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Information entropy of classical orthogonal polynomials

and their application to the harmonic oscillator and

Coulomb potentials

Jesús S. Dehesa, Walter Van Assche, and Rafael J. Yáñez

Abstract. The information entropy is explicitly obtained for the harmonic oscil-
lator and the hydrogen atom (Coulomb potential) in D dimensions (D = 1, 2, 3).
It is shown how these entropies are related to entropies involving classical orthog-
onal polynomials and the physical interpretation of this information entropy is
given.

1. Introduction

The Schrödinger equation in D dimensions with radially symmetric potential V is
given in atomic units by

(

− 1

2
∇2 + V (r)

)

ψ = Eψ

where

r2 =

D
∑

j=1

x2
j .

For the harmonic oscillator, the potential is

V (r) =
1

2
λ2r2,

and for the hydrogen atom, we use the Coulomb potential

V (r) = −1

r
.

The information entropy for these physical systems is given by

Sρ = −
∫

ρ(~r ) log ρ(~r ) d~r (1.1)

in the position space where ρ(~r ) = |ψ(~r )|2 is the density corresponding to the wave
function ψ(~r ) and

Sγ = −
∫

γ(~p ) log γ(~p ) d~p (1.2)

in the momentum space where γ(~p ) = |ψ̂(~p )|2 is the density corresponding to the

wave function ψ̂(~p ), which is the Fourier transform of ψ(~r ).
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These two entropies have allowed Bialynicki-Birula and Mycielski [6] to find a new
and stronger version of the Heisenberg uncertainty relation. For a quantum mechanical
system in D dimensions, this uncertainty relation is

Sρ + Sγ ≥ D(1 + log π), (1.3)

which expresses in a quantitative way the property that it is impossible to get precise
information of such a system in both position and momentum space: high values of Sρ

are associated with low values of Sγ , and vice versa. To get some idea of the restriction
this gives to the systems under consideration, one would require good estimates and
bounds for the entropies, such as those given in [1]. For the fundamental quantum
mechanical systems considered in this paper, i.e., the harmonic oscillator and the
hydrogen atom, the entropies are in terms of classical orthogonal polynomials. They
can be expressed by means of integrals of the form

∫

p2
n(x) log p2

n(x) dµ(x) (1.4)

where pn(x) are orthogonal polynomials with respect to a measure µ. The orthogonal
polynomials that appear are the Gegenbauer polynomials, the Laguerre polynomials,
and the Hermite polynomials. Since quite a lot is known for these special functions,
one hopes to be able to find a relatively simple closed expression for integrals of the
form (1.4). We show how the entropy (1.4) is related to the logarithmic potential of
the measure p2

n(x) dµ(x) and give a simple recursive relation for these logarithmic po-
tentials for Gegenbauer polynomials, Laguerre polynomials, and Hermite polynomials.
These results extend the work in [19] and [3]. The analysis of entropy integrals (1.4)
for weights on (−∞,∞) is given in [18], and the asymptotic behaviour for general
orthogonal polynomials is given in [2, 4].

2. The D-dimensional harmonic oscillator

For the harmonic oscillator in D dimensions, the potential is

V (r) =
1

2
λ2r2 (2.1)

where

r2 =

D
∑

j=1

x2
j .

Thus the Schrödinger equation for the D-dimensional (D ≥ 2) harmonic oscillator
becomes

{

−1

2

(

d2

dr2
+

(D − 1)

r

d

dr
+

Λ2

r2

)

+
1

2
λ2r2

}

ψn,l,µ = En,l,µψn,l,µ

with Λ2 the non-radial part of the operator. Here n is the principal quantum number,
l is the angular quantum number, and the µj are integers satisfying

l = µ1 ≥ µ2 ≥ · · · ≥ µD−1

with µD−1 = |m|. It is known [5] that

Λ2Yl,µ(ΩD) = l(l +D − 2)Yl,µ(ΩD)
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where Yl,µ(ΩD) are the hyperspherical harmonics defined by

Yl,µ(ΩD) = Nl,µe
imφ

D−2
∏

j=1

C
αj+µj+1

µj−µj+1
(cos θj)(sin θj)

µj+1 (2.2)

with Nl,µ the normalization constant

N−2
l,µ = 2π

D−2
∏

j=1

√
πΓ(αj + µj+1 + 1

2 )(αj + µj+1)(2αj + µj + µj+1 − 1)!

Γ(αj + µj+1 + 1)(µj − µj+1)!(αj + µj)(2αj + 2µj+1 − 1)!
.

Here 2αj = D− j − 1, Cλ
n(t) is the Gegenbauer polynomial of degree n and parameter

λ and the angles θ1, θ2, . . . , θD−2, φ are given by

x1 = r sin θ1 sin θ2 · · · sin θD−2 cosφ,

x2 = r sin θ1 sin θ2 · · · sin θD−2 sinφ,

x3 = r sin θ1 sin θ2 · · · cos θD−2,

...
...

xD−1 = r sin θ1 cos θ2,

xD = r cos θ1,

with 0 ≤ θj ≤ π (j = 1, 2, . . . , D − 2) and 0 ≤ φ < 2π.
Separating variables by assuming the form of the wave function

ψn,l,µ = Rn,l(r)Yl,µ(ΩD)

gives the equation

{

−1

2

(

d2

dr2
+

(D − 1)

r

d

dr
+
l(l +D − 2)

r2

)

+
1

2
λ2r2

}

Rn,l = En,lRn,l.

