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APPROXIMATION BY NORMAL DERIVATIVES OF FUNDAMENTAL
SOLUTIONS OF ELLIPTIC DIFFERENTIAL OPERATOR SYSTEMS

Ute Clauss and Uwe Hamann

ABSTRACT. We deal with the simultaneous approximation of a set of functions
which are given on a smooth d-dimensional surface T' in R™ such that R* \ T is
connected. We approximate these functions by normal derivatives of finite linear
combinations of vector functions D"‘Ej (z — yx). Here Ej are the columns of a
fundamental solution E of a Douglis—Nirenberg—elliptic differential operator, and
the sequence of points (yx)7>; C R" \T is dense in K C R® \ T where K is a
Cl-smooth (n — 1)-dimensional compact surface.

1. Introduction

Let L(D) = (Li; (D)), j=1,..., N be a system of differential operators in R™ with constant

coefficients, which is elliptic in the sense of Douglis-Nirenberg with T' = (¢1,...,tN)
def

and S = (s1,...,sn) (t df t1 > >ty >20,0=87 > --->5sy = s). Hence,
Ol“dLij <s; +tj, and Lij =0if s +tj < 0.

Let E = (Eij)i j=1,.,n denote a fundamental solution of L, and let E; denote a
column of E.

Furthermore, let T be a C*°-smooth (n — 1)-dimensional bounded, and in the sense
of local coordinates, open surface in R™ such that R™\T is connected. Let D,, denote
the derivative with respect to the direction of the normal vector at T'.

For a given sequence of points (yx)pe; C R™\ T, we consider finite linear combina-
tions of vector functions of the form

D*E;(x —yx) where 1<k<oo; j=1,...,N; 0<]a| <oco.
Let

l N
w, (@) => ") koD E;(x — yi)

k=1 j=1]a|<r

be such a linear combination. We want to approximate a given system of functions
on I' by normal derivatives of the components of w;, at the same time. Let fi
(i=1,...,N*;h=0,...,t; + s — 1) be the functions which are to be approximated.
Here N* is the maximal integer ¢ such that ¢; +s—1 > 0.

We will see that such approximations are possible under certain conditions. These
conditions essentially refer to the location of the points yi. The following assertion is
a special case of the approximation theorem which we will prove:
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236 CLAUSS AND HAMANN

Assume that the sequence (yx)pey C R™\ T is dense on a smooth
(n—1)-dimensional surface K C R™\T. Then, for all systems of functions
(f1)iz1,.. N* h=0,.. ti+s—1, [ € C(T), and for all € > 0, there exist a natu-
ral number 1 and coefficients ¢k jo (1 <k <l;j=1,...,N;|a| <t+s;—1)

such that

N"tits—1 _

; }; 1/, — Dpuilr ||C(F) <€
where

I N
w(@)=> > D kD Ej(z—u).

k=1 j=1 |a|<t+s;—1

Note that the surface K may be arbitrarily small.

This approximation result has been formulated for simplicity for an (n — 1)-dimen-
sional surface T', but it is true in general for d-dimensional surfaces (1 < d <n —1).
Furthermore, the functions to be approximated may be chosen from different function
spaces on I instead of from C(T).

The results of this paper can be viewed as a generalization of a theorem by Beck-
ert [1], proved in 1960, to general elliptic systems of differential operators. Beck-
ert dealt with approximation of functions, given on a surface I', by solutions of
boundary-value problems, instead of by fundamental solutions. But this is strongly
connected with approximation problems we deal with in this paper. Beckert consid-
ered boundary-value problems for scalar differential operators of second order. The
Beckert result has been developed further by Beyer [2], Gépfert [8], Hamann [9, 11],
Wildenhain [18], and Roitberg and Sheftel [16]; the latter generalized it for systems.
In the papers of Browder [4, 5], functions, given on a surface I', are approximated by
normal derivatives of functions which are solutions of a scalar homogeneous elliptic
equation in a fixed neighborhood of T.

In papers written by Schulze and Wildenhain [17], Kupradze [14], Beyer [3], Free-
den and Reuter [7], Roitberg and Roitberg [15], and Hamann [12], the problem of
approximation by linear combinations of fundamental solutions, most of all for scalar
differential operators or special systems of differential operators, has been investigated.
A part of these results has been transfered to elliptic systems, namely for the case that
R \T is not connected, i.e., that R" is divided into two parts by I'. This was done by
Hamann [13] for Petrovskij-elliptic systems. Note that the cases for R™ \ T' connected
and R™ \ T not connected are fundamentally different.

An essential reason for investigating approximation by fundamental solutions in the
case of a nonconnected set R™ \T is the applicability of such approximation assertions
to the construction of numerical solutions of boundary-value problems with respect to
a region  which is bounded by T. In [7] and [14], such numerical constructions were
carried out for the Lamé equations.

In the case of a connected set R™ \ T', Gopfert [8] described how the approximation
assertions can be interpreted in the linear theory of elasticity (Lamé equations). He
showed that displacement and stress vectors given on a surface I" can be approximated
by influences on another surface K.
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In the present paper, we consider the case of a connected set R™ \ T for the more
general class of Douglis-Nirenberg-elliptic systems. Here the results obtained by Clauss
[6] are being improved.

This paper is structured in the following way. In Section 2, we introduce notations
and explain assumptions for the approximation result which is given in Section 3. In
Section 4, we state necessary lemmata and, finally, we prove the approximation result
in Section 5.

