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Poisson kernel for the associated continuous
g-ultraspherical polynomials

Mizan Rahman and Qazi M. Tariq

Abstract. The bilinear generating function (the Poisson kernel) fort he associ-
ated continuous g-ultraspherical polynomials, rst studied by Bustoz and Is  mail
and later generalized by Ismail and Rahman, is obtained, ess entially as a product

of a 291, a 392, and a 4¢3 basic hypergeometric series. Some related generating
functions also are given.

1. Introduction

The continuous g-ultraspherical polynomials, Cn(X; [ | q), introduced by Rogers [18,
19, 20], can be defined by the generating function

(Bte'®,Bte °;q);

. n —
. Cn(x ’ B | q)t - (teie, te i0 :q)l (11)
where0<qg<1,x=cos8 (0=<8<=n), |t <1, and
Y .
(@9 = (@-—ag)),
i=0
YK
(@ az, .. a9 = (@591 (1.2)
i=1

see [7]. Setting B = 0 in (1.1), one obtains the generating function for the continuous
g-Hermite polynomials Hh(X | 9) = (q;9)nCn(X;0 ] q):

R H @ 1 13
neo (@i ®n (te'®, te 1©;q); '
where the shifted factorial (a;q)n is defined by
(@;0)o =1,
. _ @9 _ ¥ and 1 _
(a;n = 7(aq“ 0 _j:]_ l—-ag! ) n=12,.... (1.4)
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78 RAHMAN AND TARIQ

As a g-extension of Mehler’s famous bilinear generating function for the classical
Hermite polynomials,

X H ()Hn( n . (2 2142
Hn(OHnQ) t 7 2 3 2xyt — (x2 + y2)t
ni ; —@-t) “exp 11—t ’

(1.5)
n=0

see [21, Problem 23] and [22], Rogers [17] found the following extension of (1.5) for

the g-Hermite polynomials:

R Ha I OHa O 1D - (t10) 06
n=0 (a;Mn |(tel(®+ ), tei( 6+@);q); |2 '

X = c0s8, y = cosd, |t| < 1. The extension of (1.5) to g-ultraspherical polynomials
was found by Gasper and Rahman [8]:

%
Pe(,yiBla) = haCn(x;B[q)Cn(y;B | at"

n=0

_ (@PBa;):  (Bte''®, Bte’® *;q)
2n(B, Bt?;q)1 (el 1®,tei® 1¢;q),

2

x gW7 (Bt?/q; B/q, te'® 1 te 1© ¢ te!® ¢ o 10410 gg),

1.7
B, t assumed real, where
@B%:a)1  (1—B9")(@;Dn
hp = 1.8
" @B D: - B Dn (8
is the normzalizing constant in the orthogonality relation
Tt
Cn(cos8;B | q)Cm(cosd ;B | q)Wp(cos® | q)dd = 6’“7’”, (1.9)
0 hn(B | 0)
with
2i0 2i6 .
Wi (cos8 | g) = &+ =i (1.10)

(Be?® Be 29.q); '
see [7] and [3], and gW?5 is a special case of a very-well-poised basic hypergeometric
series:
2amWom 1(a;a1.az,...,a371_3;q\,/2_)
a;q a._q a,alyazi---laZm 3

= V_ _ ;1,2 1.11
2m@2m 1 a,— a,gaa;,qalay,...,qalaxm 3 d (1.11)
where the symbol on the right-hand side is a special case of a basic hypergeometric
series defined by

alla21---iar+l i 7 _X (al...ar+l ,q)k Kk
r+l(pr blabZ!"'!bl’ ' q’ . k=0 (qlblr"'lbl’;q)k