With some substitutions and changes of variables, we then obtain the normalized
solution

ψn,l,µ(~r ) =

(

2n!λl+D/2

Γ(n+ l +D/2)

)1/2

rle−λr2/2Ll−1+D/2
n (λr2)Yl,µ(ΩD) (2.3)

where n = 0, 1, 2, . . . and l = 0, 1, 2, . . . , which corresponds with the energy

En,l = λ(2n+ l +D/2).

If we take the Fourier transform of the wave function ψn,l,µ, then we obtain the
wave function in the momentum space

ψ̂n,l,µ(~p ) = (−1)n

(

2n!λ−l−D/2

Γ(n+ l +D/2)

)1/2

ple−p2/2λLl−1+D/2
n (p2/λ)Yl,µ(ΩD). (2.4)

Here and in the wave function ψn,l,µ, we have used the Laguerre polynomial Lα
n(t).
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3. The entropy for the harmonic oscillator

The densities in position space and momentum space are, respectively,

ρ(~r ) =
2n!λl+D/2

Γ(n+ l +D/2)
r2le−λr2

[

Ll−1+D/2
n (λr2)

]2

|Yl,µ(Ωr)|2, (3.1)

γ(~p ) =
2n!λ−l−D/2

Γ(n+ l +D/2)
p2le−p2/λ

[

Ll−1+D/2
n (p2/λ)

]2

|Yl,µ(Ωp)|2. (3.2)

The information entropies in the position space and momentum space then are
defined as

Sρ = −
∫

ρ(~r ) log ρ(~r ) d~r, Sγ = −
∫

γ(~p ) log γ(~p ) d~p,

with

d~r = rD−1 dr dΩD, dΩD =

( D−2
∏

j=1

sin2αj θj dθj

)

dφ.

For the D-dimensional (D ≥ 2) harmonic oscillator we then obtain the following
expressions for the entropies.

GROUND STATE: this is the state with the smallest energy (E0,0 = λD/2)

S0
ρ = −D

2
log

λ

π
+
D

2
,

S0
γ =

D

2
logλπ +

D

2
,

S0
ρ + S0

γ = D(1 + log π).

ARBITRARY STATES: if the quantum numbers n, l, µ are arbitrary, then

Sn,l,µ
ρ = − log

(

2n!

Γ(n+ l +D/2)

)

− n!

Γ(n+ l+D/2)
(I1 + I2)

− I3 + l + 2n+
D

2
− D

2
logλ (3.3)

and

Sn,l,µ
γ = − log

(

2n!

Γ(n+ l +D/2)

)

− n!

Γ(n+ l+D/2)
(I1 + I2)

− I3 + l + 2n+
D

2
+
D

2
logλ (3.4)

where

I1 =

∫ ∞

0

tl−1+D/2e−t log tl
(

Ll−1+D/2
n (t)

)2

dt,

I2 =

∫ ∞

0

tl−1+D/2e−t
(

Ll−1+D/2
n (t)

)2

log
(

Ll−1+D/2
n (t)

)2

dt,

I3 =

∫

|Yl,µ(ΩD)|2 log |Yl,µ(ΩD)|2 dΩD.
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Consequently, we easily obtain

Sn,l,µ
ρ + Sn,l,µ

γ = −2 log

(

2n!

Γ(n+ l +D/2)

)

− 2n!

Γ(n+ l +D/2)
(I1 + I2)

− 2I3 + 2l+ 4n+D.

For the harmonic oscillator in one dimension, we only have one quantum number
n and no angular part in the Schrödinger equation. The wave functions are now in
terms of Hermite polynomials, and the corresponding densities are [7]

ρ(x) =

√

λ

π

1

2nn!
e−λx2

H2
n(x

√
λ), (3.5)

γ(p) =
1√

λπ2nn!
e−p2/λH2

n(p/
√
λ). (3.6)

For the ground state n = 0, we thus find

S0
ρ =

1

2
log π +

1

2
− 1

2
logλ,

S0
γ =

1

2
log π +

1

2
+

1

2
logλ,

and for the first excited state n = 1,

S1
ρ = −1

2
log

4

π
− 1

2
+ C + 2 log 2 − 1

2
logλ,

S1
γ = −1

2
log

4

π
− 1

2
+ C + 2 log 2 +

1

2
logλ

where C = 0.5772156649 . . . is Euler’s constant. For arbitrary states n, we have

Sn
ρ = log

(√
π2nn!

)

+ n+
1

2
−

(√
π2nn!

)−1
I4 −

1

2
logλ, (3.7)

Sn
γ = log

(√
π2nn!

)

+ n+
1

2
−

(√
π2nn!

)−1
I4 +

1

2
logλ (3.8)

where

I4 =

∫ ∞

−∞

H2
n(x) logH2

n(x) e−x2

dx.

For the harmonic oscillator in two dimensions, we have two quantum numbers n
and l. The ground state has the usual entropies, and the first excited state n = 0, l = 1
has the entropies

S0,1
ρ = − logλ+ log π + C + 1,

S0,1
γ = logλ+ log π + C + 1,

with C being Euler’s constant. For arbitrary states n, l, the entropies involve the
integrals I1 and I2, given above, associated with the Laguerre polynomial Ll

n(t).
Finally for the harmonic oscillator in three dimensions, we have three quantum

numbers n, l,m. For the ground state, we have the usual simple expressions. The first
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excited states n = 0, l = 1 have the entropies

S0,1,0
ρ = −3

2
log λ+

3

2
log π + log 2 + C +

1

2
,

S0,1,0
γ =

3

2
logλ+

3

2
log π + log 2 + C +

1

2
,

S0,1,1
ρ = −3

2
log λ+

3

2
log π + C +

3

2
,

S0,1,1
γ =

3

2
logλ+

3

2
log π + C +

3

2

where again C is Euler’s constant. For arbitrary states, we need to take the integral
I3 into consideration. In three dimensions for m ≥ 0, this integral is

I3 =

∫

|Yl,m(Ω3)|2 log |Yl,m(Ω3)|2 dΩ3

= log

(

(2l + 1)(l −m)!

