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Weighted norm inequalities for the conjugate function
on a-adic solenoids

Nakhé Asmar and Phyllis Panman

Abstract. In this paper we generalize a theorem of Hunt, Muckenhoupt, a nd
Wheeden on weighted norm inequalities for the conjugate fun ction. Our gener-
alization to the cases of a-adic solenoids is formulated in terms of the ergodic
Ap-condition.

1. Introduction

We consider an arbitrary noncyclic subgroup ofQ and its compact dual group ;.
There is an explicit construction for 5 which is called thea-adic solenoid. SinceC, is
simply a subgroup ofQ, €, inherits the order from Q; that is, if we let P = C,\ (0;1)
then P de nes the order on C,. For f 2 L,( 4), we use the Fourier transform off to
de ne the conjugate function f~ (with respect to the order P):

()= isgne( ) ) ( 2Cy) (1.1)

where sg( )= 1,0, or 1 accordingto 2 ( P)nfOg, =0,or 2 PnfOg. The
operator f 7! f~is clearly a norm-decreasing multiplier onLy( ,). If1 <p< 1, the
operatorf 7! f~extends fromL,( a)\ Lp( a)to a bounded linear operator ofL,( a)
such that the identity (1.1) holds, and the inequality

kikp M pkf K,

holds for all f 2 L,( a), where My is independent off (see [3], or [1, Theorem
7.2]). We ask for which measures, other than Haar measure, ithe operator f 7! f~
a bounded operator. More precisely, if 1< p < 1, we seek to characterize those
nite nonnegative Borel measures for which the operator f 7! f~is bounded from
Lo( a; )\ Li( a)into Lp( a5 ).

By way of background, we recall that Forelli [7] studied this problem in the caseG =
T (henceforth, T is parameterized by [ ; )). He showed that if the operator f 7! f~
is bounded fromL,(T; )\ L1(T) into Lo(T; ), then must be absolutely continuous
with respect to Lebesgue measure ( ), and hence there is a nonnegative function
win Ly( ) whered = wg—t. This result was later extended by Hunt, et al. [13], who
showed that the operatorf 7! f~is bounded from L,(T;w)\ L1(T) into Lp(T;w)
exactly when w satis es a property called the Ap-condition. We state this result in
the following de nition and theorem:
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WEIGHTED NORM INEQUALITIES ON a-ADIC SOLENOIDS 499

De nition 1.1.  (The A,-conditon on T) Let1 p < 1. Let w be a nonnegative
2 -periodic measurable function. The functionw satis es the Ap-condition on T if
there is a constantA, independent onaII intervals| R such that

_ p 1
supll w(t)dt % w =P Dt)dt Ap: (1.2)
| | |

We say that w 2 Ap(T) if w satises (1.2), and we let Ay(w) denote the least
constant such that (1.2) holds. Whenp = 1, (1.2) is of the form sup, ll | W(t)dt
esssupy iy At

Theorem 1.1. Let w be a nonnegative2 -periodic measurable function. If1<p <
1 thenw?2 Ap(T)Zif and only if for all f 2 Lpg;w),

FOPwdt K Jf (OPwtdt (1.3)

where K is independent off. If 1 p < 1, w 2 Ap(T) if and only if for all
f2Lp(T,w),
z
s>ug P Liar  yjrmis g(DW(t)dt Kb if (1)jPw(t)dt (1.4)

where K, is independent off .

Remark 1.1. We note that from the proof of Theorem 1.1 ([13]), when (1.4) folds,
w 2 Ap(T) with Ap(w) less than or equal toK§(4 )?P. Also, by a modi cation of the
proof in [13], it is enough to assume that (1.4) holds for allf 2 L,(T;w)\ L1(T).

Hewitt and Ritter in [8] and [9] make an extensive study of corjugate Fourier series
on a-adic solenoids. In this paper, we study weighted norm ineqalities on a-adic
solenoids 5. Our main theorem (Theorem 4.4) gives a generalization of Tkhorem 1.1
in terms of the conjugate function on ,, obtaining a similar characterization as Hunt
et al. [13] of those nite nonnegative Borel measures for which the operator f 7! f~
is bounded fromLy( a; )\ Li( a)into Lp( a; ).

