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MEROMORPHIC SOLUTIONS OF SOME FUNCTIONAL EQUATIONS

Walter Bergweiler, Katsuya Ishizaki, and Niro Yanagihara

ABSTRACT. It is shown that transcendental meromorphic solutions f(z) of the
functional equation } 7% a; (2)f(c72) = Q(z) where 0 < |¢| < 1 is a complex
number and a;(z),5 = 0,1,...,n, and Q(z) are rational functions with ao(z) # 0,
an(z) = 1, satisfy T(r, f) = O((logr)?) and (logr)? = O(T(r, f)). Moreover, in
the case n = 2 and Q(z) = 0, necessary and sufficient conditions for the existence
of solutions are given.

1. Introduction

The functional equations of Schréder, Bottcher, and Abel have intimate relations to
iteration theory and have been studied in detail in this context. In this note, we treat
the functional equation

n
S (2)f(2) = Q(2) (11)
j=0
where 0 < |c| < 1is a complex number and a;(z),j = 0,1,...,n, and Q(z) are rational
functions with ag(z) # 0, a,(z) = 1. The equation has some similarity to the Schroder
equation, but its study shows somewhat different aspects. We focus on the existence
and the growth of solutions.

Throughout this paper, we use the value distribution theory. We use standard
notations in the Nevanlinna theory (see, e.g., [3, 6, 7]). Let f(z) be a meromorphic
function. Here, and in the following, the word “meromorphic” means meromorphic
in |z| < co. Let M(r, f), m(r, f), n(r, f), N(r, f), and T(r, f) denote the maximum
modulus, the proximity function, the unintegrated counting function, the counting
function, and the characteristic function of f(z), respectively.

In this section, we state two results of the growth of meromorphic solutions of
(1.1), which are proved in Section 2. In Section 3, we are concerned with an existence
theorem of meromorphic solutions for the case n =2 and Q(z) =0 in (1.1), i.e.,

F(c*2) + a(2) f(cz) + b(2)f(2) = 0 (1.2)

where a(z), b(z), |a| + |b] # 0 are rational functions. An example is given and a
question posed in Section 4.
For the case n = 1, Wittich [14] treated entire solutions of the functional equation

f(s2) = Pi(2)f(2) + Po(2) (1.3)
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where P;(z) and Py(z) are polynomials and |s| > 1. Wittich proved that all solutions
f(z) of (1.3) satisty

log M (r, f) (log r)2

m
2log |s]
as r — oo where m is the degree of P;.

Theorem 1.1. All meromorphic solutions of (1.1) satisfy T(r, f) = O((log)?).

Theorem 1.2. All transcendental meromorphic solutions of (1.1) satisfy
(logr)? = O(T(r, f)).

The main idea in the proofs of Theorems 1.1 and 1.2 is to compare the Nevan-
linna functions of f(z) and f(cz). From the definitions, we have M(r, f(cz)) =
max|;|—, | f(cz)| = max; ¢, | f(2)| = M(|c|r, f) and

1 2m . 1 27 .
m(r, f(cz)) = —/ log™ | f(re')|do = —/ log™ | f(|c|re’ ) |do
2m Jo 2m Jo
=m(lclr, f), arge=a.
Since the number of poles of f(z) in {|z| < |c|r} is equal to the the number of poles

of f(cz) in {|z| < r}, we have n(|c|r, f) = n(r, f(cz)), and in particular, n(0, f) =
n(0, f(cz)). This implies that

/'C"“ n(t, f) —n(0, f)
0 t

N(lelr, ) = dt +n(0, f)log |c|r

ds 4+ n(0, f(cz))(logr + log |c|)

/T n(s, f(cz)) = n(0, f(cz))
0

= N(r, f(cz)) + n(0, f(cz)) log|c].

Hence, we have T'(r, f(cz)) = T(|¢|r, f) + O(1).

