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An oscillatory differential equation

S. P. Hastings and J. B. McLeod

Abstract. The paper discusses the equation
y00+ e >(+yzy =0

and gives a complete discussion of the asymptotic behavior o f solutions, showing
in particular that there are both oscillating and non-oscil  lating solutions.

1. Introduction

In the context of a review of oscillatory and non-oscillatoly equations, J. S. W. Wong
has raised the following question:
Is the equation

y%4 e X*¥’y = 0; 0<x< 1; (1.1)

oscillatory or non-oscillatory?
The background to this question lies in a conjecture made by FV. Atkinson in the

early 80's and which appeared in print for the rst time in [1]. This concerned the
equation

y"+yexp(yj™ x)=0; m>0;

and the conjecture was that this contains only non-oscillabry solutions if 0<m < 2,
but both oscillatory and non-oscillatory if m 2. In [1] the conjecture was proved for
0<m < 2, and the current paper proves the conjecture for the criti@l casem = 2:
We understand from J. S. W. Wong that he now has extended the igas of the present
paper to deal with m > 2 and thus completed the proof of the Atkinson conjecture.
Here we show that the equation (1.1) possesses both osciltaty and non-oscillatory
solutions, and we are able to go further by obtaining the comjete asymptotic behavior,
asx !'1 , of all solutions of the equation. In the remainder of this setion, we describe
heuristically what the situation is and state the precise theorems. In later sections we
provide the rigorous proofs.
If we multiply (1.1) by y°and integrate, we have
Z X

1
e ™Y’ dt = const.; (1.2)

1o 1 .
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so that y® + e x+y? ig positive decreasing, and so is bounded. Thus, for any sdion,

y%is bounded, (1.3)

y? . x is bounded above, (1.4)
1

e "Yidt< 1 : (1.5)

From (1.5) it is clear that y?> x should be large and negative for mosk asx ! 1,
and (1.1) then suggests thaty®is small soy®is essentially constant. Thus asx ! 1
we expect that the solution consists of straight line segmets, each segment continuing
until it comes close to the curvey? = x, after which the solution \bounces back" onto
another straight line segment. Whether the solution is osdiatory or not depends on
whether these successive segments cross the lipe= 0 or not.

Computer studies of (1.1) show some solutions which oscilta initially, but the
space between successive zerosyincreases rapidly. Hence it is unclear from these
studies if the oscillations continue. However, these comper investigations, plus the
obvious importance of the curvey? = x; led us to make the change of variables

u=x ¥y, v=x2y0
Then the equations foru and v are
xu®=v %u; (1.6)
o_ 1 2, ax(u? 1),
XVE= Svoox ue ; a.7)

and when this system is studied numerically and solutions mtted in the (u;v) plane,
we see strong evidence for the existence of both oscillatingnd non-oscillating solu-
tions.

These last equations certainly suggest that most of the timeasx !'1 , we have

1 1
0_ 0—
Xu®= v 2u, XV 2v,
which has the rst integral
(u Vv)v= const. (1.8)

This suggests that we should look at the quantity u Vv)v in the context of the full
equations (1.6), (1.7), and in fact these can be written in the form

% u v xe X = (y2 x+1¢& X (1.9)

Now from (1.5) and the fact that y?> x is bounded above, we can conclude that

X

(y> x+1)e° Xdx (1.10)

either converges ax !1  or divergesto 1 . Thus

(u Vv xe¥ X1 L (1.11)
say, asx ! 1 , where possiblyL = + 1 . However, we know already from (1.4) that
u is bounded, and so the left-hand side of (1.11), if it is unbonded, can only be
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Figure 1

unbounded negative. Thus, in fact,L is nite, and we can conclude that
v = x¥*2y% is bounded (1.12)
xe¥" X is bounded. (1.13)

Since it is presumably the case thatxe¥” X is small most of the time asx ! 1, we
will have (u Vv)v close toL. (At the moment, this is only a heuristic observation, to
be made more precise and proved below.) We therefore look noat the phase-plane
curves given by

