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Asymptotic method for interfacial solitary waves
in a compressible fluid

M. C. Shen and S. M. Sun

Abstract. We justify rigorously an asymptotic method developed for tw o-
dimensional solitary waves at the interface between two iso thermal layers of a
perfect gas under gravity bounded by two rigid horizontal pl ~ anes. Assuming that
the two isothermal layers are in thermal inversion, we prove that if the reciprocal
of the Froude number is smaller than but near the larger one of two critical values,
the solitary wave solution obtained by the formal asymptoti ¢ method is indeed an
approximate solution to the exact equations, thus establis hing the mathematical
existence of a solitary wave in this context.

1. Introduction

In recent years, there has been growing interest in studyingnterfacial progressive
waves in an incompressible uid. These problems generate nmy interesting wave
patterns and require new mathematical methods to nd solutions. They have been
investigated numerically in [7){[9], [15], and the mathemaical existence of the inter-
facial solitary waves has been proved in [1[{[3], [11], [L2rmong others. Discussion of
solitary waves in continuously stratied uids can be found in the book on strati ed
ow by Yih [16] and the references cited there. Numerical studies of atmospheric
interfacial waves, which are of much meteorological interst, also have been reported
recently in [4] and [5]. Indeed, solitary pressure jumps at he interface between two
isothermal layers in thermal inversion have long been obseed to have a high correla-
tion with the formation of tornados [13]. However, at preser, a rigorous asymptotic
theory of interfacial solitary waves in a compressible uid is lacking, although some
formal results are available [10].

In this paper, we justify rigorously the formal asymptotic method developed for
two-dimensional interfacial solitary waves in a perfect ga with two isothermal layers
in thermal inversion. This physical con guration is of inte rest in meteorological appli-
cations. We hope that our work may stimulate further researd on rigorous asymptotic
methods for progressive waves in other con gurations of a ampressible uid, which
pose many challenging mathematical questions. Let the cortant temperatures in the
upper and lower layers beT, and T,, respectively, and T; < T,. For simplicity, the
upper and lower boundaries of the uid domain are assumed to b horizontal and
rigid. However, the same method used here also could deal vhita free surface as the
upper boundary without much di culty. A coordinate system m oving with a solitary
wave at a constant speedc is chosen so that the uid motion is steady. We de ne
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= ghj=¢ = o+ 1 as the reciprocal of the Froude number whergg is the con-

stant gravitational acceleration, h; is the equilibrium height of the lower layer, and
is a small positive parameter. Two critical values  of ( have been found where
+ > > 0. For near but less than ., our main result is the following:

There exists an asymptotic solution, which represents an iterfacial solitary
wave, of the equations governing the motion of two isothermélayers of a
perfect gas separated by an interface, bounded below and abe by a rigid
boundary. The expression of the interface is given by

()= o ¢ S(™x)+ O(?):

Herez = (x)isthe equation of the interface, , and [ are the constant
values of a stream function at the lower and upper boundariesrespectively,

S( %) = (3 1A1=2A ) sectt ( 1A1=A0)x=2 ;

Ai, i = 1;2;3 are constants,Ag, A; > 0, A, is assumed to be nonzero,
and O( ?) is a term of order 2. Therefore, the rst approximation in
an asymptotic expansion of the interface equation is a soldary wave of
elevation if A, < 0 or a solitary wave of depression ifA, > 0. In both
cases, 1 must be negative.

We also note that for A, = 0, our method fails and a solitary wave as a solution
of the so-called modi ed Korteweg-deVries equation could I8 derived by a re ned
asymptotic method. We omit that rather tedious derivation, but refer the reader to a
discussion of a similar but simpler case for an incompressi® uid in [11].

The paper is organized as follows. The problem is formulatedn Section 2 where
the interface is transformed into a xed horizontal line by using the stream function
and the horizontal coordinate as independent variables, ad the so-called streamline
function is used as one of the dependent variables. The dergiof the compressible
uid is not a function of the stream function as in the incompr essible case, so we
have to deal with a system of equations governing the streantie function and the
density. In Section 3, the approximate solution of a solitary wave is derived by a
formal asymptotic expansion and two critical values of o are obtained. For
near , the linear part of the governing equation for the lower laye in the x;
plane becomes hyperbolic, and the method developed foro = . does not apply.
We defer this case to a further study, and will consider only ¢ = . in this paper.
In Section 4, we reformulate the governing equations and bawdary conditions as a
system of nonhomogeneous equations with linear terms as théominant part of the
system. A solvability condition is derived for the nonhomogeneous system, which
eventually yields an approximate solitary wave solution. S me Banach spaces for
later use also are introduced. In Section 5, we derivea priori estimates for the
ordinary di erential equation associated with the solvability condition and also for
the partial di erential equation governing the gas motion. Furthermore, we show that
an eigenvalue problem derived from the linearized equatios possesses nonpositive
eigenvalues only. Therefore, in the case considered heréhe appearance of a solitary
wave with ripples at in nity [12] is excluded. The nal exist ence result is proved in
Section 6 by means of the contraction mapping theorem.
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2. Formulation

We consider a perfect gas consisting of two layers bounded ko rigid plane bound-

aries. At equilibrium the lower layer is at temperature T, with height h;; the upper

layer is at temperature T, with height h,, separated from the lower layer by a con-
tact interface; po is the pressure at the interface, and the densities at the siels of the
interface are ;, , for the upper and lower layers, respectively. Note thatT; < T

implies , > § for a perfect gas. Assume that there is a wave of permanent typ
moving with a constant velocity ¢ on the interface. A coordinate system moving with
the wave is chosen such that thex -axis coincides with the equilibrium interface and

the z -axis passes through the crest or the trough of the wave and ipositive upward

(Fig.1). In reference to this coordinate system, the wave istationary. At in nity, the

z*
= *

h,, T,

.