2. Definitions and notations

2.1. Let
L(D)=(Lij(D)), .y n» Lij(D)= Y ai-D*

[a]<ti;

where a = (aq,...,ap), D = %, D* = D" ... D&, be a matrix of partial differen-

tial operators on R™ with constant coefficients. The operator L is called elliptic in the
sense of Douglis-Nirenberg if there exist integers s1,...,sy and t1,...,ty such that

Lij(D)=0 if s;+t; <0 and ¢; <s;+t; if s;+t;>0
and such that we have for the characteristic polynomial
1) = det (Lg(9)
for real £ = (&1,...,&,) # 0. Here

ij=1,...,

a £ if s+t >0

L?j(é) = g laf=si+t;
0 if s; + tj <0

and £ = £ ... £on

If L is elliptic in the sense of Douglis-Nirenberg, then since s;+t; = (s;—k)+(¢;+k)
for all integers k, we may assume that max{s; | 1 <i < N} = 0. Then min{¢; | 1 <
j < N} >0 and t; is the maximal order of differentiation of the function v’/ in L(D)u

where u = (u!,...,u’V)T. By renumerating the functions u? and the columns of L(D),
we always can get ¢ def t1>--->ty>0and0=s; > --- > sy def s.
2.2. Now

L*(D) = (L;i)i,jzl,...,N = (L:j);l,—jzl ..... N> L:j(D) = Z (_1)\a|anga

[a]<ti;

is the formal dual operator to L(D) in the sense of distributions. L*(D) is defined by

N N N N
(L)) Y [ (L) e =33 [ (Lo = T L)
i=1=17R" j=1i=1/R"
for all u,v € (C°(R™))N.
If L is elliptic in the sense of Douglis-Nirenberg, then so is L*, namely with the
integers s; =t; —t and t; = s; + ¢ since ¢;; = t;; < s; +1; = s7 +¢;. We again have
t]>---2>2ty>0and 0 =57 > --- > s}y.
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2.3. The matrix E = (E;;); j=1,...,n is called a fundamental solution of L if

.....

6 0 -~ 00

N 0 6 0

E = (ZL;W-EU) =1: :

i=1 kj=1,..,N 0 0 0

0O 0 --- 0 ¢
where § is the Dirac d-distribution. By E; = (Eijy...,Enj)" for j = 1,...,N,
we denote the columns of the fundamental solution £ = (E,,..., Ey). The matrix

function E* which is defined by E*(x) = (E(—x))' is a fundamental solution of L*.

2.4. LetI'y be a C*°-smooth d-dimensional (1 < d < n—1), and in the sense of local
coordinates on I'7, open surface. For the C°°-smooth d-dimensional open surface T,
we assume that T' C T';. Also assume that T' has a C*°-smooth (d — 1)-dimensional
boundary JI.

For z € T'y, let v;(2),...,u4(2) be d linear independent unit vectors which span
the tangent plane at z, and let v, ,(2),...,2,(2) be (n — d) linear independent unit
vectors which span the normal plane at z. Assume that the components v;; of v;
(i,k=1,...,n) are in C>(T"y).

For a fixed point z € I'y, let

(Do) )= (5757 @ zm (ot @

be the directional derivative of f at the point = € R" with respect to the direction of
v;(2).
In the same way, let
(D2 1) () = - D)
v(2) o (2) - Oun (2)
for « = (aq,...,ay). Note that DS(Z) is applied with respect to the variable z.
Furthermore, let N

Dy fle = { (D5 /) @) |z =zeT}.

" . . . .
For a = o/ = (0,...,0,2q41,---,0n), DY f|r contains only derivatives in normal

directions of I". Hence, we may call Dg” f|r the normal derivative of order o’ of f
onI'.

2.5. The spaces from which we may choose the functions on I' we want to approxi-
mate are Banach spaces with certain properties. We now formulate two conditions on
a Banach space D(T").

(al) There is an integer r; such that C"(T') is continuously embedded in D(T).
(a2) C=(T') = D(I'), the closure being taken in D(I).

These conditions are not very strong. There are a variety of spaces which satisfy these
conditions. Some examples are

e the space of k-times continously differentiable functions C*(T') for all integers
k>0,
e the Sobolev-Slobodeckij-space W»#(T') for 0 < s <00, 1 <p < o0, s,p € R,
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e the dual space (WP*(T))" of W»*(T) for 0 < s < 00, 1 <p < 00, 5,p € R.
The Holder spaces C**(T') (k € N; 0 < A < 1) do not satisfy condition (a2).

3. Approximation result

First, we want to summarize the suppositions.

1. Let T be a C*°-smooth d-dimensional surface such that R\ T is connected. By
o, we always denote multi-indices of the following form: o/ = (0,...,0, @gq1, ..., Q).
D" f|p is the normal derivative of order o/’ of the function f on T,

2. Let L(D) = (Lij(D))ij=1.. .~ be a system of differential operators on R"
with constant coefficients which is elliptic in the sense of Douglis—Nirenberg with
T=(t1,...,ty) and S = (s1,...,8y). Heret =t; >--- >ty >0and0=87 > --- >
sy =s. Weassumet+s—12>0.

3. Let E = (Ejj)i j=1,...,~ denote a fundamental solution of L, and let E; denote
the columns of E.

4. We denote the maximal integer ¢ with t; + s —1 > 0 by N*. Hence, we have
ti+s—1>0foralli=1,...,N*. Let D, g(I') (i = 1,...,N* |B"| < t; + s — 1,

" =(0,...,0,84+1,---,0n)) be Banach spaces which satisfy the conditions (al) and
(a2).

.....

Theorem. Let K C R"\T be a C! -smooth (n — 1)-dimensional compact surface. Let
the sequence of points (yi)rey C R™\T be dense in K. Then, for all vector functions

i:(ila"'viN*)Ta ii:(fé”)\ﬁ”|§ti+s—lv fé“ GD’L',QN(F))

with 8" = (0,...,0,84+41,--.,0n), there are numbers c,(cl)ja (1<l<oo, 1 <Ek<I,
j=1,...,N, |a| <t+s; — 1), such that

N*
lim Z Z ||D5 u“r‘_fé”HDiﬁ//(F) =0

l—o0

=1 |B"[<ti+s—1
for
1
uy ()

I N
=y (x) = Z Z Z Cz(cl,)j,a -DE;(z — yi).
k= a|<t+s;—1

(o) =l
Remarks. 1. The assumption of the C'-smoothness of K can be weakened (see
Lemma 3 and [12], Theorem 1). Only the (n — 1)-dimensionality is the essential
property of K.

