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A SINGULARLY PERTURBED SEMILINEAR SYSTEM

John S. Jeffries

ABSTRACT. A constructive existence proof is given for solutions of boundary-
layer type for the singularly perturbed semilinear system e2d?z/dt? = H(t,z,¢)
subject to either Dirichlet or general Robin boundary conditions. The required
assumptions involve only natural conditions that are induced by the O’Malley
construction.

1. Introduction
We consider the following second-order system

d*x
2 —
e om = H(t,z,¢) (1.1)
for solutions zz = x(t,e) on the interval 0 < ¢ < 1 for small values of ¢ (¢ — 0T)
subject either to the Dirichlet boundary conditions

x(0,¢) = a(e), z(1,e) = B(e) (1.2)

where x, «, 3, and H are n-dimensional real vector-valued functions, or to the general
Robin boundary conditions

B(z(0,¢), z(1,¢), 2'(0,¢), 2’ (1,e), ) =0 (1.3)

where B is a given 2n-dimensional vector-valued function of (0, ¢), z(1,¢), 2'(0,¢),
2'(1,¢), and €.

The scalar case (n = 1) of the problem (1.1)—(1.2) has been considered by many
authors including Brish [2], Vasil’eva and Tupciev [23], Boglaev [1], Vasil’eva and
Butuzov [22], Fife [4, 5], Yarmish [24], Smith [20, 21], O’Malley [19], Howes [8-10], van
Harten [6, 7], Chang and Howes [3], and others. The vector case has been considered in
Kelley [13, 14], Howes and O’Malley [11], and O’Donnell [16]. O’Donnell [16] assumes
that H has a special structure which permits the system to be decoupled, and then
the scalar theory can be applied to each component of the system. Kelley [13, 14] and
Chang and Howes [3] assume stability conditions which imply, in particular, that all
the eigenvalues of H,(t, Xo(t),0) have positive real parts for 0 < ¢ < 1 for a suitable
outer solution Xo(t).

The scalar case (n = 1) of the problem (1.1)—(1.3) is considered in O’Malley [17,
18] and van Harten [6]. The vector problem is considered in Chang and Howes [3];
however, their assumptions impose certain restrictive conditions on the structure of
H and B, and spatial coupling of the boundary conditions is excluded.
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For both the Dirichlet and Robin problems, we use the O’Malley construction to
obtain an approximate solution; then we linearize the original problem about the pro-
posed approximate solution and apply the Banach-Picard fixed point theorem to prove
the existence of a locally unique exact solution along with error estimates between the
exact solution and the approximate solution. We employ natural conditions induced
by the O’Malley construction. The matrix Hy (¢, Xo(t),0) is assumed to be nonsingu-
lar and its eigenvalues are excluded from lying on the negative real axis for a suitable
outer solution Xo(¢). This requirement is necessary so as to exclude strictly oscilla-
tory solutions to the associated linearized system and thus allow the construction of
an approximate solution that exhibits boundary-layer behavior (see equations (4.1),
(5.9), (5.13), and (6.5)).

Sections 2 and 3 contain discussions of our assumptions for the Dirichlet and Robin
problems, respectively. Section 4 contains a proof of Lemma 1 which is needed to con-
struct certain fundamental solutions satisfying appropriate exponential dichotomies.
The approximate solutions for the Dirichlet and Robin problems are constructed in
Sections 5 and 6, respectively. Section 7 contains the statements and proofs of exis-
tence and local uniqueness. Examples are provided in Section 8.

2. Assumptions for the Dirichlet problem
Assumption D1. There exists a continuous solution Xo(¢) to the reduced equation
H(t,Xo(t),0) =0 (2.1)

such that the n x n matrix H,(t, Xo(t),0) is nonsingular and its eigenvalues do not
lie on the negative real axis.

Assumption D2. There exist decaying solutions Xy and X to the boundary-layer
differential equations

PXo  H(0.X00) + Xo(r).0)
X0(0) = (0) ~ Xo(0), (22)
Cijo)io = H(leO(l) + XO(O')v O)a
Xo(0) = B(0) - Xo(1). (23)

For our next assumption, we consider the following two linear systems

d ¢ 0 L)\ -
art " <H1(07X0(0)+X0(7),0) 0>5’ (2.4)

L ’ e (25)
do>~  \H,(1,Xo(1) + Xo(0),0) 0)" '

It follows from Assumption D1, Lemma 1 (see Section 4), and Lemma 6.1 of Jeffries
and Smith [12] that there exist fundamental solutions £(7) and &(o) satisfying the
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exponential dichotomies

‘5(0)(1 . P)é_l(u)‘ <Ke ' 4 <o,
‘E(U)Pé_l(u)’ < Ke V(=9 o<u (2.7)

I

where K and v are positive constants and P := ( & 8). Given two such fundamental

solutions, we make the following assumption.

