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Asymptotic representation for the Blumenthal-Nevai
orthogonal polynomials in the essential spectrum

Renato Spigler and Marco Vianello

Abstract. A recent Liouville-Green (or WKB)-type approximation theo rem for
linear second-order di erence equations is used to study th e asymptotic behavior
of certain families of orthogonal polynomials in the essential spectrum. These
polynomials fall in the class rst investigated by O. Blumen thal in 1898, and
then studied extensively by P. Nevai in the late 70s. When exp licit qualitative
representations already are available, the WKB method also allows obtaining
precise bounds for the error terms. This procedure is applied in detail to th e case
of Jacobi polynomials, for which error estimates are derive d also in the parameter
range 1< 1=2. A second-order discrete WKB theory with error bounds
then is developed and applied, for illustration, to the ultr  aspherical polynomials,
thereby obtaining a representation with an  estimated error of order O(n 2), also
valid for < 0.

1. Introduction

The widely celebrated Liouville-Green (or WKB) approximat ion for solutions of linear
second-orderdi erential equations has been known and used for many decades by
physicists and put on sound (rigorous) mathematical basesyF. W. J. Olver in 1961,
cf. [19, 20]. The rst extensions to di erence equations seem to have appeared much
later, in [8, 4, 29]. More recently, adiscrete Liouville-Green (LG) theory for some
classes of linear second-order oscillatory di erence eqtians has been developed [22]
where, in the spirit of Olver [20], precise error boundsaccompany the asymptotic
representations. In [10], a discrete WKB theory also has bee developed following
di erent lines. A uni ed LG theory has been presented in [23], to include both linear
second-order di erential and di erence equations; in particular, certain nonoscillatory
di erence equations were treated there. All these results ee part of a recently observed
renaissance of the entire subject of di erence equations;of a review of all results
concerning the discrete WKB approximation, the reader is rderred to [24]. For the
case of linear second-order equations, in particular desiting families of orthogonal
polynomials, other asymptotic results (not of the LG-type) appeared in [14, 31].

The purpose of the present paper is threefold. First X2, x3.1), we use our LG
theory to describe the asymptotic behavior of solutions of ertain linear second-order
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458 SPIGLER AND VIANELLO

di erence equations, which include three-term recurrenceequations satis ed by well-
known families of orthogonal polynomials, which form a subtass of the Blumenthal-
Nevai polynomials [3, 16]. The latter includes the entire set of polynomials tudied
in [14]. The ensuing asymptotic representations hold in theessential spectrum

The second purpose X3.2) is to obtain precise error estimatesfor the Darboux-
type asymptotic representations of Jacobi polynomials [25Thm. 8.21.8]. Though for
general Jacobi polynomials our estimates are uniform fox =cos , 2 [ =2 "][
[=2+ " "], they cannot be applied atx = 0. For the ultraspherical polynomials,
however, they hold uniformly on [*; "]. Asymptotic formulae with bounds, valid in
a half-interval up to the endpoint 1 or 1 (included), under some restrictions on ,
have been derived in the 1980s by Hahn [11], Frenzen and Won@][ and Baratella and
Gatteschi [2]. While such bounds are better than ours, our eimates hold without any
restriction on the parameters, in particular for 1< ; 1=2 (e.g., < O for the
ultraspherical polynomials), which is a case apparentlynot covered in the literature.
Moreover, other than in our estimates, those of [2, 9] hold (ader certain restrictions
on the parameters) only on one half-interval. Under more severerestrictions, they
hold on the whole interval, [ 1;1]. We stress the fact that our estimates hold on the
whole set ( 1;1) nfOg (and uniformly on compact subsets of it) irrespective of the
parameters for general Jacobi polynomials, and on (1; 1) in the case of ultraspherical
polynomials. Indeed, even the restriction , > 1 (necessary for orthogonality)
can be removed if one focuses on the polynomials merely as gtibns to the \Jacobi
di erence equation."

In x3.3, nally, we develop a second-orderdiscrete WKB approximation with error
bounds which is applied, for the purpose of illustration, to the ultraspherical polyno-
mials, thus obtaining a representation with an estimated error of order O(n 2), valid
also for < 0.