(u v)v=L:

For each L, the curve is a hyperbola, with two disjoint branches. ForL = 0, the
hyperbola degenerates to straight lines. However, there ithe added restriction in the
full problem that from (1.13), we always havey? x, u? 1, so that, asx !'1 ,
what happens is that the solution proceeds along a branch of dyperbola until it
reachesu = 1, when it moves along the lineu = 1 to the other branch of the same
hyperbola (L < 0) or to another point on the same branch C > 0). It thus tends to
a singular limit-cycle consisting of segments of a hyperbal intercepted by segments
of the linesu = 1. Note also that necessarilyL %, sincelL > % implies that the
curve represented by (' v)v = L lies entirely to the right of u =1 or entirely to the
leftof u= 1.

The limiting behavior of y as a function ofx can, of course, be obtained from this.
It consists, as already said, of segments of straight lineswhen in the phase plane we
are on a branch of a hyperbola) interrupted by \bounces" fromthe curvey? = x (when

the solution is on the lineu = 1 andv in e ect has a discontinuity). If L < 0, the
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solution is oscillatory, sinceu changes sign on the hyperbola. IL > 0, the solution is
non-oscillatory, and the solution keeps bouncing back fronthe hyperbola, but never
crosses thex axis.

We are now in a position to state rigorous theorems.

Theorem 1. (L 6 O; %) (i) Let C_ denote the limit curve assembled above, for
O<L< % or L < 0. Then, if df (u;v); C_g denotes the distance in the phase plane of
the solution (u;v) from C_ wherel is related to the solution through(1:11), we have

df (u; v); CLg = O(log x=x): (1.14)

(i) If L < O, there exists a sequence of valuegx,g, X, ka] for some positive
constantsk, a, (> 1), such that, for x, X Xp+1,

(D" Pe

Pp_—
X X Xne1 (X Xp)
X X (Xn+1 ) n+1 ( n)

y(x)

and we have the relation

a, = P 1 4L +1)*=(16L?): (1.15)

(i) If 0<L< %, there exists a sequence of valuelx,g, Xn ka' for some
positive constantsk, a_ (> 1), such that, for x, X Xp+1,

1 _
y)  ——— P 0+ Pemx xa)
Xn+1  Xn
the sign, for any particular solution y; being either always positive or always negative.
Further, we again have the relation(1:15).

Finally, there are solutions for every L < %, L 60, 1=4.

Theorem 2. (L = 0) The limit set Cy consists of two triangles, one in the rst
guadrant, one in the third, with the origin as the only commonpoint. As in Theorem
1, df (u;v);Cog! 0, and in the phase plane the solution either converges t®; 0) or
to the whole ofCy, i.e., traversing each half alternately.

If the solution converges to(0; 0), theny! A, for some constantA.

Both types of solutions exist.

Theorem 3. (L = 1) The limit set C;-4 consists of the two points(1;3), ( 1, 3).
We havey x'™2 ory x172, and there is precisely one solution with each behavior.

While this answers the original question about oscillatorybehavior (and more), one
could go on, using the ideas in the proof of the above theoremgo say more about
the asymptotic behavior of the solutions near the \bounce" points x,, or about the
asymptotic positions of the points x,,, but we do not pursue this further here.

It is also the case that the methods described here would applmore generally to
equations of the form

y00+ ef (y) g(x)y = 0,

but again we do not pursue this.
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2. Proof of Theorem 1

We prove rst that df (u;v);C.g! Oasx!1 . From (1.5), we see that there must
exist a sequence of pointx,, ! 1 such that

. 2
lim x,& *» =0:
n'l

(For otherwise, &’ *  Kx ! for some positive constantK and all su ciently large
X, and this contradicts (1.5).) Hence there must be a correspading sequence n; Vn)
whereu, = u(xg), Va = V(X,), such that (u, Vvn)va ! L, sothat (un;vn) is close to
CL. If jusj 6! 1, then it is clear from (1.6), (1.7) that, for x > x ,, the point (u;v) will
remain close toC_ until u is close to 1 (say, without loss of generality,u = +1). It
is also clear that, asx ! 1, limsupjuj 1, since the contrary would contradict (1.4)
or (1.13). Thus, if (u;Vv) is close toC_ and u close to 1, thenv is close to a root of

vZ v+ L =0;
ie.,

p

V= 1 1 4L ;