Assumption D3. The columns of (I, O)é(O)Pé_l(O) span R™, and the columns of
(I, 0)E(0)(I — P)E~1(0) span R™.

Note that this assumption is independent of the particular choice made for the

fundamental solutions 7} and 7}, as long as they satisfy the corresponding exponential
dichotomies (2.6) and (2.7).

Assumption D4. There exist positive constants e; and d; such that for 0 < e < gy,
H(t,x,¢) is of class CN*+! with respect to (t,z) on N/

N::{(t,x):ogtgl, = (Xo(t) + Xo (L) + Xo (1= ))‘<5l} (2.8)

and its derivatives are uniformly bounded. Furthermore, we assume that H (¢, z,¢),
a(e), and B(e) possess expansions in € of the form

H(t,z,¢) N [ He(t, z) Hyia(t,x,e)
ae) | =D e |F+]| anae) [N (2.9)
Be) O\ B Pn+1(e)

where the coefficient functions Hy(t,z) are of class CVN=*1 and Hy,i(t,z,¢),
an+1(€), Bn+1(g) are uniformly bounded.

3. Assumptions for the Robin problem

Letting q, r, s, z represent the boundary values z(0,¢), z(1,¢), 2'(0,¢), 2'(1,¢), re-
spectively, we may regard B as a function of ¢, 7, s, z, and . As an example, consider
the following set of boundary conditions (n = 2)

1 (075) x’l(O,g) =2,

.%'2(175) x’2(0, E) =3,

z1(l,e) + 29 (1,¢) =1, (3.1)
1'2(075) l’é(l,g):_l'
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In this case, B = B(q,r, s, z,¢) would have the form

g1 — 81— 2
+52-3
B(q,r,8,2,¢) = 2 ) (3.2)
rm+2z1—1
g2 —2z2+1

Note that spatial coupling of the boundary values is allowed. We now are ready to
state our assumptions.

Assumption R1. Same as Assumption D1.
Assumption R2. There exist n-dimensional vectors oy and [y such that
B(XO(O)7X0(1)704076070) = 07 (33)

and the following 2n X 2n matrix is nonsingular
| B(X0(0), Xo(1), @0, f0,0) | B2(Xo(0), Xo(1), a0, o, 0)]. (3.4)

Assumption R3. There exist positive constants €5 and ds such that for 0 < e < g9,
the given data function H (¢, x,¢) is of class CV*1 N > 2, with respect to (t,2) on N}
N o={(t,z): 0<t <1, |z — Xo(t)] < b2}, (3.5)

B is of class CN*! with respect to (¢, 7, s,2) on Ny
Ny = {(q,r, $,2): |g — Xo(0)| < 6, |r — Xo(1)] < o, (3.6)
|s — ao| < 02, |z — o] < 62},

and the derivatives of H and B are uniformly bounded. Furthermore, we assume that
H and B possess an asymptotic expansion in € of the form

N
H(t,z,e) _ Z Hi(t, x) ko Hyyq(t,z,¢) N1 (3.7)
B(q,T,S,Z,E) k=0 Bk(Q7T7872) BN+1(Q7T757278)
where the coefficient functions Hy and By, are of class CN*t1=% and Hy ., and By,
are uniformly bounded.
4. Lemma 1

Lemma 1. There exist fundamental solutions 7 and 7 to the following linear systems

d. 0 L\ .
d_Tn B (HO,m(OvXO(O)) O) " (41)

i 0 1\
o'\ —Hy. (1, X1)) 0 )7

satisfying the exponential dichotomies
()P~ ()] < Ke?" 7707 >,
(I = Py} (w)| < Ke™" "7 w>, (4.2)
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(o) (I = P)i " (u)| < Ke (7= o> u,
(o) P (u)] < Ke™" =) u>o0 (4.3)

I

where K and v are positive constants and P = ( ¢ 8). Furthermore, the columns of

each of the following two matrices span R"™
(0 1.)P, (0 1.)P (4.4)
where P; := 7(0)PH~*(0) and P := 7(0)(I — P)i~*(0).

