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ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS AND
CHRISTOFFEL FUNCTIONS ON A BALL

Yuan Xu

ABSTRACT. We derive the asymptotics for a sum of squares of orthonormal poly-
nomials in several variables with respect to the weight function (1 — |x|2)#—1/2
on the unit ball in R?; the asymptotics for the corresponding Christoffel functions
proved in [3] by Bos follow as a consequence. We also obtain an upper bound for
the Christoffel functions with respect to a large class of radial weight functions
on the unit ball.

1. Introduction

Let No be the set of nonnegative integers. For a = (a1,...,aq) € N&, we write
laly = a1+ +aq. Fora € Nd and x = (z1,...,24) € RY, we write x¥ = 27 - xy?,
monomials of degree |a|;. Let IT1¢ be the space of polynomials in d variables and I1¢ be
the subspace of polynomials of degree at most n. For a nonnegative weight function
W on a compact set Q@ C R%, we can use the Gram-Schmidt orthogonalization process
on the sequence of monomials to obtain a sequence of orthonormal polynomials which
forms a basis of II?. The Gram-Schmidt process depends on the ordering of the
monomials; different orderings will lead to different sequences of orthonormal bases.
The nonuniqueness of the bases is one of the essential difficulties in dealing with
orthogonal polynomials in several variables. We denote by {P"}, o € N4, |a|; = n,
and n € Ny, one family of orthonormal polynomials, where the superscript n means
that P2 € MZ. Setting rd = ("Jrz*l), which is the cardinal of the set {a € N¢
: lali = n}, we arrange the polynomials P?, |a|; = n, according to the lexicographical
order: Py,,...,Pa ,, where a; € Ng. A useful vector notation

)" (1.1)

is introduced in [9]. The nonuniqueness of the orthonormal basis can be seen easily
from the fact that for any orthogonal matrix @, the components of Q,P, are also
orthonormal polynomials. Moreover, any two sequences of orthonormal polynomials
are related in this way. It turns out that many results concerning orthogonal polyno-
mials in several variables can be stated independent of the choice of the bases, which
is the starting point of our recent investigations in [9] and a number of subsequent
papers (cf. [10] and the references therein). In particular, the n-th reproducing kernel,

P, = (P ,P", ..., P"
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defined by

Ko(xy) =Y > PE)Pi(y) = PLP(y), (1.2)
k=0 |a|1=k k=0
is independent of the choice of the bases. In this regard, a more basic quantity is
PT(x)P,(y). One main result of this paper is the asymptotics of PL(x)P,(x) for the
weight functions W, (x) = w, (1 — |x|?)#~!/2 defined on the unit ball in R? where w,
is a constant chosen so that W, has integral 1. We shall prove that for d > 2,

1 - WO (X)

; T
and results will be stated for [x| = 0 and 1 as well. It is well-known that such a

limit does not exist for d = 1, where the orthogonal polynomials are the classical
ultraspherical polynomials.

For d = 1, limit relations of this type have been proved for the function K, (x,x)
and the result often is stated in terms of the inverse of K, (x,x), called the Christoffel
function, which plays an important role in the theory of orthogonal polynomials in
one variable (cf. [7]). The Christoffel function satisfies an important property that we
state below for d > 1,

— -1 : 2
M) = [Knloe)] =i P W)y, (1.4)
The asymptotics of the Christoffel function for d = 1 have been established for general
measures (weight functions) supported on [—1,1] (cf. [7]). For d > 1, however, little
seems to be known in general (cf. [11]; we should mention that the notation K,, in [11]
corresponds to K,,_1 here). For the weight function W,,, the asymptotics of K, (x, x)
have been established recently by Bos [3]. His proof depends heavily on (1.4). Since
K, (x,x) is just a sum of P¥(x)Py(x)’s, we will deduce its asymptotics from those
of (1.3). Our proof depends on a compact formula for PZ(x)P, (x), which we proved
recently and used to study the summability of the Fourier orthogonal series [12]. The
compact formula takes a particularly simple form for the radial Chebyshev weight
function Wy(x), which allows us to establish the limit

lim sup (n : d) An(x) < WM?((;))’ x| <1,

for a large family of radial weight functions W on R?.