2. The points y; may, but don’t have to, lie on K.

3. The compact set K may be arbitrarily small.

4. Similar to the Theorems 2 to 6 in [13], one may consider different constellations of
the points (yx)4—,. Then, one obtains analogous statements regarding the summation
over « in ;.

5. It is not hard to show that normal derivatives can be replaced by nontangential
derivatives.
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4. Preparation for the proof

4.1. If X is a normed space, we denote by X' its dual space and by (f, F') the pairing
between f € X and F € X'.

For normed spaces X and Y, let L(X,Y") be the set of all continuous linear operators
mapping X into Y. For B € L(X,Y), let B’ € L(Y’, X’) denote the dual operator
which is defined by the equation

(Bf,F)=(f,B'F) forall feX,FeX.
Furthermore, by (f, F) we also denote the pairing between an element f of C5°(R™)

and a distribution F € D'(R™).
Let Xi,...,Xn be normed spaces and X7i,..., X} their dual spaces. For g =

(g1,---,98) ", g5 € X}, and f = (fi,-- fn) T, fj € X;, we define

ForamatrixA:(aij)izl _____ M,j=1,....N with Qij GXj (i:l,...,M;j:1,...,N),let

§a1j7 gji
<A7£> _ Z 2_].7 g;
=1 :
<an7 gJ>

If the a;;’s are distributions in D’(R"), and the g;’s are distributions with compact
support, we define the convolution of A with g by

alj * gj
L
A * g def Z ]' /
j=1 :
an * gj
If A= F is a fundamental solution of L, then
LE~*g) =g

4.2. Let A? ‘be function spaces where ¢ is a parameter which specifies the space At for
instance, C*(Q2) or WP{(R™). If V = (v1,...,vy) is an N-tuple of integers or of real
numbers and if k is a integer or a real number, we define V +k = (vi + k,...,on + k)
and

AVER = AUtR s AN

For instance, we have WPFko+T(R") = Wrkott(R") x ... x WPkottv(R") and
CTO—S+s(Rn) — Cro—s1+s(Rn) X oo X CTO—SN-l-s(Rn)'
4.3. For an open set 2 C R™ and 0 < k < oo, we define
COM(Q) = 5o (),
the closure being taken in the norm of C*(Q). The elements of (C’O=k(Q))/ are distri-

butions of order k on Q. Obviously, for f € C%*(Q) and |a| < k, we have D f|sq = 0.
Now let T' be a C*°-smooth, d-dimensional surface and Q@ = R™\T.
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Lemma 1. C%*(R"\T) = {f € C%*R") | DY flr = 0 for || < k, o =
(0,...,0, 0441, ---,0n)}

The proof for (n — 1)-dimensional surfaces I" can be found in [11] (Lemma 5). Since
the (n — 1)-dimensionality has not been used there, this result can be proved for
d-dimensional sufaces completely analogously (see also [10], Lemma 2.18).

4.4. If Q C R" is an open set, we denote by W*?(Q) (k > 0; 1 < p < oo) the
classical Sobolev spaces. Let Wok’p(Q) be the closure of C§°(2) in WHP(Q). The
following holds: W*P?(R") = WP (R"). Furthermore, let W52 (Q) = (W5 (Q))

(k=05 p' = E7). For —oo <k <ooand 1 <p < oo, we define

WEPR™) = {f € D'(R™) | flo € W*P(w) for all bounded open sets w C R™}.

loc

The operator L(D), for instance, maps Wk+T:P(R") (—co < ky < oo) into
Wko=S:P(R™). The next lemma follows from well-known regularity theorems.

Lemma 2. Let L(D) = (Li;(D)); j=1,...,n be elliptic in the sense of Douglis-Nirenberg
with T = (t1,...,tn) and S = (s1,...,sn). Further, let E = (E;j)ij=1,..N be a
fundamental solution of L. If f € Wk=5P(R") (—oo < ko < o0) has compact
support, then E* f € wlotTr(gn),

loc

4.5. The following lemma has been proved in [13] (Lemma 13). By H,_1(K), we
denote the (n — 1)-dimensional Hausdorff measure of a set K C R™.

Lemma 3. Let Q@ C R" be a domain and K C Q a compact set with the following
properties:

1. There exists an open ball B, which is divided by K into two non-empty disjoint
open sets.

2. H,_1(KNB) < .
Furthermore, let L(D) =(L;j(D)); j=1,....n be elliptic in the sense of Douglis-Nirenberg
with T = (t1,...,tn) and S = (s1,...,8n). Assume that the coefficients of L;; are
constants. Then the Cauchy problem

Lu=0inQ, D*W|k=0frla|<t;j—1 (j=1,...,N)
has only the solution u =0 in Q.

Note that any C'-smooth surface K satisfies the two conditions of this lemma.

4.6. Let z € I'y be a fixed point. Then the directional derivatives %L(Z) (i=1,...,n)
have the representation

Here v; = (vi1, ..., Vin). Further, we get

0 - 0
i=1 i

where W (z) = (wgi(2))k,i=1,....n is the inverse matrix of (vi)i k=1,...n. This represen-

tation of a%k is possible because the vectors v,(z),...,v,,(2) are linearly independent.

» n
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Hence, by defining
d o\ 0 o\
<5:v1 Y 8:cn) e Hu@) <521 (z)" 7 3yn(2)> ’

D =W(z) - Dy(zy and D* = (W(2) - Dy(z))*

Thus, we can represent the differential operators L;; by means of directional derivatives

we get

in the direction of the vectors v;(z),...,v, (2) with respect to a fixed point z € I';:
LyD)= > ai-D*= }, al(W(:) D)
oo <ti; oo <ti;
= Y a¥ Dy = Lij(z Dy)).
oo <ti;

Let = (p1,...,pn)" be an arbitrary vector, and let £ = W(z)u. We obtain
0 0
l(é) = det (Lij(é))i,jZI,...,N = det (ng(m(z)ﬁ))wzl))]\;

= det (L?j(z,ﬂ))ij:1 N i(z,ﬁ).