. r

c _0/_/\
T ra X*

= h, Ty

Figure 1. Con guration of the two-layer uid.

gas is moving with constant speedc. The governing equations are

(u)x +( v): =0; (1)

uu, +vu, = () pys 2)

uv, +vv, = g () 'p,; 3)

p=C, ; C3=p—f; Co=&; (4)
0 0

u, v, =0; (5)

where s the density, (u ;v ) is the velocity vector, p is the pressure, Cg )2 and

(C, )¥2 are the sonic speeds of the upper and lower layers, respeatly. The starred
dependent variables are de ned by

(f (x;z )" for (x)<z <hy;

f (x;z)= f (x :2)) for hy<z < (x); ©
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andz = (x ) is the interface. At the rigid boundaries, v = 0. At the interface,
u v =0and (p)* =(p) . Atinnityy, u =c¢ v =0, and = 0 where
(P) =(p) = po. It follows from (3) that
z
()= oo 2 () =Co() : ™
0
From (1), we can nd a stream function such that
u = 5; v = (8)
At in nity,
Cho gz
() =— 1 ep — 9)
g Co
where =0at z =0 is assumed. Therefore, the values of at the upper and
lower rigid boundaries are
gzﬁlexp gf12 : Szﬁlexpg—hl : (10)
g Co g Co

By (5), satis es
X X + A4 ( ) l( X X + z z ): 0
in the gas. Also, we have the following Bernoulli equation
((U)2+(v)?)=2+9z + Gy In = (c?=2)+ Cy In(Po=Cy );
from (2) and (3). Now we usex |, as independent variables and the so-called

streamline function f (x ; ) as a dependent variable where (x ;f ) = constant
along a streamline, so that the domain of the streamline funtion is xed. Thus,

(11)

The governing equations and boundary conditions in terms off become: in

< <0,0< < 7,

foo@+(f)?) 26 f +f ()

S

+@H(H)HE — o (f )P =0; (12)
1+(f, )2 - (2= —c )
207 2" gf +CoIn  =(c*=2)+ Cy In(po=Cy ); (13)
a = >0,
(f )" =hy (14)
andat =0,
(fF) =(f); (15)
+(f, )2 + 2 :
T Tl T EY G 6 TP g g o
andat = <0,
(f) = hg (17)

+
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To nondimensionalize (12) to (17), we let

f o= hef x =hox = 2. ;=%3:
- Po . - . _ Ch
= = F.g ; Co =ghC ; ¢ = FO’ (18)
h, = hoh™; hy = hoh ; =(gh0=02);
where hg is the length scale and can be chosen ds;, and ¢ is the scale for density
and can be setto ,. Then (12) to (17) become: in0< < 5, ,< < 0,
fo(Q+ 12 2f,f fy +fuf2+@+ f2)f fyf?2 « =0; (19)
e?(1+f2 1 ]
Tx+f+c =3 C InC ; (20)
at = <1,
f=h"= C'InQ1 o) (21)
at =0,
fr=1f (22)
+1\2 2
71+(fx+) 20 1H(1)° e? + 1 1 f+:} 11 - (23)
2C+(f )2 2C (f )2 ctr C 2 Ct C
andat = 4,
f = h = C Inl+ ) (24)
where  =In . Itis straightforward to check that
1
fo()= € @ ) ol )=h —— (25)

are equilibrium solutions of (19) to (24). We shall show that near the equilibrium
solutions fg, o, there exists a solitary wave solution of (19) to (24). Therdore, we
write

O )="fo( )+ wix ) (x5 )= o )+ (X ) (26)
We use (26) to rewrite (19){(24) as follows: in0< < g and , < < 0,
woo@ ) w+Cc=l) o+ CEl ) fwe
2(1+ W’h) 2wewy, W+ C =(1 )

2

Wix (1+w2) 1 w+ C=1 ) cC =1 )
wooFwy cQFwd) tw o+ C=1 )
= Zo(w; ); (27)

h
@ c )yrw @ H)C w +2w @1 )=C

+(1=2)e 2 1+2 +e?wd) 1+ (1 )=C w °

+
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+(1=2)1 2) 1+ (1.  )=C w
i
1+2w (1 )=C

21 c)ytw @ )=C w +ziyw )iz (28)
at = g,
wh =0; (29)
at =0,
wh=w; (30)
+ w* w 1 1

¢ @©p'c ey o c "
= 25C*")2 *w'+ 2=(C )® w
(1=2C*) 1+(w*=C*) *?
+(1=2C ) 1+(w =C ) (e 2 1+2 +wle? )
(1=2C*) 1+(w"=C*)) 2 1+2w'=C*') @1 27)
+(1=2C )1 2 )@+(w =C)) 2 1+2(w =C)

(e?" 1+2*+wle?’)

