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A singularly perturbed semilinear system

John S. Jeries

Abstract. A constructive existence proof is given for solutions of bou ndary-
layer type for the singularly perturbed semilinear system  "2d2x=dt2 = H (t;x;" )
subject to either Dirichlet or general Robin boundary condi tions. The required
assumptions involve only natural conditions that are induc ed by the O'Malley
construction.

1. Introduction

We consider the following second-order system

d?x
n2 —_ ey
o H(tx") (1.1)
for solutions x = x(t;") on the interval 0 <t < 1 for small values of" (! 0%)
subject either to the Dirichlet boundary conditions
x@= () x@=E () (1.2)

wherex, , , andH aren-dimensional real vector-valued functions, or to the geneal
Robin boundary conditions

B x(0;"); x(1;"); x%0;"); xAL;"); " =0 (1.3)

where B is a given -dimensional vector-valued function ofx(0;"), x(1;"), x%0;"),
x%1;"), and ".

The scalar case § = 1) of the problem (1.1){(1.2) has been considered by many
authors including Brish [2], Vasil'eva and Tipciev [23], Boglaev [1], Vasil'eva and
Butuzov [22], Fife [4, 5], Yarmish [24], Smith [20, 21], O'Mdley [19], Howes [8{10], van
Harten [6, 7], Chang and Howes [3], and others. The vector cashas been considered in
Kelley [13, 14], Howes and O'Malley [11], and O'Donnell [16]O'Donnell [16] assumes
that H has a special structure which permits the system to be decoued, and then
the scalar theory can be applied to each component of the systn. Kelley [13, 14] and
Chang and Howes [3] assume stability conditions which implyin particular, that all
the eigenvalues ofH, (t; X o(t); 0) have positive real parts for 0 t 1 for a suitable
outer solution X(t).

The scalar case i = 1) of the problem (1.1){(1.3) is considered in O'Malley [17,
18] and van Harten [6]. The vector problem is considered in Cang and Howes [3];
however, their assumptions impose certain restrictive coditions on the structure of
H and B, and spatial coupling of the boundary conditions is excludd.
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For both the Dirichlet and Robin problems, we use the O'Malley construction to
obtain an approximate solution; then we linearize the orighal problem about the pro-
posed approximate solution and apply the Banach-Picard xed point theorem to prove
the existence of a locally unique exact solution along with gor estimates between the
exact solution and the approximate solution. We employ natual conditions induced
by the O'Malley construction. The matrix H(t; X o(t); 0) is assumed to be nonsingu-
lar and its eigenvalues are excluded from lying on the negaie real axis for a suitable
outer solution Xo(t). This requirement is necessary so as to exclude strictly adlla-
tory solutions to the associated linearized system and thusllow the construction of
an approximate solution that exhibits boundary-layer behavior (see equations (4.1),
(5.9), (5.13), and (6.5)).

Sections 2 and 3 contain discussions of our assumptions fone Dirichlet and Robin
problems, respectively. Section 4 contains a proof of Lemma which is needed to con-
struct certain fundamental solutions satisfying appropriate exponential dichotomies.
The approximate solutions for the Dirichlet and Robin problems are constructed in
Sections 5 and 6, respectively. Section 7 contains the stateents and proofs of exis-
tence and local uniqueness. Examples are provided in Secti8.

2. Assumptions for the Dirichlet problem
Assumption D1.  There exists a continuous solutionXy(t) to the reduced equation
H(t; X 0(t);0)=0 (2.1)

such that the n  n matrix Hy(t; X o(t);0) is nonsingular and its eigenvalues do not
lie on the negative real axis.

