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SINGULAR LIMIT ANALYSIS OF PLANAR EQUILIBRIUM SOLUTIONS TO
A CHEMOTAXIS MODEL EQUATION WITH GROWTH

Tohru Tsujikawa

ABSTRACT. We consider the stability of planar localized equilibrium solutions of
a chemotaxis model equation with growth term, which describes aggregation of
biological individuals. Assuming that the diffusion and chemotactic rates are both
very small compared with the growth rate, we introduce a small parameter, say
€, into the equation. The asymptotic form of the eigenvalues with respect to the
parameter, which is essential to determine the stability for the linearized equation,
can be obtained by using singular limit analysis as € | 0.

1. Introduction

It is known that the movement of some biological individuals is affected by an acute
sense of smell which conveys information between individuals or groups. One typical
example is chemotactic movement which is the process by which biological individ-
uals aggregate by moving preferentially toward higher concentrations of chemotactic
substances [1, 6]. Recently, Budrene and Berg [3] have shown experimentally that the
bacterium E. coli exhibits complex two-dimensional spots or stripe patterns by the in-
terplay of diffusion, growth, and aggregation in response to the gradients of attractant
(aspartte). To analyze the spatial pattern formation caused by the interdependence
of these characteristics, we propose the following chemotaxis model equations with
growth term:

% = dy,Au — 5V(u . VX(U)) + f(u)v

87' T>0, x€Q, (L.1)
_1) = dUAU + BU -,

or

where u(7,x) and v(7,x) are, respectively, the population density and the concentra-
tion of chemotactic substance at time 7 and position x € Q C R?. A and V are
the Laplace and the gradient operators with respect to x. d, and d, are the diffu-
sion rates of u and v, respectively, and § and - are the production and degradation
rates. 0V x(v) is the velocity of the direct movement of u due to chemotaxis, which
generally satisfies x'(v) > 0 for v > 0. Ford and Lauffenburger [8] summarized some
plausible functional forms of x(v). In the absence of the growth term f(u), (1.1) is
called the Keller-Segel model [13], which describes slime mold aggregation. As for the
growth term f(u), several forms are proposed (see Murray [18], for instance). Here
we consider the case of the bistable type, f(0) = f(u) = f(@) = 0 for some 0 < u < 7,
flu) < 0for 0 <u <y, flu) >0 foru <u<mu and f/(0) <0, f'(w) < 0. This
includes the effects of intraspecific competition and cooperation.
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From the biological view point [2, 3], we are concerned with (1.1) when (i) the
migration of individuals by diffusion and chemotaxis is slow compared with the dif-
fusivity of the chemotactic substance and (ii) the movement of individuals is mainly
due to chemotaxis. We thus assume

@ < i <1
d, dy
and that there is a small parameter ¢ such that
dy 1)
e? = @ and ek = @

with some positive constant k.
By using a suitable transformation, the equations (1.1) can be rewritten as

? =2Au — akV(u . VX('U)) + f(u)v

-

@:Av—ku—”yv (1.2)
or

where f(u) satisfies f(0) = f(a) = f(1) =0 (0 <a < 1).
In this paper, we consider (1.2) in the strip domain Q = €, = R x (0,¢) C R?.
Then the corresponding boundary and initial conditions for (1.2) are

lim (u(r,z,y),v(r,z,y)) = (0,0) (r,y) € Ry x (0,0), (1.3)

|z|— o0

9 2,0 = 0= Ly, 0),

%y %y (r,z) e Ry xR, (1.4)
8—yv(7, x,0)=0= 8—yv(7,x,€),

and
(u(O,x,y),v(O,x,y)) = (Uo({E,y),Uo(I,y)), (Iay) Ele (15)

where lim| ;| o (uo(7, ), vo(z,y)) = (0,0). Recently, Furuya and Yagi [25] have shown
the existence of the global solutions of (1.2)—(1.5) when the space dimensions n = 1, 2.

When fol f(u)du > 0, by using an approximate equation of (1.2)—(1.5) as the limit
e | 0, which we call a limiting system (see (2.5)), it is shown in [15] that there is
a 1-dimensional symmetric localized equilibrium solution to (1.2), (1.3), (1.5), which
means an aggregating pattern, due to the suitable balance among diffusion, chemo-
taxis, and growth. The 1-dimensional equilibrium solution can be extended uniformly
in the y-direction in )y, and it is obvious that this solution is also an equilibrium
solution of (1.2)—(1.5) in €, which we call a planar equilibrium solution in €,. We
study the stability of the planar equilibrium solutions depending on the form of x(v)
as well as on £ > 0 and k > 0. It is numerically shown in [15] that, for x(v) = v,
the solution is always stable for any ¢ > 0, and for x(v) = sv?/(s + v?), its stability
changes depending on the values of £ > 0, k > 0, and s > 0.

Motivated by these numerical results, we study the stability of planar equilibrium
solutions of (1.2)—(1.5) for sufficiently small £ > 0.

Let us state the definition of the stability of the planar equilibrium solution of
(1.2)~(1.5) in Q.



STABILITY OF PLANAR EQUILIBRIUM SOLUTIONS IN A CHEMOTAXIS MODEL 403

Definition. The planar equilibrium solution of (1.2)—(1.5) is stable with shift if and
only if the spectrum of the linearized operator around the solution contains a simple
zero eigenvalue and the remaining spectrum is contained in a closed angle lying in
the left half of the complex plane (see [9, 22], for instance). Unless it has a nonzero
spectrum point with nonnegative real part, the solution is unstable.

The aim of this paper is to determine the distribution of eigenvalues since they
play an essential role for the stability of the equilibrium solution. We first show that
eigenvalues which do not satisfy the condition (5.7) are all in the left half of the
complex plane and away from the imaginary axis (Proposition 1). Therefore, it is
important for stability to show the distribution of the other eigenvalues, which we
call critical eigenvalues. To do that, we consider the limiting system of (1.2)—(1.5) as
el 0.

In Section 2, we introduce the limiting system which is derived from (1.2)—(1.5) as
e | 0. In Section 3, the existence of 1-dimensional symmetric equilibrium solutions
of (1.2)—(1.5) is proved for sufficiently small € > 0 (Theorem 1) by using singular
perturbation methods. From the limiting system (4.1) as € | 0, in Section 4, we
obtain the ordinary differential equations (4.2) which the Fourier components of the
disturbances for the planar equilibrium solution satisfy. In Section 5, by using the
SLEP method [19, 24], we show that the asymptotic form of critical eigenvalues of
the linearized problem of (1.2)—(1.5) around the planar equilibrium solution equals
the coeflicients of the ordinary differential equations which are obtained in Section 4
(Theorem 2). Though we should say that the planar equilibrium solution of (1.2)—(1.5)
is stable with respect to discrete spectrum if all eigenvalues of the linearized problem
have negative real part except for a simple zero eigenvalue, we simply say that it is
stable. It follows from Theorem 2 that when the width ¢ > 0 of the strip domain
becomes O(e2) for sufficiently small € > 0, the stability is determined by that of the
1-dimensional equilibrium solutions for the limiting system in Section 6 (Corollary 2).
On the other hand, if £ > 0 is suitably large, the stability of 1-dimensional solutions
is not necessarily inherited by the planar solutions, which depend on the form of x(v)
as well as the value of k£ > 0.

Some function spaces are needed in this paper:

Hy(R4) ={ue H"(R4) | uz(0) = 0},

Li(Q) = {u € L*(Q) ‘ [ullzz = (/Q |ep‘z‘u(:1c)|2dx) i < —i—oo},

H~(Q) = the dual space of H'(Q),

and C?,, (92)-sense means the uniform convergence on any compact subset of Q with
respect to C™(2)-norm where Ry = (0,00), p is a positive number, n is a nonnegative
integer, and H™(Q) is the usual Sobolev space on §2.

