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INFORMATION ENTROPY OF CLASSICAL ORTHOGONAL POLYNOMIALS
AND THEIR APPLICATION TO THE HARMONIC OSCILLATOR AND
COULOMB POTENTIALS

Jesiis S. Dehesa, Walter Van Assche, and Rafael J. Yanez

ABSTRACT. The information entropy is explicitly obtained for the harmonic oscil-
lator and the hydrogen atom (Coulomb potential) in D dimensions (D = 1,2, 3).
It is shown how these entropies are related to entropies involving classical orthog-
onal polynomials and the physical interpretation of this information entropy is
given.

1. Introduction

The Schrédinger equation in D dimensions with radially symmetric potential V' is
given in atomic units by

(— %VQ n V(r))d; — Ey

where

D
=3l
j=1
For the harmonic oscillator, the potential is
1
V(T) = §A2T2,

and for the hydrogen atom, we use the Coulomb potential

1
V(ir)=—-.
(==
The information entropy for these physical systems is given by
S, == [ o7 )logp() dr (1.1)

in the position space where p(7) = |¢(7)[?

function ¢ () and

is the density corresponding to the wave

8, == [ 210 1(7)d5 (1.2)
in the momentum space where v(5) = |¢(7)[? is the density corresponding to the
wave function ('), which is the Fourier transform of ¢ (7).
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92 DEHESA, VAN ASSCHE, AND YANEZ

These two entropies have allowed Bialynicki-Birula and Mycielski [6] to find a new
and stronger version of the Heisenberg uncertainty relation. For a quantum mechanical
system in D dimensions, this uncertainty relation is

S,+S,>D(1+]logm), (1.3)

which expresses in a quantitative way the property that it is impossible to get precise
information of such a system in both position and momentum space: high values of S,
are associated with low values of S, and vice versa. To get some idea of the restriction
this gives to the systems under consideration, one would require good estimates and
bounds for the entropies, such as those given in [1]. For the fundamental quantum
mechanical systems considered in this paper, i.e., the harmonic oscillator and the
hydrogen atom, the entropies are in terms of classical orthogonal polynomials. They
can be expressed by means of integrals of the form

/ P2 (2) log p2 (2) du(x) (1.4)

where p,,(z) are orthogonal polynomials with respect to a measure u. The orthogonal
polynomials that appear are the Gegenbauer polynomials, the Laguerre polynomials,
and the Hermite polynomials. Since quite a lot is known for these special functions,
one hopes to be able to find a relatively simple closed expression for integrals of the
form (1.4). We show how the entropy (1.4) is related to the logarithmic potential of
the measure p? (z) du(z) and give a simple recursive relation for these logarithmic po-
tentials for Gegenbauer polynomials, Laguerre polynomials, and Hermite polynomials.
These results extend the work in [19] and [3]. The analysis of entropy integrals (1.4)
for weights on (—o0,00) is given in [18], and the asymptotic behaviour for general
orthogonal polynomials is given in [2, 4].

2. The D-dimensional harmonic oscillator

For the harmonic oscillator in D dimensions, the potential is
1
V(T) = 5)\27"2 (21)

where
D

272 2
rT = ZZTJ
j=1

Thus the Schrédinger equation for the D-dimensional (D > 2) harmonic oscillator
becomes

1/d (D-1)d A%\ 1

with A2 the non-radial part of the operator. Here n is the principal quantum number,
[ is the angular quantum number, and the p; are integers satisfying

l=p1>p2>--->pup_
with up—1 = |m/|. It is known [5] that
A?Y,.(Qp) = UL+ D — 2)Y1,.(Qp)
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where Y7 ,,(Q2p) are the hyperspherical harmonics defined by

Y. (Qp) = Ny e™? H CO”J””+1 (cos 0;)(sin §;)"i+! (2.2)

—Hjt1

with NV, the normalization constant

—on H VAL (a; + pjen + 5) (g + i) (205 + g + pjyn — 1)!
Loy + pjer + D)5 — pye)! ey + 1) (205 + 2541 — 1))

Here 2a; = D —j -1, C)(t) is the Gegenbauer polynomial of degree n and parameter
A and the angles 601, 05, ..., 0p_o, ¢ are given by

r1 =rsinfysinfs---sinfp_o cos o,
To =rsinf sinfs - --sinfp_osin @,

r3 =rsinfy sinfs - --cosfp_o,

rp_1 = rsinfq cosbs,

rp = rcosb,

with0<0; <7 (j=1,2,...,D—2)and 0 < ¢ < 2.
Separating variables by assuming the form of the wave function