Assumption D2.  There exist decaying solutionsX o and X7 to the boundary-layer
di erential equations

d;)io = H (0; X0(0) + Xo( );0);
Xo(@)= (0) Xo(0); (2.2)
dj)? = H (L Xo(1) + Xo( );0);
Xo(0)= (0) Xo(2): (2.3)

For our next assumption, we consider the following two linea systems
|

da_ 0 In s (2.4)
d Hx (0; X0(0) + Xo( );0) 0O .
I
d __ 0 In
d = Hy(L; Xo(1)+ Xo( );0) 0 @2

It follows from Assumption D1, Lemma 1 (see Section 4), and Lenma 6.1 of Je ries
and Smith [12] that there exist fundamental solutions "( ) and Y ) satisfying the
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exponential dichotomies

"OP” Hu) e OV u

~

Ot PY" tu) Ke © ) u; (2.6)

) P)THu Ke ©W o ug
TP~ Yu) Ke © ) u (2.7)

whereK and are positive constants andP := !
solutions, we make the following assumption.

¢ 9 . Given two such fundamental

Assumption D3.  The columns of I, 0 "(0)P” (0) span R", and the columns of
I, 0 7O)(I  P)~ (0) spanR".

Note that this assumption is independent of the particular choice made for the
fundamental solutions ~and ~ as long as they satisfy the corresponding exponential
dichotomies (2.6) and (2.7).

Assumption D4.  There exist positive constants”; and 1 such that forO<" "y,
H(t;x;") is of classCN*1 with respect to (t;x) on N
n o]
N:i= (Ex):0 t 1 x (Xo(t)+ Xo(5)+ Xo(:) 1 ; (28

and its derivatives are uniformly bounded. Furthermore, we assume thatH (t;x;"),
("), and (") possess expansions it of the form

0 1 0 1 0 1
H(tx") R Hy (t; ) Hn+1 (X")
% @) = % k §"k + % N+ (") N (2.9)
(") k=0 K N+t (M)

where the coe cient functions Hy(t;x) are of classCN ¥*1 and Hy.1 (tX"),
N+t ("), n+1 (") are uniformly bounded.

3. Assumptions for the Robin problem

Letting q, r, S, z represent the boundary valuesx(0;"), x(1;"), x%0;"), x%1;"), re-

spectively, we may regardB as a function ofq, r, s, z, and". As an example, consider

the following set of boundary conditions (n = 2)
x1(0;")  x3(0;") = 2;
X2(1;") + x3(0;") = 3;
x1(1;") + x§(4;") = 1;
x2(0;")  x3(L;") = L

(3.1)
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In this case,B = B(q;r;s;z;") would have the form

2 3
G S
rr+s, 3
B(a;r;s;z;") = : (3.2)
r+z 1
g z2+1

Note that spatial coupling of the boundary values is allowed We now are ready to
state our assumptions.

Assumption R1. Same as Assumption D1.
Assumption R2.  There exist n-dimensional vectors o and ( such that
B (X0(0); Xo(1); o; 0;0)=0; (3.3)

and the follovxr/]ing 2n  2n matrix is nonsingular .
[

Bs(X0(0); Xo(1); o0i 0;0) Bz(X0(0);Xo(1); o0; 0;0) : (3.4)

Assumption R3.  There exist positive constants", and , such that for0O<" ",
the given data function H (t;x;" ) is of classCN*1 , N 2, with respect to (t;x) on N
Np:=f(x): 0 t 1;jx Xo()j 20; (3.5)

B is of classCN*! with respect to (q;r;s; z) on N»
N2:= (ainsiz):ja Xo(0)  20r Xo(D)j 2
is o 2viz o 2

and the derivatives of H and B are uniformly bounded. Furthermore, we assume that
H and B possess an asymptotic expansion ifi of the form
I I

(3.6)

! ! !
Ht;x;") _ X Hi (t; x) oy Hy+1 (5X") N 41 3.7)
B(a;r;s;z;") k=0 Bk(a;r;s;z) Bn+1(a;n;s;z;")
where the coe cient functions Hy and By are of classCN*! % andHy+1 and By +1
are uniformly bounded.
4. Lemma 1

Lemma 1. There exist fundamental solutions” and ~ to the following linear systems
I

0 I
T Hooa) 0 @
d__ 0 .
d " Hox(LiXo(1)) O
satisfying the exponential dichotomies
iMOPA M) ke € u;

rOXE PN Hwip o Ke @ (4.2)
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i) P)~Yuj Ke €W u;
i~ )P~ *u)j Ke “ ) u (4.3)

whereK and are positive constants andP = '
each of the following two matrices sparR"