This estimate can be used to show that if all coefficients of (1.1) are constant, then
(1.1) has no transcendental meromorphic solution. To do this, we assume that (1.1)
with constant coefficients possesses a meromorphic solution f(z). From (1.1), we have

T(r,f) < ZT(T, f(dz)+0(1) < ZT(ICIjT, f)+0@) <nT(lc|r, f) + O(1);

hence, there exist B > 0 and R large enough such that
logT(r, f) <logT(le|r, f)+ B, r>R. (1.4)

For any r > R, there exists an integer m such that

<r< i (1.5)

|e[m=t le|m”
From (1.4) and (1.5),
logT(r, f) <logT(|c|™r, f) + mB
I log R
ogr og N 1>'

log = a log |l

le] cf

<logT(R, f)+B(

It follows that log T'(r, f) = (B/ log |17|) logr+O(1). This implies that f(z) is a rational
function.
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2. Proofs of Theorem 1.1 and Theorem 1.2

Proof of Theorem 1.1. Let s = 1/c. Choose R so large that @ and the a; have no
zeros or poles in B := {2z € C: |z| > R}. If w € Bg and if s’w is not a pole of f for
j=0,1,...,n—1, then, by (1.1), s"w is not a pole of f. It follows by induction that
sfw is not a pole of f for any j € N. Let wy, ..., w,, be the poles of fin {z€C: R <
|z| < |s|"R}. Then all poles of f in Bp are contained in {s/w; : j € N, I € {1,...,m}}.
From this, it is not difficult to deduce that n(r, f) = O(logr). This implies that

N(r, f) = O((logr)?). (2.1)

To estimate m(r, f), note that it follows from (1.1) that there exists an A > 0 such
that if » > s" R, then

M(r, f) < (ZM e, f)+1)

j=1
This inequality is useful only if the right-hand side is finite; that is, if f has no poles
with modulus [c[’r, r = 1,...,n. Thus we fix T € [R,|s|"R] such that |s/w;| # T for
all j € {1,...,n} and [ € {1,...,m}. Then there is no pole of f with modulus |s|/T
for any j € N. For k € N, we define

My = max M(|sPT,f)+1
J=0,1,...k

It follows that

MASPT.0 < (P Y S (P70 +1)

j=k-n
k >

< [SPATA 4 )M

E

< | |kATA<

for k > n and thus
My, < [s|PF My,

for some B > A and all k € N. With L =log M}, and C = Blog]|s|, we deduce that
Ly <Ck+Lp_.

Induction shows that
k

Ly<CY j+Ly=C
j=1
for large k. It follows that

M—i—LOSCkQ

s|*T) — 1ogT)2

lo
m(|s|"T, f) <log M(|s|*T, f) < Ck* = C ( sl log |s|

(2.2)

Combining (2.1) and (2.2), we obtain
T(r,f) =m(r, f) + N(r, f) = O((log)*)

for r = |s|*T, k € N, k — oo. Since T'(r, f) is increasing, it is now not difficult to see
that the last equation also holds if » — oo through any sequence of r-values. (|
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Proof of Theorem 1.2. As before, we put s = 1/c and we choose a large R as in the
proof of Theorem 1.1. The arguments used there show that if f has infinitely many
poles, then the annulus {z € C: S < |z| < |s|™S} contains a pole of f for all S > R.
We deduce that logr = O(n(r, f)) and this implies that (logr)? = O(N(r, f)) and
hence (logr)? = O(T(r, f)).

Hence, we only need to consider the case that f has only finitely many poles and thus
may assume without loss of generality that f is entire. We assume that |a;(z)| ~ ¢;|2|%
and |Q(z)| ~ p|z|? as |z] — oo where ¢;,p > 0 and d;,q € Z, j = 0,1,...,n. Let
d=max{d; : j=0,1,...,n} and ¢ = min{j : d¢ = d}. For i € N, we define

T; = M(|s|'R, f).

Clearly, the T; form an increasing sequence. Since log M (r, f) is convex in logr and
since f is transcendental,

7]\]{4(8:’;;) — oo and ME;’ /) — 00
as r — oo for each fixed o, 3 € R, a > 1. This implies that
Til — oo and % — 00 (2.3)
for each v > 0 as ¢ — co. We write (1.1) in the form
-1 n
ag(2)f(c'2) = =Y a;(2)f(2) = Y a;(2)f(2) + Q(2).
Jj=0 j=0+1

For m € N, m > £, we choose z such that |z| = |s|™ R and T,,_, = | f(c’2)| and obtain