Proof. We first consider 7. Since Hy (0, X((0)) is nonsingular and its eigenvalues do
not lie on the negative real axis, they may be expressed as A2, ..., A2 where Re()\;) > 0
for i =1,...,n. Let S transform Hg (0, X((0)) into its Jordan canonical form, i.e.,
S™1Hy (0, X0(0))S = J = diagonal {Ji, Ja, ..., J,.} where J; is of size m; x m; and
has the form

A2l
J; = co (4.5)
1
2
where ¢; = mq + --- +m;_1 + 1. Tt follows that if S7 is the j** column of S then
HS' = X8,
HSI = X287 4+ 8971 forj=2,...,m (4.6)

where, for notational purposes, we have set H = Hp (0, X0(0)) and \* = A2 . We will
now construct an eigenvector V! with eigenvalue —\ and m; — 1 general eigenvectors

such that
0o I,
Vi=_)\vi,
H 0

0 I\ .. , ‘
VIi= AV VI forj=2,...,my. (4.7)
H 0

Defining V! and V2 by

St 2(—\)S?
V= <(—)\)Sl> and V% := <2(_)\)252 N Sl> ) (4.8)

it can be verified easily that they satisfy (4.8). To construct the remaining general
eigenvectors, we assume that we have constructed eigenvectors V! for I = 2, ..., k such
that

l
Z Olﬁi(—)\)iilvi
vi=|=! (4.9)

l . .
> Dii(=N)"V"
i=1
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and Cy; = D;; > 0. We now will show that we can construct VE+l with the same
properties. Let V**1 have the following form where the coefficients Cj1; are to be
determined

k+1 _ _
" Z CkJrLi(_)\)zflvz
Ve = =y R (4.10)
> Crrri(=N)'V 4 3 Cra(=A)1V?
i=1 i=1
It follows that V*+1 will satisfy
0 I k+1 k+1 k
v =V 4V (4.11)
H 0
provided
k+1 _ _ k o
Z CkJrLi(—/\)Z*lVZ*l = Z[O}m + Dk,i](—/\)zvl. (4.12)
i=2 i=1
Re-indexing the sum on the left, we have
Z Ck+17i+1(—)\)zvl = Z[Ck,z + Dk,i](—)\)zvl. (413)
i=1 i=1

The above equation can be solved, and we find that Cyy1 k41 = Crx + Dii. By
induction, we have Ci11 x+1 = 2Ck 1 > 0. These vectors generate m; independent
exponentially decaying solutions U;Y;(7) where U; := [Vl, ey le} and

T7n171
Lo Tmr=Dr
Yi(r) = e a7 - . (4.14)
. -
1

Note that span {(0 In) (V1. .,le]} = span {S',...,5™}. In a strictly anal-

ogous fashion, we can construct an eigenvector V1 and m; — 1 general eigenvectors
V7 corresponding to the eigenvalue Ay, . These generate m; exponentially increasing
solutions U;Y:(7) where Uy := [Vl, A le} and

T7n171
1 7 (m1—D1

Yi(r) = S (4.15)
1

such that span {(O In) [‘71,...,‘7’”1]} = span {S',..., 8™ }. This can be done

for each block J; to produce m; exponentially decreasing solutions U;Y;(7) where
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U, = [V‘h’, e V‘““’l] and

m;—1

.
LT (e

Yi(r) = e " - (4.16)
: T

1

such that span {(O In) [V‘”, e V‘”*l_l]} = span {[S‘”, e S"““_l] }, and m; ex-

ponentially increasing solutions U;Y;(7) where U; := [V‘“, ceey ‘7‘11'*1*1} and
1 7 (T,:—:j.
Viry=char| (4.17)
: T
1

such that span{ (O In) [V‘“, ey V‘“*l_l}} = span {[S‘”, e S"““_l} } Setting
A7) =[Ur,...,U |Uy,...,U,] diagonal {Y1(7),...,Yo(7) |Ya(7),...,Yo(7) },
(4.18)

it follows that the fundamental solution 7 satisfies an exponential dichotomy and,
since

span { (O In)ﬁ(O)Pﬁfl(O)} = span { (O In) [Uy,..., UT]} = span {S}, (4.19)

the columns of (O In)ﬁ(O)Pﬁ_l(O) span R™.