S 8 . Furthermore, the columns of

0 I, P 0 In P2 (4.4)
whereP; := ~(0)P~ 1(0) and P, := ~(0)(I P)~ 1(0).

Proof. We rst consider ». SinceHox (0; Xo(0)) is nonsingular and its eigenvalues do

has the form

1
2
qi 1

(4.5)

i

whereg = my+ +m; 1+1. It follows thatif S isthej" column of S then
Hsl - 281'
HSI = 28l +8 1 forj=2;:::;m; (4.6)

1

2
]

where, for notational purposes, we have setl = Ho, (0; Xo(0)) and 2= 2. We will
now construct an eigenvectorV ! with eigenvalue and m; 1 general eigenvectors
such that

0 I, viz= vL
H O
!
0 I, . . - ]
H Vi= vi+y! forj =2;:::;my: 4.7)
De ning V! and V? by
1 ]
st 2 S?
vii= andV? := () (4.8)
(st 2( ys?+s!
it can be veri ed easily that they satisfy (4.8). To construct the remaining general
eigenvectors, we assume that we have constructed eigenvecs V' for | = 2;::::k such
that
0 P _ _1
' Cl;i ( )I lyi
v!= %Fé § (4.9)

) DI;i( )iVi
i=1
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and C;; = Dyj; > 0: We now will show that we can construct VX1 with the same
properties. Let V¥*1 have the following form where the coe cients Ci.1; are to be

determined

0 - 1

o G ) V!
sl o T B G
Chrrii( )V Cii( ) V!
i=1 i=1
It follows that V**1 will satisfy
!

0 ln Vk+1 - \V; k+1 + Vk (411)

provided

el _ _ Xk o
Cisrsi( ) Vi t= [Cui + Dil( )V (4.12)
i=2 i=1

Re-indexing the sum on the left, we have

Cks1iva( )'V'= [Cxi + Dyl )'V" (4.13)

i=1 i=1
The above equation can be solved, and we nd thatCy+1k+1 = Cikk + Dikk. By
induction, we have Cy:+1 k+1 = 2Cxk > 0. These vectors generaten; independent

exponentially decaying solutionsU;Y1( ) where U; := V?1;:::;V™ and
0 m 1 1
1 (m 11 1)!
Yi()=e = B : (4.14)
1
n o
Note that span  0l, V?%;:::;V™  =span S';:::;S™ . In a strictly anal-

ogous fashion, we can construct an eigenvectov! and m; 1 general eigenvectors
V! corresponding to the eigenvalue o,. These generatem; exponentially increasing

solutions U1 Y1( ) where Uy := V1;:::;V™ and
0 mil 1 1
1 G
Yi()= e % S (4.15)
1
n 0
such that span  0l, V?%:::;;v™  =span S';:::;S™ . This can be done

for each block J; to produce m; exponentially decreasing solutionsU;Y;( ) where
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U= V%:::::va2 1 and

0 woad
1 o
Yi()=¢e « % c (4.16)
1
n )
such that span  0l, V%;:::;v%a 1 =gpan S%;::::S%= 1  andm; ex-
ponentially increasing solutionsU;Y;( ) where U; := V9;:::;vd= 1 and
O mi 1 1
1 G
Yi()=exd % c (4.17)
1
n )
such that span 01, V9%;:::;V%+2 1 =sgpan S%;:::;S%+ 1  Setting

N )= UgiiniUp Ui Ue diagonal Ya( )i Ye() Ya( )i Ye () s
(4.18)

it follows that the fundamental solution  satis es an exponential dichotomy and,

since
n o] n 0]

span Ol, MO)P~ X(0) =span OIl, [Ui;:::;U/] =spanfSg; (4.19)

the columns of 01, ~(0)P~ 1(0) spanR".
For ~, we construct a fundamental solution Q to the linear system
|

ngku&ﬂ»;‘q (4.20)

just as we did for # such that
jQU)PQ Y(wj Ke € W u;
iU P)Q Ywi Ke ) u g
and the columns of 01, Q(0)(I P)Q (0)spanR". Itfollowsthat ~( ):= Q( )
satis es (4.2) and (4.3). O