Cng|S|dem_g

-1 n
<o) (S RU Tyt 3 RYSM T, 4l )
=0 j=t1

as m — oo. Here the first sum is empty if £ = 0 and the second one is empty if ¢ = n.
Using (2.3) and the fact that d; < d for all j, we immediately obtain a contradiction
if £ = 0. We may thus assume that ¢ > 0 and consider the above estimate for m = k/
where k € N, k> 2. Usingd; <d—-1for0<j<{f{—1landd; <dfor{+1<j<n,
as well as the monotonicity of the T;, we obtain
ceR|s|M T 1)

l—1 n

< (l—l—o(l))(ZCde1|S|ke(d1)Tkl+ Z Cde|S|kEdT(k_1)€_l+qu|S|k2q>.
J=0 J=t+1

It follows that
Tih-1ye < A1]s| ¥ T + AoTp_1y0-1 + As|s|Fa=D

with positive constants A;. Now the first part of (2.3) implies that

1
AT (101 < gT(kfl)la
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and the second part of (2.3) implies that

_ B B _ 1
As|s|Fa=D) = Ag|s|“la=d)|s|(k=D)Ea=d) < §T(k—1)€7

provided k is large enough. It follows for k sufficiently large that
Tih—1ye < 3A1|s|"F Ty
We put S; = Tke and deduce that if B < ¢, then
Sk > |s|P* Sk
for all large £ € N. An induction argument similar to the one used in the proof of

Theorem 1.1 for My now implies that log S > Ck? for some C' > 0 and large k € N.
As before, we can conclude from this first that

o
log M > ————5 —o(1) | (logr)?
o8 M(r.) = ez — o) ) o)
for r = |s|*R, k € N, k — oo, and then deduce again that this holds as r — oo

through any sequence of r-values. Using the inequality log M (r, f) < 3T(2r, f), we
see that the last inequality also holds with log M (r, f) replaced by T'(r, f). O

3. Existence of meromorphic solutions

In this section, we are concerned with an existence theorem for the functional equation
(1.2) when a(z) = Z?:o arz’ and b(z) = Zf:o bez’ are polynomials. We prove
Theorem 3.1. (i) If there exists no integer p satisfying c* +agcP +bg = 0, then (1.2)
does not possess any transcendental meromorphic solution.

(ii) If by # 0 and there exists an integer p such that c* + agcP + by = 0, then (1.2)
possesses a transcendental meromorphic solution.

(iil) If by = 0, then (1.2) does not possess any transcendental meromorphic solution.

Proof. We consider a formal solution of (1.2) which is given by a series at the origin.
Let p be an integer (negative may be possible). Set

flz)= i anz”, oy #0. (3.1)
n=p

We may avoid the case where a(z) and b(z) are constants, namely we assume that
M := max(A, B) > 0 because (1.2) does not possess a transcendental meromorphic
solution when a(z) and b(z) are constants. From (1.2),

e A 0o B o)
S (F) Soer) (£ (£
n=p k=0 n=p £=0 n=p

that is,
oo oo min(A,n—p) oo min(B,n—p)
Z a2 4+ Z ( Z akankc"k>z" + Z< Z bzan[) Zz"=0.
n=p n=0 k=p n=0 l=p
Comparing the coefficients of 2", we get for n=p,p+1,...,
min(A,n—p) min(B,n—p)
anCQn + Z akan,kcnfk + Z bea,_g = 0. (32)

k=0 £=0
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Putting n = p in (3.2), we have a,,(c*P +agc? +bg) = 0. This implies that |ag|+|bo| # 0
and

e 4 apc? + by = 0. (3.3)

Hence, in the case where there is no integer satisfying (3.3), we conclude that (1.2)
has no meromorphic solution, which proves (i).

We remark that if (1.1) possesses a local solution, then the global solution can
be obtained by meromorphic continuation using equation (1.1). To say this in more
detail, we denote the radius of convergence of the local solution at z = 0 by R > 0, and
define D,,, = {|z| < R/|c|™}, noting that |J;_, D,, = C. First, we show that the local
solution which exists in Dy can be extended into D by meromorphic continuation.
In fact, we define f(z) in Dy \ Dy as follows:

n

a;(z -
f) == 9 pis), e\ Dy
=~ ap(z)
The rational functions a;(z)/ao(2), j = 1,...,n, are, of course, meromorphic in Dy,
and the functions f(c¢’z) are also meromorphic in D; since ¢/z € Dy, j = 1,...,n.

Hence, the right-hand side is defined in D;. Therefore, f(z) is meromorphic in D;
and satisfies (1.1). Repeating this process we construct a global solution.