2. Limiting system as € | 0

In this section, following [15], we formally introduce the limiting system as ¢ | 0 for
(1.2)—(1.5) in Q, which gives the essential information for the existence and stability
of symmetric localized equilibrium solutions. To do that, we use the transformation
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t = et for (1.2). Then (1.2) is rewritten as

% = eAu— kV(u- Vx(v)) + lf(U)a
e (2.1)
% =Av+u—yv
T L

If initial data are smooth, both the diffusion and chemotaxis terms of the first equation
in (2.1) are small in comparison with 1 f(u), that is, the two terms may be neglected
for a short time so that the first equation of (2.1) can be approximated by the ordinary
differential equation u; = % f(u). Therefore, u(t, z,y) tends quickly to either 0 or 1. It
turns out that after a short time, the space is partitioned into three regions: a region
Qg where u is almost equal to 0, a region 2] where u is almost equal to 1, and a “thin”
strip region R® which links Qf and Q5. As ¢ tends to zero, Qf and Qf become formally
Qo and 27 where the value of u is 0 in ¢ and 1 in Q7 and the region R® becomes
a 1-dimensional curve I'(t), which we call the interface (see Chen [4], for instance).
Subsequently, the diffusion and chemotaxis terms of u in (2.1) still can be neglected,
and therefore u(¢, x, y) approximately equals 0 or 1 depending on the region away from
the interface, whereas the dynamics of v is approximately obtained by solving

0= Av + gi(v), t>0, (z,y) €Qi(t) (i=0,1),
lim v(t,z,y) =0, t> 0, € (0,9),
e (t,z,y) y €(0,0) (2.2)

aﬁyv(t,x,()) =0= aﬁyv(t,x,ﬁ), t>0, z€R,

where go(v) = —yv, g1(v) = 1 — yv, and Q;(t) = {(z,y) € Qe|u(t,z,y) = i}. On the
other hand, near the interface, a layer develops, so that the diffusion and chemotaxis
terms are no longer negligible. Then these two terms will become large enough to
balance approximately the reaction term % f(w), and the difference of the magnitudes
of each term is a driving force which makes the interface move. The motion of the
interface will be determined by the equation

I = {c—i— kx'(v) - g—; —e(n— 1)5} - N, t>0, (z,y)el(), (2.3)

where N is the outward unit normal vector on I'(¢) and & is the mean curvature at the
interface (for the formal derivation, see [15]). Here, c¢ is the velocity of the traveling
front solution w(z — ct) of the system

Wy = Wy + f(w), t>0, reR,
w(t, —o0) =1, w(t,00) =0, t>0, (2.4)

for which the velocity ¢ is uniquely determined where ¢ > 0 (resp., < 0) if fol fu)du >
0 (resp., < 0). Moreover, if the initial interface is orthogonal to the boundary, then
the interface moves so as to intersect the boundary orthogonally (see [4]), that is,

N -Nqg =0, t >0, (z,y) € T(t) N OQy,
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where N means the outward unit normal vector on 9. Integrating (2.2) and (2.3),
we have

v
— / R .
Iy, = {c—l— kx'(v) BN an} N, t>0, (z,y)eT(¢),
N -Nq =0, t>0, (x,y)€l'(t)NoQy,
0=Av + gi(v)v t> 07 (l',y) € Qz(t)u (25)
lim v(t,z,y) =0, t>0, ye(0,9),

|| — o0

(%U(t,x,(), t>0, z<cR.

The smoothness of v on the interface I'(t) should be C*, that is,
v(t,) € CH(Q),  t>0.

We call (2.5) the limiting system or simply the interface equation of (2.1).

By solving this limiting system, the approximate solutions corresponding to the
planar symmetric equilibrium solution of (1.2)—(1.5) for sufficiently small ¢ > 0 are
constructed in the next section. Using this approximate solution, we have the planar
equilibrium solution of (1.2)—(1.5) for sufficiently small € > 0.

0
8—yv(t,x, 0)=0=

3. Existence of the 1-dimensional symmetric equilibrium solutions

In order to obtain planar symmetric equilibrium solutions, we only show the existence
of 1-dimensional localized equilibrium solutions of (1.2)—(1.5) which are symmetric at
x = 0. To do that, we first consider the 1-dimensional stationary problem correspond-
ing to (2.5) in Ry. Put Qo ={r € Ry |z >n} and Q1 = {r € R} | < n} with an
interface point 1 € (0,00). The resulting problem is to find (1, v(x)) which satisfies
0=ct kX', @=n,
0 = vy + gi(v), x € (i=0,1), (3.1)

v:(0) =0, limov(zr)=0, and veC'Ry).

We first fix n > 0 arbitrarily. Then the solution v(x;n) of the second and third
equations of (3.1) is described by

e
v(x;n) = v v te (3.2)
e VI@=n) x € (n,00),
with
1— e 2Vm
o= %

By substituting (3.2) in the first equation of (3.1), the solution (n,v(z;n)) of (3.1) is
given by solving
k(1 —e=2vm)

() = 5 ¢

1—e 2V
° > =0. (3.3)

2y
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If there is an n* > 0 satisfying H(n*) = 0, a solution of (3.1) is represented as
(", v(a;n")).
Assumption 1.

X(w)>0 for v>0.

Under this assumption, it has been shown that if ¢ < 0, then there is no solution
of (3.3), and if ¢ > 0, then there is a k* > 0 satisfying ¢ — %X’(%) = 0 such that
there is at least one solution (n*,v(z;n*)) of (3.1) for any k > k*. In fact, there is a
specific form y(v) for which many solutions of (3.1) coexist (see [15]).

We thus assume

Assumption 2.
1
c>0 (or / f(w)du>0).
0

As a simple but suggestive form of f(u), we take f(u) = u(l — u)(u — a), in which
case Assumption 2 requires 0 < a < 1/2.

When x(v) = v and x(v) = sv?/(s + v?), the global structures of H(n) = 0 are
drawn in Figures 1 and 2.

FIGURE 1. Dependency of k on solutions of (3.3) for x(v) = wv,
a=0.1, and v = 1.0.

Let n* > 0 be a solution of H(n) = 0 satisfying

6 *
8_77H(77 ) #0, (3.4)
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FIGURE 2. Dependency of k on solutions of (3.3) for x(v) = sv?/(s+
v?). Other parameters are as in Figure 1. The global structures are
different depending on the value of s > 0: (i) 1/4y < s (s = 3.0); (ii)
0<s<1/4y% (s=0.1).
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and define the pair of functions (u°(z),v%(z)) by

W) = 1 for |z| < n*,
0 for |z| > n*,

O(z) = v(x;n*) for 0 < z, (3.5)
v(—z;n*)  for 0 >z,

which is called a 1-dimensional symmetric equilibrium solution (u°(z),v%(z)) of (3.1)
in the limit ¢ | 0.

By using (u°(z),v°(z)), we construct the 1-dimensional localized symmetric equilib-
rium solution of the problem (1.2)—(1.5) for sufficiently small € > 0. The equilibrium
solution (u(x),v(x)) which is symmetric at « = 0 satisfies

0 = eugy — ek{ux'(vV)vs}o + f(u),

z € (0,00), 3.6
0= vy + 1 7, (0,00) (3.6)

with
(uz(0),v,(0)) = (0,0) and lim (u(z),v(z)) = (0,0). (3.7)

Tr—00

Using the singular perturbation method [7, 14], we obtain

Theorem 1. Under Assumptions 1 and 2, there is an €9 > 0 such that for any
e € (0,e0) a 1-dimensional equilibrium solution (u®(x),v¢(x)) of (3.6), (3.7) exists
and satisfies

hf%l uf () = ul(x) uniformly in [0,n(g) — ) U (n(e) + 6, 00),

liilol v (x) = 00 (x) uniformly in [0,00),
g

*

with a small constant 6 > 0 where n(e) satisfies lime o n(e) = n*.
s (§) = ut(n(e) + €§) and v°(§) = v=(n(e) + £6),
hf%l (&) = Wy (&) in C2 ,(R)-sense,

Moreover, for

limo°(¢) = o* in C2 ,(R)-sense,
€]l0 :

where Wy (€) is the traveling front solution of (2.4) with velocity c.

The proof is given in Section 7.
This theorem shows that (u°(z),v°(z)) and (Wy(€), o*) are good approximate solu-
tions corresponding to the equilibrium ones of (3.6), (3.7). We thus can construct the

1-dimensional symmetric equilibrium solution (u®(x), v®(z)) of the stationary problem
of (1.2)—(1.4) by

(uf(x),v° () = {(“E(I)’ v°(2)) for z > 0,

(uf(—z),v%(—x)) for x < 0.

We define the planar equilibrium solutions (u®(z,y),v¢(z,y)) of (1.2)-(1.4) by ex-
tending (u®(x), v®(z)) uniformly in the y-direction in the strip domain Q; = R x (0, ¢)
and similarly the planar equilibrium solution (u°(z,y),v°(z,y)) of the limiting system
by extending (u°(z),v°(z)). We note that the latter solution is characterized by the
interface positions {(£n*,y) | y € (0,4)} and v°(z, y).



STABILITY OF PLANAR EQUILIBRIUM SOLUTIONS IN A CHEMOTAXIS MODEL 409

We now consider the distribution of the eigenvalues of the linearized problem around
(uf(x,y),v*(x,y)) for sufficiently small € > 0. Before doing that, we study the eigen-
value problem around (u°(z,y),v°(z,y)) in the limiting system as ¢ | 0.