The paper is organized as follows. In the next section, we fix notation and recall the
necessary preliminaries. The result on the asymptotics of PZ (x)P,, (x) for W, is stated
and proved in Section 3. The asymptotics of the Christoffel functions are presented
in Section 4. In Section 5, we deduce several additional properties of orthogonal
polynomials with respect to W, that are relevant and seem to be of independent
interests.

2. Notation and basic formulae

Throughout this paper, we use B? to denote the unit ball in R? and S?! to denote
the unit sphere in R%; that is,

BY={xeR%:|x| <1} and STl = IxeR?: |x| =1},
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where the notation |- | stands for the Euclidean norm |x|? = /2% +--- 4+ 22. We also
write X -y = x1y1 + - - - + xqyq for the standard inner product of R%. We use wg_1 to
denote the surface area of S?~1; it is known that wq_1 = 27%2/T'(d/2). The weight
function that we will deal with in this paper is the normalized function

W, (x) = Wy a(x) = w,(1— [x[?)""%, p>0, xe B, (2.1)
where w,, is a constant chosen so that the integral of W, is 1:

9 T d+1 T d+1

)
T+ D)~ 7P+ §)

Wy = Wy,d =

For d = 1, the orthogonal polynomials with respect to the weight function W, are

the ultraspherical polynomials, customarily denoted by C)(LH ), which is why we use
the exponent p — (1/2) instead of p in the definition of W,. We denote orthonormal

polynomials with respect to W, by Py ) and P, with respect to W, by ]P’Sf ), and

denote the reproducing kernel by K ().
One family of orthonormal polynomials with respect to W, can be given explicitly
using the ultraspherical polynomials. For d = 2, they are given in [6, (3.8), p. 449] by

Nl=

n, n 1—L ~(O+k -1 _
Pl (2, y) = [, 2O () (1 - )20 P (g1 - 2?)7F), 0<k<n,
where hj; 5 are constants chosen so that P ‘0 are normalized. In this case, it is more
convenient to index the polynomials by k instead of o = (k,n — k). We follow the
standard normalization for the ultraspherical polynomials as in [8, p. 80]. They are
orthogonal with respect to (1 — 22)*~/2 on [~1, 1], and they satisfy

/1 [Cff‘) (I):| 2(1 — xz)Afé = 2172)‘7T[F()\)] 2%, A> —%, A#0,
(2.3)

where, for A = 0, the above relation holds under the limit relation

A 1 f =0
lim ﬂc,({\) (cosf) =< orn=5 (2.4)
A—=0 A 2cosnf, forn=1,2,....

For this paper, we do not need the explicit formula for Pr*) (cf. [12]). What we need
is the following compact formula for [IE”%“ ) (x)]TIP’%” ) (y), which we proved in [12] with

the help of the explicit formula for P2,

Theorem 2.1. For W, on B¢, 1 >0,

n—l—,u—l—%
pt Gt

<Ginppetas [ [Tt xy e
0

™ d—1
[P ()] P (y) = / YT (o y + VT XPV/T— [y cosd)
0

(2.5)
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and, for p =0,
n+ 42
[P 60] B (y) = ——2 2oy + VI RV P

+O T oy - VI-REVI-P)],  xyeBh (26)

The compact formulae (2.5) and (2.6) have been used to prove in [12] that the
expansion of a continuous function in the Fourier orthogonal series with respect to
W, is uniformly (C, ) summable on the ball if and only if 6 > p + (d — 1)/2. That
was proved by using the addition formula and the product formula satisfied by the
ultraspherical polynomials [5, Vol. I, Sec. 3.15.1, (19) and (20)]. In fact, for d = 1,
the formula (2.5) reduces to the product formula for the ultraspherical polynomials
which, in consideration of the normalization constants in (2.1), states that ([5, Vol. I,
Sec. 3.15.1, (20)] or [2, p. 30, (4.10)])

e (cos 9)07({\) (cos @)
e (1)

= CA/ C’ff) (cos B cos ¢ + sin 0 sin ¢ cos 1) (sin 1) 2 ~Ldap
0
(2.7)
where A > 0 and

0;1:/ (81111/))2)‘ Lay = / )‘ 1dt*w}\l1 .-
0 2

Moreover, using the limit (2.4) for g — 0, the formula reduces to the well-known
formula for cosine,

cosnb cosng = %[cos n(0 + ¢) + cosn(0 — ¢)].