Next we prove (ii). We note that if there are two integers pi, po satisfying (3.3),
then we choose max(p1,p2) as a p in (3.1). If we choose v, first, then api1, apia, ...,
are determined by (3.2) recursively. In particular, for the case n > M, from (3.2)

an (P 4+ apc™ +bg) + ap_1(a1c™ L+ b)) + -4 an_m(apc™ M +bp) =0 (3.4)

where a; =0, 5 = A+1,.... M, if M > Aand b; =0,1 =B+1,...,M, if
M > B. Thus «,, depends only on a,—pr, n—ar41,-- ., @p—1. We already have noted
that if (1.2) possesses a local solution, in other words, the formal solution (3.1) has
a positive convergence radius, then the global solution could be obtained by analytic
continuation using equation (1.2). Suppose that (3.1) has no positive convergence

radius, say limsup;_, . /|ax| = 0. Put & = maxp<s<i v/|ae|. Then & — oo as
k — oo. Choose a subsequence {ay, } such that */|ag,| = &, and " ~/]ax; —i| < &,

i=1,...,M. Since {; — o0 as j — oo, from (3.4) we get
k; , .
€5 (Ibol — [¢[* — [aolc[*)
ki—1 - kj—M i—
<& (aallef™ ™+ o) + - + &7 (lanrllel ™~ + [bar]),
hence
&k, (Jbo] — o(1)) < [br| + -+ + [bar] + o(1).

Since by # 0, the inequality above yields a contradiction.

Before we prove (iii), we shall outline the proof here. Assume that there exists a
transcendental meromorphic solution f(z). Write f(z) as (3.1) in a neighborhood of
the origin. We try to find a contradiction by showing that there exists an integer N
such that a,, = 0, n > N. To do this, we divide the proof into two steps. First, we
show that for any n > 0, there exists a 7" > 0 such that

[0n] < (L +m)"T,  for any n,
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where 6, = t "¢ a,,, t and 7 > 0 are constant. This will be inequality (3.6) in the
proof. The second step is that by using the inequality above and (3.4), we show that
for any v

[6a] < TT1 (e[ 1)

where n is fixed and arbitrary, and c¢;, T, and 77 are constants independent of n
and v, which will be numbered (3.20) in the proof. Then we can find N such that
8n = ay, = 0, when ||¢|*""Ty| < 1, n > N.

Now we start the proof of (iii). Similarly as before, we see that for large n,
(3.4) holds. Define K to be the smallest integer such that bx does not vanish, i.e.,
bp=--=bgx_1=0,bx #0, and set v = 1/(2K). Note that ag # 0 in this case. In

(3.4), if we put o, = ﬁmc"ymz for any m, then
B (2 4 Mag) + - + B gpre Y TEFDH (KL )
+ ﬁn_Kc_”("_K)z(c"_KaK +br)+--+ ﬁn_Mc_W("_M)z(c"_MaM +bym) =0.
Dividing both sides by ¢~ 7("—K )* and arranging as
Buaoc®/? 4 foicbrc + oS = = (Buan e ot B gaxe™

+ ﬁnfxfl(aKHc"*K*l + bgq1)cdEH 44 ﬂnfM(aMcnfM + bM)ch)
where
pj=2ny(j —1) +yK* —~j* —j, forj=1,2,...,K, and
g =n(27j —2y— 1) +y(K*—34?) forj=K+1,K+2,...,M.

Further, we put —bg /(aoc™/?) = t¥ and 8,, = t™6,, for all m. Then we get

On — Op—r + Z—Zén = =" (r16p_1 + -+ T nr) (3.5)
where

rj:%cpf—fm, i=12,...,K,

rj:wcqrm?, j=K+1,K+2,...,M.

aotj

We see that |r;| < R, for some constants R;, and note that R; are independent of n.
In fact, we have

b 2y (=1 +vK> =" —j—K/2| < |a;] |C|vK2—w‘2—j—K/2
s b

Il = aoty = Taol |t

for j=1,2,...,K, and

|T'| — (a‘jcnij + bj)Cn(2'yj72’yf1)+7(K27j2)7K/2 < (|a‘j| + |bJ|) |C|7(K27j2)7K/2

3 agtd = aolft]? 7
forj=K+1,K+2,...,M. For the sake of brevity, we put Ry +---+ Ry, = L. We
first assert that for any n > 0, there exists T" > 0 such that for any n

[0, < (14 n)"T. (3.6)
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In fact, for any fixed 7, we find an ng such that for any m > ng

1+ [e/>™L

L —fe[™/]aol

We choose T' > 0 large enough such that, for m < ny,

onl

(L+m)m ~

e., (3.6) holds for m < ng. We suppose that (3.6) holds for all m < n — 1 where
n —1 > ng. Then, from (3.5) and (3.8),

|65 [(1 — |a|)<|<S (1+¢ )|<|5n K|+ Mr16p—1 + -+ + rar0n_n]
< On—k| + [P A+ )" ' TL < (1 +n)" ' T(1+ [ L).

