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“Addition” theorems for some q-exponential and

q-trigonometric functions

S. K. Suslov

Abstract. We derive q-analogs of addition theorems for some q-exponential and
q-trigonometric functions.

1. Introduction

Exponential and trigonometric functions can be introduced on the basis of the simple
second-order differential equation

σu′′ + λu = 0 (1.1)

where σ and λ are constants. If λ/σ = −α2, solutions of (1.1) are

u1 = eαx =

∞
∑

k=0

(αx)k

k!
, u2 = e−αx, (1.2)

u3 = eα(x+y), u4 = e−α(x+y), (1.3)

u5 = coshαx =
1

2

(

eαx + e−αx
)

, u6 = sinhαx =
1

2

(

eαx − e−αx
)

, (1.4)

u7 = coshα(x + y), u8 = sinhα(x + y). (1.5)

When λ/σ = ω2, solutions of (1.1) are related to trigonometric functions

u1 = eiωx = cosωx + i sin ωx, u2 = e−iωx = cosωx − i sin ωx, (1.6)

u3 = eiω(x+y), u4 = e−iω(x+y), (1.7)

u5 = cosωx, u6 = sin ωx, (1.8)

u7 = cosω(x + y), u8 = sin ω(x + y). (1.9)

A second-order differential equation may have only two linearly independent solu-
tions. This leads in a natural way to classical addition theorems for the exponential
and trigonometric functions. For example, from (1.2) and (1.3),

eα(x+y) = Aeαx + Be−αx (1.10)

where A and B are some constants independent of x. Differentiating (1.10) with
respect to x,

eα(x+y) = Aeαx − Be−αx, (1.11)
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and, therefore,

eα(x+y) = Aeαx. (1.12)

Letting x = 0, one gets A = eαy and, finally, arrives at the addition theorem for the
exponential function

eα(x+y) = eαxeαy. (1.13)

One can prove (1.13) by direct series manipulations with the help of the binomial
theorem. Another well-known fact is that the exponential function eαx is the only
measurable solution of the functional equation

f(x + y) = f(x)f(y). (1.14)

Similar arguments lead to addition theorems for trigonometric functions

cosω(x + y) = cosωx cosωy − sin ωx sin ωy, (1.15)

sin ω(x + y) = sinωx cosωy + cosωx sin ωy. (1.16)

There is a great deal of interest these days in q-analogs of important classical for-
mulas. A few q-analogs of exponential and trigonometric functions are known. F. H.
Jackson’s q-analogs of the exponential function were studied in detail (see [9]) and
have been found useful in many applications (see, for example, [8, 12] and references
therein). Some new q-exponential and q-trigonometric functions were introduced re-
cently [10, 15] (cf. also [6], and see [15] for a nice review). In the present paper
we discuss these new q-exponential and q-trigonometric functions on the basis of a
difference analog of (1.1). We derive q-versions of the addition theorems (1.13) and
(1.15)–(1.16) for these functions. It is worth mentioning that more q-analogs of expo-
nential functions and some of their extensions have appeared as kernels of q-Fourier
transformations in [2, 3, 4, 16].

The paper is organized as follows. In Section 2 we discuss a general q-difference
analog of the differential equation (1.1) and find its solutions. The analog of the
exponential function on q-quadratic lattice is introduced in Section 3 where we give
the first proof of an “addition” theorem for that function. The corresponding q-
trigonometric functions are studied in Section 4. An important special case of q-
linear grids is discussed independently in Sections 5 and 6. In Section 7 we derive a
general product formula for q-exponential functions on q-quadratic grids. This gives
an alternative proof of the “addition” theorems. The special case of the linear lattice
is discussed in Section 8. Here the addition theorem has the usual form (1.13), and
we transform the “difference” exponential function to the classical one. We close the
paper by considering an application of the “addition” theorem in Section 9.

2. The difference equation and its solutions

The difference analog of (1.1) on nonuniform lattices is

σ
∆

∇x1(z)

(∇u(z)

∇x(z)

)

+ λu(z) = 0 (2.1)

where

x(z) = C1q
−z + C2q

z , x1(z) = x

(

z +
1

2

)

, (2.2)
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σ, λ, C1, C2, and q are constants, and ∆f(z) = ∇f(z+1) = f(z+1)−f(z). Equation
(2.1) is the simplest case of the general difference equation of hypergeometric type on
nonuniform lattices (see [14, 18] for details).

Solutions of difference equations of hypergeometric type can be found by the ex-
tended power series method [6]. The most general formal “power series” solution of
(2.1) has the form

u(z, s) =

∞
∑

n=0

(−λ/σ)
n/2

γ(n)!