(1.12)

where
\i
@, ..., q;P = (@9«
i=1
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see [7] for conditions of convergence and other properties of these series. One can see
that the Poisson kernel in (1.7) reduces to (1.6) when B = 0, except for a constant
factor. Formula (1.7) is admittedly more complicated than (1.6), but it does exhibit
one of the basic properties of the Poisson kernel, namely, the positivity in some domain
of B and t. The importance of positivity of these bilinear sums in Fourier analysis
was pointed out by many authors, see, for example, Askey [1]. But there is renewed
interest in Poisson kernels of orthogonal polynomials for a dilerent reason. Wiener
[23] showed in 1933 how the classical topic of Fourier integrals could be approached
from the point of view of classical orthogonal polynomials, in particular, by using
Mehler’s formula (1.5). One can show that the expression on the right-hand side
of (1.5) approaches a multiple of exp(ixy), the usual kernel of Fourier transform, as
t - i on the unit circle. This was suggested by Askey as a suitable starting point
for a systematic g-extension of Fourier Analysis, which resulted in a number of recent
publications [2, 4, 15]. It turns out that the most important piece of information that
one needs from the Poisson kernel is the location of poles in the complex t-plane, as far
as the Fourier transformation is concerned. One can see that the poles of the kernel
in (1.7) are exactly the same as those of the simpler kernel in (1.6). Calculations
with more general systems of polynomials, starting with the 2-parameter continuous
g-Jacobi polynomials [9] up to the 4-parameter Askey-Wilson polynomials [16] reveal
that this phenomenon persists through the entire Askey-Wilson family. Let us recall
that the Askey-Wilson polynomials are defined by [3]

q " abcdg" ! ae'® ae '°
pn(x;a,b,c,d| q) = 43 ab. ac. ad L 6.9, (1.13)

X = cos 6, which satisfy an orthogonality relation similar to (1.9) if max(|a], |bl, |c|, |d])
< 1. Note that Ch(X;B | q) is asteciaI c@iof (1.13\)/£except fQ[_a constant factor)
that corresponds to settinga= f,b= pBg,c=— B,d=— pq;see[3,5 7]. In
this paper, we wish to generalize (1.7) in a di [erknt direction. Recall that C,(X; [ | q)
satisfies the three-term recurrence relation

1— qn+1

1_qun 1
1—-pg"

2XCn(x;B [ 0) = 1— B

Cnaa B | 0) + Cn 1B | Q) (1.14)

with C 1(X;B | @) = 0, Co(x;B | q9) = 1, -1 < x < 1. Bustoz and Ismail [6]
introduced an association parameter a and studied the properties of the associated
g-ultraspherical polynomial CS(x; B | q) that satisfies the recurrence relation

1— qn+ o+l

1— qun+cx 1
1— Bqn+a

2xC(x;B q) = [—pgna Ca 1(x;B1a) (1.15)

Cra (3B 1) +

with C%;(x;B ] q) =0, C§(x;B | q) = 1. They found a measure du(x) with respect
to which the orthogonality relation

Z,

— o 240 -
CR0GB I DCH0R 1) = ol

= Bge* " (q%*1 ;q)n

4% S mn (1.16)
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holds. By a straightforward manipulation of the recurrence relation (1.15), Bustoz
and Ismail [6] also found the generating function

X
Gi(x;Bla):==  CI(x:B|or”
n=0

_ (=g .
T -2+ 2% it gre 0 00 (1.17)

In Section 4, we will find an alternative form of (1.17), as well as a few other
generating functions. In Section 5, we will compute some bilinear generating functions.
The main result of this paper that follows from (5.1) and (5.5) is

(1 —Bg* "™ (@ ;q)n
1 —Bag>) (B%q%;9)n

h
KE(x,y;Bla):= (tg )"CI¢;BACI(Y;B | q)

n=0
=(@-Bg%) * LI Y) = BaOLy(X.y) (1.18)
where
(1—g%? @ ;)1
o —
LY (xy) = (1—e 2I0)(1—2ytq “ei® + t2q 29¢2i0) (B2q%;q),
Be 2i0 B
X 201 ge 2 ; 4, 9%
L Btg e prg i@ D
302 tql uei(e+¢),tq1 agi(e ¢) 4.9
BeZie,B,tq aei(9+¢)’tq agi(8 ¢).
X 403 v 04,9

€%, Btq %ei(®* ) Btg %ei® @

Note that K¢ is a multiple of the Poisson kernel for CS(x; B | q). This shows that the
poles are only slightly shifted by a factor of q%, but otherwise remains the same as in
(1.7). Unfortunately, we were unable to simplify (1.19) to a form where the positivity
would become obvious as it is in (1.7). It is only in the case when a = 0 that the two
403 series in (1.19) combine to an g@; which is what we have in (1.7), but otherwise
the computation seems quite di Ccullt.