<1l4mn. (3.7)

T, (3.8)

Thus, by (3.7),

1+ e/ "L )

——— | < (1 +n)"T.
1 —e["/laol

This implies that (3.6) holds for all n, hence the assertion follows. We write the
right-hand side of (3.5) simply as S, so that

6a] < (1 +77)"1T<

Oy — Opr = — 6 + S (3.9)
ag
and
1Sy| < |e[*™(1 +n)"TL. (3.10)
Using (3.9), we get
Ok + O = —— Z CAEA ZSWK (3.11)
J =0 j=0

We assert that lim,,_,o, d,, = 0. In fact, if we assume the contrary, then there exists
a subsequence {ny} such that |d,,| > ¢ > 0. Recalling the definition of §,,, namely

Op = cV"2o¢n/t" we have
|t]

"k
View,| = = T

This gives 1/limsup,, ., ¥/|an| < limg—oo 1/ "{/|an, | = 0, which implies that the
convergence radius is zero, a contradiction. Hence, letting m — oo in (3.11), we get

Oy = —— Z IS ik Z Sy ik (3.12)

7=0

"VWe — oo (as k — 00).

2mc

For simplicity, we denote by 3; and 39 the first and the second sum in the right-hand
side of (3.12), respectively. From (3.6) and (3.10)

124 < mZICI K6k | < (el + m))" l TZ le|(1 +n))? (3.13)
=0
S2] <) ISnsix] < (Je7(1 +n))"TLZ(ICI27(1 +n)) . (3.14)

Jj=0 j=0
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Put ¢1 := |¢|*Y(1+n) > |¢|(1+n). Then, for a sufficiently small > 0, we may assume
that ¢; < 1. From (3.11), (3.13), and (3.14),

L K 2 ki 1 1
(G| < [S1] 4 [Ss) € TS el 4 TS Y = c’fT(— + L) (—K)
laol = = |ao l—q

Set (ﬁ + %)(ﬁ) =Tj. Then we have |0,_x| < }?TT;. Thus, we see that
16,] < T (3.15)

Using (3.15) instead of (3.6), we estimate Sy, X1 :

S| < [e[*Te;™MTTL, (3.16)
1 > R mdd cl™el > .
1] € o D[ AT < | |' LT Y (e, @)
@l i=o o 3=0
From (3.16),
1S2] < 7 ISuaic| < e MTTL Y (e er) X (3.18)
§=0 §=0

Combining (3.12), (3.17), and (3.18), we have

Bu-rl < 1211+ %2 < by SR 4 PN TTL S
i i=0
< |c|27"c’fTT1(® + %) (ﬁ) < |2 TT?,
Thus, we obtain
16n] < || TTE. (3.19)

Similarly, we get |6, < |c|*"cPTTE by using (3.19) to estimate S, X1, and 3s.
Repeating this process, we obtain for any v € N :

00| < /2™ TTY T = S TT (| )" (3.20)

We now choose N such that |¢|>""T; < 1 for n > N. Letting v — oo in (3.20) for
n > N, we see that é, = 0 for n > N. This implies that «,, = 0 for n > N, so the
solution is a rational function, a contradiction. O
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4. An example and a question
We consider the specific equation
f(c?2) — zf(cz) = bf(2) =0, 0<|c| <1, (4.1)

where b is a constant satisfying ¢» — b = 0 for some integer p. By Theorem 3.1, (4.1)
possesses a meromorphic solution f(z). If we write f(z) in the neighborhood of the
origin as (3.1), then from (3.3) for any n > p, we have

an(* = b) — 1"t = 0. (4.2)

Hence, we see that a,, 1/, = (¢ —b)/c"~! — oo, which implies that the convergence
radius of (3.1) is co. Further, from (4.2), we obtain

o = HZ:erlck_l o — (——%7)”1_[;912161671 (=b)Pay
C Il (@ =0T T (@RS + 1) Ty

Since Y22 [F < oo, we see that [T;2,,, ((¢*)*(5+) 4 1) converges to a finite value.
Hence, using ¢? = b, we find that

|04n| ~ H|C|n(n71)/272np (43)

as n — oo, for a positive constant H. Let
plr, ) = max o,

be the maximum term. A computation shows that the maximum of the right-hand
side of (4.3) is attained for

logr
=——+0(1
n “Tog]d] +0(1),
and this leads to
(log r)?
1 ~Y —_—.
og p(r, f) —2log|¢|

This implies that

(log 7)?

