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Poisson kernel for the associated continuous

q-ultraspherical polynomials

Mizan Rahman and Qazi M. Tariq

Abstract. The bilinear generating function (the Poisson kernel) for the associ-
ated continuous q-ultraspherical polynomials, first studied by Bustoz and Ismail
and later generalized by Ismail and Rahman, is obtained, essentially as a product
of a 2φ1, a 3φ2, and a 4φ3 basic hypergeometric series. Some related generating
functions also are given.

1. Introduction

The continuous q-ultraspherical polynomials, Cn(x ; β | q), introduced by Rogers [18,
19, 20], can be defined by the generating function

∞
∑

n=0

Cn(x ; β | q)tn =
(βteiθ, βte−iθ ; q)∞
(teiθ, te−iθ ; q)∞

(1.1)

where 0 < q < 1, x = cos θ (0 ≤ θ ≤ π), |t| < 1, and

(a ; q)∞ =

∞
∏

j=0

(1− aqj),

(a1, a2, . . . , ak ; q)∞ =

k
∏

j=1

(aj ; q)∞; (1.2)

see [7]. Setting β = 0 in (1.1), one obtains the generating function for the continuous
q-Hermite polynomials Hn(x | q) = (q ; q)nCn(x ; 0 | q):

∞
∑

n=0

Hn(x | q)
(q ; q)n

tn =
1

(teiθ, te−iθ ; q)∞
(1.3)

where the shifted factorial (a ; q)n is defined by

(a ; q)0 = 1,

(a ; q)n =
(a ; q)∞

(aqn ; q)∞
=

n
∏

j=1

(1− aqj−1) n = 1, 2, . . . . (1.4)
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As a q-extension of Mehler’s famous bilinear generating function for the classical
Hermite polynomials,

∞
∑

n=0

Hn(x)Hn(y)

n!

(

t

2

)n

= (1− t2)
−

1
2 exp

{

2xyt− (x2 + y2)t2

1− t2

}

, (1.5)

see [21, Problem 23] and [22], Rogers [17] found the following extension of (1.5) for
the q-Hermite polynomials:

∞
∑

n=0

Hn(x | q)Hn(y | q)
(q ; q)n

tn =
(t2 ; q)∞

|(tei(θ+ϕ), tei(−θ+ϕ) ; q)∞|2
(1.6)

x = cos θ, y = cosϕ, |t| < 1. The extension of (1.5) to q-ultraspherical polynomials
was found by Gasper and Rahman [8]:

Pt(x, y ; β | q) :=

∞
∑

n=0

hnCn(x ; β | q)Cn(y ; β | q)tn

=
(q, βq ; q)∞

2π(β, βt2 ; q)∞

∣

∣

∣

∣

(βteiθ+iϕ, βteiθ−iϕ ; q)∞
(teiθ+iϕ, teiθ−iϕ ; q)∞

∣

∣

∣

∣

2

× 8W7(βt2/q ; β/q, teiθ+iϕ, te−iθ−iϕ, teiθ−iϕ, te−iθ+iϕ ; q, βq),

(1.7)

β, t assumed real, where

hn =
(q, β2 ; q)∞

2π(β, βq ; q)∞

(1− βqn)(q ; q)n

(1 − β)(β2 ; q)n

(1.8)

is the normalizing constant in the orthogonality relation
∫ π

0

Cn(cos θ ; β | q)Cm(cos θ ; β | q)Wβ(cos θ | q)dθ =
δm,n

hn(β | q) , (1.9)

with

Wβ(cos θ | q) =
(e2iθ , e−2iθ ; q)∞

(βe2iθ , βe−2iθ ; q)∞
; (1.10)

see [7] and [3], and 8W7 is a special case of a very-well-poised basic hypergeometric
series:

2mW2m−1(a ; a1, a2, . . . , a2m−3 ; q, z)

:= 2mφ2m−1

[

a, q
√

a,−q
√

a, a1, a2, . . . , a2m−3√
a,−
√

a, qa/a1, qa/a2, . . . , qa/a2m−3

; q, z

]

(1.11)

where the symbol on the right-hand side is a special case of a basic hypergeometric
series defined by

r+1φr

[

a1, a2, . . . , ar+1

b1, b2, . . . , br
; q, z

]