1/)n,l,,u - Rn,l (T)}/ln“ (QD)

gives the equation

d? D-1)d (l+D -2 1
{—— ( + ( )d_ + ( + )) + 5)\27‘2}Rn,l = En,an,l'
T

dr? r r2

With some substitutions and changes of variables, we then obtain the normalized
solution

> 2pI\ D/ v L —Ar2/271—1+D/2(y,.2
wn)l7u('f') = (m> e r Ln ()\7“ )H,H(QD) (23)

where n =0,1,2,... and [ = 0,1,2,..., which corresponds with the energy
E,i=X2n+1+4+D/2).

If we take the Fourier transform of the wave function ), ; ,, then we obtain the
wave function in the momentum space

opIN—i=D/2

1/2
/lﬁn,l,u(ﬁ) _ (_1)11 (m) pl —p /2)\Ll 1+D/2(p /)\) lu(QD) (2'4)

Here and in the wave function v, ,,, we have used the Laguerre polynomial LS (t).
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3. The entropy for the harmonic oscillator

The densities in position space and momentum space are, respectively,

2n!/\l+D/2 21 Ar2 2
2\ — —Ar Ll71+D/2 2 Y, Q'r 2 1
) = fosre o e RO @, (3.1)
) = o e P (L e (32)
I'(n+1+D/2) " AP '

The information entropies in the position space and momentum space then are
defined as

S, = - / o) log p(F) dF, Sy = — / () log 1(7) d.
with

D—2
di = rP=VdrdQp, dQp = ( H sin®® 6; d9j> do.
j=1

For the D-dimensional (D > 2) harmonic oscillator we then obtain the following
expressions for the entropies.

GROUND STATE: this is the state with the smallest energy (Eo,0 = AD/2)

D A D
0—__ J— JR—
S, = 210gﬂ_—|—2,

D D
0 _
SV—Elog)\w—l—?,

0, g0 _
S, + 85 =D(1 +logm).

ARBITRARY STATES: if the quantum numbers n, [, ;4 are arbitrary, then

S;}’l"‘ = —log ( 2n! ) - n! (I + I)
I'(n+1+D/2) I'(n+1+D/2)
—13+l+2n+§—§10g)\ (3.3)
and
| !
Syt = ~log (F(n +2ln+ D/2)) N F(n—|—7—'l— Doy 12)
—Ig+l+2n+§+§logx\ (3.4)
where

I = /OO flm1HD/2 0t o0 ¢l (L2—1+D/2(t))2 dt,
0

I, = /Oo f=14D/2 —t (LL—1+D/2(t))210g (L;—1+D/2(t))2 dt,
0

= [ 1¥1(520) P log Y, () 2.



INFORMATION ENTROPY OF CLASSICAL ORTHOGONAL POLYNOMIALS 95

Consequently, we easily obtain

Sn,l,,u + Sn,l,,u _ —210g 2n! _ 2n! (Il i 12)
, g Tn+1+DJ2)) T(n+i+D/2)

—2I3+2l+4n+ D.

For the harmonic oscillator in one dimension, we only have one quantum number
n and no angular part in the Schrodinger equation. The wave functions are now in
terms of Hermite polynomials, and the corresponding densities are [7]

p(w)=\/x e B2 (@), (3.5)

T 27n!

"(p) = me—mﬂz@/m (3.6)

For the ground state n = 0, we thus find

1 1 1
SY= _logm+ = — = log \,

r2 2 2

1 1 1
0 _
S,Y—glogw—l—g—kilog/\,

and for the first excited state n =1,

1 4 1 1
1_ 4, % 1 _ 1
S, = 2log7T 2+C+2log2 2log)\,
1 4 1 1
1—__ J— —
S, = 2logﬂ_ 2+C+210g2+210g)\

where C' = 0.5772156649 . .. is Euler’s constant. For arbitrary states n, we have
Sp =log (Vm2"n!) +n+ % - (\/52"71!)71 I, — %log A, (3.7)
57 =log (Vm2"n!) +n + % - (\/;2"71!)71 I, + %1og/\ (3.8)
where

I, = / HZ2(x)log H? () e da.