Later in the paper, we will need the product formula (2.7) and the following connection
formula of Gegenbauer (cf. (2, p. 59]),

Cn ZF )\ uk'l“(n—k—i—u—i—l)c 2(): (28)

Other properties of the Gegenbauer polynomials that we shall need are ([8, (4.7.3)
and (4.7.4), p. 80])

cw=("TRTN oo e

n

We also will need the asymptotic formula for C’,(l)‘) from [8, Theorem 8.21.8, p. 196],
which we state as
Lemma 2.2. For A\ >0, x = cosf,
O () = T(A+ $)T(n + 2X)2>
" LN (n+ A+ 3)T(3)

E) + O(n_%)

2
(2.10)

[(sinlﬁ)A n~2 cos((n + \)f —

for 0 < 0 < 7; in particular,
CMV(z)=0m*"),  0<6<m, (2.11)

where the bound for the error term holds uniformly in [e,m — &].
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The asymptotic formula (2.10) is stated in [8] for the Jacobi polynomials, while
we have incorporated here the normalization constants as in [8, p. 80, (4.7.1)]. The
estimate (2.11) is derived by using the following asymptotic formula for the Gamma
function [13, p. 77],

F'n+A+1)
I'(n+1)

To end this section, we note that by setting y = x in the compact formula (2.5)
and (2.6), it follows readily that the polynomial [Pg{‘ ) (x)] p{ (x) is a radial function.
So is the function K" (x,%), by (1.2). This allows us to define

P10 = [P (x)] PP (x),  KY() =KW (x,x), r=[x|, xeR%.

=n*(1+0(n™1"), A>0. (2.12)

We may omit the subscript d when it will not cause any confusion.

3. Asymptotics of orthogonal polynomials
We start with a simple but important result.
Theorem 3.1. For ;x>0 and d > 1,

ntpt e

T
I[P (x)] PW(y)| < IPW[*(1) = ——Ch (1)  xyeB? (31)
Bt
and
(1) () (nt42) (n+452) d
K (xy) <K ()=Cy (1) +C,5 2 (1) x,y€B” (3.2)

In particular, both |]P)£L”)|(| ) and K%”)(| -|) attain their mazima on B¢ at the boundary.

Proof. Since the absolute value of the ultraspherical polynomial Cfﬁ) attains its max-
imum on [—1, 1] at the boundary, the inequality (3.1) is an immediate consequence of
(2.5) and (2.6). Moreover, since [P [2(1) = []P;“) (e)] "P{" (e) where e is any point on
the boundary of BY, we see that |PY”|2(-) attains its maximum on B¢ at the boundary.
By [8, p. 83, (4.7.29)], we have

E+A

0@ =M@ - @), ko, (3.3)

where CATY = ¢ = 0, from which it follows readily that

n

k+A _x A
>0 (@) = C0 (@) + O (@),
k=0
Using this formula and (1.2), the inequality (3.2) follows from (3.1). O

The asymptotics of |]P’£L“ Zl|2 are stated in the following two theorems. The first one
deals with the case pu = 0.

Theorem 3.2. For Wy q, d > 2, the following limit holds

1

. 1 0 , f0<|x|<1andd>3,
nh—{{lo (nerfl) |]P)£L,)d 2(|X|) = {2

i x=1,

(3.4)
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while for d =2 and 0 < |x| < 1, the above limit does not exist; moreover,

0 . 1 0
P51 4?(0) =0, and  lim ) Py ,[2(0) = 2. (3.5)
2n

Proof. Setting y = x in (2.6), we obtain that

PO () = 2

From (2.11) and the fact that

(451 n+d—2 d—1 n+d-—1
n 1) = =— ,
= (1) ( n n+d—1 n

d—1 d—1
[ e -+ o o).

the limit (3.4) follows easily; moreover, for d = 2, it is readily seen that

1
(n+1)
which does not have a limit for 0 < |x| < 1 according to (2.10). Finally, for |x| = 0,
the equation (3.5) follows from the above formula and (2.9). O

POR(x) = ZE2 14 P i - 1),

+1

We note that Paj,41,4(0) = 0 holds not only for Wy but for every centrally symmetric
weight function ([10, Theorem 3.1.2]).