[

x(z) − x

(

s +
n − 1

2

)](n)

(2.3)

where s is an additional “free” parameter,

γ(n)! := γ(1)γ(2) · · ·γ(n), γ(k) :=
qk/2 − q−k/2

q1/2 − q−1/2
, (2.4)

and the “generalized power” is defined as

[x(z) − x(v)]
(n)

:=

n−1
∏

k=0

[x(z) − x(v − k)] . (2.5)

Using the difference-differentiation formula [18]

δ

δx(z)
[x(z) − x(v)](n) = γ(n) [x(z) − x(v − 1/2)](n−1) (2.6)

where δf(x) = f(z +1/2)− f(z− 1/2), one can show that the series (2.3) satisfies the
equation

δu(z, s)

δx(z)
=

(

−λ

σ

)1/2

u(z, s). (2.7)

Applying the operator δ/δx(z) one more time, one gets (2.1).
The “even” and “odd” parts of (2.3),

u+(z, s) =

∞
∑

k=0

(−λ/σ)
k

γ(2k)!
[x(z) − x(s + k − 1/2)]

(2k)
, (2.8)

u−(z, s) =

∞
∑

k=0

(−λ/σ)
k+1/2

γ(2k + 1)!
[x(z) − x(s + k)]

(2k+1)
, (2.9)

both satisfy equation (2.1) as well. Also,

δu+(z, s)

δx(z)
=

(

−λ

σ

)1/2

u−(z, s),
δu−(z, s)

δx(z)
=

(

−λ

σ

)1/2

u+(z, s). (2.10)

Solutions (2.3), (2.8)–(2.9) can be represented in terms of basic hypergeometric
series. Indeed,
[

x(z) − x

(

s +
n − 1

2

)](n)

= (−C1)
n

q−ns
(

qs−z−(n−1)/2, µqs+z−(n−1)/2; q
)

n
,

(2.11)

or

[x(z) − x(s + k − 1/2)]
(2k)

= (C1C2)
k
q−k2

(

q1/2+z−s, q1/2−z+s, µq1/2+z+s, q1/2−z−s/µ; q
)

k
, (2.12)
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and

[x(z) − x(s + k)](2k+1)

= [x(z) − x(s)] (C1C2)
k
q−k(k+1)

(

q1+z−s, q1−z+s, µq1+z+s, q1−z−s/µ; q
)

k

(2.13)

where µ = C2/C1.
We follow the notation for q-shifted factorials of Gasper and Rahman [9]

(a; q)0 := 1, (a; q)n :=

n−1
∏

k=0

(

1 − aqk
)

, (2.14)

(a1, a2, . . . , am; q)n :=
m
∏

l=1

(al; q)n. (2.15)

Here n = 1, 2, . . . , or ∞, when |q| < 1. The basic hypergeometric series is defined by

rϕs(ζ) := rϕs

(

a1, a2, . . . , ar

b1, . . . , bs
; q, ζ

)

=

∞
∑

n=0

(a1, a2, . . . , ar; q)n

(q, b1, . . . , bs; q)n

(

(−1)nqn(n−1)/2
)1+s−r

ζn. (2.16)

See [9] for details.
Solution (2.3) is the sum of two 4ϕ3’s,

u(z, s) = 4ϕ3

(

q1/2+z−s, q1/2−z+s, µq1/2+z+s, q1/2−z−s/µ

−q, q1/2, −q1/2
; q, −λC1C2(1 − q)2

σq1/2

)

+

(

−λ

σ

)1/2
[

x(z) − x(s)
]

× 4ϕ3

(

q1+z−s, q1−z+s, µq1+z+s, q1−z−s/µ

−q, q3/2, −q3/2
; q, −λC1C2(1 − q)2

σq1/2

)

.

(2.17)

Both 4ϕ3’s converge absolutely when |C1C2(1 − q)2q−1/2λ/σ| < 1. Analytic continu-
ation of (2.17) will be discussed in Section 7.

3. Analogs of exponential functions on q-quadratic grids

Function (2.17) may be considered as a general q-analog of the exponential function
on q-linear and q-quadratic grids. Let us specify parameters in a convenient way and
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introduce

E(x, y) := Eq(x, y; α)

=
(α2; q2)∞
(qα2; q2)∞

∞
∑

n=0

qn2/4

(q; q)n
e−inϕ

(

−q(1−n)/2eiϕ+iθ, −q(1−n)/2eiϕ−iθ; q
)

n
αn

=
(α2; q2)∞
(qα2; q2)∞

×
[

4ϕ3

(

−q1/2eiθ+iϕ,−q1/2eiθ−iϕ,−q1/2eiϕ−iθ,−q1/2e−iθ−iϕ

−q, q1/2, −q1/2
; q, α2

)

+

(

2q1/4

1 − q

)

α (cos θ + cosϕ)

× 4ϕ3

(

−qeiθ+iϕ,−qeiθ−iϕ,−qeiϕ−iθ,−qe−iθ−iϕ

−q, q3/2, −q3/2
; q, α2

)]

(3.1)

as the q-version of eα(x+y) on a q-quadratic grid. Here x = 1
2 (qz + q−z) = cos θ,

qz = eiθ, and y = 1
2 (qs + q−s) = cosϕ, qs = eiϕ. We assume that |α| < 1. One can

see that

lim
q→1−

Eq

(

x, y;
1

2
α (1 − q)

)

= eα(x+y). (3.2)

With a different normalization, these functions were introduced originally by Ismail
and Zhang [10],

Eq(x; a, b) :=
∞
∑

n=0

qn2/4

(q; q)n

(

aq(1−n)/2eiθ, aq(1−n)/2e−iθ; q
)

n
bn (3.3)

= 4ϕ3

(

a−1q1/2eiθ, a−1q1/2e−iθ, aq1/2eiθ, aq1/2e−iθ

−q, q1/2, −q1/2
; q, a2b2

)

+

(

q1/4

1 − q

)

b
(

1 − 2a cos θ + a2
)

× 4ϕ3

(

a−1qeiθ, a−1qe−iθ, aqeiθ, aqe−iθ

−q, q3/2, −q3/2
; q, a2b2

)

.