For the harmonic oscillator in two dimensions, we have two quantum numbers n
and [. The ground state has the usual entropies, and the first excited state n = 0,1 =1
has the entropies

0,1 _
S,  =—logA+logm+C+1,
5’2’1 =logA\+logn+C+1,

with C being Euler’s constant. For arbitrary states m, [, the entropies involve the

integrals I; and I, given above, associated with the Laguerre polynomial L/ (t).
Finally for the harmonic oscillator in three dimensions, we have three quantum

numbers n, [, m. For the ground state, we have the usual simple expressions. The first
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excited states n = 0,1 = 1 have the entropies
3 3 1
52’1’0 = —510g)\+ 3 logm +log2+ C + >
So.1.0 — §10 )\+§10 T+ lo 2—i—C—|—l
Y= log A S log g 5

3 3 3
o1 _ _9 4 B
S, 210g)\+210g7r+0+2,

3 3 3
01,1 _
S5 —§log)\+§log7r+0+§

where again C is Euler’s constant. For arbitrary states, we need to take the integral
I3 into consideration. In three dimensions for m > 0, this integral is

B = [ [¥ion(20) og Vi ()

—m): —m): !
g (LD | (LD [ g

where P/"(t) are Legendre functions. If we use the relationship with Gegenbauer
polynomials

_ 42 7m/2m. m
(S R ) = G ),

this integral becomes

@+ 1)U —m)\ (2 + 1) —m)l[(2m)!]2 (2m)!
I3 = log <W) * ( 22 L(1 4 )\ (ml)? > (Is +Is) + 2log <m!2m>

with
1
/ m+1/2 (1 —t5)™log(1 — t*)™ dt,
/ )2 - )™ og[CE 2 ()] dt.
1
In the case that m < 0, it suffices [7] to substitute m for |m)|.

4. The hydrogen atom

The usual way to describe the hydrogen atom is by means of the radially symmetric
Coulomb potential

V(r) = _%, r?=>"al. (4.1)

The wave functions in position space are given in atomic units [13] by
W() = Noge 2 (/N L2 (r /) Y1) (4.2)

where N,,; are normalizing constants given by

1/2
N,y —p (=11t /
" 2n(n+1+ D —3)!
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with
D -3 n
= _— )\: -.
=t 2
The quantum numbers n =1,2,3,... and [ =0,1,...,n— 1 correspond to the energy
-1
n — 2772

The associated probability density then is
, . . _ 2
p(F) = [(7)* = N e A/ N [LEHP T2 /0] V(@) (4.3)

By using a generalization of the method used by Fock [5], we find that the wave
function in momentum space is

~ (2p0)1+D/ 2
= Y, _ Q
V() V2R + p?) D02 1,1, (2D+1)
where p? = —2F,, = 2. If we use the known relationship between the hyperspherical

harmonics in a (D + 1)-dimensional space and those in a D-dimensional space, the
wave function also is equal to

(= (np)l I+(D—1)/2
1/}(p) = Kn,l (1 i 772p2)l+(D+1)/2 C(n—l—l

1—7n’p?
TEp? Y:,.(2p) (4.4)

where C¢(t) is a Gegenbauer polynomial,  has the same meaning as in the position
space, and

_ (n—1-1)! 1z 214+D D-1 (D+1)/2
K= <27T( )' 2 I'(1+ 5 n .

n+l+D -3
With this the corresponding density becomes
2
" o (np)* 1(p-1)/2 (1= n°p*
10) = W) = Koy (Con (T )| V@0
(4.5)
5. The entropy for the hydrogen atom
The information entropy in position space thus becomes
S, =~ [ o) 10gplr) a7
=—log N2, + A\PNZ (Jy —21Ja — J3) — Js (5.1)

where
(n+i+D—-1)! (n+i+D—-2)! (n+1+D-3)!
+ + ,
(n—1-1)! (n—1-2)! (n—1-3)!

Jy = / t*t et log t [LE (1)) dt,
0

Ji =

Jy = / ettt (Lg (0] log [LE (1)) dt.