For 7, we construct a fundamental solution @ to the linear system

d 0 I
i (Ho,zu,xo(n) o) “ 20

just as we did for 7, such that
Q)PQ™ ()| < Ke™"™ g >u,

1Q(0)I — P)Q )| < Ke ")y >0, (4.21)

and the columns of (O In)Q(O) (I —P)Q~*(0) span R™. It follows that 7j(0) := Q(—0)
satisfies (4.2) and (4.3). O

5. The approximate solution for the Dirichlet problem

In this section, we construct an approximate solution to the problem (1.1)—(1.2) using
the O’Malley construction. We write the approximate solution XV (t,¢) as the sum
of an outer solution and boundary-layer correction functions

XN(t,e) = X(t,e) + X(r,6) + X (0,¢) (5.1)
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where 7:= %, o := 1= and X, X, and X possess expansions in ¢ of the form

X(t,e) N [ Xi(t)
X(re) | =) | Xulr) | €~ (5.2)

X(o,¢) k=0 \ Xy (o)

The outer solution coefficient functions X, are determined by requiring that the
outer solution satisfy the differential equation up to O(e"), i.e.,

2 d?X _
€ W:H(t,X,a)+p(t,a) for 0<t<1 (5.3)

where p(t,¢) is a continuous function of ¢ and is uniformly of O(¢V*1). Inserting the
expansion for X (¢,¢) and expanding about € = 0, we find that the higher-order terms
Xy for k=1,..., N must satisfy linear (algebraic) equations of the form

Ho o (t, Xo(t) Xy = Py (2) (5.4)

where Pj,_1(t) is a suitable function that is known in terms of the preceding coefficient
functions. Since Hy ,(t, Xo(t)) is nonsingular (see Assumptions D1 and D4) the linear
system (5.4) is uniquely solvable.

The boundary-layer correction functions X and X are determined by requiring that
XN (t,¢) satisfy the full problem to O(¢™V), i.e.,

525—;)(]\7(15,5) = H(t, XN(t,s),s) + p(t, e),
a(e) = XN(0,6) = ¢1(e),  Ble) — XN(1,€) = ¢a(e)

where p(t, ) is a continuous function of ¢ and is uniformly of O(e¥*1), and ¢; (¢) and
#2(g) are of O(eV*1). Because each of the boundary-layer functions is negligible where
the other is not, we may consider them separately. Hence, we require that X + X
satisfy the differential equation and the left boundary conditions to O(¢™V)

(5.5)

d? . .
g2ﬁ(x +X)=H(t, X+ X,e)+ pt,e),

ae) = (X(0.2) + X(0,¢)) = ()

(5.6)

where j(t,e) is a continuous function of ¢ and is uniformly of O(eN+1), and ¢ (¢) is
of O(eN+1). In a like manner, we require that X + X satisfy the differential equation
and the right boundary conditions to O(e?)

d? - -
a2ﬁ(x +X)=H(t, X+ X,e)+ pt,e),

Ble) = (X(L,e) + X(0,¢)) = da(e)

where j(t,¢) is a continuous function of ¢ and is uniformly of O(eN*1), and ¢ (e) is

of O(eN+1). We first consider the left boundary-layer coefficient functions. Using the

results for the outer solution, writing in terms of T, and expanding about € = 0, we

find that the leading left boundary-layer function Xy must satisfy
d? A

X0 = Ho(0, X0(0) + Xo(7)),

Xo(0) = a(0) - Xo(0),

(5.7)

(5.8)
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and the higher-order boundary-layer correction functions must satisfy

2

42 . . . .
d—TQXk = Ho (0, X0(0) + Xo(7)) Xk + Pr—1,

Xk(()) = o — Xk(())

(5.9)

for suitable functions Py_; that are known successively in terms of the preceding co-
efficient functions X j for j < k—1. Furthermore, if the preceding coefficient functions
are exponentially decaying, then P,_; also is exponentially decaying. An exponen-
tially decaying solution to (5.8) is given by Assumption D2. Using the fundamental
solution é(T) and imposing the matching condition Xk(T) — 0 as 7 — oo, we can
solve for X, . to find

Xy, 0
(%f@) EnPE O+ [ dnpe ”(pkl(u))d“

—/Ooé(T)(I—Pé (u )(Pk (i( )) du (5.10)

where 4 is an arbitrary real 2n-dimensional vector. Imposing the initial condition
Xi(0) = ap — X% (0), we require that

(1 0) €OPE 013 = o = X (0)

*® . A 0
o)/0 £(0)(I = P)é(u )(Pk " )) du.  (5.11)

It follows from Assumption D3 that there exists a solution 4. Furthermore, since
£(7) satisfies an exponential dichotomy and P,_; is exponentially decaying, X and
%X r are exponentially decaying.