(4.21)

5. The approximate solution for the Dirichlet problem

In this section, we construct an approximate solution to the problem (1.1){(1.2) using
the O'Malley construction. We write the approximate solution X N (t;") as the sum
of an outer solution and boundary-layer correction functions

XM= X (") + X(5)+ X(GT) (.1)
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where =L = L1t andX, X, andX possess expansions i of the form
0 1
X(t ) Xk(t)
%u) (5.2)

X“(, ) O X( )

The outer solution coe cient functions Xy are determined by requiring that the
outer solution satisfy the di erential equation up to O("N), i.e.,

02X

dt2

where (t;") is a continuous function oft and is uniformly of O("N*1). Inserting the

expansion forX (t;") and expanding about" = 0, we nd that the higher-order terms
Xk for k =1;:::; N must satisfy linear (algebraic) equations of the form

Hox (t; X o(t)) Xk = Pk 1(t) (5.4)
where Py 1(t) is a suitable function that is known in terms of the preceding coe cient
functions. SinceH g (t; X o(t)) is nonsingular (see Assumptions D1 and D4) the linear
system (5.4) is uniquely solvable.

The boundary-layer correction functions X and X" are determined by requiring that
XN(t;") satisfy the full problem to O("N), i.e.,

d?
%QX(t)—HGX(t))+(t) 5.5)

" XNO;M) = () ") XN@GM= o
where (t;") is a continuous function oft and is uniformly of O("N*1), and (") and
2(") are of O("N*1). Because each of the boundary-layer functions is negligle where

the other is not, we may consider them separately. Hence, weequire that X + X
satisfy the di erential equation and the left boundary conditions to O("N)

v & - H(t Y A ()
X+ X)= HEX + Xm)+ 2 (6"); (5:6)
() (X@)*+ XN = ")
where A(t;") is a continuous function of t and is uniformly of O("N*1), and ";(") is

of O("N*1). In a like manner, we require that X + X satisfy the di erential equation
and the right boundary conditions to O("N)

= H@EGX ")+ (6") for 0<t< 1 (5.3)

d2 — . o 1 ~ . n .
ZW(X +X)= HEX + X" )+ ~(t");
") X@G")+ X0:")= (")

where t;") is a continuous function oft and is uniformly of O("N*1), and (") is
of O("N*1). We rst consider the left boundary-layer coe cient funct ions. Using the
results for the outer solution, writing in terms of , and expanding about” = 0, we
nd that the leading left boundary-layer function X, must satisfy

(5.7)

2
dd_Z)QO: Ho(0; Xo(0) + %0( )
Xo(0)= (0) Xo(0);

(5.8)



+

A SINGULARLY PERTURBED SEMILINEAR SYSTEM 165
and the higher-order boundary-layer correction functionsmust satisfy

2
O(lj—2>ek = Hox (0;X0(0) + Xo( )Xk + Pk 1;
Xe@) = «  Xk(0)

(5.9)

for suitable functions Py ; that are known successively in terms of the preceding co-
e cient functions )?,— forj k 1. Furthermore, if the preceding coe cient functions
are exponentially decaying, thenP, 1 also is exponentially decaying. An exponen-
tially decaying solution to (5.8) is given by Assumption D2. Using the fundamental
solution (') and imposing the matching condition X( )! Oas !1 , we can
solve forX to nd

|
2 z

_ N A A A N1 0
di)@k = ()P SO0 + . ()P” Hu) Be () du
Z, 0 !
N VAN 1
() pP) (u) Iﬁk () du (5.10)

where “ is an arbitrary real 2n-dimensional vector. Imposing the initial condition
X(0)= «  X(0), we require that

In 0 "O)P" 20 = k Xk(0)
Z1 L 0
du: .
+ 1y, O . o) P (u) Iﬂk () u (5.11)

