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SQUARE-SUMMABLE STABILITY IN PARABOLIC
VOLTERRA DIFFERENCE EQUATIONS

B. Shi, Z. C. Wang, and J. S. Yu

ABSTRACT. We consider some linear and nonlinear parabolic Volterra difference
equations of the forms

oo oo
2
A2 (u'm,n - Z qjum,nfrj) + Zpiu'm,n—ki = RAlumfl,nﬁ»l
i=1 i=1

and
oo

oo
Ag |:h(um’n) - Z ng(um,nf'rj ):| + Zpif(um,nfki) = RA%F(Umfl,n+1)
=1 i=1

form=0,1,...,M—1andn =0, 1,..., and we obtain several sufficient conditions
for the square-summable stability and ¢-square-summable stability of the zero
solution.

1. Introduction
Consider the linear parabolic Volterra difference equations of neutral type

[eS) o0
AQ <um,n - Z qjum,nrj> + Zpium,nfki = RA%umfl,nJrl (1)

j=1 i=1
for m=0,1,...,.M—1 and n=0,1,...,

with homogeneous von Neumann boundary conditions (NBC):
Ajugp = ANupy, =0 for n=0,1,..., (2)
and initial conditions (IC):
Um,i = Pm, for m=0,1,....M —1 and i=...,-2,-1,0, (3)

and nonlinear parabolic Volterra difference equations of neutral type

8 W) = S 58] + 3018 ) = RO F (o) (4
j=1 i=1

for m=0,1,...,.M -1 and n=0,1,...,
with IC(3) and NBC:
A1 F(uppn) = A F(uppn) =0 for n=0,1,..., (5)
Received July 6, 1995, revised March 14, 1996.
1991 Mathematics Subject Classification: 39A10.

Key words and phrases: parabolic Volterra difference equations, asymptotic stability, square-
summable stability, ¢-square-summable stability, homogeneous von Neumann boundary conditions.

273



274 SHI, WANG, AND YU

where A1, A2, and A, are forward partial difference operators (see, for instance, Kelley
and Peterson [11]) such that At n = Umi1.n — Um.ny AFmn = A1(A1 U n) and
Ao Uy 1= Umpt1l — Um,p for m =0,1,..., M -1, n =0,£1,%£2,...; p;,q; € R =
(—00,00), kiyr; € {0,1,...} for 4,5 =1,2,...; m; € Rfor m=0,1,...,M — 1 and
i=...,—-1,0; R € [0,00) and f,g,h,F € C(R,R) such that f(0) = g(0) = h(0) =
F(0) =0. Thus, upm, =0form=1,2,...,.M —1and n=0,%+1,4£2,..., is a solution
of (4), which we call the zero solution. Throughout this paper, let P := "2, p; > 0,
P o= 300 il PTe= 300 Kalpal, P o= 30 kel @ = 3052 lgj| and Q7 =
> 5=y 7jlgj|, and suppose that P, P*, P’, P", Q*, Q' < oo and that

el = sup{ |pmil | m=0,1,....M—1 and i=...,—1,0} <oo. (6)

For the sake of convenience in proving the (unique) existence of solutions of (1) with
the initial-boundary conditions (2) and (3), we let wy,; = 0 for m < 0, m > M + 1,
andi=0,41,4+2, .. ..

By a solution of (1)—(3) or (4), (5) and (3), we mean a sequence {u, ,} which is
defined for m = 0,1,...,M + 1 and n = 0,£1,£2,... and which satisfies (1) or (4)
form=1,2,....M—1and n=0,1,..., satisfies NBC(2) or (5) for n =0,1,..., and
satisfies IC(3) for m =0,1,...,M —1landi=...,—1,0.

By using the method similar to that in Zhang, Liu, and Cheng [12] or simply by
iterative calculation, it is easy to show that (1) or (4) has a unique solution for the
given boundary and initial conditions satisfying (6) (see Appendix).

In the sequel, we only consider the solutions of (1) and (4) with the initial conditions
satisfying (6).