:=

∞
∑

k=0

(a1 . . . ar+1 ; q)k

(q, b1, . . . , br ; q)k

zk (1.12)

where

(a1, . . . , aj ; q)k =

j
∏

i=1

(ai ; q)k;
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see [7] for conditions of convergence and other properties of these series. One can see
that the Poisson kernel in (1.7) reduces to (1.6) when β = 0, except for a constant
factor. Formula (1.7) is admittedly more complicated than (1.6), but it does exhibit
one of the basic properties of the Poisson kernel, namely, the positivity in some domain
of β and t. The importance of positivity of these bilinear sums in Fourier analysis
was pointed out by many authors, see, for example, Askey [1]. But there is renewed
interest in Poisson kernels of orthogonal polynomials for a different reason. Wiener
[23] showed in 1933 how the classical topic of Fourier integrals could be approached
from the point of view of classical orthogonal polynomials, in particular, by using
Mehler’s formula (1.5). One can show that the expression on the right-hand side
of (1.5) approaches a multiple of exp(ixy), the usual kernel of Fourier transform, as
t → i on the unit circle. This was suggested by Askey as a suitable starting point
for a systematic q-extension of Fourier Analysis, which resulted in a number of recent
publications [2, 4, 15]. It turns out that the most important piece of information that
one needs from the Poisson kernel is the location of poles in the complex t-plane, as far
as the Fourier transformation is concerned. One can see that the poles of the kernel
in (1.7) are exactly the same as those of the simpler kernel in (1.6). Calculations
with more general systems of polynomials, starting with the 2-parameter continuous
q-Jacobi polynomials [9] up to the 4-parameter Askey-Wilson polynomials [16] reveal
that this phenomenon persists through the entire Askey-Wilson family. Let us recall
that the Askey-Wilson polynomials are defined by [3]

pn(x ; a, b, c, d | q) = 4φ3

[

q−n, abcdqn−1, aeiθ, ae−iθ

ab, ac, ad
; q, q

]

, (1.13)

x = cos θ, which satisfy an orthogonality relation similar to (1.9) if max(|a|, |b|, |c|, |d|)
< 1. Note that Cn(x ; β | q) is a special case of (1.13) (except for a constant factor)
that corresponds to setting a =

√
β, b =

√
βq, c = −

√
β, d = −

√
βq; see [3, 5, 7]. In

this paper, we wish to generalize (1.7) in a different direction. Recall that Cn(x ; β | q)
satisfies the three-term recurrence relation

2xCn(x ; β | q) =
1− qn+1

1− βqn
Cn+1(x ; β | q) +

1− β2qn−1

1− βqn
Cn−1(x ; β | q) (1.14)

with C−1(x ; β | q) = 0, C0(x ; β | q) = 1, −1 ≤ x ≤ 1. Bustoz and Ismail [6]
introduced an association parameter α and studied the properties of the associated
q-ultraspherical polynomial Cα

n (x ; β | q) that satisfies the recurrence relation

2xCα
n (x ; β | q) =

1− qn+α+1

1− βqn+α
Cα

n+1(x ; β | q) +
1− β2qn+α−1

1− βqn+α
Cα

n−1(x ; β | q) (1.15)

with Cα
−1(x ; β | q) = 0, Cα

0 (x ; β | q) = 1. They found a measure dµ(x) with respect
to which the orthogonality relation

∫ 1

−1

Cα
n (x ; β | q)Cα

m(x ; β | q)dµ(x) =
1− βqα

1− βqα+n

(β2qα ; q)n

(qα+1 ; q)n

qαnδm,n (1.16)
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holds. By a straightforward manipulation of the recurrence relation (1.15), Bustoz
and Ismail [6] also found the generating function

Gα
t (x ; β | q) :=

∞
∑

n=0

Cα
n (x ; β | q)tn

=
(1− qα)

(1− 2xt + t2)
3φ2

[

βteiθ, βte−iθ, q

qteiθ, qte−iθ,
; q, qα

]

. (1.17)

In Section 4, we will find an alternative form of (1.17), as well as a few other
generating functions. In Section 5, we will compute some bilinear generating functions.
The main result of this paper that follows from (5.1) and (5.5) is

Kα
t (x, y ; β | q) :=

∞
∑

n=0

(1 − βqα+n)

(1 − βqα)

(qα+1 ; q)n

(β2qα ; q)n

(tq−α)
n
Cα

n (x ; β | q)Cα
n (y ; β | q)