b

If pu is a vector such that I(z,p) = 0, then I(§) = 0. Since L is elliptic, we get £ = 0,
and hence 0 = W(z) - . Since W(z) is a non-singular matrix, u = 0 follows. Hence,

det (iv?j(z, u)) only vanishes for the zero vector.
- /4g=1,...,N
Thus, for p* = (0,...,0, nr,
det (i? i ) 0.
¢ ”(ZH) i5=1,..., N?é
Furthermore, we have
L?](Z7H*) = dzé ,,,,, 075i+tj)(z)

for 4, j with s; +¢; > 0. For s; +t; < O, Zgj(%ﬁ*) = 0. Then we formally set
il )(z) = 0. We obtain

@ 0,...,0,5:+t;
(s, 5) = det (d%,...,o,smj)(Z))mzl LFO

EEREE)

for all z er.
Since I' C T’y is compact, we get

|det (@], o.0,41)(2)

for all z € T" for a constant c.

ij=1,...,N

4.7. The following lemma has been proved in [10] (Lemma 2.14).
Lemma 4. Let k > 0 be an integer. Then for each tuple of functions

g: (goz”)|a”|§k = H Ck—‘a//‘(f)

la”|<k
(@ =(0,...,0,Qq41,---,0n)), there exists a function w € C¥(R™) such that

DY ulr = gar for [a"| < F.
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From this lemma and the considerations in 4.6, we derive the next lemma.
For i with 1 <1 < N, we define IV; to be the maximal integer j such that s;4¢; > 0.
Hence, we have s; +t; > 0for j =1,..., N;.

Lemma 5. Let 62’0) =(0,...,0 ﬁdﬂ, ol 7(10)) be a fired multi-index and let ig, 1 <
ip < N, be a fized integer. Futhermore, let i* be the smallest integer v such that
B + iy — 8i > 0. Then, for each function g € C"(T) (r integer, > 0), there exist
functions v € C‘ﬁo HSZOHJ‘H(R”) j=1,..., Ny, such that

1.
y (0,0:,0,85% 1B 1 B 550 +5)
Z . aiiy (2) Dy ! © ! (@) | p=zer
g fori=rip (i = 07 N)
= =1 bR Y
0 fori=ig
2. D"Y”ujlr =0 for j =1,..., Ny and 5" such that "] < |B(o)| + si, +t; and
0 0
7" # (0, Oﬁdﬂv"'a 7(1—)17 7(1)+Sio+tj)'

Proof. Since det(d(07...)07si+tj)(2))1”.:1 v # 0 for all z € T (we again set

.....

il )(2) 00 for s; + t; < 0), the linear system of equations

0,...,0,5:+t;
N’L . .
P capd (2) = g(z) fori=1p -1 N ]
= a,.. o,si+tj)(2) w? (2) {O for i # ig ) ooy N) (1)
has exactly one solution w(z) = (w'(2),...,w™(z)) for each z € T. Since g € C"(T),

(det(dzj vvvvv 0 sith-))ij:l ,,,,, N)71 € C*°(T) and a¥ € C>=(T), we obtain w’/ € C"(T).

i+ .
Lemma 4 yields the existence of functions v/ € CIB(D)‘ SOTHTIRMY j=1,..., Ni,

such that
(0) (0) (0) Si P . . "o
Df;o B °+tj)u3| =w’ and D} w!|r =0 (2)
for all v with [v"| < |B(py [+ si, +t; and v” # (0,...,0 ﬂd+1,.. ﬂ 21 0 +510+t ).
Now (1) and (2) yield the desired properties 1 and 2. O

4.8. The proof of the approximation theorem is based on the following lemma which
follows from the Theorem of Hahn-Banach.

Lemma 6. Let X be a normed space and Xo be a linear subset of X. Let ' € X'. If
(g, 2"y =0 for all z0€ Xo
implies ' =0, then Xo = X.
5. Proof of the approximation result

Before we begin to prove the approximation result, we define a restriction operator so
that we can formulate the result a bit differently. Let N* be the maximal integer i
such that t;, + s —1 > 0. Let

" " * T
Ry o u= ((Dﬁ U1|F)\ﬁ“|§t1+s—1, cees (Dﬁ u |F)\ﬁ”\gtm+s—1)
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for vector functions u = (u',...,u’)T sufficiently smooth in a neighborhood of T

(uN"+1 .. uN are not considered in Ry, ;). For abbreviation, we write R instead
of Ry, ;. Now the claim of the approximation result reads:

The closure of the linear hull of
{R(DEj(x —yr)) |1 << N;fa| <t4s;—1; k=1,2,...}
is
N*
H< II Dis (r)) :
i=1 \|B"|<ti+s-1
We will prove this formulation. The proof consists of 15 steps.

Step 1. Let

Ir= ((T[}“)IB”\Stﬁ-s—lv Cee (Té\/’/*)lﬁ”\gtz\,*ﬂ-s—l)—r
be a linear continuous functional on HZJ.V:*l (HIB“\Stﬁs—l D; g (F)) such that
(BUDE)) (@ —yx)) ", T(x)) =0 (3)
forj=1,...,N, |a|<t+s; —1land k=1,2,.... Here,
(BIDE)(x —yr) ", L))

.
=3 Y (D DByl w)leer, Tin ()

i=1 |8 <ti+s—1
From (3), we will conclude that T’ = 0. Then Lemma 6 gives the claim.
Step 2. Because of condition (al), there exists an integer r; > 0 such that
™ (T) > Dy (1)

foralli=1,...,N*and 8” = (0,...,0,Bd+1,- .., On) such that |3”]| <t;+s—1. Also
since every integer greater than r fulfills this condition, we choose o = max{ry, —s+
1}, so that ro + s — 1 > 0 always. Hence,

N* , N* N
H( 11 (QWWD»HH( I1 (U%ﬂ)
i=1 \|p"|<t;i+s—1 =1 \|8"|<t;i4s—1

Since T is an element of Hfil (H\ﬁ”|§ti+571 (D pr (I‘))/), we now can consider T as

an element of vazl (HIBHIStH‘S—l (cr (f))/) For the restriction operator, we have

Rel (CO’T‘J*T*S‘l(R"), ]N"[< II o (T))).

i=1 \|B"|<t;+s—1

Hence, for the dual operator, we have

N*
El eL <H ( H (CTO (f))’) 7 (CO,ro-‘rT-'rs—l (Rn))/> '
|

i=1 \|B"|<t;+s—1

Thus, R'T is an element of (COmotT+s=1(R"))’.
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Let ¢ = (¢1,...,¢n)" € (C2(R™\T))Y an arbltrary vector function. Then
(", B'T) = ()", T) =0;
hence, supp R'T C T.