4. Singular limit eigenvalue problem

In this section, we consider the linearized eigenvalue problem of the limiting system
(2.5) according to the argument used in the previous paper [15]. Let us consider the
situation when the interface position I'Y = {(£n*,y) | v € (0,¢)} is perturbed to
become I'y (0) = {( £ n* + ¢ (y),y) | y € (0,0)}. From (2.5), the time-evolution of
the interface curves T'y (t) = { (£ n* + (E(t,y),y) ’ y € (0,0)} is described by

et

act ¢\ 2 . [ov  ovact . N
W—C 1+(8—y + kX' (v) %_%Ty 1+(%)2 )

t>0, ye (0,0,

- AN gy [O0 _wacT]  eny, )
5= ¢ 1+(8y) +RX(v) | o 5 0y 71+(8§_;)2+R,

(¢7(0,9),¢T(0,9)) = (¢ W), ¢ (W), v € (0,0),

o ._ 0
6_y< (t,O) =0= 6_y< (tvé)v t>05
3] 3]
[t — (0= /Tt
SCH0.0) = 0= 26 (10) t>0
0= Av+g(v), t>0, (z,y)et) (i=0,1), “1)
| llim v(t,x,y) =0, t>0, ye(0,90),
0 0
6—yv(t,x,0) =0= a—yv(t,x,é), t>0, ze€R,
v(t, ) € CH(Q), t>0,

where Q1(0) = {(z,y) | =" + (o (y) < 2 < 9* + (G (y) for y € (0,0)}, Q(0) =
Q,\Q1(0), and R* are the higher-order terms with respect to (* and their derivatives.
Suppose that ¢(* are given. We can solve (4.1) for v. Substituting the solution v
into the equations for (¥, we obtain the equations of (¥ only. Let (F(¢) be the
Fourier coefficients of (*(t), which are defined by ¢ (t) = [*_(*(t,y)e "*¥dy where
x = mn /¢ with positive integer m. Then the linear parts of the resulting equations
for ¢*(t,y) become

¢t
dt

— et~ h(0") | TGt -

1—e 2V Kl — e 2V 1 )

2,7 27 2+ A2

e~ 2V’ I e~ 2V +R2n” }

+ kX/I(O_*)
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and
o [N e
s et (e

+ kX/I(O_*)

1— e 2V [ (1 — em2V 1 ) e~V
2\ 24/ + K2

NG Cli_—’—WCI{

(4.2)_

We note that disturbances are divided into two types, that is, varicose ones (( (y) =
—¢; (y)) and zig-zag ones () (y) = ¢, (y)). Since the corresponding solutions satisfy
Gi(t) = =( (1) and G () = (7 (t), we may set (7 = (f = —(; and (¢ = (f = (.
Then (4.2)+ lead to the equations for ¢¥(¢) and (Z(¢) which are described, respec-
tively, by

gy eI 4 eV 1—e 2V
K _ _ewrcr — k¥ (o) N e ik

dt 2 2.7

VY +RE = 7 — 7+ K2V — | eVt ¢

X K

27V + K2
= A" (k)G (43)
and

d¢z 207 _ 1|2/ (o* e—2vIN" _ g2/ +Rn" v 1 — e—2v0"
i Y X'(0") 5 —X(U)T

VA + K2 — VY = VA + K2e2VIT 4 ﬂefz\/mn* :
X CI{
2,7V + K2

= A*(k)CE. (44

Thus, one finds that the stability of the stationary interfaces ' is determined by the
signs of AY(k) and A*(k).

In the next section, we show that critical eigenvalues for the linearized problem
(1.2)—(1.5) are given by the forms of ¢A(k) + o(¢) and £A*(k) + o(e) for sufficiently
small € > 0.

5. Stability of planar equilibrium solutions

For sufficiently small € > 0, we consider the distribution of eigenvalues of the linearized
problem of (1.2)—(1.5) around the planar equilibrium solution (u®(z,y), v (z,y)) in Q.
The corresponding linearized eigenvalue problem is given by

M = e?Aw — ek [/ (v¥)vwe + (X' (v°)vs)ow] + f/(u)w — ek[usx' (v°) Az
+ {usx (v%) + 20X (V)5 } 2o + (U (v9)V5) 2], (z,y) € Qp, (5.1)
Az =w+ Az — 7z,
with boundary conditions
w(=00,) = 0 = w(00, ),
2(=00,y) = 0= z(00,y).
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To solve that, we use the complete orthonormal system {Y,, }5°_, in L?(0,¢) where

172 for m =0,
Y, =
V2012 cos(mmy/€)  for m > 0.

For (w(x,y), z(w,y)) € L*(Q) x L*(Q), we define (w,,(x), zm (z)) by

2 ¥4
W () = / W@ )Y@y, zmlz) = / 2(2,9) Yo (9)dy

forzr e R,m=0,1,2,.... Then (w(z,y), 2(x,y)) may be expanded to

w(z,y) =D wn(@)Yn(y),  2@,y) =Y 2(@)Vm(y)
m=0 m=0

in L2(Q). It follows from (5.1), (5.2) that for kK = mn /¢, w,, and z,, satisfy

Ay, = (LF — 262 )Wy, — No% 2,

5.3)m
A = Wy + (M — K2) 20, (5:3)
where
d? d
LF = EQﬁ —ekx/(v)vg = — ek {X'(v%)vg, + X" (vF)(v5)?} + f'(u),
X X
Na,nzgk[ua/(a{d_2_2 e ()E 25//aai e M (2 EN,E
= X () gz =~ ¢+ {uex (0) + 20X ()0l } 0 4 (X" (0%)3), |
d2

Substituting the second equation of (5.3),, into the first one, we rewrite (5.3),, as
T — 2k% — Nwm = S5 (N 2m,
( ) (N (5.4),,
(M — K? — Nz = —wp,
where
T¢ = Lf + ekux' (v°),
d
S°(N) = ek [{usn’ (v%) + 205 (005} = + (7 + N (%) + (W (0)05 )
x
The boundary conditions for (5.4),, are
W (—00) = 0 = W,y (00),
(~o0) () s
Zm(—00) = 0 = 2z, (00).
We note that to solve the eigenvalue problem (5.3),, with (5.5),, on R is equivalent
to solving (5.4),, on Ry under the two types of boundary conditions
Wi (00) = 0 = 2y, (00),
(5.6)n

and
Wi (00) = 0 = 2, (00),
wm (0) = 0 = z,(0).

Here, the boundary conditions (5.6) 5 and (5.6) p correspond to those for the linearized
eigenvalue problem with varicose and zig-zag disturbances, respectively.

(5.6)p
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Remark 1. By differentiating (3.6) with respect to x and using (3.7), one finds that
(us(z),vs(z)) is the eigenfunction corresponding to the zero eigenvalue of (5.4)g with

x YT

(5.6)p.
For the distribution of non-zero eigenvalues, we first show

Proposition 1. There exists a positive constant 6 such that for any given § > 0,
there is an €9 > 0 such that any eigenvalue A € C of (5.4),, (5.5)n, satisfies either
Re A < —0 or

le?k? + A < 6 (5.7)
for any 0 <e <eg and k > 0.
The proof of this proposition is given in Section 7.
This proposition indicates that any eigenvalues not satisfying (5.7) are uniformly

away from the imaginary axis in the left-half plane. On the other hand, the distribution
of eigenvalues satisfying (5.7) is given as follows.

Theorem 2. Let m € Z and £ € Ry be arbitrarily fived. Then there are critical
eigenvalues A% and N5 of (5.4)m, with (5.6)n and (5.6)p which are simple and satisfy

AR o (TN | . A5 L (mm\ |
léﬁ)l{?_A(z)}_O and Eﬁ}{a A(e)}_o
where AV and A® are the quantities defined in (4.3) and (4.4).

The proof is given in Section 7. This theorem implies that the stability of the
equilibrium solution is determined by the eigenvalues of the limiting system.

In the next section, we apply Theorem 2 to consider the stability of the planar
equilibrium solution of (1.2)—(1.4) for some specific forms of x(v).

6. Applications
For the stability of the 1-dimensional equilibrium solution, we know

Corollary 1. Let n* > 0 be defined by H(n*) = 0 (see (3.3)). The 1-dimensional
symmetric equilibrium solution of (1.2)—(1.5) for small € > 0 is stable if d%H(n*) <0,

while it is unstable if d%H(n*) > 0.

