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Weighted norm inequalities for the conjugate function
on a-adic solenoids

Nakhl�e Asmar and Phyllis Panman

Abstract. In this paper we generalize a theorem of Hunt, Muckenhoupt, a nd
Wheeden on weighted norm inequalities for the conjugate fun ction. Our gener-
alization to the cases of a-adic solenoids is formulated in terms of the ergodic
A p -condition.

1. Introduction

We consider an arbitrary noncyclic subgroup ofQ and its compact dual group � a .
There is an explicit construction for � a which is called thea-adic solenoid. Sincec� a is
simply a subgroup ofQ, c� a inherits the order from Q; that is, if we let P = c� a \ (0; 1 )
then P de�nes the order on c� a . For f 2 L2(� a ), we use the Fourier transform off to
de�ne the conjugate function ~f (with respect to the order P):

~f ^ (� ) = � i sgnP (� )f̂ (� ) ( � 2 c� a ) (1.1)

where sgnP (� ) = � 1, 0, or 1 according to� 2 (� P)nf 0g, � = 0, or � 2 Pnf 0g. The
operator f 7! ~f is clearly a norm-decreasing multiplier onL2(� a ). If 1 < p < 1 , the
operator f 7! ~f extends fromL2(� a ) \ Lp(� a ) to a bounded linear operator ofLp(� a )
such that the identity (1.1) holds, and the inequality

k ~f kp � M pkf kp

holds for all f 2 Lp(� a ), where M p is independent of f (see [3], or [1, Theorem
7.2]). We ask for which measures, other than Haar measure, isthe operator f 7! ~f
a bounded operator. More precisely, if 1< p < 1 , we seek to characterize those
�nite nonnegative Borel measures� for which the operator f 7! ~f is bounded from
Lp(� a ; � ) \ L1(� a ) into Lp(� a ; � ).

By way of background, we recall that Forelli [7] studied this problem in the caseG =
T (henceforth, T is parameterized by [� �; � )). He showed that if the operator f 7! ~f
is bounded fromLp(T; � ) \ L1(T) into Lp(T; � ), then � must be absolutely continuous
with respect to Lebesgue measure� (� � � ), and hence there is a nonnegative function
w in L1(� ) where d� = w dt

2� . This result was later extended by Hunt, et al. [13], who
showed that the operator f 7! ~f is bounded from Lp(T; w) \ L1(T) into Lp(T; w)
exactly when w satis�es a property called the Ap-condition. We state this result in
the following de�nition and theorem:
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De�nition 1.1. (The Ap-condition on T) Let 1 � p < 1 . Let w be a nonnegative
2� -periodic measurable function. The function w satis�es the Ap-condition on T if
there is a constantAp independent of all intervals I � R such that

sup
I

1
I

Z

I
w(t)dt

� 1
I

Z

I
w� 1=(p� 1) (t)dt

� p� 1
� Ap: (1.2)

We say that w 2 Ap(T) if w satis�es (1.2), and we let Ap(w) denote the least
constant such that (1.2) holds. When p = 1, (1.2) is of the form supI

1
I

R
I w(t)dt

ess supt 2 I
1

w ( t ) � A1.

Theorem 1.1. Let w be a nonnegative2� -periodic measurable function. If 1 < p <
1 ,then w 2 Ap(T) if and only if for all f 2 Lp(T; w),

� Z �

� �
j ~f (t)jpw(t)dt

� 1=p
� K p

� Z �

� �
jf (t)jpw(t)dt

� 1=p
(1.3)

where K p is independent of f . If 1 � p < 1 , w 2 Ap(T) if and only if for all
f 2 Lp(T; w),

sup
� > 0

� p
Z �

� �
1f t 2 [� �;� ): j ~f ( t ) j>� g(t)w(t)dt � K p

p

Z �

� �
jf (t)jpw(t)dt (1.4)

where K p is independent off .

Remark 1.1. We note that from the proof of Theorem 1.1 ([13]), when (1.4) holds,
w 2 Ap(T) with Ap(w) less than or equal toK 2

p (4� )2p. Also, by a modi�cation of the
proof in [13], it is enough to assume that (1.4) holds for allf 2 Lp(T; w) \ L1(T).