2. Asymptotic representation for the Blumenthal-Nevai
orthogonal polynomials

We rst recall, as a basic device, that it is possible to take arather general three-term
recurrence equation such as

Yn+2 + AnYnir + BrY, =0; n2z,; (1)
whereZ f n2Z:n g 2Z,andA,60in Z , into the \canonical form"
Yo+ thyn =0; n22Z; 2
by the transformation
y 2 A
Ya= n¥ni n= 41 7" ; n +2; (3)

k=
and .1 6 0 being arbitrary constants. Correspondingly, the coe ci ent g, in (2)
is given by
N 4B, ;
AnAn 1
q=[ 2 +(A +2) +(A +B +1) ]= 4,cf [22].
In [22], we proved the following

= 1 n +1; (4)
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Theorem 2.1 (Discrete Liouville-Green approximation). Suppose that equation(2)
is given, with

Oh = a+ On; a> 0 (5)
where

X - -
jonj<1: (6)

n=
Then there existsng 2 Z such that there are two linearly independent solutions to
(2), having the form

Yo =( )'[1+",]1  for n ng; (7)
where

t =1+ i = 7 (8)

are the roots of the characteristic polynomial associated ith (2) with g, 0, and

Ll H Vn . .
al 7 v n  no; 9)
1=2 o
Vo i=[al+ a)] joki: (10)
k=n

When g, is real valued,y; andy, are complex conjugate.
In proving Theorem 2.1 in [22], we have shown thathg can be chosen to be
Nnp=minfn:n22Z ; V, < 1g: (12)

Remark 2.2. One of the most important results in Theorem 2.1 is that of providing
precise error bounds in the asymptotic representation of a bsis for equation (2). This
is in the spirit of Olver's approach to the Liouville-Green approximation for di erential
equations (cf. [20]). Moreover, even the purely qualitative behavior y, ( )
in (7) could not be obtained by the classical Poincae's or Perron's theorens, since
i *i=j jin(8), cf. [15].

In what follows, we shall assumeA, and B, to be real, so that, in particular, g,
and the transformation coe cient , in (3) will be real. Theorem 2.1 then implies,
for every real solution to (1), the representation

Yo =A p "[cos + )+ Exl;  n o (12)
where A and are two real parameters, and
=j =@+ a)?; =arg *; (13)
JEnj J "R = O(Wh); (14)
provided that
. Bn 1
Im ——— =1 L> =; 15
o AnAn 1 & (15)
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L=(a+1)=4, and
X B
n
—— L <1; 16
AnAn 1 ( )

n= +1

cf. [22]. In fact, in terms of the coe cients of the original t hree-term recurrence
equation, (15) and (16) correspond to the requirement thatg, ! a > 0 and to the
convergence of the series in (6), respectively.

Remark 2.3. Note that all real solutions y, to (2), under the hypotheses of Theorem
2.1, areoscillatory according to the usual de nition (e.g. [21, 22]). This can beshown
from (12) (see Appendix 1), but it does not seem to be derival# immediately from the
best known oscillation criteria [1, 13, 21, 22]. The oscilleory behavior of Y,,, however,
is certainly guaranteed whenA, has constant sign forn su ciently large. In fact, if
A, < 0 for all n large enough, , in (12) has constant sign, while ifA, > 0 for all n
large enough, , changes sign at eactm, and the oscillations persist (cf. Appendix 1).
Another important consequence of (12) is the growth estimae

Yo=0(n ") n  ne: (17)

Hereafter, we shall focus our attention on families oimonic orthogonal polynomials
which are de ned by three-term recurrence equations like

Prs2 (X) (X n)Pnsr(X)+ nPn(x)=0; n= 1,0;1;:::; (18)

P 1(xX) 0,Po(x) 1, n beingrealand , > 0. We shall refer to monic orthogonal
polynomials for which

M= Amn = (19)

are both nite as the Blumenthal-Nevai class (see [7, p. 10)] Note that this case
includes the Jacobi and the Pollaczek polynomials, for insince. Under these hy-
potheses, it is known that the Hamburger moment problem is déermined and that,

if the smallest and the largest limit-points of the spectrum are denoted by and ,

respectively, then

p- p-

= 2 = 42 (20)

Moreover, Blumenthal [3] showed that the zeros of theP,(x) are dense in [} ], and
Nevai proved that this interval is a subset of the spectrum (d. [6, p. 172] and [7,
pp.122,104]). Other deep investigations about spectral ath asymptotic properties of
the polynomials in the Blumenthal-Nevai class have been cared out by many authors
(see, e.g., [5, 7, 16, 17, 18, 26, 27] and the references thiaje Below, we shall restrict
our attention to the asymptotic behavior as n! 1  for x in the essential spectrum
[ 1
Comparing (18) with (1), one can see that in (15)
1
= = — > _
L=L(x) x 21 (21)
forall x 2 (; )nf g. Note that 0in (19), in any case. If =0, condition (21)
cannot be ful lled and the interval [ ; ] degenerates into the singletorf g. Moreover,
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since
Y2y
n= ()= o (22)
k=
provided that x 6 , one can choose = 1 aslong asx 6  for eachk; otherwise,
one takes = m+1 where m = maxfk: x = xg. We stress that, in any case,
= (%)
If condition (16) also is satis ed, which for the Blumenthal -Nevai class becomes
x . (23)
<1; 23
N N [ R O T
then the asymptotic representation
y 2 p_ P- wn o
Pa(X) = A(X) Xk 2 cosh (X)+ (X)]+ En(X) :
P L xo)
n - no(x);
(24)
holds (cf. (12), (13), (21), (22)) where
4 1=2
(x) := arctan x 2 1 : (25)
Setting x =+ 2p “cos ,0< < , 6 5, the latter becomes
( p_
[ + ie. =
(x) = T<xs_ *2 (le.0< < 7). (26)
if 2 <x< (ile, < < )

cf. Example 3.1 concerning Legendre polynomials in [22]. Meover, the error term in
(24), En(x), can be estimated by

Vn(x) .