= (1− βqα)
−1 {

Lα
t (x, y)− βqαLα

tq(x, y)
}

(1.18)

where

Lα
t (x, y) =

(1− qα)2

(1− e−2iθ)(1− 2ytq−αeiθ + t2q−2αe2iθ)

(qα+1 ; q)∞
(β2qα ; q)∞

× 2φ1

[

βe−2iθ, β

qe−2iθ
; q, qα

]

× 3φ2

[

βtq−αei(θ+ϕ), βtq−αei(θ−ϕ), q

tq1−αei(θ+ϕ), tq1−αei(θ−ϕ)
; q, qα

]

× 4φ3

[

βe2iθ, β, tq−αei(θ+ϕ), tq−αei(θ−ϕ)

qe2iθ, βtq−αei(θ+ϕ), βtq−αei(θ−ϕ)
; q, q

]

+ (θ ←→ −θ). (1.19)

Note that Kα
t is a multiple of the Poisson kernel for Cα

n (x ; β | q). This shows that the
poles are only slightly shifted by a factor of qα, but otherwise remains the same as in
(1.7). Unfortunately, we were unable to simplify (1.19) to a form where the positivity
would become obvious as it is in (1.7). It is only in the case when α = 0 that the two

4φ3 series in (1.19) combine to an 8φ7 which is what we have in (1.7), but otherwise
the computation seems quite difficult.

In deriving the formulas mentioned above, our main tool has been the generating
function (1.17) as well as the following moment representation of Cα

n (x ; β | q):

Cα
n (x ; β | q) =

∫

∞

−∞

ξndν(ξ ; β, x) (1.20)

where ν is a step function whose jumps occur at the points qkeiθ and qke−iθ, k =
0, 1, . . . . The jumps are

dν(qkeiθ ; β, x) =
(1− qα)

(1 − e−2iθ)
2φ1

[

βe−2iθ, β

qe−2iθ
; q, qα

]

× (qe2iθ/β, q/β ; q)k

(q, qe2iθ ; q)k

(β2qα)
k
, (1.21)
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with dν(qke−iθ ; β, x) the same as (1.21) and with θ replaced by −θ. We prove this
important result in Section 3. The idea of this moment representation of orthogonal
polynomials is not new. Karlin [13] used such a representation to study the sign
regularity of determinants of classical orthogonal polynomials. Carlitz and Al-Salam
used them in the 1960s (see the references in [11] and [12]). Ismail and Stanton
[11] constructed several moment representations explicitly with special emphasis on
the Al-Salam-Chihara and continuous q-ultraspherical polynomials. Implicit use of
moment representations of the continuous q-ultraspherical polynomials was also there
in formulas (7.4.4) and (7.4.7) of [7]. The derivation of (1.20) and (1.21) was facilitated
by an alternate form of the polynomial solution of the three-term recurrence relation
for the associated Askey-Wilson polynomials found in [10]. We carry out this alternate
derivation in Section 2. In Section 6, we will give the q → 1 limit of formulas (1.18)
and (1.19), as well as the explicit form of the associated ultraspherical polynomials.

2. The associated Askey-Wilson polynomials

In [10], Ismail and Rahman found a representation of the associated Askey-Wilson
polynomials, pα

n(x ; a, b, c, d), as a linear combination of the two linearly independent
solutions of the three-term recurrence relation

2xpα
n(x ; a, b, c, d) = An+αpα

n+1(x ; a, b, c, d)

+ Bn+αpα
n(x ; a, b, c, d) + Cn+αpα

n−1(x ; a, b, c, d), (2.1)

pα
−1(x ; a, b, c, d) = 0 and pα

0 (x ; a, b, c, d) = 1, namely,

rα+n(z ; a, b, c, d) =
(abqα+n, acqα+n, adqα+n, bcdqα+n/z ; q)∞

(bcqα+n, bdqα+n, cdqα+n, azqα+n ; q)∞
(
a

z
)
n+α

× 8W7

(

bcd/zq ; b/z, c/z, d/z, abcdqα+n−1, q−α−n ; q, qz/a
)

(2.2)

and

sα+n(z ; a, b, c, d)

=
(abcdq2α+2n, bzqα+n+1, czqα+n+1, dzqα+n+1, bcdzqα+n ; q)∞

(bcqα+n, bdqα+n, cdqα+n, qα+n+1, bcdzq2α+2n+1 ; q)∞
(az)n+α

× 8W7

(

bcdzq2α+2n ; bcqα+n, bdqα+n, cdqα+n, qα+n+1, qz/a ; q, az
)