J4=/|Yl,u(QD)|210g|Yl,u(QD)|2 dQp,
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with k =n—1—1and a =2+ D — 2. In momentum space, we find

8, = - / () log 1(7) di
2

=—logKZ,+(2l+ D +1)log2 — (1Js+(D+1)Js+ J7] — Js (5.2)

D22l+D+1

1
Js = / (1 — 2=/ 1og(1 — £2) [CL (1)) dt,

-1

Jo = / 1 (1—2%)"2(1 + 1) log(1 + 1) [CE (1) dt,

-1

1
J= [ ey e cr o,
-1
withk=n—-Il—1landv=1I0+(D-1)/2.
For the Coulomb potential in one dimension, we have

Viz) = 1

= (5.3)

The ground state has a degenerate energy Ey = —oo, and thus some care has to be
taken in analysing this state. The wave function in position space is most appropriately
given [11] by

Y(x) = a2 lol/e a— 0. (5.4)
By taking the Fourier transform, we obtain the wave function in the momentum space
~ 2 al/?
=\/-—— 0. 5.5
i) =2 e 5:5)

The entropies for a > 0 thus are given by
S, =1+loga, S,Y:—loga+logg+4log2—2; (5.6)
hence
Sp+ 8y = logg +4log2 —1,

independent of a. The wave functions for the other states are [11]

oenlz) = | e a2 2 ) (57)
oaalw) = | Ze /L] 2lal/n) (55)

where 1eyen(2) is the wave function for even states and 1oqq(z) for odd states. In
momentum space, the wave functions are [8]

+2in arctan(np)
\/; Ve (5.9)

1+ n2p2
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with n = 1,2,3,.... The state n has the energy E, = —1/n?. The densities in
position and momentum space thus are
2
plz) = e 2el/ma? L1 (2)a] /)], (5.10)
n
2 n
V(p) = (5.11)

T 1 (1+n2p?)?’
with corresponding entropies
1
S, =3logn +log2+3n — —(J2 + J3/2), (5.12)
n
S, =logm —logn + 3log2 — 2 (5.13)

where

J :/ 2etlogt [LE_ ()] dt,
0

Jy = /OO 2t [LE_ (t)]*log [LE_,(£)]* dt.
0

The entropies for the Coulomb potential in two and three dimensions easily can be
obtained from the general expressions obtained above by putting D = 2 and D = 3,
respectively.

6. Entropy for orthogonal polynomials

From the previous sections, we see that the information entropies S, and S, for the
harmonic oscillator and the Coulomb potential are in terms of entropy integrals of the
form

B, = [ 50 g (0)du(z) (6.1

where p, (n = 0,1,2,3,...) are orthogonal polynomials with respect to a positive
measure p on the real line. The polynomials of interest are the Gegenbauer poly-
nomials (for Is and J7), the Laguerre polynomials (for I and J3), and the Hermite
polynomials (for I,). In a more general setting, we will study, in the remainder of
this section, entropy integrals of the form (6.1) for orthogonal polynomials on the real
line. In the next section, we will restrict attention to the Gegenbauer polynomials. In
Section 8, the Laguerre and the Hermite polynomials are treated.

If p, (n=0,1,2,...) are orthogonal polynomials on the real line, then their zeros
Tjn (5 =1,2,...,n) are all real and simple. We then can write p,(z) = kn [[j_, (z —
Zjn), with k, the leading coefficient of p,,, to find

log p? (x) = 2logk,, + 2210g |z — 25l
j=1

so that
B, = 2logh, [ p2(@)du(e) 423 [ 920 ogle ~ 0] du(o)
j=1

If i is a probability measure, then

Ulsin) = [ log —— du(z)

|2 — 2|
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is known as the logarithmic potential of the measure p [14, p. 164]. Consider the zero
distribution for p,, i.e., the discrete measure

n

1
fhn = - ;5(:17 — Zjn)

which has mass 1/n at each zero of p,. Obviously log |p,(z)| = logk, — nU(z; ).
If the polynomials are orthonormal, then the leading coefficient usually is denoted by
Yn, and we then have

B, = 2log7n — 2n / U (@ )2 () dp(). (6.2)

The double integral

1
I(p,v ://log du(x) dv(y
(1.1) —— du(o)dvly)
is known as the mutual energy of the two measures p and v [14, p. 168], and when
u = v, then I'(u,p) = I(p) is the (logarithmic) energy of p. If we define for the
orthonormal polynomial p,, the probability measure v,, by

dvy () = pi () dp(z),

then this gives us a relation between the mutual energy of u, and v, and the entropy
E,:

E, =2log~, — 2nl(tn, Vn)- (6.3)

The two measures give interesting information about the polynomial p,, and its zeros;
in particular, u, has all its mass in the neighbourhood of the zeros of p,,, whereas v,
has little mass in the neighborhood of the zeros.