It follows from Assumption D3 that there exists a solution ”¢. Furthermore, since
Ay . . . . . .
() satis es an exponential dichotomy and Py ; is exponentially decaying, X« and
di)?\k are exponentially decaying.
We now consider the right boundary-layer correction function. Using the results
for the outer solution, writing in terms of , and expanding about” = 0, we nd that
the leading right boundary-layer function X3 must satisfy

% = H(1; Xo(1) + Xo( );0); (5.12)
Xo(0)= (0) Xo(D);
and the higher-order boundary-layer correction functionsmust satisfy
d2
g 2%k = Hox (1 Xo(1) + Xo( ))Xi + Pic 1; (5.13)

Xk@0)= « Xk()

for suitable functions Py ; that are known successively in terms of the preceding co-
e cient functions Xj forj k 1. Furthermore, if the preceding coe cient functions
are exponentially decaying, thenPi ; also is exponentially decaying. An exponen-
tially decaying solution to (5.12) is given by Assumption D2. De ning Yk := diX“k,
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we convert the second-order system (5.13) to the following rst-order system
! ! ! !
d X 0 I X 0
g Ak _ n ko : (5.14)
d v Hx(1;Xo(1) + Xo( );0) 0O Vi Pk 1

Using the fundamental solution ~and imposing the matching condition Xy ( )! 0 as
11 , we can solve the linear system (5.16) to nd

z
Xk _ ~ 1/0)\— ~1 0
v - )4 P)” 0)~« + . ) P)T () Pe 1(U)
Z, 0 !
p~-1 d 5.15
1) (u) P 1(U) u (5.15)

where ~ is an arbitrary real 2n-dimensional vector. Imposing the initial condition

Xk(0)= k Xk(1), we require that
I

ln 0 (I P2)~= x Xx(@)+ 1, O T0)P~ Y(u) du:
0 Pv 1(u)
(5.16)

It follows from Assumption D3 that there exists a solution ~. Furthermore, since
T ) satis es an exponential dichotomy and Py 1 is exponentially decaying, Xk and
diX“k are exponentially decaying. Finally, de ning

2
") = 2 XN e HEX NG,
= ) XN, 517)
)= () XM

it follows that  is a continuous function and is uniformly of O("N*1), and (") and
(") are of O("N*1).

6. The approximate solution for the Robin problem

In this section, we construct an approximate solution to the problem (1.1){(1.3) using
the O'Malley construction. We write the approximate solution X N (t;") as the sum
of an outer solution and boundary-layer correction functions

XNy = X (@) + "R+ )G (6.1)

where X (t;"), X(;"), X(;" ) possess expansions it of the form
0 1 0 1

X(E") e g Xk(®

(;">§= %ﬁ() "k 6.2)

XG0 X))

The outer solution coe cient functions, X(t), are determined as in the Dirichlet
problem (see (5.3){(5.5)). The boundary-layer correctionfunctions are determined by
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requiring that the approximate solution XN (t;") satisfy the full problem (1.1){(1.3)
up to O("N), that is,
w2 &

G X G = HEXYE"):)+ (67);

q q (6.3)

BOXM(0:7): XM () g XM (07 g XN (@) = ()
where (t;") is a continuous function oft and (t;") and (") are of O("N*1). As be-
fore, we may consider the left and right boundary-layer corection functions separately.
X ( ;") must satisfy

--2:_;(x +"X)= HEX + "X)+ 7 (") (6.4)

where At;") is a continuous function oft and is of O("N*1). The left boundary-layer
correction functions, X ( ), must satisfy
d2
d—2>€k = Hox (0; Xo(0) Xk + Py 1( ) (6.5)
for suitable functions By 1( ) that are known successively in terms of the preceding
boundary-layer correction functions. Furthermore, if the preceding boundary-layer
correction functions are exponentially decaying then so i¥% 1( ). Using the funda-
mental solution ~( ) and imposing the matching condition X ( )! Oas !1 ,we
may solve for X ( ) to nd
I
: z
Xk 0
=ACPA IO+ NOPA ) du
8 Xy 0 |§|k 1(u)