Their definition corresponds to the following choice of parameters in (2.17): C1 =
C2 = 1/2, µ = 1, qs = a, qz = eiθ, and λ/σ = −4q1/2(1 − q)−2a2b2. Comparing (3.3)
with (3.1), one gets

Eq (cos θ, cos ϕ; α) =
(α2; q2)∞
(qα2; q2)∞

Eq

(

cos θ;−eiϕ, αe−iϕ
)

. (3.4)

Ismail and Zhang also proved that

lim
q→1−

Eq (x; a, b(1 − q)) = exp
(

(1 + a2 − 2ax) b
)

(cf. (3.2)). Ismail and Zhang expanded the Eq in terms of “q-spherical harmonics” [10],
and later, together with Rahman [11], they extended this q-analog of the expansion
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formula of the plane wave from q-ultraspherical polynomials to continuous q-Jacobi
polynomials.

Another choice of the parameters in (2.17) was discussed by Rahman [15].
Let us also consider the special case of (3.1) (or (3.3)),

E(x) := Eq(x; α) = Eq(x, 0; α) (3.5)

=
(α2; q2)∞
(qα2; q2)∞

∞
∑

n=0

qn2/4

(q; q)n
(−i)n

(

−iq(1−n)/2eiθ, −iq(1−n)/2e−iθ; q
)

n
αn

=
(α2; q2)∞
(qα2; q2)∞

[

2ϕ1

(

−qe2iθ, −qe−2iθ

q
; q2, α2

)

+

(

2q1/4

1 − q

)

α cos θ 2ϕ1

(

−q2e2iθ, −q2e−2iθ

q3
; q2, α2

)]

,

as the q-analog of eαx.
The following properties hold:

Eq(0, 0; α) = Eq(0; α) = 1, (3.6)

Eq(x, y; α) = Eq(y, x; α). (3.7)

The functions E(x, y) and E(x) both satisfy the equation

δu

δx
=

2q1/4

1 − q
α u, (3.8)

which is the q-version of

d

dx
eα(x+y) = α eα(x+y).

Our next aim is to prove the following version of the addition theorem for the
q-exponential functions (3.1) and (3.5).

Theorem 3.1.

E(x, y) = E(x) E(y). (3.9)

Proof. Functions E(x, y), E(x), and E(−x) satisfy the second-order difference equation

δ2u

δx2
=

(

2q1/4

1 − q
α

)2

u. (3.10)

Therefore,

E(x, y) = A E(x) + B E(−x) (3.11)

where A = A(z, s) and B = B(z, s) are, generally speaking, some functions of period
1 in z. Applying δ/δx(z) to both sides of (3.11),

E(x, y) = A E(x) − B E(−x), (3.12)

or

E(x, y) = A E(x). (3.13)
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By their definitions, functions E(x, y) and E(x) have the natural period T = 2πi/log q
in z, so

A(z, s) =
E(x, y)

E(x)
(3.14)

is a doubly periodic analytic function in z.

1/2−1/2

iπ/ log q

iπ/log q−1

Im z

Re z

Figure 1

When α → 0, E(x) = 1+O(α), and, therefore, for sufficiently small |α|, the function
E(x) does not have zeros in the parallelogram in Figure 1. Thus, A(z, s) is an entire
doubly periodic function that is a constant by Liouville’s theorem. One can find this
constant by choosing x = 0 (or θ = π/2) in (3.13). This results in (3.9).

In Section 7, we shall give another proof of (3.9).
In the proof of Theorem 3.1, we have en route established the following fact.

Corollary 3.2. The function u = E(x, y) is the only analytic solution of the difference

equation (3.8) on the q-quadratic lattice x = 1
2 (qz + q−z) which satisfies the initial

condition u(0) = E(y) and does not have poles in the parallelogram in Figure 1.

Proof. Suppose that u = u(x, y) is some solution of (3.8) satisfying the above hy-
potheses. Then, in the same manner,

u(x, y) = A E(x) (3.15)

where A is a constant. Letting x = 0, we obtain

u(x, y) = E(x) E(y) = E(x, y) (3.16)

by (3.9).
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As we already have mentioned in the Introduction, the function exp(αx) is the only
measurable solution of (1.14). Solutions of the functional equation (3.9) are, obviously,
not unique. But the following result may be considered as a characterization of the
q-exponential function (3.1).

Theorem 3.3. The function E(x, y) is the only analytic solution of the partial differ-

ence equation

δF (x, y)

δx
=

δF (x, y)

δy
(3.17)

on the q-quadratic lattices x = 1
2 (qz + q−z) and y = 1

2 (qs + q−s) of the form

F (x, y) = f(x) f(y), f(0) = 1, (3.18)

provided that the function f(x) does not have poles in the parallelogram in Figure 1.

Proof. Substituting (3.18) into (3.17) gives (3.8) for the function f(x) where α is a
constant of separation of variables. But the only solution of this equation satisfying
f(0) = 1 under the conditions of the theorem is E(x) (cf. Corollary 3.2 when y = 0).
This gives F (x, y) = E(x, y) by (3.18) and (3.9).