NI =

and since we have reached this point with increasing, the arrows on Figure 1 show
that in fact

p

1
=2 14+°T a4 > o
v 2

NI =

Thus from (1.6), u continues to increase (and thus remains close to 1) unti decreases
to % Hence (;v) remains close toC_ at u = 1;v = %: and it then follows that at

this point
xe¥ X = L>0 (2.1)

So long asx?e’” * remains large, it follows from (1.7) that v continues to decrease,
and, since nowv < %u, also u decreases. Thusy is still decreasing whenxe¥” X is
small, and then (U Vv)v is close toL, and (u; V) is close toC_, although now on the
other branch of C_ (L < 0) or at the other end of the same branch (if O< L < %).
Then, asx further increases, (1;v) moves again along the hyperbolic segment of, .

This discussion shows that asx ! 1, we must have
df (u;v);CLg! O:
To prove the more precise estimate (1.14), we rst note that f we de ne
H=y2 x+logx;

then, asx ! 1 ;H is bounded above (an immediate consequence of (1.13)) with a
sequence of maxima at pointsx,, say. It is clear that the maxima must occur when
(u; V) is close to one of the straight line segments o, and that at them, H is bounded
below, from (2.1). Further, since

1 1
0_ 0 _
H%=2yy 1+X—2uv 1+—X,

it is clear that, at x,, u 1,v 1 (oru 1,v 1), and by consideringH % it
is easy to see that there is precisely one maximum near (%) and one near ( 1; %)
in each circuit of C_.. These are the pointsx,. Of course, ifL > 0, the maxima
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occur only near (% %), or alternatively only near ( 1; %), since the solution does not
oscillate.

We next compute the distancex,+1  Xn: We may suppose without loss of generality
that y(xn) > 0. Since

2
HOO: 2y_eH +2ym i
X

x2’
we have
2
How2Y ¢ =0 L.
X X
Thus, if
e"  logx=x? for x, X Xg; (2.2)
which de nes x,,, we have, forx, X X,
H 00 2€H .
1 0 H H
ZH eho e Ho = H(Xn);
so that, on integration,
e zHocosh t ezHo 2H  x  x,:
Since
coshly logy forlarge v;
we have

1
Xy Xn o 3€ He(Ho H)(x,)

1 .
e zHoog x,2 logx,

e zHojogx,
pz% from (2.1): 2.3)

Similarly, if x,,; is such that (2.2) holds forx,,; X Xn+1, we have

210gXn+1 |

Xn+1 Xn+1 m ' (24)
For X, X Xp41,We have
logx
H — no.
e"=0 2 (2.5)
so that
(u v)v L=o0): (2.6)
Thus, from (1.7), with t =log x, t, =109 X,,, th+; =109 X,.1 , We have
dv 1 logxn
- = — —+ . .
. 2v (@] X 2.7)
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and since, from (2.5),u%(x,) =1+ O l0gXn=Xn , U3(Xp,;) =1+ O logxn=x, , we
see from (2.6) that
p

v(X,) :?L 1 1 4L ;
Vot) %1+p1p aC for L> 0;
nt I 1 "1 4 forL< O
Thus, integrating (2.7) over (X, ;X,4+1 ), We have
P
1+ 1 4L
t t, = 2log —p—— + 0(1);
n+1 n g jl 1 4L] ( )
Kot g gy = T A
X, - 1612 B
say, so that
Xntl 5 1+0(1) as n!l : (2.8)

Xn

We now want to make the estimate (2.6) more precise. We note that for x su -
ciently large,

2

y© X logx + K

for some constantK , from (1.13), so that

y2 x+1 is ultimately negative.

