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Asymptotics for orthogonal polynomials and
Christoffel functions on a ball

Yuan Xu

Abstract. We derive the asymptotics for a sum of squares of orthonormal poly-
nomials in several variables with respect to the weight func tion (1 j xj2) 172
on the unit ballin  RY; the asymptotics for the corresponding Christo el functio  ns
proved in [3] by Bos follow as a consequence. We also obtain an upper bound for
the Christo el functions with respect to a large class of rad ial weight functions

on the unit ball.

1. Introduction

Let No be the set of nonnegative integers. For = ( 1;:::; q) 2 N9, we write
jji= 1+ + g For 2N$andx =(X1;:::;%a) 2 R4, wewritex = X' x49,
monomials of degreg j;. Let 9 be the space of polynomials ird variables and ¢ be
the subspace of polynomials of degree at most. For a honnegative weight function
W on a compact set RY, we can use the Gram-Schmidt orthogonalization process
on the sequence of monomials to obtain a sequence of orthomoal polynomials which
forms a basis of 9. The Gram-Schmidt process depends on the ordering of the
monomials; di erent orderings will lead to di erent sequences of orthonormal bases.
The nonuniqueness of the bases is one of the essential dicties in dealing with
orthogonal polynomials in several variables. We denote byfP"g, 2 Nd,j j1 = n,
and n 2 Np, one family of orthonormal polynomials, where the supersdpt n means

that P" 2 4. Setting rd = "¢ which is the cardinal of the setf 2 N§

] j1 = ng, we arrange the polynomialsP", j j; = n, according to the lexicographical

order: P ;::i;P ,, where ;2 Nd. A useful vector notation
Pn:(P“I;P”Z;:::;P”rd)T (1.2)

is introduced in [9]. The nonuniqueness of the orthonormal bsis can be seen easily
from the fact that for any orthogonal matrix Q, the components ofQ,P, are also
orthonormal polynomials. Moreover, any two sequences of dlhonormal polynomials
are related in this way. It turns out that many results concerning orthogonal polyno-
mials in several variables can be stated independent of thehoice of the bases, which
is the starting point of our recent investigations in [9] and a humber of subsequent
papers (cf. [10] and the references therein). In particularthe n-th reproducing kernel,
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de ned by

X X X
Kn(x;y) = PX)P ()= PL(X)Pk(y); (1.2)
k=0 j ji=k k=0
is independent of the choice of the bases. In this regard, a me basic quantity is
PT (x)Pn(y). One main result of this paper is the asymptotics of P} (x)P, (x) for the
weight functions W (x) = w (1 j xj?) 2 de ned on the unit ball in RY wherew
is a constant chosen so thatWW has integral 1. We shall prove that ford 2,

Wo(X) .

PROOPY () = 7

n|!IJI:n n+d 1
n

0<jxj< 1; 1.3)

and results will be stated for jxj = 0 and 1 as well. It is well-known that such a
limit does not exist for d = 1, where the orthogonal polynomials are the classical
ultraspherical polynomials.

For d = 1, limit relations of this type have been proved for the function K (x;x)
and the result often is stated in terms of the inverse oK , (x; x), called the Christo el
function, which plays an important role in the theory of orth ogonal polynomials in
one variable (cf. [7]). The Christo el function satis es an important property that we

state below ford 1, 5

n(X) = Kn(x;x) ‘= min P2(y)W (y)dy: (1.4)
P(x)=1;p2 d
The asymptotics of the Christo el function for d = 1 have been established for general
measures (weight functions) supported on [ 1;1] (cf. [7]). For d > 1, however, little
seems to be known in general (cf. [11]; we should mention thahe notation K, in [11]
corresponds toK ,, ; here). For the weight function W , the asymptotics of K  (x; x)
have been established recently by Bos [3]. His proof dependgavily on (1.4). Since
Kn(x;x) is just a sum of PJ (x)P«(x)'s, we will deduce its asymptotics from those
of (1.3). Our proof depends on a compact formula forP] (x)P, (x), which we proved
recently and used to study the summability of the Fourier orthogonal series [12]. The
compact formula takes a particularly simple form for the radial Chebyshev weight
function Wy(x), which allows us to establish the limit
. n+d Wo(x)
Ilmlsup 0 n(X) W)
for a large family of radial weight functions W on RY.
The paper is organized as follows. In the next section, we x wtation and recall the
necessary preliminaries. The result on the asymptotics oP! (x)P, (x) for W is stated
and proved in Section 3. The asymptotics of the Christo el functions are presented
in Section 4. In Section 5, we deduce several additional pragties of orthogonal
polynomials with respect to W that are relevant and seem to be of independent
interests.