Since yr € R*"\T, E ;(z — yx) is infinitely often differentiable with respect to = in
a neighborhood of I'. Noting that supp R'T C T, we get

(R(D“Ej(x —yi)) ", T(2)) = (D*Ej(z —yi)) ", (R'T)(x)) .
From (3), we conclude
(D*Ej) (@ — )", (R'T)(x)) =0 (4)
forj=1,...,N,|a|<t+s;—1,and k=1,2,....
Step 3. Let p > n. Then the embedding
WT0+T+S’p(Rn) _ WgoJrTJrs,p(Rn) AN CO,TO+T+S—1(Rn)
is continous. Hence

CO,TO‘FT‘FS*I R” / W?“oJrTJrS,P R” IfW*TO*T*SﬁD, R"™
( (R")) — (Wy (R")) = (R™)

where p’ = ﬁ and

Elz c W—’I‘()—T—SJ)/(R’IZ)'
Since L is elliptic in the sense of Douglis—Nirenberg with T' = (¢1,...,tx) and S =
(s1,...,8n), L™ is also elliptic in the sense of Douglis-Nirenberg, namely, with T*
(s1+t,....,sy+t)=S+tand S* = (t;1 —t,...,ty —t) =T —t. Hence, —rg—T — s =
—rg —t —S* — s. Therefore
R'T e Wromt=S"=sp (R"),
Since R'T has compact support, the convolution E* x (R'T) exists, and, by Lemma 2,

E' s (RT) € W[~ (RY) = W, 5 (R,
Now L*(E* x (R'T)) = R'T and suppRT C T nnply *(E* % (R'T)) =0in R \T.
Thus, since L* is elliptic, E* x (R'T) € (C*°(R™ \I‘))
Step 4. If we note that E*(x) = (E(—x))", i.e., E};(z) = Ei;(—xz), we obtain for the
j—th component of E* x (R'T) (let (R'T)" be the i—th component of R'T)

) N
D (E* * (R'T))’ (ys) = D* <ZE;—2- * (E’I)Z) (yr)
i=1

— Z (D*E};) * (R'T)") (yx)
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forj=1,...,N,|a] <t+s;—1,and k =1,2,.... The last equality follows from (4).
For the third equality, i.e., for the expression of the convolution as the application of
a functional, we used that E;‘i(yk — ) is infinitely often differentiable with respect to

z in a neighborhood of the support of R'T. _
Since E* * (R'T) is infinitely often differentiable in a neighborhood of K C R™\ T,
and since by assumption the sequence of points (yx)- ; is dense in K,

D (E*+ (RT)) i =0
for j =1,...,N and all a such that || <t +s; — 1. Further, L*(E* * (R'T)) =0 in

the connected set R" \f. Therefore, w def E* « (E’Z) is a solution to the following
Cauchy problem:

L'w=0 inR"\T,
D*w|g =0 forj=1,...,N, |a|<t+s;—1=t;—1

By Lemma 3, this problem only has the solution w = 0. Hence, we obtain E**(R'T) =
0in R™\ T. Hence,

supp(E* * (RT)) c T and  E*x(RT) e W,/ "V (R").  (5)

By the choice of ro, we get —rg+8; —s < —rg —s < (s —1) —s = —1. From (5), one
easily concludes E* x (R'T) € (C’O’”’*S*S(Rn))/. Hence, since supp(E* * (R'T)) C T,
we obtain

(fT.E «(BT)) =0
for all f € COmo=5Fs(R"\T).
Step 5. We define the restriction operator R, g, by

R _sisf = ((Dg”fl|F)W|§ro—sl+sa S (Dg,ho)w"\Sm—sN+s))T
for f € CO0=5T5(R"). From Lemma 1, we get
CUToTIT(RIAT) = {f € VIR | Ry, _g4.f = 0}

Hence,

(fT.E «(BT)) =0 (6)
for all f € COm0~5F5(R") such that R, g .f =0.
Step 6 Now we want to compute < iT,E* * (E’I)> for arbitrary vector functions
f € COro=5Ts(R"). We define

kerR, g, ={f € CO" 5" (R") | R, _s,.f =0}

and

(ker Ry, g.0)" :{E e (COro=St(R™)) | (fT,F) = 0 for all

i c CO,m*SJrS(Rn) such thatﬁro—s-i—si = Q}
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Hence, (6) implies
E* % (R'T) € (kerR,,_g.,)" -

Furthermore,

N
Ero—S-{-s S (007TOS+S(RH)7 H H OTO*SiJrS*WN‘ (f))

i=1|p"|<ro—si+s
and
"y — ! I
To S+s € L(H H (Cmfsﬂrsfw \(I‘)) , (OO,T{)*S+S(Rn)) )
i=1[8"|<ro—si+s

Lemma 4 implies

N
ImEr()fSJrs = H H CTO_S"L"'S_W”\(f)’

P21 (| <ro—sits
since, if g = ((951)187 | <ro—sitsr -+ (G ) 187 | <ro—sitsr - -+ (G5 ) |37 | <ro—snts) | 1S an
arbitrary element of Hfil i <ro—si+s Cro—si+s=I"I(T) then, by Lemma 4, there
exists for each i = 1,..., N, a function h* € C%"0~=%i+5(R") such that Dg” Wl = g
for |3"] <ro—s; +s.