4π(l +m)!

)

+

(

(2l + 1)(l −m)!

2(l +m)!

)
∫ 1

−1

[Pm
l (t)]

2
log [Pm

l (t)]
2
dt

where Pm
l (t) are Legendre functions. If we use the relationship with Gegenbauer

polynomials

(−1)m (1 − t2)−m/2m!2m

(2m)!
Pm

l (t) = C
m+1/2
l−m (t),

this integral becomes

I3 = log

(

(2l+ 1)(l −m)!

4π(l +m)!

)

+

(

(2l + 1)(l −m)![(2m)!]2

22m+1(l +m)!(m!)2

)

(I5 + I6) + 2 log

(

(2m)!

m!2m

)

with

I5 =

∫ 1

−1

[

C
m+1/2
l−m (t)

]2
(1 − t2)m log(1 − t2)m dt,

I6 =

∫ 1

−1

[

C
m+1/2
l−m (t)

]2
(1 − t2)m log

[

C
m+1/2
l−m (t)

]2
dt.

In the case that m < 0, it suffices [7] to substitute m for |m|.

4. The hydrogen atom

The usual way to describe the hydrogen atom is by means of the radially symmetric
Coulomb potential

V (r) = −1

r
, r2 =

D
∑

i=1

x2
i . (4.1)

The wave functions in position space are given in atomic units [13] by

ψ(~r ) = Nn,le
−r/2λ(r/λ)lL2l+D−2

n−l−1 (r/λ)Yl,µ(ΩD) (4.2)

where Nn,l are normalizing constants given by

Nn,l = λ−D/2

(

(n− l − 1)!

2η(n+ l +D − 3)!

)1/2
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with

η = n+
D − 3

2
, λ =

η

2
.

The quantum numbers n = 1, 2, 3, . . . and l = 0, 1, . . . , n− 1 correspond to the energy

En =
−1

2η2
.

The associated probability density then is

ρ(~r ) = |ψ(~r )|2 = N2
n,le

−r/λ(r/λ)2l
[

L2l+D−2
n−l−1 (r/λ)

]2 |Yl,µ(ΩD)|2. (4.3)

By using a generalization of the method used by Fock [5], we find that the wave
function in momentum space is

ψ̂(~p ) =
(2p0)

1+D/2

√
2(p2

0 + p2)(D+1)/2
Yn−1,l,µ(ΩD+1)

where p2
0 = −2En = η−2. If we use the known relationship between the hyperspherical

harmonics in a (D + 1)-dimensional space and those in a D-dimensional space, the
wave function also is equal to

ψ̂(~p ) = Kn,l
(ηp)l

(1 + η2p2)l+(D+1)/2
C

l+(D−1)/2
n−l−1

(

1 − η2p2

1 + η2p2

)

Yl,µ(ΩD) (4.4)

where Cα
n (t) is a Gegenbauer polynomial, η has the same meaning as in the position

space, and

Kn,l =

(

(n− l − 1)!

2π(n+ l+D − 3)!

)1/2

22l+DΓ

(

1 +
D − 1

2

)

η(D+1)/2.

With this the corresponding density becomes

γ(~p ) = |ψ̂(~p )|2 = K2
n,l

(ηp)2l

(1 + η2p2)2l+D+1

[

C
l+(D−1)/2
n−l−1

(

1 − η2p2

1 + η2p2

)]2

|Yl,µ(ΩD)|2.
(4.5)

5. The entropy for the hydrogen atom

The information entropy in position space thus becomes

Sρ = −
∫

ρ(~r ) log ρ(~r ) d~r

= − logN2
n,l + λDN2

n,l(J1 − 2lJ2 − J3) − J4 (5.1)

where

J1 =
(n+ l +D − 1)!

(n− l − 1)!
+ 4

(n+ l +D − 2)!

(n− l − 2)!
+

(n+ l +D − 3)!

(n− l − 3)!
,

J2 =

∫ ∞

0

tα+1e−t log t [Lα
k (t)]

2
dt,

J3 =

∫ ∞

0

tα+1e−t [Lα
k (t)]2 log [Lα

k (t)]2 dt,

J4 =

∫

|Yl,µ(ΩD)|2 log |Yl,µ(ΩD)|2 dΩD,
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with k = n− l − 1 and α = 2l +D − 2. In momentum space, we find

Sγ = −
∫

γ(~p ) log γ(~p ) d~p

= − logK2
n,l + (2l+D + 1) log 2 −

K2
n,l

ηD22l+D+1
[lJ5 + (D + 1)J6 + J7] − J4 (5.2)

where

J5 =

∫ 1

−1

(1 − t2)ν−1/2 log(1 − t2) [Cν
k (t)]

2
dt,

J6 =

∫ 1

−1

(1 − t2)ν−1/2(1 + t) log(1 + t) [Cν
k (t)]

2
dt,

J7 =

∫ 1

−1

(1 − t2)ν−1/2 [Cν
k (t)]2 log [Cν

k (t)]2 ,

with k = n− l − 1 and ν = l + (D − 1)/2.
For the Coulomb potential in one dimension, we have