Hewitt and Ritter in [8] and [9] make an extensive study of conjugate Fourier series
on a-adic solenoids. In this paper, we study weighted norm inequalities on a-adic
solenoids � a . Our main theorem (Theorem 4.4) gives a generalization of Theorem 1.1
in terms of the conjugate function on � a , obtaining a similar characterization as Hunt
et al. [13] of those �nite nonnegative Borel measures� for which the operator f 7! ~f
is bounded from Lp(� a ; � ) \ L1(� a ) into Lp(� a ; � ).

The plan of the paper is as follows. In Section 2, we give an explicit representation
of � a and de�ne some other terms needed in our analysis. In Section3, we show that
if � is a nonnegative Borel measure on �a , and the operator f 7! ~f is bounded from
Lp(� a ; � ) \ L1(� a ) into Lp(� a ; � ), then � is absolutely continuous with respect to
Haar measure� . This shows that we need only characterize those weightsw 2 L1(� a )
that satisfy the property that the operator f 7! ~f is bounded fromLp(� a ; w) \ L1(� a )
into Lp(� a ; w). In Section 4, we state and prove a characterization of those weights
that satisfy this last property (Theorem 4.4).

2. Preliminaries

2.1. The a-adic solenoid and its character group. Up to isomorphism, any
non-cyclic subgroup ofQ can be described as follows. Leta = ( a0; a1; : : : ) be a �xed
in�nite sequence of integers all greater than 1. Let

A0 = 1 ; A1 = a0; A2 = a0a1; : : : ; An = a0a1 � � � an � 1; : : :

Let Qa be the set of all rational numbers l
A k

, where l 2 Z and k 2 Z+ . Clearly Qa is
a non-cyclic additive subgroup ofQ, and as shown in [2], any non-cyclic subgroup of
Q is of this form.
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According to the Pontrjagin duality ([10, 24.8, p. 378]), th e character group of
Qa is a compact abelian group, which we denote by �a , and the character group of
� a is again Qa . We let � denote normalized Haar measure on �a . The group � a

can be realized as the set [0; 1) � � a , which is described in detail in [10, Section
10]. The group � a consists of all in�nite sequencesx = ( x0; x1; : : : ; xk ; : : : ) where
eachxk 2 f 0; 1; : : : ; ak � 1g. Addition in � a is de�ned coordinate-wise and carrying
quotients (see [10, 10.2]). Also, the elementsu = (1 ; 0; 0; : : : ) and 0 = (0 ; 0; 0; : : : ) are
both in � a , and addition on [0; 1) � � a is de�ned by

(�; x) + ( �; y ) = ( � + � � b � + � c; x + y � b � + � cu)

where b � c is the greatest integer function. The group � a is a compact connected
Abelian group admitting a continuous homomorphism ' : R ! � a , where ' (R) is a
dense subgroup of �a and

' (s) = ( s � b sc; bscu) (2.1)

([10, Theorem 10.13], and [9, 3.2]). Fork = 1 ; 2; : : : ; de�ne the sets

� k = f (0; x) 2 � a : x0 = x1 = � � � = xk � 1 = 0 g:

The sets � k are compact, closed subgroups of �a ([10, Theorem 10.5, p. 110]), and
we let � k denote normalized Haar measure on �k . The measure � k is a singular
Borel measure on �a , and the Fourier transform is equal to the indicator function of
(1=Ak )Z:

b� k = 1(1=A k )Z

([9, 5.1�, p. 825]). For all k 2 N, the quotient group � a /� k is topologically isomorphic
to the circle group T (see [8, 3.1]). Indeed, the mapping

� k (t; x) = � 1
A k

(t; x) (2.2)

is a continuous homomorphism of �a onto T with kernel � k where

� 1
A k

(( t; x)) = exp
�

2�i
1

Ak

�
t +

k � 1X

h=0

xh Ah

��

is the character corresponding to the element 1
A k

of Qa . Also, if f 2 L1(� a ) and f
is constant on cosets of �k , then f = f � � k , and there is a function f k 2 L1(T) that
satis�es f = f � � k = f k � � k and

Z

� a

fd� =
Z

� a

f k � � k d� =
Z

T
f k dx (2.3)

([11, 28.55] and [9, 5.1.3]).