Proof. Since the disturbance is only the case of m = 0, that is, x = 0, it immediately
follows from Theorem 2 that A”(0) = d%H(n*) and A*(0) = 0. Therefore, the stability

is determined by the sign of d%H(n*). O

Remark 2. Corollary 1 and Theorem 2 say that the 1-dimensional equilibrium solu-
tions corresponding to the branches of Figures 1, 2(i), and the lower one of Figure 2(ii)
for small € > 0 are stable in R, while the solutions to the upper branch of Figure 2(ii)
are unstable.

Next, we consider the stability of the planar equilibrium solution. When the width
of the strip domain is small, stability is determined by the 1-dimensional stability
which is valid independently of the form of x(v).

Corollary 2. There exists a positive constant w such that when ¢ satisfies 0 < £ <
nwel’?, for sufficiently small € > 0, the planar equilibrium solution is stable (resp.,
unstable) if d%H(n*) <0 (resp., > 0).



STABILITY OF PLANAR EQUILIBRIUM SOLUTIONS IN A CHEMOTAXIS MODEL 413

Proof. If k > 0, that is, m > 0, it follows from (4.3) and (4.4) that

AY (%) = —ex?+G+o(l) and A* (

where

%) = —ex? + G +o(1) forlarge k >0

k

. 1" % _ »—2/n")2
G = _5 |:X/(o,*)e2ﬁn _ X (U )(1 € )

2y

Therefore, there exists a positive function w(e) with w(e) = O(1) as e — 0 such that
A< 0and A < 0 (m > 0) if w2 < en?, that is, it is enough that 0 < ¢ < mwe!/?
holds because of kK = mm/¢. By Corollary 1, this corollary is completely proved. O

The case when the width ¢ is not so small is not simple. The stability depends
on the form of x(v). Fix ¢ arbitrarily. (i) With x(v) = v, the planar equilibrium
solution is always stable for sufficiently small € > 0 because it follows from (4.3) and
(4.4) that A” and A® are negative for ¢ > 0. (ii) With x(v) = sv?/(s + v?), the
stability of the planar equilibrium solution changes depending on the width ¢ > 0 as
well as the other parameters s > 0 and & > 0. When s is small, that is, the case of
Figure 2(ii), the solution corresponding to the lower branch is stable for any k > k
and ¢ > 0 for sufficiently small € > 0 where k is the turning point of the branch.
But, for suitable large fixed s > 0 and ¢ > 0, that is, the case of Figure 2(i), when k
decreases, the instability primarily appears with respect to zig-zag disturbances and
secondarily appears with respect to varicose ones as in Figure 3. We note that a
similar bifurcation structure is demonstrated for a class of reaction-diffusion systems
with activator-inhibitor interaction (Ohta, Mimura, and Kobayashi [21]).

7. Proofs
Here we prove Theorem 1, Proposition 1, and Theorem 2.

Proof of Theorem 1. We first construct a solution of (3.6), (3.7) in two subintervals
(0,7) and (n, c0) with the following boundary condition at x = n:

(u(n),v(n)) = (¢, 0) (7.1)

where ( and ¢ are arbitrary constants to be determined later. In order to do that, we
construct an outer solution of (3.6), (3.7) in (0,n) and (7, c0) and an inner solution in
a neighborhood of x = 7 (see [7, 14], for instance).

Outer solutions. When ¢ = 0, (3.6) becomes
0= f(u),
() z € (0,00).
0=vg +u— YU,

Solving the first equation in the above system, we take

() = {1 z € (0,m),

0 € (n,o00),

and put it into the second equation with the boundary conditions (3.7) and (7.1). Then
the solution vo(x) is represented by (3.5). We call (ug(x),vo(z)) the outer solution of
(3.6), (3.7) in the limit € | 0. It follows from (3.2) that

1) eV —1

d d
Evo(n-l-O):—oﬁ and E’UO(’I]—O): (U—; m
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FI1GURE 3. For the equilibrium solution corresponding to the branch
in Figure 2 (i), at the lines Z,,, and V,,, the solution is neutrally stable
with respect to m-mode zig-zag and varicose disturbances, respec-

tively.
We remark that when o = o* = #, vo(x) belongs to C*(R).

Inner solutions. Since vg(z) is continuous in Ry, but ug(z) is discontinuous at
x = 1, we look for an approximate solution to (u(z),v(z)) in a neighborhood of z = 7.
To do so, we use the usual stretched variable £ = (x — n)/e so that (3.6) is rewritten

as

0 = uge — kuex' (v)vy — eku{x (V)vz }z + f(u), (7.2)
0 = vee + %(u — ). -
We look for an approximate solution of (7.2) in the form
(7.3)

uo(e§ +n) + Uo(§),
vo(e€ + 1) + Vo(€) + e2Va(§).

Q
=
™~
N/

Il
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Substituting (7.3) into (7.2), we have

0 = Uoee (§) — k{Uog(S)x’(vo(% + 1) + Vo(§) +£%V42(€))
(0026 + ) + Vo (€) + £Vac(€)) + (uole€ +n) + U (©))
[ (vl + 1) + Vo(€) + 2Va(©)) (v0za (66 + 1) + 5 Voee (©) + Vaee(©)

+ex” (vo(e€ + 1) + Vo(€) + e2Va(€)) (vor (€€ + 1) + évog (&) +eVae (5))2] }
+ f(uo(e€ +n) + Uo(€)) + O(e),

0 = tiea (€ +1) + =5 Voee (€) + Vace(€) + uo(e +1) + (@)
— y(vo(e€ +n) + Vo (&) +£°V2(8)) + O(e)
(7.4)

for small €. Noting that the interval I. becomes the whole interval R in the limit
€ | 0, we impose the boundary conditions for Uy, Vp, and V5,

lim Up(§) =0, lim Up(§) =0,
S s (7.5)
EEIEOUO(g) = C - 15 §1~1>I£O UO(&) = Cv
and
dim Vo(€) =0, Jim Va(6) =0, -
Vo(0) =0, V2(0) = 0.

When ¢ tends to zero in (7.4), the second equation implies Vpee = 0 so that V5(§) =0
by (7.6), and then the first equation of (7.4) is

0 = Uoee(§) + AUoe (&) + f(uo(n) + Uo(£)) (7.7)
where A = —kx/(vo(n))vos (n). By putting
JUo(©)+1, ¢eR_,
ole) = {Uo@), =

it follows from (7.5), (7.7) that W, satisfies

0=Woee + AWoe + f(Wo), €€ R,

7.8
) lim Wy(§) =1, 5lim Wo(§) =0, Wo(0) =¢. (7.8)

Lemma 1. (i) There is a ¢ > 0 such that when A =€, (7.8) has a unigque monotone

decreasing solution Wi (&) in R.
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(ii) There exists § > 0 such that for any A (|]A—¢| < §), (7.8) has a unique monotone
solution WiE(&;\) in Ry, which satisfy Wit (&;2) = Wi (€) in Ry and

P B
- [WOJE(O; A) = Wie (0; A)} > 0.

A=c

A proof is in Hosono and Mimura [11].
Thus, we have obtained (Up(§), Vo(€)). We next consider V5(€), which satisfies

0="Vage +Uo(§),  €€Ruy, (7.9)
Va(£o0) =0,  V4(0) =0.

Obviously the solution of (7.9) except for the boundary condition at £ = 0 is given
by V2i (€)= — gioo fsioo Up(t) dtds in Ry. In order that V(€) satisfy the boundary

condition at £ = 0, we let

Vo (6) = V5 (0, £eR,
v Vy(0)e75,  £€Ry,

with some constant p > 0.
Thus, we can construct an approximate solution (u(£),v(£)) of the form (7.3),
which is called the inner solution of (3.6), (3.7), (7.1) with the stretched variable

{=(z—n)/e
We now construct the classical solution on (0,7) by using the outer and inner
solutions. By the new variable y = x/n, (3.6) is rewritten as

0 = e2uyy — ekuy X' (v)vy — ehufx' (W)vyty +n*f(u),

y€(0,1). 7.10
Ozvyy+772(U—’YU)a (0.1) ( )

We look for a solution of (7.10) with (3.7), (7.1) in the form

u(y; e,m,0) = uo(ny) + Uo(n(y —1)/€)0(y) + p(y),

(7.11)
v(y;e,m,0) = vo(ny) +e*Va(n(y —1)/2)0(y) + q(y)

where (p(y),q(y)) is a remainder term with respect to small € and 6(y) is a smooth
monotone function satisfying
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Substituting (7.11) into (7.10) with ¢ = (p, ¢), we have

P(t;e,m,0) = n°Upeed + 2enUoely + £2Uobyy + %pyy

Upe0
— sk{ (77 505 + Upby —i—py) X' (vo + £2Va0 + q)
X (777}0:5 + 877‘/2£9 + 52‘/291/ + QU)
+ (uo + Upb + p) [x”(vo + V20 + @) (nvox + enVael + 2Va0, + q,)*