Recently, the oscillation (see [4-6, 17, 21], also Yu and Cui’s survey paper [20]) of
delay partial differential equations has been widely studied, while Xie [16] considered
the stability of partial differential equations. The oscillation (see [1, 13]) and the
stability (see [9, 10, 15], see also Burton’s books [2, 3]) for Volterra integrodifferen-
tial equations also have been extensively approached, while Gopalsamy and Weng [8]
considered the stability of a neutral integrodifferential equation. It is well-known that
the behavior of a differential equation and its discrete analogue can be quite different.
For example, every solution of the logistic equation

2 (t) = ra(t) [1 - %]

is monotonic. But its discrete analogue
Tyl = man(l —x,)

has a chaotic solution when m = 4 (see [11]). In addition, there is a difference between
the oscillation of delay differential equations and discrete analogues; for example,
see [18]. In the last few years, many mathematicians have been studying difference
systems. But only a few studies (see [7, 14, 22]) are devoted to partial difference
equations and Volterra difference equations; we [14] considered the stability for neutral
Volterra difference equations.

Our aim in this paper is to obtain sufficient conditions, which are “sharp” in some
sense, for the square-summable stability and ¢-square-summable stability in parabolic
Volterra difference equations of neutral type. Our results generalize the corresponding
results in [14, 19].

We now give some definitions which will be needed in this paper.
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Definition 1.1. The zero solution of (1) or (4) is said to be asymptotically stable
(AS) if every solution {um, ,} of (1) or (4) with IC satisfying (6) has the property

lim Uy, =0 for m=0,1,...,M +1. (7)

n—oo

Definition 1.2. The zero solution of (1) or (4) is said to be square-summably stable
(SSS) if every solution {um, n} of (1) or (4) with IC satisfying (6) has the property

Zufmn<oo for m=0,1,...,M + 1. (8)
n=0

It is easy to see that SSS implies AS.
Definition 1.3. The zero solution of (1) or (4) is said to be ¢-square-summably stable
(¢-SSS) if every solution {u,, »,} of (1) or (4) with IC satisfying (6) has the property

Z¢2(um,n)<oo for m=0,1,.... M +1 (9)
n=0

where ¢ € C(R,R) and ¢ #0.

Note that SSS implies ¢-SSS, and ¢-SSS implies SCS if |¢(x)| > |z| for z € R. It
also is obvious that ¢-SSS implies AS if ¢(z) = 0 implies 2 = 0.

2. Equation (1)
For (1), we have the following

Theorem 2.1. Assume that
1
Q*+§P+P’<1. (10)
Then the zero solution of (1) is SSS.

Proof. 1t is easy to show that

9] 9] n
Zpium,n—ki = Pum,n-i—l - A(sz Z um,s) .
i=1

=1 s=n—k;

Hence, we can rewrite (1) as

[eS) o0
A2 (um,n - Z qjum,nfrj - sz
i=1

Jj=1

n
2
§ um,s) = _Pum,nJrl + RAlumfl,nJrl-

s=n—k;
Define a Liapunov sequence by

M+1

o] 00 n 2
Vél) = Z (um,n - quum,nfrj - Zpl Z um-,s) :
m=0 j=1 =1 s=n—k;
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Then we have

M+1
Avngl) = Z (—Pum)n+1 + RA%um,17n+1) <Um7n+1 =+ Um,n

m=0

o0 o0
- quum>n+1—Tj - E qiUmn—r; — Pyt
Jj=1 Jj=1

0o n e
-2 E Pi E Um,s — E pium,n—ki) .
i=1 s=n+1—k; i=1
n .
(We define >, +=0if m >n).
First, let us consider
M+1 (e’ (e’
—-P § Um,n+1 (um,n-i-l + Um,n — E q; um,n-{-l—rj - E q; um,n—rj
m=0 j=1 Jj=1

n

S [
- Pum,n—i—l -2 sz Z Um,s — sz um,n—ki)
=1

i=1 s=n+1—k;