V (x) = − 1

|x| . (5.3)

The ground state has a degenerate energy E0 = −∞, and thus some care has to be
taken in analysing this state. The wave function in position space is most appropriately
given [11] by

ψ(x) = α−1/2e−|x|/α, α→ 0. (5.4)

By taking the Fourier transform, we obtain the wave function in the momentum space

ψ̂(p) =

√

2

π

α1/2

1 + α2p2
, α→ 0. (5.5)

The entropies for α > 0 thus are given by

Sρ = 1 + logα, Sγ = − logα+ log
π

2
+ 4 log 2 − 2; (5.6)

hence

Sρ + Sγ = log
π

2
+ 4 log 2 − 1,

independent of α. The wave functions for the other states are [11]

ψeven(x) =

√

2

n5
e−|x|/n|x|L1

n−1(2|x|/n), (5.7)

ψodd(x) =

√

2

n5
e−|x|/nxL1

n−1(2|x|/n) (5.8)

where ψeven(x) is the wave function for even states and ψodd(x) for odd states. In
momentum space, the wave functions are [8]

ψ̂(p) =

√

2

π

√
ne±2in arctan(np)

1 + n2p2
(5.9)
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with n = 1, 2, 3, . . . . The state n has the energy En = −1/n2. The densities in
position and momentum space thus are

ρ(x) =
2

n5
e−2|x|/nx2

[

L1
n−1(2|x|/n)

]2
, (5.10)

γ(p) =
2

π

n

(1 + n2p2)2
, (5.11)

with corresponding entropies

Sρ = 3 logn+ log 2 + 3n− 1

n2
(J2 + J3/2), (5.12)

Sγ = log π − logn+ 3 log 2 − 2 (5.13)

where

J2 =

∫ ∞

0

t2e−t log t
[

L1
n−1(t)

]2
dt,

J3 =

∫ ∞

0

t2e−t
[

L1
n−1(t)

]2
log

[

L1
n−1(t)

]2
dt.

The entropies for the Coulomb potential in two and three dimensions easily can be
obtained from the general expressions obtained above by putting D = 2 and D = 3,
respectively.

6. Entropy for orthogonal polynomials

From the previous sections, we see that the information entropies Sρ and Sγ for the
harmonic oscillator and the Coulomb potential are in terms of entropy integrals of the
form

En =

∫

p2
n(x) log p2

n(x)dµ(x) (6.1)

where pn (n = 0, 1, 2, 3, . . . ) are orthogonal polynomials with respect to a positive
measure µ on the real line. The polynomials of interest are the Gegenbauer poly-
nomials (for I6 and J7), the Laguerre polynomials (for I2 and J3), and the Hermite
polynomials (for I4). In a more general setting, we will study, in the remainder of
this section, entropy integrals of the form (6.1) for orthogonal polynomials on the real
line. In the next section, we will restrict attention to the Gegenbauer polynomials. In
Section 8, the Laguerre and the Hermite polynomials are treated.

If pn (n = 0, 1, 2, . . . ) are orthogonal polynomials on the real line, then their zeros
xj,n (j = 1, 2, . . . , n) are all real and simple. We then can write pn(x) = kn

∏n
j=1(x−

xj,n), with kn the leading coefficient of pn, to find

log p2
n(x) = 2 log kn + 2

n
∑

j=1

log |x− xj,n|,

so that

En = 2 log kn

∫

p2
n(x) dµ(x) + 2

n
∑

j=1

∫

p2
n(x) log |x− xj,n| dµ(x).

If µ is a probability measure, then

U(z;µ) =

∫

log
1

|z − x| dµ(x)
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is known as the logarithmic potential of the measure µ [14, p. 164]. Consider the zero
distribution for pn, i.e., the discrete measure

µn =
1

n

n
∑

j=1

δ(x− xj,n)

which has mass 1/n at each zero of pn. Obviously log |pn(z)| = log kn − nU(z;µn).
If the polynomials are orthonormal, then the leading coefficient usually is denoted by
γn, and we then have

En = 2 log γn − 2n

∫

U(x;µn)p2
n(x) dµ(x). (6.2)

The double integral

I(µ, ν) =

∫∫

log
1

|x− y| dµ(x) dν(y)

is known as the mutual energy of the two measures µ and ν [14, p. 168], and when
µ = ν, then I(µ, µ) = I(µ) is the (logarithmic) energy of µ. If we define for the
orthonormal polynomial pn the probability measure νn by

dνn(x) = p2
n(x) dµ(x),

then this gives us a relation between the mutual energy of µn and νn and the entropy
En:

En = 2 log γn − 2nI(µn, νn). (6.3)

The two measures give interesting information about the polynomial pn and its zeros;
in particular, µn has all its mass in the neighbourhood of the zeros of pn, whereas νn

has little mass in the neighborhood of the zeros.
For a large class of orthogonal polynomials (the class M(1, 0) defined in [12]), it is

known that both measures µn and νn converge weakly to the measure µ0 given by

dµ0(x) =
1

π

dx√
1 − x2

, −1 < x < 1,

[16, Thm. 2] and that limn→∞ γ
1/n
n = 2; hence for orthonormal polynomials in M(1, 0),

such as the Jacobi polynomials, one expects En ∼ 2n log 2−2nI(µ0), and since I(µ0) =
log 2, this gives En/n → 0 and indicates that the terms 2 log γn and 2nI(µn, νn) are
of the same order.

