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A NOVEL UNIFORM EXPANSION FOR A SINGULARLY PERTURBED
PARABOLIC PROBLEM WITH CORNER SINGULARITY

Shagi-Di Shih

ABSTRACT. A linear singularly perturbed parabolic equation defined in a quarter
plane possesses internal layer behavior when there is an incompatible relationship
between the initial data and the boundary data. A novel expansion for the solution
is obtained in the form Zz;é ¥ [ugp (z, t; €)+e¥/ 2ugp 1 (x, t; )] +eu (D) (, t; £)
by applying Temme’s technique [1982] along with the device of splitting and
combining the integral representation. The expansion 21\;1/0% e*lug (z, t; €) +
ak/2u2k+1(x,t;a)} is shown to be the exact solution when the initial function is
a polynomial of degree n and the boundary function is a polynomial of degree
[n/2] + 1. Moreover, a comparison is made with some known results in the
literature.

1. Introduction

Numerical solutions of boundary value problems of partial differential equations often
use a variety of finite difference/element formulations of differential equations. On the
other hand, it is also quite common to convert given problems into integral equations,
from which one employs boundary element methods, see, for example, Chen and Zhou
[6], to obtain numerical approximations.

For singularly perturbed problems of differential equations, methods of matched
asymptotic expansions have been very popular in constructing composite expansions
which are uniformly valid in the domain under consideration. Typically, a composite
expansion consists of an outer expansion and an inner expansion; the outer expansion
gives an excellent approximation to a given problem except for some narrow regions
of a rapid variation, either near part of the boundary or along some internal curve, at
each of which one is required to construct an inner expansion based on some stretched
variable in the region of non-uniformity. It has been traditional to apply methods of
matched asymptotic expansions or methods of multiple scales to obtain such theoret-
ical approximations for singularly perturbed differential equations.

Sometimes, there is a necessity to adopt different approaches when methods of
matched asymptotic expansions fail to give satisfactory results for constructing a uni-
form approximate solution. To gain the asymptotic behavior of a singularly perturbed
problem, one often constructs an integral representation for the solution in terms of
Green’s function, from which one analyzes the asymptotic behavior by using asymp-
totic approximations of integrals; see, for example, Grasman [8] and Temme [14] on
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investigating parabolic boundary layer and corner layer structures, respectively, aris-
ing from some singularly perturbed problems for the elliptic differential equation in

the form
%u  0%u ou 0
in the domain x > 0, y > 0.

The goal of this study is to unveil internal layer structures of some linear singu-
larly perturbed parabolic problems with corner singularity by finding the asymptotic
behavior of an integral form of its solution. An integral representation for the solu-
tion of a linear singularly perturbed parabolic differential equation involves the spatial
variable x, the temporal variable ¢, and the small parameter e satisfying 0 < ¢ < 1.
Thus, it is important to derive an asymptotic expansion which is uniformly valid in x,
t as € | 0. One obtains the outer expansion of the singularly perturbed problem if the
classical Laplace’s method is employed. Our method of obtaining a uniform expansion
has the following major steps:

(i) obtain an integral representation for a given singularly perturbed problem;
(ii) transform each integral appearing in the solution representation obtained in (i)
into a standard form:;
(iii) construct a formal uniform expansion for each canonical integral;
(iv) construct an error bound for the expansion; and
(v) investigate the asymptotic properties of the expansion and compare with meth-
ods of matched asymptotic expansions.

There is a large class of parabolic problems which have solutions in integral form.
For example, the equation

Ju 0%u Ju

o “o o
with p(x,t) = z ¢q(t) can be converted into the heat equation via a transformation in
both independent variables. But, for the sake of clarity of illustrating our techniques,
in this paper, we consider only the case where p is a positive constant. Moreover,
without loss of generality, we choose F(x,t) = 0 since the function F(z,t) gives its
contribution only to the first outer function ug(z,t) defined by

= F(x,t)

8u0 6’11,0
— +p—— = F(x,t),
gt Pgp ~ Fl@d)
and to other higher-order outer functions but not in the structure of the inner expan-
sion. One standard form of the transformed integrals related to the initial data of the

given singularly perturbed problem is

I(z,1) _/abf(s;x,t) exp <_§) ds

where ¢ may be finite or —oo and b finite or co. A uniform asymptotic expansion of
the integral of this type was studied by Temme [15] using a technique of subtraction
and integration by parts. Specifically, one writes I(z,t) as

s2

I(2,1) :/abf(O;:c,t) exp (— E) ds—i—/ab[f(s;x,t) — F(0:2,1)] exp (—é) ds.
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Then integrating the second integral by parts gives the resultant integral of the same
form as I(z,t). Repeating this process of subtraction and integration by parts gives an
asymptotic expansion of the integral I(z,t) in e. The technique of repeated integra-
tions by parts is a simple and often effective way of deriving the asymptotic expansion
of an integral containing a parameter. For instance, in determining the asymptotic
behavior of the complementary error function erfc(x) as x approaches infinity, one
may employ integration by parts to derive

erfe(z) ~ % Z(_Ukl'?"(é'x—(f)i_l), a1 oo
k=0

For = € (0, 00), the error term does not exceed the first neglected term in the series in
absolute value and has the same sign; see, for example, Olver [11, p. 67]. The other
standard form of integrals associated with the boundary data of the given singularly
perturbed problem requires additional manipulations of splitting and combining after
employing the process of subtraction and integration by parts. The device of splitting
a difficult integral into two to derive its asymptotic behavior in this paper is similar
to the one in Olver [12].
Now, we define the complementary error function erfc by

erfe(z) = % /:0 exp(—s?) ds,
with the following properties

erfc(0) =1, erfc(—z) = 2 — erfe(x),
(1.1)

erfe(z) ~ exp(—x?), as x | oo.

T

Next, the first iterated integral of the complementary error function ierfc is defined by

ierfe(z) = /00 erfe(s) ds = % exp(—2?) — z erfe(z), (1.2)

which has the properties

ierfc(0) = ierfc’(0) = —1, ierfc(—x) = 2x + ierfe(x), (1.3)

1
v
as x T oo, ierfe(z) ~ —2x as xr | —oo.

. 1
ierfe(z) ~ N exp(—2?)