Xj< 1

2. Notation and basic formulae

Throughout this paper, we useB¢ to denote the unit ball in RY and SY ! to denote
the unit sphere in RY; that is,

Bd=fx2RY:jxj 1g and SY '=fx2R%:jxj=1g;
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where the notation j j stands for the Euclidean normjxj? = P X3 + + x3. We also
write X y = X1y + + XqYq for the standard inner product of R%. We use! 4 1 to
denote the surface area oS8% 1; it is known that ! 4 ; =2 92=( d=2). The weight
function that we will deal with in this paper is the normalize d function

W (x)= Wg (x)=w (1 jxj?) F; 0, x2BY; (2.1)
wherew is a constant chosen so that the integral oW is 1:

2 _( +%h

o = _
R P T R

+ 1)

_i %). (2.2)
For d = 1, the orthogonal polynomials with respect to the weight function W are
the ultraspherical polynomials, customarily denoted by cl ), which is why we use
the exponent (1=2) instead of in the de nition of W . We denote orthonormal
polynomials with respect to W by P"() and P, with respect to W by P\, and
denote the reproducing kernel byK§1 )( ;)

One family of orthonormal polynomials with respect to W can be given explicitly
using the ultraspherical polynomials. Ford = 2, they are given in [6, (3.8), p. 449] by

PrO0cy) = [hG] Fel R0 «@<2el Pya x5 o k
where hg., are constants chosen so thaP,:“( ) are normalized. In this case, it is more
convenient to index the polynomials by k instead of = (k;n k). We follow the

standard normalization for the ultraspherical polynomials as in [8, p. 80]. They are
orthogonal with respect to (1 x?) 2 on[ 1;1], and they satisfy

Zih i,

1 +2 ) 1
c) 1 x?2) z=212 2_ (n+2) | s - 60:
1 n (X) ( X) 2 ( ) (n+ )(n+1)l 21 ]
(2.3)
where, for =0, the above relation holds under the limit relation
+ ; =
im — ") (cos )= forn =0, 2.4)
1o 2cosn; forn=1;2;::::

For this paper, we do not need the explicit formula forp™ () (cf. [12]). What we need
is the following compact formula for [Pﬁ )(x)]T P )(y), which we proved in [12] with
the help of the explicit formula for P™ ).

Theorem 2.1. For W on B9, > 0,

; ne +917Z
POI(x)  PC(y) = .

+ a.- d_1 p p——
—a & x y+ 1]x2 1]yjcos )
2 0 7
(sin )?> d (sin )? d; x;y 2 BY:
0
(2.5)



260 XU

and, for =0,

T n+ & 1h . P—— P
PO) POy = ——2Ci 7 (x y+ T]xP 1]yP)
(45 PP — d
+Ch 27 (X y 1 xj2 1jyj?d; x;y 2 BY (2.6)

The compact formulae (2.5) and (2.6) have been used to proveni[12] that the
expansion of a continuous function in the Fourier orthogona series with respect to
W is uniformly (C; ) summable on the ball if and only if > +(d 1)=2. That
was proved by using the addition formula and the product fornmula satis ed by the
ultraspherical polynomials [5, Vol. I, Sec. 3.15.1, (19) ad (20)]. In fact, for d = 1,
the formula (2.5) reduces to the product formula for the ultraspherical polynomials
which, in consideration of the normalization constants in 2.1), states that ([5, Vol. |,
Sec. 3.15.1, (20)] or [2, p. 30, (4.10)])