The plan of the paper is as follows. In Section 2, we give an edipit representation
of 5 and de ne some other terms needed in our analysis. In Sectio, we show that
if is a nonnegative Borel measure on ,, and the operator f 7! f~is bounded from
Lp( a; )\ Li( &) into Lp( a; ), then is absolutely continuous with respect to
Haar measure . This shows that we need only characterize those weight& 2 L;( 5)
that satisfy the property that the operator f 7! f7is bounded fromL,( a; W)\ L1( a)
into Lp( a;w). In Section 4, we state and prove a characterization of thos weights
that satisfy this last property (Theorem 4.4).

2. Preliminaries

2.1. The a-adic solenoid and its character group. Up to isomorphism, any
non-cyclic subgroup ofQ can be described as follows. Let = (ag;as1;:::) be a xed
in nite sequence of integers all greater than 1. Let

Ag=1; A1 = ap; A= apay;:::; Ap = apar  an 1;:::
Let Qa be the set of all rational numbersA'—k, wherel 2 Z and k 2 Z*. Clearly Qg is

a non-cyclic additive subgroup ofQ, and as shown in [2], any non-cyclic subgroup of
Q is of this form.
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According to the Pontrjagin duality ([10, 24.8, p. 378]), the character group of
Qa is a compact abelian group, which we denote by ,, and the character group of

a IS again Q;. We let denote normalized Haar measure on 5. The group
can be realized as the set [) a,» wWhich is described in detail in [10, Section
10]. The group , consists of all in nite sequencesx = (Xg;X1;:::;Xk;:::) where
eachxy 2f0;1;:::;a 1g. Addition in 4 is de ned coordinate-wise and carrying
quotients (see [10, 10.2]). Also, the elementa = (1;0;0;:::)and 0 =(0;0;0;:::) are
both in 5, and addition on [0; 1) a IS de ned by

Gx)+(;y)=( + b + ¢gx+y b + cu)

where b c is the greatest integer function. The group , is a compact connected
Abelian group admitting a continuous homomorphism' : R ! a» Wwhere' (R) is a
dense subgroup of 5 and

' (s)=(s b sc;bscu) (2.1)
([20, Theorem 10.13], and [9, 3.2]). Fok = 1;2;:::; de ne the sets
k=f(O;X)2 4:Xo= X1 = =xx 1=0g¢:

The sets  are compact, closed subgroups of 5 ([10, Theorem 10.5, p. 110]), and
we let  denote normalized Haar measure on . The measure  is a singular
Borel measure on 4, and the Fourier transform is equal to the indicator function of
(1=Ax)Z:

bk = 1a=p,)z

([9, 5.1, p. 825]). Forall k 2 N, the quotientgroup ./  is topologically isomorphic
to the circle group T (see [8, 3.1]). Indeed, the mapping

k(t; x) = ﬁ(t; X) (2.2)
is a continuous homomorphism of 5 onto T with kernel ¢ where
1 X1
2 (bx)=exp 2i — t+ XhAn
R Ak h=0

is the character corresponding to the elementﬁ of Qa. Also, if f 2 Li( 4) and f

is constant on cosets of , thenf = f k., and there is a functionfy 2 L1(T) that

satisesf = f k="fk and
4 4 Z

fd = fk «d = fgdx (2.3)
T

a a

([11, 28.55] and [9, 5.1.3]).