In general, the n'® iterated integral of the complementary error function i"erfc is
defined by
e 1
i erfe(z) = / i"~Lerfe(s) ds = — " Zerfe(z) — — " erfe(x), (1.4)
- 2n n
for n =2,3,4,.... Moreover, we have
1 1
i? erfe(z) ~ W exp(—2?) asx ] oo, i’erfe(—x)=a%+ 3 i? erfc(z), (1.5)
i? erfe(x) 1 exp(—2?) asx ] oo, i’erfe(—x)= x_S + I erfc(z). (1.6)
symat P ’ 372 S

For more information on these functions, see Abramowitz and Stegun [1].
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Linear singularly perturbed parabolic problems with corner singularity have been
studied by Bobisud [4], Howes [9], and Joseph [10]. Bobisud investigated a linear
singularly perturbed parabolic problem defined in the square domain 0 < z < 1,
0 <t < 1when x =0 and t = 0 are the inflow boundaries, so that there is a
boundary layer at £ = 1 and an internal layer along the characteristic curve of the
reduced problem, emanating at the origin. The asymptotic expansion constructed with
the boundary layer term was shown to be of the order /¢ under the assumption of
continuity between the initial data and the boundary data at the origin. To improve
the order of validity, one is required to construct an internal layer term. Howes
obtained some exponential upper bound for the internal layer function of a linear
singularly perturbed problem under the same assumption for the initial and boundary
functions. As far as we know, an explicit construction of internal layer functions is
not available in the literature.

The organization of this paper is as follows. Section 2 provides an integral rep-
resentation of the solution for a singularly perturbed parabolic problem defined in a
quarter plane. An expansion is constructed in Section 3 from the obtained integrals.
Some properties of this expansion are given in Section 4. A comparison is made with
some related results of Howes and Joseph in Section 5.

2. Integral representation of solution

Assume that the function f(x) and g(t) are smooth in their respective domains > 0,
t > 0 and satisfy the growth conditions

|f(z)] < Cy exp(Caz'te) x>0, (2.1)
lg(t)] < C1 exp(Cat'™*) t>0, (2.2)

where C7 and Cs are positive constants and 0 < o < 1. From Cannon [5, p. 50], we
have the following theorem.

Theorem 2.1. The heat equation

ou 0%u
— =€ >0, t>0,
ot~ 9x2 o
with a parameter € satisfying 0 < € K 1, subject to the initial condition
u(z,0) = f(x) x>0,
and the Dirichlet boundary condition

u(0,t) = g(t) t>0,

has the solution of the form

[e'e] t 8G
u(z,t) = /0 G(z,n,t)f(n) dn+e /0 a—n(a:,(),t —7)g(7) dr (2.3)

where G(x,n,t) is the Green’s function of the heat operator 80t — e 0% /0x? over the
quarter plane defined by

G(z,n,t) = K(x —n,t) — K(x +n,t), (2.4)
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with the fundamental solution K (x,t) of the heat operator 80t — e 0%/0x* given by

K(et) = 5 e () 2:5)
r,t) = ——— exp| —— | . .
2/ mte P\ e
Now this result can be extended to a convection-diffusion problem.
Theorem 2.2. The convection-diffusion equation

ou ou 0%u
E‘FP%—EW >0, t>0, (26)

with a constant p > 0 and a parameter € satisfying 0 < € < 1, subject to the initial
condition

u(z,0) = f(z) x>0, (2.7)
and the Dirichlet boundary condition
u(0,t) = g(¢) t>0, (2.8)

has the solution of the form

u(x,t) = exp (Z—f - %) {/OOO G(x,n,t)f(n) exp (—g—g) dn

e /Ot %(;ﬂ,o,t — 1)g(r) exp (%) dT} (2.9)

where G(x,n,t) is the Green’s function of the heat operator 80t — e 0%/0x* over the
quarter plane defined by (2.4).

Proof. Making the substitution

r 2t
u(z,t) = v(z,t) exp (];_5 - Z—E>
converts the initial boundary value problem (2.6), (2.7), (2.8) to the problem
% =¢ % x>0, t>0,
px p’t
v(z,0) = f(x) exp (—2—6) ) v(0,t) = g(t) exp (4—€> .
The desired result follows from (2.3). O

To study the asymptotic behavior of u(x,t) given by (2.9) for small values of €, we
reduce it to the following form.

Theorem 2.3. The solution u(x,t) of the initial boundary value problem (2.6), (2.7),
(2.8) can be expressed as

u(@,t) = I (2, 1) — Io(z, 1) exp (%) ¥ Iy, t) + Lu(x, ) exp (%) (2.10)
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where
z— pt 0_2
Ii(x,t) \/_/ (z — pt — 2/to) exp <—?) do, (2.11)
Iy(z,t) = \/1_ :; f(=z — pt + 2Vto) exp (—%2> do, (2.12)
¢ x T — ps)?
I3(x,t) —/0 g(t — 5)4\/—;:;:5 exp [—%] ds, (2.13)

L.t = [ gt

x — ps (I—I—ps)Q] s

exp | —
4v/s3e P [ 4se

Proof. First of all, from (2.9), the contribution of the initial data f(z) is

Xp (%——)/ G(z,n,t) )exp(—];—Z) dn
=exp(§—i—5) |G 00 - K01 exp (-22) an
—exp( >/ Kst)f(:z:—s)exp(2)ds
—exp(%——)/ K(s,0)f(s — ) eXp(—g—z) ds

= I(x,t) — Ix(z,t) exp (%) )

(2.14)

g

B
~

~
Il
@D

with

nan= [ L228e [_ﬂ] ds,

—oo 2V/Tte 4te
_ [T f—a) (s +pt)
Ir(z,t) = W~ exp e ds.

A change of variable gives the desired form for these two integrals.
Next, we reduce the contribution of the boundary data ¢(t) to a simpler form:

2 2
up(z,t) =€ exp (ZE - p_t) i —(x,0,t — 7)g(7) exp (E) dr
0

2¢  4e on 4e
pT taa p’s
=c exp(ZE) ; 877(9603) g(t —s) exp( 4E> ds

t 2
_ pry [FOK - _ps
= —2¢ exp (26) /0 5 (x,8)g(t — s) exp ( " ) ds

[ e [
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To make up(z,t) more tractable, we now split it into two integrals:

wy(w,t) = /0 et pglt—s) tﬁj%_ 9 exp {_L ;S?)T ds

t 2
(z —ps)g(t — s) [ (z — ps) ]
+ | ———————— exp|———"| ds
/0 4 rsde P 4se
= I3(x,t) +exp (%) Iy(z,t),
with I3(z,t), I4(z,t) given by (2.13), (2.14), respectively. This completes the proof.
O

3. Construction of an expansion

To investigate the asymptotic behavior for the solution w(x,t) of the singularly per-
turbed problem (2.6), (2.7), (2.8) for small values of €, one analyzes the integrals
L(z,t), Ix(x,t), Is(x,t), I4(z,t) for small values of e. Laplace’s method is known to
give only the outer expansion of u(x,t), which is not uniformly valid in a neighborhood
of the curve x = pt with ¢ > 0. In the terminology of the asymptotics of integrals, we
have a classic problem. For example, along the curve x = pt of the non-uniformity for
the singularly perturbed problem (2.6), (2.7), (2.8), the end point (x — pt)/(2v/t) of
the integration in o in the integral I1(z,t) coalesces with the saddle point at o = 0,
while the end point ¢ of the integration in s in the integral I3(x,t) coalesces with the
saddle point at s = p/x. Several contributions in the literature deal with this aspect,
for instance, Bleistein [2], Bleistein and Hadelsman [3], Erdélyi [7], Olver [11], and
Wong [16]. Our method of obtaining a uniform expansion in each integral Ij(z,t),
k =1,2,3,4, is motivated by Temme [15] with additional manipulations of splitting
and combining for Iy (x,t), k = 3,4. We illustrate our technique by obtaining an ex-
pansion with an arbitrary number of terms. Now, we obtain some preliminary integral
results.