+ X’(UO + 52[/'29 + q) (7721)011 + 772[/2559 + 28n‘/§59y + 52[/'26‘yy + ny)j| }

+ 02 f(uo + Uof + p),
Q(t;e,m,0) = 7 Vowa + 772‘/2559 + 2enVaely + 52‘/297474 + Qyy
+n*{uo+ Uof +p—v(vo + Va0 + q) }

= 2enVaely + e*Vabyy + qyy + : (enVach + e*Vaby + qy)

+n°{p —(*V20 + q)}

for y € (0,1). The boundary conditions are

We prove that there exists a solution (p(y), ¢(y)) by applying the usual implicit func-
tion theorem to P(t;e,m,0) = 0 and Q(t;e,n,0) = 0. We first note that the following
six properties hold for small

P(0;e,m,0) = 2enUoel, + 2Ugby,
- ak(gUogﬁ + Uty )X (v0 + £2Vab) (00 + nVaeh + 22V26,)

— ek(uo + UOH){XN(UO + &2Va0) (quos + enVaed + £2V20,))?
+x'(vo + €2V29) (nQUOM + 772‘/2559 + 2enVaeby + 52V29yy
+ enVaeh +£2Va,) |+ f o + Uoh) = F(uo(0) + U)}
+ kn* X (vo(n) )vos (1) Uog

= n"{ — kX' (v0)vor — X (vo(n))vou (m)]Uoct

+ f(uo + Uo8) — f(uo(0) + Up) } + O(e)
= 0(e),
Q(0;2,1,0) = 2enVaelyy + £2Vaby, — n*7e*Val = O(e),
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and

2

d d
P,(0;e,m,0) = 52d—y2 —ekx (vo + 52‘/29)(77001 + enVaeb + 52‘/20y)d—y

- Ek{x”(vo + £2V20) (nuos + enVae + £2V20,)?
+—x%v0-+52v59)@ﬂz@zz—%n2vaggo4-2grv@§9y4—52v39yy)}

+ 02 f (ug + Uph)
2

d d
= a2d—y2 — EkWX/(UO)UOzd_y + 102 f (uo + Uph) + O(¢),

d
Py(05¢,m,0) = —k{(ﬂU059 + eUoby) X" (vo + £2V20) (voe + eVaeb) + X' (vo + 62‘/29)d—y

+ e(ug + Upb) [XW(UO + Vo) (nuos + enVaed + £2V420,))?

d
+ X" (vo + £*Va0)2e(nuos + enVaeh + 52‘/20y)d—y
+x" (vo + 62‘/29) (7721)011 + 7721/2559 + 2enVaely, + EQVQny)

d2
+ X/('UQ + Ez%e)d—y2:| }

d
= —knUoc0 {UX”(UO)UOz + XI(UO)d_y} +O(e),

QP(O;Eunvo) :7727
d? 9
Qq(o;aanv(j) = d_y2 —ny

where P,, P, Qp, and ), mean the derivatives of P and () with respect to p and
g. We note the following: (i) Q4(0;¢,m,0) is invertible in a suitable function space
with (7.13); (ii) Py(0;¢,n,0) = O(£2) holds for small & with respect to the L'— norm;
and (iii) since f'(uo + Up) < 0 in (0,1) for any fixed ¢ close to 1, P, is invertible by
the maximum principle of elliptic equations. Then, it turns out that the linearized
operator (IQD’; g‘;) at (p,q) = (0,0) is invertible for small ¢ and k. It follows from
the implicit function theorem in [7] that there is a solution (p(y;e,n,0),q(y;&,n,0))
of P =@ = 0. Therefore, we have a solution (u(y;e,n,0),v(y;e,1n,0)) of (3.6), (3.7),
(7.1) on (0,n) of the form (7.11).

Next, we construct a solution of (3.6),(3.7), (7.1) in (n,00). By using the new
variable p = x — 1, (3.6) is rewritten as

0= cu,, — cku,X' (v)v, — eku{x' (v)v,}, + f(u),
oo X (V)0 {(X'()vp}p + f(u) peR..  (1.12)
0= vy, +u—"v,

The boundary conditions are

(u(0),v(0)) = (¢;0)  and lim (u(p),v(p)) = (0,0). (7.13)

p—00
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We look for a solution of (7.12), (7.13) on R in the form

u(p;e,m,0) = uo(p +n) + Us(n/e) + p(n),

(7.14)
v(p;e,m,0) =wvolp +n) +*Valp/e) + q(p)

where (p(p),q(p)) is a remainder term with respect to small e. Substituting (7.14)
with ¢ = (p, q) into (7.12), (7.13), we have

P(t;e,n,0) = Uoge + €°pyn — ’%(% +pp)x’(vo +e*Va + g)(vor + eVae + )
— ke(uo + Uo + p){x" (vo + €2Va + q) (vor + Ve + q,)*
+ X' (vo 4+ €*Va + q)(Voaa + Vaee + dpp) } + f (w0 + Uo + ),
Q(t;e,1,0) = Vogaz + Vage + qpp + uo + Uo +p — v(vo + €2Va + q)
Gop + 1 — (V2 +q).

The boundary conditions are given by

Therefore, we will prove that P(t;e,n,0) = 0 and Q(t;e,m,0) = 0 has a solution
(p(p), q(p)) by using the implicit function theorem, as usual. To do that, we show the
following six properties with respect to P and @ for small &:

P(0;e,m,0) = —kUoex' (vo + £2Va) (vor + €Vae)
— ek(uo + Uo){ X" (vo + €°V2) (vos + €Vi¢)?
+ X (vo + €°Va) (vozs + Vage) } + kx' (v0(0))vo (0)Uog
= —k{x'(v0)voz — X'(v0(0))vos(0)}Uoe + O(e)
= 0(e),
Q(0;e,m,0) = —7e*Va = O(e),
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and

2

d d
P,(0;e,m,0) = E2d_p2 —ekx'(vo + 52‘/2)(001 + €V2£)d—p

—ek{x" (vo + £2Va) (vor + eVae)?
+ X' (vo + *Va) (vors + Vage) } + f'(ug + Up)

d
=e’— - €/€X'(U0)U0md—p + f'(uo 4+ Uo) + O(e),

d
P,(0;e,m,0) = —kx" (vo + €2V2) (vox + eVae)Uoe + X' (vo + 52V2)U0£d_p
" 2 2 " 2
—ak(u0+U0){x (v + €2V2) (vow + eVae)? + X" (vo + €2V3)

d
x 2(vog + ngg)d—p + X" (vo + €2Va) (Voza + Vaee)

d2
X+ i)

d
= —kaf{X”(Uo)UOm + X'(Uo)%} +O(e),

QP(O;Eunvo) = 17
d2
Qq(056,m,0) = W -7

We note that P,(0;¢,m,0) = 0(5%) for small ¢ with respect to the L'-norm, and
Qq4(0;¢,m,0) is invertible. In a way similar to the proof of Lemma 4 in Hosono and
Mimura [11], we can show that P, is invertible. Thus the linearized operator of (P, Q)
at (p,q) = (0,0) is invertible, so that the implicit function theorem implies that there
exists a solution (p(p;e,n,0),q(p;e,n,0)) of P =Q = 0. Therefore, (7.12), (7.13) has
a solution of the form (7.14) on the half line R .

Note that the solutions of the forms (7.11) and (7.14) for (3.6), (3.7), and (7.1) are
continuous but not continuously differentiable at x = 1. So, we show the existence
of functions n(e) and o(e) for small € such that each solution on (0,7n) and (1, c0) is
continuously differentiable at = n. By the form of vg(z), (7.11), (7.14), (3.4), and
(ii) in Lemma 1, we find that at 0 = 0*, n = n*, and A = ¢,

_d
lim - [o(n +0) = v(n - 0)] =0,

0 —2ye2Vm
lim — [vz(n + 0) — va(n — 0)] = e

—_——— <0
<10 0o V(e2VTT 4+ 1) =5

and

d
11%16% [u(n+0) —u(n — 0)] = Woe(0 +0) — Woe(0 —0) =0,
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= bt [ (o0 (1)) v ()] 3 [ 05) = Wig(0: V]
9 * 1 > c * 2
= 5100 | estwieas 2o (7.15)

By using the implicit function theorem, it follows that there exist o(¢) and n(e) such
that for small e, a solution (u®(z), v*(x)) of the forms (7.11), (7.14) constructed on each
interval becomes a solution of (3.6), (3.7) on Ry. Therefore, the proof of Theorem 1
is completed. O

Next, we prove Proposition 1 and Theorem 2. To do that, we first consider the
following two eigenvalue problems:

T°¢=Cé  in Ry,

¢-(0) =0, lim o(x) =0, (7.16)n
and

T°¢=Cé  in Ry,

¢(0) =0, li_)m o(x) =0. (7.16)p

For each problem, the following lemma holds.