Z,

0
A PN YHu) B () du (6.6)

where “x is an arbitrary 2n-dimensional vector. Imposing the initial condition
di)?k(O) =  where  is an arbitrary n-dimensional vector, we have
Z, 0 !
0 Ih Pi™%= x+ 0 I, ~rOY(I - PYN L(u) du: (6.7)
0 Pk 1(u)

It follows from Lemma 1 that there exists a solution %. Furthermore, since /{ ) sat-
is es an exponential dichotomy and P 1 is exponentially decaying, X and di%k are
exponentially decaying. A similar construction may be donefor the right boundary-
layer correction function X(;" ) such that X( ) and diX“k( ) are exponentially
decaying and dixk (0) = « where  is an arbitrary n-dimensional vector.

We now must choose ¢ and ¢, k=1;:::;N, such that

BOCY (070X M (1) XN O XN @ = () (6:8)

where (") is of O("N*1). By Assumption R3, there exist constants o and ¢ such
that

Bo(X0(0); Xo(1); o0; 0)=0: (6.9)

+
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Expanding about " =0, we nd that

Boia( )Xk (0) + Boy ( )Xk(1) + Boss( )(%Xk(o)"' k)

d
T Boz ()G XM+ W)= w1 (6.10)
where = (Xo(0); Xo(1); ; ), and g 1 is known in terms of the previous values
0, 0;::1; k 1; k 1. Itfollows from Assumption R3 that there exists a unique solw

tion ; k to the linear equation (6.10).

7. Existence and local uniqueness

Theorem 1. Given Assumptions D1{D4, there exist constants"p and Dy such that
the Dirichlet problem (1.1){(1.2) has an exact solutionx(t;") satisfying the estimates

x(t") XN(@") Dy"N*;

d o d N T " N (7'1)
ax(t, ) ax (t") Dn
uniformly on the regon 0 t 1, 0<" "o where XN (t;") is the approximate

solution constructed in Section 3. Moreover, x(t;") is unique subject to the estimates
of (7.1).

Theorem 2. Given Assumptions R1{R3, there exist constants"g and Cy such that
the Robin problem (1.1){(1.3) has an exact solutionx(t;") satisfying the estimates

x(t") XNy  Ccy"Nt*t;

d o d N o " N (7'2)
ax(t, ) ax (t") Cn
uniformly on the region 0 t 1, 0<" "r, where X N (t;") is the approximate

solution constructed in Section 4. Moreover, x(t;") is unique subject to the estimates
of (7.2).

We give the proof for Theorem 2. Theorem 1 is proved in a like maner.
Proof. Dening x(t;") := x(t;") XN(t;")andy := ‘(’j—’t‘ we nd that x and y must

satisfy the |rst—order system ' | '

d x _ :_L 0 In X :_L 0
@y T HEXNEM 0y T E@xT+ (67 73
subject to the boundary copditions |
x(0;") X(L;")
L(" + R(" = "TM+FXxy" 7.4
") y(0:") ") YL [ ()+ FOGy: "I (7.4)
where
Z 1 d2
E(tx")= (@ s)@H XN+ sx;")ds; (7.5)
ZO1 d2
FOoy:") = (@ 9)5gB( M)+ s (6y:")ds; (7.6)
0
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L() = Bal N ()MiBs( N (i)
7.7
R(Y= "Br(M()iMiB2 N (") 5 w0
MY OO X ) X M 0 S XN (0);
1 1 (7.8)
OGy:") = (x(0:7)x(1 ) 7 y(0;7); 7y(L57)):
It follows from Assumption R3 that there exist positive constants jEj and jFj such
that for all su ciently small x andy

JE ™ | Ejjxi?;

- " L _ (7.9)
JE(tx1;")  E(tx2;")]  maxfixij;jx2jgjEjjx1  Xof;
. L o 1 1 02
JEOGYs™I b FjoxO;")i+ jx(3;M)i+ iy ")j+ iy(L")i
n

JF(x15y1:")  F(X23y2,")  MFj jxa(0;")  x2(0;")j+ jxa(L;")  x2(L;")]