By using Fubini’s theorem, we can write (6.2) or (6.3) as

En = 2 log γn − 2

n
∑

j=1

U(xj,n; νn), (6.4)

which is in terms of the logarithmic potential

U(z; νn) =

∫

p2
n(x) log

1

|z − x| dµ(x) (6.5)

of the measure νn. If we restrict attention to the case where the measure µ is supported
on the interval [−1, 1], then µ0 can be identified with the equilibrium measure on [−1, 1]
which minimizes the energy I(µ) over all probability measures supported on [−1, 1].
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The logarithmic potential U(z;µ0) is the constant equal to log 2 on [−1, 1] [17, §1.1
and 1.3]. Furthermore, for any other measures on [−1, 1], one has

min
z∈[−1,1]

U(z;µ) ≤ I(µ0) = log 2 ≤ max
z∈[−1,1]

U(z;µ),

which shows that U(z; νn) oscillates around log 2 for z ∈ [−1, 1]. To find the extrema,
we consider

d

dz
U(z; νn) =

d

dz

∫ 1

−1

p2
n(x) log

1

|z − x| dµ(x) =

∫ 1

−1

p2
n(x)

x− z
dµ(x).

For z ∈ (−1, 1), this integral must be considered as a Cauchy principal value integral.
It can be written as

∫ 1

−1

p2
n(x)

x− z
dµ(x) =

∫ 1

−1

pn(x)
pn(x) − pn(z)

x− z
dµ(x) + pn(z)

∫ 1

−1

pn(x)

x− z
dµ(x).

Now [pn(x) − pn(z)]/(x − z) is a polynomial in x of degree less than n; hence by
orthogonality

∫ 1

−1

p2
n(x)

x− z
dµ(x) = −pn(z)qn(z)

where qn(z) =
∫

pn(x)/(z − x) dµ(x) is the function of the second kind [17, p. 159].
It follows that the extrema of U(z; νn) are given by the zeros of pn and qn. To see
whether we are dealing with minima or maxima, we consider the second derivative

d2

dz2
U(z; νn) = −p′n(z)qn(z) − pn(z)q′n(z),

and at the zeros of pn, this gives

d2

dz2
U(xj,n; νn) = −p′n(xj,n)qn(xj,n).

Consider the associated polynomials

p
(1)
n−1(z) =

∫

pn(z) − pn(x)

z − x
dµ(x) = pn(z)q0(z) − qn(z).

Then at the zeros of pn, this gives p
(1)
n−1(xj,n) = −qn(xj,n), so that −p′n(xj,n)qn(xj,n) =

p
(1)
n−1(xj,n)p′n(xj,n), and this is a positive quantity because the zeros of pn and p

(1)
n−1

interlace. Hence, the zeros of pn are all local minima for U(z; νn). This means, by
formula (6.4), that in order to compute En we need to take a sum of the logarithmic
potential U(z; νn) evaluated at its local minima. For this reason, we will investigate
the logarithmic potential U(z; νn) in detail for Gegenbauer polynomials (Section 7)
and for Laguerre and Hermite polynomials (Section 8).

7. Logarithmic potentials for Gegenbauer polynomials

Gegenbauer polynomials (ultraspherical polynomials) are symmetric Jacobi polyno-
mials. They are denoted by Cλ

n(x), with λ > −1/2 and satisfy the orthogonality [15,
§4.7]

1

π

∫ 1

−1

Cλ
n(x)Cλ

m(x)(1 − x2)λ− 1
2 dx =

21−2λΓ(n+ 2λ)

Γ2(λ)(n + λ)n!
δm,n. (7.1)
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Observe that the polynomials Cλ
n are not orthonormal, and that the orthogonality

measure is not yet normalized to a probability measure.
Gegenbauer polynomials have some useful properties, and by differentiation, one

can go from polynomials with parameter λ to polynomials with parameter λ ± 1. To
go from λ to λ+ 1, one uses

(Cλ
n (x))′ = 2λCλ+1

n−1(x), (7.2)

and to go from λ to λ− 1, we can use

(1 − x2)λ− 1
2Cλ

n(x) = − 2λ

(2λ+ n)n

(

(1 − x2)λ+ 1
2Cλ+1

n−1(x)
)′
, (7.3)

which follows from Rodrigues’ formula. If we want to use probability measures, then
we use

∫ 1

−1

(1 − x2)λ− 1
2 dx =

√
πΓ(λ+ 1

2 )

Γ(λ+ 1)
,

so that

wλ(x) =
Γ(λ+ 1)√
πΓ(λ+ 1

2 )
(1 − x2)λ− 1

2 (7.4)

is a probability density on [−1, 1]. The orthonormal polynomials for this probability
measure are given by

pλ
n(x) =

(

n+ λ

λ

Γ(2λ)

Γ(n+ 2λ)
n!

)1/2

Cλ
n(x), (7.5)

and thus
∫ 1

−1

pλ
n(x)pλ

m(x)wλ(x) dx = δm,n.

Since the weight function is symmetric, it follows that the Gegenbauer polynomials
of even degree are even functions, whereas the Gegenbauer polynomials of odd degree
are odd functions. Finally, from

Cλ
n(x) =

2nΓ(n+ λ)

n!Γ(λ)
xn + · · · , (7.6)

one can immediately read off the leading coefficient.
In this section, our interest is the logarithmic potential

V λ
n (t) = −

∫ 1

−1

[Cλ
n(x)]2 log |x− t| (1 − x2)λ− 1

2 dx, (7.7)

which is related to the logarithmic potential U(t; νn), defined in (6.5), by

U(t; νn) := V̂ λ
n (t) =

n+ λ

λ

Γ(2λ)

Γ(n+ 2λ)

n!Γ(λ+ 1)√
πΓ(λ+ 1

2 )
V λ

n (t)

= −
∫ 1

−1

[pλ
n(x)]2 log |x− t|wλ(x) dx.