Lemma 3.1.
1 * o? 1 T
— T ) do=1— = erfe [ X 1
o (-5) wmi-gee(Z). )
1 /Ooe o?
- < [ — 2
Ve J, P €
b2+ ps (x — ps)? 1 T — pt
exp |~ TP ge = 2 e : 3.3
/04\/7Ts3€ Xp{ 4se ] T2 (2\/t_5> (33)
b g? — p?s? { (a:—ps)Q] [te { (a:—pt)Q}
———— exp|-———| ds =24/ — exp | ————
/0 2\/77535 P s P dte
€ T —pt pIT T 4+ pt
— =< erf - — fi . 3.4
e ()~ (%) e (TE)} 60

Proof. The first two equations (3.1), (3.2) are obtained easily. The third equation
(3.3) follows from the substitution

T — ps do T + ps

2y/se’ ds 43¢




210 SHIH

For (3.4), noting

(z — pS)2 z® — p*s® (z — pS)Q
il — = — 3.5
s P { 4se 1522 0P 4se ’ (3:5)
we integrate by parts to get
B [ o]
———— exp|———| ds
0 2Vmsie dse
te (x — pt)? /t s (v — ps)?
=2,/= S e [ 2 P g,
x P [ Ate ° )y msie P 4se s
To evaluate the new integral, we split it into two integrals as follows:
boos { (x—ps)Q} 1 [" z+ps (x — ps)?
exp |—————| ds = —/ exp {—7} ds
/0 2V rs3e 4se D Jo 4Vmsde 4se
1 px /t T —ps [ (ar—i-ps)Q]
— —exp(— exp | ———| ds.
D ( € ) 0 4Vrsie P dse
Then, we have (3.4) by virtue of (3.3). O

To make our techniques clearer, some integral results are listed in the following
theorems under the assumption that the function U(s;z,t) satisfies the growth con-
dition for (2.1) or (2.2) when s is large. The next theorem can be employed as often
as necessary to obtain a higher-order expansion for the integrals associated with the
initial data of the given problem.

Theorem 3.1. The integral I,(x,t) defined by

z—

1 i 2
I(z,t) = \/ﬁ/ ’ U(o;x,t) exp (—%) do

can be expanded as

2
Loz, t) =Y ¥ 12 (1), (3.6)
k=0

where the terms are given by

1 —pt —pt
I(go)(:z:,t) =V (0;x,t) — 5\11 <I2\/§ ;x,t> erfc <x2\/£ ) ,

151/2)(,%,15) = vt " {\II(O;:v,t) - (xz_—\/lgt;:v,t)} ierfc (x —pt) ,
r—=p

1 T 2
IW (2, 1) = 2\/_5/ v D (o2, t) exp (—U—> do, (3.7)
T — 00

with

VD oy, t) = % {%{\If(o;x,t) - \IJ(O;:C,t)}} .

The integral I(x,t) defined by
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can be expanded as

2
t) =32 [P (a,t) (3.8)
k=0

where the terms are given by

0) 1 T+ pt ) (x—l—pt)
I ,t) = —\IJ erfc ,
b (@)= < 201 T\ ovie
1D (2, t) = Vi {\1/ (x“’t t> - \Il(o;x,t)} jerfc <x+pt> :

z +pt 2Vt 2\/te
1 & o2
1 (,t) = 2 e W (2, 1) exp(——) dor. (3.9)

Moreover, if U(o;xz,t) is a polynomial of degree n in o, then ¥ (a;x,t) is a polyno-
mial of degree n — 2 in o.

Proof. Rewrite the integral I,(z,t) as

z— pt 02
1, \/_ U(0;x,t) exp (—?) do
o2
(o;2,t) — U(0;x,t)] exp <——> do,
€

due to the fact that the main contrlbutlon of the integral I, (z,t) takes place at o = 0.
Using the integral formula (3.1) in the first integral and performing integration by
parts in the second integral give

I, =9(0;2,t) — 1\11(0 x,t) erfc( 2\_/£t)

__\/7/2\/ U(o;x,t) (O;:c,t)dexp<_a_2)
€

U0 2, 1) — ~W(0;2, 1) erfc< 2\_/5)

L \I/(O;x,t)—\lf TPyt _pt)2
+\/—€ (2‘6 ) exp [—w} +e I (x,1),
T

x —pt dte

with Lgl)(:zr, t) defined by (3.7). The desired result (3.6) follows by using (1.2).
Applying the above procedure of subtraction and integration by parts to the integral
Iy (x,t) along with the use of (3.2) yields

1 T+ pt
I, = =¥ (0;z,t) erfc
v =300 (2\/t5>

xr+pt .
[te U ;a,t) — U(0;z,t) £)2
+ ;5 ( 2\/E ) exp [_M} + %Ilgl) (x,t),

T+ pt 4te

with I (z, ¢) given by (3.9). Using (1.2), we then have (3.8). O

The integrals associated with the boundary data are difficult to expand. One needs
to use the next theorem to obtain the first expansion.
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Theorem 3.2. The integral I.(x,t) defined by

¢ L e)2
Ic(x,t)z/ \If(s;x,t)4x+p8 exp [—w} ds
0

msde dse
can be expressed as
2
L(x,t) =Y " 1/ (z,1) (3.10)
k=0

where the terms are defined by

1 —pt
1O (2, 1) = SU(E ) erfc<x P )

(&

102 (5 1) = xfipt [\Il(t;x,t) _ ¥ (%;x,tﬂ jerfe (2;5) ,
IO (2, 8) = —— d {\/5 Via/piz,t) = V(siz,t) } exp [—M] ds. (3.11)

T — ps 4se

Proof. The main contribution of the integral I.(x,t) comes from a neighborhood of
the point s = z/p, so we then express I.(z,t) as

t 2
x T+ ps (z —ps)
Ic:/ W(—;x,t) ex [—7} ds
0 p 4V rsde P 4se
t 2
x T+ ps { (x — ps) ]
+ U(s;x,t) -V | —z,t exp |———| ds.
/0 [ ( ) <p >] 4vVrs3e P 4se

Noting (3.5), we use the integral formula (3.3) in the first integral and perform inte-
gration by parts in the second integral to give

1 T T —pt
Io=Z-U(—;x,t f
2 (ﬂ )(m—)
+\/E/t\/§\11(s;x,t)—\ll(x/p;x,t)dexp {_($—ps)2]
T Jo T —ps 4se
I\IJ<:Z7 t) efc<x_pt)
= - —;x, T
2 \p 2V/te
. _ . _ 2
4 t_E\I/(t,I,t) \IJ(I/p,I,t) exp |:_({E pt) :|+EIC(1)(I,t)
Vo

r —pt 4te

with I8V (x,¢) defined by (3.11). Then (3.10) follows by using (1.2). O

From this theorem, we then have the following result.