Martingales on � a . If f 2 L1(� a ), then the sequence (f � � k )k � 0 is a martingale
relative to a sequence of� -algebras (Fk )k � 0 where Fk consists of those Borel sets
F � � a such that F + � k = F (see [6, Theorem 5.4.1]). The functionsf � � k also are
known as the conditional expectations off relative to Fk . It is a well-known theorem
of Doob's that if f 2 Lp(� a ), then f � � k ! f in Lp(� a ) as k ! 1 (see [5], or [6,
Theorem 5.2.6]).
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The conjugate function on � a . It is easy to see thatQa admits exactly one order
P under which 1 is in P; the order is the one inherited from the usual order onR. We
take this ordering on Qa where P = f � � 2 Qa : � � 0g. For f 2 L2(� a ), we use the
Fourier transform and the order generated byP to de�ne the conjugate function ~f :

~f ^ (� � ) = � i sgnP (� � )f̂ (� � ) ( � � 2 Qa)

where sgnP (� � ) = � 1, 0, or 1, according to � < 0, � = 0, or � > 0, respectively.
As noted before, if 1< p < 1 , the operator f 7! ~f extends from L2(� a ) \ Lp(� a )
to a bounded linear operator of Lp(� a ) ([1, Theorem 7.2]). In addition, the conju-
gate function ~f has an integral representation that exists� -almost everywhere for all
functions f 2 L1(� a ) ([1, 6.11(c) and Theorem 6.5]).

The ergodic Ap-condition on � a . Let ' : R ! � a be the continuous homomor-
phism de�ned in (2.1). If 1 � p < 1 and w is a nonnegative function in L1(� a ), we
say that w is in Ap(� a ) if the following condition is satis�ed: for almost every x 2 � a ,

sup
I

1
jI j

Z

I
w(x � ' (t))dt

� 1
jI j

Z

I
w� 1=(p� 1) (x � ' (t))dt

� p� 1
� K p (2.4)

whereK p is a constant independent ofx. We let Ap(w) denote the least constant such
that (2.4) holds.

3. The continuity of the conjugate function
with respect to Borel measures

In this section, we show that if � is a �nite nonnegative Borel measure on � a , the
continuity of the operator f 7! ~f from Lp(� a ; � ) \ L1(� a ) into Lp(� a ; � ) implies that
� � � where � is Haar measure on �a .

Theorem 3.1. Let 1 < p < 1 . Let � be a �nite nonnegative Borel measure on� a .
Suppose that the inequality

k ~f kL p (� a ;� ) � K pkf kL p (� a ;� ) (3.1)

is valid for all f 2 Lp(� a ; � ) \ L1(� a ) where K p is independent of f . Then � � � ,
and hence there is a nonnegative functionw in L1(� a ) such that d� = wd� .

Proof. Assuming that the linear operator f 7! ~f is bounded fromLp(� a ; � ) \ L1(� a )
into Lp(� a ; � ), we can continuously extend the operator to all of Lp(� a ; � ). Let T
denote the extended linear operator. Fix a real-valued function g in Lq(� a ; � ) \ L1(� a )
where 1

p + 1
q = 1. Then by H•older's inequality, we have for all f 2 Lp(� a ; � ),

�
�
�
Z

� a

(T f )gd�
�
�
� � k T f kL p (� a ;� ) kgkL q (� a ;� ) � K pkgkL q (� a ;� ) kf kL p (� a ;� ) :

Hence, if we de�ne the linear functional L g : Lp(� a ; � ) ! C by L gf =
R

� a
(T f )gd� ,

then L g is bounded. By the Riesz Representation Theorem ([15, p. 284]), there is a
function h 2 Lq(� a ; � ) such that

L gf =
Z

� a

(T f )gd� =
Z

� a

hfd� (3.2)

for all f 2 Lp(� a ; � ).
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We claim that h is real-valued � -a.e. To see this, consider a continuous character
� � 2 P n f 0g (so then � > 0 and � � 2 (� P)nf 0g). By (3.2), we have

Z

� a

(Re � � )hd� =
1
2

Z

� a

(� � + � � )hd� =
1
2

Z

� a

(T � � + T� � )gd�

=
1
2

Z

� a

(� i� � + i � � )gd�

=
Z

� a

(Im � � )gd�:

Since the last integral is real-valued,
R

� a
Re� � Im hd� = 0. Similarly,

R
� a

Im � �

Im hd� = 0, so that
R

� a
� � Im hd� = 0. This is also true if � � is replaced by any

trigonometric polynomial � m
j =1 � � j (� � j 2 Qa ). By the Stone-Weierstrass Theorem,

the set of trigonometric polynomials on � a is dense in the set of all continuous func-
tions on � a ; hence for all continuous functionsf on � a , we have

R
� a

f Im hd� = 0.
But then the signed measure (Imhd� ) � 0, which means that Imh = 0 � -a.e. andh
is real-valued � -a.e.