Taking into account that the leading coefficient of the orthonormal polynomial pλ
n is

γn =
2nΓ(λ+ n+ 1)Γ(2λ)

Γ(λ+ 1)Γ(n+ 2λ)
, (7.8)
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a precise knowledge of the function V λ
n at the zeros of Cλ

n would allow us to compute
the entropy for Gegenbauer polynomials by means of (6.4).

Let us first consider the special cases λ = 0 and λ = 1. For λ→ 0, we have

lim
λ→0

1

λ
Cλ

n(x) =
2

n
Tn(x), n 6= 0

where Tn are the Chebyshev polynomials of the first kind. For λ = 1 we have

C1
n(x) = Un(x),

where Un are the Chebyshev polynomials of the second kind. If x, t ∈ [−1, 1], then
one can find θ, φ ∈ [0, π] such that x = cosφ and t = cos θ. One then has

|x− t| = | cosφ− cos θ|

=
1

2
|eiφ + e−iφ − eiθ − e−iθ|

=
1

2
|eiφ − eiθ| |eiφ − e−iθ|.

Therefore,

log |x− t| = log
1

2
+ log |eiφ − eiθ| + log |eiφ − e−iθ|.

Use the Fourier series [10, p. 38]

∞
∑

k=1

cos kϕ

k
= − log |1 − eiϕ|, 0 < ϕ < 2π,

to find that, for x 6= t,

log |x− t| = log
1

2
−

∞
∑

k=1

cos k(φ− θ)

k
−

∞
∑

k=1

cos k(φ+ θ)

k

= log
1

2
− 2

∞
∑

k=1

1

k
Tk(x)Tk(t). (7.9)

If we set

V̂ 0
n (t) = lim

λ→0

n2

2πλ2
V λ

n (t) = − 2

π

∫ 1

−1

T 2
n(x) log |x− t| dx√

1 − x2
,

then by (7.9), we have for −1 < t < 1

V̂ 0
n (t) = log 2

2

π

∫ 1

−1

T 2
n(x)

dx√
1 − x2

+ 2

∞
∑

j=1

Tj

j

2

π

∫ 1

−1

T 2
n(x)Tj(x)

dx√
1 − x2

.

Using simple trigonometry and Tn(x) = cosnθ for x = cos θ, we have

T 2
n(x) =

1

2
[T2n(x) + 1] ,

and by the orthogonality of the Chebyshev polynomials of the first kind

2

π

∫ 1

−1

Tn(x)Tm(x)
dx√

1 − x2
= δm,n, n,m ≥ 1.
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This gives

2

π

∫ 1

−1

T 2
n(x)Tj(x)

dx√
1 − x2

=
1

4
δj,2n,

so that

V̂ 0
n (t) = log 2 +

T2n(t)

2n
, −1 < t < 1, n ≥ 1. (7.10)

In a similar way, we have for λ = 1

V̂ 1
n (t) =

2

π
V 1

n (t) = − 2

π

∫ 1

−1

U2
n(x)

√

1 − x2 log |x− t| dx,

and if we use

T 2
n+1(x) + (1 − x2)U2

n(x) = 1, (7.11)

then this gives

V̂ 1
n (t) = − 2

π

∫ 1

−1

[

1 − T 2
n+1(x)

]

log |x− t| dx√
1 − x2

= 2 log 2 − V̂ 0
n+1(t),

so that

V̂ 1
n (t) = log 2 − T2n+2(t)

2n+ 2
, −1 < t < 1, n ≥ 0. (7.12)

Observe that (7.10) and (7.12) indeed show that these logarithmic potentials oscillate
around the value log 2 when t ∈ [−1, 1], as was explained in the previous section.

For other values of the parameter λ, the computation becomes more complicated.
There is, however, an interesting extension of Euler’s identity (7.11) for Gegenbauer
polynomials, which was obtained by Dette [9, p.570]:

[ n

2λ
Cλ

n(x)
]2

+ (1 − x2)
[

Cλ+1
n−1(x)

]2
=

n−1
∑

j=0

j + λ

λ

[

Cλ
j (x)

]2
. (7.13)

If we multiply both sides of this identity by (1− x2)λ− 1
2 log |x− t| and then integrate

over [−1, 1], then we obtain

( n

2λ

)2

V λ
n (t) + V λ+1

n−1 (t) =
n−1
∑

j=0

j + λ

λ
V λ

j (t). (7.14)

This is a linear recurrence relation which allows the computation of the logarithmic
potential V λ+1

n−1 (t) whenever V λ
0 , V λ

1 , . . . , V λ
n are known. In particular, this recurrence

allows us to obtain the logarithmic potentials V λ
n (t) for integer values of the parameter

λ by using the explicit formulas (7.10) and (7.12) for the Chebyshev polynomials. A
closed expression is not easily obtained, but the recurrence can be used effectively if
λ is not large. For λ = 2, this gives

V̂ 2
n (t) = log 2 +

n+ 1

n+ 3

T2n+4(t)

2n+ 4
− U2n+2(t)

(n+ 1)(n+ 3)
+

1

(n+ 1)(n+ 3)
. (7.15)

Observe that since |Tn(t)| ≤ 1 and |Un(t)| ≤ n + 1 for every t ∈ [−1, 1], we have