For a large class of orthogonal polynomials (the class M(1,0) defined in [12]), it is
known that both measures yu,, and v, converge weakly to the measure g given by

1 dzr
V1 =22’

[16, Thm. 2] and that lim,,—, %1/ " = 2; hence for orthonormal polynomials in M(1, 0),
such as the Jacobi polynomials, one expects F,, ~ 2nlog2—2nI(ug), and since I(ug) =
log 2, this gives E,/n — 0 and indicates that the terms 2log~, and 2nI(u,,v,) are
of the same order.

By using Fubini’s theorem, we can write (6.2) or (6.3) as

dpo(z) = -l<z <1,

By =2logyn =2 U(%jniva), (6.4)

j=1

which is in terms of the logarithmic potential
Usivn) = [ p(a)log

of the measure v,,. If we restrict attention to the case where the measure p is supported
on the interval [—1, 1], then p can be identified with the equilibrium measure on [—1, 1]
which minimizes the energy I(u) over all probability measures supported on [—1, 1].

dp(x) (6.5)

|2 — |
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The logarithmic potential U(z; uo) is the constant equal to log2 on [-1,1] [17, §1.1
and 1.3]. Furthermore, for any other measures on [—1, 1], one has

min U(z;p) < I(po) =log2 < max Ul(z; p),
z€[—1,1] z€[—1,1]

which shows that U(z;v,,) oscillates around log2 for z € [—1,1]. To find the extrema,
we consider

1 1,2 T
d%U(Z;vn)= d%/ P2 (z) log — du(w)=/ Pal®) 4 (a),

-1 |z — 14—z

For z € (—1,1), this integral must be considered as a Cauchy principal value integral.
It can be written as

[ B ey = [ w22 ) 1) [ 2 i),

1T—2 T —z 1T—2

Now [pn(x) — pn(2)]/(z — 2) is a polynomial in z of degree less than n; hence by
orthogonality

/ Py (@) d(z) = —pn(2)qn(2)

1=z

where ¢,,(2) = [pn(x)/(z — z) du(z) is the function of the second kind [17, p. 159].
It follows that the extrema of U(z;v,) are given by the zeros of p, and ¢,. To see
whether we are dealing with minima or maxima, we consider the second derivative

d2
22U (E ) = =p(2)4n(2) = Pu(2)an (),
and at the zeros of p,, this gives
d? ,
@U(%‘,n? Vn) = =Pp(jn)n (jn)-

Consider the associated polynomials

/pn(Z) — pn(2)

zZ—XT

)

Prl1(2) = du(r) = pn(2)q0(2) = qn(2).

Then at the zeros of p,,, this gives psllzl (jn) = —qn(xjn), so that —p! (2} )qn(z;n) =

pgll_)l(xjm)p;l(:vj)n), and this is a positive quantity because the zeros of p, and pgll_)l

interlace. Hence, the zeros of p, are all local minima for U(z;v,,). This means, by
formula (6.4), that in order to compute E,, we need to take a sum of the logarithmic
potential U(z;v,) evaluated at its local minima. For this reason, we will investigate
the logarithmic potential U(z;v,,) in detail for Gegenbauer polynomials (Section 7)
and for Laguerre and Hermite polynomials (Section 8).

7. Logarithmic potentials for Gegenbauer polynomials

Gegenbauer polynomials (ultraspherical polynomials) are symmetric Jacobi polyno-
mials. They are denoted by C (), with A > —1/2 and satisfy the orthogonality [15,
§4.7]

1

- /1 CXM2)C (2)(1 — 22>~ 2 do = 2720 +20) (7.1)

T 2\ (n+ A)n! ™"



102 DEHESA, VAN ASSCHE, AND YANEZ

Observe that the polynomials C; are not orthonormal, and that the orthogonality
measure is not yet normalized to a probability measure.