1, U R 2

+ 5iya(0;")  v2(0;)i+ wiya(Lt) o y2(35M)i
(7.10)
whereM = maxi=1.2 jxi(0;")j;ixi (1;")j; jyi (0;")j; jyi (1;")j . From Lemma 6.2 of
Je ries and Smith [12], there exists a fundamental solutionZ (t; ") to the linear system

!
0 I

a7 1 "z (7.11)
dt He (XN (")) 0

satisfying the exponential dichotomy

Z({t"PZ (s;") Kie ! for 0 s t

(7.12)

Z{E"( P)Z Y(s;")  Kie 1t for 0 t s

whereK ; and ; are positive constants. Applying Lemma 6.3 of Je ries and Snith [12],
we may conclude that there exist fundamental solutions 2( ;") and ~(;" ) to the

following linear systems
I

da = 0 A for 0 Tl 73
d Hx(0; X0(0) + Xo( );0) 0 2
|
0 |
11 = " o for O 1 :—L (7.14)
d Hx(1;Xo(1) + Xo( );0) O 2

satisfying the exponential dichotomies
MOGMPA YUY Kae 200w for u

MG PN ) Kee 20 for u; (7:19)

GO P)=(u)] Kee 20 W for u;

. _ (7.16)
=GP (ut)) Kee 2 ) for u;

+
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and the estimates

7 (0P L0 = Z(0;)PZ 10"+ OC In 3);
(7.17)
~O:"(  P)=(0:")= ZL:")Y(I P)Z YL:")+ O("In3)

where , and K, are positive constants. From Lemma 6.4 of Je ries and Smith 12],
we may conclude that there exist bounded nonsingular matries $(*) and S(*), with
bounded inverses, such that

(0P H0;) = PiS(") + O("):;
20 P)m(0) = (1 P2)S(") + OC'):

Using the fundamental solution Z (t;"), we may write (7.3) as an integral equation
!

(7.18)

=Z(t")PZ HO;")CL+ Z(6")(I P)Z H(1;")Cr

Z

1 zwpz (s 0
0

E(s;x(s;"):")+ (s:")
1Zl L 0 '
T Z" (1 P)Z s E(six(s™): )+ (%) ds (7.19)

where C_ and Cgr are to be determined. Imposing the boundary conditions, we nd
that C_ and Cr must satisfy the linear system

ML (")CL + Mr(")Cr = b(X;y;") (7.20)
where

ny . " .n 1n-m " .n 1n-my-
ML(") = L()Z(0;")PZ *(0;") + R(M)Z(L,")PZ *(0;"); (7.21)

Mg("):= L(")Z(0;")(I P)Z YL;")+ R(MZ®;")(  P)Z *L;");
by ") = "L () + FOy:)l '
ey e e e ° o
" 0 E(six(s;");") + (si")
1 Z1 0 |
=10 Ig-n
“R(") i Z@1;"PZ Ys;") Eeix(s"):") ¢ (57) ds
(7.22)
From the estimates of (7.17){(7.18), we have
! )
00
ML($S H(")N0) =  [0iBos( )] A o +O("In %)
( ! ) (7.23)
Ma()S (()-0)= [Box()] | [ +OCInD)
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where | |
In 0
A= 0 1, N0 0 ; B:= 01, ~0) | : (7.24)
n

Assumption R2 and Lemma 1 imply that the linear system
o]

h i
ML (S 1()M0) + Me(")S *(")~0) = b(x;y;") (7.25)
is invertible. The boundary condition|s are satis ed by letting '
CL=$ 1()"0) Cr=S '()~0) . (7.26)
v

We now may apply the Banach-Picard xed-point theorem to conclude that there
exists a unique xed point to the integral equation (7.19) satisfying the estimates of
(7.2). For the details of such a proof, see Je ries and Smith 12, pp.26{30]. O

8. Examples
We now consider the following second-order system

"2xP0=2x, + t(1  t)x3;