(2.3)

where z = eiθ, x = cos θ, and

Aα = a−1 (1− abqα)(1− acqα)(1− adqα)(1− abcdqα−1)

(1 − abcdq2α−1)(1− abcdq2α)
, (2.4)

Cα = a
(1− bcqα−1)(1− bdqα−1)(1 − cdqα−1)(1 − qα)

(1− abcdq2α−1)(1 − abcdq2α−2)
, (2.5)

Bα = a + a−1 −Aα − Cα. (2.6)

One can show by using Bailey’s transformation formula [7, III.(37)] for very-well-
poised 8φ7 series that rα+n(z ; a, b, c, d) is a linear combination of sα+n(z ; a, b, c, d) and
sα+n(z−1 ; a, b, c, d) with coefficients independent of n. But, of course, sα+n(z ; a, b, c, d)
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and sα+n(z−1 ; a, b, c, d) are also independent solutions of (2.1) as long as 0 < θ < π,
so one might seek a representation of the form

pα
n(x ; a, b, c, d) = Lαsα+n(z ; a, b, c, d) + Mαsα+n(z−1 ; a, b, c, d). (2.7)

The initial conditions then fix the coefficient Lα and Mα:

pα
n(x ; a, b, c, d)

=
sα+n(z ; a, b, c, d)sα−1(z

−1 ; a, b, c, d)− sα+n(z−1 ; a, b, c, d)sα−1(z ; a, b, c, d)

sα(z ; a, b, c, d)sα−1(z−1 ; a, b, c, d)− sα(z−1 ; a, b, c, d)sα−1(z ; a, b, c, d)
.

(2.8)

Using (2.1) and an argument similar to the one used in [10], we can show that

{

sα(z ; a, b, c, d)sα−1(z
−1 ; a, b, c, d)− sα(z−1 ; a, b, c, d)sα−1(z ; a, b, c, d)

}

−1

=
(bcqα−1, bdqα−1, cdqα−1, qα ; q)∞
(abqα, acqα, adqα, abcdqα−1 ; q)∞

× a1−2α

(1− abcdq2α−2)

(az, a/z ; q)∞
(qz2, q/z2 ; q)∞

1

(z − z−1)
, (2.9)

which is just the Casorati determinant of (2.1). Using the transformation formula [7,
III (23)] and substituting (2.9) in (2.8), we obtain

pα
n(x ; a, b, c, d) =

(1− abcdqα−2)

(1 − abcdq2α−2)

× (aqα/z, bqα/z, cqα/z, dqα/z, azqα+n+1, bzqα+n+1 ; q)∞
(abqα, acqα, adqα, bcqα+n, bdqα+n, cdqα+n ; q)∞

× (czqα+n+1, dzqα+n+1, abcdqα+n−1 ; q)∞
(qα+n+1, qα+1/z2, z2qα+n+2 ; q)∞

(az)n

(1− z−2)

× 8W7

(

qα/z2 ; q/az, q/bz, q/cz, q/dz, qα ; q, abcdqα−2
)

× 8W7

(

z2qα+n+1 ; zq/a, zq/b, zq/c, zq/d, qα+n+1 ; q, abcdqα+n−1
)

+ z ←→ z−1. (2.10)

This is the form that will enable us to represent Cα
n (x ; β | q) as the moment of a

probability measure.

3. Associated q-ultraspherical polynomials as moments

Using the quadratic transformation formula [7, (3.4.7)], we have

8W7(t
2qλ ; tq/a, tq

1
2 /a,−tq/a,−tq

1
2 /a, qλ ; q, a4qλ−1)

=
(t2qλ+1, a4q2λ−1 ; q)∞
(a2qλ, a2t2q2λ ; q)∞

2φ1

[

qt2/a2, q/a2

qt2
; q, a4qλ−1

]

; (3.1)

see also [14].
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Setting b = aq
1
2 , c = −a, d = −aq

1
2 in (2.10), using (3.1), and simplifying the

coefficient, we obtain

pα
n(x ; a, aq

1
2 ,−a,−aq

1
2 ) =

1− a4qα−1

1− z−2

(a4qα+n ; q)∞
(qα+n+1 ; q)∞

(az)n

× 2φ1

[

q/a2z2, q/a2

q/z2
; q, a4qα−1

]

× 2φ1

[

qz2/a2, q/a2

qz2
; q, a4qα+n

]