We now show that
Xne log Xn

ye x+1 & Xdx= 0 (2.9)
Xn n
For since, atx,, from (2.1),
y2  x logx +log % L ;
we can divide the interval (Xn;Xn+1 ) into three subsets:
S; where y? x 2logx; y O
S, where y? x 2logx; y< O0;
S; where y? x 2logx:
From S;, we have the contribution
Z Z loa 4
o) logxe’” Xdx = O logx = & *dx = O —pgtn ye” Xdx
S: S: X Xn s

From (1.1) and the fact that y°= O(1=p X), we see that the contribution from S; is
of the required form, and S; is similar. In Sz, we have

iy?> x+1je° X = O(logx=x?);

so that 7

y2 x+1¢ Xdx=0 logxn Xn :
S3
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This proves (2.9).
Now, integrating (1.9) over (x; 1 ); we have

R log x,
Xr

(u vy xe" X L =0 (2.10)

N
where xy is the maximum of H next below x. Since (2.7) certainly implies that
Xn+p APxy; for someA> 1; we see that in (2.10), we have

logx; (r N)IlogA +log xn |

Xy AT Nxy '
X
log x; -0 logxn -0 logx : 2.11)
N X XN X
Hence,
u Vv xe¥’ X L =0 logx X ;
( ) g

and this is the more precise form of (2.6). From this, (1.14) $ easily derived.
If we now follow through the argument that succeeds (2.6), wih the more precise
form of (2.6), we improve (2.8) to

Xn+l _ a 1+0 logxn
Xn Xn
Since
V4
1+ logxn <1

Xn
we conclude that
Xn = ka] 1+ 0O na "

The remaining statements in the theorem are now trivial, exept for the existence
of solutions corresponding to anyL .

To prove the existence of such solutions, we observe rst thathe proof of (2.9) is
independent of the value ofL, and that, in particular, the constant implicit in the
order symbol in (2.9) is independent ofL. Indeed, by integration of (1.9), what the
proof actually shows is that, if X1, X2 (X2 > X 1) are two (large) values ofx between
which H has only a bounded number of maxima, say 2, and if

f(x)=(u v)v xe¥’ X
then

fo le =0

(2.12)

say f X» f X1 <K 0'0‘){%, Ko independent of L. (The modulus signs can in
fact be dropped sincef is ultimately increasing.) Further, the number a. (> 1) is
bounded from 1 so long ad (< %) is bounded from %, and by e ectively repeating
the argument that leads to (2.8), we can easily show that, iff (X;) is bounded from
%, say% f(X2) , and if X, and X are separated by at least two maxima ofH,
then

X2=X1 M() (2.13)
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where M () is bounded from 1 so long as is bounded from 0.

Now take any xed value of L, say Lg, Lo < %. Take a xed , with 0 <
%(% Lo). Choose a sequence of pointX,, X1 being large and to be speci ed more
precisely later and eachX, separated from the next by two maxima of H. Choose a
solution such that
1 f (X L =
2 (X1) ot 5

Then we shall prove inductively that

Lo

fXn) = (2.14)

FNGIEN

and so
Xn Xn 1 M() ; Xn f M()g" Xy

To prove (2.14) (which is certainly true for n = 1), we suppose ittrue upton 1 and
note that, by (2.11), (2.12), and (2.13),

X logX,

f(Xn) f(X2)+ Ko =0

r=1
F(X1)+ K (KojM) 22X
X1
by a calculation similar to that in (2.11), K being some constant that depends orK o
and M (and thus ). Since X; is still at our choice, we can choose it so large that
(2.15) implies (2.14), and this induction proof is complete

By taking the limit in (2.15) as n!1 , we see that we can arrange thatf (X,)
for all n, and thus the limit L =lim 5,3 f (Xpy), is as close as we please thy. Since
Lo < % is arbitrary, we can obtain solutions with values of L which are arbitrarily
large and negative or as close as we please ﬁo

To show that we can obtain anyL with 1 <L< %, we have only to show that
the limit L is continuous in the initial data. Give any solution with ini tial data (uo; vo)
and limit Lo, we can certainly nd Xg su ciently large that, given any  as above,

1 1

L - fo(X Lo+ =

o 3 o(Xo) Lo+ 7

where the subscript inf( indicates that we are dealing with the solution with initial

data (ug; vo). If (uy;Vvy) is su ciently close to ( up; Vo), then certainly

1 1
L - f1(X Lo+ =
o 3 1(Xo0) Lo >
and so, from the argument above, the limitL, is close toLq, proving the required

continuity.