We also claim that (h + ig)d� is of analytic type in the sense that (h + ig)d� has
a Fourier transform vanishing for the negative characters in Qa (see [16, p. 197]). By
(3.2), we have

� i
Z

� a

� � gd� =
Z

� a

h� � d�; for all � � 2 Pnf 0g:

Thus,
Z

� a

� � (h + ig)d� = 0 ; for all � � 2 Pnf 0g;

and equivalently
Z

� a

� � (h + ig)d� = 0 ; for all � � 2 (� P)nf 0g:

Thus, (h + ig)d� is of analytic type.
By [12, Theorem 19.42, p. 326], we can write the Lebesgue decomposition of d�

as d� = d� s + d� a where d� s is singular with respect to d� (d� s? d� ), and d� a is
absolutely continuous with respect to d� (d� a � d� ). Then it is clear that the
Lebesgue decomposition of (h + ig)d� is

(h + ig)d� = ( h + ig)d� s + ( h + ig)d� a : (3.3)

Since (h + ig)d� is of analytic type,
Z

� a

(h + ig)d� s = 0

([16, Theorem 8.2.3, p. 200]). Sinceg and h are real-valued � s-a.e.,
R

� a
gd� s = 0.

This is true for every continuous real-valuedg 2 Lp(� a ; w) \ L1(� a ), so it is also true
for the real and imaginary parts of every continuous complex-valued function g, and
hence� s � 0. But then � � � , and by the Radon-Nikodym Theorem, ([12, Theorem
19.23, p. 315]), there is a nonnegative measurable functionw 2 L+

1 (� a ) such that
� (A) =

R
A wd� for all Borel measurable subsetsA of � a .
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Remark 3.1. We note that the proof of Theorem 3.1 does not depend on the struc-
ture of the a-adic solenoid � a . In fact, using the same argument, we can show that
Theorem 3.1 holds for any compact connected abelian groupG where the dual is
ordered and the conjugate function ~f is de�ned as in (1.1).

4. The Ap-condition on a-adic solenoids

We seek to characterize those �nite nonnegative Borel measures � for which the op-
erator f 7! ~f is bounded from Lp(� a ; � ) \ L1(� a ) into Lp(� a ; � ). By Theorem 3.1,
it su�ces to characterize those weights w 2 L1(� a ) for which the operator f 7! ~f is
bounded from Lp(� a ; w) \ L1(� a ) into Lp(� a ; w). In Theorem 4.4, we show that this
property holds if and only if w satis�es the ergodic Ap-condition in (2.4).

We prove some propositions before proving Theorem 4.4. It isessential for our
analysis to de�ne the following classes of functions for 1� p < 1 and w 2 L1(� a ):

Lp(� a ; � ) � � k = f f � � k : f 2 Lp(� a )g;

Lp(� a ; w � � k ) � � k = f f � � k : f 2 Lp(� a ; w � � k )g:

From Hewitt and Ross [11, p. 95, Theorem 28.55],Lp(� a ) � � k is isometrically iso-
morphic to Lp(� a /� k ) � Lp(T). By a modi�cation of the proof in [11], we also have
(Lp(� a ; w � � k ) \ L1(� a )) � � k isometrically isomorphic to Lp(T; wk ) \ L1(T) where
wk is the function in L1(T) such that w � � k = wk � � k (see (2.3)).

We use the following notation. If � is a nonnegative Borel measure on �a and
1 � p < 1 , we de�ne the Lorentz Lp;1 quasi-norm for a measurable functionf as

kf k�
L p; 1 ( � ) = sup

� > 0
�
�
� (f x 2 � a : jf (x)j > � g)

� 1=p
:

(See [17, Ch.5, Sect.3]; note thatk�k�
L p; 1 ( � ) actually de�nes a norm when 1< p < 1 .)