We now consider the right boundary-layer correction function. Using the results
for the outer solution, writing in terms of ¢, and expanding about € = 0, we find that
the leading right boundary-layer function X, must satisfy

PX0 _ b1, Xo(1) + Ko(0),0)
do? ’ T (5.12)
Xo(0) = B(0) = Xo(1),
and the higher-order boundary-layer correction functions must satisfy
d? ~ ~ ~
WX]C = Ho (1, Xo(1) + Xo(0)) X + Pr_1, (5.13)

X5(0) = B — Xx(1)

for suitable functions Py_; that are known successively in terms of the preceding co-
efficient functions X for j < k—1. Furthermore, if the preceding coefficient functions
are exponentially decaying, then P, also is exponentially decaying. An exponen—
tially decaying solution to (5.12) is given by Assumption D2. Defining Yi = ——Xk,
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we convert the second-order system (5.13) to the following first-order system

d (Xe\ 0 —I.\ (X« 0
dor (ﬂ) B (-Hm(laXo(l)'i‘Xo(U)ao) 0 ) (371@) " (Pk—1> ' (5-14)

Using the fundamental solution £ and imposing the matching condition X (c) — 0 as
o — 00, we can solve the linear system (5.16) to find

X = F—1 ~ 7 F—1 0
<Yk> =&{(o)(I = P)¢ (0)7k+/0 (o) = P)& (u) (Pkl(u)> du

[Tt (0 ) 1

where 7y is an arbitrary real 2n-dimensional vector. Imposing the initial condition
Xi(0) = Br — Xk(1), we require that

(In 0) (I = P2)k = Br — Xi(1 / £(0)Pet )<Pk S )) du.
(5.16)

It follows from Assumption D3 that there exists a solution 4. Furthermore, since
£(o) satisfies an exponential dichotomy and Pj_; is exponentially decaying, X and
%X r are exponentially decaying. Finally, defining

p(t,e) :=¢ %XN(t e) — H(t,XN(t,e),e),

#1(e) := a(e) — XN(0,¢), (5.17)
¢2(e) = pB(e) — XN(l,a),

it follows that p is a continuous function and is uniformly of O(e¥*1), and ¢ (¢) and
$a(e) are of O(eNF1).

6. The approximate solution for the Robin problem

In this section, we construct an approximate solution to the problem (1.1)—(1.3) using
the O’Malley construction. We write the approximate solution XV (t,¢) as the sum
of an outer solution and boundary-layer correction functions

XN(t,e) = X(t,e) +eX(r,¢) +eX(0,¢) (6.1)
where X (t,¢), X(1,¢), X (0,¢) possess expansions in € of the form

X(t,e) N [ Xk(t)

X(re) | =D | Xu(r) | £~ (6.2)
X(O’,E) k=0 Xk(a)

The outer solution coefficient functions, Xj(¢), are determined as in the Dirichlet
problem (see (5.3)—(5.5)). The boundary-layer correction functions are determined by
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requiring that the approximate solution X (¢,¢) satisfy the full problem (1.1)-(1.3)
up to O(e™V), that is,

525—:2XN(t,5) = H(t,XN(t,e),e) + p(t,e),
J J (6.3)
B(XM(0,¢), XN (1,¢), = XN (0,¢), = XN (1,¢)) = ¢(¢)

dt dt

where p(t,¢) is a continuous function of ¢t and p(t,¢) and ¢(e) are of O(eV+1). As be-
fore, we may consider the left and right boundary-layer correction functions separately.

X(7,€) must satisfy

2

d X X
52W(X +eX)=Ht, X +eX)+ pt,e) (6.4)

where p(t,¢) is a continuous function of ¢ and is of O(eV*1). The left boundary-layer
correction functions, Xj(7), must satisfy
d2

d—Tsz = Ho (0, X0(0)) Xy + Pi1(7) (6.5)

for suitable functions Pk_l(T) that are known successively in terms of the preceding
boundary-layer correction functions. Furthermore, if the preceding boundary-layer
correction functions are exponentially decaying then so is Pk,l(T). Using the funda-
mental solution 7(7) and imposing the matching condition X (1) — 0 as 7 — co, we
may solve for Xj(7) to find

X . ST 2 T A1 0
<1Xk> = 0(T) P~ (0) +/0 ()P~ (u) (pk—l(u)> du

-/ T AU - Py ) ( PO (u)> du (6.6)

where 4 is an arbitrary 2n-dimensional vector. Imposing the initial condition
%X £(0) = o where « is an arbitrary n-dimensional vector, we have