Martingales on a- Iff 2 Li( a), then the sequence{ )k o is a martingale

relative to a sequence of -algebras Fx)k o where Fy consists of those Borel sets
F asuchthatF + = F (see [6, Theorem 5.4.1]). The functiond | also are

known as the conditional expectations off relative to Fi. It is a well-known theorem

of Doob's that if f 2 Ly( a), then f k! finLp( a)ask!1l (see [5], or [6,
Theorem 5.2.6]).
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The conjugate function on a- Itis easy to see thatQ, admits exactly one order
P under which 1 is in P; the order is the one inherited from the usual order onR. We
take this ordering on Q; whereP = f 2 Q4 : 0g. For f 2 Lo( a), we use the
Fourier transform and the order generated byP to de ne the conjugate function f=

()= isgne( ) ) 2Qa)
where sgp( )= 1,0, or 1, accordingto < 0, =0,o0r > 0, respectively.
As noted before, if 1< p < 1, the operator f 7! f~extends fromLa( a)\ Lp( a)
to a bounded linear operator ofL,( ) ([1, Theorem 7.2]). In addition, the conju-

gate function f~has an integral representation that exists -almost everywhere for all
functions f 2 Li( a) ([1, 6.11(c) and Theorem 6.5]).

The ergodic Ap-condition on a. Let' I R! a be the continuous homomor-
phism denedin (2.1). If1 p < 1 andw is a nonnegative function inLy( 3), we
say that wis in Ap( a) if the following condition is satis ed: for almost every x 2 4,

1 1

sup—  w(x ' (t))dt —

L ( ®) i

whereK , is a constant independent ofx. We let Ap(w) denote the least constant such
that (2.4) holds.

W D ydt T Ky (24)
|

3. The continuity of the conjugate function
with respect to Borel measures

In this section, we show that if is a nite nonnegative Borel measure on 5, the
continuity of the operator f 7! f~from Ly( a; )\ Li( a)into Ly( a; ) implies that
where is Haar measure on ;.

Theorem 3.1. Letl<p< 1. Let be a nite nonnegative Borel measure on ;.
Suppose that the inequality

Kfki,( .)  Kekfke ooy (3.1)

is valid for all f 2 Ly( a; )\ Li( a) whereK, is independent off . Then ,
and hence there is a nonnegative functiow in Li( ,) such thatd = wd .

Proof. Assuming that the linear operator f 7! f~is bounded fromL,( a; )\ L1i( a)
into L,( a; ), we can continuously extend the operator to all ofLy( a; ). Let T
denote the extended linear operator. Fix a real-valued funtion gin Lg( a; )\ L1( a)
where % + % = 1. Then by Helder's inequality, we have for all f 2 Ly( a; ),

z

(TH)gd Kk Thkey( okgkig o) Kpkgko( oKk oy

R
Hence, if we de ne the linear functional Ly : Lp( a; ) ! Cby Lgf = a(Tf)gd ,
then L4 is bounded. By the Riesz Representation Theorem ([15, p. 284 there is a

function h 2 Lq( a; ) such that
Z

Lgf =  (Tf)gd =  hid (3.2)

a a

forall f 2 Lp( a; ).

+
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We claim that h is real-valued -a.e. To see this, consider a continuous character
2P nf0g(sothen > 0and™ 2 ( P)nfOg). By (3.2), we have
Z Z

1 1Z
(Re )hd =5 ( +7)hd =5 (T + T~ )gd
a Z a a
1 . C_
=5 (i +i7)gd
Z a
= (Im  )gd:
. _ _ : R o R
Since the last mtegrﬁj is real-valued, ,Re Im hd = 0. Similarly, ,Im
Imhd =0, so that . Im hd = 0. This is also true if is replaced by any
trigonometric polynomial {1, | ( ; 2 Qa). By the Stone-Weierstrass Theorem,

the set of trigonometric polynomials on , is dense in the set of g} continuous func-
tions on 4; hence for all continuous functionsf on ,, we have af Imhd =0.
But then the signed measure (Imhd ) 0, which means that Imh =0 -a.e. andh
is real-valued -a.e.

We also claim that (h + ig)d is of analytic type in the sense that (h + ig)d has
a Fourier transform vanishing for the negative characters n Q, (see [16, p. 197]). By

(3.2), we have
z z

i gd = h d; forall 2 PnfOg:

a a

Thus,
(h+ig)d =0; for all 2 PnfOg;
and equivalently

~— (h+ig)d =0; forall 2 ( P)nfOg:
Thus, (h + ig)d is of analytic type.