4. Analogs of trigonometric functions on q-quadratic grids

Let α = iω in (3.1). Then

Eq(x, y; iω) = C(x, y) + iS(x, y) (4.1)

where

C(x, y) := Cq(x, y; ω) (4.2)

=
(−ω2; q2)∞
(−qω2; q2)∞

4ϕ3

(

−q1/2eiθ+iϕ,−q1/2eiθ−iϕ,−q1/2eiϕ−iθ,−q1/2e−iθ−iϕ

−q, q1/2, −q1/2
; q, −ω2

)

and

S(x, y) := Sq(x, y; ω) (4.3)

=
(−ω2; q2)∞
(−qω2; q2)∞

2q1/4

1 − q
ω (cos θ + cosϕ)

× 4ϕ3

(

−qeiθ+iϕ,−qeiθ−iϕ,−qeiϕ−iθ,−qe−iθ−iϕ

−q, q3/2, −q3/2
; q, −ω2

)

are the q-versions of cosω(x + y) and sinω(x + y), respectively. Indeed,

lim
q→1−

Cq

(

x, y;
1

2
ω (1 − q)

)

= cosω(x + y),

lim
q→1−

Sq

(

x, y;
1

2
ω (1 − q)

)

= sin ω(x + y).

In the special case y = 0 (ϕ = π/2) of (4.1)–(4.3), we get

Eq(x; iω) = C(x) + iS(x) (4.4)
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where

C(x) := Cq(x; ω) = Cq(x, 0; ω) (4.5)

=
(−ω2; q2)∞
(−qω2; q2)∞

2ϕ1

(

−qe2iθ, −qe−2iθ

q
; q2, −ω2

)

and

S(x) := Sq(x; ω) = Sq(x, 0; ω) (4.6)

=
(−ω2; q2)∞
(−qω2; q2)∞

2q1/4

1 − q
ω cos θ 2ϕ1

(

−q2e2iθ, −q2e−2iθ

q3
; q2, −ω2

)

are analogs of cosωx and sinωx, respectively [6, 10].
The q-trigonometric functions (4.2)–(4.3) and (4.5)–(4.6) satisfy the difference-

differentiation formulas [10]

δ

δx
C(x, y) = −2q1/4

1 − q
ω S(x, y) (4.7)

and

δ

δx
S(x, y) =

2q1/4

1 − q
ω C(x, y) (4.8)

which are the q-analogs of

d

dx
cosω(x + y) = −ω sin ω(x + y),

d

dx
sin ω(x + y) = ω cosω(x + y).

The following q-versions of addition theorems (1.15)–(1.16) are valid.

Theorem 4.1.

C(x, y) = C(x)C(y) − S(x)S(y), (4.9)

S(x, y) = S(x)C(y) + C(x)S(y). (4.10)

Proof. The analog of exp (iω(x + y)) = exp (iωx) exp (iωy) is

Eq(x, y; iω) = Eq(x; iω) Eq(y; iω). (4.11)

Substituting (4.1) and (4.4) in (4.11) one gets (4.9)–(4.10).

Some special cases of (4.9)–(4.10) are

C(x, x) = C2(x) − S2(x), (4.12)

S(x, x) = 2S(x)C(x), (4.13)

C(x,−x) = C2(x) + S2(x), (4.14)

and

C(x,−x) + C(x, x) = 2C2(x), (4.15)

C(x,−x) − C(x, x) = 2S2(x), (4.16)
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which are the analogs of the well-known trigonometric identities

cos 2ωx = cosωx − sin ωx, (4.17)

sin 2ωx = 2 sinωx cosωx, (4.18)

cos2 ωx + sin2 ωx = 1, (4.19)

and

1 + cos 2ωx = 2 cos2 ωx, 1 − cos 2ωx = 2 sin2 ωx, (4.20)

respectively. One can see that C(x,−x) is not a constant, which is what we get in the
classical case, but is a nonnegative function due to (4.14) if C(x) and S(x) are real.

5. Some q-exponential and q-trigonometric functions on q-linear grids

Taking the limit C2 → 0 with C1 = 1 and α2 = q−1/2(1 − q)2 λ/σ in (2.17), one can
introduce

ε(x, y) := εq(x, y; α) (5.1)

= 3ϕ3

(

−q1/2x/y,−q1/2y/x, 0

−q, q1/2, −q1/2
; q, −α2xy

)

+
α

1 − q
(x + y) 3ϕ3

(

−qx/y,−qy/x, 0

−q, q3/2, −q3/2
; q, −α2q1/2xy

)

=
∞
∑

n=0

qn(n−1)/4

(q; q)n

(

−q(1−n)/2 y/x; q
)

n
(αx)n

as the q-version of eα(x+y) on the q-linear grid. This function has recently appeared
in [15]. Also,

ε(x) := εq(x; α) = εq(x, 0; α) (5.2)

= 1ϕ1

(

0

q
; q2, −α2q1/2x2

)

+
α

1 − q
x 1ϕ1

(

0

q
; q2, −α2q3/2x2

)

=

∞
∑

n=0

qn(n−1)/4

(q; q)n
(αx)

n

is a q-version of eαx, see [6, 7, 15].
In the next section, we shall give a direct proof of the following “addition” theorem

found by Rahman [15] in the case of the q-linear lattice.

Theorem 5.1.

ε(x, y) = ε(x) ε(y). (5.3)

This theorem also can be proved on the basis of the difference equation in the same
manner as Theorem 3.1. Analogs of Corollary 3.2 and Theorem 3.3 are valid.