V̂ 2
n (t) = log 2 +O(1/n) uniformly on [−1, 1].
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For the entropy Eλ
n , we need to evaluate the logarithmic potential at the zeros

of the Gegenbauer polynomial Cλ
n . For the Chebyshev polynomials, we have that

Tn(xj,n) = 0 implies T2n(xj,n) = −1, so that V̂ 0
n (xj,n) = log 2 − 1

2n . The entropy,
given by (6.4), therefore is equal to

E0
n = 1 − log 2, n ≥ 1,

confirming our result in [19]. For Chebyshev polynomials of the second kind, we have

that Un(xj,n) = 0 implies T2n+2(xj,n) = 1, so that V̂ 1
n (xj,n) = log 2 − 1

2n+2 . By using

(6.4), this then gives for the entropy

E1
n =

n

n+ 1
,

also confirming our result in [19].
The recurrence (7.14) still can be simplified. By using (7.3), we find

∫ 1

−1

[Cλ
n(x)]2 log |x− t|(1 − x2)λ− 1

2 dx

= − 2λ

n(2λ+ n)

∫ 1

−1

Cλ
n(x) log |x− t| d

(

(1 − x2)λ+ 1
2Cλ+1

n−1(x)
)

.

Integration by parts and (7.2) then give
∫ 1

−1

[

Cλ
n(x)

]2
log |x− t|(1 − x2)λ− 1

2 dx

=
2λ

(2λ+ n)n

∫ 1

−1

Cλ+1
n−1(x)Cλ

n (x)

x− t
(1 − x2)λ+ 1

2 dx

+
(2λ)2

(2λ+ n)n

∫ 1

−1

[

Cλ+1
n−1(x)

]2
log |x− t|(1 − x2)λ+ 1

2 dx.

The first term on the right-hand side can be computed since by (7.6)

Cλ
n(x) − Cλ

n(t)

x− t
=

2λ

n
Cλ+1

n−1(x) + gn−2(x)

where gn−2 is some polynomial of degree at most n− 2, and thus by (7.1)
∫ 1

−1

Cλ+1
n−1(x)Cλ

n (x)

x− t
(1 − x2)λ+ 1

2 dx

=
2λ

n

∫ 1

−1

[

Cλ+1
n−1(x)

]2
(1 − x2)λ+ 1

2 dx− Cλ
n(t)Qλ+1

n−1(t)

where

Qλ
n(t) =

∫ 1

−1

Cλ
n(x)

t− x
(1 − x2)λ− 1

2 dx

is the Gegenbauer function of the second kind. This means that

V λ
n (t) =

(2λ)2

(2λ+ n)n
V λ+1

n−1 (t) +
2λ

(2λ+ n)n
Qλ+1

n−1(t)C
λ
n(t) − 2πΓ(n+ 2λ)

22λn(n+ λ)Γ2(λ)n!
.

(7.16)
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For the normalized potential V̂ λ
n , this recurrence is

V̂ λ
n (t) = V̂ λ+1

n−1 (t) − 1

n
+

2(n+ λ)Γ(2λ)(n − 1)!Γ(λ+ 1)√
πΓ(n+ 2λ+ 1)Γ(λ+ 1/2)

Cλ
n(t)Qλ+1

n−1(t).

If we use (7.16) in (7.14), then we can eliminate V λ+1
n−1 (t) and obtain a recurrence

relation for V λ
n (t). This gives

n(n+ λ)V λ
n (t) = λQλ+1

n−1(t)C
λ
n(t) − πΓ(n+ 2λ+ 1)

22λ(n+ λ)Γ2(λ)n!
+ 2λ2

n−1
∑

j=0

j + λ

λ
V λ

j (t).

We can get rid of the sum on the right-hand side by taking the first difference on each
side of the equation, giving

n(n+ λ)V λ
n (t) = (λ+ n− 1)(2λ+ n− 1)V λ

n−1(t)

+ λ
[

Qλ+1
n−1(t)C

λ
n (t) −Qλ+1

n−2(t)C
λ
n−1(t)

]

− πΓ(n+ 2λ)

22λΓ2(λ)n!

(

n+ 2λ

n+ λ
− n

n+ λ− 1

)

.

(7.17)

This is a non-homogeneous first-order recurrence relation. The general solution of the
homogeneous equation is

A
(2λ)n

(n+ λ)n!

where A is independent of n. If we look for a solution of the form

V λ
n (t) = An(t)

(2λ)n

(n+ λ)n!
,

then

V λ
n (t) =

λ(2λ)n

(n+ λ)n!

(

V λ
0 (t) +

n
∑

k=1

(k − 1)!

(2λ)k

[

Qλ+1
k−1(t)C

λ
k (t) −Qλ+1

k−2(t)C
λ
k−1(t)

]

− πΓ(2λ)

22λλΓ2(λ)

(

1

n+ λ
− 1

λ
+ 2λ

n
∑

k=1

1

k(k + λ)

))

.

8. Logarithmic potentials for Hermite and Laguerre polynomials

In a similar way, one can obtain recursive formulas for the logarithmic potentials
involving squares of Hermite and Laguerre polynomials. For Hermite polynomials, we
define

Vn(t) = −
∫ ∞

−∞

H2
n(x) log |x− t| e−x2

dx.

Recall that [15, p. 106]

H ′
n(x) = 2nHn−1(x), (8.1)

and from Rodrigues’s formula, we also have
(

e−x2

Hn−1(x)
)′

= −e−x2

Hn(x); (8.2)

hence using (8.2), we have

Vn(t) =

∫ ∞

−∞

Hn(x) log |x− t| d
(

e−x2

Hn−1(x)
)

.