2 Zo(w; ); (31)

and at 0

w =0: (32)

Here, we remark in passing thatw; meanw*; * in the upper layer and w ;

in the lower layer. We substitute (28) for into the left-hand sides of (27), (31),
which become

C . 2C ., C 2
1 c ¥ Tz coHha T 1 o
- _1C 7o (W )+ Zo(w; ) E Fo(w; ): (33)
+ C* C)
ca c )Y cacHY @coha c )"
= Zlé\ﬁl; ) Zlc(:w; L4 z,(w; )
£ Go(w; ) at =0. (34)

Finally we use (28) to transform (33), (34), (29), (30) and (32) into

@ Pw) wx_ @ )2
C @1 C ) - (C )2

=Ziw; )2 F(w; ) in0< < f, o< < O (36)
w'=0 at = ;<1; (37)

Fo(w; ) 2 Fa(w; ); (35)
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w’ w 2c* c) . _Gos .
ct@ ct) c@ Cc ) (@ cH)r ¢ )~ ~ Gulw; )i (38)
wh = w at =0; (39)
w =0 at = 0- (40)

In the following we shall show that (35) to (40) possess a sdkry wave solution under
certain conditions.

3. Formal derivation

In this section, we use a formal asymptotic method to derive asolitary wave solution.
Let w; have the following asymptotic expansions
= 1+ 2 g+ ;

= o+ 1 andxisreplaced by ¥?x under the so-called long-wave assumption.
After substituting these expansions into (35) to (40), we oliain a sequence of equations
and boundary conditions for the successive approximationby equating the coe cients

of like powers of on both sides of the equations. The equations for the rst-oder
approximations are

T Yws =0; 1=(1 C o "(owma (@ )=C)wy)
in0< <, ,< < 0
w; =0at = ;; w; =0at = ,;
Wi W 3C” C) o
C'l C*g) C@ C o (@ C ol C o =
Wy = w, at =0.
We can easily nd a nontrivial solution wi(x; )= (x)ep( ) with
S =1 for0< < §;
()= 0 Yo ) o @)
(+ o) o=@ ) for < < O
and 1(x; )=(1 C o) ' (x) o&( ) (1 )=C ey if o satises
2cr C )+ 1+ 2 41 é
0 0
1 1 1 1
+ = 1+ = + = — =
c 1 - c : 1 =0;
which has two roots 0
L+( o) D+ o) '@ )
+ 2C C) >0 (42)
where =(C*=C )>1, . >
2
= @+ )Y ()@ ) 27+4( 5 o) '>0;
and () 72 are called critical speeds. Itis easy to check that 1 C 60for > 1,

o >0and ; < 1. Let ¢ be equal to one of

. In order to nd

(x), we need the

+
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+

equations for the second-order approximations. In 5, < < 0,0< < g,

(@ )Pwz ) _ wi @ )? Wi oW T w
C@ C o) 0 o(C )21 C o) c
C  wiC @ 9w *_ 3 @ 9w ?
1 @ C oC 2 C
1 Cw 1 Wi )W 4
o { X (OC )2(11 (C 0)) 1 )Wy 4 e
at = Jiwy = w,;
at =0;w; = w,;
W Wy 5(C* C) W, = Wi o1
C*(1 C" g C@ C o (1 C" @ C o) (1 C* o)?
W 1 (C* C)hio

YA 2T E o oa € @ ©rC) o

2wy ( oC*w;  wy )+ 2w, (oC w;  w; ) 3wy )2
(C*)( C* o) o (C )X C oo 2(C+)3

3(w, )2 1 oCtwy wj 2+ 1 oC w, w, 2
2(C )2 (Cr)3 1 C o (C )3 1 C o
1 oC*wy wy 2 3wy 2 2(oC'wp wj)w
+ +2 = o+
C*(1 C* o) C*'(1 C* o) 2 Cr (C*)*(1 C* o)
1 oC w, w, 2+ 3w 2+ 2( oC Wy W, )W,
C@ C o C@ C o 2 C (C )@ C o
4 G;
at = ,,w, =0.

This is a nonhomogeneous boundary-value problem. Sinog( ) is a nontrivial solu-
tion for the corresponding homogeneous problem, to solve #thnonhomogeneous prob-
lem, the nonhomogeneous term§& and G must satisfy the solvability condition

Foe()d + Frej( )d + Gey(0)=0: (43)
o 0
From (43), we obtain the following equation for (x),
Ao x + 1AL +A; 2=0 (44)
where
Z +
1 0
Ao= — e5( )d
0 0
=( )7 (0)?*+2 o 2(1+ o)In(l+ o) oF
t(0)223 (§PF+21  HE@ ) T o>0
A= 0 C 0’* 50 Ct o o

(1 C )21 C* o)?

+
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and A, is complicated and given in Appendix 1. If A, 6 0, then (44) has a solution

3 1A

S(x) = secf ( 1A1=A0)2x=2 ; (45)

provided that ; < 0. Thus the solitary wave has to move at a speed greater than a
critical speed. The rst-order approximation of a solution (w; ) for (35) to (40) is

w(x; )= eo( )S(x)+ O(?);
(x )= (1 C o) 'S()( o&( ) (I )=C )& )+ O(?):
Now we have formally derived a solitary wave solution (46) fo (35) to (40). In the
following sections, we shall rigorously show that (46) is a rst-order approximation of

a solution of (35) to (40) for small > 0,if = o+ ; with ;< O0where o= ..
Note that by choosing some special values of, 5 < 1and , > 0, we obtain

1 C ,<0 1 C* <0 and 1 C > 0

Sincel C 8 0, these inequalities remain for all > 1, [ < 1,and , > 0.

From (35), we see that the linear part of (35) is elliptic ifand onlyif1 C < 0.
if = in (35), the linear part of (35) becomes hyperbolic in the lover layer.
Therefore, in what follows we only choose ¢ = .. Furthermore, 1 C >0
implies '™ > (C ). If the wave speed is near but greater than ', the ow
in the lower layer will be supersonic and the governing equabn in the physical plane
also will become hyperbolic for small .