Proposition 4.1. Let 1 � p < 1 . Let T denote the operatorf 7! ~f , and let w be a
nonnegative function in L1(� a ). Then the following are equivalent:

(i) The inequality

kT f k�
L p; 1 (� a ;w ) � K pkf kL p (� a ;w )

is valid for every f 2 Lp(� a ; w) \ L1(� a ) where K p is independent off .
(ii) For each k = 1 ; 2; : : : , the inequality

kT(f � � k )k�
L p; 1 (� a ;w � � k ) � K pkf � � k kL p (� a ;w � � k )

is valid for every f 2 Lp(� a ; w � � k ) \ L1(� a ) where K p is independent off and k.

Proof. (i) ! (ii) Let f be a trigonometric polynomial on � a and �x an integer 1 � k <
1 . Sincef is bounded, f � � k is bounded andf � � k 2 Lp(� a ; w) \ L1(� a ). Then we
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have by Fubini's Theorem and the translation invariance of � ,

sup
� > 0

� p
Z

� a

1f x 2 � a :jT ( f � � k )( x ) j>� g(x)w � � k (x)d� (x)

= sup
� > 0

� p
Z

� a

Z

� a

1f x 2 � a :jT ( f � � k )( x ) j>� g(x)w(x � y) d� k (y)d� (x)

= sup
� > 0

� p
Z

� a

Z

� a

1f x 2 � a :jT ( f � � k )( x ) j>� g(x + y)w(x) d� (x)d� k (y)

= sup
� > 0

� p
Z

� a

Z

� a

1f x 2 � a :jT ( f � � k )( x + y) j>� g(x)w(x) d� (x)d� k (y): (4.1)

Letting ( f � � k )y denote the function x 7! (f � � k )(x + y) and applying the hypothesis
to ( f � � k )y , we have from (4.1),

sup
� > 0

� p
Z

� a

1f x 2 � a :jT ( f � � k )( x ) j>� g(x)w � � k (x)d� (x)

� K p
p

Z

� a

Z

� a

j(f � � k )y (x)jpw(x) d� (x)d� k (y)

= K p
p

Z

� a

jf � � k (x)jpw � � k (x)d� (x):

It is easy to see that this is enough to show that (ii) holds.
(ii) ! (i) Consider a trigonometric polynomial f on � a . Then it is clear that there

is an integer N � 1 such that f = f � � k for all k � N . Fix � > 0. Sincekw � � k �
wkL 1 (� a ) ! 0, and f is a bounded function, we have by the hypothesis

� p
Z

� a

1f x 2 � a :jT f (x ) j>� g(x)w(x)d� (x)

= lim
k !1
k � N

� p
Z

� a

1f x 2 � a :jT ( f � � k )( x ) j>� g(x)w � � k (x)d� (x)

� K p
p lim

k !1
k � N

Z

� a

jf � � k (x)jpw � � k (x)d� (x)

= K p
p

Z

� a

jf (x)jpw(x)d� (x):

It is easy to see that this is enough to show that (i) holds.

Remark 4.1. We note that by slightly modifying the proof of Proposition ( 4.1), we
can show that similar strong-type estimates hold.

Proposition 4.2. Let 1 � p < 1 . Supposew is a nonnegative function in L1(� a )
and w is constant on the cosets of� k for some positive integerk. Let wk denote the
function in L1(T) such that w = w � � k = wk � � k (see (2.3)). Then w is in Ap(� a ) if
and only if wk is in Ap(T). Moreover, in this case Ap(wk ) � Ap(w).

Proof. We show that the necessity part of the proposition holds. Thesu�ciency part
follows by a similar argument. Assume that w is in Ap(� a ) with bound Ap(w). Let
I = ( a; b) be an interval in R. Let ( t; x) be an element in � a such that (2.4) holds.
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As noted in (2.2) and the following, we have� k (( t; x)) = � 1
A k

(( t; x)) = exp(2 �i 1
A k

t0)

where t0 = t +
P k � 1

h=0 xh Ah . We consider the expression

1
jI j

Z

I
wk (exp(is))ds

�
1

jI j

Z

I
w� 1=(p� 1)

k (exp(is))ds
� p� 1

: (4.2)