Gegenbauer polynomials have some useful properties, and by differentiation, one
can go from polynomials with parameter A to polynomials with parameter A + 1. To
go from A to A + 1, one uses

(Ca(@) =200 (@), (7.2)
and to go from A to A — 1, we can use
1 2)\ 1
(1= 20 (x) = —m((l — 2ot (@) (7.3)

which follows from Rodrigues’ formula. If we want to use probability measures, then
we use

! 1 VAT(A +3)
[yt = R,
so that
_ 1—‘()\ + 1) -1
wy(z) = m(l — ) (7.4)

is a probability density on [—1,1]. The orthonormal polynomials for this probability

measure are given by
n+x T(2)) 1/2
pa(x) = < 3 m”') Ch (), (7.5)

and thus

1
| ri@ph @) e =6,

Since the weight function is symmetric, it follows that the Gegenbauer polynomials
of even degree are even functions, whereas the Gegenbauer polynomials of odd degree
are odd functions. Finally, from

2"T(n+ )
CMz) = ——"2ag" 4 ... 7.6
one can immediately read off the leading coeflicient.

In this section, our interest is the logarithmic potential

1

V) = - [ O logle— (1 2P &
~1

which is related to the logarithmic potential U(t; vy,), defined in (6.5), by

n+A T2\ nlT(A+1)
A T(n+2X\) /aT(A+ 1) Vi)

Ult;vy) == VNt) =

1

- / b log o — thu (z) d

Taking into account that the leading coefficient of the orthonormal polynomial p;\ is
_2"T(A+n+1)I(2))

T TP DD(n+ 2 (7.8)
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a precise knowledge of the function V,} at the zeros of C;) would allow us to compute
the entropy for Gegenbauer polynomials by means of (6.4).
Let us first consider the special cases A =0 and A = 1. For A — 0, we have

12

where T, are the Chebyshev polynomials of the first kind. For A\ = 1 we have
Cvlz(x) = Un(‘r)v

where U,, are the Chebyshev polynomials of the second kind. If z,¢ € [—1,1], then
one can find 6, ¢ € [0, 7] such that z = cos ¢ and ¢t = cosf. One then has

|z —t] = | cos ¢ — cosb)|
_ %|ei¢ Yt eif om0
— %|ei¢ _ e | — ).
Therefore,
log |z —t| = log% + log e — €| + log e’ — e ).

Use the Fourier series [10, p. 38|

oo

k ,
Zcosk('0:—10g|1—e“"|7 0 < p < 2m,
k=1

to find that, for z # t,

1 =cosk(p—0 . cosk(p+ 6
log|x—t|:10g§—z (k )—Z (k )
k=1 k=1
log X 2i1T( VTu(t) (7.9)
=log - — —Ti(x
g2 k:lk k k

If we set

VO(t) = lim " VA = -2 1T2(a:)1og|a:—t|d7x
n A—027A2 " ) 4" V1—22’

then by (7.9), we have for —1 <t <1

. 2 ! dx =T;2 [* da
V,?t:1o2—/ T2 (2)— +2 —?—/ T2(2)Tj(2) ———.
O =log2 _ | Ti@) =22 51 || TOT0) =g

Using simple trigonometry and T),(z) = cosnf for = = cosf, we have
1
T3(x) = ¢ [Doale) 1],

and by the orthogonality of the Chebyshev polynomials of the first kind

2 ! dzr
- Tn(x) T () —— = Sy n,m > 1.
2 [ m@ e =
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This gives
2 ! dx 1
2T T (1) = 25,0,
7T~/—1 n(x) J(x)m 4 7,2

so that

VO(t) =log2 + =22

Toy,
2() “1<t<1, n>1 (7.10)
n

In a similar way, we have for A =1

and if we use
Tia(@) + (1= 2*)Ux () =1, (7.11)
then this gives

so that
Ton+2(t)

2n+2
Observe that (7.10) and (7.12) indeed show that these logarithmic potentials oscillate
around the value log 2 when t € [—1, 1], as was explained in the previous section.

For other values of the parameter A, the computation becomes more complicated.