+ z ←→ z−1. (3.2)

Comparing (1.15) with (2.1) for these special values of parameters b, c, d, we find that

Cα
n (x ; a2 | q) =

(a4qα ; q)n

(qα+1 ; q)n

a−npα
n(x ; a, aq

1
2 ,−a,−aq

1
2 ). (3.3)

So, from (3.2) and (3.3), we have

Cα
n (x ; a2 | q) =

(a4qα−1 ; q)∞
(qα+1 ; q)∞

zn

(1− z−2)
2φ1

[

q/a2z2, q/a2

q/z2
; q, a4qα−1

]

× 2φ1

[

qz2/a2, q/a2

qz2
; q, a4qα+n

]

+ z ←→ z−1. (3.4)

If we use [7, III.(3)] on the first 2φ1 series of the right-hand side, we get

Cα
n (x ; a2 | q) =

(1− qα)

(1− z−2)
zn

2φ1

[

a2/z2, a2

q/z2
; q, qα

]

× 2φ1

[

qz2/a2, q/a2

qz2
; q, a4qα+n

]

+ z ←→ z−1. (3.5)

Since

lim
α→0+

(1− qα)2φ1

[

a2/z2, a2

q/z2
; q, qα

]

=
(a2/z2, a2 ; q)∞
(q, q/z2 ; q)∞

, (3.6)

one can see that (3.5) is a generalization of [7, (7.4.4)] as well as of the formula (5.11)

of [11]. Replacing a by β
1
2 , we find that (1.20) follows from (3.5).
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4. Some generating functions for Cα
n (x ; β | q)

Formula (3.5) is obviously the most convenient form for deriving generating functions
for Cα

n (x ; β | q). For example, it is easy to see that for any λ

∞
∑

n=0

(λ ; q)n

(q ; q)n

Cα
n (x ; β | q)tn =

(1− qα)

(1− z−2)

(λzt ; q)∞
(zt ; q)∞

2φ1

[

β/z2, β

q/z2
; q, qα

]

× 3φ2

[

qz2/β, q/β, zt

qz2, λzt
; q, β2qα

]

+ z ←→ z−1. (4.1)

Assume that |t| < 1. Setting λ = q, we get an alternative form of (1.17):

Gα
t (x ; β | q) =

(1 − qα)

(1 − z−2)(1 − zt)
2φ1

[

β/z2, β

q/z2
; q, qα

]

× 3φ2

[

qz2/β, q/β, zt

qz2, qzt
; q, β2qα

]

+ z ←→ z−1. (4.2)

On the other hand, transforming the second 2φ1 series on the right-hand side of (3.5)
by [7, III.(3)], we get

Cα
n (x ; a2 | q) =

1− qα

1− z−2

(qα+n+1 ; q)∞
(β2qα+n ; q)∞

zn
2φ1

[

β/z2, β

q/z2
; q, qα

]

× 2φ1

[

βz2, β

qz2
; q, qα+n+1

]

+ z ←→ z−1. (4.3)

Hence,

∞
∑

n=0

(qα+1 ; q)n

(β2qα ; q)n

Cα
n (x ; β | q)tn =

(1 − qα)

(1 − z−2)(1 − zt)

(qα+1 ; q)∞
(β2qα ; q)∞

× 2φ1

[

β/z2, β

q/z2
; q, qα

]

× 3φ2

[

βz2, β, zt

qz2, qzt
; q, qα+1

]

+ z ←→ z−1. (4.4)
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More generally,

∞
∑

n=0

(λ, qα+1 ; q)n

(q, β2qα ; q)n

Cα
n (x ; β | q)tn =

(1− qα)

(1− z−2)

(qα+1 ; q)∞
(β2qα ; q)∞

(λzt ; q)∞
(zt ; q)∞

× 2φ1

[

β/z2, β

q/z2
; q, qα

]

× 3φ2

[

βz2, β, zt

qz2, λzt
; q, qα+1

]

+ z ←→ z−1. (4.5)

It also follows from (3.5) that

∞
∑

n=0

Cα
n+k(x ; β | q)tn =

(1 − qα)

(1 − z−2)
zk

2φ1

[

β/z2, β

q/z2
; q, qα

]

× 3φ2

[

qz2/β, q/β, zt

qz2, qzt
; q, β2qα+1

]

+ z ←→ z−1, k = 0, 1, . . . . (4.6)