(46)

4. Transformations and Banach spaces

In (35) to (40), welet = o+ 1 = L+ 1 where , isgivenin (42). Then (35)
and (39) become

((1 )2W ) Wyx _ ((1 )2W ) 1 1 .

Ca C o o @C g ot TRO

 Fa(w; ); (47)
w' w Bc ¢y
C*(1 C* g C (@1 C o (@ C" 9@ C o)
w w*

1 C o' @ C 2"

(C* C)2o01 31Cr+C)
(1 C* 9?1 C )2

Ga(w; ) at =0: (48)

Since we need to prove that (46) is an approximation of a solubn of (35) to (40), we
write

+

w + Gp(w; )

wix; )= e ) S(T)+ LX) + (X ) ; (49)
x )= (1 C o) ! o&() (I )=C e)
S( )+ w(x) + (x; ) (50)



144 SHEN AND SUN

Then the equations (36){(38), (40), (47), and (48) become
2
Sl s st ear R (St et )
(@ C o) Yoo (1 )=C e )N(S+!)+ )

2R ) (51)
x )= @ C o) o (I )=C e (S+!)
+ I ((S+!)et )

(@ C o) "o (@ )=C e )(S+!)+ )
2Fs(; ) in 0< < & o< < O (52)

*=0 at = 3 =0 at = 5 (53)

' 3ct c)
C*1 C*p C (@1 C o (1 C" @ C o

= G ((S+!e+ )
(@ € o Mom (@ )=C)e )NS+)+ )

2Ga(h; ) (54)
* = at =0: (55)

However, we note thatey( ) is a nontrivial solution of the corresponding homogeneous
equations for (51), (53){(55). To solve the nonhomogeneougroblem, the nonhomo-
geneous terms~4 and G3 must satisfy
Z +
0
Fa(l; 5 Jeo( )d + Gs(l;; )eo(0)=0: (56)
0
From (56) and the expressions ofF; and Gz, and some tedious but straightforward
calculations, we obtain an equation for!

Aol xx + 1A1l +2 AoS(¥2) = N (1 ) (57)

where N includes all the small terms and nonlinear terms and is not pesented. In
Section 6, we shall show that (51){(55) and (57) have a soluthn (!; ; ) for small
> 0.
We conclude this section with the de nition of some Banach sgces to be used later.
Let0< < 1 be xed, m, n be nonnegative integers,

D" =f(x; )jO< < 45; 1 <x< +1g;
D

f(x; )ij 0 < < 01 <x< +1g;

H f(x )2 sup  jE(x+; 1) f(x 2)iexpd =%xj)
(x;_ _)2[())
I

(%+( 1 2)%) T%
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. 4 : . : 1=2:u5\ .
Cf(x; )= sup jf(x; )jexp(d ~cjxj) :
(x; )2D

Here ° d> 0 are xed constants, we may choose, for example,’= 10, and d will be
a small constant to be determined later. Then de ne the Banad spaces

Bn= f(x )2C" (1 ;+1) ([ ¢:;01[ (0; gD

XX @f X H af
m=0 k=0 @xem ex@" "

m=0
Let BO=ff(x; )2Bnjf(x; )=f( x )g. We note that B, and B? also include
functions depending uponx only.

kf kg, = < +1

5. Di erential equations

First, let us consider (57). Let
L(1)= !x +( 1A2=A0)! +(2A2 =A0)S( *?X)! = N=Aq: (58)

However, if f (x) and ! (x) are even, the problem

L(t)=f O<x< +1;

Iy=0 at x =0;

has been studied in [14] and the solution can be written a$ = L f . We have
Lemma 1. If f(x) 2B forn 0anddissmallin BS, then

kL f ko, K 1kt Kgo
whereK is independent of and f (x).

The proof of Lemma 1 can be found in [14]. By checking termsimN (!; ; ) carefully
and using Lemma 1, it is quite straightforward to obtain the following result.

Theorem 1. If I; 2 BY, 2Bg ;withklkgg K 2 kkgg+kkgo K
(or K ¥2)for n 2, thenN(!;; )2B? ,,

KN(5 5 )kgo . K (or K ¥72);
and
kL *(N=Ao)kgo K  (or K *):

Now let us consider the partial di erential equations (51), (53){(55). First, we

discuss the following equations: in1 <x< +1, < < 0,0< < <1,
@ )?u) :
+ = v 59
0 @ C o Uxx (X ) (59)
at =0,
ut(x;0)=u (x;0); (60)
ou” ou 3Cc* C)u

@ C 9 CA C o @ C ot C o 2 6
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u =0; (62)

ut =0 (63)

where' 1(x; )2 B2 and' »(x) 2 B2,; forn 0. We shall make use of the family of
eigenfunctionsv = v( ) satisfying

0((1 )2V ) — : . +.
TadC o v=0 in 0 < < 0 0< < g; (64)
+ 3+
Vi sy oV N oV N 5(C*™ C v Y
C*(1 C* g C (@ C o (@ C" @ C o
at =0; (65)
v =0 at = ,; vi=0 at = g: (66)

First, let us consider the spaceL?( ,; &) with the usual L2-inner product.
De ne an operator in L2 by

o )?u) .
C@ C o

1+~

A(u)
with domain
D(A)= u2L? 4; &) u 2H?( 4;0);u" 2H?0; §);
ut@)=u (0 u"(g)=u ( o)=0;

ou™ (0) .\ ou O, ¥Cr C )@
C'(L C 9 C@ C o (@ C" o C o

Obviously the solutions of (64) to (66) correspond to the eignfunctions of A in L?
with eigenvalues and A is closed and densely de ned. Also it is easy to obtain that
o Zo o1 )u v Z 5 1 )tV
(Auiv) = cac 39t Ta o g

ct C ]
(I C" o C o)

for u;v 2 D (A), which shows that A is symmetric and all eigenvalues ofA are real.
If u2D(A), then