Lemma 2. Let 0.(T°) be the essential spectrum of T€. Then o.(T) C (—oo, f'(0)]
holds, and all eigenvalues of T¢ are real and simple.

The proof of this lemma is in Coddington and Levinson [5] and Henry [10], for
instance.

Let {C}}n>0, {Ch.n}n>0 be the eigenvalues of the problems (7.16)y, (7.16)p and
{85 }n>0, {9 }n>0 be the corresponding orthonormal eigenfunctions, respectively.

By using the stretched variable £ = (x — n(e))/e, T¢ is rewritten as

. 2
T = g — I (095 g — ok (N (0°)0% + X () 0 = 5 (7} + /(i)
in [-n(e)/e, 00), where @°(§) = u®(n(e) + &) and v°(§) = v°(n(e) + €£). Note that
. e ' d2 1/ % * d / :
lim 7 = 79 = 25 = b (0")o2r) 3 + F/(Wa) in R

where lim, o 7](8) = n* and lim. o 5 (€) = v2(n*). Putting ¢ (&) = \/Eqﬁfl(ﬁ(a) +ef),
we find that ¢, is the eigenfunction corresponding to the eigenvalue (F of T° with the
Neumann boundary conditions.

Remark 3. —d%Wo is a constant multiple of the positive normalized eigenfunction
(;33 corresponding to the principal eigenvalue 0 of the Sturm-Liouville operator T°, and

d - d
_d_gag_)ﬁ*_l¢8 (: _d_§WO> ase— 0

where k* 7! = ||di£W0H L2(r)- Moreover, the eigenvalues of TO are all simple and the

remaining spectrum, except for the zero eigenvalue, is in the parabola {\ € C|—Re A\ >
a(Im )% + b} for some positive constants a, b (see Sattinger [23], for instance).
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Let ¢3* be the eigenfunction corresponding to the principal eigenvalue (5* of the
adjoint operator T°* of T, which is represented by

T = dd22 + ek (v )via% +ekuty (v°) + f'(u®).
Lemma 3. (Nishiura and Fujii [19, Lemma 1.3)) It holds that
&5 (= Veds) — & in the C2 ,(R)-sense as €10
and
beF — e in the C2,,(R)-sense as €0
where v = 1/||e*/25 3 .
Corollary 3. [19, Corollary 1.3]

/¢o Jdz = L(e)Vz /o> L*(e)vE

where L(e) = [, VES(n(e) + 2€)€ and L*(2) = [ VES ((e) + c€)de.
Moreover, L(0) = k* and L*(0) = —y*r* [*_ e“WedE.

Lemma 4.

(@) +ox o)} [ meretas (o)

262V 0 .
e | Wepesas 0
where Wy is the traveling front solution of (2.4).

Proof. Put Wy(0) = ¢. Thus fBOO(Wog)zecgdﬁ — 0 as ¢ — 1, so the proof of this
lemma follows from (3.4). O

Using Lemma 4, we have the two lemmas:

Lemma 5. [19, Lemma 1.4] Let (§ be the principal eigenvalue of T¢ with the Neumann
or Dirichlet boundary condition. Then, we have (§ = €(o(e) + O(E%) for small p and

131850<s)=€6‘=’€ [X’w*)v;ﬁx”(o*)(vif X' (%)

— k[ (o) + 070"}~ X ) ] £0
where v} and v}, are the values of v0 and v0, at x = n* and (-, >R and (-, - )r. mean,
respectively, the L*(R)- and L?(R4)-inner products. Moreover, there is a positive
constant p independent of € such that other eigenvalues ¢ of T° satisfy (¢ < —p for
any integer n > 0.

Lemma 6. The principal eigenvalue (§ of T¢ does not belong to the spectrum of (5.4)o,
(5.6) for small e > 0.

This lemma will be proved at the end of this section.
Let Ay = {A € C| Re A > —min{u,~,b}}. We note that the constant § > 0 in
Proposition 1 is determined by § = min{u,v,b}. For A € Ay, we decompose w,,, into
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two parts as follows:

Wy = (T° — k% = X) 718 (N2,

<S€()‘)Zmu¢(€)*>R+
G5 —e2r2 = A

&5+ (T° — k%2 = NS (V) 2. (7.17)

Here the first term in the right-hand side means the projection of the space spanned
by the eigenfunction corresponding to the principal eigenvalue (§ of T°. By using
Lemma 6, it is easy to show that (7° — \)T is a uniformly L2- bounded family of
operators for A € Aj; more precisely, we have

1

1T =N < ey

(7.18)

for some p > 0. By the argument in the proof of Lemma 6, we have (§ —e?x% — X # 0.
Substituting (7.17) into the second equation of (5.4),,, we have

(5 (N)zm, 96" )R,
6 —e2r2— A

o5+ (T° — e2k? — )\)TSE()\)ZW — (,%2 +9)zZm.-
(7.19)

)\Zm = Zmaga

Proof of Proposition 1. We prove this proposition by using the proof of Nishiura and
Fujii [19]. Since the proof of Proposition 1 for the Dirichlet boundary conditions (5.6)p
is the same as that for the Neumann boundary conditions (5.6) 5, we only consider the
problem (7.19) with (5.6)n. In order to do that, we introduce the following bilinear
form associated with (7.19):

(S5 (A\)zm, 95" )Ry, .
CS —e2k2 — )\ <¢0’1/}>R+

+{(T° — %K* = N)TS°(N)zm Dp, — (VR +A) <zm >R, (7:20)

0= _<Zmz;¢z>R+ +

for zm, ¥ € Hx (Ry) where z,, is normalized as ||z, ||z2 = 1.

Lemma 7. There is a positive constant M, independent of 0 < e < 1 and k > 0 such
that any eigenvalue X € Ay 5 = {\ € Ay | [eK2 + A > 6} of (5.4)m, (5.6)n satisfies
|e2k2% + A < M..

Proof. Setting 9 = z,, in (7.20), we have

(S5(N)zm, 95" )R,
G —e2rZ — X

+{((T* - e2k? — )\)TSE()\)zm, Zm)R

(v + A+ &) zml 22 + zmallfe = (@0, 2m)R

(7.21)

4+
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For the real part of (7.21), it follows from (7.18) that

(7 + Re A+ £2) | zm |22 + || 2ome |22
(5" () oms 65, , . 5
= Re { s — E2,120_ b\ = (Pgzm)r, + (T° — e2k2 — N)T5e(A Ve 2m )R
1(S*(N)2m, 65" )R, |
=G5 — ek = A

< Cllemllza{lzmellzs + (v + 52 + D zml 2 + ll2m 22 }

1 1
7.22
Xh@—ﬁﬁ—Aﬁﬁq—ﬁﬁ—M} (7.22)

where C is a positive constant independent of 0 < & < 1 and x > 0. Since ||z, |12 = 1,
the left-hand side of (7.22) is larger than the right side as |¢2x? + Re \| — oo. This is
a contradiction and therefore |e2x% + Re A| < +o0.

On the other hand, we have

|<¢8,zm>R+|—|—‘<( — %K —/\)TSE(/\)zm,zm>R+|

(5% (N2 65
o A 32 = i { SRR ),

+ ((T° — %K% — )TS’E(A)zm,zm>R+}

from (7.20). By using the same argument as above, we find that the left-hand side of
the above equation has upper bound equal to the right-hand side in (7.22). Therefore,
lzmazllz — o0 as Im A — oo. We note that there is a small positive constant C
independent of 0 < € < 1 and x > 0 such that

1 1
24 Re N+ |1 -C mellz
(v+ K%+ Re A) + NG = /\| ICc — 222 _ A l2mallzz
1 2 1 !
il A 1 '
<(Cl+6(”y+ﬁ +[A]) + |<8_€2'€2_)\|+|<1€_€2K2_)\|}

As |Im A| — oo, the left-hand side term becomes larger than the right side for small
¢ > 0, which is a contradiction. Hence, |Im A| < oo, that is, there is a positive constant
M. such that |e2k% + A| < M, for each eigenvalue A € Aq 5. O

Corollary 4. If z,, is the eigenfunction corresponding to an eigenvalue A € Ajs

satisfying |e2k% 4+ X < M, of (5.4)m, (5.6)n, then there is a positive constant C such
that

1< ||zmllaz < C.

