
F(2) n 1.0 1=2 ,mq q n1 1 z 194
F CmT i TEI M o) o)

wherea=1+1=mandb=1 1=m. Then we have
I CmZn 2q2n 1J

where
z 1
J=  &"@gz)dz;
0
and
f(z)=log(t3" (1 m( to))2zm*);
2n 2
0= Lz a2 =2
az Pz
The functions tg and f are increasing; observe that
d 2 _ _PPQ 2)+2=m

— —_=b :
dz to "1 2@ Rz)
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and that this function is negative because

bp(l 7)(a2 bP2) Zp%bp—z %+b2(1 7):

Following Laplace's method [7, 10], we introduce the new vaable = f (z); then,
if z= h( ), we have

Z,

J= , 9 g(h( ) jh% )id :

In order to bound J, we need some estimates for the function

rz)= p —2=m p :
Vd=m+ Pl 2)+a 1 z

The function r isincregasingfor0 z 1;thenwe have that I=(m+1) r(2) 1:IO m.
For eachk F§uch that " m=(m+1) k 1, thereisaunique 0 2z, 1 such that
r(zm) = k=" m. A computation shows that

_ Ph——
pl zm:iapm Pm +4k2 (3.1)
2k
and
=1 Zpb2 2+ 4k? 2+ 1P
zm_m a m m m(a )

We need the following lemma in order to prove that there is an nterval [0; A] for
the variable , for some universal cBrEtantA, in which the estimates are vaIi%.

In what follows, we choosek = ( 65 1)=8 and z,, such that r(z) = k= m for
this particular k.

Lemma 3.1. If . isdened as , = f(zm), then there is a universal positive
constant A such that , A forallm 1

In order to prove this result, we need some inequalities.
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Lemma 3.2. For all z2 [z,;1] and for all m 1, we have that
r

1

tho lz;
m m
p

1 ml z) 1 m(l ty) 1 kIO ml 2);

k

1 to 1 tO(Zm) <2

pm(l z) pm(l Zm) < 2
h [
Zm 2 §;1 ;
4 r
1 z 1 2z
; k e logty 2 mp
km m(1 2 logl m(1 tg)) 2 ml 2);
r

1 z.

r

0 logz
a® b’z % ;
pP—— pP———
4k m(l 2 10 m(1 2):
Proof. A straightforward computation using (2.5) shows that

1 t0=r(z)p1 Z:

This proves (3.2a) and (3.2b), sincer is an increasing function for 0 z

1.

(3.2a)
(3.2b)
(3.2¢)
(3.2d)
(3.2¢)
(3.2f)

(3.29)

(3.2h)

(3.2i)
(3.2))

(3.3)

inceto = tp(2) is an increasing function ofz, we have, using the fact thatr(zy) =

k="m and also (3.1), that

r r

P —— 1 z 1
1 to 1 to(zm)=r(zm) 1 zm=Kk mmzé a
)
R 1 K2
1 to 1 to(Zm):— nbl m <2
2a+ @+ % m

which proves (3.2¢).

In order to prove (3.2d), it is enough to observe that (3.3) ard (3.2c) give

1 k2,

P 2= " 1 tozn) <2 —

k

2
b2+£
m

and this last number is equal to 1=2 because of our choice of the constark.

(3.2¢) follows directly from (3.2d).
(3.2a) gives

1

If we use the inequalities

X log(l x) 1X—X forall x2 (0;1);
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and we observe (see (3.2d)) thap (1 2z)=m 1=2, then we obtain (3.2f).
(3.29g) can be deduced like (3.2f) using (3.2b) instead of (2a).
The inequality (3.2h) follows from

z
logz

z
4P —— 1 z 1 z
3 m(l 2z) = -
where we have used (3.2d) and (3.2e).