Z
c) ct) _ _ _
n_(€os )Cn (Cos ) _ ¢ C{)(cos cos +sin sin cos )(sin )?> d

cl @) 0
(2.7)
where > 0 and
Z,
ct= (sin)* d = (@1 t9) Md=w’,
0 1 2
Moreover, using the limit (2.4) for ! 0, the formula reduces to the well-known
formula for cosine,
1
cosn coshn = E[cosn( + )+cosn( ):

Later in the paper, we will need the product formula (2.7) andthe following connection
formula of Gegenbauer (cf. [2, p. 59]),

X1 2k+ y(k+ )
o () K (n k+ +1)

Other properties of the Gegenbauer polynomials that we shadlneed are ([8, (4.7.3)
and (4.7.4), p. 80])

Cl ) (x) = cl ), (x): (2.8)

com= "2t ch=( vl 29)

We also will need the asymptotic formula for cl’ from [8, Theorem 8.21.8, p. 196],
which we state as

Lemma 2.2. For > 0, X =cos ,
( +3)(n+2)2 1

C(x) = @)(n+ +0(D @) " fcos(+ ) )+ O(n *)
(2.10)
for 0< < ;in particular,
cil’x)=o(m 1; 0< <; (2.11)

where the bound for the error term holds uniformly in["; "1.
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The asymptotic formula (2.10) is stated in [8] for the Jacobi polynomials, while
we have incorporated here the normalization constants as if8, p. 80, (4.7.1)]. The
estimate (2.11) is derived by using the following asymptote formula for the Gamma
function [13, p. 77],

(n+ +1)
(n+1)

To end this section, we note that by settingy = x in the compact formula (2.5)
and (2.6), it follows readily that the polynomial = )(x) TP& )(x) is a radial function.
So is the function K § )(X'X) by (1.2). This allows us to de ne

PN = PO TR KEJ) = KOeGx): 1= jxj; x 2 RY:

We may omit the subscript d when it will not cause any confusion.

=n 1+0(n Y ; > 0 (2.12)

3. Asymptotics of orthogonal polynomials
We start with a simple but important result.
Theorem 3.1. For Oandd 1,
n+ + 41 41
—5 G 7w xy2BY (B

1
t 5

PO TPOY) T PYP() =
and

KO K@= " P+ el v @ xy2s:  (32)

In particular, both jPﬁ] )j(j j) and Kﬁ] )(j j) attain their maxima on BY at the boundary.

Proof. Since the absolute value of the ultraspherical polynomia[:,(1 ) attains its max-
imum on [ 1;1] at the boundary, the inequality (3.1) is an immediate congquence of

(2.5) and (2.6). Moreover, sincejPS1 )jz(l) = P} )(e) TP( )(e) where e is any point on
the boundary of B9, we see thatjP( )j j2() attains its maximum on B¢ at the boundary.
By [8, p. 83, (4.7.29)], we have

K* cOm=ctx cPr); ko (3.3)

wherec’ Y = ct;™M =0, from which it follows readily that

k +

c )= ¢l )+ cf P (x):
k=0
Using this formula and (1.2), the inequality (3.2) follows from (3.1). O

The asymptotics ofJPE]d)J2 are stated in the following two theorems. The rst one

deals with the case =0.
Theorem 3.2. For Wpq4, d 2, the following limit holds

1, fO<ijxj<landd 3;
. (o) 2 ) JX] ,
i a1 nal D=0 i ix =

(3.4)
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while for d =2 and 0 < jxj < 1, the above limit does not exist; moreover,

!
IPana 0i*0)=0; and  im Pl 1°(0) = 2 (3.5)
2n

Proof. Setting y = x in (2.6), we obtain that
d 1h

(dl

. n+ =—= d 1 [
PRaiPx) = 2= ci P @x? D+ Gt ()

From (2.11) and the fact that

(1) - NF d 2 _ d 1 n+d 1
Cn (M) n n+d 1 n ’
the limit (3.4) follows easily; moreover, ford = 2, it is readily seen that

1h [
1 . n+
PR i) = 2 1+CiH@ixi? 1) ;
n

which does not have a limit for 0< jxj < 1 according to (2.10). Finally, for jxj = 0,
the equation (3.5) follows from the above formula and (2.9). O

We note that P41 -4(0) = 0 holds not only for Wy but for every centrally symmetric
weight function ([10, Theorem 3.1.2]).