IEa()] 7 Voo, " No(X); (27)
where
_ x )2 R (X )2
Vo= 2 D CET) (28)

k=n

which follows from (5), (10) and (21). According to (11), in (24), (27), no(x) is the
smallest integer, ng(x) (x), for which V,(x) < 1.

When the functions A(x), (x) in (24) can be identi ed, (24) yields an asymptotic
representation with precise error bounds In any case, (24) provides qualitative infor-
mation on the asymptotic behavior of the orthogonal polynomials in the Blumenthal-
Nevai subclass characterized by condition (23). The followg corollary will be used.

Corollary 2.4. Suppose that the three-term recurrence equatioifl) is given with A,
B, real valued and

nI!llm A, =A60; nI!llm B, = B: (29)

+
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Moreover, suppose that

R B B
" = <1 30
n= +1 AnAn 1 A? ( )
with
B 1
— >
AZ 4 (31)
Then,

(@) f0<B< 1,Y,! Oexponentiallyasn!1l ;
(b if B=1,Y, isbounded asn!1 , provided that

(Anj J A)) <1 (32)
n=
(¢) if B > 1, Y, exhibits exponentially growing amplitude oscillations orsuitable
subsequences whenevéy, has constant sign forn su ciently large.

The following corollary, concerning the Blumenthal-Nevai class, can be derived, in
part, from Corollary 2.4.

Corollary 2.5. Suppose that a family of orthogonal polynomials in the Blum&hal-
Nevai F5:Iass (186 (19), satisfying (21) and (23), is given. Then, for each xed x 2
( ; )nf g, every solution to (18) is oscillatory (in the classical sense,
cf. [21]). Moreover the following holds:

(@) if 0< < 1,thenP,(x)! O exponentially asn!1l ; p

(b if =1,thenP,(x)isboundeda:n!1l , provided that the series r11: in ]
converges; and

(¢) if > 1, then P,(x) exhibits exponentially growing amplitude oscillations on
suitable subsequences as! 1

Proof of Corollary 2.4. Noting that (30) and (31) coincide with (15) and (16) with
L = B=A2, we obtain from (12) (or (17))

ny 2

Y. =0 APE L n g (33)

K= IA]
where ng is de ned in (11). From this, parts (a) and (b) of the corollary follow. We
only obsgve that, whenB = 1, condition (32) ensures the convergence of the in nite
product ~,_ jAK=A].

When B > 1 andA, has constant sign (forn su ciently large), since cos(nx + )+
En, andcoshn( + )+ ]+( 21)""E,, alternate in sign and are uniformly bounded
away from zero fork and h su ciently large (cf. Appendix 1), and since the product
in (33) increases exponentially am!'1 , Y,, andY,, exhibit exponentially growing

amplitude oscillations (cf. Remark 2.3 and Appendix 1). O
Proof of Corollary 2.5. The oscillatory behavior of each solutroB to (18)pfollows at
once from Remark 2.3, observing that, for every xedx 2 ( 2 )nf g,

An = A(X)= » x does have constant sign fon su ciently large. The rest of the
proof is a mere rephrasing of that of Corollary 2.4. O
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Remark 2.6. Observe that condition (32), in this case, becomes

X . . . .
jn X)X o<1 (34)
n=

P
In part ( b) of Corollary 2.5, however, we gave thestronger condition that L i n ]

converges, v'._!hich is uniform inx. This last condition, together with the convergence

of the series r11: i n ], ensures the absolute continuity of the measure associated
with (18), cf. [7, Theorem 2.8, p. 104]. Note that such a condion, i.e.,
X . . . .
J'n Jtin ] <1 (35)

n=
implies our hypothesis (23) which plays a central role in thepresent theory, as well
as in other approaches, e.g. [14]. Indeed, the results givelny Corollary 2.4, being
essentially qualitative, could be obtained also from [14].

3. Error bounds in the asymptotic representation

When asymptotic formulae, even merely qualitative (but explicit), already are avail-

able, it is possible to identify A(x) and (x) in (24), thus obtaining an asymptotic

representation with a precise error bound In x3.1 below, this will be done for the
subclass of the Blumenthal-Nevai class satisfying (35). 1nx3.2, the case of Jacobi
polynomials will be worked out in detail, and in x3.3 a second-order discrete WKB
approximation with error bounds will be developed and applied to the ultraspherical

polynomials.