Letting α = iω in (5.1)–(5.2), one gets

εq(x, y; iω) = c(x, y) + is(x, y) (5.4)
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where

c(x, y) := cq(x, y; ω) (5.5)

= 3ϕ3

(

−q1/2x/y,−q1/2y/x, 0

−q, q1/2, −q1/2
; q, ω2xy

)

and

s(x, y) := sq(x, y; ω) (5.6)

=
ω

1 − q
(x + y) 3ϕ3

(

−qx/y,−qy/x, 0

−q, q3/2, −q3/2
; q, ω2q1/2xy

)

as q-versions of cosω(x + y) and sinω(x + y) on q-linear grids, respectively.
In the same manner,

εq(x; iω) = c(x) + is(x) (5.7)

where

c(x) := cq(x; ω) = cq(x, 0; ω) (5.8)

= 1ϕ1

(

0

q
; q2, ω2q1/2x2

)

and

s(x) := sq(x; ω) = sq(x, 0; ω) (5.9)

=
ω

1 − q
x 1ϕ1

(

0

q3; q2, ω2q3/2x2

)

are the q-analogs of cosωx and sinωx [13].
As a consequence of Theorem 5.1, we have the following “addition” formulas for

q-trigonometric functions (5.5)–(5.6) and (5.8)–(5.9).

Theorem 5.2.

c(x, y) = c(x) c(y) − s(x) s(y), (5.10)

s(x, y) = s(x) c(y) + c(x) s(y). (5.11)

Special cases of these relations analogous to (4.12)–(4.16) are valid.

6. Proof of “addition” theorems for q-linear grids

In the case of q-linear grids, we can give a direct proof of (5.3) using the following
version of the q-binomial theorem.

Lemma 6.1. If x = x(z) = C1q
−z and y = x(s) = C1q

−s, then

[

x(z) − x

(

s +
n − 1

2

)](n)

=
n
∑

k=0

γ(n)!

γ(k)!γ(n − k)!
xk(−y)n−k. (6.1)
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Proof. For the q-linear lattice x = C1q
−z, from the definition of the generalized power

(2.5), one gets

[

x(z) − x

(

s +
n − 1

2

)](n)

=

n
∑

k=0

ck xk(z) (6.2)

where ck are some constants independent of x. Let us apply the operator δ/δx(z) to
both sides of (6.2) m times. With the help of (2.6),

γ(n)!

γ(n − m)!

[

x(z) − x

(

s +
n − m − 1

2

)](n−m)

=

n
∑

k=m

ck γ(k)γ(k − 1) · · ·γ(k − m + 1) xk−m(z). (6.3)

Substituting x(z) = 0 (or z → −∞ when |q| < 1),

γ(n)!

γ(n − m)!

[

0 − x

(

s +
n − m − 1

2

)](n−m)

= γ(m)! cm. (6.4)

But from (2.5),

[

0 − x

(

s +
n − m − 1

2

)](n−m)

= (−1)n−m
n−m−1
∏

k=0

x

(

s +
n − m − 1

2
− k

)

= (−1)n−m x

(

s +
n − m − 1

2

)

· · · x

(

s − n − m − 1

2

)

= (−1)n−myn−m,

which gives

cm =
γ(n)!

γ(m)!γ(n − m)!
(−y)n−m. (6.5)

Combining (6.2) and (6.5), one gets (6.1).

We gave the proof of (6.1) in terms of generalized powers. Using (2.4) and (2.11),
one can reduce (6.1) to a terminating form of the q-binomial theorem [9].

Theorem 6.2. Let

u(x, y) :=
∞
∑

n=0

ξn

γ(n)!

[

x(z) − x

(

s +
n − 1

2

)](n)

(6.6)

and

u(x) := u(x, 0) =

∞
∑

n=0

ξn

γ(n)!
xn (6.7)

where x = C1q
−z and y = C1q

−s. Then

u(x, y) = u(x)u(−y). (6.8)
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Proof. By (6.1) and (6.6)–(6.7),

u(x, y) =

∞
∑

n=0

ξn

γ(n)!

[

x(z) − x

(

s +
n − 1

2

)](n)

=

∞
∑

n=0

ξn
n
∑

k=0

xk (−y)n−k

γ(k)!γ(n − k)!

=

∞
∑

k=0

ξk xk

γ(k)!

∞
∑

m=0

ξm (−y)m

γ(m)!
,

= u(x)u(−y)

provided that all series converge.

Relation (5.3) is equivalent to (6.8) when y → −y.

7. General case: product formula

In this section, we shall give an alternative proof of the “addition” theorem (3.9) on
the basis of a more general product formula for the functions (2.3).

Lemma 7.1. The following symmetry relation holds

n
∑

k=0

[

x(z) − x
(

s + k−1
2

)](k)

γ(k)!

[

x(r) − x
(

t + n−k−1
2

)](n−k)

γ(n − k)!

=

n
∑

k=0

[

x(z) − x
(

t + k−1
2

)](k)

γ(k)!

[

x(r) − x
(

s + n−k−1
2

)](n−k)

γ(n − k)!
(7.1)

on the general q-quadratic lattice (2.2).

Proof. Let us mention first of all that (7.1) is true in two symmetric cases, when t = s
and z = r. If n = 1, one gets

[x(r) − x(t)] + [x(z) − x(s)] = [x(r) − x(s)] + [x(z) − x(t)],

which also is correct.
Now we can prove (7.1) by induction. Denote the left-hand side of (7.1) as

Ln(z) := Ln(z, r, s, t)

=

n
∑

k=0

[

x(z) − x
(

s + k−1
2

)](k)

γ(k)!