(0 1,,) PiAs = an + (o In) /0 T A0V = Py (w) <Pk(i (u)> du.  (6.7)

It follows from Lemma 1 that there exists a solution 4j. Furthermore, since 7j(7) sat-
isfies an exponential dichotomy and By is exponentially decaying, X and %X k are
exponentially decaying. A similar construction may be done for the right boundary-
layer correction function X(o,¢) such that Xj(o) and %Xk(a) are exponentially
decaying and —%X x(0) = Bk where (i is an arbitrary n-dimensional vector.

We now must choose ay, and S, k =1,..., N, such that
d d
B(XM(0,¢), XN (1,¢), EXN(O,E), EXN(LE),E) = ¢(e) (6.8)

where ¢(¢) is of O(eV*1). By Assumption R3, there exist constants ap and By such
that

By(X0(0), Xo(1), a0, Bo) = 0. (6.9)
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Expanding about € = 0, we find that

Bo,a(O)X1(0) + Bor ()X (1) + Boo(Q) (-2 X4(0) + )

dt
d
+ Bo,: ()7 Xw(1) + Br) = -1 (6.10)
where ¢ = (X0(0), Xo(1),, 8), and 751 is known in terms of the previous values
g, B0, - -+, Qk—1, Bk—1. It follows from Assumption R3 that there exists a unique solu-

tion ay, B to the linear equation (6.10).

7. Existence and local uniqueness

Theorem 1. Given Assumptions D1-D4, there exist constants ep and Dy such that
the Dirichlet problem (1.1)—(1.2) has an exact solution x(t,e) satisfying the estimates

|z (t,e) — XN(t,s)‘ < Dyt
(7.1)

d ¢ N N
J— - <
,T(f,&') X (15,8) DNE

uniformly on the region 0 < t < 1,0 < ¢ < ep where XN (t,€) is the approzimate
solution constructed in Section 3. Moreover, x(t, ) is unique subject to the estimates

of (7.1).

Theorem 2. Given Assumptions R1-R3, there exist constants eg and Cn such that

the Robin problem (1.1)—(1.3) has an ezact solution x(t,e) satisfying the estimates
lz(t,e) — XN(t,e)| < Cne™ T,

(7.2)

d d N N
JE— PR <
ZC(t,E) X (t,&') CNE

uniformly on the region 0 <t < 1, 0 < £ < eg, where XV (t,€) is the approzimate
solution constructed in Section 4. Moreover, x(t, ) is unique subject to the estimates
of (7.2).

We give the proof for Theorem 2. Theorem 1 is proved in a like manner.

Proof. Defining Z(t,e) := z(t,e) — XV (t,) and § := 92, we find that Z and § must
satisfy the first-order system

d(z\ 1 0 L)\ (=
dt \y) e \Hy(t,XN(t,e),e) 0] \y

subject to the boundary conditions

1 0
Tz (E(t, z,e) + p(t,a)) (7:3)

Z(0,¢) (le)\ el —
L(e) (y(O,a)) + R(e) (y(1,€)> = —¢lo(e) + F(z,7,¢)] (7.4)
where
E(t,z,¢) := /1(1 — s)j—zzH(t,XN(t,s) + s, e)ds, (7.5)
0 S

1 2
F(z,5,¢) = /0 (1- s)j—SQB(CN(E) + 5C(, 7, ))ds, (7.6)
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L(e) = [eB4(¢M (e),0)|Bs (¢ (), 0)],

R(e) = [B,(CV (). 9)|B(¢N (0). )] )
d d
Ne) = (XN(0,e), XN (1,¢), EXN(O,E), EXN(O’E))’ s

(@ 5:9) 1= (#(0,9), 7(1,), 25(0,), 3(01,2).