(3.2i) can be proved using (3.2d) in the following way

a® Pz=a’> P+P1 2z2) 41 Zm 5.
m m
Finally, (3.2]) follows from (3.2f), (3.2g), and (3.2h). O
Proof of Lemma 3.1. The inequality (3.2)) with z = z,, gives
p
m 4k m(l zyn):
On the other hand, (3.1) allows us to compute
r
I m 4k?
mIl!gn m@ld zm)= nI1||nl1 K 2+ ™y
4 4l 2
LA s - S
mit 2Kk a+ R+ & k 4

where the last equality is true because of our choice di.
Since , > 0forallm 1andliminf,n o Kk, we have that

A=inf , > 0:
m
O

Lemma 3.3. If z 2 [zy; 1], then the derivative with respect toz of the function tg
satis es

2

m(l 2z)
Proof. Recall (see (2.1)) that
_a b a2 bzp_—
WA=ty — !
Therefore,
0= 2 222 1’z P —. a2 Pz 1
0 2722 472" @2 2z 2 T 2
Hence,
a? p 1 1
o(2) 222" a? Pz 2T PR P (35)

+
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where we have used (3.2e) and (3.2i). On the other hand, using? ¥ =4=m and
(3.2e), we have that

a? p a? p p
—p— 1 z —p——— 1 z 2 m(l 2):
222 a? Iz 222 a? ( )
Besides, using (3.2d), we deduce
2IO m(l 2z2) 91: :
m(l 2z)
Finally, substituting these two last inequalities in (3.5), we obtain (3.4). O

Lemma 3.4. For all z 2 [z;1], we have that
r

f%%) C

(3.6)

Proof. Recall that
f(z)= Iog(t%m @ mQ@a to))22m+1) :
Hence,

t9 t9 m+1
0 = 04 0 + .
fYz)=2m t 2m T md 1o -

Using (3.2a) and (3.2d), we have thatty  1=2. Similarly, using (3.2b) and (3.2d)
again, one deduces that 1 m(1 tp) 1=2. Therefore, recalling (3.2e) and (3.4), we

obtain that ;
%) 4m@+t3+1) C .
1 z
O
Lemma 3.5. Let A=inf, . Then, forall 2 [0;A], we have that
C
MO Y 2
LN QD) R— 3.7)
C 4 4 3
9(h( ) w73 (3.8)
Proof. First, recalling that h=( f) ! and using (3.6) and (3.2j), we have that
r
1 1 z C
HN0) = = - - ~ .
This proves (3.7). Secondly, recall also that
h( ) = _ (L to)* ? 1 n2 1=2.
gh(N=92)= P2 1 2 -
a2 Iz
Therefore, using (3.2a), (3.2i), and (3.2e), we have that
1 z n ip_ _ 1 z)2n 2 3=2
oan() ¢ 2" PR g2 =& DT
so, (3.2j) gives the result. O
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Proof of Theorem 2.1. Recall that we need a lower bound of the integral
1

J= . e 9 g(h())ih% )id :

Using Lemma 3.5 and the positivity of the integrand, we have hat
A
J e 9 g(h( ))jh% )id
0
z A

C o d

an 4 2
m3n 2 2 d

0
C 4n 4 1)
mdn 2 2 ¢pn 4 1

where we have used the elementary fact that

(3.9)

Agd 4n 4 24

Recalling that | Cm?" 2¢?" 1J and using (3.9), we obtain that
1 1 _ C

mn 2 ogn 4 - (pon 2

Finally, (3.10) and Proposition 3.1 give Theorem 2.1. O

(3.10)

4. Proof of second part of Theorem 2
To nish the proof of Theorem 2, we need only to prove the revese inequality.

Theorem 2.2. There exists a positive constantC, depending only onn and , such
that for all nonnegative integersp;q;n(n 1) and for all ,0< <n= 2, we have
Z 1 2
F(2) (p+ )(ag+ )
= —— ZPrar 1 "2 14z C :
o F@) (p+tn )(a+tn )
In order to prove Theorem 2.2, we will need some lemmas.