In deriving the formulas mentioned above, our main tool has been the generating
function (1.17) as well as the following moment representation of CJ(x; B | 9):

1

Ca(x;Bla)= E"dv(&;B,x) (1.20)
1
where v is a step function whose jumps occur at the points gke'® and gke ', k =
0,1,.... The jumps are
a-gv) BB
mzml qe sig » &0

. @e78,a/8 ; a)«
(9,919 ; )k

dv(g“e’;B,x) =

(B29%)", (1.21)
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with dv(gke '©;B,x) the same as (1.21) and with 8 replaced by —8. We prove this
important result in Section 3. The idea of this moment representation of orthogonal
polynomials is not new. Karlin [13] used such a representation to study the sign
regularity of determinants of classical orthogonal polynomials. Carlitz and Al-Salam
used them in the 1960s (see the references in [11] and [12]). Ismail and Stanton
[11] constructed several moment representations explicitly with special emphasis on
the Al-Salam-Chihara and continuous g-ultraspherical polynomials. Implicit use of
moment representations of the continuous g-ultraspherical polynomials was also there
in formulas (7.4.4) and (7.4.7) of [7]. The derivation of (1.20) and (1.21) was facilitated
by an alternate form of the polynomial solution of the three-term recurrence relation
for the associated Askey-Wilson polynomials found in [10]. We carry out this alternate
derivation in Section 2. In Section 6, we will give the ¢ — 1 limit of formulas (1.18)
and (1.19), as well as the explicit form of the associated ultraspherical polynomials.

2. The associated Askey-Wilson polynomials

In [10], Ismail and Rahman found a representation of the associated Askey-Wilson
polynomials, pg(x;a,b,c,d), as a linear combination of the two linearly independent
solutions of the three-term recurrence relation

2xpa(x;a,b,c,d) = Ant apa,q (X;a,b,c,d)
+ Bn+ oPS(X;a,b,c,d) + Cni gpS 1(X;a,b,c,d), 2.1)
p®,(x;a,b,c,d) =0 and p§(x;a,b,c,d) =1, namely,
(abg® ", acg®* ", adq®* ", bedq™ "/z: ), (E)m a
(quO(+ n’bdq(ﬁ n’quC(+ n’azqoﬁn ,Q)l Z
x gW7 bed/zq;b/z,c/z,d/z,abcdg® ™ 1 q & ":q,qz/a

(2.2)

ra+n(z;a,b,c,d) =

and

Sa+n(z;a,b,c,d)
_ (abcdq20(+2 n bzqa+ n+1 , Czqa+ n+1 , dzqa+ n+1 , dean+ n. q)l
- (bcq@* N, bdge* 1, cdgo+ N, @+ N+l hedzg?at2 N+l q),

= 8W7 bcdzq2a+2 n : bcq0(+ n, bdq0(+ n, qu0(+ n, q0(+ n+1 , qZ/a :q, az (23)

(az)n+ a

where z = €i®, x = cos6, and
1 (1 —abg®)(1 —acq®)(1 — adg®)(1 — abcdq® 1)

Ao = (1 — abcd?® 1)(1 — abcde?®) (2.4)
c. = g1 —bea® 1)@ —bdg® 1)1 —cdg® (L —q%) @.5)
“ (1 — abcdg?® 1)(1 — abcdg2e 2) ’ '
Bq=a+a !—Ay—Cq. (2.6)