3.1. General results.  Without any loss of generality, assume =0, =1=4in(19).
Under the hypothesis
o 1
b+ oz <1 (36)

(cf. (35)), Ismail et al. [14] obtained the asymptotic formula
2% @y P
1 x2 Ux)
wherex 2 ( 1;1), (x):=arccosx, and
YO +i0)+ YO (x i0)
2ly Q' (x + i0)Y P (x  i0)1=2

Pn(x)=2 " cos n (x)+ (X) =+ 0(1) 37)

2

(x) := arccos (38)

Yn(s)(z) denoting a certain subdominant (or recessive, or minimal)solution to the
recurrence equation (18),z 2 C n[ 1;1]; cf. (3.13) in [14]. In (37), Yx) denotes the
density of the orthogonality measure, forx 2 ( 1;1); cf. Remark 2.6. A representation
similar to that in (37) is reported in [28].
On the other hand, (24) becomes
2 +1 rY 2
Pn(x)=2 " ” (sgnx)"A(x) 1 =

K=
n 0

cosh (x)+ (X)]+ En(x) ; N no(x); x60; (39)

+
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where
(X):=min k:k2Z 1; «6 X (40)

and no(x) is de ned by means of (11). In (39), it is not restrictive to assumeA(x) > 0,
since otherwise we can change(x) into (x)+ , and E,(x) into En(x). Compar-
ing (37) with (39), we get

+1 rY 2

(sgnx)"A(x) 1 7" cosn (x)+ (x)
k=

Q1 N 1= h i

2 iz0 (41) cosn (x)+ (x)

=0o(l); n!l1 : (41

1 x2 9x) 2
This can be written, for short, as i
an(x)cosin (xX)+ (X)] b(x)cos n (x)+ (x) =o(l); n!l1 ; (42)

2
with obvious positions. Since the in nite product Qﬁ: (1  k=x) converges (due to
(36)), we havea,(x) ! a(x)asn!1l ,and thus, from (42),

a(x)cos (x) = b(x)cos (x) > ;a(x)sin (x) = b(x)sin  (x) > (43
From this, it follows that a(x) = b(x), (x)= (x) =2, and hence
A= X Temr o1 %M T
2 . X 1 x2 qAx) '

The nal asymptotic representation for P, (x) is
V4 i} 1 2Q'1:O 4 ) 1=2
Pn(x)=2 " 1 — '_2
ken 1 X 10 X2 9x)
sinfn (x)+ (X)]+ En(X) ; x2( 11)nf0g n no(x); (45)

where, by (23) and (27),

n

1 R ’ 1
En(X)= OWh (X)) = O p— -+t x5 (46)
1 x2 ke n X 4
the constant implied by the O-symbol being independent ofx and n.

Remark 3.1. Observe that no(x) as well as the estimates forE,, (x) (valid for n
no(x)) can be givenuniformly for x 2 [ 1+ " "][ [ 1 "] for an arbitrary but
xed ", 0 <" < 1=2. The pathological behavior of the representation (45) at he
point x = 0 disappears in the special case = 0 for every k (e.g., for the Jacobi
polynomials with j j = j j, seex3.2). In this case, in fact,x = 0 is the only singular
point of the transformation (x) given by (22), so that we can take (x) = 1 for
everyx 6 0. However, V, (x) in (28) is de ned now also at x = 0, and E (x) turns out
to be continuous in any compact subsetK of ( 1;1) forn ng(K) 1. The latter
statement is nontrivial and can be proved on the basis of the niform convergence of
the series (2.11) and (2.16) in [22] de ning the error term"}, (x) (cf. (7)). Moreover,
the estimate for E,(x) can be given uniformly in K. Then, the representation (45)
holds at x = 0 when 0, and uniformly in every compact subset of ( 1;1). In
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fact, 9x) > 0 is continuous in ( 1;1) as well as (x) (cf. Theorem 3 and Corollary
5 in [14]).

3.2. Jacobi polynomials.  The case of Jacobi polynomials, which falls in the sub-
class for which (36) holds, will be worked out in detail in this section. It is less
cumbersome to derive this result rather than depending on (8) by comparing (24)

with the well-known Darboux-type formula for the monic Jacobi polynomials,

Bl Jcos )= fl P Jcos );  0< < ; (47)
| + +1 + 42 1
- ! + +1+
fr(1 ):: g_n (2 + +1)2 + +(1 +n+)-2 ; (48)
z N z *n
so that
1=2 1=2
Pl cos )=( n) 12 sin > cos
+ +1 1 322
+ = -+ o+ :
cos n > 5 5 O(n ); (49)

cf. [6, p. 215], [25, (8.21.10), p. 196].
The monic Jacobi polynomials satisfy equation (18) with

2 2
= ()= .
TN T @2n+ + +2)2n+ + +4)’ (50)
G- A4n+1)(n+ +1)(n+ +1)(n+ + +1)