+ 3u(0)v(0)

Z + 2 Z + Z +

W ©)?2=  ud @ whHd @ )
0 0 0
Z
=1 &t oo ’d;
Z, 2 Zyg Z,
(u (0)2= u d @ )u )i @ ) 2d
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YA 0

=1+ 4) 'y 1 u 2

d:

Byl C < 0and(42),

1+ o) o + @ 3)o
0oC (C o 1) sC*(C* o 1)
3(C* C)
1 C o9 C o
where the equality holds if and only if u = Kgeg( ), eo( ) is de ned in (41), and Ko
is any constant. Thus all eigenvalues ofA are nonpositive. In order to show that the

eigenfunctions of A form a basis ofL?, it su ces to show that ( A ) 1 exists and
is compact in L? for some > 0. But (A Ju = f is equivalent to solving

o((1 )2u )

(Au;u)

u?(0)=0

=f i < < 0 0< < >
Cad C o u ©oin 0 : o
+ 3 +
ou + ou + O(C C )U :0;
C*1 C* ) C@A@ C o (@ C*op@r C o
ut =u at =0;
u =0 at = ,; u"=0 at = g:

The solution of the equations is obtained easily as
w()= AL @ E@ )T @ e )
z + + +
ca o S@ c ot
;oo(rp )@ X
(1 )f; C+ (1 C+ O)f i (X)
;oo(rn )@ Xt

u()=A; @+ )@ )it @+ )t@ )+

Z
i@ C@ Cc of ®
o ory )@ x)att
a ) C@ c of
o ory )@ x)z*t
where
4 ot( §+4 oC (C o 1)+
20
4 o (§+4 oC (C o 1)
r2 - .
20
Note that A; and A, are two constants determined by the two boundary conditions
at =0. Since > 0 is not an eigenvalue ofA, Aj and A, are uniquely de ned

and bounded iff (x) is bounded in L2, For f ( ) 2 L?, it is easy to show thatu ( )
are continuously di erentiable with their derivatives bou nded by the L?-norm of f ( ).
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Thus, if f( ) is in a bounded set ofL?, then u( ) is in a compact set ofL?, which

implies that (A ) ! is compact for > 0. Therefore, there are countably in nitely

many eigenvalues, and the set of corresponding eigenfunotis is complete inL2. In

Appendix 2, the asymptotic behavior of these eigenvalues igiven. We summarize the
results as follows:

Lemma 2. The system of (64){(66) has solutionse,( ), n, N=0;12:::,
with ¢ =0> ;> , >::: . The eigenfunctionse,( ), n =1;2;3;:::, form an
orthonormal basis ofL2((  ,;0)[ (0; ¢)) together withep( ) de ned in (41). Also,
j nj = Kqn? for large n whereK; ¢co > 0 with ¢y a xed number.

Now we can nd the solution of (59){(63). Assume
T1(x ) ()d + . "1 )ep()d + eo(0) 2(x) =01 (67)

0

By Lemma 2,
R
ax )= ae( ); (68)
i=1
where the convergence is i 2-norm and
a(x) = a6 e ()d o+ . "1 e ()d

0
Then multiplying (59) by & ( ) and integrating by parts twice, we have
Cixx (X) + iCi(x) = ai(x)+ ' 2(x)&(0)
whereCy =0, and, for i =1;2;:::,
Ci(x) = u(x; )e ()d + ut(x; e ( )d:
o 0
ifwelet = 2fori=1;2::,
1
Ci(x)= (1=2) exp( ijx sj)(ai(x)+ " 2(x)e (0))dx
1

2 Ga()+ G( 2(0&(0): (69)
Now let
s R
ux; )= Cix¥e( )= ui(x; )+ uxx; )
i=1
p3
= e( )G(a(x))+ e( )G(' 2(x)&(0): (70)
i=1 i=1

Thenu(x; )2 L2(( 4:0)[ (0; §)) forall x 2 R.
We rst assume ' 1(x; ) 2 BJ and ' »(x) 2 B with compact supports in
( 8( g+ o) 28( g+ o)+2)forthe x-variable. Note that
% Z1
C3(x)dx M < +1
i=1
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where M is a xed constant. Sincej ;j O(i?),
kDhui(x; )kP: KK 1kgg; (71)
kDJ;(Uz(X; )kfz K k' 2kBg; (72)

for j = 0;1. We call v(x; ) a generalized solution of (59)}{(63) if v (x; ) 2
HY(R ( ;00 v'(x )2HYR (0; g)), and

Z, 2 ; o )Zutzt

10 C*(C* o 1)

+ Uy zy ddx

z 1 z 0 0(1 )2u z 44
+
., C(@©C o 1 mH &
. Z1 3(Ct € ut(x0)z(x; O)OIX
1 1 C 9 C o
= ta(x )z(x; )ddx + " 2(x)z(x; 0)dx; (73)
1 0 1
forall z"(x; )2C*(R ( o;0D),z (x; )2 CY(R [0 §)) with z*(x;0) =
z (x0),z" 0inasmall neighborhood of = §,z 0 in a small neighborhood
of = o,andz(; )2 C (R). If u(x; )in (70) has only nitely many nonzero

terms, then u(x; ) is a generalized solution of (73) by construction. Thus, by(71)}
(73), we have

kDU (6 Jkiom o gy * kDU (6 Dkzm (40
K (k" 1kgo + k' 2kgo) for j=0;L1 (74)