Corollary 3.1. The integrals associated with the boundary data can be expanded as

2
I(x,t) + Li(z,t) exp (%) =32 18D (a, 1) (3.12)
k=0
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where the terms are given by

19 (z,1) = @ {erfc < 2\/£ > + exp (PI) erfe (Zj;gt>}
e o) el
+ :zrfpt {9(0) —9 (t+ %)} exp (%) jerfc (””;&g) ,

x — ps)?
I3} (2,1) \/—/ Vs gaalsiz )} exp [—%} ds,
with
goa(sia ) = SE= /P =9t =)  g(t+a/p) =g(t=5)

xr —ps T+ ps
Furthermore, if g is a polynomial of degree n, then gsa(s;x,t) is a polynomial of degree

n—21in s.

Lemma 3.2. The integral M (z,t) defined by

2 _ 2.2 )2
x* —p?s (z ps)]ds

t
M(x,t) = U(s;x,t) ———— exp |—
@)= [ W) T op |22

can be expressed as

et = =3 0 fore (T7) - e () ot (7 )
+ 2\/7 U(t;x,t) exp [_%]
- [ [ -v (G|} o[- e

(3.13)

Proof. We split M (z,t) into two integrals
t 2_ 2.2 )2
M:/ W(E;I,t) i LN {_M] ds

0 p 2V s3e 4se

t 2 2.2 2

x z? —p?s (x — ps) ]
+ U(s;x,t) =V | —;x,t)]| ——— exp |—————| ds.
/0 [ ( ) <p >] 2V s3e P [ 4se

Integrating the second integral by parts with (3.5) gives
t x )} 2?2 — p?s? [ (z —ps)T
U(s;x,t) — U —;2,t|| ——— exp |—————| ds
/0 [ ( ) (p 2V ws3e P 4se
t )2
—2\/5/ NG {\I/(s;x,t)—\ll(z;x,o} d exp {—w}
T Jo p 4se
_ ., [te x (x — pt)?
=2 [\If(t x,t)— U (p x t)} exp[ e
x (x — ps)?
-2 I t)y— V| —;a,t ——1 ds.
2 468 [0 ()] o [2522]
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With the use of (3.4), we obtain the result (3.13). O

Theorem 3.3. The integral N(x,t) defined by

N(z,t) / {Vs ¥(s;z,t)}exp Lo —ps) ds (3.14)
\/ ds Y 4se '
can be expressed as
2
N(z,t) = Zakﬂ NF2) (g, ) (3.15)
k=0

where the terms are given by

NO(z, 1) = %\I!c(t;:v,t) erfc (
Vi

xr —pt

>+ Uy(t; 2, t) exp( ) (w+g),
[\Ifc(t;x,t) ( )} 1erfc( )

vi attnt) ~ 0o (<Lt e

T 4+ pt

4 [t _ (x — pt)?
pz\/;\lll(t,:v,t) exp{ e ] ,

2 T x —pt px T + pt
N® )= =V <—; ,t) {efc( )—e — efc< )}
(z,t) i 1 ’ x r Wi Xp(g) r Wi
+NUO(z, 1),

NW2) (g 1) =

with
d
Uy (s;x,t) = d—\I!(s;:C,t), (3.16)
s
1 2z
Ve(syz,t) = =V(s;2,t) + — Vi(s;m,1), (3.17)
p p

-1 2
Ua(si2,t) = —U(s;2,t) + =0, (552, 1), (3.18)
p

p2

1 td (v — ps)?
(10) - - M (g = B
N (g 1) N T {\/E v (s,x,t)} exp [ Toe ds, (3.19)
and
\I/(l)(s; z, t) _ \ch(x/p7 x, t) - \IJC(S; x, t) + \I]d(_‘r/p; x, t) - \I/d(S;.’L',t)

Tr — ps T + ps

4 T
+ = |Vi(s;x,t) — Uq <—;x,t>].
p2[ (&2:%) P

Moreover, if U(s;x,t) is a polynomial of degree n in s, then \I/(l)(s; x,t) is a polynomial
of degree n — 1 in s.

Proof. Differentiation gives

N(z,t) = No(z,t) + Np(x,t)
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where

N, = #W_E/Ot % U(s; 1) exp {—%} ds,
;1) exp {—M] ds,

4se

with Wy (s;x,t) defined by (3.16). The device of splitting yields

+p5 p|: ﬂ] ds

Na(x,t)zé/o U(s;x,t)

4V 4se
-1 _ 2
4+ — exp / (s;x,t) i exp [—M} ds,
P 4 wsde dse
and
-2 [ 2?2 — p?s? (v — ps)?
No(z,t) = — [ Wy(s;m,t) =5 SR oV
b(xa ) p2 ‘/0 l(svxa ) 2\/@ €xXp |: dse :| S
2z [* T+ ps [ (:v—ps)2]
+ — Wq(s;x,t exp | ————| ds
p* Jo 1 ) dvrsde P 4se
2T pr. [* T — ps (x + ps)?
T exp(BEy | Wi(sya,t TP g,
e e e e
It then follows that
N(z,t) = Ni(x,t) + Ne(z,t) + Ng(a,t) exp (%)
where we have
9 22 p2$2 (z — ps)?
Ny = \I/ t ——— | d
! p2 0 et e 2V ms3e eXPp |: 4se ] %
t 2
T + ps (x — ps) ]
ch/ W.(s;x,t ex [—7 ds,
0 ( ) 4V sde P dse
t 2
T —ps (x + ps) ]
N, :/ Wy(s;x,t ex {—7 ds,
d ) a( ) Av/rsde p dse
with W.(s;x,t), a(s;xz,t) defined by (3.17), (3.18), respectively. The desired result
(3.15) follows with the use of (3.10) and (3.13). O

Based on Theorem 3.1, Corollary 3.1, and Theorem 3.3, we obtain the following
important result.