5. Some bilinear generating functions for Cα
n (x ; β | q)

In this section, we shall compute a few bilinear generating functions. First, let us
consider the simplest one:

Lα
t (x, y) :=

∞
∑

n=0

(qα+1 ; q)n

(β2qα ; q)n

(tq−α)
n
Cα

n (x ; β | q)Cα
n (y ; β | q), (5.1)

which is symmetric in x and y where x = cos θ, y = cosϕ, 0 < θ, ϕ < π, eiθ = z1, and
eiϕ = z2. By assuming |tq−α| < 1 and using (4.3) in (5.1), we find that

Lα
t (x, y) =

(1 − qα)

(1 − z−2
1 )

(qα+1 ; q)∞
(β2qα ; q)∞

2φ1

[

β/z2
1 , β

q/z2
1

; q, qα

]

×
∞
∑

k=0

(βz2
1 , β ; q)k

(q, qz2
1 ; q)k

q(α+1)k
∞
∑

n=0

(z1tq
−α+k)nCα

n (y ; β | q)

+ z1 ←→ z−1
1 . (5.2)

However, by (1.17),

∞
∑

n=0

(z1tq
−α+k)nCα

n (y ; β | q) =
(1− qα)

(1− 2ytz1qk−α + z2
1t2q2k−2α)

× 3φ2

[

q, βtz1q
k−αeiϕ, βtz1q

k−αe−iϕ

tz1q
k−α+1eiϕ, tz1q

k−α+1e−iϕ
; q, qα

]

(5.3)
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and so the sum over k in (5.2) is

(1− qα)

∞
∑

k=0

∞
∑

j=0

(βz2
1 , β ; q)k

(q, qz2
1 ; q)k

q(α+1)k+αj

× (βtz1q
−αeiϕ, βtz1q

−αe−iϕ ; q)j+k

(tz1q−αeiϕ, tz1q−αe−iϕ ; q)j+k+1

(tz1q
−αeiϕ, tz1q

−αe−iϕ ; q)k

(βtz1q−αeiϕ, βtz1q−αe−iϕ ; q)k

=
(1− qα)

(1 − 2ytz1q−α + z2
1t2q−2α)

3φ2

[

q, βtz1q
−αeiϕ, βtz1q

−αe−iϕ

tz1q
−α+1eiϕ, tz1q

−α+1e−iϕ
; q, qα

]

× 4φ3

[

β, βz2
1 , tz1q

−αeiϕ, tz1q
−αe−iϕ

qz2
1 , βtz1q

−αeiϕ, βtz1q
−αe−iϕ

; q, q

]

. (5.4)

Hence,

Lα
t (x, y) =

(1− qα)2

(1− z−2)(1− 2ytz1q−α + z2
1t2q−2α)

(qα+1 ; q)∞
(β2qα ; q)∞

× 2φ1

[

β/z2
1 , β

q/z2
1

; q, qα

]

× 3φ2

[

q, βtz1q
−αeiϕ, βtz1q

−αe−iϕ

tz1q
−α+1eiϕ, tz1q

−α+1e−iϕ
; q, qα

]

× 4φ3

[

β, βz2
1 , tz1q

−αeiϕ, tz1q
−αe−iϕ

qz2
1 , βtz1q

−αeiϕ, βtz1q
−αe−iϕ

; q, q

]

+ z1 ←→ z−1
1 . (5.5)

This leads to the expression (1.18) for the Poisson kernel for Cα
n (y ; β | q). Note that the

moment representation of Cα
n (y ; β | q) also enables us to compute the non-symmetric

kernel

Mα
t (x, y ; β, β1) :=

∞
∑

n=0

(qα+1 ; q)n

(β2qα ; q)n

(tq−α)
n
Cα

n (x ; β | q)Cα
n (y ; β1 | q)

=
(1− qα)2

(1 − z−2)(1− 2ytz1q−α + z2
1t2q−2α)

(qα+1 ; q)∞
(β2qα ; q)∞

× 2φ1

[

β/z2
1 , β

q/z2
1

; q, qα

]

× 3φ2

[

q, β1tz1q
−αeiϕ, β1tz1q

−αe−iϕ

tz1q
−α+1eiϕ, tz1q

−α+1e−iϕ
; q, qα

]

× 4φ3

[

β, βz2
1 , tz1e

iϕq−α, tz1e
−iϕq−α

qz2
1 , β1tz1e

iϕq−α, β1tz1e
−iϕq−α

; q, q

]