For general u(x; ), we can useup(X; ) with nitely many terms to approximate

u(x; ) to obtain the estimate (74). Therefore, u(x; ) de ned in (70) is a generalized
solution for (73). Now we need to have the Helder estimatesdr u(x; ). Sinceu(x; )
satises (73) and ' 1(x; ) 2 BS, the interior estimates of Helder norms for u(x; )
and its derivatives up to second order can be obtained by clascal elliptic operator

theory [6]. Also, we have Dirichlet boundary values at = o and = g. Thus
since' ; 2 BY, the Helder estimates for u(x; ) can be extendedto = 0, =

[6]. Therefore, we only need Helder estimates at =0 where 0 is denoted as the
limit when ! O from the positive or negative direction, respectively.

First, we change (73) into a more manageable form fox and . Let

1=2
g = S oDyl gma

p— - P— ) 1=2

u=d@a ) ¥, z = d( q: (75)

Then (73) becomes
21 v 0a (60 v (60 (60), 3(CT C)d'v (x0) (x0)
LA a@ 2 © o DC o 1
Z1 Z g¢ma ¢y Zo

+ vy q, + Vv, g, dydx
1 0 d In(l+ )

dx
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Z, Z, Z, z d* In@ ;)
= ' 2()(d")2q" (x; O)dx + +
1 1 d In(l+ ) 0

v g 4@ )P+ (xy)(d ) exp( %) q (x;y)dydx (76)

where g (x;y) has the same properties asz (x; ) except that at = 0,
(d")¥¥2g" (x; 0) = (d )¥2q (x;0). Nowlet m =min( d* In(L 5),d" In(L+ ,)).
We choose dierent g (x;y) so that when y is near zero, we can have local Helder
estimates with consideratimbsg‘ the bound@riconditions ay = 0. Note that we
needu* (x;0) = u (x;0) or d*v*(x;0)= d v (x;0). Thus, we let g(x;y) be in
CL(R ( m;0) with

p__ p__
a (sy)= daxy); g xy)= dax y):

Thus, the equation (76) becomes

Z1 2o — p— pP— p—
(dv d* v )ygq +( d v d*v*)eqe dydx
‘2.2 .
= v v + ey ey ey dydx:
1 . 4(d )32 4(d*)32 1 1 !
(77)
P P—, . . .
If we view d v (X;y) d*v* (x; y) as a solution of (77) inR __m;0) with

irichlet boundary condition at y = 0, then the Helder estimates of ~ d v (x;y)

d*v* (x; y) and its derivatives up to secBrﬁorder ?)eﬂy = 0 can be bounded

by the Helder norms of v and' ;. Also d v = d*v*' can be obtained at

y = 0. Next we choose test functionsq where q* (x;y) = (d*) ¥2q(x; y) and

q (xy)=(d ) 2a(xy) with q(xy) 2 C* (R ( m;0]), a(;y) 2 C5 (R), and
g(x; ) Oforynear . Then (76) becomes

Z1 Zy h

((d) v +(d) Vg

1 m

i
+((d ) v o+ (d7) AT)xo dydx

1 1, 3(d* d) 1,1
1 2d)2 2d )2 (Ct o 1C o 1) df d
((d ) ¥2v (x;0)+(d") 72v* (x; 0))q(x; 0)dx

1 Z, Zy )
" 2(X)q(x; 0)dx + to(d) e yE@A)r(gr) le y=@d)
1

Z,4

Vv +

N v
ad )5 A

> d(xy)dydx:  (78)
This is an elliptic equation for (d ) ¥2v +(d*) ¥2v* in the variational form with
an oblique boundary condition
LA N 1 1, 5(C* C)
(0*)t=2 (d )=, 2(d*)2 2(d )2 (C* o 1(C o 1)

+



+

ASYMPTOTIC METHOD FOR INTERFACIAL SOLITARY WAVES 151
1 + 1 d+ 1=2. + + d 1=2 — t —_ O .
P ((d") \ (d) v )="2(x) a =u.

Thus, we have the Helder estimates of *) =2v* +(d ) ¥™?v and its derivatives
up to second order neary = 0, and these estimates are bounded byk' ngg and
kvkgy + K' 1kgg. If we transform v and y back to u and , we obtain the Helder
estimates ofu (x; ) near =0. Therefore, if ' ; 2 B and' ;2 BY, and' 1, "' >
satisfy (67), then u(x; ) de ned in (70) is in BY, and

ku(x; )kgy K (K" 1kgo + k' 2kgo + kukgo):

Here we have used the compact supports df1, ' » and the exponential decay of the
Green's function in (70) asjxj!1 . However, by checking the terms in (70),

kukgs K (K 1Kgg + K 2Kgo);

sincee; (0) is bounded (Appendix 2), andj ;j O(i?). Finally, u(x; ) de ned in (70)
satis es

ku(x; )kso K (K 1kgg + K 2Kgo); (79)

if ' q;" 2 satisfy (67).