Theorem 3.3. For W, 4, 1 >0 and d > 2,

Wo(X) .
. , 0 <|x| <1,
i mﬂpndl (Ix[) = 4 Wu(x) (3:6)
(") 00, if x| = 1.
Moreover,
1 2Wo (0
B, J20) =0, and  lim LY 20) = 2000 5

00 (2n+d— 1) 2n,d

fa Wu(0)

Proof. Since W, is a radial function on R?, we also write W, 4(r) = wj, a(1—r?)+~1/2.
This slight abuse of notation will be used in this proof only. We always write r = |x|.
Setting x = y in (2.5) leads to
n+p+ 95t [T et
B2 = e [P0 4 (1 ) cos ) (sin )y, (3.8)
pt =5 Jo
Using (3.3) with A = p+ % as an iteration formula, we obtain

(3]

w3

o) N 2k 5 e
n - i d—3 n—2k :
k=0 AT 73
It then follows from (3.8) that
(5]
n+p+ 4L
BLAP0) = = I aa (), (3.9)
2 k=0
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This formula allows us to do a dimension reduction in proving (3.6). Indeed, it is
known that if b,, — oo as n — oo, then

Gp — An-1

lim 2% = lim (3.10)

n—»oob n— o0 b _bn 1

(cf. [4, p. 414] — I'm grateful to a referee for providing this reference). Hence, assuming
that (3.6) has been proved for |]P’£fle|2(r), we then can derive from (3.9) that

: 1 . on+p+
,}LH;O (n+d+1)| nd+2| (r) nlglgo T %2 it ZﬂP’n 2kd

n

(2]
Cd+1 1 B
i a2 Pl 0)
d+1 B2 (r)
d+1 (ner) . (n+d;2)

A+l . |]P’(“)| (r)
2,u—|—d+1n—>oo (n+d 1)(1+0( 1))

d+1 wo,d 1 _ Wo,d+2 1

2u+d+lwyqg (L—r2)H  wygre (L—r2)H

= lim

where, in the last step, we have used the fact that

woare  D(ET(u+ 5) d+1  woa

Wpare DT+ 92 2p+d+1wea

Therefore, by induction, we only need to prove (3.6) for the cases d = 2 and d = 3.
By the connection formula (2.8) with A = p+ (d — 1)/2 and the product formula
(2.7), it follows from (3.8) that

2
d—1 2] C(u) r
|P${‘)|2(T) _ % bkm[”(jik()]’ (3.11)
b+ = k=0 Cn_zk(U

with
; CT(w)(n—2k+ )k + S0 —k+ p+ 452) (3.12)
S T+ SONG R =k p+1) '

Using the Lemma 2.2, (2.12), and the identities (cf. [1, p. 256, (6.1.18)]),

r<%) =T I'(2p) = 2\; F<u+ %)F(u), (3.13)
we obtain, as m — oo,
[C’(#)(T)r INOINES
A NCRS VN R R s T
e T 7Tm+M[(Sin9)2u s7((m+p)f — =) +O(m™)|.

(3.14)
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Therefore, from (3.11), we obtain that
n4u+ ST +3)2 1

PS{‘) 2(r) = -
| () u+ % T(p) 7 (sin 9)2#
(3] by i (2] b
m 2 _ _pr n
in—2k—|—,ucos ((n 2k + )6 2)+(’)(1)n 2kt )

k=0 k=0
Using the half-angle formula for cosine, we see that to prove (3.6) for 0 < |x| < 1, it
suffices to show that the following three limits hold true:

_ (3]
. 1 ndp+ P TE0(r+5) 1y bk Wod
lim T ) — E — = ) (A)
n—oo (MY p+ S5 D(u) mi=n—2k+p W
(5]
. n cos(2(n — 2k + )0 — um)
lim ——— S b -0, B
e (FaT) > n—2k+p 0 ®)
n k=0
and
n (5] by
lim g ik =0. C
et (n+z—1) rar (n — 2k + )2 (€)

Moreover, we only need to deal with the cases d = 2 and d = 3. It turns out that the
case d = 3 is easier than the case d = 2.