By [12, Theorem 19.42, p. 326], we can write the Lebesgue devposition of d
asd = ds+ d, whered s is singular with respecttod (d s?d ), and d , is
absolutely continuous with respect tod (d , d ). Then it is clear that the
Lebesgue decomposition ofl{(+ ig)d is

(h+ig)d =(h+ig)d s+ (h+ig)d a: (3-3)
Since h + ig)d is of analytic type,
z
(h+ig)d s =0

) R
([16, Theorem 8.2.3, p. 200]). Sincegg and h are real-valued s-a.e., . gds =0.

This is true for every continuous real-valuedg 2 Ly( a;wW)\ L1( a), SO itis also true
for the real and imaginary parts of every continuous complexvalued function g, and

hence s 0. But then , and by the Radon-Nikodym Theorem, ([12, Theorem
19.23, py 315]), there is a nonnegative measurable functiow 2 L7 ( a) such that
(A)= ,wd for all Borel measurable subsetsA of . O

+
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Remark 3.1. We note that the proof of Theorem 3.1 does not depend on the strc-

ture of the a-adic solenoid ,. In fact, using the same argument, we can show that
Theorem 3.1 holds for any compact connected abelian grou@ where the dual is

ordered and the conjugate functionf~is de ned as in (1.1).

4. The Ap-condition on a-adic solenoids

We seek to characterize those nite nonnegative Borel meases for which the op-
erator f 7! f~is bounded fromLy( a; )\ Li( a)into Ly( a; ). By Theorem 3.1,
it su ces to characterize those weights w 2 L;( 5) for which the operator f 7! f~is
bounded fromLp( a;w)\ Li( a)into Ly( a;w). In Theorem 4.4, we show that this
property holds if and only if w satis es the ergodic Ap-condition in (2.4).

We prove some propositions before proving Theorem 4.4. It i®ssential for our
analysis to de ne the following classes of functions for 1 p<1 andw2 Li( j):

Lo( a;w ) k= ff k:F2Lp( asw K)o
From Hewitt and Ross [11, p. 95, Theorem 28.55]L,( a) « is isometrically iso-
morphic to Lp( a/ «) Lp(T). By a modi cation of the proof in [11], we also have
(Lp( asw )\ Li( a))  « isometrically isomorphic to Ly(T;wk) \ L1(T) where
Wy is the function in L1(T) suchthatw = wx ¢ (see (2.3)).

We use the following notation. If is a nonnegative Borel measure on 5 and
1 p<1,wedene the Lorentz Ly, quasi-norm for a measurable functionf as

Kk, ()=sup  ((x2 a:jf (9i> 9 1=,

(See [17, Ch.5, Sect.3]; note thak k| 0) actually de nesanormwhenl1<p< 1))
p; 1

Proposition 4.1. Letl p<1. LetT denote the operatorf 7! 7, and letw be a
nonnegative function in L1( ,). Then the following are equivalent:
(i) The inequality
ka kl—p;l ( aw) kaf kl—p( aWw)

is valid for every f 2 Ly( a;w)\ Li( a) whereK, is independent off .
(i) For eachk =1;2;:::, the inequality

kT(f k)kl-p;l( AW k) kaf kkLp( aW k)

is valid for every f 2 Lo( a;w )\ Li( a) whereK, is independent off and k.

Proof. (i)! (ii) Let f be atrigonometric polynomial on , and x aninteger1 k<
1 . Sincef is bounded,f x is bounded andf k2 Lp( asw)\ Li( a). Then we

+
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have by Fubini's Theorem and the translation invariance of

Z
sup P Lixz 570 0> oW k(X)d (x)
g S A4
=sup P lixz 7¢ 0> WX y)d k(y)d (x)
>0
Z3Z?
=sup P lixze .t o> oX+ yY)w(x)d (x)d k(y)
>0
Z3Z?
= sup P lixza 7 Ox+y)i> gIWX)d (x)d k(y): (4.1)