(2.15)

3. Proof of Theorem 2

To show the existence of solutions cgnverging to (0,0), we $ee the integral equation
1
y=A t x)ye’ ‘dt

X
by iteration in the usual manner. This solution clearly has the asymptotic form

y=A+0(e "),
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and (u;v) ! (0;0).
In fact, any solution such that (u;v) ! (0;0) must havey ! A, for someA: For
u! 0 certainly implies that

y®= O(e *);
and sincev! 0 impliesy®! 0, we have
y’=0(e *);  y=A+0(e *):

The fact that df (u;v);Cog! 0 for any solution is proved as for the corresponding
result in Theorem 1, and we do not repeat it. We show now that, f a solution does
not converge to (0,0), then necessarily, forx su ciently large, when the solution is
close to theu-axis at the right-hand half of Cg, v must become negative, thus forcing
the solution then to follow the left-hand half of Cy. (This shows that any solution
converges either to (0,0) or to the whole ofCy.)

To do this, suppose for contradiction that v > 0: Now

2

2
uv ve xel X< 0

since the left-hand side is increasing to zero, and so, if is small and positive andu
lies in the range (2/;1 ), for some xed > 0, we must have

uv - 2xexp[ x(2 2] (3.1)
From (1.6), with t =log x; we have

u@+}u2—uv
d  2° 7

d t12y — \ .
. eu‘)=2euv:
Since, for largex,

z 1

s?exp[ s(2 ds= O x%exp[ x(2 9
X
we see thatxu? rer‘r}?ins essentially constant, so thatu becomes small. However,
sinceu is of order 1= X, (3.1) implies that v < %u, and sou never reaches the lower
end of the range (2;1 ). Thus (3.1) continues to hold, and we are forced to the
conclusion that (u;v) ! (0;0), which we have excluded. This contradiction gives us
what we require.
All that remains is to exhibit the existence of a solution with L = 0 and limit set

given by the whole ofCy: To do this, take any large valuexq and consider the solution
Yk or (uk;Vvk) determined by

Yi(Xo) =0; y2(xo) = k:

If k(> 0) is su ciently large, then yi oscillates in nitely often. This is because the
quantity

uv V2 xel’ (3.2)

is large and negative atxg, and since we know from our considerations in Theorem 1
that its total increase is only O(log Xo=Xp), it remains negative asx ! 1 , so that the
corresponding value ofL hasL < 0. This implies in nitely many oscillations.
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On the other hand, if k (> 0) is su ciently small, then yy has no subsequent zeros.
It is easy to see that the quantity (3.2) becomes positive (béore u or v vanishes), and
once it is positive (and increasing), we can never have = 0.

Thus let kg be the least value ofk such that, for k > k o, the solution yi has at least
one zero forx > x . Itis clear that yx, has no zeros foix > x g, since if it had, so also
would yy for all k su ciently close to ko, evenk < k. Thus yx, does not oscillate,
and so the corresponding_o hasLy O.

For k > k o; all solutions yx have at least one zero fox > x . As we have already
seen, ifk is su ciently large, yx has in nitely many zeros. Let k; be the least value
of k such that, for k > k 1, the solution yx has at least two zeros forx > x 5. Now
ki1 6 ko, for if that were so, then, for k > k ;1 and close tok;, we would have two zeros,
sayXi, Xz, both going to in nity as k #k;. Butif x; ' 1 ; then necessarilyy(x;) =0
and y9x,) is small, and, as we have already seen, this would imply thathere are no
subsequent zeros and thatx, does not exist.