To prove (A), we denote the expression on the left-hand side of (A) by J,, 4. Setting
d = 3 in (3.12) leads to the fact that the summation in J,, 3 is equal to > 1. Therefore,
we have

. AT+ g) o (tp+DE] - Te+sz) wos
lim J,3=— lim ) = T .
n—oo T D(p+2) noe ("2 D(u+2)0(3)  ws
The case d = 2 is not so simple as the above one; setting d = 2 in (3.12) and using

(2.12), we end up with

Jn,Q = 1

)]

Il
=
=
+ =
N[
_?rM
|~
o~
L —
=
_|_
Q
7N
e
Cj N———
—_
ﬁH
|
-
—_
+
S
7N
3
| [
-

We may assume that n is even, say, n = 2m. Then, it follows from a change of
summation index k — m — k that

1 " 1 logn)
In2 = +0
S rEse e <\/ﬁ

B 1 - 1 logn
W(/H%)m; V1= (k/m)? +O< vn >
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The summation above is a Riemann sum for the integral of (1 — x2)~'/2; we obtain
that

1 wo_g

1
n—oo "2 m(p+3) Jo VI—a? 2u+1  wpupe
Thus, we have proved the limit (A) completely.
To prove (B), we first observe that by the addition formula for the cosine function,
it suffices to prove that for 0 < 8 < 7, both

(3]

cos 2k6 n sin 2k0
E n d lm ——— bpp——m—mm—
,Hoo n+701l I i n—2k+pu e ("+d—1) P M =2k u

w[3

n

0
are equal to zero. Agaln, we only need to deal with d = 2 and d = 3. For d = 3, the
two limits become

2
lim HLH Z cos 2k6 and lim HLH Z sin 2k6.

n—oo n—oo

That the limits are zero for 0 < 6 < 7 follows readily from the well-known identities

sin(m + )0 " cos & — cos(m + 1)
— + coskf = —— 27— sin kf = 2 2, 3.15
Z 2sin g ; o 2sin g ( )

which shows that the two sums are bounded independent of m for 0 < § < 7. The
case d = 2 is a little more complicated. Following the reduction in the proof for the
case (A), it amounts to proving that

Tl cos2k0 " sin2k6
m S0 2% 0 and lim S 422 g 0<f<n
m—00 kzzo Ny Mmoo Eo [ —

Using summation by parts, we see that the first sum becomes

m—1 m—2

cos?k@
270
kg vm?2 — k2 Z(\/m2 k2 \/m2 (k+1)2 )ZCOS J

+

1 ft
Z cos 2j0.
/m2—(m—1)2 im0
Therefore, for 0 < 6 < m, we obtain from the boundedness of the cosine sums as shown
by (3.15) that

m—1 m—2

cos 2k6 1 1
Z 712 0(1){ Z ( 2 2>
= m? —k S\ mZ—(k+ 12 VmZ—k

o) ()
m? — (m—1)2 vm)’
which verifies the sum of cosines, the sum of sines is verified similarly. That completes

the proof of (B).
To prove (C), we note that by (3.12), the left-hand side of (C) is equal to

n Erk+ SO —k+p+ &)1

(mrat Fk+1)(n—k+p+1) (n—2k+p)?

nf3

I, :=0()

k=0
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Since n — k ~n for 1 <k < [3], we have by (2.12) that

1 (5] PR
I, =0(1 .
()n%kgo(n—2k+,u)2
To show that I,, goes to zero as N — oo, we split the summation into two parts,
[z1-v15] (3] d=3
1 k=2
L, =001)—)/—~ —_
( )n% Z * Z (n — 2k + )2

n

2

m\:

For the first sum, we use the fact that n — 2k + p > ¢y/n, and for the second one, we
use the fact that 2k ~ n; it follows readily that
1 d—3 1 1
I, =001)—/— 2 n2| =0(1)—= — 0.
()n%[ +n2n2} W
This proves (C). Together with (A) and (B), we have established (3.6) for 0 < |x| < 1.
The proof of (3.6) for |x| =1 follows easily from (2.9), (2.12) and the fact that

d—1

n 2

npt e

PGP (1) = ——Cn 7 (D).
ot
Finally, to prove (3.7), we set x =y = 0 in (2.5) to obtain
+p+
[PY|?(0) = L C“‘* ) (cos ) (sin )24~ dy / / (sin )2~ dy.