One can show by using Bailey’s transformation formula [7, 111.(37)] for very-well-
poised g@7 series that rq+ n(z ; a, b, ¢, d) is a linear combination of sq+ n(z ; a, b, ¢,d) and
Sa+n(z 1;a,b,c,d)with coe [ciehts independent of n. But, of course, Sq+ n(z ;a, b, ¢, d)

+
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and sq+n(z *;a,b,c,d) are also independent solutions of (2.1) as long as 0 <6 <,
so one might seek a representation of the form

p%(x;a,b,c,d) = LaSas+ n(z;a,b,c,d) + MaSa+n(z 1;a,b,c,d). 2.7
The initial conditions then fix the coe [cieht L, and Mq:

pa(x;a,b,c,d)

_ sarn(z;a,b,c,d)sq 1(z t;ab,c,d)—sqin(z 1;a,b,c,d)sq 1(z;a,b,c,d)
" sq(ziab,c,d)sq 1(z Liab,c,d)—sq(z 1;a,b,c d)sq 1(z;a,b,c,d)

(2.8)
Using (2.1) and an argument similar to the one used in [10], we can show that
sa(z;a,b,c,d)sa 1(z *:ab,c,d)—saz 1;a b c d)sq 1(z;abcd)
_ (bcqa 1, bdqo‘ 1, qua 1, qcx : q)l
"~ (abg®, acq®, adq®, abcdq® 1;q).
1 2a .
< a (az,a/z;q)1 1 ' 2.9)
(1 —abedg?® 2) (qz2,9/22;9)1 (z—z 1)

which is just the Casorati determinant of (2.1). Using the transformation formula [7,
111 (23)] and substituting (2.9) in (2.8), we obtain

(1 — abcdg® ?)
(1 — abcdg?e 2)
. (29%/2,b9%/2,¢q%/z,dq%/z, azq™" N+l bzt "1 i)
(abg®, acq®, adq®, bcq®* ", bdg®* M, cdg®* "; q)1
(CZC]OH n+1 , dzqa+ n+1 , abcdqa+ n 1 : q)l (az)n
(q(X+ n+1 ’qa+l /ZZ’ ZZqC(+ n+2 ,q)l (1 -7 2)
x gW; q%/z%:q/az,q/bz,q/cz,q/dz,q% ; q, abcdq® 2
x gW; z2q%* "1 :zq/a, zq/b, zg/c, zg/d, g "1 ; g, abedg®t " 1

1 (2.10)

po(x;a,b,c,d) =

This is the form that will enable us to represent C3(x;B | q) as the moment of a
probability measure.

3. Associated g-ultraspherical polynomials as moments

Using the quadratic transformation formula [7, (3.4.7)], we have
sW7 (g™ i ta/a, tq/a, —ta/a, —tq2/a, ¢* ;q,a’q™ )

(g™ afg? 1) qt?/a?,q/a>

;g,a%qr (3.1)

see also [14].
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Setting b = aq%, c=-—a d= —aq% in (2.10), using (3.1), and simplifying the
coe [cieht, we obtain

1— a4q(1( 1 (a4qa+ n ;q)l
1-z 2 (@™ q)
0/a’z%,q/a*

Pa(x;a,a0?, —a,~aq?) = (az)"

X 201 q/ZZ ; q,a4qor 1
2742 2
qz“/a%,q/a
X 21 q22 : q,a4q0(+n
+7z oz L 3.2

Comparing (1.15) with (2.1) for these special values of parameters b, ¢, d, we find that

a*q®; 1 1
Ch(x;a%|q) = 72(]031 ;3;:61 "pa(x;a,aq?, —a, —ag?). (3.3)

So, from (3.2) and (3.3), we have

440 1. n q/a’z?,q/a®
Cc(x;az =(aq !q)l Z ' : ,a4(x 1
n( | ) @, a-z 9" /2 g.a’q
24,2 2
qz</a%,q/a .
X 201 qzz ; q,a4qa n
+7 oz L (3.9

If we use [7, 111.(3)] on the first ¢, series of the right-hand side, we get

1—q% a?/z?,a?
Cr(i((x;aZ Iq) = %Zn 201 q/22 ; q,qO(
z%/a?,q/a°
xz(pl q 2q ;q'a4qor+n
qz
+7 oz L (3.5)
Since

a’/z?,a® (a?/z?,a%;q)
lim (1—q° g = o2 UL 3.6
o' (70020 g2 @.9/2%;9) (36)

one can see that (3.5) is a generalization of [7, (7.4.4)] as well as of the formula (5.11)
of [11]. Replacing a by B%, we find that (1.20) follows from (3.5).