Soki 6 ko: The solution yi, has precisely one zero andl; 0. Inductively, let k,
be the least value ofk such that, for k > k ,, the solution yx has at leastn zeros for
X > X o, and considerk =1lim 53 kn. Certainly, k is nite, and since L, 0O for all
n, we must have that L (the value of L corresponding tok ) satises L 0. But
for any k > k , the corresponding solutionyx has in nitely many zeros, and soL < 0,
L 0. The conclusion is thatL =0, and we are done.

4. Proof of Theorem 3

That the limit set Cy-4 consists of just the two points (1; 3) and ( 1; 3) is obvious.
We next show that any solution of (1.1) in the case whenL = 1=4 has the property
that

x(u? 1)= 2logx 2log2+ (x) (4.1)
where (x)! Oasx!1l . The rst part of the proof consists in proving this and in

improving it until we reach the estimate (4.16). We are then in a position to convert
the equation into an integral equation and complete the prod of the theorem.

To prove ! O; recall that we have the two equations
1
yZee’ x= @ 4.2)
X Z 1
1 1 1
(v zu)2+ 2@ ud) + xe¥’ X = 1 u? T te¥* tdt: (4.3)

X

From (4.3), it follows (as we saw earlier) that xe¥’ * is bounded, so that, for some
constant K,

x(u? 1) logx + K:

Following the same argument as inx2, when we were dealing with (2.9), we can show
that 7
1

1 u)te’ 'dt= O logx=x :
X
(Divide the interval of integration into regions where t(1 u?) 2logt andt(l u?) >
2logt.) Thus, from (4.3),

2

e *= 0 logx=x2



AN OSCILLATORY DIFFERENTIAL EQUATION 443

and

1=2 1=2 .

which implies that

= 0 log?x x*7 (4.4)
and that

From (4.2), we then have
Z1 1 log? x
z ¢
= — + —_— .
¢ fdt= o+ 0 — o (4.5)

X
and by an integration by parts
21 oate”” 'dt= 09% . 1,5 log®=? x
L T o4x 4 x32
Note also that (4.5) can be written in the form
z 1

1)dt= O (4.6)

a2 @

X

Now substitute (4.1) in (4.3) to obtain

1., 1 1
(v Eu)+&(ZZIlogx+2I092 )+ &e
= (2logt+2log?2 1)’ tdt
X

Z _
logx 1 2log2 1 1 log®=2 x
= == = — e dt+ O
2X 2X ax « A2 x3=2

In view of (4.6), we can rewrite this as
z
(v 1u)2+ 1(e 1) = ' (e 1 e)+O
2 4x - 412

X

1 lo %x
9x. 4.7)
X2

But

e 1 0 for all ;
and

e 1 e 0 for all ;

with equality in both cases only when =0. So we conclude from (4.7) that

1 log®*
v =-u=20 o9 X

2170 S “8

and that (since e 1 is precisely of order 2 for small )

log®* x

=0 —|——
x1=4

(4.9)

Thus certainly ! 0.
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It is now easy to improve this. If we go back to (4.5) and use (48) in place of (4.4),
we can repeat the argument and obtain
1 log™®x
v.oSu= O v
log"=8 x
X3=8

(4.10)

=0 (4.11)

Indeed, by successive repetition, we could reach

1 logt  x logt x
v zu=o 9 ; =0 gl ;
2 x1 Xz
forany > O; but we have to do better still, which requires looking at the eror terms
more closely.
Since we now have (4.10), we can write

11 1 2
- = —4 =
x 27V 32
1 v % 5
= — + + : ,
S+ Z+ox? | 4.12)

for some > O; not necessarily the same at each appearance. From (4.1) and.(L1),
txo 1o logx
4x2 %198
Using (4.2), (4.12), and the last formula, we see that (4.5) lecomes
z 1 2 1 \% 1 1
¢ 'dt= —+ 2+ _—-+0x 2 4.13
4x X 4x? X ’ (4.13)

and
Z,

logteY” tdt =

X

1
log x . (v 3)logx . logx .
4x 4x2

x

dt: (4.14)

But

1

— 1):
2(u )’

NI =

so that 2 ~
L u 1) 17t u 1
12 = n dt + E —t2 dt
X X X
u 1 37ru 1
+ — _—
X 2
_ logx N log2 3 2
4x?