T @n+ + +D)@n+ + +2)2@2n+ + +3)°
forn 1 (cf. [6, Appendix, p. 220] and [26, p. 271]). One can easilyheck that they
belong to the Blumenthal-Nevai subclass for which (21) and 86) hold. Here, =0
and =1=4, and hence (21), (23) are satis ed for allx 2 ( 1;1)nf0g. The quantity
V, in (10) becomes

4 R NE(x)
1 X2 K= n DI((, )(X)

Vi (x) = p (51)
where N’ ’(x) and D!’ ’(x) are polynomials in k of the 4-th and 6-th degree,
respectively; the key condition (23) is equivalent to the cavergence of the series in
(51). The explicit form of N,E : )(x) is useful in estimating the error term, E,, (x), in the
asymptotic representation (cf. (27), (28)) and is reportedin Appendix 2. Observe that
the series in (51) clearly converges for alk 6 O since le; )(x):Dl((: )(x) = O(k 2).
The evaluation of N,E : )(x) is rather cumbersome and has been accomplished by using
the symbolic computational device Mathematica [30]. Therdore, for the monic Jacobi
polynomials, the asymptotic representation (24) holds, that is
n+ +1 1y 2
PE (x) = AC) =g x U cosp + () En(x);  (52)
k=
forn no(x). Here = (x) is de ned by (26) with- =0 and = 1=4. Moreover,
= (x) = 1whenx 6 ,ﬁ; ) for every k. Otherwise, if x = |, for somem,
(X)= m+1.
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Now,

TYZ
(x

“Q
N2 X ak2+4K( + +3)+( + +2)( + +4) + 2 2

Un 2 + +2 Un 2 + +4
40 ( +1) = K+ — 2okt =

)=

x ~

. (83)

and, using formulae (89.1.1), (89.2.1) of [12, p. 482] to expss the nite products in
(53), we get from the representation (52)

+1 +—+2+ ++4+

: n 2 n 2
PEI00= A2 " S (M)

cos( + (x))+ En(x) (54)

where we have set, for short,

_+ +3 1 2 oy 172
w ™ x x ( ) : (55)

(Note, incidentally, that formula (89.2.1) of [12, p. 482] contains a mistake: On the
right-hand side, x" must replacex?".) Observe that (w*+ )( w + )is always real,
sincew™ and w are necessarily conjugate to each other whenever they are mplex.

Since, by Stirling's formula, £ Vin (48) has the asymptotics

+ +1 + 42 1=2
. 2 2 n-—
£ ) o asn!l ; (56)
by multiplying (47) and (54) by 2" and subtracting, we get
y plying y g g
+2+1 +2+2 1=2 1=2
p— + +D smE cosz
Lt *1 !
cos nr——m— 2 2
+ 42 + +4
2 M n 7t 7 T
cosn + (xX) =o0o(1) (57)

asn!1l . Considering separately the two casesx > 0 and x < 0, we obtain from
(57), (26), recalling that (x) is de ned mod  (cf. [22]),

+ +1 + 42
A(cos):pl: 2 2 (wr+ )(w + )
( + +1) t+1+ P42+
1 +1 1=2 1=2
> cos sin > cosE ; (58)
+ +1 1
(cos )= > > + > sgn(cos ): (59)
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Therefore, we get, nally, from (54)

1 + +1 + 42 1=2 1=2
. 2 2 .
B{" (cos )= p= S 2" sino cos
cos n+ —_° ! v 1
2 2 2
+(sgn(cos ))"En(cos ) ; (60)

for 2 (0; )nf=2gandforn ng(cos ) (cos ). Here

) for all k;
) for somem;

1 ifxe U
X) = ) 61
() m+1 if x= & (61)

and no(x) is the smallest index for which VA% )(x) < 1,V )(x) being given by (51).

Consider the case of (monic) ultraspherical polynomialslﬁrﬁ: )(x). Here Remark
3.1 applies, and after a little algebra we obtain explicitly
4 R i1 47

V(; )X = p— & = _p - : 1<x< 1’
n 0= Py x2, 2°1 x¥(2n+2 +1)

)

1
4
(62)

cf. (28). Correspondingly, we can estimate theabsolute errorin (60), say jE, (x)j, as

) ) 1 + % ( +1) 2 n+ +1 =2 . .
X)] = p= En(x
1 + % ( +1) 2 n+ +1=2
TR D) @ xpi(eD)
. 5
5 149 . 63)
21 x22n+2 +1) j1 432
Also, the index np(x), de ned in (11), can be given explicitly as
1 i1 2]
= = — 1 1 64
Pk T Prae BT ©4

where the square brackets denote taking the integral part.