Letting (f  «)y denote the functionx 7! (f  )(x+ y) and applying the hypothesis
to (f k)y, we have from (4.1),

sup P Lixz gm0 oW k()d (X)
>0
27 Z
KP iy )iPwx)d (x)d «(y)
Z a a
=K§ if kO)iPw o k(x)d (x):
It is easy to see that this is enough to show that (ii) holds.
(ii)! (i) Consider a trigonometric polynomial f on 5. Then it is clear that there
is an integerN 1 such thatf = f k forall k N. Fix > 0. Sincekw ¢
wk ,( »! 0,andf is a bounded function, we have by the hypothesis

P lixo .j1f (0j> g(XIW(X)d (x)

2 z
= kllllin p Lixo LT X)j> g(X)W k(x)d (X)
kKN a
z
P i i i
kal!llrr; an k(X)Pw k(x)d (x)

Kp  Jf (9iPw(x)d (x):

a

It is easy to see that this is enough to show that (i) holds. O

Remark 4.1. We note that by slightly modifying the proof of Proposition ( 4.1), we
can show that similar strong-type estimates hold.

Proposition 4.2. Let 1 p < 1. Supposew is a nonnegative function inLi( 3)
and w is constant on the cosets of y for some positive integerk. Let wy denote the
function in L1(T) such thatw=w = wx « (see (2.3)) Thenwisin Ap( a) if
and only if wy is in Ap(T). Moreover, in this case Ap(wk)  Ap(w).

Proof. We show that the necessity part of the proposition holds. Thesu ciency part
follows by a similar argument. Assume thatw is in Ap( a) with bound Ap(w). Let
| = (a;b) be an interval in R. Let (t; x) be an element in 5 such that (2.4) holds.
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As noted in (2.2) and the following, we have ((t; x)) = %((t; X)) = exp(2 i ﬁto)
k

P . .
wherety = t + E:ol XnAp. We consider the expression
Z
p 1

jlij |Wk(eXp(iS))dS “ij i 10 D (axp(is)) ds : “2)

Lets= Z-(to u),ds= Z%-dua’=ty %:a BP=to 5¢b and1®=(Ha). Itis
easily observed that (' (U))= 1 (" (u)) =exp(2 i ﬁu) forall u2 R (see [9, 3.2.4
Ak

). Since wisin Ap( z) with bound Ay(w) andw=w = w (, We can use a
change of variables to see that (4.2) is bounded by, (w):

17 17 p 1
i Wy (exp(is)) ds T =P D (exp(is)) ds
| |
Z o
1 2 b 1
= — — wi (exp(2i —(t u))) du
7 A aOZ K (exp( Ak(o )
1 2% o 1 Pt
_—— W, exp(2i —(t u)))du
A o K (exp( Ak(o ))
1
= —=  W( k(tx) ' (u))du
ing o
1 z 1=(p 1 P
—  w, P I (tx) " (u))du
ing o
Ap(w):

This is true for any interval |, hencewy is in Ap(T) with bound less than or equal to
Ap(w). O

The next proposition shows thatif w 2 Ap( a), then the operator f 7! f~is bounded
from Ly( a;w)\ La( a)into Ly( a;w). The proof is similar to that of [14, Theorem
2.1 and Corollary 2.4], using the transference methods of Gfman and Weiss [4]. We
include the proof for completeness.

Proposition 4.3. Let T denote the operatorf 7! f~and let w be a nonnegative func-
tionin Li( a). If 1<p< 1 andw2 Ay( a), then the inequality

kakLp( aiw) AD(W)kf kLp( a;w)

is valid for all f 2 Ly( a;w)\ L1( a), where Ap(w) is independent off . If p=1
andw 2 Ai( a), then the inequality

KTEK ., (awy  Ar(WKEKL (L)
is valid for all f 2 Li( a;w)\ Li( a), where Aj(w) is independent off .