From (2.9), it follows readﬂy that [P”|2(0) = 0 for odd n. For even integer n, we
use the formula (2.8) to connect C,(l” 45 and C,(l“ 7%); using the orthogonality, the
coefficient of Cé“_%) in the connection formula gives
ntp+ it Tlp+z) TEFITG+p+ )

pt G Tp+r(g) TE+HUTG +at )
By (2.12) and (3.13), it follows readily that

1\ dt1

w0 =2 e (+0() =2 (o)

n

[PI2(0) =

Thus, we have completed the proof of the theorem. O

4. Asymptotics of the Christoffel functions

First, we derive the asymptotics of the Christoffel functions with respect to W,,, which
we denote by Agf 21

Theorem 4.1. For W, 4, 1 >0, d > 2,

o (T Y A ) = W)
nh_)rrgo( N )Anﬁd(x) = W) x| <1, (4.1)

and
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Proof. From (3.10), it follows readily that

1) B . N ¥ .)
n—00 (n;ll-d) n—00 (n:d) _ (n;i—{l-d) o0 (n+z_1)

Thus, except for the case p = 0 and d = 2, the desired limit for 0 < |x| < 1 follows
from that of Theorems 3.2 and 3.3. So does the limit at |x| = 1 for the case p = 0

and d = 2. For u > 0, |]P>£L”31 2(0) = 0 for odd integers n, which allows us to write

- K (0) . PGl . [BGa(x]) _ Wol)
o (M) e () = (05,2 e 20 W)

where the last step follows from (3.7). The only remaining case is the limit for 0 <

|x| < 1 in the case of d = 2 and p = 0, for which the limit of |]P’5f%|2 does not exist.
However, setting x =y in (2.6) gives

1 dtt dtt dt1 dti
K= 5[0+ ol )+ e e - )+ ofF e - 1),
from which the desired limit follows easily from (2.9) and (2.11). O

As we mentioned in the introduction, the limit (4.1) has been proved by Bos in [3]
using a different method.

Next, we derive an upper bound for the Christoffel functions with respect to a
general class of radial weight functions. For a weight function W, we denote the
Christoffel functions associated with it by A,,(TW). The result depends on the following

compact formula for K (x,y) ([12]):

K (x,y) =
1 d+1 d+1
S[67 ey + VIS RPVI= P + O3 oy + V1= )PV 5P
1 d41 dt1
+5100 7 oy = VISPV =P + O3 oy = V= )PVI= 5P,

(4.3)

which is derived from (2.6) using (3.3). For a radial function f on R?, we denote by
f: Ry — R the function such that f(x) = f(|x]).

Theorem 4.2. Let W be a nonnegative radial function on R, such that W/Wy is
continuous in the interior of B% and is bounded on B®. Then,
d w
lim sup (n: )An(W;x) < Wo(():)’ x| < 1.

n—oo

Proof. Because of (1.4), we have

(im0

By (4.1) with pu = 0, it follows readily that the desired result is the consequence of
the limit

1
lm ——— / KO (x, y)2W (y)dy =
n—oo K%O) (X, X) [—1,1]¢

W(x)
Wo(x)’

x| <1,
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which is a corollary of the theorem below. O
Theorem 4.3. Let f be a radial function on R% such that f is continuous in the
interior of B and bounded on B®. Then,
lim ;
n—oo KO (x,x)
Proof. By the definition of K, (-,-) in (1.2), it follows readily from the orthogonality
that

/[1 1]d[KSf”(X,3')]2J“(y)VI/(>(y)cly —fx), X <1

[ R ey Wty = K ).
1,1

Therefore, it follows readily that

N (0) (. v)12 _ofx
): ‘K;")(x,x) /[M]d[Kn Y7 )Woly)dy — f(x)
1

< - -
K (x,x)

I,(x

/[_1 1}d[K5zO) % Y)P1f(y) = F)|Woly)dy.