There is, however, an interesting extension of Euler’s identity (7.11) for Gegenbauer
polynomials, which was obtained by Dette [9, p.570]:

Vi) =log2 — —1<t<1,n>0. (7.12)

|
M7
-
4
[\v]

[ 5O )] +(1-a%) [o)t) (7.13)

Jj=0

If we multiply both sides of this identity by (1 — 22)*~2 log |z — ¢| and then integrate
over [—1, 1], then we obtain

(%)QV,j(t) + VML) Z J +A (7.14)

This is a linear recurrence relation which allows the computation of the logarithmic
potential VnAfll (t) whenever V3, Vi, ..., V,* are known. In particular, this recurrence
allows us to obtain the logarithmic potentials V;(t) for integer values of the parameter
A by using the explicit formulas (7.10) and (7.12) for the Chebyshev polynomials. A
closed expression is not easily obtained, but the recurrence can be used effectively if
A is not large. For A = 2, this gives

~ n -+ 1 T2n+4(t) U2n+2(t) 1

V2(t) =log2 + - + : 7.15

() =l e T Gt D +d) A DmTI) (7.15)
Observe that since |T),(¢)] < 1 and |U,(t)] < n+ 1 for every ¢t € [—1,1], we have

V2(t) = log 2 + O(1/n) uniformly on [—1,1].
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For the entropy E;, we need to evaluate the logarithmic potential at the zeros
of the Gegenbauer polynomial C). For the Chebyshev polynomials, we have that
Ty(zjn) = 0 implies Ty, (zj,) = —1, so that VO(z;,) = log2 — 5. The entropy,
given by (6.4), therefore is equal to

E? =1-1og2, n>1,

confirming our result in [19]. For Chebyshev polynomials of the second kind, we have
that Uy, (z;,,) = 0 implies Top2(xj,) = 1, so that V,}(z;,,) =log2 — ﬁ By using
(6.4), this then gives for the entropy

n

E} =
"on4+1’

also confirming our result in [19].
The recurrence (7.14) still can be simplified. By using (7.3), we find

[ O og o = (1 =) da

2\

1
T Thh+n) / Co (@) logla —t|d((1 — 2*)* 20y (x)).

Integration by parts and (7.2) then give
1
/ [C) ()] log & — t](1 — %)~ da

-1
__2A /1 Coti (@) (@)
CA+n)n J_; x—t

(1—a?) 2 da

2 1 1
% /_1 [Cat1(@)] log |2 — t](1 — 2?)**% da

The first term on the right-hand side can be computed since by (7.6)

CMz) — CMt) 2\
I — ;Oﬁﬂ () + gn—2(x)
where g, _2 is some polynomial of degree at most n — 2, and thus by (7.1)
1 A+ A
[ GO, oy,
1 xr—t
_n

nJ_1

[C)H(@)] (1 = a2 3 do — CH QAL ()

n n—1

where

N TR

is the Gegenbauer function of the second kind. This means that

(2))2 2\

Vi) = (2X\ + n)nV"Ajll 0+ 2X+n)n

270 (n + 2))
C220(n + ANT2(M\)n!’
(7.16)

QICH(t)
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For the normalized potential ‘A/n)‘, this recurrence is
- - 1 2 MNI2N)(n—DIT(A+1
Vn)\(t):Vn>\jll(t)—— (7’L+ ) ( )(TL ) ( + )
n VL (n+ 22+ 1)I'(A +1/2)
If we use (7.16) in (7.14), then we can eliminate V,*"!(¢) and obtain a recurrence
relation for V) (t). This gives

Cr(HQNT (1)

n(n+ NV (1) = AT O (1) — zf(fbn:j?f&))n. ey y = VA0,
IS

We can get rid of the sum on the right-hand side by taking the first difference on each
side of the equation, giving

nn+ NV =A+n—1)2A\+n— 1DV (t)

oot ol B (322 )

(7.17)

This is a non-homogeneous first-order recurrence relation. The general solution of the
homogeneous equation is

(2A)n
(n+ M)n!
where A is independent of n. If we look for a solution of the form
2X)
A4) = A, (t (7”
V) = A0 .
then
A2N\), -
Alt) = ,\+1 ,\+1
no =22 (o + X5 LG - QO (1)

7T (2\) 1 1 1
— — — 42X — .
22’\)\1"2()\)<n+)\ /\+ %k(k—i—)\)))
8. Logarithmic potentials for Hermite and Laguerre polynomials

In a similar way, one can obtain recursive formulas for the logarithmic potentials
involving squares of Hermite and Laguerre polynomials. For Hermite polynomials, we

define
*—/ H2(x)log |z —t] e

Recall that [15, p. 106]