Proof. We show the proposition holds for the case X p< 1 . The casep = 1 follows

by a similar argument. We assume thatw 2 Ap( a) with bound A,(w) and show that
the inequality

KTEKL( aw)  Ap(WIKFKL, (o) (4.3)
is valid for all f 2 Lp( R;W)\ Li( a). Let K, = ft: 2 jtj ngandk,(t) =

n

tilKn ()and Hpf (x) = Lf(x " (t))kn(t)dt where' :R!  ,isthe homomorphism
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de ned in (2.1). To see that (4.3) holds, it is enough to show that for all n 1, the
inequality
z z
jHaf QiPw(x)d (x)  AB(wW)(L+ 3)  jf (x)iPw()d (x) (4.4)

isvalidforall f 2 Lp( a;w)\ L1( a). (By[1, Theorem 6.5 and 6.11(c)], iff 2 L1( a),
then jH,f (x)j !'j Tf(x)j for -a.e.x 2 ,. So assuming (4.4) holds, we can use
Fatou's lemma to show that (4.3) is valid for all f 2 L,( a;w)\ L1i( a).)

To see that (4.4) holds, x f 2 Lp( a;w)\ Li( a) and let n > 1. SinceR is
amenable, we can choose a compact sét such that Xfel < 1+ 1 (see [4, 2.1,
p. 8]). By the translation invariance of Haar measure and Fubini's theorem, we

ha%/e
jHaf (x)jPw(x)d (x)
2 1 zZ Z
= K] JHaf (x " ()jPw(x ' (1) d (x)dt
) 2z z .
= — f(x '"(t s)kn(s)ds w(x ' (t))dtd (x)
IKI_ .k _R
1 27 Z P
= — f(x "t 9s)lk «k,(t sS)ka(s)ds w(x ' (t))did (x):
Kl xR

Let gu(t) = f(x ' (t))1k «,(t) and wy(t) = w(x ' (t)). We have assumed that
W 2 Ap( a), which means that for -a.e.x 2 4, wy(t) satis es (2.4) with bound
Ap(w). Then by the above equalities and [13, Theorem 9, p. 247], whave

Z
JHaf (x)jPw(x)d (x)
2 1 Z Z Z P
= — ok(t  s)kn(s)ds wy(t)dtd (x)
IKj % K_ R
Z
AR(w) .
e ikOPw O did ()
K] . R
Z Z
_ ABW) e
= K e T @)Pwix (1) d (x)dt
K]k Knz a

ABwW) el ()jPw(x)d (%)

SincejKjK—fnj <1+ % we have shown that (4.4) holds, completing the proof of the

proposition. O

Now we state and prove our main theorem.

Theorem 4.4. Let T denote the operatorf 7! f~and let w be a nonnegative function
in L1( a). If 1<p< 1 ,thenw2 Ay( a) if and only if the inequality

kakLp( aiw) kaf kl—p( aw) (45)

+
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is valid for all f 2 Lp( a;w)\ Li( a), where K, is a constant independent off . If
1 p<1,thenw?2 Ap( a) if and only if the inequality

kTf k'—p:l (aw) kaf k'—p( aiw) (4.6)
is valid for all f 2 Ly( a;w)\ Li( a), where K, is a constant independent off .

Proof. By Proposition (4.3), the necessity parts of the theorem hotl. To prove the

su ciency parts of the theorem, let1 p < 1 and assume that (4.6) holds. As noted
before, Lp( a;w )\ Li( a)) « is isometrically isomorphic to L(T;wi)\ L1(T)

wherewy is a function in L1(T) such that w ¢ = wy . So by Proposition (4.1),

for k =1;2;:::; the inequality

KTTkL, , rw KoKEKL (rw

is valid for all f 2 Lp(T;wi)\ L1(T) where Tf is the conjugate function off de ned
on the circle. By Theorem 1.1, fork = 1;2;:::; we havew, 2 A,(T) with bound
less than or equal toK 5(4 )®. By Proposition (4.2), for k = 1;2;:::; we have
W ¢ 2 Ap( a) with bound less than or equal to K§(4 )2P. Fix an interval 1. Since
kw ¢ wk_,(, ! Oask!1l ,byFatou'slemma and Fubini's Theorem, there is
a subsequencew )i o such that for -a.e.x in g,