Going back to the usual (non-monic) ultraspherical polynomials, for the purpose
of comparison with known formulae, one discovers that our rpresentation (60) for

= leads to formula (8.21.14) of [25, p. 197] at the lowest orderwhich is the
generalization of the Darboux formula for Legendre polynonials to the ultraspherical
case. In doing that, both the factor f{* ) in (48) and the appropriate normalization
of ultraspherical polynomials (the factor between XS )(x) and Py )(x), cf. (4.7.1) of
[25, p. 80]) have been taken into account, and the duplicatia formula for the gamma
function has been used. Moreover, in (8.21.14) of [25, p. 19With p=1, i.e.,

2 ( +n) 1 h .

()" @sny st ) " 2 0);

(65)

P{ )(cos )= > N
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the absolute error, j § )j, can be precisely estimated as

()i 2 (+n)
i8iE ) &l
@ jijC +nj 1 1 _
? i) nl  (2sin ) (n+ )sin ] @ ) (66)

cf. (63). Obviously, this is useful for computational purposes for largen only when

< 2since '’ isinnitesimalas n!1 for such values of .
As for the comparison with the available results in the literature for general Jacobi
polynomials, we observe what follows:

Remark 3.2. When > 1=2, > 4, + 1,andx 2 [0; 1], an asymptotic
formula with a bound can be found for Py’ )(x) in [9]. By the re ection formula,
XS )(x) =( 1" P )( x), [25, (4.1.3)], one then can obtain a representation (with
a bound) valid in [ 1;0], at the price of restricting ; to > 1=2, > 4,and

+ 1. Consequently, a representation (with a bound) valid on the whole interval
[ 1;1] holds whenboth restrictions above are valid, namely ; > 1=2,j j< 4,
and + 1. Note that such conditions reduce to > O for the ultraspherical
polynomials. In [2], similar results have been obtained undr the stronger limitations

1=2 < , < 1=2; Hahn [11] gave dierent asymptotic expansions with bounds,
under the same restrictions. In [2] the cases = 1=2 and/or = 1=2 also were
included.

Even though, when these formulae can be applied they perfornbetter than ours,
our estimates hold for any choice of the parameters (in particular, for and/or

1=2), and for x 2 ( 1;1) nf0g. In the ultraspherical case, our results hold on the
whole interval ( 1;1), evenfor < 0. It seems, therefore, that the present results
contribute to the completion of the asymptotic theory for th e Jacobi polynomials in
the orthogonality interval.

In view of Remark 3.2, it is worthwhile to give more explicit estimates for VA% )(x)
in (51), which might be useful also for computational purposs. After a little algebra,
we obtain (see Appendix 2 and (51))

P
4 4

NG D k* ' 2o aslx; ke A
DU ) 4T xZix U jjix Ujk+ + +2)
1
fok+ + +])

ok (X): (67)

Noting that, for k nand + > 2, 2&k+ + 2k(1 1=n),2k+ + +1
2k(1 1=2n),and 2k + + +j> 2k forj =2, 3, 4, we get
Vn(: )(x)
4 ini 4 x2 Pa 4 i Pa in 4
izo Jai2(; Jin' * o x2+ i jan(; )in' *jxj+ g jaie(; )in
64 1 x2(1 1=n)(1 1=2n)
* 1

k=n k2jx k; jjx Ig;lj

n maxf2;, (x)g (68)

+
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To display dependence om, we write the nal
as

pointwise estimate forx 2 ( 1;1)nf0Og

. (; )(X) 1
vi )(x) —p—"AL=0 = (69)
n 1 x2 n
where " I
. 1+1=2n +1=6n2 Xt -
() = o (- P4 2
T = R B G .
X4 , ! X4 , #
+ ja(; it o ixi+ jao(; )int 4 U (x)  (70)
i=0 i=0
and N
§(X §)x )t itj g gix> U
_ orifj j<ijj;x< U
r(]v )(X) = "t (71)
Zx 2 ifjjj j;x<o
. orifj j<ij j;x>0;
is an estimate ofjx ' ’j Yx (',)j *fork n 2. Note that
, - 1. o Jaa( )i
Goyy= © : Janl, )l
nlll:[T] n (X) 64 Ja42( ’ )J + JXJ
L,
S I P B (72)

4

ixj

Clearly, the restrictions shown in the rst relation of (71) imply that, for each xed

X, n should be chosen suitably large, in view of the fact that ()
, and the sign of (") is the same asj j j

n'il

const=n? as
j. Recall that an additional

restriction on n could be required in (60) (cf. (27)) to ensure that Vi’ )(x) < 1.
Uniform estimates also can be derived starting from (69){(71). Let" > 0,0< <

1 ".Then,whenx2[;1 "],

(; )
Vi —(2(—)) 8n maxf2 ig  iEminfn: )< g (79)
n
whenx 2 [ 1+", ],
;)
Vit 00 s —(2(—)—) 8n maxf2 og p=minfn: ) > g (74)

In order to estimate the error term E,, in (60)

uniformly through (27), (73) and (74),

n should be chosen so large thaty! )(x) < 1 uniformly in x in the appropriate

interval.