M+1 (e’ (e’
=—P E Um,n+1 (um)nJrl + Um,n — E 45 Umn+1—r; — § 45 Um,n—r;
m=0 j=1 j=1

n

00
- Pum,nJrl -2 § Di § Um,s + Um,n+1 — Um,n
=1 s=n+1—k;

oo oo
2
- E qj um,n-l-l—rj + E q; um,n—rj - RAl um—l,n—i—l)
j=1 j=1

M+1 [e%)
= Z (_2P u7271,n+1 + 2PZQJ' Um,n+1 Um,n+1—r; + P2 Ui7n+1

m=0 j=1

0o n

E E 2

+ 2P um,nJrlum,s + PRum,nJrlAl uml,n+1>
i=1 s=n+1—k;

M+1 e’}
S Z |:_2Pu7271,n+1 + PZ |Q.j|(u7271,n+1 + ugn,nJrlfrj) + P2 u1271,n+1
m=0 j=1
+ PZ |pi] Z (u?n,n-i-l + ufn,s) + PR um,n-‘rlA% um—l,n+1:|
i=1 s=n+1—k;
M+1 1 00
- Z {—2P {1 - E(Q* + P+ p/)} uZ, i1+ PZ (7] t——
m=0 j=1

n

0o

2 2

+ PZ |p1| Z um75 + PR um,nJrlAl uml,nJrl}-
1=1 s=n+1—k;



SQUARE-SUMMABLE STABILITY IN VOLTERRA EQUATIONS

Let us now consider

M+1 [e%) [e%)
R E (um,n-i-l + Um,n — E q; um,n-i—l—rj - E q; um,n—rj - Pum,n-l—l
j=1

m=0 j=1
o n 00
2
-2 E Di E Um,s — § Di um,n—l%) Al Um—1,n+1
i=1 s=n+1—k; i=1
M+1 (e’ (e’
=R E (um,n-i-l + Um,n — E qj Ummn+1—r; — E qj Ummn—r; — Pum,n-l—l
m=0 j=1 j=1
o n o
-2 E Di E Um,s + Um,n+1 — Um,n — § q; um,n-{-l—rj
1=1 s=n+1—k; 7j=1

00
E : 2 2

+ q; um,nfrj - RAl uml,n+1>A1 Um—1,n+1
j=1

M+1 00 M+1
§ : 2 § : § : 2
S 2R um,nJrlAl Um—1,n+1 — 2R q; um,nJrlfrjAl Um—1,n+1
m=0 j=1 m=0
M+1 [e%s) n M+1

— PR Z um,n-l—lA% Um—1,n+1 — 2RZP1 Z Z um,sA% Um—1,n+1-

m=0 =1 s=n+1—k; m=0

Therefore, we get

M+1 M+1 oo

Lo
AV <=2 (L= Q@+ P+ )| Y a4 P X Dl
m=0 m=0 j=1
M+1 oo n M+1
P D il > un 2R Y umnsi At
m=0 i=1 s=n+1—k; m=0
o M+1
- RZ q; Z um,nJrlfrj A% Um—1,n+1
7j=1 m=0
n M+1

- ZRZPZ Z Z um,sAiumfl,nJrl-
=1

1= s=n+1—k; m=0

277
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By using a summation-by-parts formula and NBC(2) (here, we define Aju; , = 0 for
1<0andi>M+1), we get

M+1 M+1
§ : 2 § : 2
2R um,nJrlAlumfl,nJrl = —-2R (Alum,nJrl)
m=0 m=0
o M+1
2
- 2R E qj § Um,nJrlfrjAﬂmel,nJrl
j=1 =0
o M+1
=2R E qj § A1um,n+177"jAlufn.,nJrl
7j=1 m=0
M+1 oo
2 2
<R> D gl [(Alum,nﬂ) + (Arumpt1-r;) }
m=0 j=1
M+1 M+1 oo
§ 2 § : § : 2
= RQ* (Alum,nJrl) + R |qj|(A1um,n+1frj)
m=0 m=0 j=1
o n M+1
2
—2R Di E g um,sAlumfl,'anl
i=1 s=n+1—k; m=0
(%) n M+1
=2R Di § § A1um,sA1um,n+l
i=1 s=n+1—k; m=0