Let s = 2�
A k

(t0 � u), ds = � 2�
A k

du, a0 = t0 � A k
2� a, b0 = t0 � A k

2� b, and I 0 = ( b0; a0). It is
easily observed that� k (' (u)) = � 1

A k
(' (u)) = exp(2 �i 1

A k
u) for all u 2 R (see [9, 3.2.4

�]). Since w is in Ap(� a ) with bound Ap(w) and w = w � � k = wk � � k , we can use a
change of variables to see that (4.2) is bounded byAp(w):

1
jI j

Z

I
wk (exp(is))ds

�
1

jI j

Z

I
w� 1=(p� 1)

k (exp(is))ds
� p� 1

=
1

jI j

�
� 2�
Ak

� Z b0

a0
wk (exp(2�i

1
Ak

(t0 � u))) du

�
�

1
jI j

� 2�
Ak

Z b0

a0
w� 1=(p� 1)

k (exp(2�i
1

Ak
(t0 � u))) du

� p� 1

=
1

jI 0j

Z

I 0
wk (� k (( t; x) � ' (u))) du

�
�

1
jI 0j

Z

I 0
w� 1=(p� 1)

k (� k (( t; x) � ' (u))) du
� p� 1

� Ap(w):

This is true for any interval I , hencewk is in Ap(T) with bound less than or equal to
Ap(w).

The next proposition shows that if w 2 Ap(� a ), then the operator f 7! ~f is bounded
from Lp(� a ; w) \ L1(� a ) into Lp(� a ; w). The proof is similar to that of [14, Theorem
2.1 and Corollary 2.4], using the transference methods of Coifman and Weiss [4]. We
include the proof for completeness.

Proposition 4.3. Let T denote the operatorf 7! ~f and let w be a nonnegative func-
tion in L1(� a ). If 1 < p < 1 and w 2 Ap(� a ), then the inequality

kT f kL p (� a ;w ) � Ap(w)kf kL p (� a ;w )

is valid for all f 2 Lp(� a ; w) \ L1(� a ), where Ap(w) is independent of f . If p = 1
and w 2 A1(� a ), then the inequality

kT f k�
L 1; 1 (� a ;w ) � A1(w)kf kL 1 (� a ;w )

is valid for all f 2 L1(� a ; w) \ L1(� a ), where A1(w) is independent off .

Proof. We show the proposition holds for the case 1< p < 1 . The casep = 1 follows
by a similar argument. We assume thatw 2 Ap(� a ) with bound Ap(w) and show that
the inequality

kT f kL p (� a ;w ) � Ap(w)kf kL p (� a ;w ) (4.3)

is valid for all f 2 Lp(� a ; w) \ L1(� a ). Let K n = f t : 1
n � j t j � ng and kn (t) =

1
�t 1K n (t) and Hn f (x) =

R
R f (x � ' (t))kn (t)dt where' : R ! � a is the homomorphism
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de�ned in (2.1). To see that (4.3) holds, it is enough to show that for all n � 1, the
inequality

Z

� a

jHn f (x)jpw(x)d� (x) � Ap
p(w)(1 + 1

n )
Z

� a

jf (x)jpw(x)d� (x) (4.4)

is valid for all f 2 Lp(� a ; w)\ L1(� a ). (By [1, Theorem 6.5 and 6.11(c)], iff 2 L1(� a ),
then jHn f (x)j ! j T f (x)j for � -a.e. x 2 � a . So assuming (4.4) holds, we can use
Fatou's lemma to show that (4.3) is valid for all f 2 Lp(� a ; w) \ L1(� a ).)

To see that (4.4) holds, �x f 2 Lp(� a ; w) \ L1(� a ) and let n > 1. Since R is
amenable, we can choose a compact setK such that jK � K n j

jK j < 1 + 1
n (see [4, 2.1,

p. 8]). By the translation invariance of Haar measure � and Fubini's theorem, we
have

Z

� a

jHn f (x)jpw(x)d� (x)

=
1

jK j

Z

K

Z

� a

jHn f (x � ' (t)) jpw(x � ' (t)) d� (x)dt

=
1

jK j

Z

� a

Z

K

�
�
�
�

Z

R
f (x � ' (t � s))kn (s)ds

�
�
�
�

p

w(x � ' (t)) dtd� (x)

=
1

jK j

Z

� a

Z

K

�
�
�
�

Z

R
f (x � ' (t � s))1K � K n (t � s)kn (s)ds

�
�
�
�

p

w(x � ' (t)) dtd� (x):