Theorem 3.3. For W4, > Oandd 2,

8
< Wo(x), . .

. 1 ; if0<jxj< 1

im o T iPLiRixD) = . W () (3.6)

' "1 if jxj =

Moreover,
- . H 1 -2 ZWO(O)
Poria l"@ =0: and i g riPal’0= gy G

Proof. SinceW is a radial function on RY, we also writeW .4 (1) = wq (1 r?) 172
This slight abuse of notation will be used in this proof only. We always write r = jxj.
Setting x = y in (2.5) leads to

z
n+ + 41 a1
Phai’) = ¢ — g2 G " TP rPoos )sin )P td: (38)
2
Using (3.3) with = + % as an iteration formula, we obtain
c 1) j(f]n 2k + +TC(+d 3y
n + d3 n 2k
k=0 2
It then follows from (3.8) that
o) +d 1 bl
ndjz(r)_ le JPn 2kd 2l 2(r): (3.9)
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This formula allows us to do a dimension reduction in proving (3.6). Indeed, it is

known thatif b, !'1 asn!1 | then

an . @ a@n 1

I|m — = lim —————

b n1 by by g

(cf. [4, p. 414] | I'm grateful to a referee for providing this reference). Hence, assuming
that (3.6) has been proved fOl‘andjz(l’) we then can derive from (3.9) that

(3.10)

51
i 1 S R S T AN
M P2 PO = Iip e P a0
2 k=0
o d+1 1 k]
- r!l!rln 4 0L n+d n 2de 2(r)
2 n k:o
— | d+1 ndjz(r)
Tl oL n+d n+d 2
2 n n 2
d+1 iPLAi2(r)

im

2 +d+1n1 ”*r‘]’ 1(1+O(n 1))
_d+1 woa 1 Wode 1
T2 +d+lwg (1 r2)  wga+ (1 r2)

where, in the last step, we have used the fact that

Wo:d+2 - (d+73)( +%): d+1 Wo:d .
W.g +2 (H( +d+73) 2 +d+1lwy

Therefore, by induction, we only need to prove (3.6) for the @asesd =2 and d = 3.
By the connection formula (2.8) with = +(d 1)=2 and the product formula
(2.7), it follows from (3.8) that

) h() io
4+ d 1! Cp ()

n+ 4=
PRy = ————2 y (3.11)
" S Ca@
with
2k + k+ 4.1 k+ + 41
bn = XN+ ) (k+ ) (n z). (3.12)
' ( +S)(S)K(n k+ +1)
Using the Lemma 2.2, (2.12), and the identities (cf. [1, p. 25, (6.1.18)]),
1 p_— 22 1 1
> = @)= %= +35 () (3.13)

we obtain,asm!1 ,

c”(r)I2 1 1
m (2)( +§)E 1

1
ca () m+  (sin )2

cog((m+ ) 7)+ o(m 1) :
(3.14)

+
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Therefore, from (3.11), we obtain that

N+ 4411y 41
P = 1t 2 (91 T2 1

+ 851 () (sin )2
ooy, p,

Using the half-angle formula for cosine, we see that to provg3.6) for 0 < jxj < 1, it
su ces to show that the following three limits hold true:

al

lim 1 n+ + % ( %)( + %) 1 kz_ h(;n - Woid . (A)

e + 4 ) o M 2KY Wi

Xl cos2n 2+ ) )
o "0 ko P N 2k+ =0 (B)
and
@)
; n Ben -n-

nI!lm 1 ks )2 =0: ©

n k=0
Moreover, we only need to deal with the casesl = 2 and d = 3. It turns out that the
cased = 3 is easier than the cased = 2.
To prove (A), we denote the expression on the left-hand side fo(A) t,gy Jnd . Setting
d = 3in (3.12) leads to the fact that the summation in J. 3 is equalto 1. Therefore,
we have