M+1 oo n

<R Z Z |pi Z [(Alum,5)2 + (Alum)n_ﬂ)?}

m=0 =1 s=n+1—k;

M+1 M+1 oo n
- RP/ Z (Alum,n+1)2 + R Z Z |p1| Z (Alum,s)2-
m=0 m=0 i=1 s=n+1—k;

Hence, we get

1 M+1
AV < 9P {1 — 5@+ P+ P’)] >l
M

m=0
1 +1
- 2R {1 - 5(Q* + P’)] (At ni1)?
m=0
M+1 oo M4+1 oo n
+P YD Nailum g, TP YD il D g
m=0 j=1 m=0 i=1 s=n+1—k;
M4+1 oo M4+1 oo n

+RY Y gl (At )P+ R YD pil Y (Arums)*

m=0 j=1 m=0 i=1 s=n+1—k;
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Now, define another Liapunov sequence by

M+1 n [e%) n n
DI DD SIS WD oD o
m=0 s=n+1-r; =1 s=n+1—k; t=s
PR Ml Y Bum? Rl Y > (v,
Jj=1 s=n+1-r; =1 s=n+1—k; t=s
Then, we obtain
M+1
AV Z{PZMJ anrl mn+1 T +PZ|pZ mn+1
m=0 i=1
- Z u7271,s) + RZ |Qj| |:(A1um,n+1)2 - (A1Um7n+1rj)2:|
s=n+1—k; j=1
+ RZ |p1 [ Alum n+1) - Z (Alum,s)2:| }
s=n+1—k;
M+1
=3 [PQ*U%H + PP'ul, 11+ RQ* (Attum,s)? + RP'(Attim ny1)?
m=0

n

) 0o 9]
=Py lailtummprn, = PY il D up o= RNl (Artum nir)?

j=1 i=1 s=n+1—k; Jj=1
o n

- RZ |p1| Z (Alum,s)2:| .
=1 s=n+1—k;

Finally, we take the following Liapunov sequence
Vo=V® 4 v,
By using (10), we finally get

1 M+1
AV, < —2P (1 —Q = 5P~ P’) > ud - (11)
m=0
Therefore, {V,,} is decreasing and has a nonnegative limit of {V,,} because V,, > 0 for
n=20,1,.... Now, summing the two sides of (11) from n =0 to n = oo, we have

oo M+4+1

2P(1—Q ——P P)Zzumnﬂ

n=0 m=0

or
oco M+1 M+1 V
0
2D e S D Mot 3p I < oo,
n=0 m=0 Q*_EP_P/)
The proof is complete. O

Remark 2.1. Let u,, ,be independent of m and z, = umn, ¢ = k; = 0 for i,j =
1,2,... and R =0. Then (1) becomes an ordinary difference equation:

Az, + Px, =0 for n=20,1,..., (12)
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and (10) becomes

1
SP <L (13)

One can easily prove that the condition (13) is a necessary and sufficient condition for
SSS in (12) (in fact, the absolute summable stability, i.e., its solutions {z,} with IC
x; = pu; for i = ..., —1,0 satisfying

Il = sup{lu:| for i=...,~1,0} < o

has the property: > 7 |zn| < o0). Therefore, in this sense, the condition (10) is a
“sharp” condition.

As a special case, we consider a linear parabolic Volterra difference equation of

retarded type

A2u1n,n + Zpium,n—ki = RA%um—l,n-i-l (14)
=1
for m=0,1,...,.M -1 and n=0,1,...,

with NBC(2) and IC(3). By Theorem 2.1, we have
Corollary 2.1. If

1
SPHP <1, (15)

then the zero solution of (14) is SSS.

3. Equation (4)
For (4), we have the following
Theorem 3.1. Let (10) be true. And suppose that

f@h(z) = max { f2(x),*(x) },  wER, (16)
and
[h(y) = h(@)][F(y) - F(z)] =
max {[F(y) — F(2)], [9(y) — g(2)]%, [f(y) — f(2)]*} (17)
fory, x € R. Then, the zero solution of (4) is f-SSS and g-SSS.