Theorem 3.4. For each positive integer n, the solution u(x,t) of the initial boundary
value problem (2.6), (2.7), (2.8) can be expressed as

n—1

u(z,t) = Z ¥ [uak(z, t;€) + VE uaps1(z, t;6)] + " u™ (x,t;¢) (3.20)
k=0
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where the terms in the expansion are given by

usk(z, t;€) = ¥, (x,t) + wgk(x, t) erfc (w — pt)

+ pt
+ Y5, (z, 1) exp (%) erfc <x P ) ,

. T — t
uggt1(x,t;€) = \/Z{‘/’gkﬂ(xvt) ierfc ( 2\/£ )

+ Y8y (2, 1) exp (%) ierfc (w +pt)
2
(o) o | -]

with

Lo
U5 1) = gp limoi” (i)

—1 (T Dt L k),

ok+1 71 (2\/% N +§¢3 (twrvt)v k
-1 T —pt 1

b _ (k) pr. (k) (4.
1/)2k('r7t) - 2k+1 1 ( 2\/% ,I,t) + §¢3 (t,:l?,t)

(k=1) (T
—,.’L',t
34 P

0,1,

2
+ 0 : k> 2,
p
-1 o (z4pt L k),
ok+1 V2 ( W sa,t —|—§¢4 (t;x,t), k
c _ ) =L [zt L k),
¢2k('r7t)_ 2k+1 2 ( 2\/% 7:E7t +§¢4 (t,(E,t)

2 (k—1) x
‘o T out
p 2t \p

(bgk) (0; 3, 1) — (k) (:E-:mf.x7 t)

0,1,

’ k>27

1
Popia (2:1) =

2 P (tia,t) — o8 (x/p . t)
2k(.’I] — pt) T — pt )
*) (0: (k) (z+pt.
B (et = ¢y (0;2,t) — ¢y (2\/'% ,:v,t) N o0 (t2,1) — ) (= /ps 2, )
2k+1\+4» - 2k(x +pt)

T 4+ pt ’

c 4 5y
¢2k+1($,t) = N Py (twrvt)v

(3.21)

(3.22)
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and

(x — pt — 2/s), k=0,
k
Wiz, t)=4 41
ds

1 b b T (323)
A Vs - o O}, Kz,

(k)(

s;x,t) = (3.24)

d [1 _ _ )
Ts g{ D (5.2, 8) — o 1)(0;337t)} , k>1,

g(t —s), k=0,
) (552, 8) = (3.25)

2
¢“<,w+—§®?@aw, k> 1,
p
g(t —s), k=0,
®) (sya,t) = 3.26
s, t) =49 _q 2 (3.26)
! = 60 (ss,8) + 2 @) (s, 1), B>,
p p?
3" gz 1) = Lol (g
3 (s52,t) = 75034 (s;x,t), (3.27)
0, k=0,
o8V (a/pwt) — 0§V (s, 1)
(k) T — ps
cx,t) = ~ ~ 3.28
s (52,1) " FV (/s t) — o8 (sy,8) (3:28)
T + ps
L sy, 1) — 0% (a/pr )], B> 1.
T

The remainder u'™ (z,t;€) is given by

n— —pt T T 4+ pt
(") (2.t ¢ <I)( R (— t) {e fc (I _p > —e pr e fc( — >}
u'™ (z,t;¢) = p p:z: T W Xp(g) T /i

+ 2% (1@t - 1" @1 exp (2) ) + 77 @.1) (3.29)

where Il(n) (z,1), 12(”) (z,t), and Jéz) (x,t) are defined by

n 1 B n o?
Il( )(x,t) = \/ﬁ/ (;55 )(J;x,t) exp (—;) do, (3.30)
n 1 o?
IQ( )(gc,t) = N ¢ (a;:v,t) exp (—?) do, (3.31)
vt
J(n)( —/ — (b(n)(S':zr t)}exp —M ds (3.32)
a1 (21 VTE Jo ds 3447 4se ’

respectively.
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Proof. To obtain an expansion of u(z,t) defined by (2.10), one is required to carry
out an expansion for each of integrals I (x,t), I2(x,t), Is(x,t), and I4(x,t). There are
three steps.

Step One: From (3.6) and (3.8), we obtain

Li(x,t) — Ix(x,t) exp (%)

—pt 2/te
D o o ()
% [151)@ t) — I3V (2, 1) exp (%)} (3.33)

where Il(l)(:zr, t) and Iél)(x,t) are given by (3.30) and (3.31), respectively, with n = 1.
Next, putting (3.33), (3.12) into (2.10), we have

u(z,t) = uo(z, t;€) + Ve ui(a, t;e) + eu (z, t;¢)

where ug(x,t,€) and wui(x,t,e) are defined by (3.21) and (3.22), respectively, with
k = 0. The remainder u(!)(z,t;¢) is defined by

1) 7D _ 7 p (1)
u®e,ti6) = 2 {10 0) ~ 106, exp ()} 4 29 (0
1)

where I}/ (x,t), Iél)(x,t), and Jéi)(x,t) are defined by (3.30), (3.31), and (3.32),
respectively, with n = 1.

Step Two: To obtain a higher-order expansion for u(z,t) in &, the remainder term
uM(x,t;¢€) is expanded in ¢ similarly. First, since the function Il(l)(:v, t) defined by
(3.30) is of the same form as I;(x,t), and 12(1)(:1:,15) defined by (3.31) is of the same

form as I»(x,t), they can be expanded in ¢ analogously. Thus, we obtain from (3.6)
and (3.8)

% (1@ -1V e (ﬁ)}

€

Xp
1 —pt
=5 gl)(();:zr,t) (;511)( 5 ) erfc <x2\/£)
1 q(xz+pt px T+ pt
_Z% ( W t) exp(?) erfc<2\/g)

(1)(0I t) _(b(l) lE—Pt.x t
+\/—{ - . (2\/2 ) ierfc<x_pt)
+

2(z — pt) 2\/te
gl) 0; x, t ¢21) (m;\-?t’ €L, ) T x t
. i (p?) ierfc i
G2
+2 {1 (z,1) — I (. 1) exp(?)} (3.34)
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where we have

61 (0;2,0) = lim otV (o52,0), 67 (050,8) = lim 647 (032, 1),

and 11(2)( t), 12(2) (x,t) are defined by (3.30), (3.31), respectively, with n = 2.