Proof. From (7.21), there is a positive constant C3 satisfying

(S5(N)zm, #5")m,
¢ — Z€2ﬁ20 N (60, 2m )

—i—‘ (7% = €262 = XTS5 (N) 2z, 2m) R+’
< (v + 82+ ) + Ca{llzmall 2 +e(y + &2+ [A]) + 1}

y 1 1
G- A G- A

lzmallze < (v + K%+ [A]) +
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By using ||z ||z = 1, we have

C3Cy 1 1 ) 2
- <
- e ey el <
+Cfga el R+ ) +1 s
YR K
2120, v Ce —22m2 — N | G —e2R2 _

for a small positive constant C4. Thus, it turns out that there is a positive constant Cs
satisfying || zmz|| L2 < Cs. Moreover, it follows from (7.19) that ||zmazllr2 < Collzm | 1
with some positive constant Cs. Therefore, there is a positive constant C satisfying
1< ||zmlla < C. O

To show the distribution of the eigenvalues of (5.4),,, (5.6)y in { A € Ay ‘
|e2k2 + Al < M. }, we need the two lemmas:

Lemma 8. [19, Lemma 2.2] Let F(u,v) be a smooth function of w and v. Then, for
Fe = F(u®(z),v*(x)) and F* = F(U*(x), V*(x))

F*h
J'Wo) = A
for any h € L%(RJF) N L*®(Ry). Moreover, for any finite A € Ay,

(T° = N (eus-) — 0 uniformly on any bounded set in H'(Ry) NL>®(Ry) ase | 0.

(T¢ = N (Feh) — strongly in the L?-sense as €| 0

Lemma 9. There is an €9 > 0 such that any A € A1 satisfying |e2k% + \| < M, is
not an eigenvalue of (5.4)m, (5.6)n for any 0 < e < eq.

Proof. Let X\ be an eigenvalue of (5.4),,, (5.6)ny. From Corollaries 3 and 4, we find
positive constants Cy, C2, C5, and Cy independent of € and x such that

(65, 2m)r. | < |2m|lLeCive < Cav/e
and
(S5 (N)zm, 95 )R, | S 1S5 (N 2mll 2|66 12 < Csl1S°(N)zm 2 < Ca(l +e[A])

for small € > 0. By using Corollary 4 and Lemma 8, we see that the left side of (7.21)
is larger than the right side for small £ > 0, which is a contradiction. |

We thus find that there is no eigenvalue of (5.4),, (5.6)x in { A € Ay | [e2k% + )\ >
d }. Since the same argument as the above also can be used for the eigenvalue of
(5.4)m, (5.6) p, Proposition 1 is completely proved. O

Proof of Theorem 2. Hereafter, we may assume that there exists a positive function
d(e) with lim. o d(¢) = 0 such that

le2k2 + Al < d(¢). (7.23)

We now consider the distribution of eigenvalues satisfying (7.23). To do so, we
define the bilinear form

E””\(zl, 22) = (z;, z§>R+ +(v+ K2+ )\)<zl,22>R+ (7.24)

for 2!, 22 € HN(R4). It is easy to see that there are two positive constants Cs and
Cs such that

B2 (=" 2)| < Osl2H | m 12°) | e
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and
|B*(2,2)] > Cs|| 27

for any A and & satisfying (7.23).
By the Lax-Milgram theorem, we find that for any h € H (R, ), there exists
z € Hj(R4) such that

B (z,9) = (h,¥)m, for any v € Hy(R4).
Then a linear operator K®* from H~1(R) to H(Ry) can be defined by z = K**h.

Lemma 10. For any A and x satisfying (7.23), K" satisfies an estimate || K"*|| <
L where || - || means the operator norm from H~1(Ry) to HY(R,).
Cs + N +

y (7.20) and (7.24), it holds that for any ¢ € Hx(R4),

B e 0) = SR 48 g, 4 (77 = - NS Wz,

where z,, is the eigenfunction corresponding to the eigenvalue A. Therefore, it follows
from Lemma 10 that

— <Sa( )Zm7¢0 >R+ Kﬁ)\

o = I K g + KA (T = 242 = )15 (3)2)
_ S (C(‘f )_Z’;’jz /\f);? K“(jj%) + K5 ((T° = 2620155 (V) zm).  (7.25)
Put
o = oeK“’)‘(%) + K"(b) (7.26)
with (b, ¢§*)r, = 0. Then, (7.25) and (7.26) imply that
(<€ e2k2 _)\) :a<Sa(A)Km,A(ﬁ) 0 > +<58(A)Kn,)\(b) 8*>
: Ve) VElmy Ve
b= (T° — %62 — s (A )(aK“”\(%)—i-K””\(b)). (7.27)

Then, the second equation of (7.27) is rewritten as
(4
[T — (T — £2k2 — N S5 (A K™ b = o(T= — e2k2 — \)T$5(A )K“”\(%).

We remark that K is also a bounded operator from L2(R.) to H%(R). Therefore,

K“’)‘(%) € H%(R.) because % € L*(R4) holds for small € > 0. Moreover,
P
1S5 VE"(=Z)|| . = O(e)
\/— L2

and
(T — e*k* - N)TSE(A )K"“”\HBHL2 =0(e) for small ¢ > 0.
P
Therefore, the operator I — (T° — e2k? — )\)JfS’E(/\)K’""*A has a bounded inverse from
L?*(Ry) to L?(Ry). We have b = [[—(T°—¢&2%k? )\)TSE(A)K"”\]_laSE()\)K””\(¢—\/%) =
O(¢) in L2(R4), which implies that K**(b) = O(e) in H% (R ) for small € > 0. If
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a = 0, we know b = 0, that is, (Wm,2zm) = (0,0). This contradicts the fact that
(Wi, 2m) is an eigenfunction, so that « # 0 holds.

Next, we consider the limiting form of the first equation in (7.27) when & tends
to 0.

Lemma 11. [19, Lemma 2.3]

. ﬁ %

elo vz

= K*dp and lim = K*v*dp in the H™ (R )-sense,

0
£]0 \/E
lim VEUE X (v%)65" = —7"X (07) (Wog)*.“)mdoin the H ™' (Ry)-sense.

and

hf%l VEus X (s ds" = —k* Y X" (0" )vi{(Woe)?, e“)rdo  in the H ' (R )-sense
€

where &g is the Dirac §-function at x = n*.
By Corollary 3, we have a positive constant C such that
[(STVK™A (1), 65" )R, | < CVE(0G L1 (m, ) = CL*(e)e (7.28)

for small € > 0 where C' is a constant independent on x.
We first assume that & is large to be O(e~2) for small € > 0. Then, the following
equation is obtained by (7.27), (7.28):

oG — en = 7i) = alim ($"(eni e (S). )

for A = e7 where lim, o % = ég and lim. o 7 = 75;. Putting £ = aK’”"*”(f;—fE’g), we have
%
Ve

by the definition of K"*7. Thus, it follows from the above equation and Lemma 11
that 2* = lim.|o 2 satisfies 2* € C?((0,7*) U (n*, 00)),

(etadr, + (4R en){eo)n, =a(TLw) - forany e HY(Ry),

2" —0)—2:(n" +0) = ax”, (7.29)

and

2. —(v+ f<a2)2* =0 in (0,7")U(n*,00),

z (77*) =V 2;(0) =0, 2*(00) =0,

for some positive constant v satisfying ||2*||L2 = 1. Then, the solution 2* of the above
problem is represented by

VAR | —/r s
12
s (a) = VTR eV

ve Vrtri@=—n") z € (n*,0).

r € (0,1%),
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Thus, we have
(2] = 220" +0) = 2:(n" = 0)
T _ g/
_V\/’Y+/12{—1—6\/’Y+7n*+ mn*}
_ vyt R \/74"{2, (7.30)
1+ e~2Vretn

Since K®¢7(b) = O(e) in H%(R4) for small € > 0, it follows from (7.26) that 2}, =
lime|o 2, = 2* in H'(Ry). By using the first equation in (7.27) and Lemma 11, we
have

e
e

oG —2r® = 1) = k" [\ (0 0 () (Woe) 2, )
X (W z5a (7" = 0)(Woe), )
+ 2 (0" + 0)((Wog)?, ). }. (7.31)

We next consider the case of the Dirichlet boundary conditions. The same argu-
ment as the one for the Neumann boundary conditions implies that the eigenfunction
2}, corresponding to the principal eigenvalue with the Dirichlet boundary conditions
satisfies

and
2pa(n" = 0) = 25, (n" +0) = apk” (7.32)

where ap satisfies (7.26) corresponding to the Dirichlet boundary condition. The
solution £}, (z) of (7.32) is represented by