Next, let us prove (79) in the case that' 1(x; ) and ' »(x) may not have compact
supports in the x-variable. Let xo be xed rst and choose x such that jx  Xgj < 1.
De ne a cut-o function p(y) 2 C! (R) with p(y) 1lforjyj 8( g+ ,)+2and
p(ly) Oforjyj 4( 5+ o)+2. Write (70) as

%
ux; )= en( )G p(s xo)(a(s)+ " 2(s)ei(0))

i=1

b3

+ en( )G (@ p(s xo)(ai(s)+ " 2(s)&(0)
i=1
N INTE
By the de nition of p(s), the integration variable sin | satisesjs xj 4( 5+ o)+1.
Thus the di erentiated series of | is uniformly convergent and derivatives can be taken
term by term. By a routine calculation [14],
kikg, K(K kgo+ k' 2Kgo)

whereK is a generic constant independent oky and B, is de ned just as B, except
that the sup-norm is taken only for jx  Xoj < 1. For Il , we write
z 1
exp( ijx sj)(1 p(s Xo))(ai(s)+ ' 2(s)e(0))ds
Z 1

= . exp( ijx Xo YDA py)(aly+ xo)+ ' 2(y+ xo)e(0)) dy:

1

Let x = X Xo, a; (y) = ai(y + xO)(]_ p(y)), ! 2(y) = (1 p(y))' 2(y + XO), and
"ays )= pyY)" 1(y+ Xo; ). Then

b3 ps
= G(a)e( )+ e( )G(' 2)e(0):

i=1 i=1
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Il has the same form as (70), and ,, ' , have compact supportsin ( 8( 5+ o) 2
8( o + o)*2). Therefore, (79) holds, and, in particular,

kil I(BZ K(kI 1(y; )kBo + K Z(y)kBl)
where K is independent ofxg. However, note that

sup(i(L  p(y))' 1(y + xo)j) £ sup NI (y)
y2R y2R

wherelll (y) = j(1  p(y))" 1(y + Xo)j exp(y + Xo) exp(j y + Xoj), and
exp(j Xoj +8( g + o)+2) exp(j y+ Xoj)
exp(j Xoj 8( g+ o) 2
sincelll (y) Oforjyj 8( 4 + o)+2. Thus,
kil ke, exp( dixoj %) K (K 1kgg + K' 2kgo)
where K is independent ofxg. Sincexg is arbitrary and u(x; ) is even, we have
ku(x; )kBg K (K' 1kBg + k' ngg):
By induction, we obtain
kuC; Dksg,, K(K kg + K 2kso ) (80)
for every positive integern. Hence, we have

Theorem 2. If '; 2 B?, ', 2 BY,; and 'y, ', satisfy (67), then the solution
u(x; ) of (59){(63) exists in B?,, and satis es (80).

Now let the solution of (59){(63) be

u(x; )= P( (% )" 2(x): (81)
Then, we consider (51){(55) and write
Fa(ti s )= Ma(t)+ Fa(h ;) (82)
Ga(l; s )= Ma(t)+ Gs(h 5 ) (83)
where M 1(! ) and M (! ) contain only the terms with !, ! , and S( ¥2x)! in Fy

and Gs, respectively, and F; and Gz are the remainders. By the derivation of (51)
from (56), we can see that the left-hand side of (57), denotedy AgL(!) in (58), is

from (M1; M3) only, and the right-hand side of (57) is from (F4; G3). The left-hand

side of (56) is equal toAgL(! ) N . SinceL 1! exists by Lemma 1 and Theorem 1,
de ne

F(h; )2 Ma(L N(N=AQ)+ Fa(l; ) (84)
Gl ; )& Mao(L H(N=AQ)+ Ga(l;; ) (85)

which are equivalent to F, and G3 for the problem. If we replaceF, and Gz in (51)
and (55) by F and G, respectively, then by a similar derivation of (57) from (56) and
noting that L * only appears in M 1; M>), we have
Z +
0
F(5: Deo( )d +e(0)G(5; )= AoL(L *(N=Ag)) N =0: (86)

0
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For such F and G, the condition (67) is satis ed automatically. If we assume that

(% ) !'(x)2BR,,and (x; )2 BJ,; with k kgo +kl kgo +kkgo =~ K 72
for someK > 0, then by checking the terms inF (!; ; ) and using Theorem 1, we
have F;G 2 B and

kaBg + kaBg K (k |(Bg+2 + k! kB2+2 + k kBg+1 +1):
Thus, by Theorem 2, we obtain
Theorem 3. If (x; ), ! (x) 2 BJ,,, and 2 B2, with k kgo  + kl kgo  +

k kso, K ', the solution of (51) and (53){(55) with F4 and Gs replaced byF
and G, respectively, exists and satis es

KP(FiG)kso K (K kgo_ + klkgo  +k kgo  +1):

Finally, by checking the terms of Fs(!; ; ) in (52), it can be shown thatif !; 2
BY,, and 2 B?,, are bounded with respect to their norms, thenFs 2 B?,, and

KFs('; i Dkso, K(k kgo + ): (87)

Now we are ready to obtain the existence of solutions of (51¥65) and (57).

6. The existence proof
First, we invert (57) into
L =(A0) LN (5 ) (88)

by using Theorem 1. Then, we consider (51), (53){(55) withF4 and G3 replaced by
F and G in (84) and (85), respectively. By (86), F and G satisfy the condition (67).
Hence, (51), (53){(55) can be transformed into

G )= P kGG NET(: ) (89)
by using Theorem 2 and (81). Finally, we have
(x )=Fs(&; ) (90)

from (52). By Theorem 3, we obtain that if k kgo + k! kgo  + k kgo K 172
forn O, then

kTo(); ; )k K (92)
In order to use (87) and Theorem 1, we transform (88) and (90) nto
(6 )= Fs(h Tl s ))& Tl ) (92)
L(x)= Ag'L P N To(h 5 )T ) (93)
ST )
Then, by (87), (91), and Theorem 1, we have
kTs(!; ; )kBg+1 + kT.(!; )kBg+2 K: (94)