1(3( +3)

n+ +1)12 +1 .
PR ot SO (4D wes,

( +2) 1 n+2 ( +2)(LH ws

The cased = 2 is not so simple as the above one; settingl = 2 in (3.12) and using
(2.12), we end up with

1 R (k+L(n k+ o+

Jni2 = (+%)k:0 (k+1)(n k+ +1)

2
1 X 11 1
= — — 1+0 - p— 1+0 ——
(+3) PX k "n k n k
1 g 1 logn
= 1 p———+ 0 p—
( + E) k=1 k(n k)
We may assume thatn is even, say,n = 2m. Then, it follows from a change of
summation index k 7! m  k that

1 X 1 logn
Jn;2: 1 P + 0 pg—
( +3),, m k2 n
1 11X 1 ‘0 logn
= - —
(+DHm,_, T (emp? "
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The summation above is a Riemann sum for the integral of (1 x?) *?; we obtain
that 7
1 l
(+D o T ¥ 241
Thus, we have proved the limit (A) completely.

To prove (B), we rst observe that by the addition formula for the cosine function,
it su ces to prove thatfor0 < < | both

. 1 1 Wo;2
||m Jn;z = —
ni1 W

im g be cos Xk and  lim n g be sin 2k
a1 n+d 1 n m nii n+d 1 n m
n k=0 n k=0

are equal to zero. Again, we only need to deal withd =2 and d = 3. For d = 3, the
two limits become
! !
n|!I1m T cos Xk and nI!|1m T
n k=0 n k=0

That the limits are zero for 0 < < follows readily from the well-known identities

sin2k :

1 X sin(m + X cos; cosMm+
Z+ cosk = ¥ sink = 2 : M+ 3) ; (3.15)
k=1 ZSInz k=1 ZSInE
which shows that the two sums are bounded independent ofn for 0 < < . The

cased = 2 is a little more complicated. Following the reduction in t he proof for the
case (A), it amounts to proving that

X1 cosx S
lim p———=0 and rr!||rln p——— =0; 0< <

mi T mZ K2 T mE K2 -
Using summation by parts, we see that the rst sum becomes
X1 cosk X 2 1 1 X
K2 P P o 0s3
k=o M ko M m2  (k+1)* 5,
1 X1
+ P cos3:

p
mZ (m 1)21.:0

Therefore, for 0< < , we obtain from the boundedness of the cosine sums as shown
by (3.15) that

X1 cosk - o() I’in 1 L1
= 1 |
o M2 k2 k=0 m2 (k+1)2 m2  k?
1 1
+ p =0 p= ;
"mZ (m 1y m

which veri es the sum of cosines, the sum of sines is veri edimilarly. That completes
the proof of (B).
To prove (C), we note that by (3.12), the left-hand side of (C) is equal to

n X (k+dhy(n ks +9L g
+

+d 1 :
nd il (kL) (n k+ +1) (0 2+ )?

In := O(1)
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Sincen k nforl k [5], we have by (2.12) that

2] d 3
1 X k2
|n-0(1)ndle:0 A

To show that |, goes to zerooagxl 11, we split the fummation into two parts,

p__
31y [3] ¥ 43
1 X k==
Iy = O(1) —— + E —
n ()nd%% o p__ (n 2k + )2
k=[ 51 [5]
For the rst sum, we use the factthat n 2k + cIO n, and for the second one, we

use the fact that 2k n; it follows readily that
d 1
n-° . n‘znt = O(l)pl—ﬁ! 0:

1
In=0Q)—~
n—=—

This proves (C). Together with (A) and (B), we have established (3.6) for 0< jxj < 1.
The proof of (3.6) for jxj = 1 follows easily from (2.9), (2.12) and the fact that
d 1

. . n+ —= d 1
PO = —Fch T )
t 5
Finally, to prove (3.7), we setx = y =0 in (2.5) to obtain
n+ a1 z +d 1 Z
iPOPO = —— cl "2 ) (cos )sin )? d (sin )2 d:
2 0 0
From (2.9), it follows readily that jPﬁ] )j2(0) = 0 for odd n. For even integern, we
d 1 1
use the formula (2.8) to connectCrﬁ =) and Crﬁ ?); using the orthogonality, the

coe cient of C(() 2 in the connection formula gives

Pt (D) (5 :
+ G+ 5D (303 + D
By (2.12) and (3.13), it follows readily that
1 00 ( +(H
—— _jp)j20)y=2——222 27
S (+55()
Thus, we have completed the proof of the theorem. O