Since f is a radial function on B¢, the function f is defined on [0, 1]; moreover, by
assumption, f is continuous on [0, 1). For the following, fix x inside BY. Let ¢ > 0 be
chosen such that

B.(x):={y € B: lly| = |x|| <€} C B
Let w(f) be the modulus of continuity of f, and let ||f|ls denote the uniform norm
of f on B%. We have
. 1
160 <o) — [ KOy PWoly)dy
K’ (x,x) JB:(x)
L1
K (x,x)

. 1
<w(f,e)+ 2Hf|‘oom

By the definition of K in (4.3) and the limit (4.1) with g = 0, it suffices to prove
that

[ KOGyPI0 - 1) Waly)dy
B9\ B.(x)

L KG9 oty

1 dti
t e [ Oy £ VTRV B PWov)dy =0,
n—oo (") Jpa\p. (x)

Moreover, it follows from a change of variable y +— —z that we only need to deal
with the case of x -y 4+ /1 — [x]|21/1 — |y[2. We use the asymptotics of ultraspherical
polynomials in (3.14), which imply, by (2.9), that

cos?’ (N0 +7) +O(n™ 1)

1 Rl r T2 1 d

n n +1
(") P mn it la—e)s
where N =n+ (d+1)/2,v = (d+ 1)7/4, t = cos . Using the identities

2x-y =[x+ yP—[x-y[* and 2x-y=[|x+y[*—[x]"— |y,
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it follows that for y € B4\ B.(x),

1 1
L=y = VI= RPVI= P = 5 (VI= kP = VI= yP) o+ g lx -yl >

and
1
1+x-y+\/1—|><|2\/1—|y|2— (V1= X2+ 1-yP)? §IX+yI2Z

Let t =x -y ++/1—[x[2/1 - |y]>. Then, the above inequalities imply that

52

Zv

€
2

1-2=(1-t)1+¢t) > y € B\ B.(x).

Hence, it follows that
d+1

Pyt VI-REVI WP

1 1
W_FO(F)’ y € B*\ B(x).

[
Q
RN
N

Therefore, we have that

1 d+1 2
[ [y VT REVT P Wol)ay
( ) B4\ Be(x)

—ontro(L),

which clearly goes to zero as n — co. This completes the proof. (|

For orthogonal polynomials in one variable, the limit process in the theorem has
been studied for general weight functions (cf. [7]). We remark that, under more
restricted conditions on W/Wp, we can use an approach of Freud as in [11, Theo-
rem 4.3.1] to prove

W(x) L n+d
< lim inf Ap(W: ), 1, 4.4
¢ o <tmint (" A v, < (4.0

with a constant ¢ less than 1 (say, ¢ = 27¢). However, it is almost certain that such
a relation should be true with ¢ = 1 and without additional restrictions, which means
that the limit as in Theorem 4.1 holds. For this reason, we do not include a proof of
the weaker result (4.4).

5. A recurrence relation

From the formulae (3.8) and (2.7), we see that the polynomial |]P’ " )| (r) acts like
a square of an ultraspherical polynomial. In this section, we derive an interesting
relation among |P§l”)|2(r) of different n and p’s.

Theorem 5.1. For ;> 0 and n > 0,

(1= [x[2)(1 = [y[) [PY (%)) PU+D (y)
+3 n+2 B ;
- uu+i 2n+p+ T2 (B4 (0] B (y)

n+2u+d

m[ (”)( )] P%“)(y)—x-y[Pf{Ql( )} Pfﬁﬁl( ) (5-1)
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In particular,
rH+ 3 n+2
(1= P ) = = | gy P ()
TL+2IU/+d ( 9 2 ( ) T
+ — T PWR(x]) — %2R (%), (5.2
2t p +d21)| “(xD) = [xI"Pry (x| (5.2)