N _ [
14
@y = eV e

ve Vrtri@=n") x € (n*,00).

x € (0,n%),

Thus, we obtain
[2Da) = 2Da(n" + 0) = 2D, (" = 0)
VIR 4 =/
ZV\/’7+I€2{—1— }
A _ e
B v/ + K? (7.33)
RNy |
Summarizing the above results, we have

v 1+ e 2Vrtn?n’ q v 1 — e 2Vrtrn"
= an = .

ar* 24/ + K2 QpK* 24/ + K2
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It follows from (7.31) that

. kvyie* [ o*x"(c*
r=Goe ¢ LI o)

" {G;—g #1) 080 )~ i |

Pk kv * * *
S e s [‘“ X" (@)W + X (07) vy + K2
27" (k%) 2 H
xd—=L AT (W), e€), —1
{1 + o2/ R <( o¢) >R,

k(L4 e 2V [

2/v + K2

={5—er®+

o k[<1+eww%*)a*x"(a*m
24/ + K2

1+ 62\/@"*}
—

_ XI(U*) <(W0£)27605>R7 ’7*(:“&*)2

From Lemma 5 and (4.3), it is easy to see that

TN = T
* . 1 *
= —er? + k[a 5 ){1 —e 2V 0 (14 e 2V 'HKQ”*)}
2 ,Y_|_ IQQ
e~ 2VIN" L o2V HRn”

- - ¥(0")
= A" (k).
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Since (7.31) also is satisfied by 2}, and ap, it similarly follows from (7.32), (7.33), and
(4.4) that
™D =T

N kvve* [ o*x"(c*

ap ,7*(1%*)2

2 1
e )]
o (W0~ s
= —erki4k {M{l — eVt _ i(l — 6—2\/7+n2n*)}

2 /'7 + K2
e—2v" _ o2/ v+r2n"

- ‘ X(o)

= A*(k).
Define F(e, T, k) by
Fle,mn) = 7+ en? — bo(e) + <SE(ET)K""”(%), \;g Vo

+ é<SE(ET)K“’”(b)%>.

We find that the critical eigenvalues of (5.4),,, (5.6)n satisfy F(e,7,k) = 0. (7.27)
implies

G4 SR
where R(g) = O(e) for small € > 0. Then, it follows from Lemmas 9 and 10 that
FO.78) =74 " = G — k" ()2 X (0" )0 ((Woe)?, € )y (K™0(60), 60 ),
+X (@)L E"0(00)a (1" = 0) ((Woe)?, e )y
o+ (K0(60))a (7" +0) (Woe)®, ) }]

where lim.|gex? = p*. Therefore, it holds that F(0, 7, x) = 0 if and only if
™= G = by ()X () ((Wog), €y (K0(00), 80) g,
+ X () (E(80))a (1" — 0) (Woe)*, )
o+ (K™0(60))a 07 + 0) (Wae) %, ) 3.

There exists a unique solution 75 satisfying F(0,7%,x) = 0 and %_7:(0, Th k) = 1.
Since F(e, T, k) is a real operator, there exists a solution 7 = 7(e, k) € R such that
lime | 7(e, k) = 7 and F(e,7(g, k), k) = 0 for small € > 0. The above argument also
holds for the Dirichlet boundary conditions.

On the other hand, in the case lim.|gex? = oo, it easily follows from the above
argument that lim. |y 7 = —ooc.

By using the same argument as given in [19], it is easy to show that these eigenvalues
are simple. Therefore, the proof of Theorem 2 is completed. O

‘7:(87 T, 5) =7+ <€I€2 — 60(5) + <SE(€T)KI€.,ET(
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Finally, we prove Lemma 6, that is, the principal eigenvalue (5 of T is not an
eigenvalue of (5.4)p, (5.6). Assume that there exists a sequence €, > 0 such that
en | 0 and (j" is an eigenvalue. Let (wn, zr) be the eigenfunction corresponding to
the eigenvalue (5", that is, (T°" — (5™ )wy = S ({5")zn. Since (™ is the eigenvalue
of T="*, we have

0 = (wn, (T*"" = (5" )66 )R,

= (T = G )wn, 5" Ir, = (57 (" )2n, 60" Im, - (7.34)
Because wy, = kn¢g" + (T — (5) 15" (5™ ) zn, it follows from (5.2)o that
Znzz + knog + (T — En)TSE"( o™ )20 — V2 = (5" Zn.- (7.35)

By using Lemma 10, we find that z, satisfies
Zp = anO,CS"¢8n + K0G" (T — Can) 5% (™) zm.

If k, = 0, then z, = K" (T — (5)1S%" (5™ )2, which implies that z, € H?(R.y).
Since || K" (Tn —¢5m) TS5 (¢5™) | g2 — 1 = O(e) for small e > 0, z, = 0 and w,, = 0,
which contradicts the assumption that (w.,, z,,) is the eigenfunction. If k,, # 0, we set
wy,

lwa_r

Wy, =

+ (T = G515 (G5 ) 2m,

Zn =

Enr/En
Therefore, (7.35) is rewritten as

En

fnaw b = (T = YIS (G )20 = 70 = G o (7.36)
It follows from (7.34) that
En ¥
: n(/En 0 _ k% " *\, .k /2 2 _c
0= nlirr;o <S6 (C5™)2n, \/5>R+ = —kv*k {X (0™)vz (Zn, d0)g , ((Woe)?, e E>R

X (07) [Ena = 0) (Woe)?, €%) g+ Zna(” +0) (Woe)?, e T}
Hence, we have
0=x"(c")vj; (2n,00)m,, {(Woe)? >
+X'(07) [Zna (1" — 0) <(W05) e
From (7.36), 2, satisfies

. T e +0) (Wog)?,e)g ] (7:37)

S" <2n7¢>R+ = — <2nmawm>R+ + < On 71/J>
R
(T = G S (G Yo W), — 7 (o

for each ¢ € Hy (Ry). Since lim,, 0 2, = 2* in H(Ry), it follows that
0=—(nte)r, +5 (00, ¥)r, =7 (z" V)R, (7.38)
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by Lemma 11. The solution z* of (7.38) is represented by

e se)
a ¥ ) HAS ) * )
Fx) =4 eV femVm ! (7.39)
ae~VI@E=n"), x € (n*, 00),
where (2*,00)r, = a. It follows from (7.37) and (7.39) that
1—e 2V 9
_ * c§ 2 c&
O—GW[X/(U ){W«Woﬁ) ) n — (Woe),e >R+}

_ XN(O'*)O'* <(W0§)2, ec£>R:| .
By Lemma 4, we have a = 0, that is, 2*(x) = 0. This contradicts (7.38), so that the
lemma is proved for (5.4)g, (5.6)ny. By using the above argument, Lemma 11 also
holds for (5.4)o, (5.6)p. Thus, (5" is not an eigenvalue of (5.4)g, (5.6), so Lemma 6 is
proved.

8. Concluding remarks

We have shown that the location of critical eigenvalues of the linearized problem
around the symmetric planar equilibrium solutions (u®, v®) for (1.2)—(1.5) in the strip
domain is determined by the eigenvalues corresponding to the singular limit eigenvalue
problem obtained as € | 0. Particularly in the 1-dimensional symmetric equilibrium
solution, Corollary 1 implies that stability is determined by the sign of d%]H (7).
We emphasize that there is a close relation between the stability condition in the
1-dimensional domain and the matching condition (7.15) of the singular perturbation
method, which already was pointed out for reaction-diffusion systems [12, 20]. Theo-
rem 2 says that the analysis of the interface equation, which is called the singular limit
analysis, is essential to show the stability of the equilibrium solution of (1.2)—(1.5) with
small € > 0.

In this paper, we have considered the equilibrium solutions of (1.2)—(1.5) in the
strip domain. We also know that for any k£ > 0, there is a planar traveling front
solution under the boundary condition
lim (u(r,x,y),v(r,x,y)) = (1, %) and lim (u(r,z,y),v(r,z,y)) = (0,0)

r——00 r—00

where (1,1/v) and (0,0) are stable constant equilibrium solutions of (1.2). The exis-
tence and stability of planar traveling front solution will be shown in a forthcoming
paper [17].

The existence and stability of radially symmetric localized equilibrium solutions in
the whole domain R? with the boundary condition

‘( h)r‘n (U(Tvxvy)av(Tvxvy)) = (O’O)
x,Y)|—o0

are also interesting problems. It is shown in [15], [16] that the stability is revealed by
solving the linearized problem of the limiting system. Numerical simulation suggests
that the theorem corresponding to Theorem 2 holds, but this remains unsolved.
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