Moreover, the function J( )(:1:, t) defined by (3.32) is of the same form as N(z,t)
defined by (3 14). It then follows from (3.15) that we have

(1) ) ropt) 1o, pr z+pt
I3y (,)—2 (t; 2, t) erfc(2\/t_5>+2¢4 (t; 2, t) exp(s) erfc(z\/g

(1) (1)
(7 7t)_¢3 (I/p,il?,t) . x_pt
—I—\/_{ p— 1erfc<2\/g)

zil/— o) (t; 2, t) eXp[ _pt }

0 e t) — 8 (/i ) z+ pt

4 P p( )1erfc(2\/g)}

p @g? (p x t) {erfc( ) erfc (g—\;gt)}_F Jéz)( t)

(3.35)

where gbgl)(s;x,t), il)(s;:zr,t), q)g;)(s;:zr,t) are defined by (3.25), (3.26), (3.27) with
k=1 and Jéi)(x,t) by (3.32) with n = 2, respectively.
It follows from (3.34), (3.35) that
uM (z,t;€) = ug(x, t;6) + Veus(x, tie) + e u®(z,t;¢)
where uz(x,t;¢) and us(z,t;€) are defined by (3.21), (3.22), respectively, with k = 1.
The remainder u(? (z,t;¢) is given by (3.29) with n = 2.

Step Three: We continue as in Step Two to expand u(? (x,t; ) in . We first use (3.6)
and (3.8) to obtain

1
n {152) (x,t) — 12(2) (x,t) exp (%)}
= 100 051) - 0P (

8
I
bS]
=
S~

77t f
N )(m—

( )(OJJ t) _ (b(z) x*Pt.x t
+\/_{ (Qﬂ ) ierfc <x—pt>
+

4(90 pt) 2\/te
(2) (0; z,t) ( ) 2
i i+ pt) o () ferc < Ng) }
% {Il(g) (x,t) — (x,t) exp (px)} (3.36)

where we have

¢§2) (0;z,t) = li?& (;552) (o;2,1), ¢(2) (0;z,t) = hm (;52 (0’ x,t),
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and 11(3) (z,1), 12(3) (x,t) are defined by (3.30), (3.31), respectively, with n = 3.
Next, from (3.15), we obtain

Jéi)($=t) = 1¢§2)(t;$af) erfe (:c _pt) + %@(f)(t;w,t) exp (%) erfc (w +pt)

2 2v/te 2+/te
3t 2,t) — 6P (2/p; 2, 1) z — pt
+\/E 3 y Ly 3 bz, ~e fC( p >
{ T —pt i
4 @), (z —pt)?
- pz—ﬁ O3y (t;2,t) exp {—T
(2) (4. @D
4 (t,,iC,t) ¢4 ( :C/p,:v,t) exp (]E) ierfc (‘T +pt>}
T+ pt € 2V/te
2 _(2) (T x —pt px x + pt
+p3 Dy (p,:v,t) {erfc(z\/g> exp(s)erfc 2\/t_5>}
+e I (1) (3.37)

where (bgz)(s;x,t), gbf)(s;x,t), fl)gi)(s;x,t) are given by (3.25), (3.26), (3.27) with
k=2, and Jéi) (x,t) by (3.32) with n = 3, respectively.
It follows from (3.29) with n = 2, (3.36), and (3.37) that

u@ (2, t;€) = ug(x, t;6) + Ve us(x, tye) + e u® (2, t;¢)

where ug(x,t;¢) and wus(x,t;e) are defined by (3.21) and (3.22), respectively, with
k = 2. The remainder u® (z,t;¢) is given by (3.29) with n = 3. This third step can
be continued as many times as necessary. (|

4. Properties of the expansion

Note that the expansion (3.20) is valid not only in a neighborhood of x = pt but
also in the whole domain x > 0, ¢ > 0 for all values of €. More precisely, it is
identical to the exact solution, and thus it can be differentiated as many times as one
wishes. Moreover, it gives a uniform approximation to the given singularly perturbed
problem for small values of € since the function u(™)(z, t; €) in the expansion is bounded
uniformly in €.

Theorem 4.1. The solution u(x,t) of the initial boundary value problem (2.6), (2.7),
(2.8) has an expansion

n—1

u(z,t) = Z ek [ugk(x,t; €) + Ve ugpy1(z, t; a)] + O™ ase |0,
k=0

which is uniformly valid in © >0, 0 <t <T for some T > 0.

Proof. The function u("™ (z,t; ) is bounded uniformly in € due to the following facts:

(i) The function
efc(x_pt) e (px) erfc (w—i—pt)
rfce| —— ) —exp(— ) er
NS P 20ie

is bounded uniformly in € for all z > 0, ¢t > 0.
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(ii) By using the boundedness of (bgn) and gbg"), we have

n n px
1{(.8) = 1" (@, 1) exp (£)|

! {f (’;J;) e () erfe (2?) } |

which is bounded uniformly in € for all x > 0, ¢t > 0.
(iii) The function Jéz) (x,t) is bounded uniformly in ¢ for all z > 0,0 < ¢ < T
since

toos (v — ps)? 1 T — pt px T + pt
‘/O mexp [_TSE] ds = 2—p{erfc (2—\/5) — exp (?) erfc( 2\/E>}7
/t ol exp [—M] ds = pe 2 erfc (:c —pt)
0 2Vmsde dse 2p3 2/te
+ pr - 2 exp (Zﬁ) erfc (I —I—pt)
2p? € 2+/te

2 tae (z — pt)?
— =4/ —exp |————].
p2\V T P 4te

Theorem 4.2. The solution u(x,t) of the initial boundary value problem (2.6), (2.7),
(2.8) is of the form

1 n n
< 5 max {|o{"),]o5”

)

O

[n/2]
u(z,t) = Z ¥ [uak(, ;) + VE uapi1(z, t;€)]

k=0
when f(x) is a polynomial of degree n, and g(t) is a polynomial of degree |n/2] + 1.

The symbol |x| denotes the greatest integer less than or equal to the number x.

Proof. The degree of qﬁgn) (o;2,t) in o decreases by two after every step of the expan-
sion. So does that of gbg") (o;x,t) in 0. On the other hand, the degree of gbg}l) (o;2,t)

in o drops by two from that of ¢g(¢) in t. Moreover, the degree of ¢§Z) (o;2,t) in o
drops by one after each step of the expansion. O

As an example, consider the initial function

f(z) = apa® + b2® + cox + d,, (4.1)
and the boundary function
g(t) = agt® + bet? + cot + dy. (4.2)
We then obtain the following theorem.