[

x(r) − x
(

t + n−k−1
2

)](n−k)

γ(n − k)!
. (7.2)

By (2.6),

δLn(z)

δx(z)
= Ln−1(z). (7.3)

Denote also the difference between the left-and the right-hand sides of (7.1) as

Dn(z) := Ln(z, r, s, t) − Ln(z, r, t, s) (7.4)
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and suppose that Dn(z) = 0, which means that (7.1) holds for some positive integer
number n by our assumption. Then, by (7.3),

δDn+1(z)

δx(z)
= Dn(z) = 0, (7.5)

or,

Dn+1(z) = C = constant, (7.6)

because Dn+1(z) is a polynomial in x by definition. To find this constant, choose z = r
when C = Dn+1(r) = 0. Thus, Dn+1 = 0, which proves our lemma by induction.

We can derive now the following product formula.

Theorem 7.2. Functions u(z, s) defined by (2.3) satisfy

u(z, s)u(r, t) = u(z, t)u(r, s), (7.7)

provided that all series converge.

Proof. By (2.3) and (7.1),

u(z, s)u(r, t)

=

∞
∑

k=0

ξk

[

x(z) − x
(

s + k−1
2

)](k)

γ(k)!

∞
∑

m=0

ξm

[

x(r) − x
(

t + m−1
2

)](m)

γ(m)!

=

∞
∑

n=0

ξn
n
∑

k=0

[

x(z) − x
(

s + k−1
2

)](k)

γ(k)!

[

x(r) − x
(

t + n−k−1
2

)](n−k)

γ(n − k)!

=

∞
∑

n=0

ξn
n
∑

k=0

[

x(z) − x
(

t + k−1
2

)](k)

γ(k)!

[

x(r) − x
(

s + n−k−1
2

)](n−k)

γ(n − k)!

=
∞
∑

k=0

ξk

[

x(z) − x
(

t + k−1
2

)](k)

γ(k)!

∞
∑

m=0

ξm

[

x(r) − x
(

s + m−1
2

)](m)

γ(m)!

= u(z, t)u(r, s)

where ξ = (−λ/σ)
1/2

.

Corollary 7.3. The “addition” theorem (3.9) is a special case of the product formula

(7.7).

Proof. To get (3.9) from (7.7), choose r = t = z0 where q−z0 = i
√

µ and µ = C2/C1:

u(z, s)u(z0, z0) = u(z, z0)u(z0, s). (7.8)
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But from (2.17),

u(z, z0) = 2ϕ1

(

−µq1+2z, −q1−2z/µ

q
; q2, −λC1C2(1 − q)2

σq1/2

)

+

(

−λ

σ

)1/2

x(z) 2ϕ1

(

−µq2+2z, −q2−2z/µ

q3
; q2, −λC1C2(1 − q)2

σq1/2

)

,

(7.9)

u(z0, s) = 2ϕ1

(

−µq1+2s, −q1−2s/µ

q
; q2, −λC1C2(1 − q)2

σq1/2

)

−
(

−λ

σ

)1/2

x(s) 2ϕ1

(

−µq2+2s, −q2−2s/µ

q3
; q2, −λC1C2(1 − q)2

σq1/2

)

,

(7.10)

and

u(z0, z0) = 1ϕ0

(

q

−; q2, −λC1C2(1 − q)2

σq1/2

)

=

(

−C1C2(1 − q)2q1/2λ/σ; q2
)

∞
(

−C1C2(1 − q)2q−1/2λ/σ; q2
)

∞

. (7.11)

We have used the q-binomial theorem when |C1C2(1 − q)2q−1/2λ/σ| < 1. Comparing
(2.17), (3.1), (3.5), and (7.9)–(7.11), one gets (3.9) from (7.8).

On the other hand, it is easy to check that (7.7) follows from (7.8). Therefore, the
product formula (7.7) and the “addition” theorem (7.8) are really equivalent.

Corollary 7.4. Relations (7.8)–(7.11) give us the analytic continuation of the func-

tions (2.17).

Proof. Indeed, both sides of (7.8) are well-defined when |C1C2(1 − q)2q−1/2λ/σ| < 1.
But the analytic continuation of the 2ϕ1s on the right side into a larger domain is easy
to determine (see [9]). For example,

2ϕ1

(

−µq1+2z, −q1−2z/µ

q
; q2, ζ

)

=

(

−µq1+2zζ, −q1−2zζ/µ; q2
)

∞

(q, ζ; q2)
∞

2ϕ2

(

ζ, qζ

−µq1+2zζ, −q1−2zζ/µ
; q2, q

)

(7.12)
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=

(

−q−2z/µ, −q1−2z/µ, −µq1+2zζ, −q1−2z/µζ; q2
)

∞

(q, q−4z/µ2, ζ, q/ζ; q2)
∞

× 2ϕ1

(

−µq2z, −µq1+2z

µ2q2+4z
; q2,

q2

ζ

)

+

(

−µq2z, −µq1+2z, −q1−2zζ/µ, −µq1+2z/ζ; q2
)

∞

(q, µ2q4z, ζ, q/ζ; q2)
∞

× 2ϕ1

(

−q−2z/µ, −q1−2z/µ

q2−4z/µ2
; q2,

q2

ζ

)