+ z1 ←→ z−1
1 . (5.6)

Observe that the 4φ3 series in (5.5) is balanced, but the one in (5.6) is not unless
β2

1 = β2. (5.3) may be seen as an extension of (5.5) of [11].
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Finally, use of (3.5) and (1.17) gives

∞
∑

n=0

Cα
n (x ; β | q)Cα

n (y ; β1 | q)tn =
(1− qα)2

(1− z−2)(1− 2ytz1 + z2
1t

2)

× 2φ1

[

β/z2
1 , β

q/z2
1

; q, qα

]

× 3φ2

[

q, β1tz1e
iϕ, β1tz1e

−iϕ

qtz1e
iϕ, qtz1e

−iϕ
; q, qα

]

× 4φ3

[

qz2
1/β, q/β, tz1e

iϕ, tz1e
−iϕ

qz2
1 , β1tz1e

iϕ, β1tz1e
−iϕ

; q, q

]

+ z1 ←→ z−1
1 . (5.7)

6. Some limiting formulas

We will compute the q → 1 limits of formulas (3.4) and (5.5). We believe that these
formulas are new.

It is clear from the expressions on the right-hand side of (3.4) and (5.5) that one
cannot take the term-by-term limits. One has to do some transformations of the q-
series involved in these formulas. Using (III. 1) and (III. 3) of [7], in that order, we
find that

2φ1

[

q/βz2, q/β

q/z2
; q, β2qα−1

]

=
(βqα, β/z2 ; q)∞

(β2qα−1, q/z2 ; q)∞
2φ1

[

qα, q/β

βqα
; q, β/z2

]

(6.1)

and

2φ1

[

qz2/β, q/β

qz2
; q, β2qα+n

]

=
(βqα+n+1, βz2 ; q)∞
(β2qα+n, qz2 ; q)∞

2φ1

[

qα+n+1, q/β

βqα+n+1
; q, βz2

]

(6.2)

These two formulas along with the definition of the q-gamma function [7, (1.10.1)]
give

Cα
n (x ; qλ | q) =

Γq(α + 1)Γq(2λ + α + n)

Γq(α + λ)Γq(α + n + λ + 1)

(z2qλ, qλ/z2 ; q)∞
(qz2, q/z2 ; q)∞

zn

(1− z−2)

× 2φ1

[

qα, q1−λ

qα+λ
; q, qλ/z2

]

2φ1

[

qα+n+1, q1−λ

qα+n+1+λ
; q, z2qλ

]

+ z ←→ z−1, (6.3)

where it is assumed that Re(λ) > 0 and α ≥ 0.
So the associated ultraspherical polynomials have the representation:

Cλ,α
n (x) =

Γ(α + 1)Γ(2λ + α + n)

Γ(α + λ)Γ(α + n + λ + 1)

22−2λei(n+1)θ

2i(sin θ)2λ−1

× 2F1

[

α, 1− λ

α + λ
; e−2iθ

]

2F1

[

α + n + 1, 1− λ

α + n + 1 + λ
; e2iθ

]

+ θ ←→ −θ. (6.4)
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For convergence on the unit circle of the two Gaussian series on the right-hand side
we need the stronger condition Re(λ) > 1

2 . One can rewrite (6.4) in the form

Cλ,α
n (x) =

Γ(α + 1)Γ(2λ + α + n)

Γ(α + λ)Γ(α + n + λ + 1)

22−2λ

(sin θ)2λ−1

×
∞
∑

j=0

∞
∑

k=0

(α)j(1 − λ)j(α + n + 1)k(1 − λ)k

j! k! (α + λ)j(α + n + 1 + λ)k

sin (n + 1− 2j + 2k)θ, (6.5)

which is a generalization of [21, (4.9.22)] to which it reduces when α = 0. In order to
find the q → 1 limit of Lα

t (x, y), we do not use the final formula (5.5); rather we use
the intermediate formula (5.2). First, by [7, (III.1)]

2φ1

[

β/z2
1 , β

q/z2
1

; q, qα

]

=
(βqα, β/z2

1 ; q)∞
(qα, q/z2

1 ; q)∞
2φ1

[

qα, q/β
βqα ; q, β/z2

1

]

.