. . n+
iP{j2(0) =

1 1
1+0 = =2Y 340 =
n W n

4. Asymptotics of the Christo el functions

First, we derive the asymptotics of the Christo el function s with respect to W , which

we denote by E]d)

Theorem 4.1. For W 4, 0,d 2
oon+d () o W (X)),
i n md (X) = Wo(x)' <L (1)
and
. n+d () o, if > O
A 1 T (4.2)
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Proof. From (3.10), it follows readily that

I Kna () _ | iPhai?lxi)  _ i iPLa12(ixj)
N ALY R m = am W-
n n n 1 n

Thus, except for the case =0 and d = 2, the desired limit for 0 < jxj 1 follows
from that of Theorems 3.2 and 3.3. So does the limit atjxj = 1 for the case =0

andd=2. For > 0, jPE]d)jz(O) = 0 for odd integers n, which allows us to write

i Knd© L PP iPaP0XD)  Wo(x)
nil n:d T oan an;d 2r12n2;d Tan o 2n+2rc]1 T T W (x)

where the last step follows from (3.7). The only remaining cae is the limit for 0 <

jXj < 1inthe case ofd =2 and = 0, for which the limit of an 212 does not exist.
However, settingx = y in (2.6) gives _
i

h
K‘n‘?é= )+ el @+ T @ix2 1)+ B @ix2 1)

from which the desired limit follows easily from (2.9) and (211). O

As we mentioned in the introduction, the limit (4.1) has been proved by Bos in [3]
using a di erent method.

Next, we derive an upper bound for the Christo el functions with respect to a
general class of radial weight functions. For a weight fundbn W, we denote the
Christo el functions associated with it by ,(W). The result depends on the following

compact formula for K o (x;y) ([12]):

KO (x;y) = .
a1 p_—_p p—  p_
% Il x y+ Tix2 1jyD+ 3 x y+ 1ix2 1]y
h(d*l) p P (41 p—MXDP — .i
5 Cn T ix Yy 1jxj2 1jyP)+Cia'(xy 1jxi2 1jy2),;

(4.3)

which is derived from (2.6) using (3.3). For a radial function f on RY, we denote by
f7: R+ ! R the function such that f (x) = f{jxj).

Theorem 4.2. Let W be a nonnegative radial function onRY, such that W=W; is
continuous in the interior of B9 and is bounded onB¢. Then,

+d W(x) .

. n ] . )
I|mlsup N n(W;Xx) Wolx)" iXj< L
Proof. Because of (1.4), we have
n+d n+d 1 z
(W;x) — (K (x;y)*W (y)dy:
no " N KO 1 L
By (4.1) with = 0, it follows readily that the desired result is the consequence of
the limit 7
. 1 W (x) o
lim ———— K O (x;y)?W (y)dy = : Xj < 1;
KO ) | 11d[ CGYIPW Y = 5 iXj
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which is a corollary of the theorem below. O

Theorem 4.3. Let f be a radial function on RY such thatf is continuous in the
interior of B9 and bounded onB9. Then,

1
im ——— K O (x; y)12f (y)Wo(y)dy = f (x); iXj< 1
" O | l;l]d[ n CGYITF(Y)Wo(y)dy = f(x); JX]
Proof. By the de nition of K (; ) in (1.2), it follows readily from the orthogonality
that
Z
[K P (x;y)PWoly)dy = K (x;x):
[ 129
Therefore, it follows readily that
Z
_r
K& (xix), 1 s

(0);_ (K OGP (y) - f (x)iWo(y)dy:
Kn’(X;x) [ ¢

In(x) := (K (G yNPf (Y)Woly)dy  f(x)

Sincef is a radial function on B9, the function f~is de ned on [0; 1]; moreover, by
assumption, f~is continuous on [Q1). For the following, x x inside BY. Let "> 0 be
chosen such that