Lemma 4.1. For p;q;n;zas in Theorem 2, we have

B(q;p+ n)F(p;Gp+ g+ n;z) ©  B(q;n)B(q;2p+ n)F(2p; G 2p+ g+ n;z):
Proof. We have ([6, p. 99], [8, p. 20]) that
z 1
B(a;p+ N)F(p;gp+ g+ n;z)=  t4 51 tP*" Y1 zt) Pdt
z, 0
— t(a l)=2(1 t)(” D=2¢(q l)=2(1 t)p+(n l)=2(1 zt) Pdt:
0
so, using the Cauchy-Schwarz inequality,
1
B(q;p+ n)F(p;Gp+ g+ n;z) ° t4 11 " Tt
0 Z L
t9 @ )%t o ozt) Pdt
0
= B(q;n)B(q;2p+ n)F(2p;g2p+ g+ n;z):
O
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Let 3F2(a; b; g d; e z) denote the generalized hypergeometric function

(@)« (D)« (C)k é i

b3
sF2(a;b;cd;ez) = D@ K-

k=0
We have
Lemma 4.2. There exist constantsC;, C, depending only onn and such that

3F2(2p;q;p+ g+ ;2p+ g+ mp+qg+n  ;2)
F(2p;g2p+ q+2n 2 ;z)

C1 Cz .

Proof. By comparing the k-th terms of each series, we have that

@D (D(p+ g+ e Z¢
(2p+ g+ n)k(p+ g+ n ) K

Qx
(2p)k (Qk z*
2p+ gq+2n 2 )¢ k!
_(@p+ag+2n 2 ) (Pt gt )
(@p+g+n) (p+g+n )
_ @p+tg+2n 2 +Kk)(p+qg+ +k) @p+qg+n)(p+rqg+n )
© @p+rg+n+k)(ptg+rn  +k) (2p+g+2n 2)(ptqg+ )
If we denote

2p+qg+n)(p+tg+n )

Alp:Q 2p+qgq+2n 2 ) (pt+tg+ );

again using Proposition 3.1, then we have that
: (p+o" 2 i1
A(p; 0 2prqr 7 if p+qll ;

so there exists a constantC = C(n; ) such that

c! A9 C foral p;q O:

Also,
c! A(q+k) C forall p;q;k O:
Therefore,
A(p; 9
2 — 2 .
C Qk = A q+ K) C forall k O;
and this implies the lemma. O

Proof of Theorem 2.2. The Gauss summation formula ([6, p. 99], [8, p. 28]) gives

(p+qg+n)(n)_ B(gn

FO= orm (arn) - Baprn)’
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therefore,
1 Z1
2
| = gz F@B(ap+n) 2% 1 2" ? ‘dz
B(g;n)? o
B(g;2p+n) ~*

F2p;g2p+ g+ n;z)zP* % 11 2" 2 'dz
lommass B@T) o | @PiG2pTd ) @ 2

Y4
B(aizp+ n) "X @Ok eprar
B(@;n) o, @p+a+n)k!

B(g;:2p+n) X @p(dk  (k+p+g+ )(n 2)
B(a:n) ,, @p+a+n)kl  (k+pt+tg+n )
_ B(q;2p+ n) .
S TB@n B(p+ g+ ;n 2)
sF2(2p;d;p+ g+ ;2p+ g+ nip+g+n ;1)
2p+n)(g+n) (p+tqg+ )
Lemma 4.2 2p+qg+n) (p+g+n )
-~ @ptn)(ag+tn (ptg+ ) (2ptg+2n 2)
@p+g+n)(p+tg+n ) (2p+2n 2)(g+2n 2)
c (2p+ q+1)" 2
(p+1)" 2 (q+1)" 2 (p+ g+ )" 2
C
(p+1)" 2 (g+1)" 2
(p+ )(g+ )
(p+tn )(g+n )

where again we have used the Gauss summation formula and usdroposition 3.1
twice. O

1(1 Z)n 2 ldz

F(2p;q2p+ g+2n 2 ;1)

5. An open question

In this section, we formulate an open question which refersd estimates of the square
of an hypergeometric function:
Is it true that

F(p;q;p+q+n;z)2 F(2p;29;2p+2q+2n 1=2;2)

for p, g, n positive integers,0 z 17

We know three cases in which this is true: ifn = 1=2 (though 1=2 is not an integer!)
as a consequence of the Clausen formula, see e.g., [8, p. 1Bk = 1 (using the Gauss
summation formula) or z = 0; and if p or qis zero. On the other hand, we have a
formal argument based on the asymptotic behaviour of the hygrgeometric function
stated in Theorem 1, which would give a positive answer to thequestion above.

If the answer to this question is yes, then this would simplify considerably the proof
of Theorem 2 by using the ideas contained in the proof of Theam 2.2.
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