> _+0x ; (4.15)

4x2
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by using (4.1) and (4.11). If we substitute (4.13), (4.14), @.15) in (4.3), and write

1 2 12 1 1 2
— = — — + =
v 2u % > % > (u 1) 4(u 1)
1 2 1 log(2x) 1 log(2x) * 5
= o+ = + = +
Vo2 V2 Tx T3 Tx Ox "
we obtain, after some algebra, .
n o 1
1 1 2 1 1
= j— + — J—
% 5 2XIog(Zx) 2 4Xe 1 ) 4t2e 1 e dt
=0x 2 ;
whence
1 log(2x) 1 1
_ = — + O
Vo3 2x X X '
Z0OX ? (4.16)
We now write the equation (1.1) in terms of the function g, de ned by
I log 2
g=u 1+ % + &:
X X
From the estimates (4.16) on , we have the estimate
g=0 x 3 : (4.17)
It is easy to verify that g satis es
n o
x2g%%+ xg°= x2G%+ xG%+ %1 %ezxg”(“ n* oy (4.18)
where
G(x) = Iog(2x);
X
and we can rewrite (4.18) as
x2g%%+ xg0+ %xg = x2G%+ GO
1" (u 1)? (u D? g2x °
t (1+2xg) & 1 & 9 1 2xg u
+ %xg(l u)= F; (4.19)

say. Since
x?g%%+ xg°+ %xg =0
has solutions
p_— p_—
g=Jo( 2X);Y( 2x);

where Y is a second solution of the equation chosen so that

1
W(Jo;Y) = ;;
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and sinceJy has the asymptotic expression

q_
Jo(z)= 2 cosz 1 +01z %2,

with a similar expression forY, we can write (4.19) in the integral form

Zin )
g= Jopﬂvpi Jopﬁvpﬁ ;dt: (4.20)

X

Since, fort x, we have

sin(pi pf)+ O x ¥4t =4
(4.21)

W2 WY i

there is no di culty from the form of F and the estimate (4.17) ong in asserting that
the in nite integFgaI_convnggEs. Also, we do not need to include in (4.20) arbitrary
multiples of Jo( 2x), Y (' 2X) since the estimate ong necessarily excludes them.

We are going to look for solutions of (4.20) in the spacd3 of continuous functions
g such that, for some xed > O,

g=0x %2

(The earlier estimates would have given us a specic choicefo , but this is unim-
portant.) We want to show rst that the integral operator on t he right side of (4.20)
carries B into itself, and so we write

u 1=g Iog)((2x);
2
xu 17 = T2 o(glogx) + 0xg?); w22
2
F = x2G%+ xG° %'OQX(ZX) +O(P(u 1M+ O0cCgu 1))

+ O(x?g*) + O(xg(1  u)):

Ofthe rstthree terms in (4.22), the major one is the third, a nd if we substitute this on

the right side of (4.20), and use (4.21) and integrate by pars, we obtain a contribution

to the right side of (4.20) which is certainly of order O(x 372 ), as required. (The

integration by parts is required only on the trigonometric term in (4.21); the O-term

gives no problems.) For the O-terms in (4.22), ifg 2 B, we also see easily that the
result of the operation in (4.20) is again inB. (Here the integration by parts is not

required.)

It is routine to show that the mapping is in fact a contraction mapping, the details
being left to the reader. Thus there exists a unique solutiorof (4.20) (and so of (4.18))
in B, and the proof is complete.

We now can use (4.20) to develop a complete asymptotic expait of the solution,
but we do not pursue this.
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