It follows from Assumption R3 that there exist positive constants |E| and |F'| such
that for all sufficiently small  and g

|B(t,z,¢)| < |B| |z,

~ B o o (7.9)
|E(t,$1,€) - E(tax275)| < max{|3:1| ) |$2|} |E| |$1 - $2| )

7.0 < |FI{ |20, + [2(1,2)| + 2[50,) + 21, }
|F(f1,ﬂ1,€) - F(j%?j%g)' < MlFl{ljl(ng) - jQ(ng)l + |j1(175) - j2(1,5)|
+2101(0,9) - 5a(0,9)] + 2l (1,9) — (1))}
(7.10)

where M := max;—12 {|2;(0,¢),|Z:(1,£)|, 2|3:(0, )|, £[5:(1,€)|}. From Lemma 6.2 of
Jeffries and Smith [12], there exists a fundamental solution Z(t,€) to the linear system

0 I,
izzl Z (7.11)
dt e \Hy(t, XN (t,e),e) 0

satisfying the exponential dichotomy

|Z(t,e)PZ 7 (s,e)| < Kie™ s for 0<s<t<I,

_— (7.12)

|Z(t,e)(I — P)Z " (s,e)| < Kie """ = for 0<t<s<l1

where K and vy are positive constants. Applying Lemma 6.3 of Jeffries and Smith [12],
we may conclude that there exist fundamental solutions 7 (7, ) and 7 (0,€) to the
following linear systems

d 0 I\ . 1 1
— i = . i for 0<7<—In-—, (7.13)
dr H, (07 XO(O) + XO(T)a O) 0 V2 €
d 0 I, 1.1
— = — . T for 0<o< —In-—, (7.14)
do Hm(l,Xo(l)—f—Xo(O'),O) 0 Vg €

satisfying the exponential dichotomies
‘ﬁl(ﬂ E)Pﬁfl(uvf)‘ < K2€7V2(77") for uv<r

(7.15)
|ﬁ1 (r,e)(I — P)ﬁfl(u,a)‘ < Kae v2(u=7) for T<u,

|77/1 (U, 5)(‘[ - P)ﬁl (U,E)| < KQe—VQ(U_U) for < g,

7.16
71 (0,€) Pt (u,€)| < Koe™2=7) for o <u, (719
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and the estimates
M (0,e)Pi; 1 (0,¢) = Z(0,6)PZ(0,¢) + O(eln %),
(7.17)
1 (0,e)(I — P)n(0,e) = Z(1,&)(I — P)Z7(1,€) + O(eln g)

where v and K5 are positive constants. From Lemma 6.4 of Jeffries and Smith [12],
we may conclude that there exist bounded nonsingular matrices S(¢) and S(e), with
bounded inverses, such that

71(0,€)PiTH(0,e) = PS(e) + O(e),

(0,)(I = P)in(0,¢) = (I — P)S(e) + O(e).

Using the fundamental solution Z(t,¢), we may write (7.3) as an integral equation

(7.18)

<3_3> = Z(tvg)PZ_l(ng)CL + Z(t,&)([ - P)Z_l(lvg)CR
Y

+§/OtZ(t,5)PZ_1(s,e) <E(S (s 5)0
1

i /1 Z(t,e)(I — P)Z 1 (s,¢) (

3

ds
g)+ p(8=€)>

0 ) ds  (7.19)
E(s,Z(s,€),e) + p(s,e)

where Cf, and Cr are to be determined. Imposing the boundary conditions, we find
that C, and Cg must satisfy the linear system

My (e)Cp + Mg(e)Cr = b(Z, 7, ) (7.20)
where
My (e) := L(e)Z(0,6)PZ~10,¢) + R()Z(1,6)PZ~1(0, ¢), 721)
Mg(e) == L(€)Z(0,e)(I — P)Z ' (1,e) + R(e)Z(1,¢)(I — P)Z~'(1,¢), '
b(a_?a v, 5) = _5[¢(5) + F(jv s 5)]
1 ! o 0
+ EL(E)/O Z(0,e)(I — P)Z™ " (s,¢) (E(s,a‘:(s,a),a) N p(s,a)) ds
1 ! . 0
— gR(a)/o Z(1,e)PZ ™ (s,¢) (E(s,a’:(s,a),a) —I—p(s,a)) ds.
(7.22)
From the estimates of (7.17)—(7.18), we have
NP 0 0 1
My ()57 (€)(0) =  01Bos(O1| ] +Om ),
(7.23)

Mr(e)S™H(e)i(0) = {[OIBO,Z(O] <O O) 10
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where

A= (o In) 7(0) (%) . B~ (o In) 7(0) (f) . (7.24)

Assumption R2 and Lemma 1 imply that the linear system

[M5(€)5(€)i(0) + M(£)5 ! (¢)ii(0)] (“) = b(,5.¢) (7.25)

is invertible. The boundary conditions are satisfied by letting
NP U N U
Cr = 5"()n(0) , Cr=5"(e)i(0) : (7.26)
v v