H)(z) = 2nH,_1(z), (8.1)
and from Rodrigues’s formula, we also have
(e_I2Hn_1(:C))/ = —6_12Hn($); (8.2)

hence using (8.2), we have

= /_OO H,(z)log|x — t| d(e_I2Hn_1(:v)).
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Now use integration by parts and (8.1) to find

Va(t) = 20V (1) - / ¥ ot Hu(@) Hoa (2)

— 00

r—1
The last integral can be written as

/00 e Hn(@)Hn-1(x) dx = /00 6_12Hn($) Huo1(@) = Hua (1) dx

oo r—t oo T —1
2 Hy(x
+Hn—1(t)‘/_ooe I—(t) dl’,

and by orthogonality, we thus have

[ e el

D da = —Hya (HQa(?)

where @, (t) is the Hermite function of the second kind
> _ 2Hn(17)
n(t) = T dx.
R
This gives the recursion
Vn(t) = 2nvn71(t) + anl(t)Qn(t)' (83)
1/2

For the normalized weight function w(z) = 7~ e_m2, the orthonormal Hermite poly-
nomials are p,(x) = (2"n!)"'/2H,,(z), so that for the normalized potential, we have

N 1 o 22 9 1
and the recurrence relation becomes

. N 1

V() = V1 (t ———H, 1(t)Qn(1). 8.4
(1) = Va8 + o= Hur (01Qu(1) (5.9

For Laguerre polynomials
o0 r 1
/ e T2 L (2) LY (2) da = w S
0 mn.

we define
Vo) = —/ [Lg{")(x)f log |z — t|lz%e™* dz.
0

Now we have

and from Rodrigues’ formula

1
e T2 LY () = ﬁ(e_mzzro‘HL a'ﬁl)(x))/ (8.6)
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(see [15, pp. 101-102]). Integration by parts using (8.6) then gives

Vo) = ——/ L (2) log |z — t| d(e _””:EO‘HL;Q_JEI)(:E))
0

> -, [e4 2
=_= / e Tpotl [L;_Jrll)(:v)] log |z — t| dx
0

n

— d
+ r—t v

n

3

o) a+1 [}
Ly oot Lt (@) L7 ()
0

where we used (8.5) in the first integral on the right. Now

>0 LD (@)Ll > L (@) — L
/ e Tpottnzl (=) (z) dx = / e Ty O‘+1L£La 1)(x) (z) ®) dx
0 r—1 0 r—1

[e%e] L(a+1)
+ Lgf‘)(t)/ e Tgpottnl (@) dx,
0 xr—t
and since

(@) (o)
Ly — Ly (t | o

n—

T —t
where P,,_s is a polynomial in x of degree at most n — 2 with coefficients depending
on t, we have by orthogonality

'n+a+1)

00 L(a+1) Lgla)
/O o—Tpotlin=1 (z) (z) de — — —Lgf‘)(t)Q(aH)(t)

Tz —t n! n—l

where
oo L(a+l)
QU V() = / e Tgpottnl (z) dx
0 t—x
is the Laguerre function of the second kind. This gives
Fn+a+1)
n!

@R (#). (8.7)

For the normalized weight function w,(z) = %e~*/T'(a + 1), the orthonormal poly-

nVi(t) = V() -

nomials are p,(z) = (—=1)"y/n!/(a + 1)nL§la)(x). Hence for the normalized potential,
we have

’ 1 > n!
V) = ——— 12 I —tlde = ———V(¢t
0 = ) AR ol — e = et ()
hence the recurrence becomes
Cra Cra 1 (n_ 1) a+1
Vi) = Vel — - = DL (®). (8.8)

n I'h+a+ 1)
9. Conclusion

In this paper, we have shown how the entropy of some classical orthogonal polynomi-
als plays a role in some problems related to the harmonic oscillator and the Coulomb
potential (hydrogen atom). We showed how this entropy for orthogonal polynomials
is related to the distribution of zeros and to the mutual energy and logarithmic poten-
tial of some measures involving the zeros of the orthogonal polynomials. We analyzed
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the Gegenbauer polynomials, the Laguerre polynomials, and the Hermite polynomi-
als in some detail. We obtained some closed formulas for the logarithmic energy of
Chebyshev polynomials and showed how to obtain logarithmic potentials for measures
p2 () du(z) recursively.
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