De ne a closed convex set in the Banach spacB?,, Bg,, BZ, forn 0,
n
Sp= X=(4; )2 Br?+2 Br?+2 Br?+l

+
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(0]
iXi=Kkgo, +kkgo +kkgo — DL

Let
T )=(Tal s BTy )i Ta(h ;)

By (91) and (94), T maps S, into itself if K 1¥2 < b for small. Also, by using similar
proofs as for Theorems 1 and 3, we have

Theorem 4. If X® =(1@; @, W)yand X@ =(1@; @; @) 2s, then
jT (X (1)) T (X (2))i K 1=2jx(1) X(Z)j:
We chooseK '*2  1=2 for smaller > 0 such that T maps S, into S, and is a
contraction in Sp. The contraction mapping theorem implies the existence of ainique

solution in Sy, for (89), (92), and (93), which gives the solution of (51){(55) and (57).
Finally, we have the existence theorem.

Theorem 5. If = g+ 1 with ;< 0and
+ + p—
L+ o) H+( &) ta o)+
2(C* C)

where =(C*=C )> 1and
= @+ (DD (D Y 2 44§ o) >0
then for small > O, there exists a solution of (19){(24) in the form
fr(¢ )= C'InL )+ (o T ) HS()+10N+ T ()

)= T )= S e @ e gcta )
oC" oo ) o(g 1) S(x)+!(x
+ Y(x ) for 0< < § <1

fox )= C i@ )+ g+ )@ )NUS(2)+1eN+ (6 )

(X )=In (x )=In

+ (1 C pC (1 )

oC 5 + o) @+ o) S(™X)+1(x)
) for 0 < < 0

where
3 1A,

S( ¥2x) = sectf(( 1A1=A0)x=2);

Ao, A; > 0, and A, 6 0 are de ned in (44) and Appendix 1, ! (x), (x; )2 BY,,
and (x; )2 BQ,, forn 0 with
Klkgo  +kkgo +Kkgo — Kj
and K is independent of . The interface is given by
(X)= o ¢S(2x)+ O(?);
and § ,S('2x)isa rst-order approximation to the exact solution for small > 0.
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Appendix 1
Here, we give the explicit expression ofA; in (44).
(0)%( o +Y) (4 C o) o)2+40(0 In1+ ,))

A2:

o(C )21 C o) 2C 1 C o
()@  3) (4 C* o) 5)2+ 40( g +in@ 7))
oC Y2 C* ) 2C* 1 C* o

+ 0 0 (C*) ?a c* o °?
(oC" 5 0 0ot 0)+B=2A( 5 1)o@ C" )2
[
+2 (o DA C" o) oC" g o o ot o)
(Ch) @ c o
(oC 60 00 0)P*B=2( ¢+ o C 0o)?
io
+2 g( o *+1)( oC g o o o o)1 C o)
We note here that A, can be positive, negative, or even zero depending on the vats
of C*,C*, ,,and ;. In this paper, we assumeA, 6 0.
Appendix 2

We shall consider the asymptotic behavior of the eigenvalug of (64){(66) of Lemma
2. Letj nj be large enough sothat 5 4j ,j o(C o 1)C < 0. If we let

_ (@inj o(C o 1)C 5.

n l
20
then the solution of (64) satisfying (66) ande;, = e, at =0is
e ()=C ) sin(, @+ ohsin G
0
e,()=C@ ) ¥sin(fIn@@ {)sin ,In 1 :
1+

where C is a normalizing factor. From (65), we observe that ,, must satisfy
sin( I+ o)sin( In@  §))
1 1 2 c* C
2C*(1 C* o) 2 (1 C o °@ C o@ C* o)

+

Wnol)sm( nIn(L+ o)cos(;In  g))

¥ c(c—nol)sm( sin@ §)cos( ,In(L+ 4))=0:
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However, from the de nition of |, whenj ,j! +1, | go to innity with order
j nj*™2. Thus

C (C o sin( , @+ g)cos( ;i@ )

C*(C* o sin( ;i@  §)cos( , InL+ o)):O(j%r

If we keep the lowest order terms, we have

. . 1=2
cC(C o, 1sin 1nC o IC

jnj(C* o 1C* 2

cos ) In(1  ¢)
C*(C* o 1)sin I ni(CT (; ner 1:Zln(l 0)
cos Ini(C Z ne Inl+ ,) =0:
Hence,
C(C o 1) C'(C*, 1) sin J—ZJ .
© 0 = 1:2|n(1+ o)t E e o C 1:2|n(1 o)

o
(C(C o D+C'(C* o 1)sin 1
0

(C* o 1)C* 1=2 (C o 1C 1=2

In(L 3) Inl+ ,) =0:

However, the number of intersections of two sine functionss of ordern. Thusj ,j*?
o(n)orjn,j O(n?). Thereforej ,j K (n?) for someK > 0.
Next, we show that e,( ) is uniformly bounded asn! +1 . Since

C in e,( ) must be chosen by
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si?( 5 5))
4 q

) 1=2
LoD oD 5 ima §yesine jma ¢
n

C =

2 ,Inl+ ,)+sin@2 ,In(A+ ,))

K si( i@ I)+sin?(, Inl+ o)

r n large, whereK is independent ofn. It follows that
jen ()i c@ ) Fsin( ,In@@+ )i
K@ )™ Ku
jen ()i Cc@ ) Fsin( y (@ )]
K@ )™ Ky

whereK 1, K, are xed numbers. Thus e, ( ) is uniformly bounded in 0 3 .
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