Now, the series over k in (5.2) is

∞
∑

n=0

(z1tq
−α)nCα

n (y ; β | q)2φ1

[

βz2
1 , β

qz2
1

; q, qα+n+1

]

=
(βqα+1, βz2

1 ; q)∞
(qα+1, qz2

1 ; q)∞

∞
∑

n=0

(qα+1 ; q)n

(βqα+1 ; q)n

(z1tq
−α)nCα

n (y ; β | q)

× 2φ1

[

qα+n+1, q/β

βqα+n+1
; q, βz2

1

]

. (6.6)

We now substitute (6.5) and (6.6) into (5.2) and replace β by qλ to get

Lα
t (x, y) =

Γq(α + 1)Γq(2λ + α)

Γq(α + λ)Γq(α + λ + 1)

(z2
1qλ, qλ/z2

1 ; q)∞
(qz2

1 , q/z2
1 ; q)∞

(1 − z−2
1 )−1

× 2φ1

[

qα, q1−λ

qα+λ
; q, qλ/z2

1

]

×
∞
∑

n=0

(qα+1 ; q)n

(qα+λ+1 ; q)n

(z1tq
−α)nCα

n (y ; qλ | q)2φ1

[

qα+n+1, q1−λ

qα+λ+n+1
; q, z2

1q
λ

]

+ z1 ←→ z−1
1 , (6.7)

for Re(λ) > 0, Re(α) ≥ 0. We now take the limit to obtain

lim
q→1−

Lα
t (x, y) =

Γ(α + 1)Γ(2λ + α)

Γ(α + λ)Γ(α + λ + 1)

22−2λ

(sin θ)2λ−1

eiθ

2i
2F1

[

α, 1 − λ

α + λ
; e−2iθ

]

×
∞
∑

n=0

(α + 1)n

(α + λ + 1)n

(teiθ)nCλ,α
n (y)2F1

[

α + n + 1, 1− λ

α + n + 1 + λ
; e2iθ

]

+ θ ←→ −θ. (6.8)

To ensure convergence of the two 2F1 series on the right-hand side, we assume, as
before, that Re(λ) > 1

2 .
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We now shall express the series over n on the right-hand side of (6.8) as a double
integral. First, by Euler’s integral representation [7, (1.11.10)], we have

Γ(α + n + 1)Γ(λ)

Γ(α + 1 + n + λ)
2F1

[

α + n + 1, 1− λ

α + n + 1 + λ
; e2iθ

]

=

∫ 1

0

uα+n(1− u)λ−1(1− ue2iθ)λ−1du, 0 < θ < π, n = 0, 1, . . . . (6.9)

Since

α

α + k
= α

∫ 1

0

vα+k−1dv, Re(α) > 0, (6.10)

and, by [6, (3.13)],

Cλ,α
n (y) =

n
∑

k=0

α

α + k
Cλ

n−k(y)C1−λ
k (y), (6.11)

we find that

Γ(α + 1)

Γ(α + 1 + λ)

∞
∑

n=0

(α + 1)n

(α + λ + 1)n

(teiθ)nCλ,α
n (y)2F1

[

α + n + 1, 1− λ

α + n + 1 + λ
; e2iθ

]

=
α

Γ(λ)

∫ 1

0

∫ 1

0

uα(1− u)λ−1(1− ue2iθ)λ−1vα−1

×
{ ∞

∑

n=0

(uteiθ)n

n
∑

k=0

Cλ
n−k(y)C1−λ

k (y)vk

}

du dv

=
α

Γ(λ)

∫ 1

0

∫ 1

0

uα(1− u)λ−1(1− ue2iθ)λ−1vα−1(1− 2utyeiθ + u2t2e2iθ)−λ

× (1 − 2uvtyeiθ + u2v2t2e2iθ)λ−1dudv, (6.12)

where the last line has been obtained by using the well-known generating function of
the ultraspherical polynomials. Thus, we get

lim
q→1−

Lα
t (x, y) =

αΓ(2λ + α)

Γ(α + λ)Γ(λ)

22−2λ

(sin θ)2λ−1

eiθ

2i
2F1

[

α, 1− λ

α + λ
; e−2iθ

]

×
∫ 1

0

∫ 1

0

uα(1− u)λ−1(1 − ue2iθ)λ−1vα−1(1 − 2utyeiθ + u2t2e2iθ)−λ

× (1− 2uvtyeiθ + u2v2t2e2iθ)λ−1dudv

+ θ ←→ −θ, (6.13)

with |t| < 1. Using (6.13), one can easily find the limit of Kα
t (x, y).
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