Let gx (t) = f (x � ' (t))1K � K n (t) and wx (t) = w(x � ' (t)). We have assumed that
w 2 Ap(� a ), which means that for � -a.e. x 2 � a , wx (t) satis�es (2.4) with bound
Ap(w). Then by the above equalities and [13, Theorem 9, p. 247], wehave

Z

� a

jHn f (x)jpw(x)d� (x)

=
1

jK j

Z

� a

Z

K

�
�
�
�

Z

R
gx (t � s)kn (s)ds

�
�
�
�

p

wx (t) dtd� (x)

�
Ap

p(w)

jK j

Z

� a

Z

R
jgx (t)jpwx (t) dtd� (x)

=
Ap

p(w)

jK j

Z

K � K n

Z

� a

jf (x � ' (t)) jpw(x � ' (t)) d� (x)dt

= Ap
p(w) jK � K n j

jK j

Z

� a

jf (x)jpw(x)d� (x):

Since jK � K n j
jK j < 1 + 1

n , we have shown that (4.4) holds, completing the proof of the
proposition.

Now we state and prove our main theorem.

Theorem 4.4. Let T denote the operatorf 7! ~f and let w be a nonnegative function
in L1(� a ). If 1 < p < 1 , then w 2 Ap(� a ) if and only if the inequality

kT f kL p (� a ;w ) � K pkf kL p (� a ;w ) (4.5)
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is valid for all f 2 Lp(� a ; w) \ L1(� a ), where K p is a constant independent off . If
1 � p < 1 , then w 2 Ap(� a ) if and only if the inequality

kT f k�
L p; 1 (� a ;w ) � K pkf kL p (� a ;w ) (4.6)

is valid for all f 2 Lp(� a ; w) \ L1(� a ), where K p is a constant independent off .

Proof. By Proposition (4.3), the necessity parts of the theorem hold. To prove the
su�ciency parts of the theorem, let 1 � p < 1 and assume that (4.6) holds. As noted
before, (Lp(� a ; w � � k ) \ L1(� a )) � � k is isometrically isomorphic to Lp(T; wk ) \ L1(T)
where wk is a function in L1(T) such that w � � k = wk � � k . So by Proposition (4.1),
for k = 1 ; 2; : : : ; the inequality

kT f k�
L p; 1 (T;w k ) � K pkf kL p (T;w k )

is valid for all f 2 Lp(T; wk ) \ L1(T) where T f is the conjugate function of f de�ned
on the circle. By Theorem 1.1, for k = 1 ; 2; : : : ; we have wk 2 Ap(T) with bound
less than or equal to K 2

p (4� )2p. By Proposition (4.2), for k = 1 ; 2; : : : ; we have
w � � k 2 Ap(� a ) with bound less than or equal to K 2

p (4� )2p. Fix an interval I . Since
kw � � k � wkL 1 (� a ) ! 0 ask ! 1 , by Fatou's lemma and Fubini's Theorem, there is
a subsequence (w � � k l ) l � 0 such that for � -a.e. x in � a ,

1
jI j

Z

I
w(x � ' (s))ds

�
1

jI j

Z

I
w� 1=(p� 1) (x � ' (s))ds

� p� 1

�
1

jI j
lim inf

l

Z

I
w � � k l (x � ' (s))ds

�
�

1
jI j

lim inf
l

Z

I
(w � � k l )

� 1=(p� 1) (x � ' (s))ds
� p� 1

�
1

jI j
lim sup

l

Z

I
w � � k l (x � ' (s))ds

� lim sup
l

�
1
jI j

Z

I
(w � � k l )

� 1=(p� 1) (x � ' (s))ds
� p� 1

=
1

jI j
lim sup

l

Z

I
w � � k l (x � ' (s))ds

�
�

1
jI j

Z

I
(w � � k l )

� 1=(p� 1) (x � ' (s))ds
� p� 1

� K 2
p (4� )2p:

So, for each intervalI , the above inequality holds forx in � a , except possibly on a set
of measure 0 (depending onI ). Thus, the inequality holds for � -a.e. x in � a and for
all intervals with rational endpoints (countably many). Ap proximating an arbitrary
interval I by an interval with rational endpoints, a straightforward a rgument shows
that the above inequality still holds for � -a.e.x in � a and all intervals I , hence showing
that (2.4) holds and w 2 Ap(� a ).
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