(7.13)

and

2ϕ1

(

−µq2+2z, −q2−2z/µ

q3
; q2, ζ

)

=

(

−µq2+2zζ, −q2−2zζ/µ; q2
)

∞

(q3, ζ; q2)
∞

2ϕ2

(

ζ, qζ

−µq2+2zζ, −q2−2zζ/µ
; q2, q3

)

(7.14)

=

(

−q1−2z/µ, −q2−2z/µ, −µq2+2zζ, −q−2z/µζ; q2
)

∞

(q3, q−4z/µ2, ζ, q/ζ; q2)
∞

× 2ϕ1

(

−µq1+2z , −µq2z

µ2q2+4z
; q2,

q2

ζ

)

+

(

−µq1+2z, −µq2+2z, −q2−2zζ/µ, −µq2z/ζ; q2
)

∞

(q3, µ2q4z, ζ, q/ζ; q2)
∞

× 2ϕ1

(

−q1−2z/µ, −q−2z/µ

q2−4z/µ2
; q2,

q2

ζ

)

(7.15)

where ζ = C1C2(1 − q)2q−1/2λ/σ.

Equations (7.8), (7.13), and (7.15) also determine the asymptotic behavior of the
functions (2.17) for large values of their arguments.

Remark 7.1. According to (2.4),

γ(n)! = q−n(n−1)/4 (q; q)n

(1 − q)n
, (7.16)

and

γ(n)!

γ(k)!γ(n − k)!
= q−(n−k)k/2 (q; q)n

(q; q)k(q; q)n−k
= (−1)kq(n+1)k/2 (q−n; q)k

(q; q)k
. (7.17)
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Therefore, for the general q-quadratic lattice (2.2), relation (7.1) can be rewritten as
the following sum of q-shifted factorials:

q−nt
n
∑

k=0

(−1)k q(t−s+(n+1)/2)k (q−n; q)k

(q; q)k
(7.18)

×
(

qs−z−(k−1)/2, µqs+z−(k−1)/2; q
)

k

×
(

qt−r−(n−k−1)/2, µqt+r−(n−k−1)/2; q
)

n−k

= q−ns
n
∑

k=0

(−1)k q(s−t+(n+1)/2)k (q−n; q)k

(q; q)k
(7.19)

×
(

qt−z−(k−1)/2, µqt+z−(k−1)/2; q
)

k

×
(

qs−r−(n−k−1)/2, µqs+r−(n−k−1)/2; q
)

n−k
.

Here µ = C2/C1.

8. Linear grid: addition theorem

In the case of the linear lattice, x(z) = z, the function (2.3) has the simple form

u(z, s) = u(z − s) (8.1)

where

u(z) =

∞
∑

n=0

αn

n!

(

z − n − 1

2

)

n

(8.2)

= 2F1

(

1/2 + z, 1/2 − z

1/2
; −α2

4

)

+ α z 2F1

(

1 + z, 1 − z

3/2
; −α2

4

)

.

Here (a)n = a(a + 1) · · · (a + n − 1) = Γ(a + n)/Γ(a) and 2F1 is the hypergeometric
function.

The general product formula (7.7) takes the form

u(z − s)u(r − t) = u(z − t)u(r − s). (8.3)

Also,

u(0) =
∞
∑

k=0

(1/2)k

k!

(

−α2

4

)k

=

(

1 +
α2

4

)−1/2

. (8.4)
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Therefore, for the function

e(z) := u(z)/u(0) (8.5)

=

(

1 +
α2

4

)1/2
[

2F1

(

1/2 + z, 1/2 − z

1/2
; −α2

4

)

+ α z 2F1

(

1 + z, 1 − z

3/2
; −α2

4

)

]

,

the product formula (8.3) has the form of the usual addition theorem,

e(z + s) = e(z) e(s). (8.6)

But the only measurable solution of this functional equation is exp(βz), so

e(z) = eβz. (8.7)

To find the value of the constant β, one can choose z = 1/2 which gives

β = 2 log

(

(

1 +
α2

4

)1/2

+
α

2

)

. (8.8)

Thus,

e(z) := e(z; α) =

(

(

1 +
α2

4

)1/2

+
α

2

)z

. (8.9)

The direct transformation of (8.5) to (8.9) can be done with the help of the relations
(15.1.16) and (15.1.18) of [1]. Therefore, the “difference” exponential function (8.5)
coincides with the classical exponential function.

Changing α = iω in (8.5) and (8.9), we get

cos

(

z arctan

(

ω/2

(1 − ω2/4)1/2

))

=

(

1 − ω2

4

)1/2

2F1

(

1/2 + z, 1/2 − z

1/2
;

ω2

4

)

(8.10)

and

sin

(

z arctan

(

ω/2

(1 − ω2/4)1/2

))

=

(

1 − ω2

4

)1/2

ω z 2F1

(

1 + z, 1 − z

3/2
;

ω2

4

)

(8.11)

as “difference” analogs of cosωz and sinωz. Addition formulas (1.15)–(1.16) hold.