84 RAHMAN AND TARIQ

4. Some generating functions for CS(x;B | )

Formula (3.5) is obviously the most convenient form for deriving generating functions
for C3(x; B | ). For example, it is easy to see that for any A

X MiOncag. g o= E700 Gzt BB
ho @ " (1-z 2) (zt;0) aw/z?
2
qz°/B,q/B, zt 5 o
< .
302 2zt q,B“q
+7z oz L (4.2)

Assume that [t| < 1. Setting A = q, we get an alternative form of (1.17):

(1—q%) B/z2%,B
[0 . —_ . a
Gt(xvﬁlq)_(l_z 2)(1_Zt) 2(p1 q/22 ’ q!q

2

qz</B,q/pB, zt
X 30 ) ; ,B%q”
qz<,qzt
+7 Lz L, 4.2

On the other hand, transforming the second ¢, series on the right-hand side of (3.5)
by [7, 111.(3)], we get

1-q% @™ a0, B4R

a .52 — a
Cn(X!a |q)_1_z Z(qua+n;q)1 Z 201 q/ZZ g,q

BZZ’B +n+

X201, ;0,q%™

qz
+7Z oz L (4.3)
Hence,

X (@™ ;0)n 1—q%) @ ;g

CReB gt =

., (B%q%:0)n (T—z 2 —zt) (B2 Q)

B/z%,B o
« .
200 e 0
2
X 302 Bz 'B'Zt; ’q0(+1
qz2, qzt

+7 oz L (4.4)
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More generally,

XA q™ )n

VAWH N~y - n_ (@1—9% (qcx+1 ‘01 (Azt:q):
@B ), BT

C (-2 ) (B%%;a)1 (zt;a)

B/z%B

q/z2 $ 34

BZZ’B’Zt. a+l

qz2, Azt

+z oz L (4.5)

X201

It also follows from (3.5) that

=q . BB

a . n —
L n+kOG B O)t “a=z? M 022 » 0.9
2
qz</B,q/pB, zt .
X 30, 5 ; q,B%q*!
qz<,qzt
vz oz b k=0,1,.... (4.6)

5. Some bilinear generating functions for C3(x;B | q)

In this section, we shall compute a few bilinear generating functions. First, let us
consider the simplest one:

(@ ;q)n

=0 B2 ), ) CaCGRTOCH (B Ta), (5.1)

LY (x.y) =

which is symmetric in x and y where x = cos8, y = cos¢, 0 <8, ¢ <m, e® =z, and
el = z,. By assuming |tq | <1 and using (4.3) in (5.1), we find that

(L-a) @ B/zi.B 0.
11—z, %) (B%9%;0)1 q/z? ’
2 (BZE Bk (e k

LE(x,y) =

%
(z1tq ***)"CI(y;B | a)

2.
oo (0,021 50k 0
+27) o7y h (5.2)
However, by (1.17),
R 1—q@
(aatg *)Cy B |q) = a-a

(1 —2ytzigk @ +z§t2g%< 20)

n=0
q, Btzigk “e'®, Btzigk e ¢

. a
* 302 tz,q} *Lei® tz,qk g 0 4.9 (5.3)
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and so the sum over k in (5.2) is

(l—qO‘)X X B2E B Dk () ke o

o (Btzig %™ Btzyq %e )ik (tzag “e'® tziq e ')
(tz1q %ei®, tz1q % ®;q)je ko1 (Btzag “ei®,Btziq e 9;q)k
1—9% q,Btziq %e'®,Btziq “e