From the Closed Range Theorem (see [19], p.144), we get that InR; _g,, =

(kerR, g +S)J-. Further, from the Open Mapping Theorem and the Closed Range
Theorem (see [19], p.147), it follows that

N !
( /T0 S+s) 1 c L<ImE;0—S+s’H H (OT()*Si‘FS*lﬁ \(I‘)) >,
i=1|8"|<ro—si+s
and hence that
1 N =\’
(—;“0—54-8)71 € L((kerﬂro—Sﬁ-s) ’H H (CTO?SHFS?W |(F)) )
i=1|8"|<rg—si+s
Since E* « (R'T) € (ker R, _g,,)", the equation
R, i A=E"x(RT)
has a unique solution

.
A = (A7) 187 <ro—sitsr - s (Ki) |87 <ro—sidss - - » (AN37) |87 | <ro—sn +s)

c 1:[1< H (CTO_Si"l'S_ﬁNI(f))/) i

|8 |<ro—si+s

Hence, for all h € COro=5+s(R"),

(8B + (D) = (b7 B, 50h) = (B, 50.0)T.A)

=i > (DI ). (7)

i=1|B"|<rg—s;+s
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Step 7. Now let u € C%70+tT+$(R") be an arbitrary vector function. Then Lu €
COro=5+s(R"). We set h = Lu in (7) to get

(Lw)".E i > (D8 @wle )

=1 |B"|<ro—si+s
for all u € C% ”’*T“( ™). From
(Lu) ", E*+ (RT)) = (u',L*(E" * (RT))) = (u",RT) = (Ru) ", T)
and from

i S (DY @l N )

=1 |ﬁ”|<T0 sits
= ZZ > (D @)l ),
1=0i=i} |B"|=ro—s;+s—I
we conclude
TO N 17 .
T> = ZZ Z <D5 (M)lh‘, Ai7ﬁu> (8)
1=0i=i} | |=ro—si+s—1

for all uw € CO7o+tT+s(R"). Here i is defined to be the smallest integer i such that
ro— S +s—1>0.

In the following steps, (Lu)|r will be represented by D according to the consid-
erations in Section 4.6: -

N;
(Lw)lr=>_ >  alD|r

J=1 |a|<si+t;

N;
=Y Y ad(W(2)- Dyiz) v (@)]a=zer

J=1|a|<si+t;
—Z S @ () D2 (2)|emser
J=1|a|<si+t;
Here N; is the maximal integer j such that ¢; +s; > 0.
Step 8. In the following steps, we will show that
Xigr =0 for |f’|<ro—si+s and i=1,...,N.

We proceed as follows. Instead of (8), we investigate the equation

:ZZNZ > (DLl A ) )

l=ri=if |B"|=ro—si+s—1
for an arbitrary integer r such that 0 < r < ry and for all u € CO7FT+5(R™). Then

we show that

Nigr =0 for |f'|=ro—si+s—r and i=4i,...,N. (10)

ry e
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Hence we obtain from (9) the new equation

r0 N
(B 1)= >3 Y (D (L) dier)

e A A =
for all u € C%mo+T+s(R™) in the case r < ry and
<(&)T71> - 0

for all uw € COmo+T+s(R") in the case r = rg.
If we apply the implication (9)==(10) for r = 0, then for r = 1,...,7 = rg, then
we finally obtain A; g = 0 for all 5" such that |5”| <rg—s;+sandalli=1,...,N.
The proof of (10) is by induction. To this end, we will introduce an order relation
in Step 10 on the set of pairs {(i,8") | i =i%,...,N; |8”| = ro— s; + s —r}. Equation
(9) is now the basis for the following steps.

Step 9. Now assume for an r with 0 < r < ry that
T0 N )
(Bu)",T)=>">" > <D5 (ﬂ)l|l“v)‘i,ﬁ”>
I=ri=i] |B"|=ro—s;+s—1

for all u € COro+T+s(R"). In this step, we show that for all u € C%mo+T+5(R") which
satisfy

D;”uj|p:0 for |y'[<ro+tj+s—r—1 and j=1,...,N; (11)

(if ro+t;+s—r—1 < 0 for some j then the condition Dz”uj |r = 0 on the corresponding
u’ is dropped), we can conclude

0= ZN: Z <D5N(M)i|r, )\i,ﬁ”> : (12)

=iy |B" |=ro—si+s—r
To this end, we first show Ru = 0 for these u. We have

" *

1"
Ru = (D" w' o)<t ps s (D5 ™

-
F)|o¢”|§tN* +s—1)

where N* is the maximal integer j with ¢t; +s -1 > 0. For j < N*, we have
0<tj+s—1<t;j+s<tj+s;:. Since N;: is defined to be the maximal integer j with
tj + six > 0, we get Ni: > N*. Further, since r < rg, we obtain rg +¢; +s—r—12>
ti+s—1>0forall j=1,...,N* Hence, D* ui|r = 0 for |a| < t; +s— 1 and
j=1,...,N*. Thus Ru = 0. Hence, we get -

0=§:§: > (D (Tl v (13)

I=ri=if |B"|=ro—si+s—1
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for w with the property (11). Thus, we showed (12) already for the case r = ro. It
remains to investigate the case r < rg. For r < ro, we obtain

Zi > (D (Ll dip)

l=ri=i} |8"|=ro—si+s—I
N
=> Y (D @i xer)
i=iz B |=ro—si+s—r

+ ZN: > (D" (L)'l A ) (14)

=iy |B"|<ro—si+s—r—1

We prove D?” (Lu)ilp = 0 for || < ro—si+s—r—1 and ir,; <4 < N. From
To = Six, +s—r—1> 0 and S, +1t; > 0for j = 1,...,Ni:+1, we conclude
ro+tj+s—r—1>0forj=1,...,N; . Since Nz < Nz, DY ui|p = 0 for all
such that [v"| <rg+t;+s—r—1andj=1,...,N; . Hence, D}u!|r = 0 for all
multi-indices v = (y1,...,7,) such that |[y[ <ro+tj+s—r—land j=1,...,N;- .