We now may apply the Banach-Picard fixed-point theorem to conclude that there
exists a unique fixed point to the integral equation (7.19) satisfying the estimates of
(7.2). For the details of such a proof, see Jeffries and Smith [12, pp.26-30]. O

8. Examples
We now consider the following second-order system

22y = 2wy + t(1 — )23,

8.1
g2zl = —8xy — 16t ®1)
on the interval 0 <t < 1 subject to the Dirichlet boundary conditions
1 0) = 1, T1 1) = 3,
(0) (1) (8.2)
,TQ(O) = 2, xg(l) =0.
The reduced system
0=2X50+t(1-1t)X2,,
20 +t(1—1) X7, (8.3)
0=—-8X;,— 16t
has solution Xj o(t) = —2t, X2 0(t) = —2t3(1 — t). Ho(t, Xo(t)) is given by
—4t2(1 —t) 2
( ) (8.4)
-8 0

and has eigenvalues —2t2(1—t)44i/1 — .25t4(1 — ¢)2. The boundary-layer differential
equations are given by

X1
dr2
d?Xs
dr2
d2X1)0
do?
d2X210
do?

= 2X2,07 X1,0(0) =1,

= —8X, , X2,0(0) =2,

=2X50, X1,0(0) =5,

= —8X10, X5,0(0) =0,
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with solutions

<X1,0(T)> _ <cos (v/21) —25111(\/—7')> v,
Xo,0(7) 2 cos(v/27) + sin(v/27) (56)
< 0(0)) _ <5cos \/_O')> e
Xo,0(0) 10sin(v/20)
The fundamental solution £(7) = AZ(7) where A equals
1 0 1 0
0 2 0 -2 (8.7)
VI IV B '
2v2  —2v2 -2v2 -22
and Z(7) equals
o lcos(ﬁT) —sin(ﬁﬂ] 0
sin(v27)  cos(v/27) (8.8)

sin(v/27)  —cos(v/27)

satisfies the appropriate exponential dichotomy, as does £(0) := &(—0). We there-
fore may conclude that the problem (8.1)—(8.2) has an exact solution x4 (¢, ), x2(t,€)
satisfying the estimates

zi(te)) —2t . cos(¥2t) — 2sin(¥2t) 2
wo(te))  \ =23t —1) 2cos(‘ft)+sm(%)

\/§(l—t)
5 cos( ) V3(—t)
+ ¢ e = +0(e). 8.9

<5sm(ﬁ<;t>)> ©) (89)

0 Vs lCOS(\/ET) sin(v/27) 1 ’

Next, we consider the following second-order system

ext = —2x1 + x9,
1" (8.10)
exy = (1 —x1)xo
subject to the Robin boundary conditions
xl(O,s) - ZCll(O,E) = 27
xo(1,e) + 25(0,¢) = 3,
(L&) ,2( ) (8.11)
x1(l,e) +21(1,e) =1,
22(0,8) — 25(1,¢) = —1.
The reduced system
0= -2z + x2,
(8.12)

0= (1 — ,Tl)xg,
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has two sets of solutions
X10(t) =1, Xi10(t) =0,
1,0(t) 71,0( ) (8.13)
Xa,0(t) =2, X2,0(t) =0.

However, only the first solution satisfies Assumption R1. The boundary-layer differ-
ential equations are given by

d*X A ; dX
0 = —2X10 + X2y, =2(0) = 1,
dr? dr (8.14)
A2 X5 o . dX 0 '
S0 9% 2000y = -3
dr? Lo dr ©0) ’
and
2X - . X
X1 =2X10— X2, u(0):—27
d0'2 ’ ’ dO’ (8 15)
d2X2 0 s dj(2 0 '
= 2X : 0 = 5.
do? o do ©0)
They have solutions
Xio(r)\ _ e ((pa + pa2) cos(uzr) + (11 — p2) sin(usr) (8.16)
Xo,0(7) V2 —249 cos(paT) — 2p1 sin(paT)
and
X1,0(0) _Berme o cos(poo) + w1 sin(ugo) (8.17)
X2,0(0) V2 (1 = p2) cos(uao) — (1 + p2) sin(ps0)
where p; = 4/ @ and po = @ We may conclude that the problem (8.9)-
(8.10) has an exact solution 1 (¢, ), z2(t, ) satisfying the estimates
t 1 X1t Xi0(1t
nhe) (1) f")(f +e f’O(lft) +0(e%). (8.18)
xo(t,€) 2 Xo0(z Xa0(%)
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