We observe in closing that our estimates can be generalized/tminor modi cations

in (68) to the case ofall the real values of and

In fact, our theory as well as the basic formula (8.21.8) in Sege's book are free from
2,itsucestoreplace (1 1=n)(1 1=2n)in
+ j=2n)®,

restricionson and . When +
the right-hand side of (68) with (1 j
under the additional restriction n> j + =2,

notincluded in (68) (i.e., + 2).

sincex+ + +j 2k(1j + j=2n),

+
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3.3. Second-order discrete WKB approximations. It is possible to improve the
discrete Liouville-Green (WKB) theory developed by the authors, obtaining higher-
order approximations, by splitting ", as", = , *+ €,, so that

Yo = "+ n+e)e ™ (75)
cf. (7) and (13), with
n=0Mn);, €& =0oVn); n!l ; (76)

where |, is explicitly representable ande, can be estimated. In fact, in view of the
(discrete) Liouville-Neumann expansionof the error term in (7) [22, 23], we have

(Vn)s+1
"n = hg(n)+ rg(n);  jrg (N)j ;o s=1;2: n ng; (77)
1 WV,
where hg (n) = O(V,) is recursively de ned py
1 X j n+1#
ho(n) 0 hgy (n)= 2 (1D 1 — g (1+ hs(j));
j=n
s=0;1;2;:::: (78)

In what follows, , in (75) will be identi ed with hg (n) or with its \dominant part"
with respect to V,, (asn ! 1 ). This approach can be pursued fors = 1 (second-
order approximation) exploiting suitable assumptions on the asymptotic behavior of
the sequencey,, while the cases > 1 seems to be much more di cult to treat explicitly.
Recall that, when g, 2 R, "} and ", as well ash{ (n) and h, (n) are conjugate in the
applications below, } and , also turn out to be conjugate, and so doe} and e, .

Considering the generalreal solution to (1) under the assumptions (15) and (16),
Yo= o e 1+ 5 +e)rce” (1+ , +e) (79)
where ¢; = T7, we obtain, after simple manipulations,
Yo=A , "[cosp + )+ jljcosp + +arg )+ Enl (80)
where
En = jerjcosh + +arge): (81)

The latter shows, in particular, that E;, = o(V;,) in view of (76).
As a rst example, suppose that in (5)

gh=cnP+0On %; c2R; n 1 (82)
whereq > p > 1. From (78) with s =0 and (82), we obtain
1 X + 1 ny P
= — — PP _ _ P
hy (n) s (- 10 ¢ | c - j
j=n j=n
X . + 1 ny + .
+ Oo(j % — — O( 9 : (83)
j=n j=n

Using well-known asymptotic results for the remainder of the power series de ning
the Riemann -function (for the rst and the third terms inside parenthes es), and of
the power series de ning the generalized \polylogarithm™ on the boundary of the unit
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disc (for the second and the fourth terms, sincg *= j=1, *= 6 1)[20, Ch.g],
we get

1 c
2+*(* 1p 1

thr(n): nl P+ QO pn Mnfpa 1g ; (84)

and thus, by (77),

it _ 1 ¢
"2t 1p 1
Finally, by (80),

1 P4+ O n min fp;q 1;2p 2g : (85)

C
Y, = A " cosh + )+ e W
" " ) 20 1) a(a+1)

nt Psin (n 1) + +E, ; n  ng; (86)

with ng de ned in (11), and
E,=0 n min fp;q 1;2p 29 : (87)

We stress that all O-terms in the formulae above could beexplicitly estimated, provided
that an estimate for the constant implied by the O-symbol in (82) is known.

As an application to the Blumenthal-Nevai polynomials, consider for simplicity the
subclass k Oand ¢y =1=4+cn P+ O(n 9), g>p> 1 (cf. Remark 3.1); such a
class satis es (36) and includes, in particular, the ultragpherical polynomials (p = 2,
g = 3). Therefore, the representation (45) can be improved, inthis case, to

2 lezo (4 j) 1=2

Prx) =2 " S s (0 ()]
2
z(pc M%nl Peos[i 1) (\)+ ()]
+0On Mnfea L2020 . w2 ( 1:1); n no(x): (88)

Even though the capital O-term in (88) could be estimated (as pointed out above),
in the case of ultraspherical polynomials it is more converént to choose a di erent
splitting of the rst-order error term:

v 1 X _ 4 1
n = mj:ngj, gj—X—z iz (89)
1 ){- + J n+l +
€ = 27+ 1 g — + 1y (n) (90)
j=n
(cf. (77), (78)) where
r
‘_ T CE J+1(+2 +1)
=1+ 2 1L i @ +2z )@ +2 +3) (91)
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(cf. (50)). Summing up the telescopic series in (89) explitly, it follows that

e 1 42 1

" AT X+ i1 x®) n+2 +1 (92)
and

.+._Vn_ + _ 2

Inl= 55 &g, = Esgn(l 4 °) (93)