For arbitrary multi-indices 8" = (0,...,0, 8441,...,0,) and i = 1,..., N, we have

N;
" . —ia + " .
DY (Ll =5 S () DI w (o) e (15)
J=1|a|<si+t;
For i > iy y, j < Ny < Niw,, [B"] < ro—si+s—r—1,and |a| < s+, we
have o + 3" < 1o +t; +s —r — 1, and hence D37 w|p = 0. Now (15) implies
Dg/(@)ﬂp =0fori >}, and |3"| < ro—s;+s—r—1. Hence, the second summand
on the right-hand side of (14) vanishes. Thus, by (13), equation (12) is also true for
r <Tp.
By an appropriate choice of D;”uj|p for |4"'| = ro +t; + s — r, we will show
inductively that A; g =0 for |8”| =10 —s; +s—randi=1if,...,N.
Step 10. For this proof by induction, we introduce the following (lexicographical) order

relation on the set of all multi-indices: for a # 8 (o = (a1, ..., an), 8= (01,.-.,0n)),
let

a<p if 1l.ag<pr
or 2. a1 < Br+1 and o; =

for I=1,...,k forsomek < n.

Furthermore, we introduce an order relation on the set of pairs (¢, 5”) with i* <i < N
and |B"| =ro—s; + s —r. We set

M, ={(,3")|i=1i%...,N; |"'|=ro—si+s—r}
For (i,a"), (j, ") € M, let

Ga") < (8 i la"<g
or 2.i<j and o' =g".
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We order the elements according to this order relation and denote them by (i, 6& )

where k = 1,...,k; and k; is the number of elements in M,.. Hence, (ik,ﬁ&)) <
(ikJrl’ﬁE/k—i-l)) for k = 1, e ,kl —1.
Step 11. We show that A;, | By, = = 0. Clearly, i1 =i and 6 () = =(0,...,0,79—8;, +5—T1).

From rg—s;, +s—r > 0 and s“—l—t >0forj=1,...,N;, we conclude ro+tj+s—r >0
fOI‘j S Nil-

For an arbitrary function g € C"(T), let u € Cg°™ ™ (R") be a vector function
that satisfies the following properties:

~ 0,...,0,ro4t;+s— :
L. Z” oy (2) - DY T T ()]

for i — i

=9 RN LN, (16)
0 fori#iy

2. Dz”uj|p:() for W' <ro+tj+s—r, ¥"#(0,...,0,r0+t; +s—71),
j=1,...,N. (17)

(If N;, < N, the functions u/ for N;; < j < N can be arbitrary.) The existence of
such vector functions u follows from Lemma 5 with ig = 4; and 526) =(0,...,0,r0 —

Siy +s —1). From (17), we get
DZujhﬂ:O forall v=(v,...,7) with |y|<ro+t;+s—r,
v#(0,...,0,ro+t; +s—r), and j=1,...,N;. (18)

From condition (17), we concluded in Step 9 that

ZN: > <D5“ (Lw)'|r, )‘iﬁ”> = 0. (19)

=ty B |=ro—si+s—r

For vector functions u with the properties (16) and (17), we will show that

i > <D5” (Lw)'[r, /\i,B”> = <97 /\il,gg;)> : (20)

=11 |3 |=ro—si+s—r

To this end, we investigate three cases.
Case 1. Let i =4, and B” = 6(1) =(0,...,0,79 + si; +s—7). Then « +6£’1) =
0,...,0,70 +t; +s—1) only for a = (0,...,0,s; +t;). By (18),

Dy (Lu) | = Z S @) Do (@)emer

j=1 |a\§sll+t]‘

2

i1
(0,...,0,m0+tj+s—1)
Z( ..... 0,si, +t; )(Z) : v(z) rortTer u]($)|m:z€l—‘7
1

<.
Il

and then, by (16),

By

Dy (M)HF =49
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Case 2. Let i > i1 and 8" = (0,...,0,79 —s; +s—r). Then a+ 3" = (0,...,0,79+
t;j +s—r)only for o = (0,...,0,s; +t;). From (18) and (16), we get
D' (Lu)'|r = 0.
Case 3. Let i (i1 < i < N) be arbitrary and let 3" be a multi-index with |3”] <
ro—si+s—rand 8" #(0,...,0,70—s;+s—r); then a+ 5" # (0,...,0,ro+t;+s—7)
for all @ with |a| <s; + t;. Hence, D3+B//uj|p =0forj=1,...,N; <N, and thus

& Lu |F_Z Z Dj(—iz_)ﬁ ( )lw zer = 0.

J=1 |a|<s;+t;

Hence, (20) is proved. Thus, by (19),

<g, Ail,ﬁgg)> =0.

Since Air gy, € (Cm(T))" and since g € C"(T) is an arbitrary function, we obtain

Ailﬁfll) =0.

Step 12. For the proof by induction, we now may assume that
)\il)ﬁég)ZOfOI"ZZI,...,k—l (21)

for some k with 2 < k < k1. We will conclude that Aikvﬁf%) = 0. Then we will have

proved \;, 8y, =0 foralll=1,... k.
So let (zk,ﬁ( )) be the k-th element of M,. Then |8 = ro — si + s —r for

By =(0,...,0,88 ... 3.
By i*, we denote the smallest integer ¢ with 67(116) + i, —s; > 0and i) <¢ < N. For
j < N;«, we have s;= +t; > 0 and hence 67(1]@) + 55, +t; > 0. Furthermore, ¢* <4 < N.
For an arbitrary function g € C"(T), let u € Cg™ ™ (R") be a vector function
with the following properties:

L. ZNU 051+tj )D;(z) OBHN ﬁﬁlﬁwﬂik+tj)“j($)|m:zer
:{g fori=ie , i . w) (22)
0 fori # iy
2. Dzwujhﬂ =0 for 7" with [/|<ro+t;+s—r and
A0, 0,88 B B0 4s, 1) and j=1,...,Np,  (23)
3. W/ =0 for Niw <j<Ng, if Npw <N
(If N <N, the u’ can be arbitrary for N;= < j < N.) (24)
The existence of such a vector function follows from Lemma 5 with 79 = 45 and

Bio) = Ba-
From (23), we obtain

Diw/[p =0 for all y=(y,...,7) with |y[<ro+t;+s—r
and 775(O,...,O,ﬁgﬁl,...,ﬁfﬁl,ﬁ,(f)—|—sik—i—tj) and j=1,..., N, (25)
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From (23) and (24), we concluded in Step 9 that

Z > (DY (@l N ) = 0. (26)

» 18" |=ro—si+s—r

In the next step, we will show that for vector functions u with the properties (22),
(23), and (24), the following holds

Z Z <D5N (M)qp, /\i,ﬁ”> = <g, )\ik7ﬁé,k)> . (27)

> 18" |=ro—si+s—r

Then, with one exception, all summands vanish. Either Dg” (Lw)i|r = 0 or from the
induction hypothesis (21), we have A; g» = 0.