Z 1 Z p 1
: w(x ' (s))ds = w =p D(x ' (s))ds
ILN . 7z ILN
jl_j"m|inf W (x ' (s))ds
|
1 Z p 1
—liminf  (w ) ¥ Y(x ' (s))ds
i Zl I
jI_j"m sup w i (x ' (s)ds
| [
1 Z p 1
limsup = W ) ¥ Yx ' (s)ds
I iy

= jlijlimsup W (X T (s))ds
I |
1
jlij ,(W W) TP D(x o (s))ds p

2 2p.
K2(4 )%:

So, for each intervall , the above inequality holds forx in 5, except possibly on a set
of measure 0 (depending orl). Thus, the inequality holds for -a.e.x in 4 and for
all intervals with rational endpoints (countably many). Ap proximating an arbitrary
interval | by an interval with rational endpoints, a straightforward a rgument shows
that the above inequality still holds for -a.e.x in 4 and all intervals |, hence showing
that (2.4) holds and w 2 Ap( a). O

Acknowledgment.  The work of the authors was supported by a grant from the
National Science Foundation.

+



508

10.
11.
12.
13.

14.

15.

16.
17.

ASMAR AND PANMAN

References

N. Asmar and E. Hewitt, Marcel Riesz's theorem on conjugate Fourier series and its d escendants,
in Proceedings of the Analysis Conference, Singapore (1986 ), (Eds. S. T. L. Choy et al.), Elsevier
Science Pub., 1988, pp. 1{56.

. R. A. Beaumont and H. S. Zuckerman, A characterization of the subgroups of the additive ratio-

nals, Pacic J. Math. 1 (1951), 169{177.

. E. Berkson and T. A. Gillespie, The generalized M. Riesz Theorem and transference , Pacic J.

Math. 120 (1985), 279{288.

. R. R. Coifman and G. Weiss, Transference Methods in Analysis , A. M. S. Providence RI, 1977.
. J. L. Doob, Stochastic Processes, Wiley Publications, New York, 1953.
. R. E. Edwards and G. |. Gaudry, Littlewood-Paley and Multiplier Theory , Ergeb. Math. Gren-

zgeb. No. 90, Springer, Berlin, 1977.

. F. Forelli, The Marcel Riesz theorem on conjugate functions , Trans. Amer. Math. Soc. 106

(1963), 369{390.

. E. Hewitt and G. Ritter, Fourier series on certain solenoids , Math. Ann. 257 (1981), 61{83.

, Conjugate Fourier series on certain solenoids , Trans. Amer. Math Soc. 276 (1983),
817{840.

E. Hewitt and K. Ross, Abstract Harmonic Analysis , Vol. 1, Springer-Verlag, 1963.

, Abstract Harmonic Analysis , Vol. 2, Springer-Verlag, 1970.

E. Hewitt and K. Stromberg, Real and Abstract Analysis , Springer-Verlag, 1965.

R. Hunt, B. Muckenhoupt, and R. Wheeden, Weighted norm inequalities for the conjugate func-
tion and Hilbert transform , Trans. Amer. Math. Soc. 176 (1973), 227{251.

F. Lancien. Iregaliesa poids pour la transfornee de Hilbert ergod ique et extensiona H1! er-
godique d'un tleoeme de Bourgain , Sminaire d'Initiationa I'Analyse, (Exp. no. 10, Publ. Math.
Univ. Pierre et Marie Curie, 95, Univ. Paris VI, Paris, 1993)

H. L. Royden, Real Analysis, 3rd ed., Macmillan Pub. Co., New York, 1988.

W. Rudin, Fourier Analysis on Groups , John Wiley, New York, 1962.

E. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces , Princeton Univ.
Press, Princeton, 1971.

Department of Mathematics, University of Missouri, Columbia , Missouri 65211
E-mail : mathna@mizzoul.missouri.edu, saleem@csulb.edu