(see (62) for the de nition of V, Vi )). An estimate of €/, de r?gd in (90), is
obtained by summing by parts and using the telescopic propdy of  (g+1 ),
after rather long but simple calculations. The result is

e jl1 4 2%j+3j2 +1j(2 +3)
&1 2@ x®@n+2 +1)@2n+2 +3)
(1 422 1
+ P P— : -, N ng(x):
21 x2(2n+2 +1)2 1 x2@2n+2 +1) j1 43
(94)
Finally, we have the second-order asymptotic representatin for the non-monic ul-
traspherical polynomials =X )(cos ), = 1=2,
h [
2 ( +n) 1 N
() = _
P; ’(cos ) ) o Zsin ) cos (n+ ) 5 |
L sgn(cos )cosh(n + 1) —I
2(n+ )sin g 2
+(sgn(cos )"En ; 20 ) (95)
n np(cos ), where
o gL j+3@+ )
E; e
Il b&l s Yn+ +1)sin?
2 2

+ :
(n+ )sin (n+ )sin j (1 )j
In closing, we stress that the representation (95) along wih the bound (96) hold for

all values of > 1, including the negative values, which case seems to be missing in
the literature.

Appendix 1

As is known, a sequenceY, is called oscillatory if, for every N 2 N, there is an
index m > N such that Y, Yn+1 O, cf. [21]. Therefore, it su ces to show that the
sequence in (12) is oscillatoryon a suitable subsequenceay f n,g, wheneverA, has
constant sign forn su ciently large.

Suppose rstthat A, < 0forn ng, forsome 2 N. Then , has a constant
sign forn , and the oscillatory character of Y,, and that of cos(n + )+ E, is the
same. We can show rstthat cosfy + ) alternates in sign on a suitable subsequence.
In fact, for each xed value of and , with 0 < < = 2 (cf. (13)), there is at least
one integerng such that

= + =
2k—4<nk<2k—4 (97)
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for eachk 2 N, since the length of such an interval isL = =2 > 1. Moreover,
clearly, any two consecutive intervals of this type do not owrlap, so that choosing,
e.g., the smallest value ?jatlsfylng (97) in each interval, & get a subsequencényg on
which cosfy + )> 1=

Similarly, replacmg 2k in (97) with (2 h+1) , we get a subsequencenyg such that
cosin, + )< 1= 2. From these two subsequences another can be constructed,
which we renamef nyg, such thatcos nx + ) alternatesin signandjcos(y, + )j>
1=" 2. Therefore, fork suciently large, cos(nx + )+ E,,  also alternates in sign
andjcos( + )+ E,j c> 0, for some constantc.

If, nally, A, > 0forn no, for some 2 N, the factor ( 1)" deriving from
the transformation |, can be absorbed in thecosterm by replacing with + (and
En with ( 1)"E,). The same conclusion then follows.

Appendix 2

The polynomials NES )(x), DY’ )(x) in n appearing in (51) (which are also poly-
nomials in x, , ), can be evaluated with the help of symbolic computation, mae
precisely by using Mathematica [30]. In view of (67), we onlyneed to consider

NG ()= ae(x; )n* (98)
where

alx; )= ag(; )5 k=054 (99)
=0

aOO(; )= 34 45 6 44 25+622+832+42
+8 23+4 3 3 34 4 4+ 2 4 45 2 5 6.

ann(; )= 242 563 464 16° 2° 562 923 48°%
85 +24 ?+56 2 32°%?2 10% ?+56 3+92 3
+32 2 %+46 “+48 “+10 2 1+16 °+8 °+2 &

a(; )=16 +20 2 24% 394 12°% °+16 +40 8 2
76° 44* 6° +20% 8 7 74722 7237
1542 24°% 76 % 7223 20%% 394
44 % 15%2% 12° 6 ° % (100)
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alO(; )= 84 45 44+1622+832+823 844445;
ann(; )= 1122 184°% 964 16° 1842 1923 4814
+112 2+184 2 323 2+184 3+192 *+32 2 3+06 *
+48 “4+16 5
a;p(; )=32+80 162 1523 88 % 12°+80 +96 136 2
1923 444 162 136 2 20822 7232 1523
192 2 7223 884 44 4 12°5;
(101)

azo(; ): 44+8 2 2 44;
an(; )= 1842 1923 48 % 1922 963 +184 2+192 2
+192 3+96 3+48 %
an(; )=80+96 1362 192° 44 4+96 +48 192 2
96 % 1362 192 %2 10422 1923 96 3 444
(102)

aso(; )=0; as(; )= 1282 643 642 +128 2+64 ?2+64 3
asa(; )=64+32 1282 643+32 642 1282 64 2 643
(103)

aw(; )=0; au(; )= 322+32 % an(; )=16 322 3272
(104)
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