= (1 —2ytz1q @+ z%t2q 2g)3(P2 tzyq Ol t7,q W*le it © g,q°
B,Bz2,tz1q %e'® tz;q e '
B qz%,Btz1q %e'®,Btziq %e g 44 - (5.4)
Hence,
1—q9)?2 arl -
O = (1-z 3 —(Zytz(iq) o+ 722q 29) Egzqa ,3;1
A
X201 q/zf ;0,9
q,Btziq %e'®, Btziq %e i¢. 3
x 302 tz,q @*lei® tz,q Wle i a.q
B,Bzf,tzlq O'eiq’,tzlq ag i
X 4Q3 422, Btzug aeid Btz,q e i+ 44
+2; oz (5.5)

This leads to the expression (1.18) for the Poisson kernel for CS(y; B | ). Note that the

moment representation of CS(y ;B | q) also enables us to compute the non-symmetric
kernel

R @ 0n n
MEXY;BB) == o= (tg %) CIOGR [ 9)CA (Y B[ a)
t Y B, !

_ (1 —q%? @ ;9)1
(1—z 2)(1—2ytz;q @ +2z5t%q 2°) (B29%; Q)
x 20 b/ B, q,9°
2¥Y1 (]/ZJZ_ y Yy

q,Bitziq %e'®,Bitzaq e ®

. a
X 302 tz,q “leid tzyq Hle i 0,9
X 4@ B.Bz{ tz1e'%q %, tzse '¢q ;0,0
g2, pitzie’®q @ Butzie g ¢
+Zl —— Zl l. (56)

Observe that the 43 series in (5.5) is balanced, but the one in (5.6) is not unless
B2 = B2. (5.3) may be seen as an extension of (5.5) of [11].
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Finally, use of (3.5) and (1.17) gives
(1 —q%?
(1—z 2)(1—2ytz; +22t2)
B2 B
q/z? 4.4

q, B1tz1e'®, Brtzie @ .
;0,0

CROBIaCH(y: B t" =

n=0

X201

302 i i
¢ qtz.e'®, qtzie ¢

qz2/B,q/B, tz1'®, tz;e ®
qz2, B1tz1e'?, Bitzse @

+27Z1 > Zl l. (57)

493 v 4.4

6. Some limiting formulas

We will compute the g - 1 limits of formulas (3.4) and (5.5). We believe that these
formulas are new.

It is clear from the expressions on the right-hand side of (3.4) and (5.5) that one
cannot take the term-by-term limits. One has to do some transformations of the g-
series involved in these formulas. Using (I11. 1) and (I11. 3) of [7], in that order, we
find that

a/Bz?,q/B 2 a1 (Bq®, B/z%;q): 9%, a/p
; 4, = : ' ' . g, B/z? 6.1
201 0/22 g,B%q (B29% 1,q/22;q)1 ° Bq a.p (6.1)
and
qZZ/B,q/B . o (Bqa+ n+1 ’BZZ ;q)l qo(+ n+l ,q/ﬁ ) P 6.2
e P T e g, 2P gy 0PE (62

These two formulas along with the definition of the g-gamma function [7, (1.10.1)]
give
Mq(a+ DA+ a+n) (z%2¢*, q*/22;q): z"

C(X YN —
S e N A+ ) (2029 (-2 D)
a ql A qa+ n+1 q1 A
> 201 q0(+}\ : q,q)‘/zz 201 qa+ n+l+ A ; q,qu)‘
+z oz 1 (6.3)
where it is assumed that Re(A) >0 and a = 0.
So the associated ultraspherical polynomials have the representation:
ChMI(x) = Ma+1)rA+a+n) 22 Aeln) 8
n T T(a+AF(a+n+A+1) 2ising)?* 1
o,l—A - a+n+1,1—A .
! . 2i0 ! . a2i0
2P g4 P1 gana1en b8
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For convergence on the unit circle of the two Gaussian series on the right-hand side
we need the stronger condition Re(A) > % One can rewrite (6.4) in the form