Proof. 1t is easy to show that

{ Unm,n) qugumn r) Zpl Z fums:|

s=n—k;
= —Pf(um7n+1) + RAiF(umfl,nJrl)-
One can define a Liapunov sequence as follows

M+1

2
Vn(l)—Z[ umn Zq;gumn TJ sz Z fums:| .

m=0 s=n—~k;
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As in the proof of Theorem 2.1, one gets

M+1 M+1
Aval) <-2P Z f(um,n-i-l)h(um,n-‘rl) +P(Q + P+ P/) Z fz(um,n-i-l)
m=0 m=0
M+1 M+1
—2R > Avh(tmpi1) A1 F (U ni1) + RQ™ + P') Y [ALF (1))
m=0 m=0
M4+1 oo M+1 oo n
+P Z Z |Qj|g2(um,n+l—rj) +P Z Z |pi| Z f2(um,s)
m=0 j=1 m=0 =1 s=n+1—k;
M+1 oo M+1 oo n
+ R Z Z |%|[A19(Um,n+lfrj)]2 +R Z Z |pi] Z [Alf(um,S)]Q-
m=0 j=1 m=0 i=1 s=n+1—k;

Then, one can take another Liapunov sequence as follows

M+1 o n o n n
CEEDN E NS SRLTISEY) LD DD A0
m=0 j=1 s=n-+1-r; =1 s=n+1—k; t=s

n

+ RZ |q;] Z [A1g(um,s))?

s=n+1-r;

+RY il Y Z[Alf(um,a]?}-

s=n+1—k; t=s

It follows that

M+1
AV =3 {P Q"9 (tm.nr1) + PP'f* (1) + RQ*[A1g (1))’

m=0

+ RP'[ALf (tnnt1))* = P Y 16519 (Wmni1-r,)
j=1

—PY Ipl Y P ms) = R 1ai|[A19(tmns1—r, )]
1=1

s=n+1—k; 7j=1
SOTND ST}
i=1 s=n+1—k;

Finally, one takes the Liapunov sequence as follows:

Vo =V® 4 v,
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Then, one obtains from the above and (17)

M+1
AV, < Z { 2Pf Um n+1)h(um7n+1) + P(Q* +P+ P/)f2(umv"+1)

2
+ PQ*92(um,n+1) + Pplf2(um,n+l) + RQ* |:A19(um,n+l):|
2
— QRAlh(um)n+1)A1F(um7n+1) + R(Q* + P/) |:A1F(’u,m7n+1):|
2
+ RP/ [Alf(um7n+1):| }
M+1

< Z { 2P f (W 1) (U ns 1)

+ P(Q* + P+ 2P") f*(upmons1) + PQ*g2(um7n+1)}

M+1 o P
= 2P mzzo [af(um)n+1)h(um,n+1) - ( 9 + 5 + P/> f2(’u,m,n+l)
Q"
+ (1 — O‘)f(um-,nJrl)h(um,nJrl) - 79 (Um,n+1)
M+1
QT P )\
<-2Py a—— ——=—— P mon
> (oG5 )
MA+1 X
—2P l—a-— mon
3> (1o G ) tman)
Then,
p M+1 o
AV, < —2P <1 Q-5 - P’> mz::O FPumngr) for a=1- 5
and
M+1 « p
AVn§—2P<1—Q*———P> Zg (Umpnt1) for a=7+§+P'.

Since f(x) and g(z) are continuous functions and ||u|| < oo, one has

co M+1 M+1

2 2 Vo
Z Z(b (um,n)gmzzo¢ (”m’0)+2p(1—Q*—%P—P’) < 09,

n=0 m=0

where ¢(z) = f(z) or ¢(x) = g(x). This completes the proof.

We now give two corollaries.
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Consider the nonlinear parabolic Volterra difference equation of neutral type:

8t = 3 590 1) | + S o) = RO in (19
j=1 i=1
form=0,1,....M -1 and n=0,1,...,

with NBC(2) and IC(3). By using Theorem 3.1, we obtain the following
Corollary 3.1. Let (10) be true, and assume that
zf(z) > max {f*(z), ¢°(z)}, z € R, (19)
and that
(y —2)* = max {[f(y) - f(@)]*, [9(y) —9(2)*}, yzeR. (20)
Then, the zero solution of (18) is f-SSS and g-SSS.