Step 13. We will now prove (27). We consider four cases. Let i% < i < N and let
u € CoTT TS (R™) be a vector function with the properties (22), (23), and (24). The
u’ for j > N;» can be arbitrary—they are not considered by (Lu)® for i > .

Case 1. Let i = i3, and 3" = ﬁ(k)' Only if @ = (0,...,0,s;, +t;) do we obtain

a+ B, = (0, ..,o,ﬁg’fl,..., 0 3% 1 s, +1;). From (25), we get

B i +B(;
Dy (Lu)'*|p = Z Yo awl(z) Dy M (@) |omzer
Jj= 1\a|§slk+tj

Ny,
i (0,..4,0,55, +5)+Bky j
Z ..... 0,85, +t;) (2) - Dg(z) w ()] z=zer,

and then, by (22),
Di(k)(ﬂ)ikh“ =g
Case 2. Let i # iy, i* <i < N, and 3” = (0, ..,0,6&?1, - ,651’“) + s, —si). (8"
is not a multi-index for % <4 < i*.) We get |8"| = ro — s; + s — r. We will show that
DY (Lu)|r =0
Now a+ " = (O,...,O,ﬁc(li)l,..., fﬁ_)l,ﬁr(f) + 84, +t;) only if a = (0,...,0,s; + t;).
From (25) and (22), we obtain
DY (Lu)'lr =0

Case 3. Let i* < i < N be arbitrary and 8" = (0,...,0, 8441, -.,5n) be a multi-
index with the following properties:

L. 18 =ro—si+s—r.

2. 8" #(0,...,0,8%) ..., 8, B0 + s, — s0). (28)
(For B + s;, — s; < 0 this condition is always satisfied.)

3. There exists at least a pair (j, ) with 1 <j < N; and |a| = s; + ¢;
such that o« + 8" = (0,...,0, ﬁgi)l, .. ,ﬁ,(zk_)l, B 4 si +t5). (29)
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We will show that X; g» = 0. To this end, we show 8" < 6{’,@) according to the order

relation introduced in step 10. From (29), we get §; < ﬂl(k) forl=d+1,...,n—1.
We claim that §; < ﬁl(k) for at least one of these [ and prove this indirectly. So assume
that §; = ﬁl(k) foralll=d+1,...,n—1. By (29), weget ¢y =0 for { =d+1,...,n—1.
Hence oo = (0,...,0,s; + t;). Furthermore, oy, + 85, = s, +t; + 3, = (k) + 85, + t5;

(k)

hence G, = + $i, — Si, and thus

"= (07 .. '70762{?17 ey 1(116_)1,67(116) + Sip — Si)7
which contradicts (28). Therefore, §; < @(k) forl=d+1,....n—1and g < 6lk
for at least one of these I. Hence 8" < f) and (i, 3") < (zk,ﬁ( ))- By the induction
hypothesis (21), A; g = 0.

Case 4. Let i* <1i < N be arbitrary and 8" = (0,...,0, 8441, ., 5n) be a multi-
index with the following properties:

1. 18" =ro—s;i+s—r.

k k
2. 3" #(0,...,0,88 ... 80, B + 50, — s0).
3. There does not exist a pair (j, ) with 1 <j < N; and |a| = s; + t;
such that o+ 3" =(0,... ,0,6&?1, e flk_)l,ﬁr(f) + 85, +t5).

From (24) and (25), we get Dg"’ﬁ//uﬂr =0 for all j with 1 < j < N; and all « with
la| < s; +t;. Hence, we get immediately

D" (Lu)'|r = 0.
Thus (27) is proved. From (26), we get

<g, /\ikﬁélk)> =0

Since iy gy, is an element of (C™(T'))’, and since g € C"(T) is an arbitrary function,
we obtain )‘ikﬁg;) =0.
Step 14. Hence, we get by induction
/\ilﬁéi) =0 for all lzl,...,kl,
and hence
Nipr =0 for i=4y,...,N and |3'|=ro—si+s—r.
Hence, from
T0 N
Y Y (0 )
I=ri=if |B"|=ro—s;+s—1

for all u € C%mo+T+35(R"), we can conclude that

((Bu ZZ S (D (L) A

I=r+li=if |B"|=ro—s;+s—1
for r < rg, and
((Ru)",T) =0
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for r = ry and all u € C%"o+T+s5(R"). If we apply this conclusion first for » = 0, and
then step by step for r =1,...,ry, we obtain finally

(Bw)",T)=0 (30)
for all u € COro+T+s(RM).

Step 15.

Let f = (il, e ,IN*)T € sz\il HIB//‘Sti_;’_S_l D; 3+ (I') be arbitrary. We will show
that <1T7I> = 0. Because of property (a2), there exists a sequence (Q(l))fil C
HiZI H|B“‘Sti+8—1 Cce® (f) such that

—_ oM .
17 = 6"l 0,

—0 as [ — .
[<t;+s—1 D; g (L)

By applying Lemma 4 component-wise, we obtain for each [ > 1, the existence of a
vector function u") € Cfo™ ¥ (R") such that Ru") = Q(l). From (30), we get

<@(z))T7I> _ <(@(l))T,I> _ 0

for all [. Hence, since T' € va:*l H|ﬁ”\§ti+sfl(Di,ﬁ” (T))’, we finally obtain the desired
result

0= lim ("), 1) = (7, 1)

l—o0 -

for all f, hence T' = 0.
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