Mo+1)rrx+a+n) 222
Moa+MNra+n+A+1)(sing)2» 1

X R (@)= Nj(a+n+ 1)L — A
JUK! (@ + A)j(a+n+1+ N

CRo() =

x

sin(n+1—2j +2k)8, (6.5)
j=0 k=0

which is a generalization of [21, (4.9.22)] to which it reduces when a = 0. In order to

find the g - 1 limit of LY(x,y), we do not use the final formula (5.5); rather we use

the intermediate formula (5.2). First, by [7, (111.1)]

B/z{B . o _ (Ba%B/ZEiqn  q%.a/B
a/zg @.a/zZ;qn 27 Bo®

Now, the series over k in (5.2) is

201 q,B/z% .

BZZ’B + N+
@tq "CI(Y;B D29 -, 5 6,q% "
n=0 qz31
_ (B, B22gn X (@ o)
@, 0z8;9)1 |, (Ba®* ;Q)n
q0(+ n+1 !q/B
x 2(91 chx+ n+1 ; q’ BZ% - (6-6)

(z1tg N)"CL(Y:B 1)

We now substitute (6.5) and (6.6) into (5.2) and replace B by g to get
Mq(a+1rg@A+a) (zZq* g*/zf;q).

o — _ 2y 1
LY S F @ N A+ ) @, )
a 1 A
Xz(pl qu_)\ ; q,q)\/zf
X (q0(+1 ;CI)n o N cx+n+1, 1 A -
x m(zltq )'Cr(y;a™ | a)201 g AL » 0,214
n=0 !
+2 - 27,7, 6.7)

for Re(A) > 0, Re(a) = 0. We now take the limit to obtain

+ + 2 2A i ol—A .
lim Lo(xy) = 2 QX DI@AT) 22 % e o pe 20
q 1 Mo+ ANlr(a+A+1)(sinB) 2i a+A
X (a+1n . a+n+1,1-x
iB\n~Aa ! . a2i6

To ensure convergence of the two ,F; series on the right-hand side, we assume, as
before, that Re(\) > 3.
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We now shall express the series over n on the right-hand side of (6.8) as a double
integral. First, by Euler’s integral representation [7, (1.11.10)], we have

Moa+n+1ry) _ o+n+l1-A

Fa+1+n+n)> 1 oa+n+1+A " °
1
= U@ —u® - ue?®) ldu, 0<6<m n=0,1,.... (6.9)
0
Since
a Z1
i VoK 1gy, Re(a) > 0, (6.10)
0
and, by [6, (3.13)],
AQ o 1A
Cho(y) = mcn kWCi “(y), (6.11)
k=0

we find that

Fa+1) X (a+21n
Fa+1+A) _ (@+A+1D),

0(+n+1,1—)\_
a+n+1+A"°

2i0

(te")"Ch%(y)2F1

122 Al 2iB\A 1,0 1
= —— u?@—-uw? 1 —ue)r v
™D o o
R X
x (ute®)"  Ch (Ck My dudv
n=0 k=0
a Z l Z l i i i
— u(x(l _ u))\ 1(1 _ ueZIG)}\ lVO( 1(1 _ 2utye|9 + u2t2€2|9) A
A o o

x (1 — 2uvtye'® + u?v2t?e?"®)™ dudv, (6.12)

where the last line has been obtained by using the well-known generating function of
the ultraspherical polynomials. Thus, we get

alr@A+a) 22 2 elf E oG1l-A o 2i0
T+ Gine)2 1212 a+A
1 1
= uu(l _ u))\ 1(1 _ ueZIG))\ 1V(x 1(1 _ 2utye|9 + u2t2e2l9) A
0 0

ﬂp@mw=

x (1 — 2uvtye'® + u?v?t2e?®)* ldudv
, (6.13)
with [t| < 1. Using (6.13), one can easily find the limit of KZ(x,y).
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