More specifically, we consider the nonlinear parabolic Volterra difference equation
of retarded type:

A? Um,n + Zpif(um,n—ki) = RA% Um—1,n+1 (21)
i=1
form=0,1,.... M—1 and n=0,1,...,

with NBC(2) and IC(3). Again, by Theorem 3.1, we get
Corollary 3.2. Let (15) be true, and assume that
vf(z) > f*(z), =z €R, (22)
and that
(y—2)*>[fly) - f@)], yzeR (23)
Then, the zero solution of (21) is f-SSS.

4. An example

Consider the generalized first equation of Open Problem 6.8.1 in Kocic and Ladas [12]:

A2um,n + sz [eXP(Um,n—ki) - 1] - RA%umfl,nJrl (24)
i=1

for m=0,1,..., M —1 and n=0,1,...

and

A2’“/771,71 + sz [1 - eXP(_Um,n—ki)] = RA%um—l,n-i—l (25)
i=1
for m=0,1,...,.M -1 and n=0,1,...,
with NBC(2) and IC(3), respectively.
For (24) (resp. (25)), we know that f(z) = e — 1 (resp. f(z) =1—e 7). It is
easy to prove that (22) (resp (23)) is satisfied for < 0 (resp. « > 0). Hence, we can
choose ¢(r) = e® — 1 (resp. ¢(x) =1 — e~ ") which satisfies

¢(x) =0 implies z=0.
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Hence, if (15) is true, then every negative (or positive) solution which satisfies (6)
must satisfy (7) where a negative (or positive) solution means fim, i, Um,n < (or >) 0
form=0,1,.... M —-1,i=...,—1,0,and n=0,1,....

Combining (24) with (25), we consider the following equation:

At + Y pi [1 — eXP(—Uin,n—k; SE0 U n—k, ) | SEN U, n—k, = RAT U1 41
=1
for m=0,1,....M -1 and n=0,1,..., (26)

with NBC(2) and IC(3) and obtain the following result.
Theorem 4.1. If (15) holds, then the zero solution of (26) is AS.

Appendix
On the (unique) existence of solutions of initial-boundary value problem (1), (2), and

(3): rewrite (1) as

00 00 00
Um,n+1 — Um,n — § q; um,n-{-l—rj + § q; um,n—rj + § Di Um,n—k;
j=1 j=1 i=1

= RAj Um i1 — RAL Upp—1 41
= R(um—i-l,n-i-l - 2um,n+l + um—l,n-{-l)-
We may assume that R # 0 and r; € {1,2,...}. Then, for m =0 and n = 0, we have

Al Up,1 = 0, SO

o0 oo oo
Up,1 — U0,0 — Z%‘ uo,1—r; + Z%‘ ug,—r; + Zpi Ug,—k;, = —Rug,1.
i=1 j=1 i=0
It follows that

1 oo oo o0
up,1 = 1+—R (uo,o + Z q; Uo,1—r; — Z q; Uo,—r; — Zpi uo,—m)
=1 i=0

j=1
and
U1,1 = Uo,1-

For m =1 and n = 0, we have Aj ug; =0, so

1 oo o0 oo
U1 = 7 <u1,1 —U1,0 — E qj u1,1—r; + E q; u1,—r; + E piul,ki) +uq1-
j=1 j=1 i=1

For m = M — 1 and n = 0, we have

1 oo oo
UM,1 :E <UM1,1 —UM-1,0 — E qj UM—1,1—r; + E q5 UM—1,—r,
j=1 j=1

o0
+ E Di 'UJMl,ki> +2up—1,1 — Upm—2,1-
i=1

Finally, for m = M and n = 0, we have A; upr1 = 0, so we have

UM+1,1 = UM, 1-
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In this way, we can successively calculate

A

u0,27 sy ’LLM)Q, uM+1,27 u0,37 sy U/M,?n UM+1)3,... .
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