T(T7f)N10gM(T‘,f)N mu

see, e.g., Jank and Volkman [5, Satz 4.6, or Hayman [4, §4].

Wittich [14] proved that transcendental entire solutions of (1.3) are hypertran-
scendental. Ritt [8] proved that meromorphic solutions of the Schréder equation
f(ez) = R(f(2)) where R(z) is a rational function in z are hypertranscendental, except
for certain cases where they are given in terms of exponential, trigonometric, or elliptic
functions. As Rubel posed in [9, 10], there is an open problem on hypertranscendency
for the equation f(Az) = R(z, f(z)) where X is a complex constant and R(z, f) is a
rational function in z and f. We mention other articles or expositions for the study of
hypertranscendency of solutions of some functional equations, for instance, Becker and
Bergweiler [1, 2], Laine [6, Chapter 14], Takano [11], and Yanagihara [12, 13]. Finally
we pose a question : What can we say about the hypertranscendency for solutions of
(1.1)?



258 BERGWEILER, ISHIZAKI, AND YANAGIHARA

Acknowledgment. The authors would like to thank the referee for his kind sug-
gestions. The authors also would like to express our gratitude to Professors Mourad
Ismail and Yikman Chiang for drawing our attention to the functional equation, and
also thank them for their careful reading of our manuscript.

This work was supported in part by a Grant-in-Aid for General Scientific Research
from the Ministry of Education, Science and Culture 08740117 and by a grant from
the Nippon Institute of Technology 102 (1996).

References

1. P.-G. Becker and W. Bergweiler, Hypertranscendency of conjugacies in complexr dynamics, Math.
Ann. 301 (1995), 463—-468.
2. W. Bergweiler, Solution of a problem of Rubel concerning iteration and algebraic differential
equations, Indiana Univ. Math. Jour. 44 (1995), 257-267.
3. H. K. Hayman, Meromorphic Functions, Clarendon Press, Oxford, 1964.
, The local growth of power series: a survey of the Wiman-Valiron method, Can. Math.
Bull. 17 (1974), 317-358.
5. G. Jank and L. Volkmann, Meromorphe Funktionen und Differentialgleichungen, Birkh&user-
Verlag, Basel-Boston-Stuttgart, 1985.
6. I. Laine, Nevanlinna Theory and Complex Differential Equations, W. de Gruyter, Berlin-New
York, 1992.
7. R. Nevanlinna, Analytic Functions, Springer Verlag, Berlin-Heidelberg-New York, 1970.
8. J. F. Ritt, Transcendental transcendency of certain functions of Poincaré, Math. Ann. 95
(1925/26), 671-682.
9. L. A. Rubel, Some research problems about algebraic differential equations, Trans. Amer. Math.
Soc. 280 (1983), 43-52.
, Some research problems about algebraic differential equations 11, Illinois Jour. Math. 36
(1992), 659-680.
11. K. Takano, On the hypertranscendency of solutions of a difference equation of Kimura, Funkcial.
Ekvac. 16 (1993), 241-254.
12. N. Yanagihara, Hypertranscendency of solutions of some difference equations, Japan. J. Math.
17 (1981), 109-168.
, Meromorphic solutions of some functional equations, Bull. Sc. Math., 2°¢ série 107
(1983), 289-300.
14. H. Wittich, Bemerkung zu einer Funktionalgleichung von H. Poincaré, Arch. Math. 2
(1949/1950), 90-95.

10.

13.

MATHEMATISCHES SEMINAR, CHRISTIAN-ALBRECHTS-UNIVERSITAT zU KIEL, LUDEWIG-MEYN-STR. 4,
D-24098 KiEL, GERMANY
E-mail: bergweiler@math.uni-kiel.de

DEPARTMENT OF MATHEMATICS, NIPPON INSTITUTE OF TECHNOLOGY, 4-1 GAKUENDAI MIYASHIRO,
MINAMISAITAMA SAITAMA, 345 JAPAN
E-mazil: ishi@nit.ac. jp

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, CHIBA UNIVERSITY, 1-33 YAYOI-CHO INAGE,
CHIBA 263, JAPAN
E-mail: yanagi@math.s.chiba-u.ac. jp