Proof. Let A=x-y and B = /1 — [x[2y/1 — |y[?. We start with the formula

77/1 n+1 (A+ Bcosy)) = —2ABsiny CAY (A + Beos)),
which follows from the fact that [C0Y, (z)] = 224C () (cf. [8, p. 81, (4.7.14)]) and
a simple change of variable. Using this formula and integration by parts, we have

/ C,(fﬁ%) (A4 Bcos)(siny)* My
0

m / a0 YT A+ Beos ) (sin)*dy

CH""Q)
(2u+d—1 / ntl

A+ Bcosp) costp(sin ) dip.
Writing cos as

B

1
cosy = E(A + Bcost)
and applying the three-term relation for the ultraspherical polynomials ([8, p. 81,
4.7.18]), we conclude that

/ CJJF%)(A + Bcos ) (sin ) dy
0

2:” TL+2 (#+ ) ) _—
- 2’ (A+B k=14
(2N+d—1)3[(2n+2u+d+1)3/ Cria 7 (A Beosy)(sing) ™ dy

n+2u+d—-1 /7r
@n+2u+d+1)B J,

C’r(LHJr %)

(A + Bcosv)(sinep)?*~1dy
- —/ C,(fj_—g 2 ) A—i—Bcosz/J)(sinz/J)Q“_ldw}

Using the formula (2.5) and the fact that

i 2
C;.}.l — / (Sin Q/J)Q,Uri'ldd] _ H -1
0

2u+1 Cu
the desired formula follows O

For the case p = 0, the identities in Theorem 5.1 take a different form

Theorem 5.2. Forn >0,
0 0 d + 1

S B0 P () = VT R VT - B[RO ()] "B ()

+ i d—1
S o ey VI REVI VP,

(5.3)
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In particular,

d+1 n+4+ &l e
LR PG + - OO = T ), e

Proof. The proof is similar to that of the previous theorem, but the special value of
the parameter allows us to integrate directly instead of doing integration by parts. It
follows that

VI=RPVI=yP[ED (x)] PO ()
n 4 4L d—1
- (d+—f>d [Cﬁﬁ oy + V=P VI yP)
-l oy = VI KEVI=yP)].

Together with (2.6), the above formula implies the desired results. O

The formula (5.2) and (5.4) allows us to deduce the asympotic formula for

|P§l‘f11)| (r) from that of |]P’5ﬁ21|2(r). Therefore, in the proof of the limit (3.6) in
Theorem 3.3, we could have restricted the parameter p to 0 < p < 1. In particular,
since the limit relation is easily established in the case of u = 0, it follows that the
limit (3.6) for the integer values of p can be established effortless, by the use of (5.2)
and (5.4).

We denote by C’fﬁ ) the orthonormal polynomials with respect to W, 1, which is a

constant multiple of C’r(LH )T hen, in particular, for d =1 and n > 0,

i 1)6
sin(n + 1) p(©

P (z) = MV (z) = , PO (@) = CO (2) = cos(n+1)8, = = cosd.

sin 6
Taking the limit (2.4) in the right-hand side of (5.3), we obtain the elementary trigono-
metric formula

cos(n + 1)0 cos(n + 1)¢ £ sin(n + 1)0sin(n + 1)¢ = cos(n + 1)(0 F ¢).
The formula (5.4) for d = 1 becomes
cos®(n 4+ 1)0 +sin®(n +1)0 = 1.

We also can sum up the identities in Theorem 5.1 and Theorem 5.2 to obtain

identities involving KS{L ). Instead of presenting the formula for general u, we state

only the following special case.

Theorem 5.3. Forn >0,

—K510+1 (x,y) + 1 —[x[2V/1 - [yPKP (x,y)

d+1
1 at1
= o ey + VI PV P)
(‘“)
+On ke y VI XPVI= P (5.5)
In particular,
1 (0 2y (D) _ 1 ) (4
T K0+ 1= PR oy) = O T W) (65.6)
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We remark that the formula (5.6) has appeared in [3, Lemma 1], where the proof
is rather complicated but nevertheless interesting. The constants in the formula in
[3] appear to be different from ours, which is due to a different normalization of the
weight function.
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