INFORMATION ENTROPY OF CLASSICAL ORTHOGONAL POLYNOMIALS 107

Now use integration by parts and (8.1) to find

Vn(t) = 2nVn−1(t) −
∫ ∞

−∞

e−x2Hn(x)Hn−1(x)

x− t
dx.

The last integral can be written as
∫ ∞

−∞

e−x2Hn(x)Hn−1(x)

x− t
dx =

∫ ∞

−∞

e−x2

Hn(x)
Hn−1(x) −Hn−1(t)

x− t
dx

+Hn−1(t)

∫ ∞

−∞

e−x2Hn(x)

x− t
dx,

and by orthogonality, we thus have
∫ ∞

−∞

e−x2Hn(x)Hn−1(x)

x− t
dx = −Hn−1(t)Qn(t)

where Qn(t) is the Hermite function of the second kind

Qn(t) =

∫ ∞

−∞

e−x2Hn(x)

t− x
dx.

This gives the recursion

Vn(t) = 2nVn−1(t) +Hn−1(t)Qn(t). (8.3)

For the normalized weight function w(x) = π−1/2e−x2

, the orthonormal Hermite poly-
nomials are pn(x) = (2nn!)−1/2Hn(x), so that for the normalized potential, we have

V̂n(t) := − 1√
π

∫ ∞

−∞

e−x2

p2
n(x) log |x− t| dx =

1

2nn!
√
π
Vn(t),

and the recurrence relation becomes

V̂n(t) = V̂n−1(t) +
1

2nn!
√
π
Hn−1(t)Qn(t). (8.4)

For Laguerre polynomials
∫ ∞

0

e−xxαL(α)
n (x)L(α)

m (x) dx =
Γ(n+ α+ 1)

n!
δm,n,

we define

V α
n (t) = −

∫ ∞

0

[

L(α)
n (x)

]2
log |x− t|xαe−x dx.

Now we have

(L(α)
n (x))′ = −L(α+1)

n−1 (x), (8.5)

and from Rodrigues’ formula

e−xxαL(α)
n (x) =

1

n

(

e−xxα+1L
(α+1)
n−1 (x)

)′
(8.6)
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(see [15, pp. 101–102]). Integration by parts using (8.6) then gives

V α
n (t) = − 1

n

∫ ∞

0

L(α)
n (x) log |x− t| d

(

e−xxα+1L
(α+1)
n−1 (x)

)

= − 1

n

∫ ∞

0

e−xxα+1
[

L
(α+1)
n−1 (x)

]2
log |x− t| dx

+
1

n

∫ ∞

0

e−xxα+1L
(α+1)
n−1 (x)L

(α)
n (x)

x− t
dx,

where we used (8.5) in the first integral on the right. Now

∫ ∞

0

e−xxα+1L
(α+1)
n−1 (x)L

(α)
n (x)

x− t
dx =

∫ ∞

0

e−xxα+1L
(α+1)
n−1 (x)

L
(α)
n (x) − L

(α)
n (t)

x− t
dx

+ L(α)
n (t)

∫ ∞

0

e−xxα+1L
(α+1)
n−1 (x)

x− t
dx,

and since

L
(α)
n (x) − L

(α)
n (t)

x− t
= − 1

n
L

(α+1)
n−1 (x) + Pn−2(x, t)

where Pn−2 is a polynomial in x of degree at most n − 2 with coefficients depending
on t, we have by orthogonality

∫ ∞

0

e−xxα+1L
(α+1)
n−1 (x)L

(α)
n (x)

x− t
dx = −Γ(n+ α+ 1)

n!
− L(α)

n (t)Q
(α+1)
n−1 (t)

where

Q
(α+1)
n−1 (t) =

∫ ∞

0

e−xxα+1L
(α+1)
n−1 (x)

t− x
dx

is the Laguerre function of the second kind. This gives

nV α
n (t) = V α+1

n−1 (t) − Γ(n+ α+ 1)

n!
− L(α)

n (t)Q
(α+1)
n−1 (t). (8.7)

For the normalized weight function wα(x) = xαe−x/Γ(α + 1), the orthonormal poly-

nomials are pn(x) = (−1)n
√

n!/(α+ 1)nL
(α)
n (x). Hence for the normalized potential,

we have

V̂ α
n (t) :=

1

Γ(α+ 1)

∫ ∞

0

xαe−xp2
n(x) log |x− t| dx =

n!

Γ(n+ α+ 1)
V α

n (t)

hence the recurrence becomes

V̂ α
n (t) = V̂ α+1

n−1 (t) − 1

n
− (n− 1)!

Γ(n+ α+ 1)
L(α)

n (t)Q
(α+1)
n−1 (t). (8.8)

9. Conclusion

In this paper, we have shown how the entropy of some classical orthogonal polynomi-
als plays a role in some problems related to the harmonic oscillator and the Coulomb
potential (hydrogen atom). We showed how this entropy for orthogonal polynomials
is related to the distribution of zeros and to the mutual energy and logarithmic poten-
tial of some measures involving the zeros of the orthogonal polynomials. We analyzed
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the Gegenbauer polynomials, the Laguerre polynomials, and the Hermite polynomi-
als in some detail. We obtained some closed formulas for the logarithmic energy of
Chebyshev polynomials and showed how to obtain logarithmic potentials for measures
p2

n(x) dµ(x) recursively.
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