Theorem 4.3. The solution u(x,t) of the initial boundary value problem (2.6), (2.7),
(2.8) with (4.1), (4.2) can be expressed as

1 5
u(a,t) =Y efop(z,t) + > M wp(w, tie) (4.3)
k=0 k=0
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where the functions are given by

v (x,t) = ap(z — pt)® + b.(x — pt)* + c.(x — pt) +d,, (4.4)
vi(z,t) = 2t[3a,(z — pt) + by, (4.5)
wy(x,t;e) = de ; dr {erf < Vi ) —l—exp( ) erfc <x2;£t) } , (4.6)
wi(z,t;e) = (cr + %) Vit {ierfc (g;\;%t) — exp (%) ierfc (2;28;) } , (4.7)

wh(x,t;e) =4 (;Z - bT) t {12 erfc (g;;\/g) + exp (%) i? erfc (2;;;) } , (4.8)
wh(z,t;e) = 24 <p + ar> 13/2 {13 erfc <x2\—/£t) — exp (%) i% erfc (2;;;)}
_ ]%b[\/z {ierfc (a;\—/gt) — exp (%) ierfc <x2;£t)
wy(x,t;e) = —f)—iagt {12 erfc (2\_/53 —+ exp (%) i? erfc (g;j%t) } , (4.10)
wt(z,t;e) = %ag\/z {ierfc (:1;\—/;1%) — exp (%) ierfc (gjgt>} . (4.11)
)

Proof. From (;552)(5;:17,15) = 0, ¢g2)(s;:c,t) = 0, and gbgi)(s;:c,t
u® (x,t;¢) = 0 and

= 0, we have

2
ka ugk(x,t;€) + \/guzkﬂ(%taa)]

where the functions ugk(x,t;€), uoks1(z,t;¢) defined by (3.21), (3.22), respectively,
become

ug = ar(x _pt)g + br(x _pt)Q + Cr(x —pt) +d,
dy —d, x—pt> pT (:17—|—pt>}
+ erfc + e — | erfc ,
2 { <2¢E @ (7) e (G
2
1
u1—\/Z{ar(x—ptf—I—br(as—pt)—i—cr—i-—{ae(t—E +bg<t——)+0g]}
p p p
x ierfc <x—pt> +\/Z{—a (z +pt)? + b(x+pt) —c
2\/% T r T
1[ (t—l—x>2+b <t+x)+ }}e (p:v) 'efc(x—’—pt)
—~la - - c xp (— | ier ,
o 0 p ¢ o 74 P - 2\/E

ug = 2t [3a,(z — pt) + by] + {—t [ar(z — pt) + b,] — ]% [2a,(z — pt) — bgp]}

x erfc (Z\;g) + {t [ar(z + pt) — by] — ]% [2a,(z + pt) + bep]}

X € (p:v) erfc (:C—l—pt)
X — ’
L= 2V/te
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2a0x 2a4
us = \/i{ [4%15 | 2aae a4 2

. T — pt
ierfc +
p ( 2\/t6) D
t t — pt)?
X exp (E) ierfc (I +p )} + Byt exp [—M} ,
€

2/te i/ 4te
_ bagr ‘ z —pt 6ayx px f T+ pt
U4——p5 erc<2\/g)+p5 exp(?)erc<2\/g),
U5:O.

Then, we obtain

5 1 1
ng/z ug(z,t;e) = Zak v (z,t) + Zsk/Q wy(z, t;€)
k=0 k=0 k=0

+e€ {bT BT(Ia t? E) + bl B[(I, t? E)}
+ %2 {a, Ap(x,t;e) + ap Az, t;e)}

where v (z,t), v](z,t), wi(x, t;€), and w](x,t; ) are defined by (4.4), (4.5), (4.6), and
(4.7), respectively, with

T —pt . T —pt T+ pt pT\ | T 4+ pt
B, = Vtq——— ierf — fc | —=
\/_{ NG 1erc(2\/g>+ NG exp(g)lerc<2\/g>}
Tz —pt pT T+ pt
- f + — f ,
{<2w—) eXp(s)e“<wE)}
{pt—:z: ierfc<x_pt) _rtpt exp (E) ierfc (:zr—l—pt)}
NG 2V/te VE 5 2/te
T T —pt pT T+ pt
+p3 {erfc<2 —ta> exp(g) erfc(2 E)},

Ay = ﬂ{@ iexfe (“;:ét) e +€pt>2 exp (2] ferfe (“’ +pt>}

pt — x —pt x + pt px (:C—i—pt)}
+tq—— erfc + e — ) erfc
{ VE (wr) o) e (G
. —pt pTy . T+ pt
ierfc Wi exp( 5) ierfc i

Ay = Vi {(pt—x)2 et (:17 \—/£t> _ (z+pt)? exp (Zﬁ) - <I+pt>}
€ 2v/te € €

+2x{pt—xefc<x—pt> x—i—pte (px)efc<x+pt)}
" er - xp (— ) er
pt Ve SN Ve TP\% SN

2zt | T —pt pTN | x+ pt
+ 7 {1erfc (2—\/E> + exp (?) ierfc ( Vi
8zt [ (z —pt)Q]
T —6Xp |——(————
pi/T dte

S o (522) - (2) e (28))

+
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By using the identities

pt — —-p 9 x —pt 1 (a:—pt)
erfc =i“erfc — — erf , 4.12
Vi o (2\@) or <2\/E) 19\ Sy (4.12)
x +pt :17—|—pt> (a:—i—pt) <x +pt>
ierfc = —i“erfc + —erfc , 4.13
Vite (2\/155 2\/te 24/te ( )
we obtain

B, = —4t {12 erfc (%) + exp (px) i2 erfc (g;j%t) } ,
Bzzg{iQerfC( ) (p_) (2+pt>}
- ]% {(pt x) erfc ( ) x + pt) exp p:z:) erfc <

u -
A, =4t {pt\/—g:c iZ erfc ( 2\_/£t> + \—;_ exp (Zg iZ erfc (
+

)y
LAl {ierfc ( 2\_/?) ) fer (g;:;g) } ,
e o () e e ()
) () - () o)
x erfo (2;5)} + Qz—f {ierfc (“;\_/tﬁt) +exp (22 ierfe (%)}
p

[ ) S () () e (532)}

Moreover, with the use of the identities

pt—x x—pt> . <x—pt> 1 { (x—pt)z]
erfc = ierfc ——e€ —_—— 4.14
2V/te ' < 2/te o 24/te N P 4te (4.14)
x+pt x + pt ) x + pt 1 { (x—l—pt)Q]
erfc = —ierfc e —_——, 4.15
2V/te ' < 2v/te > o < 2V/te ) N P 4te (4.15)
we have
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2t3/2 x —pt P T+ pt
+ —— < —ierfc | —= | +ex (—) ierfc ( )}
P { ( NG ) P\ NG
6zt (. x — pt pT\ | (w—i—pt)}
+ — <ierfc + ex (—) ierfc
P { ( NG ) P\ NG
— pt t
_ 6:17})/5 {erfc (I P ) — exp (ZE) erfc <x+p )} .
P 2\/te € 2\/te
Finally, with the identities
i3 erfe (a:—pt) = 1lerfc<x_pt) _rz pt1 erfc(
2V/te 6 2V/te 6v/te
i3 erfe (I —|—pt> = l ierfc <x+pt> — +pt iZ erfc ( —|—pt>
2V/te 6 2V/te 6v/te 2V/te )’