8.1
"2xP0= 8x; 16t ®.1)
ontheinterval 0 t 1 subject to the Dirichlet boundary conditions
x1(0)=1; x1(1) =3;
1(0) 1(1) ©.2)
x2(0)=2; X2(1)=0:
The reduced system
0=2Xz0+ t(1 t)X2,;
2,0+ t( )X 10 8.3)
0= 8Xy1p 16t
has solution X 1.0(t) =  2t; X 2:0(t) =  2t3(1 t). Hox (t; X o(t)) is given by
" #
421 t) 2
( ) (8.4)
8 0
p

and has eigenvalues 2t?(1 t) 4i 1 :25t4(1 t)2. The boundary-layer di erential
equations are given by

d2X;.
q ;'0 = 2)62;0; %1;0(0) =1;

d2X,.

d_;,o = 8Xuo  X20(0)=2;

2x (8.5)
q ;'0 = ZXZ;O; X']_;Q(O) =5;

d2Xx,.
70 = BXuol  Xz0(0)=0;

+
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with solutions

! !
Xio( ) _ COSPE) Zsin(pi) o Ps
X20( ) 2cos( 2 )+sin(’ 2) !
! _ ! (8.6)
X1o( ) _ 5COSF2 ) P37
Xao( )  10sin( 2 ) '
The fundamental solution "( ) = AZ( ) where A equals
0 1
1 0 1 0
0 2 0 2
5 5 5 5 8.7
% °2 Pz P3 ng ®.7)
Pz Pz Pz Pz
and 2( ) equals
0 " 5 - p_ # 1
epi c?s ;) sm{S;) 0
) et ®) o Ps P #g; (8.8)
P, cos( 2) sin( 2)

0 e? "~ p_ _
sin( 2) cos( 2)

satis es the appropriate exponential dichotomy, as doesY ) := (). We there-

fore may conclude that the problem (8.1){(8.2) has an exact slution x1(t;");X2(t;")

satisfying the estimates
|

! p_ p_ !
xi(t") 2t . cos(=2) 2sin(=&) P
X2(t;") 283t 1) 2 cos(-2) + sin( —2)
P !
5cos2Y)  Pa
5 5 o(): 8.9
5sin(—2L 1) ) (5.9)

Next, we consider the following second-order system
00—

"X1= 2X1 t+ X
o te e (8.10)
X5= (1 X)Xz
subject to the Robin boundary conditions
x1(0:")  x§(0;") = 2;
X2(1;") + x3(0;") = 3;
2(1;") (2)( ) ©.11)
x1(1;") + x3(1;") =1,
x2(0;")  x3(L;") = L
The reduced system
0= 2X1+ Xp;
(8.12)

0=(1 x1)x2;
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has two sets of solutions
X1o0(t)=1; X10(t)=0;
Xg;o(t) =2 X Xz;o(t) =0:

However, only the rst solution satis es Assumption R1. The boundary-layer di er-
ential equations are given by

(8.13)

2
dd)e;;o = 20+ Xy d)gl;o 0)= 1
2% a0 (8.14)
2,0 _ . 2,0 — .
2 2X 1.0} d 0= 3
and
d?X . dXi.
R ;’0 =2X10 X205 dl'o 0= 2z
2x ax (8.15)
2,0 _ . 2,0 -
—d 5 —2X‘1;0, d (0)_5
They have solutions
! !
X10( ) _e, ' (a+ 2)cos(2)+( 1 lz)Sin( 2) (8.16)
)ez;o( ) 2 2 2008( 2 ) 2 1SIn( 2 )
and | |
. ! _ !
o) _  3e ! 2€0s( 2 )+ a1sin( 2 ). (8.17)
X20( ) 2 (1 2cos(2) (1+ 2)sin(2)
where | = Zland ;= 21 . We may conclude that the problem (8.9){
(8.10) has an exact solutionxy(t;"); x2(t; ") satisfying the estimates
! ! ! !
t" 1 Xio(t X1o(&t
Xl( l") — L 1,0(t) Lo 1,0(1 t) + O(n2): (818)
x2(6") 2 X20(+) X2.0(=")
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