B-(x):=fy2BY: jyj j xj <"g B

Let ! (f) be the modulus of continuity of f, and let kf k; denote the uniform norm

of f on BY. We have
Z

1
In(x) (") ——— K © (x;y)1?Wo(y)d
n(x) )K&‘”(xng B"(X)[ n’ (G Y)I"Wo(y)dy
1 . .
TP K 0GP (x)  f(y)iWo(y)dy
Kh” (X;X) BdnB-(x) 7
() + 2 kf kg 01 (K (x; y)]*Wo(y)dy:
Kﬁ)(x;x) B9nB- (x)
By the de nition of K9 in (4.3) and the limit (4.1) with =0, it su ces to prove
that
Z
. 1 (1) P — _2.0 ——\12
im - —— [Cn 2 (x Yy 1jxj® 1] yj?)I*Wo(y)dy =0:
: n BdnB- (x)

Moreover, it follows fr(an a change of variabley 7! z that we only need to deal
with the case ofx y+ 1 j xj2 1 j yj2. We use the asymptotics of ultraspherical
polynomials in (3.14), which imply, by (2.9), that

2 (H(EH2 1 1

(5 n+ Sl @

7 CoS(N + )+ O(n 1)

whereN = n+(d+1)=2, =(d+1) =4,t=cos . Using the identities

2

2 y = jxji®+jyi® i x yi® and 2 y=jx+yj® jxj® jyi

+
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it follows that for y 2 B9 nB«(x),

PP 1P—_ PpP— 1
Loxy “1jx2 1jyPp=3501]x7? 1JYJ2)2+§JX yiZ 5

2
and
p—Pp —— P— - P—
1+x y+ 1jxj2 1jyj= %( 1jxjz+ 1jyjp)*+ %JX“‘)’JZ 5
p
Lett=x y+ P 1 j xj2 1 j yj2. Then, the above inequalities imply that
"2
1 t2=(1 t@a+1t) z v2 BYnB-(x):
Hence, it follows that
h [
1 a1 P—Pp_— "2
v $70x y+ TixZ 1]yP
n
— 1 1 . d .
= 0(1)W+O 2 y 2 B nB-(x):
Therefore, we haile that _
1 (441 p—p_— _I2
T Co? ' (x y — 1jx& 1]jyj) Wo(y)dy
n BdnB- (x)
1 1
= O(l)W+ O 7
which clearly goesto zero ann ! 1 . This completes the proof. O

For orthogonal polynomials in one variable, the limit process in the theorem has
been studied for general weight functions (cf. [7]). We remek that, under more
restricted conditions on W=W,, we can use an approach of Freud as in [11, Theo-
rem 4.3.1] to prove

W (x) o n+d .

c liminf W;x); Xj < 1, 4.4

Wo) ' a n(Wix) X (4.4)
with a constant c less than 1 (say,c = 2 9). However, it is almost certain that such
a relation should be true with ¢ = 1 and without additional restrictions, which means
that the limit as in Theorem 4.1 holds. For this reason, we do mt include a proof of
the weaker result (4.4).

5. A recurrence relation

From the formulae (3.8) and (2.7), we see that the ponnomianPﬁ )jz(r) acts like
a square of an ultraspherical polynomial. In this section, v derive an interesting

relation amonngﬁ )jz(r) of dierent nand 's.
Theorem 5.1. For > Oandn O,

@ j XA jyP) P (x) TR (y)

+1 n+2 T
= 2 P( ) P( )
+ d-|2-1 2(n+ + d-53) n+2 (X) n+2 (y)
n+2 +d 1

PO TPOy) x y PLL) TRLL )t (B
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In particular,

+ n+2

1
2

+ 4k 2+ + 9P
n+2 +d 1. T ..