8 |8

|
Sl
N———

we get

—pt pxy . T + pt
A, = 2432 { P erfe < P ) ex (—) i? erfc < )},
P € 2v/te
T

B e () oo () v ()

P’
+ S {(I — pt) ierfe <x2\_/g) + (2 + pt) exp (%) jerfe <:c2;£t)}

6x+/c x —pt px T + pt
_ i {erfc<2\/E)—exp(?) erfc(2\/g .
By virtue of (4.12), (4.13), we have
24t3/2 .3 x —pt PT\ .3 x + pt
Ay = p {1 erfc<2\/g) —exp(?) i erfc<2\/g)}
24t/ . DT .o x4 pt
_ A {1efc( \/_>—|— xp(?)lerfc(z—\/t_g
+6—\§ {(pt—:c erfc<
p

One more substitution with (4.14), (4.15) gives
24t3/2 t
Ap=— {i?’efc (I > exp (E) i? erfc <I+p >}
p £ 2V/te
24t\/_ { + p
p*

12ev/t (. —pt pTy | z + pt
+ p—5 {1erfc (2—\/5) + exp (?) ierfc ( Vi .

It follows that the constructed expansion is given by (4.3).

2t aten () ate (222

225
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Note that the function (4.3) is also checked by Maple V release 3 to be the exact
solution of the singularly perturbed problem (2.6), (2.7), (2.8) with (4.1), (4.2). Thus
the contribution of the initial data to the exact solution is

u; = a(x — pt)® + bp(x — pt)? + ¢ (x — pt) + d, + 2te [3a,(x — pt) + by]
_ % {erf ( N ) + exp (p ) erfc (2;%?}
+ e\/te {ierfc (2;\/%) — exp (%) ierfc (gj%t> }
— 4b,te {12 erfc <x2\_/£t> + exp (%) iZ erfc <x2;£t) }
+ 24a,.(te)®/? {13 erfc <x2\—/_ ) —exp (%) i% erfc (2;;;;) } ,
while the contribution of the boundary data to the exact solution is
up = % {e fc (562\_/_ ) + exp (p ) erfc (:c;\;gt)}
+ 5\/5 {ierfc (%) — exp (%) ierfc (2;;;) }
+ 4b—§ta {12 erfc (I — pt) + exp (Zﬁ) iZ erfc (I + ot }
p 2V/te £ 2V/te
_ %bg&‘\/g {ierfc <x \—/gt) — exp (%) ierfc <x2;£t)
+ 24 (t5)3/2 {1 erfc (:v ) exp (%) i? erfc (g;\—;gt>}
- i—jaetﬁ {12 erfc ( ) iZ erfc (2;;;) }
+ ;9-?6@52\/% {ierfc ( 2\_/t_6t> — exp (%) ierfc <x2$£t) } .

We then conclude that the internal layer structure of the initial boundary value prob-
lem is more complicated than that of the initial value problem. Contrary to the initial
value problem studied in Shih [13], we are not aware of any method of matched as-
ymptotic expansions which is able to construct the internal layer function w{(z, t;€) or
wi(x,t;€) precisely. For example, using the variables (¢, t) with the stretched variable
& = (x — pt)/+/< to replace the given independent variables (z,t) in the internal layer
region, one finds by using (1.1) that

dl - dr < 5 >
wg(x, t;¢) = erfc | —=—= | + O(y/¢
atie) = 5 57 ) +OWA)
in a neighborhood of x = pt for all ¢ > 0.
On the other hand, the constructed solution gives rise to a close relationship between
internal layer functions and corner singularity conditions for the reduced problem. For
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example, the first layer function w{(z,t;€) is nonzero if f(0) # ¢(0), while the second
layer function wf(z,¢;¢) is nonzero if ¢'(0) + pf'(0) # 0.

5. Historical survey

Two papers related to this work are Howes [9] and Joseph [10]. In studying the
development of boundary layers for the linear singularly perturbed parabolic system

ou ou 0%u
E +A($,t) % =£ W,

Joseph first considered the scalar equation

Ou  Ou 0%u

—+— == 5.1

ot " or o2 (5.1)
in the first quadrant = > 0, t > 0 with a parameter ¢ satisfying 0 < ¢ < 1. Equation
(5.1) is subject to the auxiliary conditions

u(z,0) =0, u(0,t) = up(t), (5.2)

with a smooth function uy(t) satisfying u;,(0) = 0. Then, the outer function u°(x,t)
is defined by (5.1) with e = 0 and (5.2). It is claimed that the relation
u(z,t) = u’(z,t) + O(e)

is uniformly valid in x > 0, 0 < ¢t < T for some T > 0. It is clear that this result
is inconsistent with ours of adding an internal layer function of order O(y/€) to the
outer function u°(z,t). For instance, from (4.3) and (1.3), the exact solution of the
problem (5.1), (5.2) with up(t) =t is

u(z,t) = u®(z,t) + e wi (z, t;€),

with
t—x, <t,
ul(z,t) = oo
0, T > t,
t—x T T+t
t < ierfc —ex (—) ierfc , x<t,
bo) — Vi N Pz N
wi(z, te) = Vi r—t x T+t
t<ierfc | —= | —ex (—) ierfc , T >t
2v/te Pz 2v/te

and wy(z,t;6) =O0(1)inz >0,0<t<Tase|0.
Howes studied the internal layer behavior for the parabolic equation (5.1) defined
in0<ax<1,0<t<T subject to the initial condition

u(z,0) = ¢(z) (5.3)
for 0 < z <1 and the boundary conditions
w(0,) = A(t),  u(1,1) = B(), (5.4)

for 0 < t < T with smooth functions p(x), A(t), B(t) satisfying A(0) = ©(0). Under
the assumption ¢’(0) + A’(0) # 0, Howes found that the internal layer function of this
problem is of the order

VEI&(0) + A'(0)] exp (—'Q‘;') .
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As a comparison, it is found in the present work that the quarter-plane problem (5.1),
(5.3), (5.4) satisfying A(0) = ¢(0) has the dominant internal layer function

 {atey o (375) et s (2) e (55}

with

c1(x,t) = o(x —t) — (0) + A(0) — A(t — )

’ x—t ’
er(a 1) = PET =) = (0) + AQ) — Alt +2)
’ T+t :
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