9. Application: continuous q-Hermite polynomials

Let us introduce the following polynomials Hn(x, y|q) in two variables,

H2n(x, y|q) = (−1)n (q; q2)n

qn
(9.1)

× 6ϕ5

(

q−n,−q−n,−q1/2eiθ+iϕ,−q1/2eiθ−iϕ,−q1/2eiϕ−iθ,−q1/2e−iθ−iϕ

−q, q1/2, −q1/2, 0, 0
; q, q2

)
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and

H2n+1(x, y|q) = (−1)n 2
(q3; q2)n

q2n
(cos θ + cosϕ) (9.2)

× 6ϕ5

(

q−n,−q−n,−qeiθ+iϕ,−qeiθ−iϕ,−qeiϕ−iθ,−qe−iθ−iϕ

−q, q3/2, −q3/2, 0, 0
; q, q2

)

with x = cos θ and y = cosϕ, as an extension of the continuous q-Hermite polynomials
Hn(x|q) (see, for example, [5, 9]). One can see that

Hn(x, 0|q) = Hn(x|q), (9.3)

and we may interpret Hn(x, y|q) as a q-version of the Hermite polynomials Hn(x + y)
with the shifted argument.

It is easy to see that the q-exponential function (3.1) is a generating function for
the polynomials Hn(x, y|q).

Theorem 9.1. We have

∞
∑

n=0

qn2/4

(q; q)n
αn Hn(x, y|q) = (qα2; q2)∞ Eq(x, y; α) (9.4)

= (α2; q2)∞

∞
∑

n=0

qn2/4

(q; q)n
e−inϕ

(

−q(1−n)/2eiϕ+iθ, −q(1−n)/2eiϕ−iθ; q
)

n
αn.

Proof. Substitute (9.1) and (9.2) into the left side of (9.4) and interchange the order
of summation with the help of [9, I.12 and II.2]. As a result, we get the right side of
(9.4) due to (3.1).

Corollary 9.2. The continuous q-Hermite polynomials have the generating relation

∞
∑

n=0

qn2/4

(q; q)n
αn Hn(x|q) = (qα2; q2)∞ Eq(x; α). (9.5)

Proof. Let y = 0 in (9.4).

See also [10]. Relation (9.5) is a q-version of the generating function

∞
∑

n=0

αn

n!
Hn(x) = e2αx−α2

(9.6)

for the Hermite polynomials [17, 19]. The limit q → 1− is obvious if we rewrite the
right side of (9.5) as Eq(x, α)Eq2 (−qα2) where Eq(z) is one of Jackson’s q-exponential
functions defined by [9, II.2].

Corollary 9.3.

Hn(x, y|q) =

[n/2]
∑

k=0

(−1)k (q; q)n

(q2; q2)k(q; q)n−2k
qk(2k−n−1) (9.7)

× e−i(n−2k)ϕ
(

−q(1−n+2k)/2eiϕ+iθ, −q(1−n+2k)/2eiϕ−iθ; q
)

n−2k
.
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Proof. By [9, II.2],

(

α2; q2
)

∞
=

∞
∑

k=0

qk(k−1)
(

−α2
)k

(q2; q2)k
. (9.8)

Using (9.8) in the right side of (9.4) and equating coefficients of αn on both sides, one
gets (9.7).

Relation (9.7) is clearly an extension of

Hn(x + y) =

[n/2]
∑

k=0

(−1)kn!

k!(n − k)!
(2x + 2y)

n−2k
,

see [17, 19]. Also, the following extension of equation (4) from section 110 of [17]
holds.

Corollary 9.4.

(

−q(1−n)/2eiϕ+iθ, −q(1−n)/2eiϕ−iθ; q
)

n
e−inϕ (9.9)

=

[n/2]
∑

k=0

qk(k−n) (q; q)n

(q2; q2)k(q; q)n−2k
Hn−2k(x, y|q).

Proof. Multiply both sides of (9.4) by

∞
∑

k=0

α2k

(q2; q2)k
=

1

(α2; q2)∞
(9.10)

(see [9, II.1]) and equate coefficients of αn.

Corollary 9.5. Polynomials Hn(x, y|q) have the difference-differentiation formulas

δHn(x, y|q)
δx

=
δHn(x, y|q)

δy
(9.11)

= 2 q(1−n)/2 1 − qn

1 − q
Hn−1(x, y|q).

Proof. Apply operators δ/δx and δ/δy to the both sides of (9.4) using (3.8) and
compare coefficients of αn.

The “addition” formula (3.9) gives us the ability to express the polynomials
Hn(x, y|q) in terms of the continuous q-Hermite polynomials Hn(x|q).

Theorem 9.6.

Hn(x, y|q) =
∑

m,k

(q; q)n

(q2; q2)k(q; q)m(q; q)n−m−2k
qk(m−n+k+1)+m(m−n)/2 (9.12)

× Hm(x|q)Hn−m−2k(y|q).



“ADDITION” THEOREMS 31

Proof. Due to (9.4)–(9.5) and (3.9),
∞
∑

n=0

qn2/4

(q; q)n
αn Hn(x, y|q) = (qα2; q2)∞ Eq(x; α) Eq(y; α)

=

∞
∑

k=0

α2k qk

(q2; q2)k

∞
∑

m=0

qm2/4

(q; q)m
αm Hm(x|q)

×
∞
∑

p=0

qp2/4

(q; q)p
αp Hp(y|q).

We have used (9.10) with α → αq1/2. By equating coefficients of αn on both sides,
we obtain (9.12).

Using the decomposition (9.12) for Hn(x, y|q), one can give a direct proof of (9.11)
by applying the difference-differentiation formula for the continuous q-Hermite poly-
nomials Hn(x|q). Polynomials Hn(x, y|q) deserve more detailed consideration.
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