+ iPOi2Gx)) § xi2PLY Gxi) ¢ (5.2)

2n+ + L1y

(1§ xi®)?Py " j(ixj) =

iPL2 12(x)

(0]
Proof. Let A=x y andB = P 1 j xj2 1 j yj2. We start with the formula

d .
d—Cr(]+)l(A+ Bcos )= 2B sin C{ ™ (A+ Bcos );

which follows from the fact that [C{ ) (x)]°=2 C { ™ (x) (cf. [8, p. 81, (4.7.14)]) and
a simplezchange of variable. Using this formula and integraibn by parts, we have

d+1
Cr(1 +T)(A+ B cos )(Sin )2 +1d
° Z
1 d a1 -
- 2 +d 1B d_cr(w; ? )(A+ B cos )(sin )2 d
70
2
@ +d 1B ,

Wkiting cos  as

d 1
cl.i 7 (A+Bcos )cos (sin )2 d:

1 A
= —(A+B —
cos B( cos ) B

and applying the three-term relation for the ultraspherical polynomials ([8, p. 81,
4Z.7.18]), we conclude that

d+1
{* =) (a+Bcos )sin )2 *1d

0 2 n+2 z d
= (+_1) i 2 1
- Chiz 2 (A+B d
2 +d 1)B (2n+2 Z+ d+1)B n+2 ( cos )(sin )
n+2 +d 1 si1) _ , .
+(2nz+2 +d+1)B Cn (A+ Bcos )(sin ) d
A ( +

B
Using the formula (2.5) and thg fact that

) ; 2 1
— Cri1 (A + Bcos )(sin ) d
0

1 H 2 +1 - 1.
c = sin d = c
+1 0 (I ) 2 +1

the desired formula follows. O
For the case =0, the identities in Theorem 5.1 take a di erent form.

Theorem 5.2. Forn O,
1 T d+1Pp —p — .
5 Pra () TPRLy) 5 T x2 1Ty PP PR (y)

n+ &L . P——P
=g 1 S Xy 1jxi2 1jyj): (5.3)




+
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In particular,

d+l )
n+ 1 n+1 (1) (54)

Proof. The proof is similar to that of the previous theorem, but the special value of
the parameter allows us to integrate directly instead of donhg integration by parts. It
follows that

1 PP d+1 Lo Y n+
SIPRL PGx0) + =5 (1§ xPPPP (i) =

P 1 j XJZ 1 yiZ PO (x) "PD (y)

n+ @i h P—P ——
= (d+1)d Cosl (X y+ 1 jxi2 1]y
i

() p ——P ——
Chii (X y 1jxj2 1jyj):

Together with (2.6), the above formula implies the desired esults. O

(d t)

The formula (5.2) and (5 4) allows us to deduce the asympoticformula for
iP{ P j2(r) from that of jP{), j2(r). Therefore, in the proof of the limit (3.6) in
Theorem 3.3, we could have restricted the parameter to 0 < 1. In particular,
since the limit relation is easily established in the case of = 0, it follows that the
limit (3.6) for the integer values of can be established e ortless, by the use of (5.2)
and (5.4).

We denote by ¢l the orthonormal polynomials with respect to W. 1, which is a

constant multiple of cl’. Then, in particular, for d=1and n 0,
sin(n + 1)

P (x) = ciV (x) = —an F’(O)l (x) = C(O)l (x)=cos(n+1); x =cos:

Taking the limit (2.4) in the right-hand side of (5.3), we obt ain the elementary trigono-
metric formula

cos(h +1) cosh +1) sin(n +1) sin(n+1) =cos(n+1)( ):
The formula (5.4) for d =1 becomes
cog(n+1) +sin?(n+1) =1:

We also can sum up the identities in Theorem 5.1 and Theorem 2. to obtain
identities involving K{?. Instead of presenting the formula for general , we state
only the following special case.

Theorem 5.3. Forn O,

! o («; y+ P TTxR T Tk (xy)
g1 R (Y i Xj ] YIEKRT (XY
1 h (951 PP s
= g7 G (X ¥ 1J><J 11yJ)
(d+1) p 2 >
+Cr 2 '(x y+ 1 jxj2 1jyj ) (5.5)
In particular,
1 h

3 i
KO 00+ xKP ey = = W e W 68)

+
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We remark that the formula (5.6) has appeared in [3, Lemma 1]where the proof
is rather complicated but nevertheless interesting. The castants in the formula in
[3] appear to be di erent from ours, which is due to a di erent normalization of the
weight function.
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